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CN THE STRUCTUPF-0F C0NTRACT |  0 l l  0PEr#rTORS\ / IT IJ  Dc . ) I l INAT I I lG  SPECTPUI '1

B.  P  RIJNAP.U

ft

I  r l r r r n  n !  t a - l .  I  n  I I
I  t \  I  n\ r  r . ,u \ ,  |  _r  L i l \

L e t  8 t  b e  a  s e p a r a b l e ,  i n f  i n i t e  d i m e n s i o n a l  . '  c o r n p  j e x  H i i b e r t  s p a c e  a n d

t e t  : (  ( h )  d e n o t e  t h e  a l o e b r a  o f  a l  I  b o u n d e c j  I  i n e a r  o p e r a t o r s  o n ' ] {

I n  t h  i  s  p a p e r  v r e  s h p i . r  t h a t  a n  a b s o l  u t e l y  c o n t  i n u o u s  c o n t  r a c t  i o n  i n  ; i  f l q

u h o s e  s p e c t r u m  i s  d o n ' i n a t i r ' a  f o r  t h e  u n i t  c i r c l e  b e l o n c ' s  t o  t l r e  c l a s s  l n ' '  ( r )  '

f o r  s o m e  r ,  I n  t h e  l a s t  y e a r s  v a r i o u s  c r i t e r i a  f o r  m e m b e r s h i n  i n  t h e  c l a s s e s

A ,  ( r )  h a v e  b e e n  o b t a i n e d  ( s " "  [ r ] ,  [ z - J ,  B : 1 ,  f l l ( ,  [ g l ,  [ r o l  ,  L r  l l  ,  L r l ] )  '  u n f o r r u n a t e -

l y ,  t h e  a b s t r a c t  c r i t e r i o n  f r o m  I t O l  i s  n o t  a p p l  i c a b l e  i n  t h e  p r e s e n t  c o n t e x ' t '

H c v r e v e r ,  o u r  p r o o f  r e l  i e s  h e a v i l ) '  o n  t l r e  t e c h n i q u e s  t o p u " i i n t t  i n  I r  c 1  '  T h e  n ' a i n

i d e a  i s  t o  a p p l y  t h e s e  m e t h o d s  t o  s o m e  c o f l r D r e s s i o n s  o f  T  c o r r e s o o n d i n o  t o  d i f f e -

r e n t  p a r t s  o f  i t s  s p e c t r u m .  c o m b i n i n q  t h e  r a n k - o n e  o p e r a t o r s  c o n s t r u c t e d  a t  t h e :

f i  r s t  s t e p  t J e  o D t a i n  a n o t h e r  o n e  c l o s e  t o  t h e  o i v e n  e l e m e n t  i n  t h e  O r e d u a l  Q t

o f  t he  dua l  a lgeb ra  genera tecJ  by  T  i n  " { ( J0

I n  t h e  f i r s t  s e c t i o n  w e  r e c a l I  s o m e  u s e f u l  d e f i n i t i o n s  a n d  r e s u l t s  f r o m

. t h e  t h e o r y  o f  d u a l  a l q e b r a s .  l J e  a l  s o  r e c a l  I  s o m e  f a c t s  c o n c e r n  i n r :  t h e  m i n  i n i ' r  j

c o i s o m e t r i c  e x t e n s i o n  o f  a  c i v e n  c o n t r a c t i o n  a n d  I i s t  s o m e  t e h n i c a l  l e t r ' i i t a s  l ' r o q

[ t  O f  r o r  f u t u r e  u s e "

I n  t h e  s e c o n d  p a r t  l ^ l e  b e g i n  b y  p r o v i n O  s o m e  l e m n t a s  '  t r e a t i n g  D a r t . s  o f

t h e  s p e c t r u m  o f  T .  T h e  n r a i n  i n t , e r m e d i a t e  r e s u l t  o f  t f r i s  s c c t i o n  ' i E  L e t i t m a

2 . 5  w h i c h  s h o r u s  t i o w  t o  a p D r o x i i n a t e  e l e n r e n l - s  i n  l f  t ' y  r a n k - o n e  c l a s s e s '  A t  t e r

t h a t ,  t h e  p r o o f  o f  t h e  n r : r i n  t h e o r e n t  b e c o m e s  e a s i e r  a n c j  i t  i s  v e r y  s i m i j a r  w i t h

t h a t  a p p e a r i n c r  i r r  L t o ,  T l r e o r e n t  h ' 7 1 '
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I  .  N C T A T  I O i . I S  A , N D  T E R } 4 I N O L O G Y

\ , je  reca l l  son le

t  t - r  1  -( s e e  L 4 _ \  r o r  D a s r c

.  ' 1  O  t l ^ ^
o p e r a t o r s  o n  d \  L r l e l l

{ e f  i n i t i o n s  a n d  r e s u l t s  f  r o r n  t h e  t h e o r y  o f  d u a l  a l o e [ : r a s

o F  d u a l  a l q e b r a s )  |  f  q  ( f r ) , - l e n o t e s  t h c . s P a c . c  o f  t r a c e - c l a s s

i t  i s  w e l l - k n o r , v n  t h a t  " i  ( J O = ( f ,  ( l < ) ) k  u i a  t h e  b i l  i n e a '  m a p

( r ,  L ) =  t r  ( T L ) , r ex(i<) , Lcr;(J<)

.A  dua I

con ta  in  s  1 -K .

t h e  p r e a n n i h i

a l q e - b r a  i s ,

t fAc " t . (K

i a t o r  o f  . A

b y  d e f i  n  i

i s  a  d u a l

;n . ' f, Gi) ,

( r , [ r l ) =  t r ( t L )  ,  r € ] ,

t i o n ,  a  w e a k *  c l o s e d  s u b a i o e b r a  o r ' {  ( ' f f  t h a t

a lqebra  and 
\=q  

(e ( ) / - rA  ,  v rhe tu  
tA  

der 'o tes

t h e n  \  = ( C * ) "  t h e  b i l  i n c e r r  m a P

IL1t  q^

( r ) ) ,  f o r  s o m e  r ) l

i n  
- l {  

s a t i s f y i n g

( H e r e  L f t  d e n o t e s  t h e  c o s e t  ' n  Q i r  c . o n t a i n i n q  t h e  t r a c e - c l a s s

l f  T ( / ( i 0  t h c n A T  d e n o t c s  t h e  d u a i  a l a e b r a  o e n e r a t e c l  b y

y  a r e  v e c t o r s  f r o m ? t t h e n  t h e  r a n k  o n e  o p e r a t o r  d e f i n e d  b y

b e l o n g s  t o  ( . ,  ( i 4  a n c l  s a t i s f  i e s  t r ( x  a s  
" ) = ( x ,  

y )  a n d  [ !  x  6

y { l  .  M o r e o v e r ?  i f  B e f G q ,  t h e n  B ( x  O y ) = B x  @  y "

A  d u a  I  a l q e b r "  A  C  X - ( i 9  i  s  s a  i d  t o  h a v c  p r o p e r t y  ( O t

i f  f o r  e a c h  l t - J  i r r  0 . n  a n d  s )  r ,  t h e r e  e x i s t  v e c t o r s  x  a n d  y

x  a n d

z € X Q

={x i l  (

o D e r a t o r  L ) .

