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In 'c l 'oduc t ion

In  recent  year .s , the  I l i l bo i r t  space opera tors  v rh . i ch  ex tend to  c rpera tors  w i th

:  a  r i ch  spec t ra l  decompos i t ion  be i rav iour ' .  have begun to  bc  s tu .d tec i  and under -

s tood.One reason fo r  th is  i s  tha t  a t  p rescnt  such opera tors  a re  ser lous

c a n d i t a t e s  f o r  t e s t l n g  t h e  y e t  u n s o l . v e d  i n v a r i a n t  s u b s p a c e  p r o b L e m , c f " [ ) .

.  B r o w n  [ / + J  , l t s c l r r n e i e r  [  5 1  , l ' h o n , s o t  l z z ]

.  I n  t t r e  p r e v i . o u s  p a . p e r s  o f  t h i s  s e r i e s  I r g l  ,  [ r f ] ,  [ 0 1  a  s h e a f  m o d e l  o f  a . n

,  
o p c r a t o r  o r  a  c o m n r u t a t i v c  s y s t e m  o f  o p e r a t o r s  w a s  j " n t r o d u c e d . T h i s ;  e s t a b l i s ; h e c l

n  d ic t j .onar :y  re la t ing  spec t ra l  t l reory  and sheaf  theory ,vhJ-ch  , *as  pa l t i cu la r ly

reJ .evant  f 'o r  opera tors  v r j - th  a  p roper ty  ca l led  ts ishoprs  cond- i t j -on  (p  ) .n* - .
I

cent ly  i t  has  been y r roved tha t  th is  cond i t ion  or  a  va : : la i ion  o f  t t  charac te*

, .  r l z e s  s u b d e c o m p o s a b i ]  i t y  , r e s p e c t i v e l y  s u b s c a l a r l t y ,  c f  .  / r l b r e c h t  a n d

i l s i h m e i c r  I t ]  a n c l  l J s c ] r m c i c r  a n d  l u t i n a r  l Z l .

I t  l s  t h e  a i m  o f  t h i s  p a p e r  t o  a n a l . y z o  t h c  h o m o l - o g l c a l  a n d  s h e a f  t l t e o r e -

t i c a l  a s p e c t s  o f  t h e s e  c h a r a c t e r i z a t i o n s " h s  a  m a t t e r  o f  f a c t  w e  o b t a l n

.w i thout  eny  cx t ra  c f fo r t  t i re  l ' r Jchet  mu l t i r l J -mens iona l  ana- l .ogues  o f  these

r e s u l - t s . l ) r ' o m  t h e  p o i n t  o f  v i e v  o f  s h e a f  t i r e o r y , t h e  t o p i c s  d i s c u s s e r l  1 n  t h c  
t

p r e s e n t  p a p e r  e o n c e r n  t h e  e x i s t e n c e  o f  s o m e  d l s t i n g u i s h e d  s o f t  r e s o l u t i o n s

of  cc ra t , in  r rnzr ly t i c  no t r -coherent  sheaves"

At  a  cer ta in  po j -n t  we sha l l  focus  on  thc  topo log ica l  f la tness  o f  the

. .  sheaf  o f  s ; inoo th  func t ions  on  a  complex  man l fo ld  o rzer  the  sheaf  o f  ana ly t i c

func t ions . l lh i . s  c l r res t ion  was se t t led  by  Malgrange l l4J  in  the  ca tegory  o f

ana ly t i c  coherent  u toc iu les .

T h e  l r a p e r  i s  w r l - t t e n  i n  t c r r n s  o f  n n a l y t i c  m o d u l e s , s o  t h a t  i n  s p i t e  o f

the  r ibovc  i .n1 ; roc luc t ion  t l i c  reader  may r , 'e l1  igno le  spcc t t 'a1  thcory .  On thc

o ther  hanc l  , t i re  opera tor ia l  . counte i 'par ts  o f  the  n ta in  resu l ts  a le  1 j -s tcd  a t

t h e  e n d  o f  t h e  p a p c l : , o r  e l s e  t h o y  c a n  b e  e a s i l y  d e r l v e c l  a s  l n d i c a t e d  i n  [ , 2 ] .
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Ths rnn ln  ob ; jec ts  to  cLoa l  w i . t ] :  j "n  t l ie  sequo l : rn r l  wh ic i i  cor ro$ponc l  to

r:ystemsl of commirt ing operntors vr l . th l rropcrb;r  (p )  are thc }rdci iet  ctruasl-

cohcrent  e rna-Ly tLc  rnodr : .1 "c6  on  a .Ste in  $pace X, l lhey  were  j -n t ro< iuce<1 by  l tamis

and l i .ugc t  t19 ]  in  o r t ie : '  t ;o  avo i -d  sonc  techn lca l  c i i l l f i cu l t ies  re l -a tcd  to

atu:1.yt lc dutr-Ll . ty ' t l :eory, l l 'o gi .vo a poss; ibly t tcr+ clcf j -r ' r l t ion,an Rnr-] l , .yt lc sheaf

o f  Frdchet  modu los  f  i s  quas l - .cohcre ; - t t  i f  thc re  e>r i -s ts  a .  g lobo. l  reso lu*

t ion  o f  g  w i th  topo log ica l l y  f rco  i " rdc t rc t  g . * r r iodu" los :
/\

n l
o . . _-} b/., 63 il.

I \ l

- +  F * A ,CIrdqo
I

Thls  cond i t ion  Ls  ecSr i r ra len t  to  t i rc  acyc l i cJ - ty  o f  f  o t  X  anc ]  the  ex is tence,

loca l l y  on  X ro f  such topo log ica l l y  f ree  reso" l -u t ions .The equ i .va lenee be tween

these de f in i t ions  and the  or i -g ina l  one is  d iscussed in  Sec t ion  1  bo low"

'  0 f  course  a .ny  coherent  9 - -moc lu le  l s  quas l -coherent  rand s lmi - la r ly  fo r
n

an; ,  topo log ica l l y  f rec  modu le  o f  th r :  fo rm 0-6U,where  I l  l s  a  l r rdchet

space.Qut te  uncxpec tc r )  i s  a  resu l t  Ln  [ l  Z ]  v rh ich  asser t ,s  tha t  any  l ' : :6chet

s o l r  v 1 , * r n o c l u J e  i s  q u a s l - c o h e r e n l  ( s e e  a l s o  I t u l  J ' o r  s o m e  c o n s e q u e n c e s  o f
,\

tha t  resu l t ) . I t  i s  v ie l l  knor . rn  t l ra t  any  sheaf  o f  abe l ia r r  g roups  possesses  a

r l g h t .  : r e s o l u t i o n  r + i t h  . s o f t  s h c a v e s . ' j ' h e  m a l n  r e s u t t  o f  S c b t i o n  2  l s .  a

s t r e n g t h e r r l n g  o f  t h i s  f a c t  i n  t h e  c ? , " t e g o T y  o f  O * * m o c l u 1 e s , a s  f o l l o w s .

t /

Theorom 1, I,s! S be*a... |ryi.gbct 9r-npd}te o-l]_a Stgin .space. of f j . l - ! tq

ZeltsJ11*gin(:.ngj.,on.1-be- ilqgf f re .:&e!;-q,sn9r"q$- J.{ -?nd onlr-if, g JS,
a c v c l i c  o n  X  a n d  a c j r n j t s  a  f i n j . t c  r r - . r : o l - r r 1 ; j - o n  t o  t h e  r i s h r t  w i t h  j i ' r J c h o t

6\
s i o l ' t  V . . - m o t l i r  l - e s  "

T h e  p r o o f  o f  T h e o r c n  1  l s  q u l t c  : ; i m p l e , t h e  o n l y  d c e p  r e s u l t  r e q u i r e d

b e i n g  t h e  s e p a r a t . i o n  ( a n c l  f l a t n e s s )  t h e o r c m  o f  M a l g r a n g e  [ f  + ]  T h m . V I . 1  . 1  .

l lhe  la t ta r  resu l t  asscr t .s  in  the  cc : r rp lc lx  case tha t ron  a  S i ;e in  man l fo ld  Xo

$ , ,O90-  l s  a  sheaf  o f  l ' rdc .he t  s r . '4cos  v rhencver  S  *u  a  coherent  O- -
H y A o ' , X

nodn le t / rs  u .sua l l y ,  AX c ienotcs  the  : ;hoaf  o f  smooth  I 'unc t j -ons  on  X"The

f l a t n e s s  c o n d i t i o n s  T o r r o  ( g  , &  )  " . 0 ' k 2 2  1 , A f e  t h c n  e a s i l y  c l c r l v e d  f r o m
l f  n "

t h e  s e p a r a t i o n  o f  $  O n t  a n c l " a  c l t r s s i c n l -  t h e o r " e n  o f  W l r l - t n e y , c f  ? A 1  .

A  s lmp l -e  exnrnp lc  g iven  in  [7 ]  s i r : r+s  tha t  t ] re  Ma lgrange theorem fa i ]s

to  be  t rue  boyona thg  ca tegory  o f  c ' :heron t  sheaves"Sect j "on  J  conta j -ns



sone resul ts  whlch g ive necessary and suf f lc ient  condi t j -ons f ,or  cer ta ln
:-\ quasl-colrerent mo<lul-es on a Sterlt ' t  msnJ,fold to r.trnalrr topologlcal ly f lat

' : '  over  the a lgcbra o l 's rnooth funct lons.As a mat ter  o f  fact  we obta in s tmple
'  

i i  c r i ter la  to  dcc ide whcthcr  a c luas i -cot rorent  mo<lu lc  adrn l ts  resolut ions to
. . t  i  :t i  2

. l  " t l is r lght r.r l th € -moclul"es.

