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- + r  ^ ^ r , { ^ n i ^ i  I 4  R , r ^ h . - 6 e +  T n l n O  D ^ h5 L l  . A ( j  d . u e l L L J - e I  _ L + ,  . , - . . , 4 n . L 4 .

AbstragL The equi l ibr ium equat ionsfor a heaqv nonUnearlv

e-tast ic rod inmersed . in a heavy incor lpr es s ib le f lu id aro

de r i ved .  The  b i f u rca t i on  o f  so lu t i ons  o f  t hese  equa t ions

i s  ana lysed  and  resu l t s  conce rn ing  the  equa l i t v  o f  t he

buckl ing loads for the heavv immersed rod and for a certain

heavy  rod  i n  vo id ,  assoc ia ted  to  i t ,  a re  s tud j -ed .

In the case of var iabl-e- cross sect j -on with equal mor,rents of

inert ia the reduced component iaf  form of the governj-n. t

equa t i ons  1s  g i ven .

1. INTRODUCTION

The  f i r s t  mode l  f o r  an  e las t i c  beam was  g i ven  bv  the  Bernou l -

I i s  and  i t  i s  t he  so -ca l l ed  e l -as t i ca .  The  ana lvs i s  o f  t he  p lana r

- equl  l  i l : r iun conf igurat ions of  thc elast ica subjected only to ent l

'  f o rces  l -ead  Eu le r  (L744)  to  a  p rob lem wh ich  i s  equ iva len t  w i th

' ^ ,  - t  a  !'  ' '  ' l , i a i  X  d e t e r m i n i n g  t - h e  f u n c t i o n s  [ ! , 1 ] 3 S - > ( x ( S )  o  y ( S ) ,  @ ( S )  ) ,  v r h i c h

J  -  

" " /  
n a +  i  - f \ '  + h a  a d r r ^ l - i . \ n c .D q .  L - L - ! J  L r r q  e 9 u e  u t v r r -  .

) ,  = la"  rc, t
!= o}',(

$ '

t B ( s ) o ' ( s ) l '  + ) s i n  o ( s )  =  , 0 , 7

x '  ( S ) =  c o s  O ( S )  e  y ,  ( S )  = s i n  O ( S )  ,

supplemented with a sui tabl-e set of  boundarv condit ions.

( I . I )

( 1 . 2 )
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In  the  preced ing  fo rmulas  S represents  a  sca led  arc  length

p a r a m e l - e r '  ( x ( S ) r  Y ( S ) )  g i v e  t h e  p l a n e  c o n f i g u r a t i o n  o f  t h c  e l a s -

l - i  n :  l i )  / C l  i q  + h a  e n a l  r s  # h a  + r n n a h +  + ^  + ? . ^  ^ " - - - ^  / ' -  ' . \  - +  c 'q r e a ,  v \ u /  r D  L r J  L t r ( '  \ _ L r r v s  \ , 1 ,  y  I  : a u  o

nrakes wlth the xrs axis.  The other notat ions ) ,  and B(S) represent

respect ively the magnitude of the terminal  force and the bending

s t l f f ness  o f  t he  rod  a t  S  ( see  t l ]  f o r  f u r the r  .  h i s to r i ca l  com-
. .7.

m e n t s ) .

F o r  t h e  c a s e  i n  v r h i c h  B = c o n s t . ,  E u l e r  g a v e  a  c l a s s i f i c a t i o n

of  a l l  so lu t ions  o f  t l . f  )  and s tud ied  the  process  o f  buck l ing .; /

I n  t h e  c a s e  o f  n o n - c o n s t a n t  B ,  K r a s n o s e f s k i Y ( t 2 1 ,  c h a p t e r  I V )

used his bi furcat ion theorern to show that non-tr iv ia l  soLut ions

n f  1 1  1 \  f ]  ? \  a n A. - i  '  - ,  * " *
f r

l a r  { n l  = a t l t t  =  o
':: .l

( 1 . 3 )

bifurcaLe from the eicrenvaLues of the problem f iniarized about

the  t r i v ia f  so lu t ion  O =  g .

In  [3 ]  Antnan showed how to  app ly  fo r  p rob lems f :ke  ( . ] .1 ) -
/ -

l 1  ? \  f h p  n l  n l r : l  h i f r r r c a t i o n  t h e o r v  d e r z e l n n r . d  h r r  F a h i  n n ' ^ r i  { - z  i n\ * ' v l  e r r e

r 4 l  .

A theo ry  ab le  to  accoun t  f o r  t he  l a rge  de f l ec t i on  o f  rods  i n

space  was  es { :ab l i shed  by  K i r chho f f  i n  1859  ( see  l 5 l ) .

The nrol- :  l  r=m of hrrr :k l  i  no of  an el  asf  ic rod under i ts own" ^ - - - . .

weight was studied by Greenhill(seet6l). and. il1 a much mor.e qenelal framew-rrk,

by Antrnan ar id Kenney in [71. They considered a nonl inear lv elas-

t ic rod modeled as an one dimensional Cosserat cont inuun. Tb.e

eouat ions oirzen bv t-his model can also be obtained fron the three-

d imcns iona l  t heo ry  o f  e las t i c i t y  us i t l g  t he  p ro jec t i on  me lhod .  The

three-dimens ional  approach can be used to take into account for-

ces  ac t i ng  on  the  l a te ra l  su r face  o f  t he  rod  ( see  IBJ r  chap te r  ] ) .

Ho\, iever r  as far as we knowr in the framework of  Antnan's theo-
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r \ t  ^ f  r . \ d c  l - h n r r :  r r a  n n  n r r h l  i  o h c n  - ^ - , ,  1!  j  v!  lver L, ,L.LL L.J.  e no publ ished resul_ts eoncerning the bucl( l ing

p rob l cm in  wh ich  fo rces  ac t i ng  on  the  l a te ra l  su r face  a re  i nvo l -

v e d .

A  p rob lem o f  t h i s  k lnd  was  s tud ied  by  VA lcov i c l  i n  t 9 l "  He

considered a heavy rod i rnmersed in a f lu id.  Using a one dimensio-
' na l  

app roach ,  essen t i a l l y  t he  l i nea r i zed  equa t - i ons  o f  t he  e las t i -

ca  and  seve ra l  app rox ima t ions ,  VA lcov i c i  ob ta ined  the  fo l l ow ing

a r r r r i r r : l 6 n . ' a  ' - r : c r r  1 +  "

Theorern - l - .  The elast lc l ine and the buck I  i  no r :onrt  i  f  i  oq ef  3
F ' -  

- " -  
Y  u v r r u r L a u '

heavy  rod  imnersed  i n  a  f l u id  a re  the  same as  the  e las t i c  l i ne

and  the  buck l i ng  cond i t i on  fo r  a  s im i l a r  rod  i n  vo id f  i f  we  rep la -

c e  i t s  s D r " . ] i  f  i  r :  w c i  r r h f  w  r ^ r i { - h  v  - v  , . , h 6 - -  - ' i -  + t ^  - ^ ^ ^D y ! : ! - - L i r r -  w E r \ J - -  -  , O  , 1  ,  w n e r e  y l  a S  t h e  S p e c i f i c

t ' f
we igh t  o f  t he  f l u id ,  and  the  o the r  cond i t i ons  a re  the  same.