T  i n J - Q { .  t f
/

(  
" c r y  

)24 , ' z , y )x ,

y \ !  = t \ x  &  v \1  t=

( l ) I-r  
- l

L L - I . , fx s y1

a n d

( 2 )
r .  1 - ,  

-1  
l r

i \  x t l l y t \ z -  s  t ,  ! L  J  \
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L e t  $ . r  d e n o t e  t h e  o p e n  u n i t  d i s c  i n  0  a n d  l e t i f  = ? [ I ) . ' A  s e t  S C t D  i s  s a i d

t o  f : e  d o m i n a t i n o  f o r  ' l i  i f  a l m o s t  e v e r y  p o i n t  o f  T  i s  a  n o n t a n o e n t i a l  l i n r i t  o f

a  s e q u e n c e  o f  p o i n t s  f  r o m  S .  A s  u s u a l ,  l 1 o "  c l e n o t e s  t h e  l ] a n a c h  a 1 c ; e b r a  o f  a l l

b o u n d e c l  a n a 1 y 1 . i c  f u n c t i o n s  o n  r D .  l t  i s  w e l l - k n o r v r r  t l r a t  H F = t i l U u l l " ,  * h " r "  L . l

I  . . 1
a n d  l - l '  a r e  t l r e  l . . e b e s ( r u e  a n d  f l a r . d y  s p a c e s  o n  T  a n d  H '  c o n s i s t s  o f  a l  I  t l t o s e

I  f  ? _ \ ,  i t ,  ,
f  i n  H '  s a t i s f y i n g  J u l ' ( e ' " ) d t = 0 .

S u p p o s e  n o w  t h a t  T C . { ( 1 { )  i s  a n  a b s o l u t e ) y  c o n t i n u o u s  c o n t r a c t i o n  ( i . " .

a  c o n t r a c t i o n  u r h o s e  u n i t a r y  s u m m a n d  i s  e i t h e r  a b s o i u t e l y  c o n t i n u o u s  o r  a c t . s

m  t h e  s p a c e  i 0 j )  "  F o r  s u c h  T ,  t h e  S z , - N a q y - F o i a g  f u n c t i o n a l  c a l c u l u s

Qt  :  H* ' - .  S t ,

i s  a  w e a k *  
" o n t i n u o u s ,  

a l o e b r a  h o r n o m o r p h i s m  s u c h  t h a t l i 0 T \ \ ( l  a n d  Q r ( r ) = r ,

v , f r e r e  z  d e n o t e s  t h e  p o s i t i o n  f u n c t i o n  ( s e e  i Z ]  a n d  l t r r l ) ,

T h e  c l a s s  l n < n ( H )  c o n s i s t s  o f  a l l  a b s o l u t e l y  c o n t i n u o u s  c o n t r a c t i o n s  i n

{ ( l - f J  f o r  t ^ rh i cn  Q ,  i s  an  i somet ry "  l f  TL { \ (1 ( then  one  knou , r s  ( c f  [ 4  ,  Theor , . , t n  l ' . 1 - l )

t f r a t  { i  i s  a  wea lcu  hon , "o r ro rph i s rn  be t r . reen  l i r "  and  J \ ,  and  the re  e  > ' . i s t s  an  i : ; o -

n e r r y  Y r  
f  r o m  Q ,  o n t o { L l / H l )  s u c h  t h a ,  Q t = d .  L e t  \ e  o  a n d  l e t  P ^  c l e n o t e

t h e  P o i s s o n  k e r n e l

( " i  t ) =  ( r *  \ \ \ 2 )  \  1 4 " i  t 1  - 2  
,

I
D, \

' e  T ' .

,  t h e n  i t  i s e a s y  t o  v e r  i  f y  t h a t

f (\) fG. H* .

- l

I  f  Ic, l  =(-  ' (
r  / \  \ l Lpxl )

( f  ( r ) i - n , - l  \  -
'  | _ ' \ J /  

-

F o r  e a c h  r : ) 1 ,  A t  ( r )  d e n o t e s  t h e  c l a s s

l r a s  p r o p e r t y  ( n . '  ( r )  )  ,

For  any  TC J - ( J i )  ,  ' J f t )  deno tes ,  as

l e t  c - "  ( T )  d e n o t e  t h e  c s s e n t  i a  I  ( . C a  I  k i n )

t h e  l e f t  e s s e n t i a l  s p e c t r u m  o f  T .  l f  l 1

con rponen t  o f  0  \ se ( r )  )  t hen  i ( l l )  c l eno t ' es

o f  a l l  t h o s e ' l -  i n  d \  f o r  v r h i c h ; ' \ . ,

u s u a l ,  t h e  s p e c t r u m  o f

s D e c t r u m  o f  T  a n d  l e t

i s  a  h o l e  i n  o ^ ( T )  ( i
e

t h e  f - r e d h o  l r n  i n c l e x  o f

T .  F u r t h e r t l l o r e t

r -51  ( f )  denote- l E

. e .  a  b o u n d e d  
o

H .



r  L e t  a  I  s o  d e n o t e :
a

. , )
c : . ( r )= l \ - . \ s ( r ) \  ( r :$ )UE_( r ) ) ;  i (T - \ )  =  0 t

j - i f  '  '  t !  r  e  
-  J -

I '

I

t

:

I

i

i

T h e  f o l l o w i n c t  n o r a t i o n s  f r o m  [ t O l  w i l l  b e  u s e d  f r e q u e n t l y  i n  t h e  p a p e r .

l f  T€ l ( . l d  t hen

{ ( r ) =  {  H ;  t 1 ( $ ( T )  ,  H  i s  a  h o l e  i n  c ; ( T )

and i  (n )  < .  01

T ; t r l = { H ;  H c o ( r )  ;  H  i s  a  h o i e  i n  t 1 ( r )

a n d  i  ( H ) )  ( ) t

I t  f o l  l o r v s  f  r o m  s p e c t r a l  t h e o r y  t h a t  f o r  a n v  T  ( ' t - G 0  ,  I  T \ 1 4  I  w e  h a v e

( i )  q(r)n ro= (% (r)n o)u! t r lUS; (r)U q, (r) .

I n  t h e  f o l  l o w i n g  w e  s h a l  I  r e v i e w  s o m e  u s e f  u i  f a c t s  a b o u t  t h e  r n i n i m a l  c o -

i s o m e t r i c  e x r e n s i o n  o f  a  g i v e n  c o n t r a c t i o n .  R e c a l l  f  r o m  L l 4 l  t h a t  i f  T € t ( ' f i )

a n d  l i  T i i ( l  ,  t h e n  t h e r e  e x i s t  a  H i l b e r t  s p a c e  { . . a n d  a  c o i s o m e t r y  o e  { " ( - K )  s a t i s -

fy  i  ng
!

( 4 )

t 5 J

K )T(
B11 c ^&(

t '

a n d

\ o / Bl r  =  Th,  S-  h  e l ( .

We may  suppose  tha t  B  i  s  m i  n  ima  I  w l r  i  ch  n reans  tha t

L ,  \ /  ^ * n t p
T .  

=  V  D  O \

n ) 0
(7 )
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Si  nce g l tg  * f - ( \J . )  
i  s  an i  sometry ,  t l rere ex i  s ts  a decompos i  t  ion

(B )
..,|,

B = S " ' e ; R

(.{4,1 J
c o r r e s f r o r r d i  n q  t o \ ' d e c o m p o s  i  t  i o n

3

(e)

L

( 1 0 ) (r*r) n= {Tn )n'  n} l

d = 9 e R .

