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A NOTE NN THE CLASS A
l,%o

] S SR =

B. Prunaru

Abstract. The solvability of certain
systems of simultaneous equations in the nredual
of a dual operator algebra is studied. The main
result is a geometric criterion for membership
in the class A which improves a similar

l,ﬁo
one from [jl. The proof is based on the techniques

introduced in [3] and [h].
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Let H dénote a separable, infinite dimegsiow
nal complex Hilbert space and let L{H) denote the algebra
of all bounded liner operators on - H A dual algebra is
by definition avweak% closed unital subslgebra of LUl
the paper Dl contains an-excellent account of the theoo Ey
of dual algebras and a comprehensive bibliography Wizt !
1985, "

Iniithis note we are concerned with sevewal
classes of contractions appearing in the theory of dual
algebrés. Tio 'be more expliclty,” recalil that if e
dual algebra and m,n are cardinal numbers, 1§m,néﬁo, then
A is said to have property (B ) if each system of simuls

o, N

taneous equations

[Li“;l:[xi‘ & y‘i] , 04i4m,0%j<n

in the predual QA of Ashas o soiution,ixi; 0éi<m%,} e

Y

04£j<nY, where x. an

: L e vectors from fl.

(Here [x & Vil denotes the:elass in OA of the rank-one opcs
rator defimed by (x. & y)ilz) = (2, ylx, zel).

(?) i fbi

I f Q?O then A has property Am,n‘

each ¢ % f y vectors X, and Y can be chosen. to satisiy

the above equations and moreover



_ e
%l (s 2"/“[-Li i-m)]/z, i
Qe fain.

and
.
Iy < (s 2, i,s[_t-ij,_g\\)”’i, G

tf TEL(H) then AT denotes the dual algebra
generated by T in L(H) and QT denotes the predual OAT
‘ol AT‘ As usually, A=A(H)} denotes the class of all abse-
lutely continuousvcontractions (i.e. for which the unitais
summand is absolutely continuous) for which the Sz,-Nagy-
Foias functional calculus is an ksometry, |f m and n are
cardinal numbers, ]ém,né}ﬂo, then

v

=%TEA; A; has property (Am,n)% and similarly for

Lf m=n, then one usually denotes A =A

and An(f):An n(?).

n,n

In [31, B.Cheyreau and C,Pearcy have given
3 ceptain sifficient condititon for membershib in the
class A](g) Ger [3], Theorem 4, 4 ), -

The pirpose of this note lsitios show that white
condition=is siififilciently strong to ensure the membership
inthe cliass Al’yJ (f)‘ Before glving the main result we

\\
o -
recall seme netions introduced in f3j.

\

Let AC LI} be g diial alachbpaand let Ge To 1

Then EL (A) denotes the set of all those L} in 0 such
. & S A

that fthere exisl sequenices %Xn% and %yn%in the unit ball

off Hesaticfying:



a) Tin[lfL]- [x, ® y, 1< 8
6) linlllx melll -0 Noed

n

and

c) %Yn% converges weakly to zero.

| f 04@<;X” then a dual algebra A.is gaid 1o
have property Eg . I'f the closed absolutely conwvex hull
ol , /

of the —set Eé(A) contains the closed ball in 0, centered

i

ait @ with radius y' ;

et alco teeall that 1f oA and 0f Bel e
denotes the minimal coisometric exteqéion of T; then
BEA(K) and B=$* @ R, where SEL(P) is a unilateral shift and
REL(R) ts am absolutely continuous unitary operator, Let

I3

abso depote by 0 and A the orthoqdnal prolectians of &

onto P and R, respectively. ‘It fiollows fyem |3 , RPropeo-it

tion-3.]0i that ©f P£0 ., then P contains a redicing cibcpas
ce Ro for R 5o that Roleﬂo is unitarily eguivalent with

S . 2
the multiplication operator W . on L (g(R)) and such
e
4 - g - :
that the subspace RO of Ro corrésponding to the closune oi

polynomials in LZ(SYR)) Ret dontioined n
If TEA(H), then there exists a canonical jsog

metry(%:QTﬂé QB such that

G - &?([Ll)) Lien

It follows that Y([x & Y“_\T):gx @ ylp | fon

all % apd v in M and since BHCHE: we alcioshave

Ix @ z| e V xCH and N z¢ K.
- B H s

The main result of the paper is the followinag

<

~JTheorem |
w:ﬂ‘t‘ ?““:"’ZW

Suppose TE€A(H) and for some Oiﬁésy, Ay has



o

- poperty Eg 0 Then TQA‘ ok (e)’ for come {7 G

) ’i} ' Mo
After this paper was completed, the author
Jearned that B, Chevreau, 6. Exner and C.Pearcy have also
proved Theorem 1seemingly with different methods, Moreover,

they shewed: that all c.n.u,., contractions I such that

r

A, has property Ee

X are reflexive. Their results were an-
b

. S

nounced in [2;.

Let AJ denote the orthogonal projection of K onto Ro

rand et z—b%z% denote the isomorphism;from Ro onto LZ(G(R))1 The fol-~

lowing lemma is proved in {3] .