The  a in  o f  t h i s  paper  i s  t o  ex tend  th i s  resu l t  f o r  a  non l i -

nea r l y  e las t i c  rod ,  mode led  as  i n  An tman f  s  t heo ry .  I t e  sha l l  com-

pare  ou r  equa t i ons  fo r  t he  immersed  rod  w i th  those  g i ven  i n  t7 l

{ : ^ r  r h 6  h a : r r r r  r a A  i n  v o i d  i n  o r d e r  t o  t e s t  f h e  r r a l  i d i . t _ \ r  6 f  v a l _

cov i c i  t  s  resu l  L .  f  o r  va r i ous  na r t i  c r r ' l  a r c a s e s .

2. KTNEMATICAT-, CONSTRAINTS AND CONSTITUTIVB ASSUMPTIONS

There are three ways of model l ing rods j_n order to der j -ve

r o d  t h e o r i e s  ( c f  .  I B ]  a n d  t ] ! J ) :  ( i )  o n e  d i m e n s i o n a l  C o s s e r a L

con t inua i  ( i i )  cons t ra ined  th ree  d imens iona l  bod ies ,  ( i i i )  ve ry

th in  th ree  d imens iona l  bod ies ,  f o r  wh ich  va r ious  asympto t i c  expan-

s ions  a re  used  i n  de r i v i ng  the  gove rn ing  equa t ions .

There is a straightforward correspondence between approaches

( i )  a n d  ( i i )  ( s e e  t B l ,  c h a o t e r  I I ) . I v e  a d o p t  i n t e r p r e t a t i o n  ( i i )

as  j - t  can  be  re l i ed  w i th  the  app roach  ( i ) ,  used  i n  [7 ]  f o r  t he

heavy rod in void and i t  takes into account forces act ing on the
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L a t e r a l  s u r f a c e  ( c f  .  t B l ,  c h a p t e r  I  a n d  t l Q l ,  E $ 3 - 4 ) .

Let B CE (three dinensional eucl ldean space) be the reference

conf igura t ion  o f  the  rod .  I \Te  denote  by  (XrYrS)  o r  by  (X .y rT)  the

Cartesian coordinates in E of a pod,nt from g andby g1r l2r e, the
,t'

corresponding uni t  base vector:s relat ive to a frame with the S axis

in the direction of. the gravitational- field .lhe set B is supposed to bc

bcunded, f t  fo l l -ows that the sets

r z t q t = l r l Y  v  , r , 1

\ " ' ' ' ' - '
arc l= [ tx ,v ten2 itx rv ,s)  eBJ; .n l r r s ] ,

/ t  r  \

These hypothes is  a re  sa t is f ied  i f  OS is  the  ax is  o f  cen t ro ids

o f  the  c ross  sec t ions  and OX,  OY are  the  pr inc ipa l  axes  o f  iner -

t ia  o f  p - (S) .  The or ig ine  0  o f  thc  coord ina te  sys tem wi l l  be  taken

in the centroid of the lower cross section supposed f ixed in the

problems \^/e shal l  tackle.

Without loss of general i ty we can suppose that the length of the

rod  is  one.  Le t

are  a l so  bounded .  The  se t  A (S)  i s  ca l l ed  the  c ross  sec t i on  a t  S "

We assume tha t  i n  t he  re fe rence  con f i gu ra t i on  the  dens i t y

o f  mass  i s  cons tan t  and  the  sec t i ons  A (S)  obev  the  cond i t i ons :

/o,r ,*u"uu =-Q, /e(s)ydxdy =-q, /oqr,xvaxav = o.

r  ( x ,  Y /  s )  =x  ( x ,  Y ,  s )  e t+y  ( x r y ,  s  )S2+s  (X ,  y ,  s )  e3  7
a

: ( X r Y ,  T )  = x  ( X r Y ,  T )  e ) + y  ( X ; Y r  T ) p 2 + t  ( X , Y ,  T ) , e 3 ,

I

be the posi t ion vector in the deformed state of  the mater ial  point

hav ing  coo rd ina tes  (X rY f  S )  o r  (X rYrT )  j : n  t he  re fe rence  con f i gu ra -

t l on .

( 2 . 2 )
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fol lowlng kinematical constralnts :

the  smooth  vec tor  func t ions  Jo t  .g , r  p22
7

t.0 r 1J -'R3
- 7

such

5

1
)

= s.t a
= ol2sta

r  (X ,Y,  S)  - :go  (S)  +Xat  (S)  +y*2  (S)  ,

fo r  any  (X ,Y,S)  eB,  where

+  n ( S )  9 z  +  e ( s ) g a  ,

and  f  , r 1 ,

( 2 . 3 )

( 2 . 4 ' )N L

. )
C e c - [ 9 , J ] .

=31  (s )  x  a ,  ( s )  =3 ,  ( s )

(K i r chho f f  t s  hypo thes i s )  .

Assumpt ion  a )  imp l i es  tha t  t he

compJ-etely- determined by giv ing the

Eo gives the posi t ion of  the l ine of

ne  the  c ross -sec t i on  a t  S .

( 2 . s )

configuration of the rod is

\ t 6 ^ + ^ ?  f  r 1 n ^  + . i  ^ - ^  *v rr(- L(J! r utr(- rrons Jo I 31 I 9t_2 as
- v

cen t ro ids  and  a . ,  a^  de te r rn i -- ! '  -  z
,/-

b)  The  vec to rs  a ,

note by r the der ivat ion

. 9 i = P x . 9 i ,

The vector function

I y .

Le t  -N (s ) r  - g ( s )  be

( S )  a n d  3 r ( S )

w i th  respec t

are orthonormal

+ ^ c

and i f  we de-

( 2  . 6 )

f ieLd of th i .s theo-

the contact couple

. 3 6  t " "

Since ,41r  P2,  B3 is  an  or thonormal  bax is ,  there  ex is ts
' f -

\ tea l t . r1 .  f r rn r ' f  r 'an  r r .  f  n  I  l - .boJ  ^ , . ^ r^  ru^ r
, a -  L _ " t t J  D t r L ; r r  L r l d L

u is the deforrnat ion

the contact force and
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exer ted  on  v (S) : I (V(S) )  ( the  image o f  V(S)  in  the  de formed conf i_
guration) by the rest of the deformed bearn.

