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Introduction

In recent years,the Hilbert space operators which extend to operators with
a8 rich spectral decomposition behaviour have begun to be studied and under-
stood.0ne reason for this is that at present such operators are serious
‘canditates for testing the yet unsolved invariant subspace problem,cf.S,
Brown fé] ischmeier (51,Thomson |22]. )

In the previous papers of this series 16] {171 {6l a sheaf model of an
operator or a commutative system of opérators was introduced.This established
a dictionary relating spectral theory and sheaf theory,which was particulérly
relevant for operators with a property called Bishop's condition (ﬁ ) Re-
cently it has been proved that this condition or a variation of it characte-
rizes sﬁbdecomposability,respectively subscalarity,cf. Albrecht and
Eséhmeier {1] and Eschmeier and putinar [7].

It is the aim of this paper to analyze the homologibal and sheaf theorc-
tical aspects of these characterizations.As a matter of fact we obtain
~withouf any extra effort the Fréchet multidimensional analogues of these
results.'rom the point'of view of sheaf theory,the topics discussed in the
present paper concern the existence of some distinguished soft resolutions
of ceratin analytic non-coherent sheaves. .

At a certain boint we shall focus on the topological flatness of the
sheaf of qmooth functions on a complex manifold over the sheaf of snalytic
functions.This question was settled hy Malgrange [1A] in the category of
analytic coherent modules.

The paper is written'in terms of analytic modules,so that in spite of
the above introduction the reader may well ignore speciral theory.On the
other hand,the operatorial counterparts of the main results are listed at

ihe end of the paper,or else they can be easily derived as indicated in [17},



#
o gt

The main objects to deal with in the sequol and which correspond to
systems of commuting operators with property (ﬂ) are the Fréche% quasi-
coherent analytic modules on a Stein. space X.They were introduced by Ramis
and Ruge% [19] in order to avoid some technical difficulties related to |
analytic duality theory.To give a possibly new definition,an analytic sheaf

g 4 ”: . , .
of Fréchet modules F is quasi~coherent if there exists a global resoluw

T =
tion of ¥ with topologically free irechet ijwmodules:
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This condition 1s equivalent to the acyclicity of % on X and the existence,
.;ocally on X,of such topologically free resolutions.The eguivalence between

these definitions and the original one is discussed in Section 1 below.

0f course any coherent ) 9 ~module 1is quasi-coherent,snd similarly for

X A
" any topologically free module of ‘the form @XéaE,where B is a Fréchet
space.Quite unexpected is a result in [17] which asserts that any PFréchet

soft @y~modulc is quasi-coherent (see also [18) for some consequences of
Ly 8
that result).It is well known that zny sheaf of abelisn groups possesses a

right resolution with soft sheaves.The main result of Settion 2 is a

strengthening of this fact in the category of - O -modules,as follows.

X

/ ’ . . . N
Theorem 1. Let g'be a Frechet é@y«module on a Stein space of finite

.Zariski dimension.The sheaf g is cvasi-coherent if and only if & is

acyclic on X and admits a finite reszolution to the risht with Fréchet

soft O, -modules.
The proof of Theorem 1 is quite simple,the only deep result required
being the separation (nnd-flafness} theorem of Malgrange [14] Thm.VI.1.1.
The latter result asserts in the ccmplex case that,on a Stein manifold X,
@ @Q%X is a sheaf of Fréchet spzces whenever & is a coherent @X“
modulehis usually, 'ﬁx denotes the sheaf of smooth functions on X.The
flastness conditions Torg)(ﬁfgﬁ L =0,K> 1,are then easily derived from
the separation of @nﬁkf% and = classical theorem of Whitney,cf (147 .
A simple example given in [7] srows that the Malgrange theorem fails

to be true beyond the category of coherent sheaves.Section 3 contains
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some results which give neccessary ané sufficient conditions for certain’
quasi-coherent modules on a Stein manifold to rcmain topologically flat
over the algebra of smooth functions.As a matter of fact we obtain simple
criteria to decide whether a guasi~coherent module admits resolutions to
the right with ¢ -modules. :

The last section restates some previous results in terms of uyutems of

operators ascting on a fréchet space.

1. Preliminaries j

154 Throughout this paper all Stein spaces (X, ©) are supposed to be sepa~
rable and of finite Zariski dimension,

Let § be an analytic coherent sheaf on the Stein space (%X,0 ).Cartan's
theorem A assorts that the Fréchet ©(X)-module §YX) generates every
stalk @X,XE:X.A conétructive‘and more refined way of localizing the mo-
dule - %.(X) at an arbitrary Stein open set UCX is described in [2].Quite

Specifically,the natural multiplication and restriction map

furns out to be an isomorphism of;Fréohet O (X)-modules.Moreover,the de-

rived functors of the left hand side relative topological tensor product

@(X)(

(which are usually denoted by Tor . F(X), ®(U))) vanish in positive

dimensions.ror definitions and comments the reader may consult [2] and [19].

The same locali-ing procedure works for more general analytic modules.

For instance,a Fréchet 0 -module gf is called quasi;coherent if the na-
tural map (1) is a topdlogical.isomorphism and Toréo(x)( §(x), ©&(u))=0,
for g »1 and every Stein open set UC X,cf. [19].We shall write in short
after raylor [21], J‘Q (X) O (U) whenever the latter vanishing condi-
tions hold and the locally convex space g(X)(E @(X)Q)(U) is separated,

This is a topological transversality condition,as explained in f?]

