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.  O. INTRODUCTTCN. PRELTI4IN.ARTES

rt  i -s  a  fact  that  the automorphism functor  .&, f ro  of  an af -

f ine a lgebra ic  F-group G (char  F=0)  need not  be l :epresentable

o n t h e c a t e g o r y o f a 1 1 F . s c h e m e s , b u t ( a s s h o w n b v B o r e 1 a n d

ser re  fes l ) i t  i s  rep resen tab le  when  res t r i c ted  to  the  ca teqo -L  ) '

r y  o f  reduced  F -schemes  (by  some loca l l v  a lgeb ra i c  g roup ,  ca l l

i t  A u t  G ) .  r n  p a r t i - c u l a r  t h e r e  e x i s t  e x a m p r e s  o f  G r s  ( e . q .

G=G. x  G*)  for  which the map between the corresponding L ie a l -

gebras ) :  {A* G)-r  
"( t , .Aotc) is not sur iect ive (cf  . l h s l r  r i n

c - " J ,  
\ r I I  :

other  words for  which there ex is t  " in f in i tes imal  automorphisms" . ,

which do not  come f rom an argebra ic  group act ion) .  The pr ima-  :

ry  goal  o f  th is  paper  is  to  prov ide a bet ter  understandinq of  l

the above Lie algebra map ) .  For instance we rvi l . l  prove that

there ex is ts  a complex which is  exact  in  the f i rs t  two te . r :ms:

0-+/(aut  c)-+ JtAatG)-+ ur  ( r /  l ] , {  , r )1,  H2 (u,u)

where r  ( respect ive ly  u)  is  the L ie a lqebra of  the radica l  ( res-

pect ive ly  of  the unipotent  rad ica l )  o f  G and r  has a s t ructure

of r /1t,4- mod.ure which is canonical up to inter ior automor-- L J

phisms of r i  our map c( shourd be viewed as 'rthe cohomological

: !
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obstruct l -on to algebraic i t ;v of  lnf  ln i tesimal automorphisms of  G",

whi le our P should be viewed as an ' r inteqrabi l i tv  condj- t ion" for

the o,( - obstruction

As we shal l  see,  P wi l l  be re la ted to  the geometrv  of  l inear

subspaces of  the var ie ty  l {  o f  a l l  L ie  a lgebra mul t ip l icat ions on

the under ly ing vector  space of  u

The non-representabi l i ty  phenomenon descr ibed above has an in-

terest ing ef fect :  for  each G wi th  non-sur ject ive )  we are prov i -

ded  w i th  a  "non - t r i v i a I "  examp le  o f  l i nea r  [ -a lgeb ra i c  g roup

in  the  sense  o f  Cass idy  and  Ko lch in  
LaJ [ - r l  

( e .g .  G=Go 
"  

G*

leads to t f , .  A - algebraic group f = 
I  ytr"- (V, )  

2=olc cr, t  0r) in the

notat ions of  [aJ l .  Th is  suggests  to  s l ight lv  genera l ize our

set t ing and instead.  o f  look ing at  the space ,J  t rA" t  c l  o f  in f  in j - t -

es ima l  au tomorph isms  to  l ook  a t  t he  space  A tC l  o f  a l l  k -de r i va -

tLons  ( k  a  sub f i e ld  o f  F )  on  the  coo rd ina te  a lgeb ra  o f  G  wh ich

send  F  i n to  F  and  "commute "  r v i t h  comu l t i p l i ca t i on ,  an t i pode  and

couni t .  The present  paper  is  devoted to .  the s tudy of  A(G) (c lear ly

i f  k = F  t h e  s p a c e  A ( c )  
" . n  

b e  i < l e n t i f i e d  w i L h J ( A 4 t r c ) ) .  T o  e a c h

d e r i v a t i o n  i . r  A ( g )  w e  a s s o c i a t e  i n  s e c t i o n  I  i t s  " d -  c l a s s "

1 -
l y i ng  i n  H r  t r / } , r J , r )  and  s tudv  the  ana logue  o f  t he  above  com-

p lex  i n  t h i s  se t t i ng  ( c f  .  Theorem (1 .6 )  r vhose  p roo f  r v i1 l  be  g i -

v e n  i - n  s e c t l o n  2 ) .

In  sect ion 3 we apply  the preceedj -nq theorv to  f i -a lgebra j -c

groups.  As proved in  Fa]  any i r reducib le  l inear  A-y-  qror :p  / -

( i n  t he  sense  o f  [ " . , ]  I  o f  f i n i t e  t ranscendence  deg ree  ( i . e .  w i th

t r . deg  .  y< f>  /Y<@ )  has  a  f i n i t e l y  genera ted  ( i n  t he  non -d i f -

ferent ia l  sense)  coord inate a lqebra hence der ives f rom some af -

f ine a lgebra lc  group G equipped rv i th  m conr f lu t ing e lements of  A(c)

Consequent ly  by our  theorv we wi l l  a t t .ach to  l -  cohcmotogy c las-

ses o(r1*..ro(*; the imagesof these cl-asses via p (vi ldch lre cal l

f t r , . . . , P ^ )  d o  n o t  v a n i s h  a p r i o r i  a n v m o r e .  f t  w i l l  t u r n  o u t  t h a t
,  

{  
, r $
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the  van ish ing  o f  the  o( ' s  i s  equ iva len t  to  f  be ing , ,sp l i ta -

b le"  (c f  .  F r ]  i .e .  A-  i somorph ic  to  a  A-  a rgebra ic  q roup

of the form l -*nc1,n(Jd) where f  
*  is  a (-c losed, subqroup of

cLn(U)  in  no ta t ions  
" t  F r ]  ,  c f .  a tso  (0 .4 )  be low)  wh i le  rhe

vanj-shing of  the 
f  

's  is  equirra.rent to f  beinq "semis13l i table, ,

( i .e .  A-  i somorph ic  to  a  A-a lqebra ic  q roup o f  the  fo rm
rrXt (  n )  +
|  

' - ^  
f  d i y j p -P i j p=  0J  where  f *  i s  a  ( , - c l osed ,  subg roup  o f

CL' (U)  utd Pi jp  ere non-d. i f ferent ia l  po lynomia ls  in  the I io ,s)
see  sec t i on  3  fo r  r : rec i se  s ta temen ts .

rn what  fo l lows we f ix  some notat ions and recal l  some basic

fac ts  o f  d i f f e ren t i a l  a lgeb ra  and  a lqeb ra i c  c l roups .

(0.1)  Terminol -ogy of  a f f ine a lqebra ic  F-cr roups is  borro i .ved
-  l - - ir rom 

L ' t J ;  
nowever  we  sha l l -  a l so  rook  a t  a f f  i ne  a lgeb ra i c  F -

groups as "group schemes of  - f  in i te  type over  F" .  t r {e  wi1 l  o f  ten

denote by the same le t ter  an af f ine a lgebra ic  F, -Si rouo and i ts

" u n d e r l y i n g "  a b s t r a c t  g r o u p  ( =  i t s  g r o u p  o f  F - p o i n t s ) .  R e c a . l l

t ha t  d (n ) ,  { , t c )  deno te  the  L ie  a lgeb ras  assoc ia ted  to  an  asso -

c ia t i ve  a lgeb ra  A  and  to  an  a f f i ne  a rgeb ra i c  F -q roup  G  respec -

t i -ve ly ,  Qtc l  wi l l  denote the coord inate a lgebra of  G .  9 tw r^z i l - l

deno te  the  a f f i ne  a lgeb ra i c  F -g roup  assoc ia teC  to  an  a f f i ne

Hopf  a lgebra H.  Uh)  wi l l  denote the universal  enveloping a l -

geb ra  o f  t he  L ie  a lgeb r i  h .  L ie  a lgeb ras  o f  a lqeb ra i c  q roups

G r R r U r T r S r . . .  w j - l l  b e  d g n 6 f a d  h r r  n  r  r r  t r s r . . .

(0 .2 )  rn  sec t i ons  r -2  te rm ino logy  o - f  d i f f e ren t i a r  a lgeb ra

is  that  f rom [ " r l  .  So i f  A wi l l  be an arb i t ranz (non necessarv

f i n i t e )  se t  o f  (non  necessa ry  commut ing )  de r i va t i on  ope ra to rs

w e  w i l l -  s p e a k  a b o u t  [ - f i e ] d s ,  . [ - F - ' r e c t o r  s p a c e s r . . .  R e c a l l

that  a  f i - r -vector  space over  a [ - r iera r  is  an r ' -vector  space
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together with a map A--+8nc1,.,V. f,rof,, witfr the property that
\J

$ t ) "1 : ( f ) ) *+ ) f , *  ro r  a r l  l ' e .A ,  )  €F ,  x€v ,  where  we  have  wr i ten
n ^
Ev  ins tead  o f  duv  fo r  a l l  veV .  R .eca l l  t ha t  i f  V r t r ^ l  a re  A - r -  vec -

tor  spaces then V @ W and I lom (VrT{)  have natura l  s t ructures of

A-r-vector  spaces t f , t *  a y)=& o y + x eEv r-or  SeAt xc\ / ,
n n n

y e W  a n d  ( d f )  ( x ) : b G  ( x ) ) - f  ( ) x )  f o r  l ' e  A  ,  f  €  H o r n ( v , r ^ t )  ,  x € v ) .  B 1 z

a  A -  L ie  F -a lgeb ra  we  unde : : s tand .  a  A -F -vec to r  space  h  wh ich

is  a L ie  F-a lgebra such that  the mul t i r : l icat ion map h €)  h+ h is

a A-  map ( th is  is  the concept  - f rom lu , l  and is  d i f ferent  f rom-  L t )

that of  [ -  f  - l ie algebra - ' i  n l7 I  l - rz l \
" '  L " r J  L " 2 J ' '

A  A  -F -vec to r  space  i s  ca l l ed  l oca l l y  f i n i t e  i f  i t  i s  a  un ion

of  f  in i te  d imensional  A -F*vector  subspaces.  I - f  \ r  and ; r t r  are 1o-

ca l l y  f i n i t e  so  i s  V@ T . r i  bu t  Uon(V , !V )  (and  even  the  dua l  Vo=

= H o m ( V r F )  )  w o n ' t  b e  i n  g e n e r a l .

e  f i - n - v e c t o r  s p a c e  V  w i l l  b e  c a l l e d  s p l i t  i f  i t  h a s  a n  F * b a -

s i s  c o n t a i n e d  i n  V A ,  t h e  Q - I i n e a r  s D a c e  o f  A  -  c o n s t a n t s  o f  V .