The consti tut ive assumption is that there is a function $:
duch that

/\
t " I  ( s )  =  M ( u ( s )  |  s )  . .  Q . 7 )

We shal1 suppose that the slanrnetr ical part of the natr lx
I M

Tt (Bg,  S)  i s  pos i t i ve  de f in i te  fo r  a l l  Se tQ,_J_J  and fo r  any  vec tor
;

pgr* ' '  This hypothesis is related with the Legendre-Hadanard strong
e l i pc i t y  cond i t i on  o f  t he  th ree  d imens iona l  e las t i c i t y  ( t r IQ l ) .

Using a topological  degree argument (cf  ,  t r1 l  J,  chapter IV an6 571;
i t  can be proved that the above assurnpt ion impl ies that the func_

t ion Ig supports a globa'  i rnpl ic i t  funct ion theorem, so that there

exis ts  a  funct ion fun3xtQr lJ  -+ R3 such that

u ( s )  :  0 { r { " ) ,  , ) ,  e . B )

'  The rod model presented above is the same with the one used
by Buzano,  ceymonat  and pos ton  in  t r2 r  except ing  the  fac t  tha t  we
do not necessarl ly consider hyperel-ast ic rods.

B y  u s i n g  ( 2 . 3 )  |  ( 2 . 5 )  a n d  ( 2 . 6 )  v t e  o b t a l n  t h a t  t h e  J a c o b i a n
l '  o f  the  t rans format ion  (Xry rS) - - ) j (Xry rS)  i s

( 2 .  e )J ( X r Y r S )  =  l - X u r  6 9 ;  +  v u r ( S ) .

with

u t ( S )  = p . a ,  ( s ) ,  r = | r 2 r 3  e . } p )



. F

We.sha lL  use  th ls  express . ton

account hydrostat ic forces.

'1 -

for J in order to take into

TIIfi GOVERNTNG EQUAT]ONS3. FORMULAT]ON OF

L e t  N ( 1 ) ,  M  ( 1 )  b e
P 7 . v 7

contact couple exerted

the total contact

from the exterior

f  o rce  resoer - . ! f  i  r ra  l  r r  lha

o n  a ( 1 , ) ,  w h e r e

a ( s ) 7 ( A ( s ) ) ,

rep resen ts  the  image  se t  o f  A (S)

the  rod .

g<s+r, ( t . t1

i n  t he  de fo rmed  con f i gu ra t i on  o f

i .  y , , ' t

We shal1 suppose that the rod is c lamped at the lower end

5=9  and  comp le te l y  immersed r i . e .  a l l  t he  boundary  o f  t be  de fo rmed

con f  i gu ra t  i on  ,  excep t i ng  a (0 )  and  a  se t  o f  ze ro  a rea . i s  i n  con tac t' ,

w i th  the  f l u id .  The  l as t  pa r t  o f  t he  above  assumpt ion  a l l ows  us

to study the case where at  the upper end coocentrated forces and

coup les  a re  ac t i ng .

T , e f  F  f s . |  F  { s )  b e  t h e  r e s u l t a n t s  o f  o r a v i f a t i o n ^ l  r c s o e c -* * "  J 6 ' " '  t  i ' h

t i v e l w  h v d i o s t a t i  c  f o r c c q  a . ' l - i n r r  n n  r r f  c \  r l r . l  M  / e \  n ,  / c \  + lu f  e l v o L q L f  e  u v u 4 r r y  v r r  v  \ r . /  a r r Q  s g  t s , t  r  l j h  ( b ,  r n e

resul t ing moments about 0 of  the same svstems of forces. t rVe deno-

te by N.,  and M.,  the concentrated contact f  orr" :e -  reqntr .-{-  i  \ /a t  y the-  - I  - I  -

concen t ra ted  con tac t  coup le  exe r ted  on  a (1 ) .  The  d i f f e rences

N { ] 1 - \ T  M t I I - 1 4 -  r . a n r F q r . n f  l - h a  a n l - i n n  n f  f h c  h r r d r n c # : + i  ^  F a - ^ ^ -
 ) \ i ,  A . f  P  ^ t ' i . '  A r l r  r " Y - " " -

/ + f

r n # i  n n  n n  r  l 1 \

t'

The requirement that the resultant torque about 0 on the rna-

te r ia l  o f  v (S)  van ish ,  y ie lds  the  equat ions :

g(s )=s l  +  Fq (s )  +  - r ' h (s ) ,

r,t ( s ) +f o ( s ) xN ( s ) +r+.fo( t ) *N r+Yo ( s ) +xh (s ) .
* - = / -

( 3  
" 2 )

( 3 . 3 )
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to  sa t is fy  the  re la t ions :

l \

N , = - t r e . ,  M . = u c  ^ . t ^  .  / r  \ l. J  I  ' ; , 3 ,  - - !  - - * r  V L { . Y 3 r  3 3  \ : /  
1 ,t L J

F  ( S l  = - r ' .  F l s \ e
" 1 g  

t " r  - - t  r  t o r 5 3

where  F(S)  i s  the  vo lume o f  V(S)  and

( 3 . s )

( 3 . 6 )

w h e f e  p  i S  t h e  h v d t . n q t ^ + i .  r t r a q . ' . l l * ^  i -  ^  +  : -  ^ ^ ! : - ^ r  L ' '
o  

- -  - - - -  y l s - s u r e  r r r  v t  u  r D  \ r s r - L r r s r 1  r r J

(2 .2 ) ,  \  i s  t he  ou te r  un i t  no rma l ,  da  i s  t he  su r face  e le rnen t

and  av (S )  i s  t he  boundary  o f  v (S ) .  Hence fo rward  we  suppose

+ l ^ ^ +  - ,  . !  ̂  ^ ^ - ^ + ^ * +-EnaE Y  . r  r s  consEan !  Eoo .

By  app l i ng  S tokes t  t heo ren ,  t he  change  o f  va r i ab l cs  fo r -

t

Jn, t ,  =-  
r . , { r ,  

(no-vr t )  1du*u{r ,  (po-v 
l t ) . t 'du,

L-  
_J  , ^ ,  (no - r r t )gda  =  v rF (s )pa  (3 .7 )
. a v  ( 5 ,  *

The second te rm o f  (3 .6 )  can  be  wr i t ten

where-F ' (s )  i s  equa l  w i th  the  area  o f  A(S)  ,  in  i ;he  hypothes is

- B -

. The end concentrated force and couple N., and M., are supposed

( 3 . 4 )

where i"),0 and peR are f ixed (see [7] for the interpretat ion.f t.-

n f  { - h o c a  h n r r n A r v v  n n n i i  # i a - - \e v r r u r  e f  v  r r _  /  .

I f  " f 6  and  y1  a re  the  spec i f i c  we igh t  o f  t he  rod  respec t i -
= ,r'

'  vely of the g1uii ,  we have:
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that F is smooth.