A few of the intrinsic properties of analytic quasi-coherent sheaves
are discussed in f19},[171,f18].Next we present for later use some equi-

valent definitions of quasi-coherence,

-
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Recall that a topologically free ’C?nmodule is the sheaf @Hg I asso-
ciated to the presheaf Ub— C’UIM@ B,where I is a locally convex space
and “é)“ denotes a complete topological tensor product.Throughout this
paper we assume that B is a Fréchet s space;also qua 3l-coherent means in the

/ (3
sequel Frechet quasi-coherent,

Proposition 1.1, Let ¢ bve a Fréchet @&—module'on a Stein sDacé X.The

following assertions arc equivalent:

a) % is quasi-coherent, - ' Sl oy

b) ? admits global topologically free resolutions to the left,

¢) F is ecyclic on X and admits,locally on X,topologically free reso-

Jutions to the left.

£

Proof. a)=b).The O (X)~module J (X) possesses a canonical left resolu-
tion (the Bar resolution): ' .
\ i, v ;
. n Y . R
vee = BOX)® BDE)BFX) — O(X)® F(X) — F(X) —> 0,
Let U be an open Stein subset of X.Since every © (X)-module of the form
% —acyclic and T is supposed to be quasi-coherent,

~ A
LN Y i @ K
>‘©‘(Y)®I‘ is (U)®©(X)
‘it follows that the complex of © -modules

M@é@(){)é\a Foy — @@5()()———»‘@‘——» 0

is still exact.
b)=rc).This implication is standard.

c)=a).Let V be a Stein open set on which the sheaf % possesses a topo-
logically free 1eit resolution éf = ?l .Since dim(X):1ls finite,a repea-
ted application of .the long exact sequence of sheaf cohomology yields the

exactness of the compiex
(2) L.(v) —> (V) —» o.

Take & Stein open subset U of X.The main transversality theorem of f2]



(or a direct argument in this qnmp]e caso) shows that &?(V’,L @(v)€§(u) '
I
for every qz O.Moreover, ‘zfq(v) @(y) U) ,iq(v),q 0,as expected.
Thus. (2) is an acyclic resolution of (V) with respect to the functor
= )
% ® JAccordingly  the con v
@(X)E)(U) Accordingly,the comple»

(%) _ Z.(un -V) — G (V) & O (U)w-% 0

O(x)

is exact. '
By comparing the éxact complex (3) with (2),writtén for UNV instead of V,
the five lemma gives §(UnV) ¥ F(V) é'@(X)O(U),and finally § (V) L ox)@ (V)

Next consider esn open covering with Stein sets V= (v, )ie I,so that

~ the sheaf T admits topologically free f0501utions on V, for every i< I.Due

to the assumption on the dimension on X we may assume tiat the covering W~
has finite dimensional nerve.The exqctne%q?of the complexes like (2) shows
that the sheaf ?~ is acyclic on any finite intersection V, F\V {\...f\V

Consequently the Cech complex of alternﬂtlng cochains ﬁf (%f 3) computes
the cohomology groups Hq(X, %).As this cohomology vanishes by assumption

for q7 1,we get an exact sequence of the form
RPN (6 1 ' N
(4) G — g(X)M Ce —p (e ——t te e —> Ce — O,

Since every component (€q<qf the_éech complex is a direct sum of the
form j{B‘ ki?(vjr;vjr;,.,rka),the above considerations imply

i, te ey

3L gxy© (V) and ceq(v;@fw%@m@w) ¥ @UVN T F)

for every Stein open subset UCX.Therefore the exact sequence_(4).localin

zes to an exact complex,too:

> @ (vnu,§).

" N
whence the map (1) is a topological isomorphism and §(X) éaé?(X)QD(U)'

This concludes the proof of Proposition 4 57 5

Though in this paper we do not use the following reéult,we have included
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it to round off the above characterizations by a purely local criterium
5 e A
for a sheaf to be quasi-coherent.A sheaf of the form O & B with E a Banach

S

space wikl be called a Banach free © -module.

Proposition 1.2.(Leiterer [13]:)-Tet T be o Frachet analytic module on a

Stein space X.I1f 9 possesses,locally on X,Banach free resolutions to the

left,then ¥ is guasi-.coherent.

Moreover,in the same paper it is proved that a sheaf which fulfills-the
coﬁdition in the above statement has a global resolution with Banach frée mo-
dules. |

We mention that,when X is the affine space Cn,there exists a canonical
finite topological resolution of any quasizcoherent sH@af"g-,given by the

Koszul complex of the diagonal A = {(z,Q)C Cnx Cn:Zzw} 5
K. (z-v, 0§ (")) — F — o0,
This fact has been exploited in [6] and [17].

1.é To finish the preliminaries on quasi»cohereﬁt sheaves,let us remark
that the functor which assigns the global sections gkmé-g(x) establishes
an equivaleﬁce.of categorieé between the category of quasi-coherent mo--
dules on & Stein sﬁace X and g fuli subcategory of the category of Fréchef
© (X)-modules.Accordingly,in the sequel we shall shift freely our point

of view,depending on the context,.

1.3 Originating in the problem of division of distributions by analytic
functions and in quéstions of analytic duality theory, the following re-
sult turned out to be & basic tool in modern analytic geometry.We state

only its complex analytic version,the real analytic case being not needed

in the present paper.

Theorqm 1.%.(Malgrange [14]) Tet D be a polydisc in Cn and led @7 be an

analytic coherent sheaf on D.Then ?G%;ﬁ is a sheaf of Fréchet spaces

'ggg Torgk(gxyfx) = 0 for a71 and xeX,
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Recall that € denotes the sheaf of smooth functions on D.
L standsrd application of Malgrange's theorem provides the ;ﬁ ~resol e
tion of a coherent sheaf.Namely,if "

Lo n)

——p Cialg i)

——p 00

0 —» @Dwv %(O;O) ;é_:r ,g(o,,'i)

denotes the Dolbeaubt complex on the plydisc D and 'gf is ﬁoherent,then ac-—

cording to Theorem-1.% the sequence of Fréchet © -modules

> 0 ‘

) 0 Fr §O0 § o O &

is.also exact.This gives a very useful resolution with ’% -modules,of the
sheaf .gi. . .