T f  \ /  i s ,  s n l i t  t h e n  i t  i S  l o e a l l v  f i n i f e -  C o n r r e r s e ' l  r z -  r e C a l _ l  t h eU  I \ / v q r l J

fo l lowing fact  f rom fu. ,J p.  BS i

(0 .3 )  f , nm la .  Le t  V  be  a  f i n i t e  d i l l ens iona l  . [  -F *vec to r  space .
A 4

Then  the re  ex j - s t s  a  A - f i e t c t  ex tens ion  F -  / p  w i  f h  t r ' - " / ! ' *  a lge -
I , . " " " , . * 1 t

b r a i c  s u c h  t h a t  V  @  f  F f  i s  a  s p l i t  A - F f  - v e c t o r  s p a c e .  f f  F  i s

a lgeb ra i ca l l y  c losed  and  V  i s  a  "pa r t i a l "  A -F -vec to r  space  ove r

the  "pa r t i a l "  A - f i e ld  F  ( i . e .  A  i s  - f i n i t e  and  ac ts  bv  con r rnu t i ng

der i va t i ons )  t hen  F1 /F  can  be  taken  to  be  a  P i ca rd -Vess io t  ex ten -

s i o n .

(0 ,4 )  I n  sec t i on  3  we  w i l l  use  te rm ino logy  and  no ta t i ons  o f

d i f f e ren t i a l  a l seb ra  f rom La r ] f  l ( r l .  So  a l l  A -  f i e l r l s  w i l l  be

"pa r t i a l "  ( ca rdA=n i )  "  2L  w i l l  deno te  a  un i ve rsa l  A -S ie fa  o f  cha -

racter is t ' ic  zero wi th  f  ie ld  of  constants  
-1(  

and S wi l l  be a / l  -sub-

f i e ld  o f  2L  (ove r  r ^ i h i ch  ?L  i s  un j . ve rsa l )  w i th  f i e l . d  o f  cons tan ts
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/, /4rL(r  .  
' f ,  

w i l l  a lways be assumed a lgebra ica l ly  c losed.  I " t re  c lose

our  j -n t roc luct ion by d iscuss ing a ( rather  cur ious)  f , ie  a lqebra

theoret lc  construct ion which wi l l  p lay a ro le  in  our  paper .  r t

consis ts  j -n  producing a fami lv  of  L ie  a lgebra s t ructures s tar : -

t ing f rom a g iven L ie a lgebra s t ructure on a vector  space.

( 0 . 5 )  L e L  h  b e  a  L i e  F - a l g e b r a  ( r ' a  f i e l d ) ,  h o

Lie subalgebra of  h  and h,  an ideal  o f  h .  Denote

an  abe l i an

h r r  o l r n  ' \  + . h a
" . ! \ . r 1 /

space o f  a l l  b i l inear  a l te rna t ing  maps f r r * f r r -h t  (no ta t ion

c f  .  F * l l .  T h e n  l e t ' s  d e f i n e  a  l i n e a r  r o a p  J :  H o m ( h / [ h r h ] , h o  ) - >
'l

- ; '  A '  (h r ) ,  Y  Fr ( ,  )y  by  the  fo rmula  ( * ,y ) r=  l -Yp" ,y l -  l ypv , " l  t. Y  L -  J  L ' - -  J

f o r  a l l  x r y 6 h l ,  w h e r e  p : h - t  h /  l n , h J  i s  t h e  c a n o n i c a l  n r o j e c t i . o n .

Moreove r  l e t  S  f  n ,ho ,h I ) -a l  { f r a )  deno te  the  image  o f  t he  man  "5

a n d  c a l l  i t  t h e  " c l e r i v e d  s p a c e "  a s s o c i a t e d  t o  ( f r  , h o r h l ) .  T h i s

der ived spme has sarne remarkable proper t ies:

(0 .6 )  r ,EMMA.  Fo r  eve ry  b i l i nea r  map  ( ,  ) . "  i n  t he  de r i ved

space  the  fo l l ow ing  ho ld :

1 )

2 )

3 )  ( h t ,  <  , 7 r )  i s  a

i n  2  s t e p s )

4)  for  every zcho,

g e b r a  ( h r ,  ( ,  > y  ) .

Proof .  A s t ra ight forward computat ion.  So the der ived space

c \  , .
o0  tn rho rh l )  i s  a  l - i nea r  subspace  o f  t he  va r j -e t v  l ' 1  o f  a l l -  L ie

a lgeb ra  mu l t i p l i ca t i ons  on  the  under l y ing  vec to r  space  o f  h l .

I t  would be in terest inq for  our  purpose to  unc lers tand th is  s l ra*

ce bet ter  ( for  instance to  d ispose of  apr ior : i  bounds for  t i re

d i m e n s i o n  o f  i t s  p r o j e c t j - o n  i n  I l 2 ( h . r h . ) ,  c f  .  ( L , 7 )  b e l o w ) .
t t

a lgeb ra  mu l t i p l i ca t i on  on  h ,

m e t a a b e l i a n  L i e  a l q e b r a  ( i . e .  s o l v a b l e

ad z induces a der ivat ion of  the L ie a l -
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1. TA*-s-pess AlgI

(1 .1 )  Le t  k  be  a  f i e l -d  o f  cha rac te r i s t i c  ze ro ,  F  an  a lgeb ra i -

ca1ly  c losed f ie ld  conta in j -ng k  and le t  G be an af f ine a lgebra ic

F-group. Denote b:y A(e) the F-vector q>ace of all k-derivation" ,f,0(c)-+0(el

mjoying the following properties:

r) f,(n)c r

z) f . t=r f ,a r+L @l)"/,  P (e ) --,  P(e ) cl  P t, ; l
.coP= f"v z F (c)--o Ptc l

e- t= t , t  ,  Ftc l  *+ F

3 )

4 )

vhere f r  T ,  €  a re  the  comu l t i p l i ca t i . on ,

t ivery or ,  0(c)  F- ] .  rhen Atc l  is  arso

w i t h  a  n a t u r a l  m a p  )  t  A ( c t * > D e r ( F / k )

s t ruc tu re  i t  i s  a  L ie  space  ove r  F  ( i . e .  04 ,  f r )=  )V t ,  I  r J  
-

. O ' ' ' . 0-  (dz , l ) J r  f o r  )  4  n ,  J  '  J2eAG)  where  )  r )=  ) ( , J ' r )  ( ) )  ,  see  lN tvJ ,  .

[Cr1l ,  
For any intermediate f ie ld E betvreen k and F we mav con-

s i d e r  t h e  L i e  s u b s p a c e  A t e / n )  o f  A f C l  .  c o n s i s t i - n q  o f  a I I
n
) e A ( c t  w h i c h  v a n i s h  o n  E  j  t h e n  / \ t c / n )  i s  a  L i e  E - a 1 g e b r a .  T h e

F-L ie a lgebra Ltc / r l  has a remarkable in terpretat ion in  ter r , :s  o f

the automorphisro functor of G.
/ r r r ^

rndeed,. Iet -&wtc, {n-scrrenes 1*r lgroups 1 o" the functor

def i -ned by  SF)  Aut (C x  S / i l .  Th is  func tor  i s  no t  c ;enera l l v  rep l ie -

s e n t a b l e  c f .  [ " t ] ;  i t s  r e s t r i c t i o n  t o  f r e a u c e d  F - s c h e * u = ]  i "

however representable cf .  
[ut ]  by a loca11v algebraic group sche-

roer cal l  i t  Aut G, wi th af f ine connected component of  the ident. i*

ty autoc,  w€ may view Aut G as a functor l r ' -sctre*u"(*o/vr""ot7,

by  ident i f y ing  i t  w i th  i t s  func tor  o f  po in ts .  Then there  is  an

an t ipode  and  coun i t  respec -

a  L ie  k -a lgeb ra  equ iped

and  w i th  respec t  t o  t h i s
a

obvious homomorphism Aut G -) ,Aote inducing a homomorphism

,f (ant c ) -+ 
"t t,4".,t cl

-+ 
) sroupr], t tAl is

(here i-f # is any functor / 
r-scrte*"= { .->

defined to be the kernel of the inap

u4 ( tn*"  r -  )  -+, "4 (Spec f )  induced bv pro ject ion of  the r incr  F =
v  t  \ v F * v  a t t  . v - r  \ u } / e v  r /  y - " J  - * . , . Y  

g
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=F + Ei  F of  dual  numbers onto F given by a->0; / tAl  is  apr ior i

on ly  a  g roup,  no t  a  L ie  a lgebra ,  c f  [oC ]1 .  Now the  map

f l  t  + id,  +tg crear lv ident i - f  ies Ltc/v)  wi th /  t ,AX cl  mal i ing the

latter a Lie r'-algebra and ruaki:rg the rnap /(aut c)-+/(Aaic) a Lie algebranrap

An impor tant  ro le  j -n  our  paper  wi l l  be o laved bv the set

A(c,  r i r , )  o f  a l l  loca l ly  f  in i te  der ivat ions in  Af  e  I  (  here , fn  t l fe l

i s  ca l l ed  Ioca I I y  f i n i t e  i - f  P (G)  i s  a  l oca t l v  f i n i re  j f , f  * r - r ru " -

:  I  tor  space) .  Apr ior i  th is  set  is  not  even a vector  subspace of

A t e l ;  b u t  a s  w e  s h a l l  s e e  b e l o w  ( c f .  T h e o r e m  ( 1 . 6 ) )  i t  i s  i n  f a c t
. t n'  a  L ie  subspace o f  A tc l  .

( 1 . 2 )  L E M M A .  r h e  m a p  ) r  l ( a u t  c ) n / ( A * r  c ) = A ( c / r )  i s  i n j e c -

t i ve  and  i t s  image  equa l "  d  G /F )  n  A  G ,  f  i n )  ( v iewed  as  a  subse t

o f  A ( c l  l .