U s i n q  r e l a t i o n s  ( 3 . 6 ) - ( 3 . 8 )  i t  f o l l o w s  t h a t

F ,  ( S )  = v - F/ J n  ' L

We shal l  now give

The momenL of the

5; (s)

l F '  ( s ) r ' ( s ) +

( S ) F ' ( S ) r ' ( S )
r y O

-r

( 3  . 1 0 )

a p p e a r i n q  i n  ( 3 . 1 0 )  a r e- f =

dif ferent ia l-  forn of  the

( s )  e ^ + l p  - v " C ( s ) l F ,  ( s )
. v J  l - o  , l -  l

r

1 1 )
T T

v  \ ] i ' f  / c \ 6  - L r h  - . ,  f  r / c )' . | ' . \ 9 / ; ? ' L ! , ^ | 1 1 , \ v

+ ' +
r r c t  t r : ,  / c \ , ,  / c \ _ r r  r r

1 s \ v /  r r  \ v / r ^ \ u i f  t 1 s
+ .,/ \, .L
r - - r

( 3 .  e )

The  equ i l i b r i um equa t ion  (3 ,2 )  becomes

N  ( S ) i / w  - w  \ I ' / c \ 6  + T ^  - . ,  ( ( S )  l F ,  ( S )\ r l l )  , l /  L r l \  r . l r

, r

I f  we admit  that al l  the funct ions

smooth enough, we obtain the fol lowlng

equ i l i b r i u rn  equa t i on  t : " | 9 )  :

r ' ( S )^ o
r

a su i tab fe  fo rm o f  the  re la t ion  (3 .3 )

grav i ta t iona l  fo rces  is

i . ' rq (s) =- [ ,_.r.-  "'  v (.s)
v +6 d wd rrA 1-, " ; 3

r . r h o r a  w  i c  + h o  c n a n i f i n  r a a i a h +  n f  + 1 - ' a

^ l !  t  - .  ^ Y Y L I t t l Y  \ - . J t  \ 4 . v . / ,  v r r e r r y s  u r

bini ls theorem i t  fo l lows that

deformed rod and depends on

variables formula and Fu-

M- (s )  =
.vu

The monent f  n r n a q  i  q  a i  r r a n  h r r

( 3  - 1 2 )
7

the relat ion

r x  ( p  - v . t ) n d a .
' O  I  . v

+

f  oftr '  (r) tn (r)er-E (r:)prJat.
: f

Mh ' t' =r,i'J" (nu-1;t )la"+./r, ( 3 . 1 3 )
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By Uslng Ketyinrs trAns f ornat j .on, chqnge of variabLes

Fub in i ' s  theorem and re la t ions  (2 .3 )  -  ( .2 .6 )  I  the  f i rs t  te rm

r lgh t  s ide  o f  ( : . / : )  becomes

-  
^. , {* ,r  {*  (nn-Y1 t)nf l6=-vrA' tr l  t  n (r)  er-  g (r)Sz la:r  +d v r b J  =  f  + S  

- +

formula,

from the

. 1+Yt i€ t r y1 r )  azy ( r ) : r  ( r l  - r "  ( r )  a r "  ( r ) Jz  ( r )  t s rd r  J -
f v

( 3 . 1 4 )

urx (r)Jz ,,T, -t" (r) a2x (r)jr (r) Jp.rdr,+yrl$rr* rrt
r

where

31 ( r )  =ur*  ( r )g*+ar "  ( r )g r+ar ,  ( r ) -g : ,  i+ ,2 ,3  .

The second te rm f rom the  r igh t  s ide  o f  (3 . ]3 )  sa t is f ies  the

relat ion :

t r t t '  =o{r ,x2dxdY'  t "  t t '  -o{ " ,Y2dxdv,

Using  re la t lons

be comes

( 3 . ] s )

(s )9 ,  (s )  ]

the  equ i l ib r i .um cond i t ion  (3 .3 )

+ Y t  I T v  ( s )  a r "
f

- v  Z  / c  \, 1 s  \ u /
'7'

( s ) a ' '  ( S ) - I . , ( s ) a . -
' T '

( 3 . 1 3 )  -  ( 3 .  r s )  ,
t 1 -

S (s ) +ro (s )xN (s ) =M 
I Jg. (|) xg., +

J - - +

+ (y,- ,-yr l / { r '  t r t  tn ( fr)9. ,  -E ( t)  u. ,1at *
- . t  r  T

+y1 J€[  r . , ,  ( r )  a ' ' -  ( r )u. ,  ( r )* ]x ( r )  
1"  ( r )32 (r )  lFrdr+ (3.16 )

f " -+ 
rF

1 l

+y1 /$ t r " ( r )a ;x ( r )9 ,  ( r ) - r " ( r )  a r "  ( r ) J r  ( r )  t e2d r  +
f

+ tpo-y+g (s ) lF, (s ),"ro (s ) Tf 6 (s ) +yt t ry (s ) ar, (skr1(s) -rx (s) ar, (s) a, (s) J
t * - r r f
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The smoothness assumption for the function from the above

re la t l .on  and equat ion  (3 .J1)  a l lows us  to  der ive  the  loca1 fo rm
7-r

o f  ( 3 . 1 6 ) :
r

M ' ( s ) T 6 G )  x r ( s )  =  t l O + ( s ) + J 2 ( s ) l  ( 3 . + 7 )

where

j1 (s) =tr* ts l  aO (F)t ,  (s )  -ro (5) aro {s); .  (s )  le*+

+tr" (s) ar* (s)Jr (s) -rx (s) a+x (s).92(s) le2+

+rv  (  s )  a ! .  (  s )e ,  (  s )  + rv  (s  )  azs  (  s )  a i  (  s )  - rx  (  s )  a i ,  (s ) ;2  (s )  - r * (s  )ao  C ) i i  (s )
- f ' f / r f

r n h a  n r n - i a n * i  n n  n f  . F  ^ -  J - L ^  L ^ ^ . "  ^  ^  . . :  ^  r , ^
I U e  P r ( J J ( j u L l - l J r r  l J !  