- :  The last  sect lon restates s-ome prev ious resul ts  ln  terms of  systems of
:  r . ^ m a  n a 4 i * -  ^ *  a  i - - - ' - ,  - ,

" ,  .  operators a-ct ing on a f ; rechet space
'

-  
1 .  Pre l lm inar j .es

1.1 T l roughout  th is  paper  a1.1 Ste j -n  spaces (X,  O )  are 
rsupposed 

to be sepa-

rab le  and 'o f  f l n i t e  Za r l sk i  d imcns ion .

Le t  5  tu  an  ana ly t l c  cohe ren t  shea f  on  the  S te j . n  space  (X ,9 ) . ,Ca rvan ' s ' 5
theor .em A assbr ts  that  the i i ' r6chet  g(x) -module . f txy  generates every

s ta . l k  { * r *  eX .A  cons t ruc t l ve  and  more  re f i ncd  way  o f  l oca l i z i ng  the  mo-

d1 le  6  ( x )  a t  an  a rb l t ra ry  S te in  open  se t  UcX  i s  desc r lbed  i n  [ z ] .Qu t te

spocl f lca l ly , the natura l  mul t lp l - icat j -on ancl  rest r ic t ion map

- t t j  6$ ,  6  n , * ,  O  tu )  - - ->  f , t u )  t

tu rns  ou t  to  be  an  isornorph ism o f  Fr6chat  O (X) - rnoOules . l4oreover , the  
_de-

r ived  func tors  o f  the  l .e f t  hand s lde  re la t i ve  topo log ica l "  tensor  p roduc t

( w h i c h  a r e  u s u a l l y  d e n o t e d  b y  T o r  ? ( x ) t  g ( x ) ,  O ( u ) ) )  v a n i s h  i n  p o s i t l v e  I
d i m e n s l o n s . i " o r  d e f i n l t l o n s  a n d  c o m m e n t s  t h e  r e a d e r  n a y  c o n s u l t  [ 2 ]  a n a  I t 9 l .

The same loca l l r ing  procedure  works  fo i  more  gcnera l  ana ly t i c  modu les .

I ro r  lns tance,a  f r6c i {e t  O -modu le  f  i s  ca lLed cLuq: l -gohersn t  i f  the  na-
4 \ / r r  \

t u r a l  m a p  ( 1 )  i s  a  t o p o l o g i c a l  i s o m o r p h l s m  a n d  T o r - ^ v t " /  (  S ( X ) ,  9 ( u ) ) = 0 ,q
f o r  q > t 1  a n d  e v e r y  S t e i n  o p e n  l e t  U C  X , c f .  [ f . g ] . . W e  s h a l l  w r i t e  i n  s h o r t

a f t e r  T a y l o r  [ . n ]  C ? u t  ,  
, , ,  O ( u )  w h e n e v e r  i h e  l a t t c r  v a n i s h i n g  c o n < i i -. , 1 ,  u , , ' / o g ( i /  

-  , \
t i o n s  h o l d  a n d  t h e  l o c a l } y  c o n v e x  s p a c e  $  ( X )  g  

g t X y  O  ( U )  1 s  s e p a r a t e d .

1 'h is  i s  a  topo log ica l .  t ransvorsa l i t y  cond i t ionras  exp la ined in  lZ7 ,

A  f e w  o f  t h c  i n t r l n s i c  p r o p e r t i e s . o f  a n a l y t i c  q u a s i - c o h e r e n t  s h e a v e s

a r e  d l s c u s s e d  j " n  [ l S ) , [ r Z l , f r g l . t i e x t  w e  p r o s e n t  f o r  t a t e r  u s e  s o m e  e q u i -

v a l e n t  d e f i n i t i o n s  o f  q u a s l - c o h e r e n c e



I ieca l l  tha t  a  1 ;opo1.c i1 tca1 ly  f rec  O - rnoc lu le  i s  the  shcaf  A  6  n  asso-

ciate<l to tho prcsheaf l I l - -r '  O (t I )d Hr.r .rhere I l  ls a loca. l .J-.y convox spacs

!  
&nd "6  "  donotes  & cornp le i ;e  l ,opo log ica . t  t cnsor  p roduc t . l lh roughout  th is

i  paper wo assurne t i rat  I l  i .s a Frdchet space;also quosl-coirerent moans in ths
i t'  

seqrrol I ' r5chet quasi-cohe::entc

Prcrposi t lon 1.1.  Igh.  g-  n* .*  t rJ '6che!-  0 . -mo-du.1-e*q! ,  a  Ste in spagg X. !hq
A_-- - - , -_

; Lo-].lpvling asser!_ioqs arc e_q]llv{rlentr

a )  {

b ) {

i$_ qqasi:goheJeIt ,

admi!_e--Sl-obri1 top-ql"ogic ,
: 

c) { 1s qgfclig-on X an<l. qdm:!ilg,1q,cal..1.y qr}, X,lqrroloetqgl-}.y -ffeg r',gsq-

. ]u t iq ls  to-  thp"  }e f . ! .

P r o o f  .  a )  + b )  . f h e  I  ( x ) * m o c l u l e  S  ( x )  p o s s o s s e s  a  c a n o n l c a l  l e f t  r e s o l u -  s

.  t l o n  ( t h e  B a r  . r c s o l u t l o n ) l
\
\ '

- o  O t x l 6  O f  x l  6 , f , ( x )  =  e f x l 6  { 6 )  -  F ( x )  - '  oa  .  a  

,  

a .

.?  Lo t  U.  be  an  open Ste in  subset  o f  X .S l -nce  ever "y  g  (X) -modu l -e  o f  the  fo rm

I  ( x ) 6  r  i s  g t u l  6  
O ( x ) . x  

- a c y c l i c  a n d  S  i s  s u p p o s e d  t o  b e  q u a s i - c o h c r e n t ,

i t  fo l lovs  tha t  the  conrp lex  o f  I  -moctu les

. . .  - - 4 . 0 6 o r * 1 6  $ t x l

i s  s t i I l  e x a c t .

b )  +  c )  .Th is  i rnp l i ca t lon  is  s tan t la rd .

c ) + a ) . l , e t  Y  b e  a  S t e l n  o p e n  s e t  o n  w h i c h  t h e  s h e a f  5  p o s s e s s e s  a  t o p o *

I o g i c a l l y  f r e e  l e f t  r e s o l . u t i o n  d .  - +  ' J  l V .  S l n c e  d i m ( X ) :  f s  f  i n i t e , a  r e p e a -

ted  a .pp l i ca t ion  o f  , the  long exac t  sequence o f  ^sheaf  cohorno logy  y ie lds  the

exac tness  o f  the  cornp iex

.  - h

(2) #. (v) --- ' r  (v) ---  o.

Tako a Stetur  open subset  U of  X,The maln t ransversal j . ty  thcoren of  lZ1

I
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(or  a  d l i :ect  argument  ln  th l r ;  s i .mplo caso)  shows that  /^ tu l  f

f o : r  eve ry  Q7z  0 . l l o reo l . ' e r ,  ' t  
. - fV )  6  ^ r r " .  O  (U)  g  t ^ (V1  ,  i 7 "o ,on

Thus .  (2 )  i s  an  acyc l : " . , . noo lS t ion  # * " r i , u )  w i th  
"3 "n* " i  

t o  the
A

*  t  
O ( * ,  

O  (u ) .Acco r :d lns . l . x , t f r e  comp lex

O ( x 1 9 ( t r )
e x p e c t o d .

func tor

( 3 ) t , ( uo  v ;  * *  6  ( v )  6  ^ , , , r@ (u )  - 'P  o
( 7 \ ^ , ,

i s  o x a c t ,

By  cornpar ing  the  dxac t  complex  (1 )  v r i th  (2 ) ,w l t tdn  fo r  Ur ' \V  ins tead o f  V ,

t h e  f l v e  l e m m a .  g i v e s  S { u n  v ;  X  $  t v l  6  
O $ ) O ( u ) , a n o  

f t n a l - l , . ,  f  l r r t  r  6 ( u ) ir  w  \ . r * g ( x ) "

N e x t  c o n s i d e r  s n  o p e n  c o v e r i n g  w i t h  S t e i n  s e t s  1 f =  ( U f ) f 6  
1 , s o  

t h a t

the  sheaf  $  admi ts  topo log ica l l y  f re ;e  rcso lu t ions  on  V,  fo r  every  1a  I .Due

to ' t l i e  assumpt ion  o t r  the  d lmens ion  on  X we-may assume tha t  the  cover ing  W

l ras  f in i te  d lmens lona l  nerve .The exac tness  o f  the  complexes  l i ke  (21  show,s

t h a t  t h e  s h e a f  {  1 s  a c y c l l c  o n  a n y  f i n i t e  i n t e r s e c t i o n  \ r i n  V j  f l  . . .  A V n .