Proo f .  s ta r t  w i th  a  p repa ra t i on .  Assume w  i s  a  f i n i t e  d imen-

s iona l  vec to r  subspace  o f  P (c )  genera t i nq  P tc l  as  an  F -a lgeh ra

and le t  ,A, , t ; tc , l^ / )  :  - ]  a f f  ine F-schene* ? 
- ,  

lSrorn= I  be rhe sub-

func to r  o f  ,A - t  C  de f i ned .  by  S=Spec  BF tJ  f6au t (C  x  S /S ) ;  f * ,

tF(c) & B-+ Pret  {8 B preserves I i l  ap 83. I {e c la im that ,y ' { ,* t (Grt ,7)

is  representab le ;  no te  tha t  the  a f f ine  group scherne Aut (c r IV)  re*

present ing  i t  i s  reduced by  ls r l  p .280,  To  prove our  c ra im re t'  L  r -

wl  be  the  i n te rsec t i on  o f  a l r  sub*F*coa lgeb ras  o f  P te l  con 'La i -

n ing  Wo=W +TW;  by  
L t *J  

Wf  i s  a  f in i te  d imens iona l  coa lgebra .

Now def ine induct ive l l r  the increasinq sequence of  subspaces t r {n  I
,

of 0(c) by the formula lvi*fTtt, l i  @ I^li) for iVL and defirre func- i

t o r s  & o , & r , , k 2  t . . .  f r o m  f a f f  i n e  F - s c h e m e s  ]  t o  f _ s r o r n = ]  a s  ,

fo l lows.  We le t  t /o tSp"c  B)be the  group o f  those B- l - inear  au to-

morphisms (o of .  wo b B such that 6i '  Cu=\ "% ,  where TB==

=f@ ls .  For  i |L ,  Le t ,Ar (Spec B)  be  the  qroup o f  those B- l inear

automorphisms o- i  of  Wi E B such that { twr- ,  @ B)=r{ i - t  6}  B,



B -

5 l t  o  s€4 - r ( sPec  s )  and
i-1

n 'fn=k " (5-r. @ C.*l where

F-= lA8 1- .  ! i le  have canonica l  rest r ic t ic  )  t
/  B  /  B -  . . i  nave  canonrca r  res t r l _c t l - on  maps  t r r * t r i _ t  f o r  a l - l

i >L .  Now c lea r l y  a l l  d r r=  a re  rep resen tab le  by  a f f i ne  a lgeb ra i c

F-groups A '  r  hence we nrr r "  a  pro ject ive svstem

" '  -z Ai-rAi- l - )  o e o -)  Ar*tAo, one checks that A*t tc, Intr)  = 
W&r.

Consequent ly u4rr t rc,W) is represented by Spec( l imP(a..  l l  anC our
!

c la im  i s  p roved .

Le t r s  p rove  tha t  rm) :  A rc / r )n  A , { c , f i n ) .  The  i nc tus ion  , , , . : , ,

i s  c lea r .  conve rse l y  i f  f gA  G / t r ) ^A , { , ,  f i n )  i ve  mav  ch .oose  i i l  above

such that f ,roa*. Then id+ g t ."4rrt tc,I^r) (spec F€ ).  hence we get

a morph ism f  :Spec  
L-?  

Aut (G, I \ r )  such tha t  id+Sf  = t *g" , ro  where

Aut (GrW)  i s  t he  a f f i ne  g roup  scheme rep resen t i ngJ  d r " t (C , l l )  and

\4tG ,OJ  i s  t he  un i ve rsa l  au t (GrW) -au tomorph ism o f  GxAu t (c r \n t )  .  I { ow

A u t ( G r I V )  b e i n g  r e d u c e d  t h e r e  e x i s t s  a  m o r p h i s m  h : A u t ( G , 1 . / )  - - z A u t  G

^ r , n L .  L r - ^ !  \ 2  - - X . r ,  - - r -  - - -  -  l n  ,  rsuch that  rG,*  :h-  YG rvhere YG is  the universal  Aut  G-autonr .or -

n l r  j  c m  ^ S  r a  v  7 \ r r f  1 1  a 1 ^ ^ ^ ^ -  
O  

t 1 -  r r  * , , r  O  -  \p n r - s m  o r  s  x  A u t  G .  C o n s e q u e n t l v  i d + Z d = ( h " f ) ^ Y G  h e n c e  d  e  t m ) .

F i n a l l y ,  l e t ' s  p r o v e  t h a t  )  i s  i n j e c t i v e .  L e t  A u t o G = s p e c  R ;

we  may  choose  a  f i n i t e l y  d imens iona l  subspace  I ^ l  o f  P te  I  geuera*
n +

t i ng  f f  ( c )  as  an  F -a lgeb ra  such  tha t  Y [ t l v  e l ;  R )=T{  C i  R  (whe : :e

V [ , O t c l  &  R ' + G t c l  @  R  i s  j - n d u c e d  b y  y e ) .  t r x a c t l y  a s  a b o v e ,  t h e -

r e  e x i s t s  a  m o r p h i s n  h : A u t ( G r W ) " - + A u t  G  s u c h  t h a t  h * V  =  V' G  t  
G r i . l '

There  i s  a l so  a  na tu ra l  l no rph i sm c ;Au toG-+Au t (c r tn l )  de f i nec l  a t

the l -evel  o f  S-poin is  b1a (autoC) (S)  * )  Aut(G. I , I )  (S) ,  sb, . ->3 rvhere

^* tp _1*vs--  IG=s- 'YG,* .  Consider  the af f  ine group scheme A=Aut  (CrW)x

*A , r t . "Au toc ;  no te  tha t  t he  p l : o jec t i on  F r :A - - )Au t (e r l v l  i s  a  c losed
Y ' )  A  u

embedding.  Now the map A *=+ Aut"G - - : '>Aut(GrW) ec{uals  the rnao

p I  : A * + A u t  ( G r W )  - 1 l o r  i f  ( f  , f  ' ) e e ( S )  i s  a n  S - o o i n L  o f  A  w e  h a v e

h" f  :  i o f  |  (where  i :Au toc - ->Au t  G  i s  t he  i nc lus ion )  so  the  image

o f  ( t , f  ' )  v i a  ( c " p 2 )  ( S )  i s  a  m a p  s  6 A u t  ( c r l \ 7 )  ( S )  s u c h  t h a t
rk {r rr! rL Jr *

"* 
y^ ..=f t  

* i* y^=f*lr*y^=f *y_
u rw  G !  r r  ,G  -  , c r l , t ;  consequen t l y  s= f  b : t  t he  un i ve rsa l - i -

ty  o f  aut (Gr l , \7)  .  IVe get  that  p"  is  a  c losed embedding,  so A is  an
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af f ine a lgebra lc  group.  S j -nce the map p2:A-- -+AutoG induces a

b i j ec t i on  a t  t he  l eve l  o f  F -po in t s  th i s  rnap  i s  an  i somornh ism.

Consequent ly  c '  j -s  a  c losed embeddincr  hence Autoc is  a  subfurrc*

tor  o f  Aut(c f  l f )  hence of  tAr^ l ;  G and in ject j -v i tv  o f  )  fo l lows.

( f . 3 )  Le t  R rUrT  be  the  rac l i ca l  o f  G ,  t he  un ipoLer r t  rad i ca l  o f

G and a f ixed maxi rnal  torus of  R respect ive lv  and denote by g,

r r u r t  t h e  L i e  a l g b r a s  o f  G r R r U r T .

t ^  |As  in  l -B :J  g  has  a  na tu ra l  s t : : uc tu re  o f  A te l -L ie  F -a l seb ra ;

i t  i s  d e f l n e d  a s  f o l l o w s .  P t c l  i s  a  A ( c ) ; F - v e c t o r  s p a c e  h e n c e  s o

i s  i t s  dua l  0 (c )o .  one  can  check  tha t  e (c )o  r , v i t h  convo lu t i on  p ro -
rt{-

adt  i s  a  A(c )  -F-a lsebra ,  hence 
" (  tP te l " l  w i l r  be  a  A lc i  -L ie

F-a lgebra .  F ina l l v  one can check  tha t  g=  {G)  ( r^ rh ic } r  i s  de f ined

a s  a  s u b s p a c e  
" r  { t P ( c ) o )  c f  .  l l r  I  p . : o )  i s  A t e  )  * s r a b t e  h e n c e  i s

L  - J '

a  A ( c ) - r . i "  F - a r g e b r a .

Now the  un i ve rsa l  enve lop ing  a lqeb ra  
'ZLG)  

has  a  na tu r :e i l  s t ruc -

tu re  o f  A (C) - f ' - a lgeb ra  i nduced  f rom the  tenso r  a lgeb ra  on  g .  The

dua l  
' ? ) , (g )o  

becomes  then  a  A (c ) * r ' - r t seb ra "  rns  tae  ? / ,G)o  l i es  . t he

c o n t i n u o u s  d u a l -  U l g l  '  ( c f .  l  
" l p  

, 2 2 B  )  ;  i t  i s  d e f i n e d  t o  b e  t h e
L J

space of  a l t  funct ionals  on ?Lr l ; , )  whose lcernel  conta ins some two-

s ided  i dea l  o f  f i n i t e  cod i -mens ion ;  one  checks  tha t ' l J "@)  '  i s  a

sub  A tc i - r ' - a lgeb ra  o f  kk )o  ( f o r  i f  t e ' t t k l )o  van ishes  on  the  i dea l -

n ) o
J  then  J  f  w i t r  van i sh  on  Jz  fo r  a l l  , i ' e -  A  ( c )  )  .  No te  tha t  ?LkJ ) '

need  no t  be  l oca l l y  f i n i t e ! .  Nov r  i ns ide  ? j  . ; kJ ) r  l i es  the  a lgeb : :a

A ,
b(g )  o f  g -n i l po ten t  rep resen ta t i ve  func t i ons  (wh ich  cons i s t s  o f

a l l  f u n c t i o n a l s  o n U h )  w h i c h  v a n i s h  o n  s o m e  p o u / e r  o f  g " z L k J ) )  .