It ds étraightforward to extend Theorem 1.% to Stéin manifoids.MoréoVer,
the quality of the sheaf 37@%f€ of being Fré%het is local,so that on a

Stein manifold X the sheaf §f9 é?‘ is Fréchet whencver 'gﬁ is a coherent
Q) -module and %} is a locally free ’E -module.Therefore we may .state

the following.

Corollary 1.4. ILet X be a Stein manifold of complex dimension n and let 57

be an analyvtic coherent sheaf on X,Then ossesses & resolution of
. P

length n to the right with Fréchet"é ~-modules,

In Sgctions 2 and 3 below several generalizations of this classical

fact are given.

1.4 The last topic to be discussed in tﬁis paragraph concerns inverse sys-
tems.of Banach modules,.The inverse limit functor is not in general exact in
the category of locally convex spaces.Nevertheless some classical criteria
for its exactity are known,cf. Palamodov [15],One of them is'reproduced

below.

Proposition 1.5« Let 0 —* En-«—ﬁ Fn-—* Gn-w~w 0 be en inverse system,

i Ve
indexed over nel,of short exact sequences of Frochet spaces.If for every

n€<m the structure map Em-w» En has dense range,then the inverse limit

sequence -0 ~—=% lim B ——» 1lim F -~ 1lim G —» O is alsop exaet;
. s «— n < 1 “— 1
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For & proof of thi§ fact . sce f1Sj Theorem S.EQSuch a..phenomenon appeared
for the first time in the proof of Mittag«Lofflcrfs theorem on meromorphic
functions with prescribed singularities,Afterwards it was used in many other

. complex snalysis theorems,especially related to Runge exhaustions.For this
reason the phenomenon described in Proposition 1.5 1s often attributed to

Mittag-~Leffler,

.

Definition 1.6. Let X be a Stein space.An inverse system (En)nem of Fréchet

O (X)~-modules is said to have the Mitteg-Leffler property (in short the (ML)

property) if the structure maps Em-——a—vEn have dense range for any n<m.
A Fréchet O(x)-module is said to have the (ML) property if it is an

inverse limit of a sequence of Banach £ (X)-modules and this system has the

z
¢ .

‘(ML) property.

A first simple example of module with the (ML) property is given in the
affine case X=C by the space of analyitc functions €>H1) defined on a Runge
open subsget U of Cn.Iﬁdeod,in this casc there exists a compact exhaustidn
of_U with_@n»holomorphically cénvex sets KnT‘U,and denoting by Eh the sepa-
rate completion of the space é)(U) in the uniform norm on Kn,one gels

2 (U):ui}ﬁ_En.Obviously,En are Banach algebras and the maps Em-—~»'En
»hgv? densge range.

Before listing some other examples of modules with the (ML) property We

isolate the next technical result. .

Lemma 1.7. Let X be a Stein space and let

be'o —',"1?1 _“VFO —r G — O
n n

. o 7 ,
be an inverse system of exact sequences of Frechet © (X)-modules.

—i
If the inverse systems (F;)n have the (ML) property,j» 0,then so does

the system (Gn),and theé sequence

...'~¥r 1im F1 — 1im FO —> 1im G_—> 0O
G n < n . G 1]

vy . -

is oxact.



Proof. Tet Kg denote the kernel of the map F? i G .The exaCune)% of the
sequence at level n shows that Kg is a guotient (X)«modu]e of h
particular the map Kg e Kg has dense range for any-n@rm.Thexefore K e
%}g Kg ig sn 0O ()~module with the (ML) property.Similarly the modules

G and 1im Ker(Fl-—_» Fi"1) have the (ML) property for sny 170,

The st assertion follows by a repeated use of Proposition 1.5,
Corciiary 1.8.let % ve an anslytic coherent sheaf on a Stein space X.

.They _he Fréchet ©(X)-module ¢ (X) has property (ML) .

Proof. Eumbed X into an affine space Cn.and consider an open bounded poly-
-disc D in Cn.Thcn there are free resolutions on D:

@Ci

(6) e =8O xlonx ‘ﬂnnx

p'! o
XIDO X
and

xr
&) ce. = ©])~f%_€%)—~” O ] 0.

—3
\ XIDnXx
\

‘in.Vi%tuc of Lemma 1.7 and the example following Definition 1.6,the
‘exact sequeénce (7) shows that @)X(DI)X) is an inverse limit of a system of
Banach modules with property (ML).By applying again Lemma 1.7 to the sequen-
ce (6) one finds that the © (X)-module ¢ (DN X) has the (ML) property.

But & (%) ¥ é&g_\}(D N X) ,where (D ) is a relatively compact exhaustion

of ¢" with polydiscs.As every regtrictlon.map g (D ﬂ X) —» 57(D nx),
k » m,has dense range in a complete system of seminorms of & Dmf\X) wilich
does not depend on k,one can choose by'a diagonal selection an inverse

system of Banach O (x)-modules with the (ML) property which converges to
9 (X).This finishes the proof of Corollary 1.8.