'  w h e r e ,  i f  3  1 0 ,  S  E & ? )  i s  a  u n i l a t e r a l  s h i l ' t  a n d ,  i f  9 - 1 0 ,  R e { ( R )  i s  a  u n i -

t a r y  o p e r a t o r .  1 1 .  T  i s  a b s o l u t e l y  c o n t i n u o u s  t h e n  R  i s  a l s o  a b s o l u t e l y  c o n t i -

n u o u s  ( c f .  I t ' , ,  p . B l { ] " )

. S u p p o s e  n o w  t h a t  T t  1 G { ,  \ ' T ' l  4 l  a n d  t e t H l C l t  b e  a  s e m i * i n v a r i a n t  s u b s D a -

c e  1 ' o r  T  
! , . " . i { l = t 4 O J -  

,  r v h e r e  I C J { ( 1 { a r e  i n v a r i a n t  s u b s p a c e s  f o r  T )  .  l f

u e  d e n o t e  T . ;  = P i i  T 5 l ,  ,  t h e n  T  l < n  s a t i s f i e s
i " l  d \ i  \ d t ' {

l 4 o r e o v e r ,  i f  T  i s  a b s o l u t e ! ,  c o n t i n u o u s ,  t h e n  T ' 1 4 ,  i s  a l s o  a b s o l u t e l v
I

c o n t i n u o u s .  l f  B C L ( \ Q  i s  t h e  m i n i m a l  c o i s o m e t r i c  e x t e n s i o n  o f  T  a n d

( r t ) K' =\ BxnJ(r'  
n7r0

t n e n  K . , C (  i s  a  s e m i - i n v a r i a n t  s u b s p a c e  f o r  B  a n d

( t z )  B t  =  B y *
I

i s  a  m i n i m a l  c o i s o i l c t r i c  e x t e n s i o n  f o r  T ' 6 .  T l r r o u c ; h o u t  t h e  p a p e r '  q i v c n

a  c o n r r a c t i o n  T  i n  1 - f t O  a n d  a  s e m i - i n v a r i i n t  , u b ' p a c e ' l t l C 1 { ,  w e  a s s u m e  t h a t

t h e . m i n i m a l  c o i s o m e t r i c  e x t e n s i o n  B l C f  ( K l )  o f  f r 1  s a t i s f  i e s  ( l l )  a n a  ( t Z )  '

l \

l f  r c A f t t )  a n d  B € J { K )  i s  i t s  m i n i r n a l  c o i s o m e t r i c  e x t e n s i o n r t h e n  t h e  p r o j e c -

A  ^ . ^ r  r - L ^  ^ - ^ i ^ n r - i ^ n  n f  ( . r ' , n t r :  R . w i 1 1  b e



- 5 -

r l a n n f e d  l r r r  A -

The  fo l  l o i , r , i nq  th ree  l emmas  f  rom [ :0 . ]  r ^ ' i  I  I  be  used  i n  the  seque l  :

SJ*1 ( [t o , Lemma 3, 51 ) .

Ir tpp-el_e.-Tr,/ l ( tr ; i )  .ancl l ras mininral coisgmgt.r!c .9x1,e19-ion B(l( \{ .  t [el  B' .A(V0,

S+<.,nrt l-l:l9r,9lly^-al-dl-v.eeo* l-g1-9-lgfPtrlr-m--rr-qrylA n 9.119\ , eN i=(ult(,

i.t_ g.1jt,ea.1_j_eor11e--!ry a.f Q, o-g!-o, Qu. lgfggyS:

i ( LcxJr)= [r xl o , \e o

JE
t,

i ( ( x e v l . ) = [ " e y ]  e  '  x , Y t t (
' _ l  -  u

,  t  q / -  
- - t '

Lemma r  .  z  1  [1  0 ,  Lemma 3 ,6)  )

11 r€h(n an-d B':A. ($ i-t- i-tl- Lln Tg !.-.gg.i.:o1lgt r i.c,--extens- i9n,-" -p-fr-e1 'f o-r

- g a g b  x , y € 1 ( a n d  w , z t (

1! f" e v1 1l 
=\'Lx 6 yJ B(

[*  O 4e =[x m n*o21,

a n d

L* 6 ' lB =F"w o Qtl s +[n* o n' lu

L e m m a  1 " 3  ( [ 0 ,  L e n i m a  3 " 7 7 ) ,

l f  T€  a ( ! ( )  v r i f h  m in ima l  co i son ' )e t r i c .  ex ten .s ion .  g (n ( r { )  -9 I - {  ( *n )  i s  o  sequ-en -

ce in  X{  such tha- t

\ \ | * n  a o y ] r \ \ - > o  {  Y e K
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. ,  r  - -  I  - r r

. ll [*n t& tJ n]l 
*-> o

\\  [r ix^ 6 z]. \ \--  o
-  l l  u

'\[ z e \(

\1  '  E(

a n d

\\ [n*n 6 i] u\ 
-> o \ 1 , € V - ,

-  T h e  f o l l o r ^ r i n c  l e m m a  w i  l l  b e  u s e d  i n  t h e  p r o o f  o f  L e m m a  2 ' 2 '

!ru-L-t
!gp-p$-e. T€A(K) i ld-]-res. s - i1 ' tA(t0 fqr - i ts-.mil t 'gl- !9- i-19t9Jf !-c-: I t" ! : i -?n'

l f  ( z - )  i s  a n y  s e q u e n c e  i 1  P  t h a t  c o n v e r g e :  r ' i e a k l y  t o  z e r o ,  t h e n' n

t\ Lv e zlu\i ---> 0 \ l  y  Q K .

P roof

t f  9 =  0  t h e n  t h e  r e s u l t  i s  t r i v i a l .  l f  t l  0  t h e n ,  f o r  e v e r y  y  i n  H ' .

( r  ly  c,  zn1 ul r  
= 

; : i l -  
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Let  f€ l - ta  anc t  le t?  G)=T:€) ,  2e .0 .  S ince  tX 'o l= t |k l  ,  *u  ob ta in

( f  (B )p r< ,^ ,  y )= ( r  I r r  ) \ * , y )= ,u* r , * ,  i i n f  ) y ) -

=(x,  r *0 ,? ,n f iv )=  ( * , ' i  ( r i )k ]v )= (x , i t r " )  t * , r ,=

= ( f  ( t ) x ,  0 , "  y ) = ( t ' ( g ) x ,  k r  y ) .

P roo f .

t n e  1 - o t
' l e m m a  

r . r i l l  b e  a n  e s s e n t i a l  t o o l  i n  p r o v i n o  T h e o r e m  2 . . l .l o r v i n g t

L:ryi l:9"

S u p n o s e  f e A ( l i )  a n d  h a s  m i n i m a l  c o i s o m e t r i c  e x t e n . s i o n  B € I ( ? ' + ' R ) '
- J ^ - * - '

\ < , ( 1 4  b e  a  s e m i - i n v a r i a n t  s u b s p a c e  f o r  T  a n d  l e t
0 ' l  -  $  \

gg j l ome t r i c  , ex ten .1 i9n  o f  T t=T1 \ .  Suopose  tha t  U tC
, . I

g r p t l  , 1 7 0 , \ t g ,  a r - t t ,  ,  * c 3 ,  ,  b , q ,  , t ( 9 t  o R t  ,
r N

\ -  (  .  i
v e n  s u c h  t h a t  ) - ,  t o t  . t < l . : .  L e t  )  x ] ? l l , . i ( , .  l / ' i " l ' l  b e

. ' - ' i  
- -  - (  n ' n = l  |  '

l = l

Br €.11t., uR,) be trr.e

/ A ( P i .  e R t ) .  S u p o o s e

r q ' f  a n d \ d ,  , . . . , ' { r } c  c

g i ' 1 e n  s u c l r .  t l r a t  1 i x i  \ l

L e t

n r i n i m a l

a l  s c ,  t l t a t

a i-cl ct i --

(  1  anc l

(13 )  r i * t l t " l  e ry l l (=  o ,
. n->!C

T h e n  t h e r e  e x i s t  a  n - t u P , l . g

y  e t t ,  l <  i ( N

.Jo= (n!,...,, ' ' f t) , a.,el(., , *tc' lt gl9. brc\ g{gl

tha t

11a111))t , , !^i . *
^ s ,(-,

n .
I

-,u t\ (!l /2

l . T
x l

n .
I
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e t

( t 5 )  i r  a ,  -  a l 1 ' (  3 8 / 2

( i 6 )  1 t  w ,

(u) rr  o. , \ ' { i ( r '  s1r+ t l / ' l

(18 )  l t f (a ' -a )o  4u \ l  r t

^^ . .1



@i*e

(  t  . .  r ^
I t l  u . .  1 6 )

1)

R e c a j  j

c
4 ;tt: and \ [z r €,(v, , 

- *)J u\tt

f r o m  [ 1 4 ,  n . 5 g f  t h a t

- 9 -

( i9 )11  iz l  E  (w. , -w[  
o t t (?