C l e a r l y  0 t g l  i s  a  A  t e l  * F - s u b a l g e b r a  o f  ? A , @ ) '  a n d  i s  l o c a l l r z

f i n i t e  ( f o r  6 ' t g l = v v '  w h e r e  V '  c o n s i s t s  o f  a l l  f € U k J ) '  r ^ r h i c h

v a n i s h  o n  ( g , ? * ( g )  ) n ) )  s e e  a l s o  
[ ] r ] , .

The construction a]:ove shows that. the natural embedd-inq
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ec: Rc)-? ?J,G) '  (cf  .  F] n.

particul ar Arc/g) embeds

over  F .  Consequen t l y ,  i f

n i te  d imension over  F.

(1 . 4) LEMIIA. ]- ) T

2) Assume we have

an i r reducib le  af f ine

h  i s  a  A - i a e a l  o f  g ;

1 0

2 3 0 )  i s  a  m a p  o f  A ( e ) - f ' - a t q e b r a s .  f n
lt

i n to  N  @)  hence  has  f i n i t e  d inens ion

t r "  d e g  . F l k <  m  t h e n  & ( e  )  i t s e l f  h a s  f i -

i s  a  A ( c l * i d e a 1  o f  g ; h e n c e  s o

a map A -.0 d(e ) from some set

a lgebra ic  subgroup of  G whose

then the ideal clef inincJ I{ i-n

,  i -  - ' r

r _ s  l r r r  I  .
L

i -
/ \  and H ls

l - i  o  : 1 r v a l - r r :

G i s a

[ - iOea t  o f  P (e  ) .  I n  pa : : t i cu la r ,  t he  i dea l  de f i n ing  R  in  G  i s

a Af  e  t  - ideaL in P r c l  .

na tu ra l l y  i nducec l  res t r i c t i on  map  A(c )  - ,  A (R)  .3 )  The re  i s  a

? .-=
?

Proof  .  Arguments are s i - r l i lar  to  those in  [ur l .  I r ie  reproduce

them for  the sake of  completeness.

1 )  B y  ( 0 , 3 )  t h e r e  i s  a n  e x t e n s i o n  r ' r / r  o f  A ( c l  - f  i e l d s  s u c h

.  where  c= t r ra (G)  anc l
n r c . \

9 o = ( g  &  F r )  ^ t ' '  
"  L e t  r o  b e  t h e  r a d i c a l  o f  g o .  T h e n  b o t h  t , ,  & C F l

and.  r  @ fFf  
co inc ide wi th  the radica l -  o f  g  I  Ff  .  Novr  r=

= ( r  &  f  
F t ) z r g = ( r o  @  

" f r ) n g  

a n d  t h e  l a t t e r  i s  c l e a r l v  p r e s e r -

v e d  b y  A ( c l  "

2)  There is  a  commutat ive d iagram

Av t r
n

We have ker  f r=. l t (ker  fZ)  and we are done s ince ea and f -2

are A-a lgebra maps.

L L @ ) '
I
I

l ' 2
v

2L&) ,

Frct
I. l

f l* 1  
|
\v

n
0 ' (H)
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3)  fo l lows immedia te ly  f rom 2) .

We should emphasize that ,  un l ike r t  the L ie a lgberas u a.nc l  t

a re  no t  genera l l y  A tC l - suba lgeb ras  o f  g !

( 1 . 5 )  W e  a r e  i n  a  p o s i t i o n  t o  d e f i n e  o u r b a s i c  m a p s  d .  a n d 1 t s .
!

So in  no ta t i ons  f rom (1 .3 )  we  have  a  ( vec to r  space  d i rec t  sum)

decomposi t ion r=u*t  and le t ts  denote fy  
" r , r - - -+r  !h"  F- l - inear  en-

domorphism of  r  obta ined b lz  pro ject inq on u and b.z  eZ:T.*2t  thb

Lie F-a lgebra endomorphism obta ined by pro ject inct  on t .  Clear l1z,

r i ft h e r e  i s  a  f a c t o r i s a t i o n  e 2 i r  - - p  )  t / F , r f  J - > r  ( p  b e i n g  t h e  c a n o -

n i c a l  p r o j e c t l o n ) .  N o t e  t h a t  b y  ( 1 . 4 )  r / 1 1 , r l  1 s  a  A ( e ) - r - v e c t o rL ' J

space  and  p  i s  a  A te l -map  bu t  1y  need  no t  be  r  A (c ) -map !  Nor , v

de f i ne  l i nea r  maps

A(c l z r  t r /  p , r 1 , z2  1u ,u )

where  r  i s  v iewed  as  an  r / f r r r ]  -  modu le  v ia  the  rep resen t ; r t i on

ado' i f  , " /F, t f  - r {e l  .  lve put  
" ( f )  

(x)=tJL-S" ror  a l  t  fe Arc) ,
, t -  - - r  . f .  o

x e r /  F r t l  i n  o t h e r  w o r d s  a ( d ) = d 4  v i h e r e  w e  v i e w  - i i *  a s  a n  e l e -

m e n t  o f  t h e  A t c l - F - v e c t o r  s p a c e  H c m (  t / F , r J , r )  .  M o r e o v e r ,  p u t

1 t e \ r - -  . r - l - -  c - - - -  
- J  

i - -  r -  
- 1  

^ ' ^ , i  ^ . r 1  . c / r y I t - t t 1b ( f ) ( x r y ) = l _ e r f p x , y J -  l e r f p v , x J  f o r  a l l  > < , v 4 u  a n d  a l l  - f - 6 2 * ( r / 8 ,

r 1  . r ) .  i r { o t h e r  w o r d s  b ( f ) =  ( ,  ) ^  E  i n  n o t a t i o n s  o f  ( 0 . 5 )  v i h e r eL ) t L t t  * - ; . " - . . - *  v . \ a /  \ r . e r o t

( h r h o r h L ) = ( r r t r u ) ,  S o  i n  p a r t i c u l a r  t h e  i m a q e  o f  b  l i e s  t h e  d e r i -

ved  space  $  t r r t ru )  .  I { o reove r  b  sends  e r  ( r /  p , r ] , r )  j - n to  ze ro  (be -

cause any e lement  f€g]  can be wr i t ten as f=ad(xo) . i i -  for  some

f  i xed  xo€ r ,  henee  f  van i shes  on  u /F r= - ]1 .  I n  pa r t i cu la r  we  have .

induced maps to the cohomology:

.4>
n

o(
- . )A  ( G ) nr (r /  13, r ]  ,  r t  & H2 (u. u)
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r tvorths not ing that our maps above are not intr insical ly

associated to G but depend on the choice of  the maximal to: :us
,  t h i r

T of  R.  one can check (nut \#r r  not  be used in  what  fo l lows)

that  a  and b behave n ice ly  when'  we change the torus;  more pre-

c i se l y  i f  T '=v - lTv  ( fo r  sone  v6U)  then  upon  le t t i ng  a '  and  b .

be the maps corresponding to  Tt  and upon le t t ing O-=Ad (v)  (v ie-

-. (.f)e eI

(f,) ) =r (a

- l  r \
L J , L J

A{e ,  f  in)  *F-vector  spa*

.J

e
I

z , )

ni-t io

r- -1

l B - [ )u z -

a lgeb ra i ca l l y

and conta in lng

sequences :

c l o s e d  f i e l d  o f  d e f i -
r'

k  (wh ich  ex i s t s  bv

0 - A(c/r 'c) *

0 -+ A(c/r) -+

ft"a' )
l 1 ( 6 1 - _ y  H ' ( u , u )

A(G/E d.-* Der (F/Fc ) *> o

the second being

Before prov ing

sp l i t  i n  t he  ca tego ry  o f  L ie  spaces  ove r  F .

wed e i ther  as  an  e1ement  o f  
f  , t )  o r  as  an  e lement  o f  g / t " l l

we have for any f,e Arcl ,

\

- r l
O '  

* " a ,  ( d )

6 - o b t ( a '

c h 6 ^  i  € i  a A ' \  ' . ' o  f  i X  O U f  t O f U S  T .r l / v v r i  t v s  /

maDS d and l\

( r . 6 )  T H E C R E } ' r .  l )  a t C , f  i n )

we have an exact seguence

i s  a  L i e  s u b s p a c e  o f  A t C l  a n d

o *+ A(e , f  iq ) -+  n te  l1  ur  { r /  f r ,

Moreove r ,  P te )  j - s  l oca l l v  f i n i t e  as

r a

From now on

Here  i s  ou r

I f  F^  i s  t he  sma l l es t
(J

n  f o r  G  c o n t a i n e d  i n  F

-  t h e n  t h e r e  a r e  e x a c t,  - ^ ' - "

( u n l e s s  o t h e r w i s e

ma in  resu l t  on  the

( r / l r - r l - r )  a n dt - r  L "  r 4 J r 4 /  q r

( f l  ) "  (o-xo-)

th is  theorem let t  s  q ive some consequence$
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(1,7) coRoLLARy. The fol lowing hold:

1) There j-s a complex, exact in the' f irst two terms:

) d , r t 5 )
o -o;f{aut c) -) / 1,ft"te -+ rir (r / fr ,r], r ) \ nt (u, u )

in part icular dirn G( ( ,&"D d /  {  ( rut  e )  )4 dim(kerp )  .

2 )  T h e  n a t u r a l  m a p  A r c ) / A ( c , f i n  ) + A { i c ' ) /  A ( n , f i n )  i s  i n j e c t i -

ve  ln  par t i cu la r  the  map / ta*Oi lU(Aur  G) - , ( t ,& , tR) / , / (nu t  n )

j -s in ject ive.

3 )  r f  t h e  r a d i c a l  o - f  G  i s  u n i p o t e n t  t h e n  A ( c l  = A ( G , f i n ) ,  i n
\

par t icu lar  z l  is  an isomorphism.

.  
4 )  I f  i : G + G '  i - s  a n  i s o g e n l ,  t h e n  t h e r e  i s , a  n a t u r a l  i n j e c t i -

+
ve.  l i f t ing  map i ^ :A(c ' )  - - t  d (C)  such tha t

+  - l
( i ^ )  * ( A ( c , f i n ) ) = A ( c , ,  

f i n ) .