Consec luent ly  the  dech complcx  o f  a l te rna t ing  cocha ins  t ( . '  $ f  ,  €  )  computes

the  cohomology  g ] 'oups  Hq(X,  S) .As  th ls  cohomology  van lshes  by  assumpt lon

for  q7  1  ,we 6e t  an  exac t  sequence o f  the  fo rm

(41  o  -+  S ! l )  *  qo*  (€ :1  *  . . r  -  tgN-  s ,

Slnce every eomponent  4a of  the.  bech complex is  a  d l rect  su"rn of  the
A\

f o r m  .  . 9  , r F ( v , f t  V . n . . , n v , - ) r t h e  a b o v e  c o n s i c l e r a t i o n s  l m p l y
l r J r . . . ' l ( '  L ' -  J  K '

V q  L  o l x y @  ( u )  a n d  q q \ r ; 6  )  6  O ( x ) Q  
( u )  Y  V q ( v n  u , 5 )  |

f o r  e v e r y  S t e l n  o p e n  s u b s o t  l i C X . T h e r e f o r e  t t r e  e x a c t  s e q u e n c e  ( 4 ) . l o c a l i -

z o s  t o  a n  e x a c t  c o m p l e x r t o o :

o - -z  S tx l  6  n , r )o  (u)  -__u q ' (q t rn 'u ,  s  ) .

W h e n c e  t h e  m a p  ( 1 )  i s  a  t o p o l o g l c a l  i s o r n o r p h i s m  a n d  S t x l  e O ( x ; O ( u ) .

T h i s  c o n c l u d e s  t h o  p r o o f  o f  P r o p o s i t i o n  1 . 1 .

.  Though ln  th is  paper  ws  do  no t  r . l se  the  fo l low ing  resu l t ,we have lnc l .uc led
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l t  to  l "ou .nd .  o f f  l ;he  above cha: :ac te r lza t j .ons  by  a .puroLy  loca l  c r i t c r lum

for  a  sheaf  to  be  quas l *co l :e rcn t ,A  she i l f  o f  the" fo rm 06 V w l th  I t  a  Banach,

space vr l l ;L be ca} lecl  a iJ&nach free O -mociu. l .e.  4

Proposi t ion 1

$t;e. rtt*glZf.q-g X

lg-ff",Ll'eg {

.2. (re*eror fr:J ) r,el fl pg*eJr{s}]$jLaryr-.ls, r4q

.JI { pgj.gc*-U.,q'e-_g.,1c,cg]J;,** x,lliuQS

*e.-sngsl:gs.bs.*g-[-!..

I t ' loreover, i -n the same paper i t

cond i t lon  in  the  above s ta te rnent

d u l e s .

l r ,e rnent ion that,r . /het l  X is the

f j .n i tc  topo l -og ica l  reso lu t ion  o f

Koszu l  complex  b t  t t re  d iagona l  A

is  p roved tha t  a  sheaf  wh ich  fu l f i l l s  the

has a globai.  resolut ion with Banach free no-

e x i s t s  a  c a n o n i c a l
^ , 6a f ' 3  , g i v e n  b y  t h e

a f f i n e  s p a c e  C n , t h e r e

any quasi:coherent sh'e

= { r " ,w)e  cnx  cn i r=wl

K , ( z - u , O A t ( a n ) )  - t  { * -  o .

T h l s  f a c t  h a s  b e e n  e x p l o i t e d  l n  [ 6 ]  a n d  [ 1 7 1 .

1 . 2  T o  f l n i s h  t h e  p r e l l m l n a r i e s  o n  c l u a s i - - c o h e r e n t  s h e a v e s , l e t  u s  r e m a r k

tha t  the  func tor  wh ich  ass igns  the  g loba l  sec t j .ons  Sr - - '  $1X;  es tab l l shes

an equ iva lence o f  ca tegor ies  bc t r , rcen  the  ca tegor :y  o f  quas l -coherent  mo- '

du les  on  a  S to ln  space X and a  fu l ]  subcategory  o f  the  ca tegory  o f  l , ' r6chet

I  (X) -modu les .Accord ing ly , in  the  seque l  rve  sha l l  sh l f t  f rce ly  our  po ln t

o f  v i e w , d e p e n d l n g  o n  t h e  c o n t e x t

1 , 7  6 r l g i n a t i n g  i n  t h e  p r o b l e m  o f  r l i v l s l o n  o f  d i s t r i b u t i o n s  b y  a n a l y t l c

func t ions  and in  qucs t ions  o f  ana ly t i c  dua l l t y  theory ,  the  fo l low ing  re -

su l t  tu rned ou t  to  be  a  bas ic  too l  ln  modern  ana ly t i c  geomet ry . I ' Je  s ta te

on ly  i t s  compl .ex  ana ly t i . c  vers ion , thc  : :caL  ana ly t l c  case be ing  no t  needed

in  the  present  paper .

n  4 ' .
bq q "-p.91y.gLgg.-i4 0" and 1!! S be -ag

5 OnoG ]-9--e.--ql-qef-gf l'r{.cJet qpacegv -
x e  X .

Theore .m 1 .1 .  ( t qa1s range  h '11  )  Lg t  D

ggal..ytic_._cohelelt shsaf on D.rug-!.
o

4tl4 Torla(3.. ' ,1..) = o fqr q:7 1 qqd
q  X ' X .
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I i sca l l  tha t  t .  denotes  the  sheaf  o f  smooth  func t lons  on  D.
:  \ r  

A  s tandard  app l lca t ton  o f  Ma lgrange 's  theorem pr :ovL< ies  tho  3  * {eso l -u*

r t  lon of a cohelrent s iroaf .  Narnely ,  i f

i
0 --- - r ,  Oo* 9@,o)--6* U$,1) ,  . r .  -**  f r (o,n)- . - - - - - .*  o

, D

tlf

:  denotes the Dolbeaut t  complex on the p lyd isc D and ' , ,  is  coherent , then ac-
l /  

- i  cord lng to  Theorem -1 . f  the sec luencd of  l ' rechet  I  -modules

(D) e -> {'----- t@'o,rn Ji -_.- * $(o'n)ru S ------ o

i s . a l s o  e x a c t . T h i s  g i v e s  a  v e r y  u s e f u l  r e s o l u t i o n  w l t h  €  - m o d u l e s , o f  t h e

slreaf {  . t

I t  l s  s t ra lgh t fo rward  to  ex tend  Theorem 1 ,3  to  S te ln  man j - fo1ds .F lo r ' eove r ,  ( .

t i re  qual l ty  o f  the sheaf  f  Ar4,  o f  be ing prJct ret  is  local ,so that  on a

.  s tc in  mani fo lc l  X the s i reaf  { *n '& is  f rJchet  vhenove"  . {  ls  a  co}reren.b

A -module and 9 ls  a  locaf fy  f ree f ,  -module.Therefore we may.state

t h e  f o l l o w l n g ;

cofol lary 1.4. Let,  X lg,g,S!.glq-. i lg+!9-ol .d gf.  co.rn:t lgX. cim.ens. lo!  n and-Jet {

he*ap a lg1 ,y t j -c  coherent  j rh -ea f  og  X.J 'hen f  r rossesses  a  - res-o lu t io*n  o- f

le:r,gt& n t-o tbe -rig!t-wilh l. ' l"{chgl f -mod.!-r1e-s.,

:

I n  S R c t i o n s  2  a n d  1  b e l o w  s e v e r a ]  g e n e r a l i z a t i o n s  c f  t h i s  c l a s s i c a l

fac t  a re  g lven.

'  
1 .4  The l&s t  top ic  to  be  d iscussed in  th is  paragraph concerns  inverse  sys=

.  tems o f  Banach modu les .The inve : :se  l im i t  func tor  l s  no t  in  genera l  exac t  ln

'  tho  ca tegory  o f  1oca l1y  convex  spaces . l {ever the less  some c lass lca l  c r i te r ia

fo r  l t s  exac t i t y  a re  }cnown,c f  .  Pa l .amodov [1  i J  "One o f  them ie  reproc luced

b o 1 o w .

Proposit . ion 1.5. I?g! o -  Dr,  - l* .  Frr* Grr---* o L-e nL j-nvgryle-sys1;.9-m'

'  
l r r .Le, le4 qvi t  ne 8{ ,  o!  : :hor ' [ -  exgct j l%lu-ences jJ l , :c lchet sngceg, Tf f  or:  evqr.y

n( m l.he- gtrugt-ure qt,P Il** ilr, Ig!--qgLle-ig,gg'then 1;[e- inlers"e -].i-r,:Lt

gc-ggggge Q + 
JII ltr, -----* 

119 Inr, * 1{ Gn * o 1SJ.S9.-g.LegJ'
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Def in i t ion ' i  .6"  L* t  X be a Ste in spaco.An lnvcrse systern (Or. ) r ,

Qtxl*modules is satcl to have the Uj-t!gg:l_e*I{l-g:r.rrorlcg_ft (in

proper ty)  i f  the s t ructure maps r l *  *  E '  have dense range for

A F::dchet OtX)-modulc is saict to have the (fqf,) p; igpg-Ljg

inverse l i .mi t  o f  a  sequence of  ] lanach g(X)-mo<tu les and th is

(]

For a proof  o f  th is  fact .  see [ t  1 .1 f6oor"em 5"2.$uc] r  a  phenomenon appoa.red

for  the f i r "s t  l , ims in  tho ppoof  of  Ml t tag*Lof f lor 's  theoren on meromor"phlc

L 'unct lons vr i t ) r  prescr ibc<i  s j -ngul .ar l t ies.Af ter l rards i t  l ra$ used i .n  mnny o1;her '

: : : . '  compLc'x  o.nalys is  l ,heorems,espocia l ly  re la ted to  Runge exhau,st ions, I ror  th is

re&son  the  phenomenon  desc r ibed  i n  P ropos j . t i on  1 .5  l s  o f t sn  a t t : : l bu ted  to

..- of Frdchct
€ l N

short t-!u (tlr]

any n s Inc,

l f  i t  ls an

sys tem has  the

Qg rlg-invers"e s.Lst.cln of ex-aq! lcq-qenggs -9.L1'r5chg[ 0 $
:

lf-j!9--+ny.9.rry syglglg (l'j l.^ boy.g-lhe (lril) ]EopefUt, i

Urc_gy-ltcrti ( G- ),1nd .thq- sc-qilg.lr*c9' n "

) -mo9yl=qs.,

) o 'i-b,91*-H-9Le-9-E

, . . ** I j-m Fl ---- lim fn9 -* lirn G- _-)' O

i s  e x a c t .