^ j 1  t t t  L . l l c  n c t s - L s  . 9 1 t  p 2 r  ; 3 , 3  J r s r q -

f f

J1 ( s) = (r*tsF1(s)tu3( s) arn ( s) at(s\( s) a z, ( s)jr(s ) +
f + f

+[u,  (  s)  ar ,  (s )  *ut  (s )  at*  (s )  1a,  (s )
+ f

^ ^  t 1  1 ? \  b e c o m e s :arrlr  c9 Lrcr uf \Jr. ,  -  "+ , ,

La' ( s) +:3 ( s) xN ( s) =y Jrx(Si-ry (s)t$s)ar, ( s)3r ( s) -u. ( s) ar, ( s)j2 ( s) +
f + f

+  ( u z  ( s )  a r . ( s ) - u r ( s ) a r r ( s )  ) a r ( s )  ( 3 . 1 8 )

f t /
+y . ,  ( r - f -  ( s )  a " . ( s ) - a . '  ( s ) - r : ( s )a ' ,  

" ( s )a . , )  
( s )  )' I  V ' - '  2 5  -  / w + -  x  l - D  / \ / ' z

f 
' f +

For rods vr i th constant cross-sect ion which sat isfy the sym-

m a t r ^ r r  n n n r l i  ] - i o n  T  = T  f  h e  I  a s l -  e o t t a t i  d - r  n  c a n  b e  w r i t t e nr l l e L i J  v v r r u r  f v t  e r r v

M' (s )  +  r l ( s )  x  N (s )  =  9 -  ( 3+e )

p2ts)  = t ; (s )  ar^  (s)g+ (s)  - r i  (s )  a ls  (s)e2 (s)  .
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.  The re la t ions (3 .Lr \ ,  (3 . i9)  u . .  ident ica l  wi th  the d i f fe-

rential form of the equil ibriun equation for a heavy rod of s1:e-

^ i r i ^  u , o i . r h +  w  - v  i n  v o i d  ( c f  .  t 7 l ) .  r t  f o l - l o w s  t h a t  V d l c o v i - c i r s'  r o  ' l  " '
T

theor.ern holds in this part icufar case for nonl inearly elast ic

rods ,  too .

4. BIFURCAT]ON AI]ALYSTS OF THE BQUTLTBRTUM

e0uATroNs

In this section we state the necessarv qeneral results from

blfurcation theory and show bow to apply then for our pr:oblem.

Let W be a real Banach spaie. We sha11 denote by K (IV) the

c n a n a  a f  I  i  a o r r  a n m n-- . . .yact operators f rom I t  j_nto W endowed with the

usua l  no rm o f  bounded  l i nea r  ope ra to rs .

Let D be an epen subset of  Rn and L:D -)K ( I , i )  a f  ami ly of

compact l inear operators depending in a cont inuously di f feren-

t i ab le  manner  on  veD i .  e .  r , , . c *  (D ,  K  (w)  )  .

Le t  G :D  x  WJW be  conp le te l y  con t i nuous  and  sa t i s f y ing  the

requi remenL

l im G (v ,  v ) , / i l v l l  +
ruvll-t

uniformely for v in bounded subsets. of D.

v = L ( v ) v + G ( v r v ) ( 4 . 1 )-r

with L and G sat isfy ing the above requirements.

The existence of buckled states for our problem wi l l  fo l -

l ow  as  a  consequence  o f  t he  ex i s tence  o f  b i f u rca t i on  po in t s  fo r

t h e  e q u a t i o n  ( 4 . 1 ) ,  i . e .  ( v ,  0 ) s p  x  W  s u c h  t h a t  i n  a n y  n e i b o u r g -
r

0
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hood of this point there is a nontr lyial solut ion of the orece_

ding equation.

Bifurcation problems of thls l<ind were studied by Rabi_

.  n o w i t z  ( t 4 J ) ,  M a g n u s  ( t J 3 l ) ,  E s q u i n a s  a n d  L d p e z - G d m e z  ( L t 4 l )  f o rr +
veR and by  A lexander 'and Antman ( t ]5J )  fo r  veRn.

7'

,  " t  
i . s  a  we l l -knovrn  fac t  (s .9 ,  [2 ] r  chapter  IVr  g2)  tha t

i f  (v ,  j_ )  i s  a  b i fu rca t ion  po tn t  o f  (  . I ) ,  then  the  t inear  equa_
7-

:  t ion

v = L( \ r )v  , ( 4 . 2 )

admi ts  nont r i . y ia l  so lu t ions .  Th is  observa t ion  res t r i c ts  the  .se t

o f  b i fu rca t ion  po in ts .  we sha l r  use  the  fo r low ing  resu l t  (c f  t7 r ) .1

Theorem 2 .  t f  v  i s  an  e igenva lue  o f  the  prob lem (4 .2 )  w i th

odd mult ipl ici ty. then from (v ,  0) there bifurcates a branch of

nont r i v ia l  so lu t ions  o t  G. l )  sa t is fy ing  one o f  the  fo l low ing

cond i t ions :

a) rt  ts not confined to any closed and bounded subset of

D x W .

? ' - ) t t  b )  r ts  c losure  conta i -ns  a  po in t  (p ,  0 )  where  p  i s  an  e igen-

,- value of (4 .2 ) dist inct f  rorn v .

we shal. l  now. show holv to cast our problem in re form
;  ( 4 . r )  "

F r o m  ( 2 , 5 ) ,  ( 2 . 6 )  |  ( 2 . 8 ) ,  ( 3 . 1 0 )  /  ( 3 . 4 )  a n d  ( 3 . 1 8 )  i t  f o l -

.  Lows that:

to.(s) = /j *, (r) dr, ( 4 . 3 )



T 1 4 -

;r .  ( ,s) =p, + fStu trt  ,r ,)x?,i(r) dr,

M (s) * (l) - /f t I+ (1o-y+) F (r)l a3 (r) x,g3 (r) dr-

1l!rt;(r) 
ao (r)g, (t) -ri (r)ar, (r)az (r) lar -

- r r f * r r*  ( r )  - ry  t r l  : { * l  t t )  ao ( r )8.  ( r ) -

-u. (r) ar, tbl3r,r, *r,rr jr, u"l tr l  -"Jt,u"lr l  r;r lar

l l  A \

( 4 .  s )

where is  given byM (+)
/"t f

X =. l .^ ,
l ' v  "

r\ 
ft]) 

+ft 2(+ ) r x tpon (F 
+) x+a2s 

Jl) 
Y+e 9) b; (/ dxdY=

=ug+rr t r " ( r , io  ,+, : r (1)- ry( / )ao ( ! )ar  t r )  I ( 4 . 6 )

These re la t ions ,  except ing  the  las t  te rm f rom (4 '5 )  a re

s' imilar with the one obtained by Antman and Kenney in [7] and their

methods hold in this case too.