Remark 1.9. Another proof of Corollary 1. 8 can be derived from the observe-
tion which follows after Proposition 1.2.Namely ,the coherent sheaf g de-

fined on X admits a2 presentation

a3

©x® B — @Xél«‘ —_— §—> 0

with Banach free modules.Whence the © (X)-module $(X) has the (ML) propertj.
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5. Soft Resolutions of Quasi-Coherent Modules

This section is devoted to proving Theorem 1 and to deriving a few of its

corollaries.

proof of Theorem 1. Let X be & Stein space and let T vea Fréchet ©Xm
module,We embed X 1nb0 an affine space (L‘n 50 that ¥ becomes an Oé,;/\n‘\-»mbw
dule by the J“OE)trlctmn of scalars, Neyt © denotes for simplicity @X

We shall prove the equivalence, oi‘ the following assertion

{1} - $ is qnasicoheren‘t;'

(1i) € (%) admits finite resolutions to the right with © (X)-modules
of the form ¢ (X),where ¢ is a Fréchet soft O -module;

‘(iij.f) ¢ is acyclic on X and admits finite resolut‘ions to the right

with Frécliet soft © -modules.

(11)=7 (1). Let

(8) 0 — §(x ¢O(xy —+ .. —= PN(X)—> 0

& ' i i
be.an exact sequence of topologicsal © (X)-modules,where Y= are Fréchet

soft. O -modules,i=0,1,...,N.

1f U denotes an open Stein subset of % ,then (:f) (X) "\‘@(X)© (U) and
Efl(U) 4 fﬁl( ) @(X)D(U) for i=0,....N,because the 50 are quasi -CO-

/\

herent © -modules,see [19]) Theorem 2.1.By epplying the functor Q(X)

" to the exact sequence (8),one obtains by & repeated use of the long exact

sequence of its derived functors the next exact complexs’

0 —» F(X) B gy, O — @O gy — ... — PN (u)—> o.

H)

f

hus % (X) ‘L@(Y)g( ).Moreover ,denoting by ¢ ' the sheaf associated %o

the presheaf Utr—7> g (%) ®@ }\)Q (U),one finds that ' is a quasi-coherent
@ -module and G(X) = §'(X).Therefore 9 is qudulmcoherento

(iii)=» (ii) This implication is evident.
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(1) =7 (4ii). Suppose that the sheaf ¥ is qua‘ —~coherent, ACOordinp o
proposition 1.1, 9 has a topologically free rc;olution £, — F — o.
This shows in particulasr that 4 is acyclic on Stein open subsets of X.
if The ‘@ ~-resolution (%) of the @f\ .module O contains only nuclear
Préchet sheaves.Consequently, 1800 deuoto¢ o firdchet space,then this resolu-
tion tensorized with ¥'§]3 becomes a fine res solution of the O -module

A
O @ E.In particular every © -module i’ has such & resoluilon,oay

O.“—"—?" o\-\/);,q"“_"? (/)’{/;l Iy q7/Oa-

v
?he naturality of the 3 -resolution shows that M. is a double complex.

Moreover,the construction of this double complex ylelds

£

B ./“'. . § 1f p_:q:O,
g (éﬁq((/m‘)) =

N
\

0 otherwise.

Thercfore if ©° denotes the simple comp]ex associated to the double com-

plex dﬁt,w1th the canonical convention on the indices,one obtains:

g‘ 6 p::ot

9y HP(E) = -
: 0 if p#0.

"Moreover ,the complex @ ' is bounded to the right and its terms are only
Fréchet fine O -modules.Denoting 3% Im(Q?q"x~—~» ©%),one derives from (9)

two exagt sequences of © -modules:

(10) o —> §— €% 3% — @' — ——a-feN—» 0,
gnd

D . e, 7 R P ?70»——% 0.

Let V denote an open subset of X.The acyclicity of the sheaves Qf"q,

gz 1,on V and the long exact sequence of sheaf cohomology imply:



st

oe o6 9

(v, 3°) & ud*! (v, glym ey A

for every J71.8ince % {s a finite dimensional Stein space,one finds
HJ(V; @0) = 0 for j7 1.Then the same argument applied to the sheaf Qfo/jgo‘
yia the exact sequence O — $(L*~* Q?O*~*“€O/2§O—"*' 0 finally gives
: Hj(v,feo/ﬂéo) = 0,37 1.Whence the sheaf QZQ/ZBO is soft,cf. for instance
[3] Proposition IT.V5.1. ' e

In order to prove. that (10). 18 the desireg soft resolution,it remains

‘4o check that (QO/I§O is a sheaf of Fréchet © -modules.Of course,it suffices

to. prove that ~Jﬂ(U,‘€O/1%O) is a separated 1ocally convex space for every

®

Stein open subset UC %.This assertion follows from the exact sequence de-

‘rived from (10)
T ' ()

" by noticing that the extreme terms arec Fréchet spaces.

Assertion (iii) is verified and thus the proof of Theorem i s complete;

:,1@§ us remark that the length of the soft resolution (20 s equal to the

dimension of the affine space in which the underlying Stein space embeds.

By teking into account the observation made in paragraph 1.2,o0ne can un-

ambigously call a module E over a Stein algebra O(x) a Fréchet_soft OX)-

module yhenever E = ®(x),vwhere ¥ is a soft sheaf of Fréchet B (X)-modules.

‘gimilarly,the Fréchet 'Q(X)—module E is sinply celled quasi-coherent =f

o= S(%) and ¢ is a quasi-coherent £ ~module.

Corollary 2.1%. A Fréchet module over & Stein algebdbrs is quasi»coherent Bk

. . . K3 . i : ¥ / hY
and only if it admits a finite resolution to the right with Fréchet soft

modules.

Next we consider a few particular ceses of Theorem 1.,1n which the soft

resolutions may be chosen with additional properties.

7 n ; .
proposition 2.2. Let B be a° Frechet O (¢ )-module.Then T 1S quasi-coherent

7 7 n
‘1f and only if there exists an exact sequence of Frechet O (¢ )-modunles:




.7.1 B

(12) O e B-»--’v* S e S G ¢ 66 S it C '09 ‘ ; 3 ;
vhere the SJ arsc Fréche Joft @(@ Y-modules for j=0,1,...,n=1.