( t l t , ;  pro i rer ty .

A f l rst  s lrnple ex:rmple of module wlth the ( tUl, ;  property is gj-ven in the

af f ine  casc  X=dn by  thc  space o f  ana ly l tc  func t ions  O$D dc f ined on  a  l i .u -n ra

o p e n  s u b s e t  U  o f  0 n . I n c l e e d , i n  t h i s  c a s e  t i r e r e  e x i s t s  a  c o m p a c t  e x h a u s t i o n

of  U rv l th  0n-ho lomorph ica l l y  convex  se ts  Knf  Urand denot lng  by  E '  tho  sepa*

ra to  cor rp le t lon  o f  the  space O (U)  ln  i ;he  un i fo rm nor r r l  on  Kr r ,o : re  ge ts

0  tU l= . ' f . i i !  Er , .Obv lous ly , l l , ,  a re  l lanach a lgebras  and the  maps l l * - - - - - -+ 'B '

havi ;  <Iense r&nge.
' \

Bq forn  ' l  I  s t l l rg  sonte  o ther  e> :amples  o f  rnoc lu l -es  w l th  tho  (Uf , ;  p roper ty  we

l s o l a t e  t h e  n e x t  t e c h n l c a l  r e s u l t .

Lemma 1.7" I*I X b-e_ e.:;t.e,t$ spqc_e. qUl le_L

. .6 --+' P1 --o FO -*' G -.* O
n n l l
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proof  .  l rc t  r !  aenote the kernel  o f  the map r i l  . - t  Grr .The.  exactness of  tho

sequonce at  l -cve1 n shows that  K-  ls  a  quot ient  O(X)-moAule of  O;r ' t l

parttc,.1ar 'uhe map I{O -7 I{O has don"se ral lgo for any n( n' l lherefo::e K-=

f frn r,9 is s.n 0$)*rnodul-e wl.th the (r ' l f , ;  property. i i imilarly the modul-es
4-a  11  i  {_1

G ancl  
l i r  

r<*" ( r ; -+,  U;- ' )  harre the (wt l , ;  proper ty  for  any L7zO"

The last  asser t lon fo l1ows by a repeato<l  use of  Proposl t ion 1"5 '

Corc' l  r:rry 1 .B"lg! -g !g-qn App.l] ' t lc aphgfe-pt she.qf-qg s St9lg-*slacg X'

'lletr .jug-*Ir,(.ch.9^!. I (x)-mggql-e 9"(x) haS-r:lppel!.v- (tul; '

proof  .  i l rnbod X in to an af f ine space 0n.and consider  an open bounded poly-

d i lg  D ln  0n.Then there are f ree resol -ut lons on D:

( 6 )

and

( ? )
\

In  v i r tue  o f  Lernma 1 .7  and t l :e  exa tnp le  fo l tow lng  Def tn i t lon  1"6 ' tho

O - - (Dn  ) r ' )  l s  an  i nvc r^se  l im i t  o f  a  sys tem o f
exact  sequince (7)  shoi+s that  A
J lanach modul1;s  l t i th  proper ty  ( tq t , ) .gy apply lng agaln Lemma 1 '? to  the sequen-

ce (6)  one f inds that  the O (X)-modul -e I  (nn X)  has the (Uf  ;  proper tyo , .

But  5  tX l  g  
i j iq  f i ln*n X) ,where (Dn)  js  a  re la t ive ly  cornpact  exhaust  j 'on

o f  0n  u l t h  po l yc l i scs .As  eve ry  res t r l c t i on  u rap  6  (D -n  X )  - ->  5 (nnnX)  '  ' .  ,

k>mrhas dense range 1n a complete system of  sern lnorms of  5  {n*n x)  wFl lch

does not  c lepend Qn k,one can choose by a c l iagonal  se l .ect ion an Inverse

system of  l lanach O(X)-mociu les wi th  the ( tq f , )  pr 'per ty  *h lch converges to

F tx l .T l r i s  f i n l s l res  the  p roo f  o f  Ooro l l a ry  1 'B '

" o  * ' g l l D n x - - - '  g i l n n x *  s l o n  N u  o '

.  c .  - -n  g ;  - -  e r *  O" l rnx*  o .

Rernark 1 .9 .  Another

t lon whlch fo l lows

f ined on X admi ts  a

p r o o f  o f  C o r o l l a r Y  1 . 8  c a n

af te r  P : :opos i t ion  1  .  2 . I {a rne1Y

prc  senta t  ion

be der lved  f rom the  observa*

, the  cc i re ren t  sheaf  f l  a* *

0*6 n * Ox$ 1,' ----" S ----* o

modulos .1 .1hence tho  O (X)*modu lo  $ (X)  has  the  ( t ' l i , ;  p r "oper l ; r / "
s i th i lanach free
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2,  Sof t  l teso lu t ions  o f

l lh is :  sec t lon  is  devc l tod

coroJ- Ia r ies .

proof  o f  Theor .om 1.  Lot  X be a Sto ln space and le t  I  f 'o  a  i l rdchet  Or*

rnoclu le" l , le  embed X in to an a. f f ine space 0n,3o that  {  becornes an Of ' -mb-

dule by the rcst r ic t ion of  scalars .Next  O denotes for  s impl ic i ty  6)X '

w"  un*r r  provc t i re  equtva. lence of  the fo l iowi-ng asser t lons: '

( 1 )  S  r "  quas l coheren t ;

( i j . )  5  ( ) l )  adml ts  f in i te  : :esolut lons to  the r ight  w. i th  o (x) -modules

of  the form I  (x l ,vrhere g ls  a  l " rdchet  sof t  o  -module;

( i l t )  g  is  acyc l ic  on X and admi ts  f ln i te  resolut ions to  the r ight

with Irrdchet soft O -modules'

( 1 r ) +  ( 1 ) .  L e tt " ' l , t * ' ' ' '

(B) 0 ---'--" S txl -* Vo(x) :-* "' 
'----* yNlx) * o

o" tt^ exact secluence of topological O (x ) -modules '  where I 
t  ut" '  

! ' rdchet

s o f t .  0  - m o c l u l - e s r l = 0  1 1  r . "  s N '

I f  U  deno tes  an  open  s to in  subse t  o f  X , then  V r (x )  ] : ,O l r ,O  tu )  and

-. .l

Y ' ( u )  g  $ - ( x )  6  ^ r * r O  ( t l )  f o r  l = 0 , .  "  v N , b e c a u s e  t h e  f  
*  a r e  t u a l r - ; o

'  
u \ ^ /  F  1

herent  O . . rnodutes,see L19J Theorem 2.1 .By apply lng th t l  functor :  t  AOtx lO(U)

,

Quasl-Coherent Modul"e s

to provlng Theorem '1 a'nd to dor iv lng a few of  l ts

I

I
t
I

t o  t h e  e x a c t  s e q u e n c e  ( B ) , o n e  o b t a l n s  b y  a  r e p e a t e d  u s e  o f  t h e  l o n g  e x a c t

sequence o f  i t s  der ived  func tors  the  nex t  exac t  complex :

'  o - $ t x ) 6 n , * ) C I ( u )  " 9 o ( u ) *  " ' 4  y * ( u ) * o '

Thus 6 tx l  J  e ,  . . " . ,  O (u)  ' r " ioreover  'denot ing by € '  the sheaf  associated to
v  \ r r l  / \

t h e  p r e s h e a f  U t _ ; ' ' f ( X l  6 C I ( X ) O ( U ) , o n e  f i n d s . t h a ' t  S '  l s  a  q u a s L - c o l r e r e n t

q  J A  ^ r r o c i - ^ ^ t l A Y . A I . r T

O -modulo and 5(x)  = $ ' ( ; j ' { ' i tu t " ro"n S is  quasi -coherenl"

( 1 1 i ) + ( i i )  T h i s  i - m p l i c a t l o n  l s  e v i d e n t '

&
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i :
l 1
l t
i i

) i

;
i :

, .1  :

( r ) * ( r | i ) . S u p p t l s o . t } r a t t h e s h e a f g i s q u . a s l - c o h e r e n t , , A c c o r d | n 8 t o' * " ; " :^ - .  
^  -^*^  re. io lu t lon * '  *  S **  o '

Proposi t ton 1.1 '  5  t ras a topotogica l ' I 'y  f ree :

This  shows in  par t icu lar  that  g  is  acyc l lc  on f i te ln  open subsets of  X"

-  a - - r J  ̂ 6  / t i \  ^ r  
l \  I  0  co .n ta ins  on l y  nuc lea r

The 6 - rcsolut lon (5)  o f  the Vfhrno<;u l

f rdchet  sheaves.Consequ.ent l -y , i f  11 denotes a t l rdchet  space ' then th is  rosolu-

t i c l n t e n s o r j . z e d w i t h x 6 n b e c . o m e s 4 . f i n e r e s o l u t i o n o f t h e O - m o d u ] - e
-  l ,  u lar  ever :y  O -modul  o  f^  has such a resolut ion 'say
08 n. In  Par t - t -curar  ever-Y v -  q ,

The natural i tY of t i te

Moreover , the  cons t ruc t ion

. . . . ' ,

shows l;Ytat, o!(,1 i's a double complex'

cornplex Y le lds
5 -resolu'Llon

of  th is  double

Thorefore , l f  .V '  denotes the

pl -ex uKi  ,vLth tho canonica l

. I

s imp lo  comPlex  assoc ia ted  to

c o n v e n t i o n  o n  t h e  i n d l c e s ' o n e

the doublo com-

obta lns :

{ :

i f

i ft:

J-f p+q=O t

o t h e r u i s e .