ffsel.
'  

H o s t  o f  i t  i s  a n  e a s y  a d a p t a t i o n  o f  t h e  n r o o f  o f  l l O ,  P r o p . , t . 6 : 1 .  0 n l y

t h e  l = o l  l o w i n c l  m o d  i  f  i c a t  i o n s  a r e  n e c d c d :

i )  The isomet ry  j= tP iLup- '  tu r t  be  rep laced by  j . ,=d l '  ( ,  .. . . - - _ . / ,  
\ t s  \ l  \ o l  \ l

i i )  1 h e o r e m  3 " 1 1  f r o m  [ t O 1  " " n  
b e  m a c l e  t o  r v o r k  f o r  a n  a b s o ] u t e l y  c o n t i n u o u s

c o n t r a c t i o n .  T h e r e f o r e ,  i t  c a n  b e ' a n p l i e d i n  t h e  s e t t i n g  T . ,  , 8 . ,  .

i  i  i  )  I n  t h i  s  v . r a y  o n e  o b t a  i n s  (  l 4 )  t o  (  l 7 )

i v )  T o  o b t a i n  ( l B )  a n d  ( 1 9 )  r e c a l l  t h a t  a l - a = u ) +  v ,  w h e r e  u . ,  i s  o f  t h e
i \ l  N -

f o r m  ! , i 1 ! f  . a i  ,  v ( & l  w i t h l  Q r x \ l  s n r a l l  e n o u q h  a n d  w ' - t = ) , i o ( i * , 1 .  .  l t  f o l l o u r s
'  

i = l  
I  f l '

f r o m  ( ; 1 3 )  a n d  L e m m a .  i . 4  t h a t  n :  c a n  b e  c h o s e n  s o  a s  t o  s a t i s f y  ( t A 1  t o  ( t Z )  a n d

L

2

t lQa\ \2  =[1* l \2  -  l iml iTn* \ t
n

a n d  s i m i l a r l y  f o r  Q . ,  a n d  T . '  .

S i n c e K . ,  i s  a  s e m i - i n v a r i a n t  f o r

each n)  I  ,  theref  ore l i  Qvt \e  t t0" . ,v  \  .  S ince

t f t t tz11 + l )  and z€!  we get

T,  i t  fo l lows tha t t \  f ! ' v \ l ( t rn 'v r \  fo r

v  c a n  b e  c h o s e n  t o  s a t i s f Y \ \  n , v r 1 ( '

t l  t v€  z l l u \ !1 l i [Qv i&

a n d  t h e  p r o o f  o f  t i a i  i s

zll ott(ttQ vil it zlll
"/

L

f i n i s h e d "



*  1 0  *

2. A sPEcWJF,IEll!1lRJI n, ( r)

T h e  c e n t r a l  t h e o r e m  o f  t h e  p a D e r  i s  t h e  f o l l o v r i n g

6 !I n e o r e m  z .  I- '

rs.L Td({rl P."_qlX--*-fq-l-::t-"-r-y.-9-9*j:9j:*ee-n!!:qe-}-iel.*?yc-!. tlrel +(r)n ir

i r* jpl. in-u! i i lg.-J.or T . Then T(iA., (r) ,  for some r < I+t6t

T h e  p r o o f  o f  t h i s  t h e o r e m  w i l l  b e  a c c o m p l i s h e d  b y  p r o v i n q  a  s e q u e n c e

of I emma s.

g u r  p r o g r a m  i s  t h e  f o l l o w i n q .  U s i n g  ( 3 )  * "  c u t  t h e  s P e c t r u *  o i  T  i n t o

t h r e e  p a r t s ,  e a c h  o f  t h e m  h a v i n q  d i f f e r e n t  s i q n s  i n  t h e  s o e c t r a l  p i c t u r e  o f

T  ( s e e  1 . 1 4  f o r  t h e  t e r m i n o l o g y )  .  T o  e a c h  P a r t  w e  a s s o c i a t e  a  s e t  o f  e l e m e n t s

i n  Q -  t h a t  a r e  n o r m  l i m i t s  o f  r a n k - o n e  o p " r " t o r s  s a t i s f y i n g  s o m e  v a n i s h i n a  c o n -
t _

d i t i o n s .  0 n c e  w e  h a v e  e s t a b l i s h e d  t h e s e  f a c t s ,  w e  u s e  t h e  d o m i n a n c y  o f  c d T )  t o -

g e t h e r  w i t h  L e m m a  
. l . 6  

f r o m  a b o v e  t o  o b t a i n  a  c e r t a i n  r a n k - o n e  o p e r a t o r  c i o s e

t o  a  g i v e n  e l e m e n t  i n  Q ,  ( s e e  L e m m  a  2 . 5  b e l o v r ) .  A s  m e n t i o n e d  i n  t h e  i n t r o c j u c t i o n '

t h i s  w i  I  I  b e  t h e  c r u c i a l  s t e p  i n  t h e  p r o o f  o f  T h e o r e m  2 - . 1 .

l f  S  i s  a  s u b s e t  o f  D  t h e n  N T L ( S )  w i l l  d e n o t e  t h e  s e t  o f  a l l  n o n t a n c e n -

t i a l  l i m i t  o o i n t s  o f  S .  L e t { -  U e  a  B o r e l  s u b s e t  o f  T -  s u c h  t h a t  * ( f ) ) 0  ( h e r e

N

m deno tes  the  no rma l  i zed  Lebesgue  measure  on ' [ ' ) .  Then  we  deno te  O t I r= I r / (n t  ( [ _ )  )

t h e  n o r m a l i z e d  c h a r a c t e r i s t i c  f u n c t i o n  o f  f  a n d  t e t  I  X r 1  O "  i t s  i m a g e  i n  t h e ,

L e t  T  i n  / A ( J ( )  w i t h  m i n i m a l  c o i s o n r e t r i c  e x t e n s i o n  B ( J ( ? + ' A ) '  S u p o o s e  t h a t :

m ( p f  l ( C i  f  ( T ) ) l ) 0 ,  F o r  a n y  B o r e l  s u b s e t  f  o f  N T L ( g , i  f  ( T ) )  t h e r e  e x i s t s  a n  6 r t h o -

g o n ? l  , u q r " n . u  f  * n ]  i n  t h e  u n i t  b a l  I  o f  K o B  s u c h  t h a t

(zo)\\  t iJ, -  L*n qo *nlr\ \  -> o

quot ient space Ll/Hl .  we al so denot" lXrl l r=T; '  (  LXrl

b e l o n g s  E : ( A r )  ( i n  t h e  t e r m i n o l o s v  o f  [ r o l ) "

T h e  f o i l o w i n g  l e m m a  s h o w s  t h a t  i f  t C  N T L ( q f  ( T ) )  a n d  m ( f ) ) 0 ,  t h e n  L X J I '

L e m m a  2 , 2
#



. t  I*  t t

and

(21) ( l  Lz E xn-Ir(- 'o \  ' € K

P r o o f .