Proof. The necessity follows from Theorem 1.

In order to prove the sufficiency of the condition,assume that the exact

" complex (12) exists and let us consider a Stein open subset UC.@ .We have

to prove that LJ ()(U),nhero we denote for 51erLCLty Ae= @(@ 15 |
By applying the functor G’ ©(U) to (12),from the long exact scqucnce |

= A
of Tor's we get the isomorphlums:

T%T%(E,@(U))"‘:"lor (e, @l 2. ' : ' : 5

" since the Fréchet élgebra A has global Tor- dimenuion equal to n (due to the
'_ex1stonoc of Ko°4u1 s resolution),we infer TOIJ( ,0(u)) = 0 for jz1.More~

over ,denoting Z =S /E,the same argument shows that
CAPE 0 e '101’ (o) - - ’ e :
But the last space is the kernel of the first boundary in the Koszul complex
'K.(znw,tD(U)@>C),thus it is a separated locally convex space.Accordingly,
from the exact sequence =

0 —rort(a, 0(0) —> 88,0 ) — &, 0V)

we find that B 8;>A© (U) is a Fréchet space,q.e.d.

Corollary 2.3. A Pyéchet ‘©(¢)~module is quasi-coherent if and only 3£ 5t A4S

# 2
a closed submodule of 8 Frechet soft O(t)~-module.

: . . i
Corollary 2.4, A Frécﬁgﬁ.ﬁDH«mOQQQQ O on a Stein manifold M of dimension n e

is quasi-coherent if and only if it is acyclic on Stein open sets and there

7/ A
exist,locally on M,exaclt complexes of Fréchet © -modules,of the form

(13 0 = Ter P Bl s B e, |



e i1

with @7 soft sheaves,j=0,1,...,n-1.

Proof. Suppose g fulfills the last two conditions.Take a Stein open set

UC M,on which a complex like (13%) exists,and such that U is isomorphic to-
: S : i e ; q : :

a domain of € .By Proposition.272 we find that ¢ g ts @ guasi-coherent

.Qtfmmdule,The equivalence a)érc) in Proposition 1.1 ends the proof.

The next result <4s relevant for applications.to multiparameter spectral
theory.

Proposition 2,5. A_Hilbert guasi-coherent @(Cn)mmodule has a finite reso-

Jution to the right with Hilbert soft D(Cn)~mgdu1es.

Proof. Let E denote a Hilbert quasi-coherent @(Cn)nmodule.The éontinuity of

the multiplication with scalars map implies supp(E) (& @n;see 171 .we

consider a bounded polydisc D which contains supp(B),and the Bergman space

.AZ(D) of analytic functions which are square summable on P

Our first aim is to prove by 1nduCTlOﬂ on n that A~ (D)

32 B,

(en)r and

LEét us assume n=1.Fix a second polydisc D',with the properties supp(E)C
D'Cc D.¥We must compute the homology of the complex K.(L~w,A2(D)@5E),&here
"6 " may be chosen to be the hilbertian tensor product.

TLet us consider the morphisms of complexes induced by the restriction maps:

o ' o« -
K. (z-w, ©(€)BE) > Ki{zww, A2 (D)BE)

h.( -w, D(DEB) .

Notice that f ﬁx and Lhat the three morphisms arc one to one and with
dense range on components.Since O(D' j ok @(C)E and ©(D' >8)€NC)E £ B,one
finds that Y is a gquasi-isomorphism.Then one easily derives that o and p

are quasi-isomorphisms,too.This proves that the complex

(14) K. (2w, A2(D)BE) —» E —> O

is exact for n=1.




st B

1f n>1,we decompose D=D'%X D'*',where D and D'' are pblydiscs in @n“1,

respectively in €. norrespondingly ,the coordinates are denoted by z=(z',2'').
A fundsmental p1op@ruy of Koszul's complexcs enables us to identidy the

simple complex associated to the double conplex
e RO e e ity e uys
B, (ot i D .)kﬂKe(z -w' AT(D)®E))
with
2 e : g ,
K. (z=-w ,AT(D)®E). i , _ .

Recall that A (D) (D )CDA (D'') as Hilbert spaces.

By the induction hypothesis the complex (14) is exact for D',z' instead

of D,z.Since all components of (14) are Hilbort bpaceo,tbe complex Spljtq over

¢.Therefore it remains exact after tensorization with %%Cpr(z"«v" oA (D"))

pmo,19Again_the induction hypothesis yields:

K,(Z“ww",A’(D")éﬁn K.(z‘«w‘,A'(D‘)G&E)) =
8. ' 0 otherwise.

Then a familiar ergument on double bomplexes proves the exactness of the
soquence (14), ' ' .
The L mcotlmates for the ) ~operator on pseudoconvex domains Y11i give
e resolution
Qo= AQ(D)““4 wo'““* W1"”' o ¥ ' — 0,
where ¥ ere Hilbvert % ( Cn -modules endowed with Sobolev type norms.See
also f17]§ﬁ for the necded detalls.

By replacing the module A (D) by the above complex, acnoted in short W'

one obtains a double complex
K. (7w, ©F)

whose associated simple complex has nontrivial homology only in degree zero,

and there it is B.




Then by repeating the proof of Theorem 1 (namely implication ERI—JCEERT
one constructs the desired resolution of T with Hilbert soft Q?(@n)mmo~
dules, :

The proof of Proposition 2.5 1s complete.