P=O t

p*o "
(e ) ) =\ L p  ( q '

Moreove r  ' t he  comp lex  V '  i s  bounded  to

F rdche t  f l ne  I -modu les 'Deno t ing  Ia=

two exact  sequences of  O -modules l

o - >  { - - - - q o / 3 r 0 , "  
( € 1  *

the r : lght and i ts terrns are onlY

1n(Qq-1- - - - -  qq) ,one der lves  f ro r r

j

[1

-----+ Q." ---- O r6 . .  
'  

l /

( 9 )  t

( 1 0  )

lnd

( 1 1  )
. t

f D ' c

Let  V  denote  an  open

\2t 1 ,on 
'V and the l -ong

a A

V' t - -+  f i " *  0 .

s u b s e t  o f  X . T h e  a c Y c l i c i t Y  o f  t h o

exac t  sequence o f  sheaf  cohomology

sheaves  4 'q ,

implY:

o  -  '  f r *  & n  t  e 7 t o ,
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fo r  eve ry  J7 /1 . l J i nce  X  l s  n  f i n t t c  c l imons iona t l  t i t e l n  space 'ono  f i nc i s

.  I I J (V ,  0O)  =  0  fo r  ; i 7z  1 . l l l ben  the  s ' rne  a rgumcn t  app l i ed  ' uo ' t he  shea f  ' ( ' / 3 'O  '

v la  the exac ' t  sequence 0 FF ?)o-o ?o--*  Vo/Oo=* o f ina l ly  g ivos

n l  ( v ,  qo  /  f r o ;  ,=  0  , x7 t7 " ! Jhence  the  sh r , : a f  qa  I  g0  i s  so f ' t , ' c f  .  f o r  l ns tance

l l )  P ro los i t i on  1 I  ' 1 ' 5 ' 1  '  I
I -n  order  to  prove-  that  (10)- l .s r  t l re  tLos i re& sof t  resolut ion ' l t  remalns

r .  
. . *o  

" ; ; ;  
*n "a "  vo /  &o  i o  u  shea f  o f  r l r dche t  o -modu 'es "o t  cou rse , r t  su f f i ces

to prove tnat  . , t ' t '  rV,A/3. rO) ls  a  separated local ly  convex spaco for  every 
'

S t e l n o p e n s u b s e t U c x ' T } r i s a s s e r t i o n f o ' l l ' o l r s f : : o m t h e e x a c t s e q u e n c o d e -

r i v q d  f r o n r  ( 1 0 )

n i ( v , 3 0 )  g  s l r " t  ( v ,  s 1  )  x  . "  "  Y  l { i o k 1 v '  $ l t )  *  " : '

o -F, S(u) __- f $ , g.o / fio ) ---' V1 (v)

by not lc ing that  the ext reme terms

Asser t i on  ( i l f )  i s  ve r l f l ed  and

. . I , . e l u s r e m a r k t } r a t t } r e l e n g t h o f t } r e s o f t r e s o l u t i o n ( f o ) i s e q u a l - t o t h e

d l - m p n s i o n o f t h e a f f i n e $ p a c e ' t n v l r l c h t h e u n d e r l y i n g S t e i n s p a b e e r n b e d s .
'  

Ry  tak ing  ln to  account  the  observa t j -on  made i 'n  paragraph 1 '2 'o t )e  can u l l -

ambigously cal l  a modur.e Ir over a stern a1-gebra g(x) a rr:&Jig.!-sg,! o(x)-

gfg.ggl3.  r thenevor  E = f (x l  ' rvhere f  is  a  sof t  sheaf  of  Frdchet  9(X)-modules"

s'm'larly,the Frichet o(x)-module E is sinipl-y ca' l*d qgsj '-g9bg9g! l f

D  =  5 (x )  and  {  l s  a  quas i - co } te ren t  O-moc lu le '

A. !-rdchct I 
coh9r:'o4t i3

aclmj.ts a flgl-1.9-rcs-9f 
6'ci''e!*eqtL

are ! 'r 'dchet spaces

thus t t re  proof  o f  Theorem 1 is  compi  ete '

Corol larY

and o

1 o  I  c

f i t

mgg*s.

N e x . b w e c o n s j . d e r a f e w p a r ' t i c u l a r c a s e s o f t h e o r e m l , | n w i i | c h t h e s o f t

r e s o 1 u t i o n s ; n a y  b e  c h o s e n  w i t h  a d d t t l o n a l  p : : o p e r t i o s '

Proposl t  Lon 2,2,19. ! '  t l  r re  a* ' l r -dg i :g l  A( f l t ) - l rq9t rJ9- 'Ueg $

if-and onl.r.t! lhere -exlgljr g"n exac''u' sc"q'ucnQe o*J tl'Jgbet

}-e--g qg gr:g.g.h g rs" n !

I (an ) -moclg1sg:
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P::oof .  The necesslty fol lor+s from Theorem 1

ln  o r "der  to  p l :ove  the  su f f l c iency  o f  the  cond i t lonrassume tha t

compLex (12)  ex l .s ts  an i i  le t  us  cons lc le r  a  s te ln  open subset  uc  0n

to  p rovo tha , t  E IO O(U)  n r . inere ' io re  denote  fo r  s fmp i ic i t y  A= g(CIn)  '

f y  
a p p l y t n g  t h e  f u n c t o r  * . . 6 , r  g ( u )  t o  ( 1 2 ) , f r o m  t h e  l o n g  e x a c t

o f '  T6r 's  we ge t  thc  i sornorph i ' sms:

o  1  ^ n 4' t ? - - * - . , S I v * *  
! l t - - - - t '  . . o  4 i l  

* t  
-  C - ' ' O l

g v v

-t ..

a-rp- Ii'r'6qhe-t-sg[il P (4")*g!q$i:]-ep.{qr. i*0,1 , o " in-1 '

. , r A
0 ( r i ) )  : ' i ' i i r l + n ( c ,  O ( u ) ) '  J > , 1 ,rtrltu,

k e r n e l  o f  t h e

ls  a  separa ted

f irst  .bound4rY

Iocal lY corrvex

the exact

.We havo

sequence

i n  the  Koszu l  comPlex

spa.ce .Accord l .ng lY  '

Since the l ' rdchet a1gebra A has global T6r-dimenslon equal to n (due to the

.  ex fs tence  o f  Kosz ,u l t s  reso lu t i on ) , r ve  i n fe "  f 3 " | (0 ,  O  (U) )  =  O  fo r  J>21 ' l 4o re -

ovor ,denot ing Z1=so7n, the sz inre argument  shows that

r6 t f  tz1 ,  I  (u ; ;  3  t6rA (c ,  o  (u) . ) ;

But the last sPace ls th 'e
'  
K ,  ( z - w ,  O ( t l ) a  c  )  , t h u s  i t

f rom the  exac t  seq t rence

a  -  1  .  +  -  
' n  / ^

0 -*1or t  (21,  O(u)  )  - - '  D r ! }AO (u)  - - *  t "&AO(t I )

we f i nd  tha t  I l  6nO tu )  i s  a  F rdche t  space 'q 'e ' do

corollary 2.1. A ]ri6chet g (0)*mo{q.tq is--crusl.si-coLe.r.en--t--1$3rrg*9-9r.v ".1{. 
j.! i-q

/  .  A t ' t \  J - - 1  ^

) -rnodule' '

Corotlary 2.4. A l, Idch.qj Oo,-lnp.9.UlS 6 pn.a Ste-in- 'pa'nitgl{ M of 4irng-ng-lgg n

1s...qrlas.i :col lsr"ent i .Lanq-qnly' i f  i t  1p. rr '9^vcl ic o,rr- Sjtein onen s.ets and there

gl*Et ,locgll)L--Qg M , exap,.qqplg>re,:- of l'rdchet O *moqfll es ' of tltg-!''rm'

( 1 t )
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Proof , "  $uppose

U C t4 , on which

a domain of C
g .--rnodule . The

U

-1  4*

wl th
J

g u s : o f t  s h e a v e s , i = 0 , 1 ,  "  n  " of l *1  .

f  f , r f f f f ls  thc last  two condi t lons. l lako a f l te ln  open sot

a.  conrp lcx l ike (13)  ex is ts ,nnd sr ic l :  'uhat  I I  j .s  isouorphic  tc '
n  t l
" .13y  ProDos i t ion-2 , "2  t ta  f ind  tha t  

' , i  
lU  is  a  quas i *co i re ren ' t

e q u i v a l e n c o  a ) < 9 c )  l n  P r o p o s l t i o n  1 ' 1  e n d s  t h e  p r o o f "

Proof .  Le t  E  denote  a  l l l l "ber t  quas i -coheront

the mult ipl- tcat ion wlth scalars rcap impl les

cons lder  a  boun i led  po lyd lsc  D r+h leh  conta ins

.42(n)  o f  ana ly t i c  func t lons  wh lch  are  square

Our f i rst  aim is . to prove by induct ion on

r , 2 / n r A  - - . - . r l  g  E ., 1  , , \ y t  o , . , O ( C . . ) r ,  *  ! .