.  t ,

L e t ! { = ! f u r ( f  - \ ) .  S i n c e  R = B \ R "  i s  u n i t a r y  o n e  s e e s  t n a t } ( C Y '  L e t

\{o-i f 
(r )

r C  N T L ( g . . ( f ) )  a n d  t >  O ;  i t  f o l l o w s  f r o m  t h e  p r o o f  o f  [ 5 ,  L e m m a  t ' 2 1  t h a t
I T
.  r r  r N  , - \  . c . t ? N  .  ^ +

t he re  ex i s t : ' i \ i i T= lcq f  (T )  .na \d3 ' i=1C F"  such  tha t

Thus

I Xr=[,t',tr.u ., . t and Iu, a'

t i-T-1, tf ,L,rJr\ (t
N

W i t f ,  l r ! ,  T h e o r e : n  Z . Z l  o n e  o e t s  ̂ , a  
) . ,  

K e r ( T : ) i )  s a t i s f y i n q  [ * ,  S  * t { r =

N  ? ( ,
=)}. ,  lcr  l ,  .  Therefore \ \  xt t r ' )d '  4 I  and

i = l  :  " i
E

t

,\-
r .  t \ z ' 1 1  r  ,  ' 1  \ / r
\  L X  - l l t  -  l  * r  E  x l l T \ ! ( t

-  
I  r '  -  r

t\ Li.tt , - L*, E) *rJ\(;

u s i n q  t h i s  o r o c e d u r e ,  w e  c o n s t r u c t r  b y  i n d u i t i o n ,  a n  o r t h o q o n a l  s e q u e n c e

Le t  *=UU, ! , ,  * " r ( r -X , ) .  t hen . (  i ' ,  semi - i nva r ian t  f o r  T  anc l  o - i f  (T ) r f  ) ' . ,  
"  

"

. : . \  r u l  c o - - i  f  t - p i  . ' , u v  , " $ " " t i n g  t h e  a b o v e  a r q u m e n t  o n e  o e t s ! \ 1 , . . ' \ , 1 , ( < r i r ( r ) r

\ 1 X r , . . . , t * 1  a n d  x r t  
L r e r ( T  

- \ i )  s u c h  t h a t  \ \ x r \ \ ( l  a n d



' l ? - -

l * n l  i n  t h e  u n i t  b a l l  o f  g  n t (  s a t i s f y i n q  ( z o ) .  S i n c e  l * n l  . o n u e r g e s  w e a k l y
1 2

to  0 i t  fo l  lorvs , l . rom Lemma l " l l  t f ra t  \ \  ly  e  xn1 , \ \ - -0  for  each y(1("  The proof  is
t - :  r -

f i  n ishec l  c  .  t ' : - " t '

T h e  f o l l o u r i n g  l e m m a  c J e a l s  w i t h  t h e r r p o s i t i v e  p a r t "  o f  t h e  s o e c t r u m .

Lemma 2.  3
@

a n d

( 2 3 ) \ 1  L " e P t < ' J r \ \  - > o  
!  x Q t {

P roo f

S u p p o s e  T d J r \ ( K )  a n d  l e t  B = S x  @  R € I ( ? o R . )  b e  i t s  n r i n i m a l  c o i s o m e t r i c  e x -

-  
- t  

(

t e n s i o n .  i f  4  e \ ( T ) U ( H ( T ) O D )  t h e n  t h e r e  e x i s t s  a  s e q u e n c e  { z n 1  i n  t h e  u n i t

ba l  I  o f  ?  suc l r  t ha t

(22) i l  LrA -lt&'n I P*.zn1r\t -? o

l f  . u t  €  
T e ( T )  

t h e n  i t  f o ]  l o w s  f r o m  f l 2 ,  P r o p . 2 . l 5 ]  t h a t  t h e r e  e x i s t s  a n

o r t h o n o r m a l  s e q u e n c e l x l i n  K  s u c h  t h a t

(zt+) \\ (r/) xn tl -., o

I t  i s  w e l l - k n o w n  ( c f "  L 9 ,  T h e o r e m  3 " 1 1 )  t h a t  s u c h  a  s e q u e n c e  s a t i s f i e s

1 r  [ - cJ ,  - l  * n  s ' J r t [  +o
I  

' ,  -  r l

a n d

'  l t  L * 8 x n 1 r \ l ' - - ' o  x e X - (

F r o m  ( Z i + 1  o n e  e a s i l y  c e t s



a

_  1 3  -

t l  0x -  x [ ! ' - i> 0' -  n  n '

a n d  h e n c e l i  P , a Q x n - x n i l * ' 0 .  \ , / i t h  z n = Q x n  Q Z )  a n d  ( 2 3 )  a r e  s a t i s f  i e d .

t f  l i ( T : ( f )  t h e n  i t  f o l l o w s  f  r o m  e l e m e n t a r y  F r e d h l o m  t l r e o r y  c o n r b i n e c i' /  - ' + - '

v l i t h  [ 9  ,  L e m n r a  2 . 3 1  a n a  l t O ,  L e m m a  5 , 2 1  t h a t  t h e r e  e x i s t s  a n  o r t h o n o r m a l

I  r - \ J  K e r ( T - l . r ) n e ? s a t i s i ' y i n o  ( 2 5 )  a n d  ( 2 6 ) .  I : is e q u c n c e  t x n / (  \ , K e r t l l l , t /  r  )  s a t l s t y l n o  \ L > )
n7, 1 

!

B e f o r e  p r o v i n g  t h e  n e x t  l e m m a s ,  v u e  i n t r o d u c e  s o m e  -  t t o t a t i o n s .  l f

T + \ K )  a n d  B e  / A ( R )  i s  i t s  m i n i m a l  c o i s o m e t r i c  e x t e n s i o n ,  w h e r e K = 3 O R  a n d

F S *  +  R ,  t h e n  w e  d e n o t e

(zt+)

(25).

(26)

A r=Ar (r)+- (r) U 1o; (r)\%(T)1

\ ,=A, (r,) {; trl u I :*tr) o rP1

K,=1( ( r )=\  rer( rxt r )n
n 7 0

\€N I

a n d

Pt(

, t

( 2 8 )  T , = T .  ^ * ' r  - '  - r x
r  o { .  

d r r u  ' 2 - ' l t { ^
I L

L e t  a l s o  B ' € J  ( \ k )  d e n o t e  t h e  m i n i m a l  c o i s o m e t r i c  e x t e n s i o n  o f  T x  a n d  l e t

B , = S ' *  O  R ,  b e  t h e  c a n o n i c a l  d e c o m p o s i t i o n  o f  B ' ,  , f , * . u  S ' ( . f f f ' )  a n d  R ' e  { ( & )  .

1 1 e  a l s o  d e n o t e  b y  B , ( i ( \ l i ) ,  i = 1  , 2  r h e  m i n i m a l  c o i s o m e t r i c  e x t e n s i o n s  o f  T ' .  T h e

o n s  A t , 0 . ' , A , , 0 , ,  i = 1 ' 2  a r e  c l e f  i n e d  a p o r o p i a t e l y '( ) , ( . )
s p a c e s  )  1 r  

r \ .  a n d .  t h e  p r o j e c t i o n s  A ' , 0 . ' , A i , 0 i ,  i = 1 , 2  a r e  d e f  i

(27) t{ ,=*{rfi)=|t*.rt r Ejl

( H e r e

=q,3x* ,  w( .9
n

l,,b denote

d e n o t e s  t h e  o r t h o g o n a l  p r o j e c t i o n

t  f o l J o w s  t h a t  b o t h l {  . ,  a n d X { . ,  a r e
l L

o f  K  o n t o K ) .  S i n c e  T * t P - w =

i n v a r i a n t  s u b s p a c e s  f o r  T x .



. '

S i n c e  t * t r < Z i  J , t ( Z  o n e  e a s i l y  s e e s  t h a t  B ' h - C - H Z  ,  t h e r e f o r e R . r e c l u c e s  B ' .

Reca l l  tha t  C^ .  -C^  ( jQ={ f  e l .6 t1  ,  (T$6 I  and i \  Tnx \1+0,  x  e  t< }  and
o ;  o r

.  . { d  |  -  t " ^  h  _  ,  R l \  + L ^ +  ; . 4 t ,  S J .t h a t  C  ^ =  ( C ^  ) " ,  l t  i s  e a s y  t o  s e e  ( c f  1 9 ,  P  r o p .  a  ,  v  - t  I  r n a r  r {  d ( ,  { -  1 1  0 ' r  ,
, O  O r '  ! -  |

. n . 4 r y - , n r
t h e n  \  , Q C  ̂  h e n c e  ! ,  I  1 0 1 '  .  S i n c e  s T g  l p . ( ? ,  )  i s  a  r r a r t  o f  8 . , ,  i t  f o l l o w s  t h a t

I  . o  - l  
|  

- l  '  l '

B ( - l A ( \ { r ) .  S i m i  l a r l y ,  o n e  s e e s  t h a t  T r = T * 1 1 . "  i s  c o m p l e t e l y  n o n u n i t a r y  h e n c e
|  ' ' - l  L  t n \ z

L e m m a  2 . 4 .