Remark 2.6. The proof of Proposition 2.5 applies with minor modifications

to.the case of Banach modules.Vamely,by replacing the hilbertian. tensor pro-

duct with an approﬁriate Ranach spaces tensor product,for instance the
projective one,one proves by induqtion on n=dimD that the exact complex (14)
splits over ¢ ,whenever E is a quasi-coherent Banach @(@n)~module with—
supp(E) € D.Then the proof runs analogously. |

It would be interesting to know whether the conclusioﬁ of Proposition 2.5

remains -valid on Stein spaces with singularities.

3., Resolutions with ‘€ -Modules

Thooféh f raises the natural quesfion whether & quasi-coherent module on a
Stein menifold possesses a resolution to the right with € wmdduies rather
than only with soft analytic modules.As Corollary 1.4 shows,the coherent
analytic modules do have this property.The present section gives a partial
ansver to tﬁis,qu&stion9which>covers 2ll the important cases nceded in ap-
plications.The main tools are Mittag-Leffler's exactness criterion given by’
Proposition 1.5 end the next technical fact proved in the paper [7]Corollary

4(50

Proposition 3.1, Let I be & Ranach £(¢)-module,Then B L @(G)—{a(@:),

In the same paper [7] it was proved that B is a Benach © (¢)-submodule of
o panach £ (€)-module ‘if and -only if E.L.@(C)’i(@).

The multidimensional analogue of Proposition 7.1 is casily obtained by
enlarging the class of Banach modules to that of ¥réchet modules having

the (ML) property.Sec the last part of Seection 1 fer definition.

K

Lemma 3;26 Iet B = 1lim Ep be a Frachet @(@n)umodule with the (ML) properiy



-
~3

(on the inverse system of TNanach modules (L ) eiN)

If}} i,@(mn)f(m ) for any p>O0,then joiedl 'E(L Ye

Proof. Condition R l@( E(m ) is eqavmlent the the exactness of the
following augmentea Koszul complex of Fréchet. spaces:
S

5 B A.ﬁ(a.n V 2 C@ /\ (
‘K.(/S"?W; *np@ G )) — } @((’ ) (( )"“"

N = 2 3 ;
Since tensorization with a Frechet nuclear space preserves the dense
range property of a linar continuous map of Banach spaces,the inverse Sy 5=

A n
tem (ED & { (€”) )p«.’:i o

4 ; e i
1.7 implies the exactness of the complex of Frechet spaces

still possesses the (ML) property.Accordingly ,Lemma

k)3 g £

K (2w, EBLE")) — B @/@/(EI‘) £(¢")y— o.

.ThlS in turn is equlvalent to condition Ed: E?(C ) (Q }eqe€.d.

PropOQitlon 3 3, Let B be a Panach 2" )«moduie Then B 4,@ (2 ﬁ%(& )Y

Proof. Induction on n,The case n=1 coincides wlfh Proposition 3.1,
" For the proof of the induction step,we decompose € Huphs ‘% ¢ and z=(2", z")
correspondingly.ve have already remarked that the simple complex attached

to the double. complex

K (2t e, R(O)BK. (z'—w', 2™ HEE))

" coincides with

K (z-w, 2@ E).

We have to prove that the last complex is exact in positive degree and
has sepsrated heomology in degree zero.
The induction hypothesis implies the exuctness of the following augmented

Koszul complex:



=l G

Rl et RO G B 0 T,

where C=Coker(8 : K, —» K;) is a préchet -2 (6771 )-module.

ks in the proof of Proposition 2.5 one relates by & standard srgument
the homology of the simple complex to thet of its generating double complex.
Therefore it suffices to prove that . .

: A 'lt_il
o — £(C)®C T Bl

A R
£(€)® ¢ —» Coker(z''-w'') —» O
is an exact sequence of Fréchet spaces.

Notjce that C is also an %(C -module.Moreover,its explicit form leld¢

(15) C = lim [wp(b)éﬂm/(mg)"] -

where DC ®n~1 is a polydisc containing the support of the Banach -?,(Q)n_1 )=

module L,Wp(D) is the hilbertian Sobolev space of order p and the closure .
of the range of the bound'lry operator § is taken in the norm of the. pro-
jective tensor product dp(D)@WL.- ;

The deflmtmn of the proaective norm on tensor products ShOWo that the
canonical maps V (D)é),T — wq D)@x‘l‘ have dense range for any p>q More-
over,the quotlonts appearing in (15) are Banach £ (¢)-modules in a natural
way ,with respect to the: variable z''.Hence we have proved that C is.a rréchet
rﬁ (¢)-module wiht the property (ML).

Jn view of Lemm& 3.2 onc obtsins C .L@(é)’ﬁ(C) ,and cogsequently
Bl BT

This conc]udeq the proof of Propositlon S 9

Corollary 3.4. A Fre'chet : @(ﬁln)-module E with property (ML) satisfies

‘e

The proof of this corollavy consists in a direct spplication of Lemma
1.7 snd Proposition 3.3. .

At this point we are able to prove a first criterion for an analytic

module to admit right resolutions with %-—modules.




e

pProposition 3.5. A Fréchet @(Cn)mmodule I with property (ML) admits 8

: ; : 2 : / n ,
finite resolution to the right with Freéchet £ (¢ )-modules having pro-

I3
Y
woblee

vt (ML) 1% ond onlg At B A n o E ™).
peruy ( ) 2 Y @(Q)&) ( )

3

Proof. Throughout this pfoof one denotes for simplicity A= @(Cn).
By assumption,b 1is isomorphic in the category of Fréchet A-modules
with lim E_,where EBe ) is an inverse system of Banach A-modules
: < 'p p'pel 5
which has property (ML),Suppose_E.LA15(€ Vs
Let us consider Dolbeault{s complex:

G it O e s e (0:2)(¢") — o,
Since every space of (0,q) forms 1is isomorphic t§ a finite direct sum of
@ (¢*),Corollery 3.4 yields B .LA{,(O’Q)(@“),qz 0.Therefore,by applying

A i :
the functor E &, ¥ to the above exact complex,one gets & resolution of

the A-module I witn Fréchet £(g")-modules:

e B rE(O,O)(en)&AE e Sl %(O'n)(ﬂn)éAE et 0.

b remains to prove.that the A-module '%(CQ)@%AE nas property (ML).Le®
Dp denote the polydisc centered at 0,0f multiradius (s Pisee mivnpD Jmil Y

2 (e0 8 't' Y .\'f
2(e") 88 2 1in wP (D)) OB

as left and right A-modules.By passing to quotients one proves that

e 3 2
‘ﬁ(@n)GDAE {s a left A-module with the (ML) property,as desired.