The next  resul t  - is  re levant  for  appl icat l .ons. to  mul t ipararneter  spectra l

t  h a n r r r
e . . v  v -  J  o

I

proposi t ton 2. | .  A l - l j . l .ber t  .quasj -cahelent  9(c t )*modulg has I  f i r :Ut tg  fesg-
. n

1 u;t.&q*!g-! hc lifl!*w iII- tl i--1. b-e l^ t s qtit I ( 0'" ) -mo dgl e s .

9(Cn) -modu le .The  con t l nu i t y  o f

supp (E ) cc $n, seo f1 ?l .  vie

supp( i i ) ,and the Bergman space

summable on D.

n that  a2(n)  J  5h"r l l  and

Li t  us assums n=1 ; l ' lx  a  second polydtsc Dr ,wi th  'bhe proper t les

Drcc  D . ! / e  mus t  co rnpu te  the  hc rno logy  o f  t he  co tnp lex  K , ( z -w ,n2 (n )d  n )

, n 2 ( u )  &  r )

supp (l l  )C

, where

"6"  may be chosen to be the h i lber t ian tenso:r  product .

Let  us consl -der  the morphisms of  complexes induced by the rest r lc t lon maps:

K , ( z - w ,  O ( C I ) d r )

K . ( z - w ,  g ( D ' ) 6 n )

Notlce that f = Fn and that the three morphisns arc one to one and with

c l e n s e  r a n g e  o n  c o m p o n e n t s . s i n c o  O ( D ' )  J  n ( o r r i l  
a n c l  g ( D ' )  6  U , a r E  

d  ) l r o n e

f inds that t is a quas1.-i .somorphism.Then one easlly. derives that o/ and

are quasl - isomorphlsms, too.Thls  pr .oves that  t l ie  qomplex

( 1 4 )  K . ( z - w , r r 2 ( u ) d n ; - - ' E  - - - r  o

K;
d

{-
0

l s  exac t  f o r  n= l .
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^n-1
I f  n )1 ,we .  decompose  D=DtX  Dr  r  r r , rhe re  I ) t  and  D ' r  a ro  po l - yd l scs  l n  0 - -  ?

respec tJ . ve l . y  i n  0 "Cor res1 :ond tng l - y , t he  coo rd j -na tss  e re  dono te r l  by  z= (z ' ' b " )  n

A fundamonta l  proper ty  of  Koszu. l - 's  complexes onables us to  ldent i fy  tho

sl.rnple. complex assoclated to t lre doirble conplex

K .  ( s ' r * o , , , A 2 ( D ,  , . )  d X , Q , r - w '  r A 2 ( D ' n \  \

wlth

t p

.  K .  ( z - w , A ' ( l ) )  &  E )  .

f
$

I
I

) e

J

2  2 .  r ,  ?
R o c ' a t l  t h a t  A z ( p )  g  A ' ( p ' )  6 A ' ( D , ' )  a s  i l l l b e r t  s p o . c e s .

By  the  i nc luc t l on  hypo thes i s  the  comp lex . , (14 )  i s  exac t  f o r  D ' r z l

o f  D 'oz"Slnce a l l  components of  ( t4)  are } { l ] -ber t  spaces, t } re  complex

0 .There fo re  l t  r ema lus  exac t  a f te r  t enso r i za t i on  w i th  f i  bKp(z ' | . - ' i '

p=0 ,1  "Aga in  the  i nduc t l on  hypo thes i s  y le lds :

jnstead

spl- l . ts over
4

,  , A t ( D '  
' )  

)  o

K ,  ( 2 , - t { r  r , A 2 ( D , ,  ) d  t t ^ f .  ( z '  - v '  1 6 2 1 D '
p ' ^ ' '  q

f n
l o

)a
i f  p=q=O'

o therw ise  "

Then a famj-l iar argument

s e q u e n c e  ( 1 4 ) '
2

The I ,z-est imatds for  the

a resolut ion

on double comPlexes

6 -opu" t tor  on

proves the exactness of  the

pseudoconvex donalns [ r  r ]  g ive

0 --+ n21P; -; go --t W1 -+

where 1,1i 
""u 

l{i l-bor:t 4rcn)-nodules

a l s o  [ t Z 1 [ 4  f o r  t h e  n e e c l e d  d e t a l ] " s '

By  rep lac ing  the  modu le  n t (n ;  lY

one obta. lns a clouble comPlex

dl -'+ o,

endowed v r i th  Sobo lev  type  norm$"See

t h e  a b o v e  c o m p l e x , d e n o t e d . i n  s h o r t  W '

K .  ( z - w ' l ' l ' 6 8 )

whose associatod simple complex hss nontrlvlar hornology on1.y

and there i t  ls  B.

ln degreo '/'ero '
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, J , h e n  b y  r e p e a ' b l n g  t h o  p r : o o f  o f  t h e o r c m  1  ( n a m o l y  l m p l i c a t l o n  ( i ) + ( f t i )  ) ,

ono cons t r "uc ts  the  c lcs i . r ' cd  reso i .u t lon  o f  I l  w l th - l l i l ber . " t  uo i t  B  (CIn) * rno-

du. l .e  s .

T h e .  p r o o f  o f  P r o p o . s i t l o n  2 . 5  l s  c o m p l e t e .

J lomark  2"6 , ' J lhe  proo f  o f  P : :opos i . t lon  2" !  app l - : i -cs  w i th  mlnor  mod i f i ca t ions

to . the  case o f  l la r rach  rnodu lcs . i {a rne l -y ' ,by  rep lac tng  the  h i lbe i : t iau  tonsor  p ro ' *

d"uc t  r . r i th  o .n  appropr ia te  Banach $paces  tensor  p roduc t , fo r  lns tance the

pi:o jec,cive one ,  one proves by i -nduct lon on n*d- i- inD that t i re exact complex (  t  +;

sp l " l t s  over  ( i ,whenever  t l  i s  a  quas i -coherent  Rr ' rnach 0(At ) *moc lu1 .e  v r i th - ,

supp(D)C D" l l l t cn  the  pr "oo f  r t tns  s 'na lo6 ;ous1y .

I t  r , rgu l6  be  ln te res t ing  to  know whether  the  conr : l .us j -on  o f  Propos i t ion  2 .5

remains .va l . id  on  f i te i .n  spaces  r , r i th  s ingu l -a r j - t ies .

.J ,  l ieso lu t ions  w i th  '€  - t ' toan l "nu

Thoorem 1  ra ises  the  na tura l  ques t ion  r *he ther  a  quas i *coherent  modu le  on  a

$ te in  man i f lo ld .  possesses  a  : :eso l .u t lon  to  the  r lgh t  v r i th  €  *moc lu les  ra the : :

t t r a n  o n l y  w j . t h  s o f t  a n : : l y t i c  m o t i u l e s . A s  C o r o l l a r y  1 . 4  s h o w s , t h e  c o h e r e n t

anaLyt lc  modu les  do  have t l l i s  p roper ty "The present  sec t ion  g lves  a  par t la l

f rnswer  to  th ls  ques t ionrwh lch  covers  a l l  the  impor tan t  Cases  needod in  ap*

p L l c a t l o n s . l , h e  n a i n  t o o l s  a r e  M i t , t a g - L e f f l e r ' s  e x e . c t n e s s  c r i t e r i o n  g i v e n  b y  "

p r .opos i t ion  1 ,5  anc l  the  r rex t  techn ica l  fac t  p roved in  the  paper  [? lCoro t fa ry

4 . 5 ,

proposi t ton J"1.  I rq!  l l  b-g.-a. j la- l -ach- €ta)*so( lg lg.Tbcr '  
"  

I  p(c lPv@)'

In  i ;5e  same papcr  [? ]  i t  r ^ ras  proved tha t  i l  i s  a  Banach 0(C) -suUmodu lc  o f

&  P e n a c h  4 ( c ) * m o a u t e  i f  a n d  o n l . r r  i f  i l  " L  S ( C ) ' € ( a ) '

The mul - t id imens iona l  ana logne o f  P : "opos i t ion  1 .1  i s  cas i " l -y  o t r ta lned by

en larg ing  the  c lass  o f  l lanach nodu les  to  tha t  o f  i r r6chet  rnodu les  hav ing

the  ( l i l , )  p roper ty .  see  tho  las t '  pa . r " t  o f  sec t ion  1  fo r  de f  in l t ion  ' '

r,emma ].2. lb,j, ri = *1s rn lg*q-trdcFq.t g(at)*"tgau]g*-L{!Llhg (l'ir) pro-Qsrt.v
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(sn t[g j.Fvcr:Se syite,njf TJqgqgtr mc.thilqg (tto)ou 
u,i),.-:-_-]-

Ep r g(a*-, € tc") 
i* 

pz o:llrsr o r df,lq 4({') .

Fio*l^f -,Condit ion O, I6iU-, € iA;") rs euulvatent' , the',the- exactnesg, of ' the

following auglentei Xo"ruf,' complex

. : 1 .
. \  -  f f   '  

n ,  f 1  .