The aboye equat ions  represent  a  sys tem o f  f i f teen  sca la r

integral equations for the f i f teen dimensional vector

4 ; r  4

solut ion

Xt*'*+- J,r,
:F

I t  is easy to check that this system admits the tr ivial

X* =x*(r.,u 7 yoly_r,=\;I,sT,X)\
: = r  I

,.rf; is ) =s. u .f ts I =",

where

( 4 . 7  )
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3 = )/i{o ^9f G ) =coso ts )er+sin$ (s )e2 o
' f T

g| f s t =-"i"0 (5 )e ,+cos6 $) ft2 t: S=ryr,
f

with :

6 (s ) =l:03 fg*, r) ar ,

f o r  a l l  t he  v4 lues  o f  t he  Paramete rs  l r l r rYo r^ f  I .
n  ] t r '  7

Let  now w =  cg( io , l l )+ '  be  the  Banach space ob ta ined by- - f

taking fhe direct sum of f i f teen copies of the Banach space of

cont inuous  rea l  func t ions  de f ined on  tQ, I1 .
r l f

I f  w e  p u t  X  = l r ^ , 4 r ,  M l e  W ,  t h e  a b o v e  s y s t e m  o f  i n t e g r a l
- 

ldlJ ryl. ^./ I

equat ions can. be wri  t ten

X  =  H ( X r l r p r  " / o r y 1 ) .
-T

f t  i s  easy  to  see tha t  H is  a  Prdchet  d i f fe ren t iab le  ope-

rator and using Arzela-Ascol- l  theorem it  fol lows that i t  is a

4
completely continuous operator act ing on I4I x R-'

Let y be the dif ference between X and the tr ivial solut ion

X* .  r t  fo l lows tha t  n  sa t is f ies  the  equat ion :

( 4 . 8 )

( 4 . e )

( 4 . 1 0 )
7 '

+
v t re re  H, .  (xx  ( t r ,p rYorYr )  f  I r t l . / yo) 'Y1)  V  is  the  Frdchet  d i f  f  e ren t ia l  o f

& -
H ( . , t r r F r Y ^ r T 1 )  a t  X x  i n  t h e  d i / e c t i o n  l i  '

Y J_ T
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: / -
( 4 . 1 r . )

( 4 . ] . 2 )
T

- - 7

\ / ! r  r , ,  t  o r  r  f . /- 7 -

a/ v \ -T{  r /, o ,  r l /  r r x \

r'

.- , ',c
1  , ,  ^ ,  ^ ,  \ r // \ t L t t l O r l I J r .

7'

- L 1 /  1  - ,  ^ ,  ^ .  \' . '  , t r r t ' r  1 6 r  I 1 i  -

7-
^  t r ' " t l f t ^ { o r ' l  

L )  t

7'

Equa t l on  ( 4 ,9 )  has  t he  f o rm  (4 .1 )  w i t h  w= (c9 f0 , l ) ) i , 5  und ,
+ - - '7 -

r . ( \  , ,  n  ^ /  \ * r r  / u * t ,  , ,  - ,  - ,  \  ' 1  - "r . ,  I A 1  l - t r  Y o  1 1 1 )  = H X  ( . X - -  ( I r  } l r  y o  r  y L ) ,  l . r U ,  y o r  t r r ) ,

G(^, t r , ; ,4 ,  / )  =H(Xx
7-

( \ ' rV ,7o ,1r )  rA . r1 t ,

In order to apply theoreri  2 i t  is enough to prove that L and
^  z l ^ €  i  - ^ . 4  r ^ - -  / ,  1  1  \G oer l -ned  by  (4 . - l - I J  and  (4 ._ *2 )  a r "  conpac t .  The  compac tness  o f  L

f r  f
fol lows from the fact that the Frdchet dif ferential of a compact

opera tor  i s  s t i l l  compact  (c f , .121,  chapter  I I r  E4) .  The compact -

ness  o f  G is  a  consequence o f  the  comple te  cont inu i ty  o f  H ,  L  and

of  the  re la t ion  (4 ,12)  .
f

Thus the determination of the global. behaviour of continua

o f  s o l u t l o n s  o f  t h e  e q u a t i o n s  ( 4 . 3 ) - ( 4 . 5 )  i s  b a s e d  o n  t h e  s t u d y

of  the  e igensur faces  o f  the  l inear  compact  opera tor  -  va lued

f u n c t i o n  L ( . ) .

In  the  res t  o f  th is  sss l i .n  we sha l l  s tudy  the  case o f  a

rod with constant cross section but not necessari l-v with equal mo-

ments  o f  lner t ia ,

F { r s t ,  I e t  u s  n o t i c e  t h q t  t h e  s y s t e m  ( 4 . 3 ) - ( 4 . 5 )  d i f f e r s

from the equil ibr ium equations for a heavy rod of specif ic weight

v  - v -  ( t f  l ' 7  1 \  ' i  n  r r n i  r l  n n l "  L r r r  + h o  + a e n, o  , 1  r e !  v J  u r r E  L s r r "

, l  ; |-vrJdlXf  ( r )  at  =-y,  ( Ix-rv)  Jr f  tua e)  a1s (r )a1 (r )  -
=f * f r - - 

7 f
- u . r  ( T )  a "  ̂  ( T )  a .  ( T )  +  ( u "  ( T ) a "  -  ( T )  - u ,  ( T )  a .  ^  ( T )  ) a "  ( T ) l d r

. )  . >  ^ r z  z  a l  +  + D  N J
r f

This term has no inf luence on the bifurcation at odd mult i-

n l  i r ' : i  t v  c i c t c n r r a  l t t c  ( d r o f  i  n c d  i n  t l 1 l  r r r ^  f 1 4 l l .  m n r p  n r a r . i  e a l r r  * h a- "  ' { '  
" -  ' + =  r , ,  J " v r u

fo l low ing  non l inear  counterpar t  o f  Vd l -cov ic i ts  resu l t  ho lds ;
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Theorem 3. I f  v is an odd nult ipl ici i :y eigenvalue for the

l in ia r ized  prob lem cor respond ing  to  a  rod  o f  spec i f i c  we igh t

y^ -y r  in  vo id ,  then (v ,  0 ) is  a  b i fu rca t ion  po in t  fo r  the  equ i  l i -
- 7 '

brlrrr i  equations of a rod of specif ic weight Yo inmersed in a f luicl

of specif lc weight "YI i t  Y(+) ana $(|) satisfy the same condit ions

* / /
and both.  rods are c lamped at  tbe lower end.