5)  I f  G  has  f  i n i t e  cen te r  t hen  / . tC l  =  AG,  f  i n )  ,  i n  pa r t i cu la r

\A is an j-somorphj-sm.

6 )  I f  t he  rad i ca l  o f  c  i s  n i l po ten t  t hen  A (C l  =A . (G / t ^1  ,  hence
(r

F  - o & e )
f 

t- 
- a

\J

7)  d im (A (c )  /A rc / r )  ) ( t r . deg  (F / r c )  +d im t$  t r ,  r , u )  / 8 t r ,  t , u )  4
.)

' n  B ' ( u r u )  )  ,

Mora l l y ,  the  las t  asser t ion  savs  tha t  a im(A(c)  /LG. /F) )  i s

restricted by the geometry of l j-near subspaces of .]4; unfortuna-
- l- 

-l 
.

t e l y  t h i s  g e o m e t r y  i s  q u i t e  m i s t e r i o u s  ( c f  . l N R l ) .- L J

( I . 8 )  P r o o f  o f  ( f  . 7 ) .  A s s e r t i o n  1 )  i s  c l e a r  f r o m  ( 1 . 2 )  ( 1 . 6 ) .

I
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A s s e r t i o n  2 )  f o l l o w s  f r o m  ( 1 . 6 )

diagram

A t e l o ,
t

A re ' )  * ,  ,

looking at the commutatlve

o{
G _-1

-------* lI

.t/*-

Asser t ion 3)  fo l lows because i f  R is  un ipotent  then 1I  =0 hence

a=0 .  To  check  asse r t i on  4 )  no te  tha t  G+G,  be inq  d ta le r  any

k-der ivat ion S/  on 0(e,  )  l i f ts  un iquely  to  a k-der ivat ion t

o t r  0 (c )  ( see  [ " r l  p .13 ) .  r f  t ,  e \ ( c , )  rhen  f  musr  be rong  to

A(c l  because  the  map  f , t - (  t e  r  +1  * f i ' /  ( respec t i ve l v
o o P ?

c o )  -  d c c ,  . a " )  -  ) " 1 )  i - s  u n  
/  

- F - d e r i v a t i o n  8 ( c )  +  g ( c )  € >  0 f  c l  ( r e s -

pec t i ve l y  a  t -  F r -de r i va t i on r  dD  g -  de r i va t i on )  van i sh ing  on

0 ( C ' ) ;  s u c h  a  d e r i v a t i o n  m u s t  v a n i s h  o n  t h e  w h o l e  o f  0 t c l  .  S o

w e  g e t  t h e  l i f  t i n g  m a p  i * ,  A ( c ,  ) r  A ( c )  a n d  c l e a r l . a  ( i x ) - t  ( A ( " ,

f i n )  ) c  A ( c ' , f i n ) .  T o  c h e c k  t h a t  A ( e  ' , f i . n )  i s  m a p o e d  i n t o

A ( 9 ,  f i n )  l e t  R ' , u ' , r ' r u ,  b e  t h e  c o r r e s p o n d i n q  o b j e c t s  f o r  G , .

Then we get  an isogenv R-)R'  and an isomorphism U->i l ' :  moreover

there ex is ts  a maximal  torus T of  R-and a maximal  torus T '  o f

R r  such  tha t  we  have  an  i nduced  i - sogenv  TJT , .  Pass ing  to  L ie

a lgeb ras  we  ge t  i nduced  i somorph isms  r -?T '  ,  u -?u ,  r  t *> t ,  and  a

commutative diaoram

t ' / k , r l , r )( c )

I
( R )

A

A

I I 1  ( r  r r r  , r )
' lz

t t l  1 v t  I  r l r '  , r ,  )

wh ich  toge the r  w i th  (1 .F t  y ie lds  ou r  c la im .

To prove asser t ion 5)  s tar t  rv i th  a preparat j -on.  Assume V is

an  N-d imens iona l  A -F -vec to r  space  (  A  an  a rb i t ra rv  se t ) .  Then

the  coo rd j -na te  a lgeb ra  0 (c l ( v )  )  o f  cL (V )  has  a  na tu ra l  s t ruc tu re
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of A -n-argebra defined bv identi fving 0(cl(r t)  )  with s( 2"((v)"1[fZo1

where s="symmetric algebra" and dasN t, . l tv l" l  is "the determinant '1
d

W e  c l a j m  t h a t  0 t e l ( v ) I  i s  l o c a l h , ,  f i n i t e ;  i n d e e d  , ( f ( v ) o )  c l e a r -

ly  is  so and we are done brz not ing that  d  is  a  A-constant  ( to

check  th i s  rep lace  r  by  some A- f i e ld  ex tens ion  o f  i t  such  tha t

V  sp l i t s ;  t hen  V  has  a  [ - cons tan t  F -bas j - s .  Assoc ia ted  to  th i s

bas i s  the re  i s  a  A -  cons tan t  bas i s  X .  .  o f  
X /  

t v l " ;  nov r  d  i s  a

p o l y n o m i a l  i n  t h e  X i j ' s  w i t h  O - c o e f f i c i e n t s  h e n c e  i s  . A - c o n s t a n t ) .

Comi -ng  back  to  ou r  g roup  G ,  Ie t  Ad :G+cL( -q )  be  i t s  ad jo in t  re -

p r e s e n t a t i o n .  U s i n g  t h e  d e s c r i p t i o n  o f  A d  i " ; " 1  p . 5 I  o n e  c h e k s

t h a t  A d * : F t c " ( g )  ) - - +  € t c l  i s  a  A ( c ) - a l g e b r a  m a p .  C o n s e q u e n t r v

i f  z ( Q  i s  t h e  c e n t e r  o f  G , O ( c / z t c ) l  i s  a  l o c a l l - r z  f i n i t e  A ( c ) - r -

v e c t o r  s p a c e .  ( b e i n g  i d e n t i f i e d  r v i t h  P G r ( q )  ) / k e r  A d x )  .  B v  a s -

se r t i on  4 )  S tc l  mus t  be  l oca l l v .  f i n i t e  as  a  f . ,CJ - r - vec to r  space

fo r  a l l  f  e  A tc l  and  we  a re  done .

To  p rove  asse r t i on  6 )  no te  tha t  i - f  R  i s  n i l po ten t  t he re  i s  a

unique maxlmal-  torus T in  i t  and R is  a d i rect  product  o f  U b l t

T ,  s o  b  v a n i s h e s  i d e n t i c a l l y  w h i c h  i m p l i e s  6 )  ,

Asser t ion 1)  fo l lows i rnrnediate ly  - f  rom (  I  .  6  )  and the def  in i -

t l -on of  b

F rom the  d i scuss ion  o f  asse r t i on  5 )  above  we  ge t  t he  fo l l ow inq

u s e f u l :

( f  . 9 )  Remark .  Le t  G  be  an  i r : : educ ib le  a f f i ne  a lgeb ra i c

g roup .  Then  the  i dea l  de f i n ing  i t s  cen te r  i s  a  A (e )  - i dea l

ry (c) .

F -

o f

Proof .  fndeed one checks that  the ideal  m

G L ( g )  i s  a  A t G ) - i d e a l  o r  0 ( e t ( g ) )  ( u s e  o n c e

o f  g ) .  Then  the  i dea l  de f . i n lng  the  cen te r  o f

hence  i t  i s  a  A tc l  - i dea l  o r  f l ( c )  .

def  j_n incr  I  in- g

aga in  a  sp l i t t i ng

G is  (aa*m)F tc l
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2.  Proof  o f  the Theorem

( 2 . 1 )  T o  p r o v e  a s s e r t i o n  1 )  i n

(and convenient) to prove that fo

wing are equiva lent

i) rmf,- c ker o(

i i )  P ( G )  i s  l o c a l l - y  f i n i r e  a s  a

and a lso to  prove that

i i i )  ker  c{ ,  is  a  L ie  subr ing of

We need a preparatj-on

T h e o r e m  ( 1 . 6 )  i t  i s  s u f f i c i e n t

r  anv map tr:  A->d(c) the fot lo-

A -F-vector space

A c c t .

( 2 . 2 )  R e m a r k .  L e t  V  b e  a  A - F - v e c t o r  s n a c e  o f  f i n i t e  d i m e n s i o n

and  1e t  f e  t ;  we  a l so  deno te  by  l  a r - r .  e -endomor r :h i sm 4 ,  o t  v  de -

f ined uv f .  Then the map Gr, (v) -,  q/ tvl d.ef ined brr rhe formula
- r  0  (  

t

f  v ->  r  
' " ) "  

f  -  )  co inc ides  w i th  Ko lch in ' s  l oga r i t hm ic  de r i va -

t i v e  $  ( c f  
F r l  p .  3 1 1 ) .  r n d e e d ,  w e  m a v  e n r a r o e  F  a n d  a s s u m e

V sp l i t s  ove r  F .  Then  take  a  A  -  cons tan t  bas i s  o f  \ z ;  i f  t he

m a t r i - x  o f  $ '  w i t h  r e s p e c t  t o  t h i s  b a s i s  i s  s 6 G L n ( F )  t h e n  t h e

mat r i x  o f  d - ] , J : f -  f  w i l t  be  f , r ' r - t u , t / r ru )  and  ou r  asse r t i on
0

i s  proved

(2.3) Now let G be as jn Thecrem (f.6). For any vCU let f-qd(v)

b viewed as an autcrorphisn of r; clearly it induces t"he identity on

r / f  , r \ .
S i n c e  C  b e l o n g s  t o  t h e  a l g e b r a i c  - q r o u p  I m ( a d : U + G L ( r )  )  s

by Kolchin 's theory [kr ln "11\(#wi1l  belong to the Lie aI5trebra o: [

t h i s  g r o u p  w h i c h  i s  I m ( a d : u  - - >  
f e l l ,  

s o  w e  g e t  t h a t  ( t s ' =

= a d ( x t 4 " l )  f o r  s o m e  * ( f o - ) € u .  N o w  f o r  l * A  l e t ' s  s t i l l  c l e -

no te  nV f ,  the  k -endomorph ism o f  r  ( respec t ive ly  r tp , r ) )  de f i -

ned by  f ,  .  Us lng  (2 .2 )  we ge t  the  fo l low ing  equa l i t v  o f  maps

from x l f t .  r l  to r  :. L ' J



. T

L ]