.  :  K.  (z*w,oo6E(cn))  *  t to e, .5;r" r+(ct)  - -o 0"

Slnce tenso: : i za t j .on  w i th  a  lYdehet  nuc iear  space pres€rves  the  dense

range pr:operty of a l lnar cont ir luous map of Banach spacesrthe inverse sys-

tem (8 ,  S  LGn) )^ .  n r  s t j .11  posses .sos  t l ie  (n f '1  p ro l te r ty .Accord ing ly ,T ,eurma
l ,  I-rs aJr ,

t .?  f .mpf ies  the  Lxac tness  o f  the  qgmplex  or '  l ' r6chet  spaces

' A a Yt 3 -,:--n:..a(cn) -t o.K . ( z - w , n @ t @ " ) )  "  E 9 , n t n n \ \ . P \ r '  ) -.  , v \ v  ]

Thls l "n  turn is  equiva lent  to  condi t ion , t  + .6?OO)€ (Cn) ,Q.€.d.

propostti on 7,5,19.i. E !g-g--Eea*g1 L1n)-ngggis.lhsn r +tiGni€(ct)'

p r o o f .  I n d u c t l o n  o n  n . T h e  c o s e  D = 1  c o i n c l d e s  v l t h  P r o p o s i t i o n  J . 1 .
^ n  ^ n - 1'  

F o r  t h e  p r o o f  o f  t h e  i n d u c t l o n  s t e p r w o  d e c o m p o s e  C " = C ^ ' - r X '  0  a n d -  % = ( B " r z t t ) ,

'  l dy  remarked tha t  the  s lmp le  complex  a t tachedcor respond ing lY . r ie  have a l re t  ,

to  the  doub le  comPlex

^ . ^ a a

K . ( 2 , , - w r , ,  & U 1 6 r .  ( 2 , - r . r , ,  € ( 0 n - 1  l 6 r i l l

K . ( z - , , t r L $ : n ) 6 u 1 .

! r /e  have to  p rove tha t  the  Las t  compl -ex  is  exac t  in  pos i t i ve 'degree and

has seperated homology ln degree zQtoo '  
.

Thq in< iuc t ion  hypothes is  imp l ies  thc  exac tness  o f  the  fo l low ing  augmented

Koszu l  complex :

/
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K.  ( 2 , -w ,  ,  L r c ! ' 1  ) 6n )  * - -  C  *  0 ,

wlrero c=Ookor(5 :  K.  - . - -+ Ko)  ls  a  Frdchet  4U:" -1)-module '

As in tho proof of Proposi ' t ton 2.5 one rolates by a st 'andard argumont

tho houro logy of  the s i .mple complex to  that  o f  i ts .  gene: :at lng double complex '

Thercfore i t  suf f lces to  prove that

A  o  I  t - t . r l  I  A  t  . .  \

e  - - s  € ( 0 ) &  c  ? " - Y ' r -  € ( c ) b c  - - +  c o k e r ( 2 i ' r - w r  r )  J '  o

uel lce of ! ' rdch.et sPaces.ls 'an  exac t  sequence o f  ! ' rech .e t  space$.

I Io tJ -ce  tha t  C ls  a lso  an  €@n)-modu le .Moreover , i t s  exp l l c l t  fo rm y ie lds

( 1 5 )

where  DC0n-1  ls  a  po lyd lsc  conta in ing  the  suppor t  o f  the  Ranach 'o r1 ; 'n '1  1 -

nodule IJ, l , tp(D) ts the hl lbert lan Sobcler. l  $pac€ of order p arrd the closure

of the range of the boundary operator 5 is taken in the norm of the'  pro-

J e c t i v o  t e n s o r  p r o d u c t ' d p ( D ) O n o .

, .The def in i t ion of  the project lve norm on tensbr products shows that the
n ^  

lq(n)6o D havo dense range for  any p)rq ' l ' lo re-
canonica l  maps \ ' l t ' (n)A{  E > w=(D)@r I t  havo u" : "ur l : : " t  

1 t :
over , the qu*t ients  a.ppear lng in  ( t5)  are Banach 4. (c) - rnooules ln  a natura l

way,w1. th respect  to  the var i 'ab le zr ' to l lence v le  have proved that  C 1s a l r r {che 'L

& tt)-rnodri le r 'r iht the property ( l l l ' ; '

In  v iew of  lemuia 3.2 one obta ins a J  g(a ,€  
tc)  'and consequent ly

E rdGT &rcn).
This concl-udes the

r,rit}-ir-Lgler!y- (tlf, ) seLt-f sf {e s-
corolLary 3.4. n plJqlei 9(en)-mo,-q"9fg I

- {  O  r ^ Y l ,E I.6(cr1i ' ,E(u ),  .

consis ts  ln  a d l rcct  appl icat ion of  i rernmo

f t rs t  c r i te r lon  fo r  an  ana lYt ic

4  - m o d u l e s .

C = I i m
+- [ure tn l  6r ru l ( rmF)- ]  ,  :

proof  o f  ProposJ- t i "on 3,3,

I ' he  p roo f  o f  th is  coro l la rY

1 . ?  a n d  P r o p o s i t L o n  3 . 3 .

At this polnt l ' Ie are able to pTove a

modu le  to  admi t  r lgh t  reso lu t ions  w i th
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?roposttton J.5, A.'n"dgbgl 9(Cn)*rno4ute n g$h--plgiglff (t'lt) eggt-fts-g
/ g{ct;*mocl: l lc 'q hqving -Piq-

LUI*!p-, l iggg:Llt iqn to - t ' )rg .f ir : lr t . . ' r i . th*Flaqllgt ' '
4  r r n l

ug-lrr (1"1L) i'{-g:"1-pn}x-'il u lpla;n)?(a J"

-1 9"

Proof. Throtrghout this pic'of gne rlenotcs

By assulrptj-on,D ls lsomorphtc in the

fo r  s lmp l l c i tY  A=  9 (C t ) .
t

category  o f  Fr6chc t  A-modu les

i r i , th J. im Do,whero ( fn]p.-*  t "  
:n- t l "T: :" : r"*"* . : t  

Bans.ch A-modules

which has p:roperty ( l4L)"Suppose u lA-ptu )  t

L e t  u s  c o n s l d e r  D o l b e n u l t ' s  c o m p l e x :

s lnce  every  space o f  (o ,q )  fo rns  ls  i somorph ic  to  a  f in i te  d i rec t  surn  o f

g  t , r " t , c o r o t r u r y  3 , 4  y r e f a l  u  f o € ( o ' t ) 1 C t ) , 9 . v  0 . T l r e r e f o r e , b v  a p p l y i - n g

the functor n@of to the above exaet complex' ,one gets a resolut ion of

.tho 
A-module It orrn o"d"nu* 4@n)-rno<1u1es

0 - :> D .---- .+ rE(o,o) (cn) 60, *  o.  r -  *  t4@ 'n) (cn)6 oE 
*.  o '

A-module €(0n)6on r , t "  proper ty  ( tq l )  ' l 'e t

a t  0 ,o f  mu l t i r ad j ' us  (p ,p ,  '  '  '  3p )  "Then

a s l e f t a n d r i g h t A - m o d u l e s . B y p a s s i r r S t o q u o t i e n t s o n e p r o v e s t h a t
-  n .  A  .  1 a f *  A - m n d r r l e  r o p e r t y , a s  d e s i r e d ,

4$")dnD ls a lef t  A-rrror iule wj ' th the ( tut l ' ;  p

conu""ue ly , i f  the  Frdchet  A-nodu le  E  adnt ts  a  f in i te  reso lu t ion  to

r igh t ,w l th  to ( tn ) -modu les  u j ' th  p roper ty  (Mt )  ' then  Co lo l ta ry  J '4  and a

p e a t e d  u s e  o f  t h e  l o n g  e x a c t  s e q u e n c e  o f  T 6 r t s  g l v o s  f  J ' O 4 { C * ) .

T h e  p r o o f  o f  P r o p o s i t i o n  3 ' 5  l s  c o m p l e t e '

The Ina in  resu l t  o f  th is  sec t lon

t\

. I t  remai .ns

D denote the
p

€ (on )  6  E

to Prrovo '  that the

pol -yd ise centered

n ,r\
!  l j .n l rJ ' (D- )  8* E- 

e-- p' r,\ p

the

re..

can be s tdted as fo l lows '
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f

-, f '^t x bo a fite:Lr1-reuugr9--Ug--19! f bg-& irro'che-!
Theorem , "o .  ) ' u . !  ' '  "Y . . ' : : - - *

slslgJ:!Ls,*-!:ru9']-e-sl.'*'11-v- J r ee-r'959l4$"eg

' \ t

O O l l ^ - *  V  - F  O o' U

&e*etb*,!-i^Le I (x ) *rsrr]lrts. $(x ) ire"s -p'rpls:!t (Mr, ) "

[.h-e,.q -gre-Js$-a.u.i!rl-s srgi Li o n 
":-'gr-9-s$3:]t2lq'$ 

:

(r) T.h-e--go$L.l.ex

. '  . . .  : :  €6n ,
d t

!c@Eo

./

1g-g;iqgL-egq coker(dr) jga she'a'f a-t Xricbe-U&tr'9-g't

Q -mo-clule F,
(i1) rhgro exist- Lg--UGbl

w!!h Fr{c}:et { -r}o<iu]es vrilh prqne'rtv' (ul'; ' t

'  
\  , - ! , . - ^ 1  , ,  ^ ^ r r i r r n ' l  o n t  t o  F  I  ^ , - - . f - ( I ' J t w n e l e  r =  t t \ ' ' ! ' | .

I r o o f  .  c o n d i t i o n  ( 1 )  l s  o b v i o u s l y  e q u i v a r e n t  t o  F  I O ( x  
) f - ( * )  

' w h e r e  f =  S ( X )

M o r e o v e r , t h i s r : o n d i t i o n m a y b e ] . o c a } i z e < i w i t h r " e s p e c t t o t h e s e c o n d t e r m .
A t  -  t h  f i n i t e  d i m o n s i o n a l  n e r v e '

t ' lamely tJ-f  
' lL denotes an open corr.cr lng of X r+i

then the  fb l - low ing  Cech comPlex

" , "  - ,9 ,? roG ' ,

l s  exac t .W a .Pp lY lng  i t  the  funeto : :

t i o n  ( 1 ) ' +  ( l ) , w h e r e  u e  h a v e  m a r k e d

--+ et(4r ,{>) "---*o

d t

Q -ue-

U  o f  X .