(2s) Lrl], =t*n 6 ̂ Jr, , n € fl,l

B2€A (il2) i nt\+|ro\ "

\ d e  t r e a t  n o r r l  t h e  ' r n e  q a t  i v e ^ . , . - + l l  - . r  r r l r \
P c J l  L  U l  v \ 1 . / r

Suppose T€,q(K)  and le leT ( t )U (q( r )1 t r - ( r ) )  .  T l ren there ex is ts  an '

or thonorma l  ! equence  ( *n )  i n  K . ,  such  tha t

a n d

(30) [ ["n 6 zlr\t-z o { z € t t

' '  \ '
:re-":
, ,  y e T - ( T )  t h e n  i t  f o t l o w s  f  r o m  f 9 ,  t " * r " ,  2 . 2  a n d  2 . 3 ]  a n O  I  t O ,  L e m m a

' 1  \ '  1 r  \ /  t , ,  / - * - t n  . - , - r . : * -
5 . 2 1  t h a t  t h e r e  e x i s t s  a n  o r t h o n o r m a l  s e q u e n c e  4 x  t (  V  K e r ( . 1  - y )  s . a t t s l y r n g' n  

n z l  1
( 2 g )  a n d  ( 3 0 ) .  C n  t h e  o t l r e r  l r a n d ,  i f  d  C t ] - . ( T ) \ q ^ ( T )  t h e n  b y  v i r t u e  o f  l l 2 - ,' / e ( e

P r o p " 2 " 1 5 J  w e  h a v e  d i m  f e r ( f * - 7 ) = r Y 6  a n d  a c c o r c l i n g r l y  t o  [ t 3 ,  C o r o ' l  I a r y  3 . 5

ard  Lemma 3 .5-1  each,or rhonormal  s "qu"n .u  l * r ]  i r ' r  re r ( rx :7D sa t is f  ies  (2g)  ana (30)

R e c a l l  f r o n r  t 4 , R r o o . E " 6 ]  t h a t  e v e r y  a b s o l u t e l y  c o n t i n u o u s  c o n t r a c t i o n

T€ J - (&0 w i  th  <>{T)o  iD  domi  na t  inq  f  o i l  be l  ones  to  /A  (10

\ { e  a r e  n o w  p r e p a r e d  t o  I  i n k  u r :  a l l  t h e  a b o v e  r e s u l t s .  T h e  m a i n  i d e a  i s

'4 -P

t o  a p p l y  L e m m a  1 . 6  t o  t h e  c o n r p r e s s i o n  o f  T  t o  t h e  s u b s p a c e J { , ,  a n d  t o  t h e  r e s -

t r i c t i o n  o f  t x  t o ' i { r .  T h e  s e q L l e n c e s  o f  r a n k  o n e  o p e r a t o r s  a p D e a r i n a  l n  t h e  s t a -

r e m e n t  o f  L e n r m a  1 . 6  a r e  f  u r - n i s h e d  b y  t h e  a b o v e  t l t r e e  l e t n r n a s . '  U s i n q  ( 1 S )  e n c l  ( f  g )

r n e  s h a l l  s e e  t h a t  t l r e  c r o s s - t e r n t s  c a n  b e  m a c J e  s u f  f  i c i e n t l y  s m a l  l .  I ' h ! s  i n  t t t ' l ' n



l 5 " ,
'

i m p l i e s  t h a t  a  r a n k - o n e  o p e r a t o r  c a n  b e  c o n s t r u c t e c l  t o  s a t i s f y  ( l Z )  t o  ( l S )  .

Lemma 2"  5

S u p n o s e  T  i s  a n  a b s o l u t e l y  c o n t i n u o u s  c o n t r a c t i o n  i n . t  ( K )  s u c h  t h a t  t i - { ' I ) n  0

i s  d o n r i n a t i n q  f o r l  .  S u D o o s e  a l s o  t h a t  O a f Z l  ,  [ - 1 1 ( a f  ,  a ( K l  ,  t c i ,  b C \  ,

a ' {3 (2 ,  w '€3r ,  b '€qz  ,E> o  and ' t )  0  a re  o iven such tha t

Then  the re  ex i s t  a l€K ,  * ,e31  ,  b l (R l  ,  ^ i €Y2 . ,  * i €?2  and  b i {R ,  such  tha t

'  ( :zXt  L{ ,  -  [ " ,  *  r r . (w i+u i ) )e(a '  *  t * ,  (w,+br) ) ] r [  ( t

( 3 3 )  i l a , - a \ l (  A l / 2 ,  r !  u i  =  a ' [ ( 3 ' b l / t

\  l / ?
,  l t v r i  -  w ' \ \ ( d ' "(34) \ \  " t '  

-  '18 /2

a n d

B5) [  b , \ (  ] ( \ ru \ t  +  
(a t / \ ,  

t  u ;qq I1 t 'u 'u  *L l /2)
' (  ' (

(36)  l r , l ,  = f iJ ' "  - [ (a+n^, (vr '+b ' ) )o(a '+P?.  (w+h,) )1  
1L  l . l  r  r t  .  

K  d \ |

Proo f

Let

(
a n d  s e t  6 = 1 1 [ 1 - , 1 \ ! -  s o  0 6 d . d .' ' - l ' l

l f  d = 0 ,  j u s t  s e t  a . , = a ,  
" i = " t ,  

* l = * ,  v t i = l v t  ,  b l = b  a n d  O i = O ' .  T h o s e ' w e  m a y  s u p p o s e

s  r e c a l i  f r o n r  ( 2 , * l  a n d  Q i l  t h a t \ , = ] - t r l U ( q ( r ) \ Y e ( r )  )  a n d

A r { ( r ) U  ( S ; ( i ) o 0 ) .  S i n c e  c r { r ) O ' , p  i s  d o m i n a t i n q  f o r  T  i t  f o l  l o w s  ( c r  [ " ,  P r o p .

l . 2 l : l )  t h a t



-  l ( :  ' "

Ezl,,}( lc J-, irA. ( i  n  ̂  ) t  ) ( f".I  l l - . I(NTL('q. (r) )\tr\ r L  1 1 ' t 1 t t \ t r \ l  v l \ 2 ' u  ' '  t . l i i r J l  i f  
\ r / / i )

N' ,
e q u a l s  t h e  c l o s e d  u n i t  b a l l  ' n  

Q t .  T l r e r e f o r e  t h e r e  e x i s t  l X l , . 1 . ,  C A ,  ,

N :  , N .
t  r  1  / -  r -  t t  r n d  

' f -  
.  C  N T L ( o . , ( r ) ) ,  N ; d i ( N ,  a n c J  c o n i p l c x  n u m b e r s !  : \  , : ,  s u c l i

1 n 1 1 i = N , - r l \ t \ 2  
(  

I  I . T ' ' , -  ' . " 2  " 2  " ' r u  L u r r r l r l u A  r r u r r r u e  -  l ' l = l
I

hl

that ja{2t.{ l{, i .  ancl
i = l  i

_ r y ; * ! , A e( lz ) t "  [ rJ r  - ) '4 ,Lc iJ

T h u s  f  r o m  L e m m a s  2 , 2 ,  2 . 3  a n d  2 " !  t h e r e  e x i s t  s e q u e n c e s  I . 1 1 i l . ,  ,  t ( i < N z

i n  t h e  u n i t  b a l l  o f  t (  s u c h  t h a t

(38) (xi)cK,, [cri], =L^,1 * ' j l- '  , n7)

- a

ana( i ' l \ t €K , l l  p<n  e  t ] r [ - ' 0 ,  14 i< ] l l

(;g) t*i)cK2 , \ LcI.l, - [".; * ";1r\\ 
*, 0 as n -- *':

I

and N) t t i {  1i  | t  e * i tr i \  + o ,  Nl l .  i (Ni

(3e) G!)ct"2 , r'f4I r {'; * ';l ..-ila o as n*>e',tr

ana \ { te t r f  [ [ t  *  . , l l  , \ - ;o  ,  N i { i / -  N2

I t  f o i l o \ ^ r s  t h a t  t h e r e  e x i s t s  n o € N  s u c h  t h a t  f o r  a n y  N r - t u n l e  * ( n 1 , . " .