( * ) o- 
-1 , (t,(" ' '- n"* f , =ut{l + r(f,al '  ir-

W e  a r e  i n  a  p o s i t i o n  t o  p r o v e  i i )  s ) i )  i n  ( 2 . I ) .  S i n c e  F t e  i  i s

f i n i t e l y  genera ted  as  an  F -a lgeb ra  and  l oca l l y  f i n i t e  as  a  A* r -

l i nea r  space ,  one  can  (a f te r  en la rg inS  r )  assume tha t  O(e  )  sp l - i t s

( c f  .  ( 0 . 3 )  )  s o  O t e l = 8 ( c )  
O  

*  
"  

F ,  F o = F  a ,  
P f o l A  i s  e a s i r r r  s e e n

o
to  be  a  f l n i t e l y  genera ted  Hop f  Fo -a lgeb ra ; l e t  co=910 tc lA l  and

let  RoruorTo be the radica l  o f  Go,  the unipotent  ra<l ica l  o f  G, ,
- ' l

and  a  max ima l  t o rus  o f  Ro .  I {e  have  R=Ro I  F ,  U=Uo I  F ,  v 'Tv=

=To  I  F  fo r  some v€U.  Consequen t l y  i f  o -=Ad(v )C  End( r ) ,  t hen

G n - : t / E , r l + r  i s  a  . A - * u p  s o  t h e  f i r s t  m e m b e r  o f  t h e  f o r m u l a

( * )  above  van ishes  wh ich  shows  t r ra t  . t f i e  n r  ( t / l - r , r 1 , r )  and  i )

f o l l o w s .

( 2 , 4 )  T o  p r o v e  i ) , + i i )  i n  ( 2 . 1 )  n o t e  t h a t  i f  i )  h o l d s  t h e n

o 0 ( O
f o r  a n y  J e  A  ,  t h e r e  e x i s t s  x ( d ) e  r  s u c h  t h a t  a ( d ) = a d ( x ( d ) ) " t r  .

O ? a
S i n c e  a d ( z ) o i i  = 0  f o r  a l l  z e t  w e  m a v  a s s u m e  x ( d  ) e  u  f o r  a l l  d  6  [

By  Ko lch in ' s  su r j ec t i v i t y  t heo rem o f  t he  l oga r i t hm ic  de r i va t i ve

( n F  ' i  + "  c  \ / a r c  
i ' - -  " I

\ u ! .  r u r  u - . o i o n  i n  
L u r J  

p . 5 f )  w e  m a y  f i n d  ( a f t e r  e n l a r q i n q  t h e

A-  f i e ld  F  once  aga in )  a  po i -n t  0 -=Ad(v )€  c l , ( r )  w i th  veu  such
' n o  

C  n
that  (dr=-ad (x  (d )  )  for  a l l  d6[  ,  Then the second member 

.o f  
for -

mula (* )  vanishes which impl ies that  0- ' l1-  is  a  A -map.  Conse-

quen t l y  t he  ke rne l  u / f t , r J  an< l  t he  image  6 - t  o f  t h i s  map  a re

A  - s u b a l g e b r a s  o f  r .  S i n c e  t h e  p r o j e c t i o n  p : r +  t /  F , r - {  i s  a

A - * r p  i t  f o l - l o w s  t h a t  u  i t s e l f  i s  a  A - i d e a l  c f  r .  W e  a l s o

may assume that  g  sp l i ts  over  I '  and take a decomposi t ion

A
g =ro * so wnere

tary semis imple

= ro  €  F ;  I e t t i ng

T o

L ie

S = S

i s  the radica l  o f  g  A and =o j -s  a complemen-

Fo-suba lgeb ra  o f  g  
A  

{ ro=uAr .  c lea r l y r  r=

o I  F and t '=<r t  we have a decomposi t ion

l\,r'rnu"l 
k( r {
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g = u + t t * s  w h e r e  u r t ' r s  a r e  a l l  [ * s u b a l g e b r a s  o f  g  a n d  a l l  t h r e e

a r e  a l g e b r a i c  L i e  s u b a l g e b r a s :  u = d { u )  ,  L ' 4 g ' )  w h e r e  T ' - v - r T v

9 , ^ ,
a n d  s = / ( S )  ( f o r  a l g e b r a i c i t v  o f  s ,  s e e  

[ " ] O . 4 4 L  
l .  B l t  ( 1 . 4 )  t h e

i d e a l s  d e f i n i n g  U r T '  r S  i n  G  a r e  [ - i d e a l s . i n  F t ( ; l  .  C o n s e q u e n t l l z .

t he  ( su : : j ec t i ve )  map  o f  a lqeb ra i c  va r ie t i es  U  x  T '  x  S ' - ->G de f i -

ned  by  mu t t i p l i ca t i on  i nd .uces  an  ( i n jec t i ve )  A  - r ' - a fgeb ra  map

S t c l + g t u l  6  E ( T ' )  a  P { s ) .  s o  t o  p r o v e  t h a t  F t c l  i s  l o c a l r v  f i -

n i t e ,  i t  j - s  s u f f i c i e n t  t o  c h e c k  t h a t  e a c h  o f  0 ( u ) ,  0 ( T ' ) ,  P f  s l

i s  l o c a I l y  f i n i t e .  L e t r s  c o n s i d e r  t h e s e  c a s e s  s e p a r a t e l v  b e l o w .

T o  c h e c k  t h a t G t u l  l s  l o c a l l y  f i n i t e ,  u s e  t h e  f a c t  l " l ,  p . L j L

t h a t  t h e  i m a g e  o f  t r r e  A ( u ) - m a p . , ' , 0 { u )  - - k f u ) '  i s  
" o n t t l r , . a  

i n  t h e

a lgeb ra  o f  u -n i l po ten t  rep resen ta t i ve  func t i on=  fB ( l l )  wh ich  bv

( f . 3 )  i s  l o c a l l y  f i n i t e  a n d  w e  a r e  d o n e .

T o  c h e c k  t h a t  Q ( t ' )  i s  l o c a l l v  f i n i t e  n o t e  t h a t  0 ( r ' )  i s  H o p f

a lgebra isomorphic  to  F fz l ,  the grouD F-a lgebra of  some qroup

Z .  For  each l "  a  ret  f , *  be the unique k-der ivat ion on l "  l *X]

w h i c h  k i l l s  Z  a n d  r e s t r l c t e d  t o  F  a c t s  l i k e  t  .  T h e n

id+E( f , -  f , * )  :  F r [Z , l  ->  F€ ]ZJ  i s  a  i i op f  
!  

*a rseb ra  i somoroh i - sm.

rn  pa r t i cu la r  i t  t akes  : ,  (wh ich  i s  t he  c t roup  o f  q roup - l i ke  e le -

m e n  t s  o f  r ' -  l - -  t - -  l t  o n f o  i t - s e l  r .  S i n c e  a f t e r  r e d u c t i o n- z ' Z )  '  c r  1 . y t J '

modulo t  we get  the ident i ty  i t  fo l lows that  id+ €- tx)  =1d

n ^ *
hence  J '= . !o ,  wh ich  shows  tha t  r fU  I  i s  l oca l l y  f i n i t e

To  check  tha t  0 (S )  i s  l oca l l v  f i n i t e /  one  can  p roceed  bv  a

s imi lar  argument  as above invokinq the rather  d i f f icu l t  (vet  now

standard)  theory of  reduct ive group schemes over  non-r 'educed ba-

s e  s c h e m e s  s u c h  a s  F 4
c

(  o F  l i c l  t  n l  f  m c , r e  n r e r : i  q e l  i r  t h e  r c n r e s e n *
\ L r r .  

V " - 1  ,  L " ) t  t  r r r v r s  } J ! v v ! r e r . v

pl -us the fact  that  S is  def  ined over  Q -  Buttab i l i ty  o f  Ar t  
"

one can a lso g ive a qui te  e lementar \ r  argument  which runs as fo l -

lows:  i t  was shown in  
Lbal  

(us ing onlv  the vanish ing of  the t t l

f o r  f i n i t e l y  d imens iona l  s -modu les )  t ha t  k ( r ) ' Ls^  l c ' ca l l y  f i n i t e

for  any semis imple A-r , ie  F-a lgebra s  i  ] :y  (1  .3)  0 ts l  embeds - in tc

ZLG\ '  as  a  fusubspace so  must  be  loca} ly  f in i te '
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T h i s  c l o s e s  t h e  p r o o f  o f  i ) ( : >  i i )  i n  ( 2 . I )  .

(2 .5)  To check asser t ion j - i i  )  in  (  2 .  r  )  le t  , f '  f ,  e  Arc)  such
o a l

t h a t  c ( ( d r ) = " t (  ) ; = 0 .  T h e n  a ( d r ) = a d ( x r ) ,  ?  f o r  s o m e  x i € r ,  i = 7 - , 2 .

One can easi ly  check that

[..- f,*,'=ad ( fx r rx2 l  +"(rq,
F i

- f  r 'u 2 J J

and  asse r t i on  I  i n  Theorem (1 .6 )  j - s  p roved .

(2.6) Letts prove asserLion 2) in Theorem (1.6).The second exact seguence

i-s clear;irxleed if rr=G^eF F (G.,, an affine slrrohrri n F' -crr?ouP) and '{
-  - G  -  

^ * t '  

q l l r r r e  q r Y u l l q r v  ' G  \ j '

fo r  any  deDer (n /F . )o rd-e f ine  , f= r  o  de  A(co  6 l  F ) '3  A(c ) t  then
?

d t - > d  i s  a  s e c t i o n  f o r  t h e  m a p  [ S ( G / F )  - - r  D e r ( r / r " ) .  F o r  t h e

f i rs t  exac t  seguence we must  p rove  tha t  the  fo l low inq  asser t ions

are  equ iva len t  ( fo r  any  Ne A (c ) )  :
n

t )  
[ b ( d ( d ) ) = o

i i )  N  v a n i s h e s  o n  F a

Now i i )  i s  equ iva len t  to  ;
o

i i i )  F  o  i s  a  f i e l d  o f  d e f i n i t i o n  f o r  G ,
t ' 1

By  
LB 'J  

th i s  i s  equ iva len t  t o  :

i v )  F ' f  i s  a  f i e ld  o f  de f i n i t i on  fo r  u .