Proof.  We have only to prove that the l inear izat ions near

the common tr iv ia l  solut ion of  both problems are the sarne'  Then

by applying theorem 2 the conclusion fol lows in a straightforward

way .

to do this l t  is enough to prove that the l ineari-

i s  iden t icaL lv  zero .  For  i t s  f i r s t  te rn ,  we have

IN

z a t i o n  o f

order

,  S )  [ e . + e a .  ( S )  ] e a . ^  [ e , + s 6 . ,  1 5 1'  , / v  J  - P J  -  ) )  a L  - * +

f f r
, S ) a , ^ . ( S ) e . , . e .  =  0 ,
. J D

+ +

eysilcn l i - m  u ( e M ( S )
e4 -. '*

= l i m  u ( e l { ( S )
ejo 

d - -

rn  th is  sec t ion

verse ly  i so t roP ic  i .  e .

re lat ion

1

we study the case of a rod which is trans-
n

I the consti tut ive function I satisf ies the

if  vre suppose that the rod is unstressed in i ts reference confi-

guration. In a s jmilar way l t  fol lows that the l iniarization of

the  o ther  te rms f rom{ t  (S)  i s  zero .
f

5. A COHPONENTTAL FORM OF THE EOUrLrBSttx uQuerroNs

.t,g*,t, = pf,1u, s),

for each constant orthcqonal rnatrlx wtt-Il'gilponents with respect

r r . ^ [  n r , O ' l r .

o<s<l,- - r ( 5 . 1 )
7

to the
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U \

\
\

0 l
I
I

; /
T /

The transverse isotropy condit ion (.5.1) ensures that the
+

noments of inert ia abopt al l  axes passing through the centroid

of the cross section are equal ( i f  we accept the assumption that

the cross section has the s arne properties as the constitutive func-

r - . i ^ -  ^ + - + ^ ^  . i -  T 1 a _ 1 \  . : -  - ^ * ] - . :  ^ , , 1 ^ *L r ( J r r  t  r L c l L s L r  t t L  L r z J ) ,  L t L  P d . L  L - L U L I J - c r r

-12

" 2 2

I

r * ( s ) = r O G ) =  I ( s ) r

i  S r m 3 r

9 = l ' z
T

n* 1 1
T T

* 2 L
7'

0

'4

n i S { l

T

( 5 . 2 )

( s . 3 )

( 5 . 4 )

- A  . / \
Let mi and r i .  be the components of  M respect ively u with

resner : t  to  t 'he  has i  s  ^  :  -1  ' )  :  an . |+hcr  c .nnser r r rcnr :e  o fv " e t r  
& I t x 2 t : 3 '  

L - + t  z r J .  . a \ r r | J . L r r \ ; !  ( - u r r - s Y u € r r e c

+ h o  . , ^ n A i  r i n n  t q  r  \  r  - 7 ' . ^ -  a  , ^ . ^ - " ^  ^.+ ,  i "  tha t  u3  depends on ly  on :

and that

2 2m ,  + m -
+ z
T

3

where  
-< i  

depends on ly  on  the  argunents  f rom (5 .3 )  (c f . [7 ] ) .  The

const i tu t i ve  assumpt ion  (5 . ] )  and i t s  consequences  a l fow us  to
T

use the method developed by Antman and Kenney in the preceding

quoted. paper, in order to obtaj-n a mol:e tractable form of the

equil ibrum equation (3 Llg) .
r



1
{ ,
I

= 19 - .

T a k i  n d  i n f o  a c c o u n t  ( 3 " 4 ) ,  ( 3 . 1 0 )  a n d  ( 5 . 2 ) ,  e q u a t i o n'  ' f -

( 3 . 1 9 )  h e c o m e s
T

M'  (s ) * [ t r  +  ( ,Yo -Y I )F (s  )  1a ,  ( s )xg t=

1,tr '  (s) tar, (sff",  tFl *.r,  (s)92 (s) J .
+ 7 7

The bas is  SyEZ,g l  is  re la ted to  the f ixed bas is  g11-2r f ; l
f f

by the Eulerf.an airgles O, e, S through the rel-ations:
t '  t *

( s .  s )

( 5 . 6 )

a. ,  = (  -s  ings in t ! *cosrpcp '  ' t ranc r i t  \  a
. v - !  

' " * - - * - ' : , t

r f
+ ( coscpcosr.!- s ingsinrlco s@)E 2-
-cosUsIn@er  r

ar= ( -sintpcos(;-cosgs in$coso);,  * (  cosrtco sQ- s ings in(.rcos@ )e r+
+'  +s in0s inoe3 .

a^=  coscos inoe.  +  s  inos  inoe^+cos@e.
.v J /w L /1/a .wJ

f

cosrlT + O, sin0

sin0 +@' cosr! ,

coslu .

we sha1 l  use  the

r F ' h a  ^ h . \ 1 r c  a r - r r l a + i ^ - ^  - - . 1  I "  A l  i m ^ l r z  t h a t  f h r '  a : o m r ) o n e n t suYuu  L r ( J r r r  q r ru  t  a  .  w , /  r r t r y r J

o f  u  w i th  respec t  t o  ^a t ,a .? ra?  a re
N L /\\/.r /v.J

r

u,  =  _9 ,  s in@
. I

1-

uL = <ot  s in@

u . = t l t + t t '

In the fol lowing, bas is  D . ,  ,  D " ,  D"  de f i ned
M + . v z  A , / J

r
by

1

a,

( 5 . 7 )

( 5 . 8 )

, n ta= ax P{.a

D.'  =cos0a.,  -s in$a2r D?=sin(Ja1+cos(Ja? ,  P;FS/v+ .v+ .* ^t+ 4''
r f r

I f  we do t  (5 .5 )  w i th  e ,  i t  fo l lows tha t

M ( s ) . e . = 1 4  1 1 )  .  e " = o . = c o n s t .
| /v *t * 

f 
/L\)

( 5 . e )
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By tak ing the sca lar  product  o f  (5 .5)  wi th  a ,  we obtain

tk -- Ld^ ( L ) = B = c o n s t . ,
T

( s . 1 0 )
7 =

tpplies that

A  
u, rn^-u ̂In,

+ z z L- r T

Let us denote by Ui ,  Ml the

w i t h  r c s n p c f  t o  t h p  f a s i s  {  O .  7 ._ " - _ _  
L & j - J .

n r o m  ( 5 . 7 )  a n d  ( 5 . 8 )  i t  f o l l o w s  t h a t

components of  U and.\,' ]4

U "  = O t ,  U " = u " = 0 r  + r p ,  c o s @
Z ' J J

since the rod is c lamped at the lower end.

/ (  l ? \  i m n l r ,  + h ^ +
\ J .  + r  /  r r r r l J  e r r * e

M, =-B (  l -coso )  /s ino
I *
-r

or equivalently

Ul= -q ' s in@ ,

T

r r ^ 1  ^ + i ^ * -  r . R  6 \  f  q .  Q \  / (  q \  = n / l  / (  I  O \I \ - L a L - L U r r r  \ J .  v , /  |  \ J . v  I  ,  \ J .  )  t  q ' L v  \ J .  
j : t

c=M (S )  .  ee=M (S )  t -s inO G )  Dr  (S  )+coso (S  ) ! "  (S  )
fv rv) M -+ rvJ

=-Mr (S ) sin@ (S ) +$cos@ (S ) I  Irs . l  .
. T  -  T

f

Taking in the above relat isns S=0 i t  fol lows that

^  - . f

/ E  1  l  \
!  \ J ' I I ' '

r r

. * _ . , -  - ' ' ^ : , .
r r t r l r rJ Lrro.  L

/ R  r  ) \

R e l a t i o n s  ( 5 . 1 2 )  a n d
7-

( . 5 . 1 3 )
r

( s .  1 4 )
7'
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14,' =-psin@,/ ( 1
+ +
r

fo r  aLL S;e [0 .7 ]J  where  s in@(S)  does  no t  van ish .= +
By using (.5.6). and (.5.8) t tre egui l ibr lrm equation

becomes 2

I t ,  (9)+tr+ ,,, 
{", N, 

(s,)-rrr, (s) lsin@(s) ,pz (s)a

A s  a  c o n s e q u e n c e  o f  ( 2 . 6 \ ,  ( 5 . 4 ) ,  ( 5 . 6 ) ,  ( 5 . / t )  w e

that the relat ion

i

M, .Dr=1,4,  +  tg2s ino 1 1\  +  cos@)2 ,
^./ .v' /' f

( s . I 7 )
r

is  val ld where sin@ does not vanish.