, n  n .  e n *  )  w i t h  n t V ' n o ,  l z = i 4 N 2 ,  . . x , r e  h a v e
I \ o  v

L

N r -

(40)  \Lr , l ,  > io , t . l .  * . l : r , t .?. -  |  |  i = l  
'  " i  " i

C h o o s e  w o € Y  s o  t h a t



1 ?
t l

/ t , r \  l t  ̂ i .  " ' * '  
t

(,{ r, il a -P?(v/nll (':f*:itn
"  9  ? x '

{ -  o  ) < )

U s i n g  L e m m a  I " 6  i r t  t h e  s c t t i n g  ( l ( , ,  r * a )  o r r e  g e t s ; l ( J (
'  " l

^ - J  ^  t t  - + r , ^ l a \ )  
'  O  O  r  

" r t n h  l l r r t
o r r u  u  r r r  L s y . v , ^ = ( l l t r r e o r f l t '  /  S t J c l l  t - l l r - t L

I  u  I  r \ l

* t (T t  ,  b taRt  ,

- [t"G,',-P.l{ l?*(*'+u'))e,(w, * u,)- i  rt{t

a n d

, ' r ' t(46)i t l?r * wJ ur{ 6.

F rom (41  )  and  ( i { 6 )  ,  we  qe t  :

!  - .1( t {7) i l t i r  6 uJ u\r+tr [at  6t" ' -P.Kw)]Bt l+ l \Lat  6 Px*J \ I c !
B B

A n o t h e r  a p p l  i  c a t i o n

tors a \a19, * i€2, bie$

GB)\ lLa ,  , [ " io  e  * io 'J  B ,  * [ " '  s  (w '  * '  b ' )18 ,
N 1 ( i ( N 2  n i  n .

- 1" I et," 1 'F b i ):l ,'1ii'l:

of  Lemma I  "6  i 'n  t l re  set t ing (Ky Tx\ t<7-)

a n d  a  ( t t r - t t 1 ) ^ t u p l e  ) f = ( n f i . , * l  , . n , . ,  n i ,

y  i  e l  d s ,  v e c -

)  s u c h  t h a t

( tr9) t \  ai

(50 )  \  w i

a' t t (3Ll  /2

* ' \ t  (L1 /2

( !3) r ! . , t t f i l / t -

(44) i[ wr

(45) t! b t\ (

*fr(bl /2

- l - ( r  ou *  L l /2)
f)
\

,bve"V 
(7 $



\ o

(5r)  i l  b i \ r (  
i ( [b ' t r  

* !1 /2)

( l z1  11  [a  i -a '  )  E  (a+a  
I  ) J  B , { (  

L

a n d

(t l ) \r  [PXzk, , ' r ' ,  + u,) o (* i  -  vr ') ]  u,t ' t  l

S  i n c e  B ' ! 9 c / - z  ,  f  r o m  ( 5 3 )  o n e  q e t s

( 54 )  \ \ [ r x . , ( * l  +  u , )E  ( * i  -  w ' ) ] a r \ \ r  I

o r  u s i n g  L e m m a  
. l . 2  

a n d  P a s s i n g  t o  Q 1

(55) ll Ln u(w j - w') u ,n, (w', + b .,)-l r 1\l -L

Let  us  denote  o . ,=  
" * ! . , .  

S ince  f le ,c l { ,  ,  f  rom l -emma l  '  5  v re  ob ta in

(55) f (a+eU, P^(vr '+o')  )o (w+b)]  
u= [(a+n-r . (w' ' f  b ' ,  ,ePft  (w+b)1 

u
.  o ' l  { \

a n d  s i m i l a r l y  f o r  u l ,  t l  a n d ' b 1 '

F r o m  ( 4 2 )  a n d  t h e  a b o v e  i d e n t i t i e s  w e  o e t  b y  p a s s i n o  t o  Q r :

N
( 5 7 ) t \ 2 1 o 1  ,  L r ' ^  o  x i ^ l  + [ ( a r P ^ , ( w ' + b ' ) ) o P - ; < -  ( v ; + b [ 1  -' - " "  

l j t " - '  
'  

n?  n?  
"  

"  d {  
.  

o ' l

-  (a ,+P^ . (wn+b '  )  )GP. , ,  (w . ,+b r  l ]  r t t ( ' *' ' l - K '  K 1  |  r - '  $

Us inq Lemma i - "  2  arrd pass i  ng to  0T* ure qet  f  rorn (48)  :

J



_  1 9  _

55

T h e  r e f o  r e

( 5 B ) \ l t ' } ) ' * i i [ * i o o * i o l r o t r * { * , + b , ) e , a , J ,
N .'z- ist1, . "; nl

-[ t- , .(* i  + ui) e ai- lr \ tr  L

we es t imate  the  norm o t '  [Lz l r  .  \ , /e  havet i  f t - r1 r t r+ r \ [L ] r  -  11"  +  n t  ( * '+b ' ) )6
L l  t |

E(a '+  p -n . (w+b ) ) ] r  -  X i " , L ^ ' o  I  ^ i o1 l r * l i l c , l * ' o  Q l  ̂i o -1  ,  *
q ' l  '  

i = l  
'  n Y  n Y  i = l  

'  r l ;  n Y -  '

+ [ (a+n*(w'  +b'  ) ,*  P.rr  (w+b ) l  r  
. .  [  (u 

1 +P*(rv '  +b'  ) ,*On, (r , r ,  +b,  )1 r t ]  *

. I  1,1 ,t" i :  * ""?r, +[ndw'+b') * . ' lr
N 1 1 i 4 N 2  

i  i

- [eU(wi+u i )  e  a i l r i r+ [ [a  a  u ' .1 r  [u r  6  a i l r r i  +

+( in*a(r '+b ' -wi-o i )e7,  (w,  + r1[r \ \  = A+a+c+D+t

I t . f o l l o w s  f r o m  ( : e )  a n d  ( 4 0 )  t h a t  A , ' ? i ,  F r o m  ( 5 7 )  a r r d  ( 5 8 )  w e  q e t

c
B  +  C i !  "  L e t  u s  e s t i m a t e  n o w  t h e  l a s t  t e r m s  D  a n d  t .  F r o m  ( 4 7 )  a n d  ( S Z - )  v / e

obta i  n

O = [ [ a , 6 a l ] r . -  [ u  E  a ' ] r \ t 4 1 f t " . , - a )  t x ,  
" ' - 1 r \ \  

*' , L l *  
l - l  F  - -  - l  ' - . t -

j-t[u 
r o (a 1-u')] r\a fr r S' ' *, F ,

l e t  [ r r -1 ,  = [ r1 ,  -  [ ( " ,nn / * i  *  b ; ) )  e  (a i  +  P*o ,  (w,+br ) ) ] ,

L e t  u s  s h o w  t l r a t



Indeec l ,  fo r  each fe -F f { '  ,  v re  have:

( r ( : i )P t ( ( b i *b '  ) ,  ou ,  ( * r r - b ,  ) = '

,  , \ ) ,  * ,  r ,  * '* ( o i - b ' ,  i ( r x ) n x < ,  ( ' ,  +  b , ) )  = ( u i - b , ,  r ( r f ) ' k ,  ( * , + b , ) ) "

s ince? t r  . )  r " r ( r *d )nc3 f  and  b i -b 'e&  CR '

\ e o

i t  f o l  l o w s  t h a t  b l - b '  i  s  o r t h o g o n a l  o n t o t r { ,  .