L e t ' s  p r o v e  i ) ( = > i v ) .  I f  i )  h o l d s  t h e n  t h e r e  e x i s t s  a n  F - l i -

nea r  map  O:u - -+u  such  tha t

I

0
( * )  b ( a ( d ) )  ( x , y ) = nf  r  l -n  " t

V I x ' Y l - l A x r Y l -
L . . , 1*x ,0v1 f o r  a l l  x r y 6 u

Now

,/ v,4
let t ing t  denote

induced uy I *"

also the k-endomorphisms of  r  and

get  that
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(  n  _ 0  f l  o
€r ,a  (d  ) "  p=g  

" "  
(  do t r  -  f . r \  ) o  p=€  +doe , . , -€ ro i i - , ) , p=z z - z z

f  "  er-erofo pot=er,f ,o er-ero f ,

(*xx) ..t [r,,yJ:["r l*,v]+fx,.rf,r]- nt '(I) ) (x,y;

In part icuLar i f  x6u then e,  r  t , f l  n*=-."& so vre get thatz z

( * * )  u t . (8 )  (x ,v )= f " r ty .x ] -  l " r f * ,y ]

Pro jec t ing  the  equa l i t y  fL " ,  VJ=[ f " , r ] * f " ,NyJ  on  u  and us ing

(*x )  we ge t

f o r  a l l  x , y6u .  F rom (x )  and  ( xxx )  we  ge t  t ha t  i , = "  , ' f  
*  ( l  i s

a k-der ivat ion on u and one checks i r rmediate lv  that
r y . 1  ^ f
t t ) " ) = ( ) ' ) ) x + ) ) x  f o r  a t - 1  t r e  r r  X 6 u .  B 1 z  L e r l  p . 8 6 ,  K /  i s  a

f i e l d  o f  d e f i n i t i o n  f o r  u ,  h e n c e  i ) ; ) i i )  i s  p r o v e d .  

f
.  C o n v e r s e l y ,  i f  i i )  h o l d s ,  t h e n  w r i t j - n q  G = G I  6  p - I ' ( F r = F "  ,* 1

G r  a n  a f f i n e  a l c r e l r r a i .  r '  - g r o u p )  w e  m a v  c o n s i d e : :  )  t f l  6  D e r ( r / r r , ;- I  
I  Y ! v u r / /  " " , :  v \ v /  r - r * ] J

^ ' t  /1

a n d  1  j f t  i t  t o  a n  F r - d e r i v a t i o n  J ^ : = 1  C D  )  ( J  )  o n  G t r ; l  .  C l e a r t v

n *
t  p reserves  lJ ,  hence preserves  u .  Then v j -ew p=Sx-e . , " t  as  a

map f rom u  to  u ;  c lear ly ,  i t  i s  F- I inear .  Subs t racar r lq  the  eoua-

I i t y  ( * x x )  f r o m  t h e  e q u a l i t y  S * l r , y J : f  n * . y J *  
F ,  f * y ]  w e  { r e t

tha t  fo rmula  (x )  ho lds  fo r  our  0  jus t  de f ined,  hence n(a( . [ ' )  )

is  a coboundary and we are done.

3 .  App l i ca t i on  to  A -a l c {eb ra i c  q roups
=+-*<#=i..::@-#<r'F.---:--:-: :-c=F--

VJe use standard termj-nology of  d i f ferent i -a l  a lgebra f rom [ " r l

[ x r 1 ;  s o  A . r %  , 1 < , y ,  
q  h a v e  t h e  m e a n i n q  e x p l a i n e d  i n  ( 0 . 4 ) .

L . L J

Recal l  f rom larJthat a r inear A- f -  sroup means simply a

A - f i - closed subgroup of some Gtn (?i)
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( 3 . 1 )  D e f i n i t i o n s

1) By an f-group we wi l l  mean an i r reducible l inear A-S'-group

f  s u c h  t h a t  t r . d e g . y < f > /  3 <  ^ ) .

2)  An f -g roup i l cer , r r (z )  i s  car led  sp l i r  (c f  
[b r l )  i f

i t=f*n GLn (tr) where 1-* is some ( -ctosed, suboroup of GLn (Zf) .

3)  An f-group F c cr , r , (?,)  is  cal led semi-spl i t  i f  i -=t-*n x

r '  , ,  where i t*  is  
"  

4 -c losed subgroup of  GL.QI)  and X is a . { -  . f -c lo-

sed subset of  GL'(U) def ined b;y equat ions of  the form. e :
{  ' }  

4 u r r - P i j o  w i t h  P i i r * 3 [ y j k ) ]  ,  1 €  L 1 m ,  1 3 j , k 4 n .  c l e a r t y  " s p l j - t "

i m p l i e s  " s e m i s p l i t "  ( t a k e  P i j f = 0 ) .

4 )  An f -g roup is  ca l led  sp l i tab l ,e  ( respec t ive ly  semisp l i ta -

b le  over  a  A-  
r>  

o f  .?  i r  i r  ' \  '>-  ex tens ion  " f l  o f  3  i f  i r  i s  A  -  q - isomorph ic  ro

a  sp l i t  ( respec t ive ly  semisp l i t )  f -c . r roup.  An f -q roup w i l l  be  ca l -

l e d  s p l i t a b l e  ( r e s p e c t i v e l - r z  s e m i s p l i t a b l e )  i f  i t  i s  s o  o v e r
/ } -  6r

s ' r =  h '

( 3 . 2 )  r n  s p i t e -  o f  c a s s i d y ' s  d e e p  r e s u t t s  i n  l c , l i - c ^ l f b . l-  J - - q  z  - r L  J  )

a  sa t i s fac to ry  p i c tu re  o f  f -g roups  i s  s t i l l  m iss ing .  I r l ha t  we

j -ntend to  do here is  in i t ia te a s tudv of  f -qroups based on the

c o n c e p t s  i n t r o d u c e d  i n  ( 3 . r y ( g g .  a l s o  [ " r ] ) a n a  u s i n g  o u r  t h e o r v

deve loped  in  the  p receed inq  sec t i ons .

svF: l  i "  =  
l vv" - (v ' )2=g l .cnr t? l l= t f  i s  an  example  o f  a  semi -

sp l i t ab le  f -g roup  wh ich  i s  no t  sp l i t ab le "

The re lat ion between f -groups and the theorv f rom sect ion I

is  g iven by t ,he fo l lowing.

(3,3)  THEoREM, l - " .1  .  Let  f  be an f -group.  Then the [  -coor-
,  J J

d j -na te  a lgeb ra  9J f  ]  i =  f i n i t e l v  genera ted  as  a  non -d i f f e ren t i a l

E  a lgeb ra .
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Thus to any f-group I  orru can associate an af f ine algebraic

f r-group c=9(?ln j) ,  rogether with m coi lrmuting derivat ions
n

d ; ' . . . , d * €  A ( c )  a c t i n g  a n  P ( c )  =  F l r ! ,  B v  ( r . 5 )  a b o v e  ( w i t h

F=Trk=4  )  we  may  assoc ia te  to  i -  cohomorogy  c lasses  *L ,  . .  .  r { ^c :
r n

€.  H*  ( r /  L " , tJ , r )  ,  4  i=d(d i )  ,  1 ( i - /m and cohomol -oqv  c lasses

P r  r . . .  r P - u n 2  ( u r r r ) ,  & -  = g ( o { . ,  ) ,  l - a i J n  ( w h e r e  r  a n d  u  h a v e  t h e  s a m e
I  r  l r u  I  r  |  ] -

m e a n l n g  a s  i n  ( 1 . 5 )  )  .

( 3 "4 )  S ince  ra t i ona l  maps  be tween  a lqeb ra i c  g roups  co r , xnu t - i ng

w i th  mu l t i p l i ca t i ons  mus t  be  eve rywhere  de f i ned  one  ge ts  tha t

any sur ject ive homomorphism f  - ,  l - ,  o f  f -groups induces a natura l

su r jec t i ve  homomorph ism be tween  the  co r respond inq  a f f i ne  a lgeb ra i c

g r o u p s  G = + G ' :  c l e a r l - v  i f  i -  - o f ' ,  i s  a  A -  F  -  i s o m o r p h i s m  ( r e s -

pec t i ve l y  a  A  -  g  -  j - sogenv )  t hen  G+  G '  i s  an  ? -  i somorph ism

( reqnor - r  I  r r c t  r z  an  7  -  i sogeny )  .  He re  f - r  [ .  r  i s  ca l l ed  i soqenrz  i f

( i t  i s  s u r j e c t i v e  a n d )  f  7 < n  )  :  ? <  t 1 ' f  .  *

R e c a l l  t h a t  t h e  r a d i c a l  R ( f )  o f  a  l i n e a r A _ ? _  g r o u p  1 1  i s

the  un ique  max ima l  e lemen t  i n  t he  se t  o f  a l l _  [  - c l osed  no rma l

i r reduc ib le  so rvab re  subgroupso f  G ;  i t .  i s  A  -  F  -  c l osed .

( 3 . 5 )

-  - O , - '
a n o  L  \ t )

T / a r  
' l  

a J -

connected

LEMMA.  Le t  f  be  an  f -g roup ,  l e t  R ( f )  be  i t s  rad i ca l

be the connected component  of  the center  o f  f  .  Moreo-

c = 9 ( F l f l | l  ,  l e t  R ( G )  b e  t h e  r a d i c a l  o f  G  a n d  z o  ( 6  t r r e .

component  of  the center  o f  G.  Then

n  (c )  =  9 t? in  ( r )1  )  as  subgroups  o f  G .

zo  (c  )  =9?)zo  ( r )  3  )  as  subgroups  o f  G .