Conversely  ;if the Fréchot A-module E admits a finite resolution to the
right,with 'ﬁ(@n)—modulescwith property (ML),then Corollary %.4 and & re-
peated use of the long exact sequence of'TSr'g gives E.LA«g<@ﬁ2'

- The pfoof ofiProposition %,.5 is complete.

The main result of this section can be stbted as follows.,




AL

rheorem %.6. Let X be a Stein maﬁifold and let § be 8 vréchet '© ~no~

dule w1+h 8. top01o>10011v {free resolutions

- 3 g
~ A Vas 2
i oo, — OOE, — T 0,

Assume that the ®(x)-modnle F(X) bas property (ML)

Then the following conditions are equivalent:

(i) The_complex

: = : / '
is exect and Coker(d1) is a sheaf of Frechet spacess

Q

(ii) There oxists 8 finite resolution to the right of the © -module 9’,

with Fréchgg f%-qnodules with property (ML) . '

i X

proof. Condition (i) is obviously equlvalent to F J_@ y){i(x) ,where PG00 _
Moreover,this condition may be localized WLIh respect to the second terme. |
Nemely,if qL denotes an open coyéfing of ¥ with finite dimensional nerve,

then the following Cech complex

0 —»&(X)—= €U, E) — o0 T @ (2w, £)—> 0

i{s exact.By applying it the functor F g’CNf)* one easily gets the implica-

tion (i) '=y (i),where wve have marked for convenience by (i)' the condition:

,(i)' F.l.@(x)f.ﬂn for every Stein open coordinate patch U of X.

Convers ely,lf (1) holdé,then with the notations above
¥ pw,..-» £ . tx)® F o
Y2 B, - % 3 OSSR T nl
Arr o P (Y)®1 (/)®BO : ) @(X) O

is an exact sequence of Fréchet soft @(X)~médules.By Theorem 2.1 in f17)
these modules are qua%i«coherent whence the exactness of the complex is
preserved after ten0011z1ng 1k aritl @(U)(9f>(x) ¢ ,whére U is a Stein
open subset of X Since @(U)QQ @(k)ﬁi(x) 2f€(u),one gets aqsertlon [(ae)it,



~21~

" In conclusion (1)&7(1i)'.
(i) '=» (ii). One starts with Dolbeault s compiex on the manifold X,
t(O’Q) 2

'(‘é(o">(X);;5).Since every is a locally free < -module,condition
(1) ~dmplies B i“@(y) D( ’Q)(U) for every U as before and g% 0.The same

argument resorting to a Eerh complex yLono P J‘@(Y %i(O’Q) (X),qz0.An ap~
plication of the long exact sequence. of /! or s gives a8 sertion (1i),by re-
marking as in the proof of Proposition 3.5 that T ébg(x)'f(o’p)gﬁ) are
Prechet modules with the (ML).property. -

(ii) =7 (i).~Fix a point xex.Cartan s theorem A provides a Stein. open - ——
neighbourhood Usx and an n-tuple f= (f1,...,f‘)'of global snalytic functions

on X,with the property that fl] U - f(U)C:& is an isomorphism.

Because f(x)-f(y) is a rcgular sequence on XXIJ> (x,y),the next Koszul

e g

complex
K. (£(x)-£(y), (X ¥U)) —> D(y) —» O

\\.

.is exact.Consequently,the quasi¥coherence of £ (X) implies that fhe sequence
. 3 s .
K. (£(x)-£(3), OX)®2(0))— £ (U)— 0

is'exact.Thué,in order to prove assertion (i)' it suffices to verify that

the complex"

K. (£-£(y) ,F & £(U))

is exact in positive degree and hes separated homology in degree zero.
n
Let us assume that condition (ii) holds.Regarding F as an ® (¢ )~mo-

dule via the map f&ffﬁ(Cn)-—~—w ®(x),we have to prove that the complex

. Ke(z-w,F BR(2(0)))

is exact in posjtive degree and has separated homology.This assertion fol-
lows from Propooltlon 25

The proof of Theorem 5.7 is complete.




Remarks %,7.a) Assumption (ML) is superfluous for the implication (i)=p(ii).

b) It is worth mentioning that condition (1) is Jocal, Noreover it ean. be
replaced by familiar glueing methods by a similar request imposed only on
local topologically free resolutions.

¢) A sheaf as in the theorem which satisfies one of the conditions (1)
or (14) has ' 'a resolution with Frechoc {zwmoduieo of léngtb at most than
the complex dimension of X, '

d) Conditions for & complex of Banach free ana]ytlc modules on a mani-
© £0l1d to be exact at the 1eve] of analytic, smooth or >obolev sections have

‘

been recently obtained by Jantz [11] end Slodkowski [20].