F i n a l  l y ,  f r o m  ( l S )  a n d  ( 5 9 )  o n e  o b t a i n s

. t .

t \  [erot" i  
-w'+b i -b' )EPj(l (w,+b., [  , I  

t  
?,

T h e r e f o r e

. - 9 q . > V

l L l / t t t ; .  t . ' B  
*  f  

= t  a n d  t h e  p r o o f  i s  f  i n i s h e d .

f

. .  P r o o f  o f  T h e o r e m  2 . 1

F i x  [ r ] f  a r  s u c h  t h a t  0 l f i l r l \ < t  ] ,  "  L e t  { t " i , ? r  b "  
3  

s e - q u e n c e  o f  n o s i t i v e

'  n u m b e r s  s t r i c t l y  d e c r e a s i n g  t o  1 / 2  s u c h  t h a t  s . , = l  a n d  d e f  i n e  
f o = l  

a n d  f  n =

= s n + i / s n ,  n G N "  S e t  a i = u i = 0 ,  b i = b i  =  0  a n d  v r , = r ' r l = 0  f o r  i = 0 , 1 "  L e t  n ) r ' l  a n c l  s u n p o s e

that for  each k sat isfy ing 0<k(n,  vector5"*Cki  ,  tpgt  ,  bk€?i  ,  a i tk2'  t ' , ' rc-92-

a n a  b i € \  h a v e  b e e n  c h o s e n  s o  t h a t  f o r  k = l , o o o , n

(51 ) kti uk-ak- I {1OLS., t\ "i-ui- l1l(AS

(62) r. l l wo-'vo-1 il(!S , tt '[-*i- l i l(b+

(60) k\l[r]r 
- [(a'.+r*n(wi+bi) )e (a[+e,-., (r' io+bo) li , tr t 5k



(63)k \1 r,kt i( f tnoo-', '*f,S' l  ,
\  t . - t

4 t-  L l

,  ( k J .
i t  l ) , ' { 11  J . ( i ' t r ,  , t !  l \T * )
I  l (  r i -  ( i  t< "  t '

\ r- t

*n*t€?t '  b

to (63) 
n+.t

t l re sequen

. l . h e n  a p p l y i r r g  L e m n t a  2 " \ ,  w e  c l e d u c c  t | t e  e x i s t e n c e  o f  v e c t o r s  a n * . , (  1 [ ,  '

n + l € R l ,  
, l * i ( J L ,  * , 1 n . 1 ( ! ,  a n c t  b ; - F t C R r -  s u c h  t h a t  i n e q u a l i t i e s  ( 6 0 ) n - , - ,

a r e  f u l f  i l l e c l  f o r  k = n t - ' ] .  T h e - r e f o r e ,  L t y  i n d u c t i o n ,  o l r e  c a n  c o n s t  r u c t

c e s  ( a  ) ( K

t
r  ,  (*n)c?,  ,  ( t rnX'R ,  ,  

(u;) t i t - ,  (wiK?,  ancl  (b l )cq sat is*

df

f y  i  ng  (60 )  
n  to

( * n ) ,  
! " ; )  

a n d

f o r  a l I  n ) t 1 ,  l t  i s

a r e  C a u c h Y  . s e q u e n c e s .

c lea r  f ron t  ( . l , )

D e f  i  n e

a n d  $ 2 )  t h a t  ( a n )  ,
n

( 6 3 )  
n

(wi)

^ -  l  i  m
o - l l l l l

t ? . \  r  l / q \

u s i n g  ( b l J  a n d  \ o z i o n e  e a s i  1 y  s e e s  t h a t

'I

a ' = l  i m  a l ,  w = l  i m  w n ,  w ' = l  i m  w n
" n  I

t l

i l a l l 4  
* i t , ( \ a ' i l <  * " '  

i 1  r ^ r \ l (  
* J "

1
,\ rv' \l < *s-6

I  
\ ' . r ' &

r - q

F u r t h e r m o r e ,  b y  i  t e r a t i n g  ( 5 3 ) n  w e  o b t a i n

l r ,
2 ' r

n - l
. 5-\

bn [ (  sn l lDn l l (  ] , ,
n -  |

$ z

s\ k/2
/ v

n - l

/  t ,  l ' )
s.\^"-4

n

a n d  t h e r e f o r e

. . n/ - .
ll b li l- *.:T-*ff
' r  f i ' ,  

. -  
\ t / Z

l =  c \

\' r  
, _ 2 . .

ll ht tt L -*-*lryle
r  \ \  ' - n  \ t  \  

,  \ l l z
l * L \

'  
\ ^ J i  t h o u t  l o s s  o f  g e n e r a  1  i  t y  w e  m a y  s u p p o s e

a n d  ( b ; )  c o n v e r g e s  t v c a k l Y  t o  b ' . '

I  t  rema i  t ' t s  
'  
to  show tha t

tha t  (nn)  con ve rqes wea l< I  Y to  b

tL("nneof *|*bi ) ) s ( a' +l't.,,

conve rqes  weak lY  to

(wn+'b,,,) [ rl Rf



F-,.!! l : |=:=:::r:=.' '-r-: =: ":-- r ' ::.: '-\ ' '--- ---

- 2 2 ^

l r  +  D  ( , , ' - r - h , )  )  G ,  ( a t +  p .  ( *  +  U ) ) l  -
\ q  I  f  4 / \ v v  r  r  < )  \ "  r . ; < -  \ r !  - " )  

|
d \  o \ 1

I

\ ( f  (T)  ,  I  an cr

+ f  ( f  (T )  a  ,  P r ,
t  u ' l

For  cach {CH' ' ^ ,  \ , ve  have

'' 
lt, 

(t'-t-tbn

( w n + b n - w * b  )

& t, ,x (* *  o):17\a- t

aS n ' -2 rb \ '

[ la^ -a  \ ! t iPu"  
- (w"+bn) l  

l {  l ' \ i  
- i -

t t  t J \ l
)l ,- fn

)l --xa.

g
S i m i i a r l y

\ { r(T),  [ndwi+r: ' )6 ai l l  - [otJ ' , '+b')  I  a ' ] ' r

conve'rges to 0 as n -zci l  
"

F i n a l  l Y ,  w e  s h o w  t h a t

\ Len(w;+o;)G k, 
('''n*onI tl F.'

COnvergeS r ' reak lY  to

[oC. '+b ' )  *  *n ,  ( rv+b)1 1

l n d e e d ,  a s  w e  h a v e  r e m a r k e d i  n  the  p  roo f  o f  Lemnra  2  .  5

ttlt; * t*l (wn+bn)lr=Lfd',-*Pt(t (w+b)], =o

T h e r e f o  r e

\ er (r) ,!tf *; ', 'r,;l * o*l (*n nt'n)1,

-LP*u(*',+u' ) m P*<r (w+u)l r) \ 
=

{{ (r) , l t*. ' i  6 Plt, (*n+b,,)11 -

- ip.,* '  b P*r (w + u)1r)\



.- 2.3 -

S ince  i t  w ,  - r1  { l - r  0  and  i  w^  +  U^ t  i  s  boundcd ,  t he  l as  t  t e  rm  conve  l - ( res
\  " n  " l l  -  (  n  n '

t o  ze ro .

I  t  f o l  l o w s  t h a t

w i  t h

[ - r ] r= i ( .  * "  Pfvr '+n '  )  ) 's , " ' *%(r  (w+n)  ) ]

/ 2 . ' ' )
i1 a + P.O(rv'+u' ) l i  t i  a '{ 'Pi l  (r^ '-r 'b)\ \  1 -( t  
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