I )

2 )

P roo f ,  l )  was

u s i n g  ( 1 . 9 )  .by

proved in fer l .  z l  can be proved simi lar i l .v
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(3 .6)  In  what  fo l lows a  l inear  A-  f ,  -  g roup is  ca l led  un i *

po ten t  lC . ,  \  i f  i t  cons j -s ts  o f  un ipo ten t  mat r ices  and w i l t  bez r

ca l led  n i lpo ten t  i f  i t  so  as  an  abs t rac t  g roup.  one can eas i rv

check that an f -group I  is  unipotent (respect ivelv ni lpotent)

t r  i - Q r Y ) i - \ t t  . : ^  t ^ ^ ^  ^ ' r -i f  a n d  o n l y  i i  u - , / \ , r  t .  r ,  i s  s o  ( s e e  a l s o  l n - - l r  -' v  
L u 3 J t  

.

H e r e  i s  a  c o n s e q u e n c e  o f  a s s e r t i o n  1 )  i n  T h e o r e m  ( 1 . 0 ) .

(3 .7)  COROLLARY. For  an f -qroup f  the . fo l lowinq are equiva-

l e n t :

1 )  F  i s  s p i t a b l e

2 )  [ 1  i s  s p l i t a b l e  o v e r  s o m e  P i c a r d - V e s s i o t  e x t e n s i o n  q f  ?

3 )  o ( . - . . . - o (  - 0
' l - m

^ .  r  -  ?
4 )  i . i  J  f  :  i s  f o c a l l y  f  i n i t e  a s  a  A -  F - v e c t o r  s p a c e .

P r o o f  .  N o t e  t h a t  3 ) e > 4 )  i s  g i v e n  b v  ( f  . 6 )  .  T h e  r e s t  o : l  t h e

imp l ica t ions  were  proved in  I  e r l .
L J J

H e r e " i s  w h a t  a s s e r t i o n  2 )  i n  T h e o r e m  ( 1 . 6 )  c f i v e s :

(3 .8 )  coRoLLARY"  Fo r  an  f -g roup  f  t he  fo t l ow ing  ho ld :

I )  f l  i s  semisp l i t ab le

2J  11  i s  semisp l i t ab le  ove r  P

3 )  [ \  " = . . . = F  = 0- 
| J f m

4)  V  i s  a  f i e ld  o f  de f i n i r i on  fo r  G=  f i ? /n l l .

P r o o f  .  3 ) C = > 4 )  i s  g i v e n  b y  ( 1 , 6 ) .  T h e  r e s t  o f  t h e  i m p l i c a t i o n s

a r e  e a s y .

P u t t i n g  t o g e t h e r  ( 1 . 7 )  a n d  ( 3 . 5 ) - ( 3 . 8 )  w e  g e t

*

fl
i i ,r
t,

I
t:
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(3 .9 )  COROLLARY.  Fo r  an  f -g roup  I  t he  fo l l ow ing  ho ld :

1 )  |  i s  sp l i t ab le  ( respec t i ve l v  semisp t i t ab le )  i f f  i t s  rad i -

c a l  i s  s o .

2 )  f f  f  has  a  un i -po ten t  ( respec t i ve l y  n i l po ten t )  rad j - ca l

f1t hen  |  
'  i s  sp l i t ab le  ( respec t i ve l v  se rn i sp l i t ab le ) ,  c f . a l - so  

fb r l .

3 )  r f  t he re  i s  an  i sogeny  f - r f '  t hen  f  i s  sp l i t ab le  ( respec -

i  '  t i v e l y  s e m l s p l i t a b l e )  i f f  f  I  i s  s o .

4 )  f f  I '  h a s  a  f i n i t e  c e n t e r ,  t h e n  i t  i s  s p l i t a b l e .\ .

( 3 . 1 0 )  W e  c l o s e  o u r  p a p e r  b v  d i s c u s s i n g  L h e  c l a s s i f i c a t i o n

p rob lem fo r  f -g roups .

T h e  s e t  S  o f  A  - i s o m o r p h i s m  c l a s s e s  o f  s p l i t a b l e  f - g r o u p s

c l e a r l v  i d e n t i f  i e s  w i t h  t h e  s e t  I { u o  o f  4 - L = o * o r p h i s m  c l a s s e s

o f  a f f i n e  a l g e b r a i c  ( - g t o u p r .

L e t / s  e x a m i n e  t h e  s e t  S S  o f  A - i s o m o r p h i s m  c l a s s e s  o f  s e m i -

sp l i t ab le  f -g roups .  The re  i s  a  r . ve l l  de f i ned  su r jec t i - ve  map

S S - +  H , ,  ,  [ f  . ]  e f c ^ l  d e t i n e a  a s  f o l ] o v i s :  i f  / -  i =  a  s e n i s p l i t a b l e
V ' "  

-  L  o J

f *g roup ,  t ake  e :$ (y t f !  )  and  l e t  Go  be  any  a f f i ne  a lgeb ra i c  
l

Q , -g roup  such  tha t  G  i s  , | - i somorph ic  to  G^  e  r .  So  i t  i s  na tu ra l( r q

to  t r11  to  desc r ibe  the  f i b res  o f  t he  above  map ;  i . e ,  t o  desc r i -

be ,  f o r  a  g i ven  Gor  the  se t  SS  (Go)  o f  a l l  {  - i somorph ism c lasses

o f  semisp l i t ab le  f -g roups  "assoc ia ted "  t o  Go ,  SS  (Go)  has  the  foJ . -

l ow ing  desc r l -p t i on .

Le t  A (co  o  T  /n=  [Go /@ a  F  ( respec t j - ve l v  A (co  ek l2L )=  LGo /8 ) , x ,

s ' I L )  be  v iewed  as  a  A* r , i e  f i - a lgeb ra  ( respec t i ve l v  as  a  d  * l i e
j

r l ) , - a lgeb ra )  by  te t t i nq  A  ac 'b  t r i v i a l l y  on  AGo/ t ) .  Le t  v t

( r e s p e c t i v e l y  V q t )  b e  t h e  s e t  o f  m * u p l e s  0 r , . . . , C I *  w i t h

0 r e A t c o  e ? / f l  ( r e s p e c t i v e l v  w i t h  0 r e A ( e o  e A / Z t I I  s a t i s f v i n g  
i

the  in tegrab i l i t y  cond i t ions :  j
. l
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On YU acts the group A(U) of  f i . -points of  the group (-scheme

A=Aut Go by the "Loewy-type" formula ftrl t

(a ,  (0r , . . . ,0^) )  t - ->  (o- - r ,0  f  " *  Qo- , . . . ,C\ ,  g^"c+( f ld

n P
where (,J .a= dl, lT"r- .f f  e ArGo * ?//?/), , l+ beins rhe t i f t ins of

f i  f rom ' lL to  
f t co)  q2{ .  we say  tha t  0 ,  0  ,ey" -  a re  equ iva len t  i f  n

as e lemenb e UrW are in  the same A(U) -orb i t .  Then i t  is  easy

to  see  tha t  t g  (Go)  i den t i f i es  w i th  VV  / ^ r  where  -  i s  t he  above

e q u i v a l e n c e  r e l a t i o n : f o r  e a c h  Q = 1  0 r , . . . , 0 ^ )  i n  v 3 ,  l v e  r n a v  a s s o -

c iate a semispl i tab le ' f -g l rcupf  ny le t t inq 01Co;  o i  f rbe v iewed as a A- f f -

algebra with derivations Jf*8rr.....|fr*d* and puttino i':t{cr.rr_r_uto(O(co)o<i,'z) .llo--

t e  tha t  i f  c / : [ ( coe3 ) ->H l  ( r , / f r , r f , r ) , t hen  by  ( ] . 6 )oz  ( JT )=o  ,o  x  ( tT  +

,  n t  , r  A \  ^  .  r  11 / t  \+  A l = 4 \ A l  .  C o n s e g u e n t l v  (  A  I , . . .  , / n ) n U g  i s  e q u i v a l e n t  t o

( 0 , . . . , 0 )  i f  a n d  o n l y  i f  C  ( 0 t ) = . . . = x ( d r n ) = 0 .  I t  w o u l < l  b e  i n t e r e s -

t i ng  to  have  a  cohomo log i ca l  t es t  f o r  equ iva lence  o f  e lemen ts

i n  V *  ( n o t  o n l y  f o r  e q u i v a l e n c e  t o  ( 0 r .  "  .  r  0 )  )  .

4 . Iigel=--."ryp.p1!l*g,l9 .gy,epgggg

(4 .1)  We do not  know anl r  example of  dn f -qroup which is  not

semispl i tab le (eguiva lent ly ,  by our  theory,we do not  knor . , , r  exam-

ples of  a f f ine a lgebra ic  F ' -groups G for  ur f r i "h  the map

poo t  :A tC l  *2gz  (u ru )  i s  non -ze ro .  i n  o the r  words  fo r  wh ich

A(c /E^ ) I  A (c )  ) .  I ' i eve r the less  we  a re  tempted  to  be l i eve  tha l  such' G "

examp les  ex i s t .

f rT ,  f r r ,  +  U r ,  0  r J  
=  o  ro r  a t - t  i ,  j = l y . . . , r n
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(4 .2 )  I t  wou ld  be  j -n te res t ing  to  generaLtze  the  present  theo-

Ty to the case of  non- l inear algebraic groups G. Here ,&rtc res-

t r i c ted  to  reduced F-schemes is  s t i l l  representab le  Uy F+ l

so we sti-l l  have a map )t { (aut el- {tg{r,*el and may ask for its

kernel  an<l  image" One of  the f i rs t  quest ions which arr ise is  the

fo l l ow ing :  g i ven  such  a  g roup  G  and  q i ven  an  i n f i n i t es ima l  au to -

morphism of i t  0 e { 1,f i r t  c l  ,  does 0 preserve the maixr,ral  af-

f i ne  i r reduc ib le  subgroup  o f  G?

( 4 . 3 )  I t  w o u l d  b e  i n t e r e s t i n g  t o  c h a r a c t e r i z e  t h o s e  a l g e b r a i c

F-groups G for  which ,&f iC is  representable on the category of

art F-schemes (cf .  lbcl f-pl r i"^ '? r
'  

L  r L . i l : ' u ) l

'.D \
d ,
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