Lemma 1, (i3 , Lheorem 3.111). Suppose

b o e e e o

i
°

TeA(H) and for some 04@45 A Has propenty Eg,y~. Suppose
|

=
aleco that [t}eQB, 0<‘Q41,'Q> 0,5> @y aeH, weP, beR

O’

1z 7 0 .
%dSQS:]CA and %ZQS £=1C P are given so &that

— : ¢
Wikl -fa ® (e ) Lo

Then there exist alcfl, uell Wie b’eRO
sikeht chiait

N
u[L’-\B -la? @ (w’ + b’)'_\%\_{(ﬁf .

e )
o = alle3 '
\IW’~WHZYé)‘/2

“I(a’va) & zéﬂwﬁ%, ]gzgr.‘

We are now prepared to prove the main result,

Lts proof follows the main ideas *from [h , Lemma 5}



and [3, Theorem h.71.

Shaeer o = ¢y )00 :
Proof of Theorem 1. Let([LjhjxlCQT , and

let also [L: ;-%ﬁﬁ§ﬁiiwj for j7l.

: Sty
Let hj70 such thatELQj is finite., Without

c

loss.  of generality, we may assume thatU[Lj]HLCﬁ fon
each '
0k
Let us denote %]k:Ei(Q) follt =l e 2 amd
k»0. 6
bet %sﬁ% be & seguepce of positive numbfrs
isipictly decreacing to\l such that s5,=1 and" let o
o 2 ] n =
nzl,

et - BaN - N> N be o bijectiion such thon

Je i and i el il ies
Bl e bl Rt

betive: =0 io 2 andb =0 v R fos ol
J J o
Gzl amd gl ng
We shall construct, by induction (on the
z

range of B) sequences SxA@:H ’ %Wj,k%j;k21 tn Poand flon

Gieand 5 N ; ‘ , -
R7des fiiind te sequences lbj,g%B(j,k)én in RO such: that

3

. : -0 i .
1) [Lj]B Eos (wj;k&bj,kﬁ B‘/%j,k’ B(i,k)¢n

e , for n=Bll k)

»J:k“]

: : - Gien
B)Hw.’k Wj,knlnéﬁj,k~l ) 5,k
< ] el ; ;

h)ubj’k“i Tm\,\bj’ku i B k)

and

o S e
“ﬂt+%'i{k—ll e Rl



For n=1=B(1;]), we apply Lemma 1 , with

' i] %ﬁ, Q € 0; w=0, d=0, z=0, to find

x el R b QJQ so that
1 14 iz o

T
—

j - [}( | & (\v + i} ¢ ?j
L2 :
UX‘“Z3(X]/

(el
\\W]]U(Q]

and

\
by =
7

Suppose now that vectors %Xl""’xn%

fin

5 : S 7 : ‘
%Wj,QRB(j,k)én ine P oand %bjk%B(j, Kien in RO have been

choscen so that 1) = 5) are satisfied.
e ot 1= Blp a ).

Apply Lemma 1 with {L} = [L’] .
' (
S s W bsz,q—l f Qn+ e ED o

s
4l %bjkaBQ]Jdén

e S
%zé‘YH,&BU,mgn

and $90. sufficiently small (to be determined later) to

obtain

. n+1. . o
n+]€H’ Wp,f'P’ bp,¢:Po and un+f;H siich that

%
! - \f/ Rl -
\\ [Lp-_(B [xnﬂ & (wp,q 3 bp,q)]&“(op,q

12
ol H43%0 gl

b e g
p,d P ] ¢ pP,yq 1



“lgf;\mﬁlﬂwif‘ bl
e (_e‘t)bfm\%AO(xn.{.unH)‘ke‘tm i
H[(xn—i-]"xn) o 0 el for B(j,k)én
and |,
W[vpey @ b] W4T for B(j,k)én
Let us define for each (j, k), with B(j,k)én
T e
Heke R 7 it e
"?Ao(xnﬂ)}(e )
iF 58 b 0ie Bl
and

and



: onad o S n
ey ® b5 1y e so e by g
flow all € 1) isuch that
Biliiy o k)em

For %7z U sufificiently smalil Swe have

if B(],k)én+1,

Therefore, relations 1)=5) ape.fulfilled
floranet ]kt alco Follows freom 2) and- 2} that %x&% and

%Wik%gil ape Cauchy seqliences, for all j2l and from 4)
)

<

that the sequences 5 b,k%oq ane bounded for all

l k=1

izl vihlepelibe (J k) for okl Ikl Mithout loss of tce e
7 il Jk

nerailty, we may suppose that %bJ T’] converges weakly
to some. b €R: lLet also denote x=1lim x_ and w.=lin W P
e n K ]

ol cach A7 Thlen it fiol Fows teasily - thak

[Lj]:=[x ® PH(&{] + bj)]

[t follows frem (1) that

) )

oo =
el 3} § %1/2 & yk/2
= =

i T




o

/ e t_‘
1w -

e
Jak ]"(@/X)]/Z

INSON

Similarly, we obtain:

172

fonalll j2l.

and k»0

It fol lows that

g1/7_'

i b-“/ e

g()

From

the

el

above re]atbons,

3

B ony Wilvere ’4. wiggxf:---~ :
1R, (F) | 172

1= @Qi

1/-
~(v(,3
Erome (4) and (5) we' tnfer that
: I
b e T e
k-1
- 0
S e e gl f—:—_zj o
I )
-~ . 1/2 e 7( 2 > \
£=0 L’:o | E 1<—(Jl<y) :
"and therefore that
812
[l b 4 ' for all i)

e proof

we obtain that

is compleiies
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