We close this section by a complement to Proposition 2.2.Below all mo-—
dules are supposcd to have property (ML). .. ;

Proposition 3.8. Let E be 2 Fréchet D(@ y-=module.Then E Jug'“ )iﬁ(c Y i

and only if there exists an exact sequence of préchet © (€ )-medules:

0 1 n-1

(16) 0 —» E—"38 el TR i e O

o

; i n . !
where the 8Y are Frechet -E(C Y-modules, 3=0,1,..0 01,

The proof is a simple adaptation of the proof of Proposition 2420

Corollary 3.9. A ¥réchet ©(8)-module L satisfles E i.@(@)ﬁZ(C) if and only

"if B is a clos sed submodule of & Frochet -f(C)-module.

By the open map principle and Corollary 3.8 we infer that a Hilbert

(Banach) B (¢)-module B which satisfies E.L.@(@)'ﬁ(c) is & submodule of a

Hilbert (respectively Banach) -£ (C)-module.llowever,ve ignore whether in higer

dimensions a resolution like (16) with Hilbert (Banach) £ (¢)-modules

exists.

|



4, Applications to Multidimensional Spectral Theory

Let a be a Acormmztati.ve n-tuple of lineavr cortinuous operators acting on the
Fréchet space BeThrovghout this section we assume as in [17] that all N
tuplesladmit a continuous functlonal calculus with entire functions.Recall
that a is said to possess Bishop's condition (\5 ) if,for instance,the fol-
towing Koszul complex |

K.(z-a, @(D)&E)‘

isl exact in positive degree and has separated homology in degree 2€eYo fér
gvery open polydisc DC an,see [17].,1\ usefullcondition which ensures that the
system & Tulfills (b)) is the existence of a so called Fréchet soft sheaf
model for a.In other terms this means that the @(th)«module E attached to
a4 coincides with the global sections space of a Frechet soft ©-module.

The restriction of the'n-—ﬁ;uple a to an invariant subspace F is denoted
velow in short by a|F.similerly ,the quotient system i$ denoted by &/F.

We are now able to restate Proposition 2.2

proposition 4.1. Tet a be a commutative n-tuple of linear bounded operators

/
oh ‘a_Prechet (Banach or Hilbert) space E.Then & has property (?; ) if and only

if there exist a seauence of commutative n-~tuples ao,...,an 1,Qossesing

/ ; ) T L .
Fréchet soft sheaf models and acting on the ¥Frechet ( anach,respectively

Hilbert) spaces SO’ e ’Sn-1 ,and closed invariant subspaces EO, Weie ’En-1 H

respectively,such that

(17) aNgOiEO, & B a,‘]nv.,».. ’an-Q/En-ZNan-»‘i\En-—‘l'
Above "~ " stands for the joint similarity equivalence relation.
In the case n=1 one obtains the main result of [1]).
Condition (F7 )'€ for the n-tuple a can be defined as in {7] ,by requiring

that the complex

K. (z-a, %(@n) é})E)




Pl

L A -
be exact in positive degree ond have separated homology in degree 7Zero.

Then Proposition %.8 may be restated as follows.

proposition 4.2, Tet o be _a commutative n~tuple of linear bounded operatois

on a Banach space B. Who )y%tOn o has property (ﬁ )p if and only if there

exists 8 sgquence of inverse limits of Banach space n-tuples ao,o..,an 1"

- ’ o . N /
with smooth joint functional caleuwlus,defined on the Frechet spaces SO,...,

ﬂn'1,1089§(1 vc]g,and closed invariant subs n“coc ch ”j'J“O"'°’n”1 ,such

that relations (17) hold.

’ ) 1 ’ - o . . & )
The analogue statement for Fréchet spaces and inverse limits of systems

of operators on them is left to the reader. '
For insteance, the examples of subnormal n-tuples considered in [17] have

property (& )% by virtue of .the above criterion.

l'

proposition 4.2 contains as & particular cese (n= .1) ‘the main result of il

To draw a conclusion from the last two technical propoSitions,the right
imultidimenolonal anﬁloguos of subdecomposable or subscalar operators seem

to be the n-tuples a which fit into a chain like (17) ,with aj decomposable

or scalar n »tuplc,,rather than simple restrlctlons to an invariant subspace

of a single decomposable or scalar n-tuple.lt is worth mentioning that all
the significent examples of subnormal n-tuples satisfy these conditions.
ye close this section by a stability property of condition (F Lﬁ which

~is less transparent from its very definition.

proposition 4.3. Tet a be.@ commutative nwtuple of linear continuous one-
p

rators on a_nanach space E and let U ¥ L be an analytic map defined on

an open neigzhbourhood of the joint spectr un (o) R 28

1f a has property (p l@ ,then the m—tup?o f(a) has also this property.

Proof. Assume 8 fulfilis condition (p )% By Propoéitions 4.1 and 4.2 one
finds that & possesses ( &).In other terms I is & quasi»coherent ﬁ?(@n)m
module supported by the joint spectrum g of a,see [17] .Consequently E =
E‘(G ) and qupp¢(:U where g' is a quaol—coherent module on ¢”.since B is
a Banach space it has a fortiori the (ML) pxoperty Noreover by our assump-

tion g(D)NL £ (D) for every po]ydluc pee” .Hence 'guﬁg is a Fréchet

(D)

-



o5,

sheal 8lso »upporteu by G .,
The % -resolution (PTOpOulﬁlon %.5) provides: an exact complex

0

G e il e e e 0
of @N@n)umodules supported on_the set G‘svoreover,sj
for J=0,...,n-1 and B is e (U)«modulcyull with the (MB) plop@rty.

By restricting the scalars.via the map:x: Q(Cm) ——p C)(U) the above

complex becomes & resolution of E ‘with E)(@ )_modu]cs and the SJ are

{E(C )-modules,Then Proposition 4.2 finis shes the proof of the fact that‘

f(a) is an m-tuple with property (ﬁ )% ¢Ge€ole

are 2(U)«-modules
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