R r ;  A n + + i  n a  / 4t : y  oor r r .ng  {5 .16)  w i th  l ,  and  us ing  (5 . }7 )  we ob ta in

^ 1  a
M,)+ tBg ' /  .  ( 1+cosO)  ' +1 .+  ( "1  ^ - \  t  )F *y r  I t  l s i nO=g_

a e 1

f f

( s . 1 8 )
7

r r o m  ( 5 . 4 ) r  ( 5 . 1 1 )  a n d  ( 5 . 1 3 )  i t  f o l f o w s  t h a t :
+ f  f

+ cos@)

( s . 1 . 6 )
T

obtai  n

( s .  r e )
+

( s .  2 q )

( s .  2 r  )

noE

of the system

|  ( s . + B ) ,  ( 5 . + 9 ) ,
r ',!

t he  fac t  t ha t '

( 4 . 6 )  w e  o b t a i n

t i =

{,,

where o depends on .M. ' ,  =-psin6/ (  I+cosO) ,  14",  M"=$ and the
+ + r

re la t ions  (5 .19) - ( .S . )g )  a re  ya l id  on ly  where  s in@ does
: F /
I

van ish .

In t7l i t  is shown that either Lhe solut ion

( 4 . 3  )  -  ( 4  . 5 )  i s  t r i v i a l  o r  r e l a t i o n s  ( 5 . ! 5 )  ,  ( 5 . 1 6  )
T T

( 5 . 2 0 )  a n d  ( 5 . 2 1 )  h o l d  f o r  e a c h  S e [ 0 , 1 , 1  .  B y .  u s i n g
f  = ; f

the rod is clamped at the l-ower end and relations

oM2 t

=391 (l+coso ) .
T

= u?-opcoso /  (L+cos@) ,' f
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the boundary condit ions:

( 5 . 2 2 )

when  the  a l t e rna t i ve  c= ,a ,  (1 )  ho lds  i n  (3 .4 ) .

By comparing the above relat ion with the reduced componen-

t ia l  form of the governing equat ions for a heaviT rod of  speci f ic

. , ^  l  - l ^  !  - .  - ,  l ^ r f - 1 \wergn t  yo -y l  ( . c f  L / J )  we  no t i ce  tha t  t he  on l y  d i f f e rence  occu rs
F l

j .n  (5 .18)  which.  conta ins the term -yr l rs in@, not  appear inq in
1-

the corresponding equat ion for the heavy rod. By l inear izat iorr

at  the tr iv ia l  sol .ut ion O:0 this term becones --y, f  r@ which is not

ident ical ly zero, unless the cross sect ion is constant.  T Ie con-

cLude  tha t  V6 l - cov i c i f  s  resu l t  doesn r t  ho ld  fo r  non l i nea r l v  e las -

t i c  rods  w i th  va r iab le  c ross -sec t i on .  However f  equa t i on  (5 . I8 )

is of  the same kind with the corresponding equat ion for thJ rod

in  vo id  so  tha t  f o r  I ' ( s )  g i ven ,  one  can  s ta te  equ iva lence  theo -

rems of Valcovic i  type for immersed rods.

F rom (5 .20 )  i t  f o l l ows  tha t  i f  9=9 , i . e .  t he  rod  i s  no t  t o r -

c l  n n a r l  r ' i .  { - h a  r r n n a r-^."--- end, we have g=const.,  which means that the

solut ions are planar. The planar problem for rods subjected to

f o r r - : c s  a n d  r - : o r r n l  e s  a c t i  n o  o n 1  r r  a t  i  f  s  e x t r e m i t i e s  w a s  s t u d i e dq v  e 4  r r Y

by Antman and Rosenfeld ( t161) in the framework of  a model which-t-
doesn ' t  use  K i r chho f f ' s  hypo thes i s .  Tn  [17 ] ,  Tucsnak  used  the

r
above hypothesis in modell ing the pLanar version of the situa-

t ion considered in the present paper and s hov/€d that the l inea-

r iza t ion  o f  the  sys tem (5 .18)  and (5 .19)  w i th  the  boundary
r 7 '

cond i t i ons  (5 .22 )  rep resen ts  a  S tu rm-L iouv i l j . e  p rob len ,  hav ing

on ly  s imp le  e igenva lues ,  so  tha t  i n  t h i s  case  the  hypo thes i s  o f

theo rem 2  a re  fu l f i l l ed .

The resul ts of  th is sect ion show that the methods develo-

ped by Antman and Kenney for the heavy rod in void are ent i rely

o ( 0 )  =  s ,  M ^
= = ' z

( { )  s  +  y ,  I s i n @  ( t )
+ : : 1t ' f /
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irffnersed rods.

6. CONCT,UDTNG REMARKS

The equiyalence resuLt of VAlcovici stated in theorem 1

rests yal1.d for nonl inearly elast ic rods i f  the cross section

of the rod is constant and has equal principal- moments of inert ia

in  the  re fe rence conf igura t ion .  f f  the  pr inc ipa l  moments  o f  rner_

tia are dif f ,erent but. the cross section is st i l - l  constanL the

resu l t  ho lds  in  the  sense o f  theorem 3 .

For rods with variable cross section but with equal prrn_

cipal monents of inert iar '  the reduced componential form of the

governing equatibns, obtained in section 5, has the same form

trt i th the one obtained by Antnan and Kenney for the heavy rod in

vo id .  Th is  shows . tha t  fo r  par t i cu la r  fUnc t ions  f  (s )  the  prob lem

of deterrnining the cri t ical foads for an immersed rod can be

reduced to a buckl ing problem for a heavy rod in void.

AchnowX,edg enent, AJ a- a,Le

{on pnopctt; ing u6 t. l .Li l  ptob{.em

a.nd t ug g e,s tio nd. .

dee,yt.tq Lndepted to

and don tt inu.La-ting

0n .Eugzn  So i t

co nv ent atio n,s
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