I

i
t' i

I

a\

u 6 D(r . ) 'Y,  
on"  eas lLy gets  the lmpl lca-

for  convenier tce by ( i ) '  the condl t ion:

( t ) ,  f I 0 ( X ) 4  ( U )  f c r  e v e r y  $ t e l n  o p e n  c o o r d i n a t e  p a t c h

C o n v e r s e l y r i f  ( 1 )  h o l d s e t h e r  w i t h  t h s  n o t a t l o n s  a b o v e

-  ' "  . * . '  
A

r .  oo , f  t ( . (x )canr  *  f l x laBo- - . " '  { (x )  e  g ( t )F  
- *+  0

l -s  an oxacr  sequence of  l ' rdchet  sof t  0(X)- r rodules 'By Theoren 2 ' t  fn  [ t? ]

t t rese no<iu los are quasi*coherent  'whence the exactness of  the complex is

p: :osorved af ter  te ls-or iz ' ] " *  t j  w i th  0(U)  6-Otr )  *  'whcre U j "s  a s te ln

open  subse t  o f  { .S1nce  n  i u ,  
@ O i i  i 4 . ( v ' )  

X€ (U) ,o t re  se ts  asse r t i on  (1 )  
";

t]-= -



'  
r n  c o n c l . u s l o n  ( L ) < +  ( i ) ' .

( t ) , r "  ( i . j . ) .  One star ts  r+t th  l )c l l :eau] 'u 's  compi 'ex on the manl fo l -d  X '

( f i 6 ' , .  ) ' t r l  o ' 6  ) , " j i n c e  e v e r y  * ( o , a )  i s  a  r o c a r l y  f r e e  {  - m o d u l e , c o r r d i t i o n

( i ) ,  l r n i r l . i es  In  I@(x  
) f l : ' n )1u )  

f o r  cve r "v  u  as  be fo rc  nnd  .qZ  
o 'The  same

argu rnen t  reso r t i . ng ' t o  a  i ech  comp lex  y ie l -ds  F  J  A  (X14 '@'q ) (X )  'Q?o 'An  ap -

pLlcat ion of  the J-ons exact  scguence'  o f  T6r 's  6 ives assor l fSn"{ l t ]  'bv  re;

mar l c lng  as  i n  t he  p : .oo f  o f  P r :opos l t l on  ] "5  tha t  U  60 ( *  
) t ' "  

' v l (X )  a re

FrJchet  modules wi th  the (Uf ' ;  proper ty  n '

( i r ) " y ( 1 ) . . F l x  a  p o i n t  x e X ' C a : . t a n , s  t h e o r e u r  A  p r o v l r ] e s  a  S t o i n  o p e n  - .

-  ^ - - i  ^ -  -  ' r ' ' rn ' r  o  {  -  ( f  "  "  ^ f  L ly t i c  func t ions
nelghbourhood Uax and an n-tup1e f=(f1 

""  
' t r t l  of  global o 'ne

on X, rq i th  the  p : :oper ty  t i ia t  f  
[U :U 

- -+  f (U)CCn ls  an  lsomorph is rn '

B e c a r l s e  1 ( x ) - f ( V )  i s  a  r c g u l * " . * q t t u n c e  o - n  X x U s ( t t ' 1 ) ' t h e  n e x t  K o s z ' u l

compLex 
' : '

-21.-

K .  ( f  ( x ) - f  ( v ) ,  0 ( x  x u )  )  *  o  ( u )  ' - f  o

\ \ _

ls  exac t .Consequen 'b ly  r the  quas i - *coherencs of  € . (X)  | rnp I les  tha t  the  sequence

K. . ( f  ( x ) - f  ( v ) ,  O (x  )& r l ( u )  )  . - '  €  ( u )  - -+  o

1 g  e x a c t . T h u s , l n  o r d e r  t o  p r o v e  a s s e r t i o n  ( i ) '  l t  s u f f i c e s  t o  v e r i f y  t h a t

the  comPlex  :

6 .  ( r - f  ( v ) &ru l l, n &

l s  exact

Let us

dule I ' ia

in posi t i -ve degree and

assume that condit iotr

the map f& : I (cn ) -:--*

has separated hornologY

( i i )  i ro fas" I tegard lng  F

O ( X ) , w e  h a v e  t o  P r o v e

ln  degree zero.

as  an  g  (on ) -mo-

that  the corrPlex

A a

R,. (z-vr ,1 t  @ f t . (  f  (U )  )  )

is  exact  in  Posi t ive degree

lows f - rom ProPosi t  ion 1 '  5  '

Tho  P roo f  o f  Thoorem 3 '7

and has  sePara ted

i s  c o m p l e t o .

asser t ion  fo } -hornologY .  Thls



* (.€,*

I iemarks ' ) , ' l  .8)  Assunpt ion (U1,1 is  supcr f luous for  the tmpLlcat ion (  f  )  +  (  i l )  '

.  r t . ^ r  ^ ^ * , r { . } . . r n n  / {  \  { . r  
' l n n R . ' l  

- M o f o c } V e f  . l I  C a n  D e
b)  I t  i s  wo: : th  mcnt ion lng  t t ia t  cond l t ion  ( i )  l s  1oca l 'Moroover ' i t  can  be

replacecl by famll i .a.r  g)-rreing mst lrods by a stmi lar request inrposed' only on

toca l -  topo l -og tca l l y  f ree  reso l 'u t ions '  
.  -  _  ^ .^^ -^ .F  . r ,La

c)  A  shoaf  as  ln  the  theorem r ' rh ich  sa t is f ios  ono 'o f  the  cond i t ions  ( "1 )

or  ( i i )  has 'a  reso l .u t ion  t , ' i t i r  l l r j che t  {  . - rnod* les  o f  leng th  a t  most  than

the  comPlex  d lmens idu  o f  X '

d )  cond i t ions  fo r  a  complox  o f  Banach f ree  ana ly t l c  modu l -es  on  a  man i *

' f o l d t o b e e x a c t a t t h e ] . e v e ] o f a n a l y t l c , s m o o t h o r S o b o l e v s e c . b l o n s h a v e

bo.en rec.ent ly obtalned by Jantz t t  r l  and slodkotsski  lzol .

.We c lo 'se  th is  sec t ion  by  a  complement  to

dules are supposed to have property (mf ' ;  '

P ropos i t lon  2 .2"Be low a l l  mo-

r fll .

proposi t ion 5,8.  J ,e. t  E ue e l rdghet  0(0") - rnqdule ' 'Thep

qng qnly if th.eTe gxist': an e&rct .Fe-qggs:e--gllrdcl:-e-t

n --  gO --o 91 --  . . .  - --+ ,n-1'-*  C + O,

n  |  / -  4  l r t f r \  i f
I r  _ L  a  / - r r r \ L , \ v  I  + a -- - t  \ u  ) -
O (0")-seq-"le-g.:

( 1 6 )  o
t '

t

q.4-e{e t i re  sJ ateJrd" i te t  4 . rcn)-modrr les ' i=o '1  1" ' "n-1 '

T h e p r o b f t s a s i m p l e a d a p t a t i o n o f t h e p r o o f o f P r o p o s i t l o n 2 . 2 .

Corollary f .9. 'A. F.fdche-t 9(C)-modurq E satj lgl l j lgg o J 9(O f ' tc) 
l f  e-n4 o-n1it

, . - -  1 -  -  ^ *  9 -  |  t , \  - - ' . ^ d r r ' l  o
j . f  D j--s a q"l.osed.sgb.mg$L1e'-*of a l ' rJg,het 4'U:l 'rnqdUle'

B y t h e o p e n m a p p r i n c i p l . e a n d C o r o l l a r y l . B t l o i n f e r t h a t a } l i l b e r t

(Sanach)  g (c ) *modu le  I l  wh lch  sa t l s f i es  I  I o  $1€G)  
i s  a  submodu le  o f  a

I l l 1 b e r t ( r e s p e c t i v e l y B a n a c h ) 1 r c ) - r n o d u l e . l ' l o w e v e r , t . l e l g n . o r e w h e t h e r i n h i g e r

d imensions a : :esolut ion 1 lke (15)  $ i th  l l i lber t  (Banach)  €(C)-modutes

e> : l s t s .
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i  .  ,  ,  ' .  , '

4.  App1i .cat1-ons to  Mul t l 'd imensionaL spect la l  Thcory

r  - - - - . 4  ̂

Let a be a conmuta.t l ,vc n'- tupl-e of l lnear cor l t inuOlrs ope::ators act i ' r rg on the

,  r . . i l
' /  . . i ; througlrou.t t ir ist sec'bion vre B.$si l f i( ;  ns i 'n [171 th*t a1]- n*'

I r rechet  spr lcc l i

,uor"" 
"a*rt 

a (;ol] t inuou:r f lu-nctl"ona)l '  ca', lcu1us lr i- th enti 'rc functlons'I ' leca11'

that  a  ls  sa id to  posser ; .s  l l tshop 's  condi t lon (p ) ;  i f  ' for  Instauce ' the fo l *

lor+lng Koszu.l- comPl-ex

a\

K . ( z - e ,  o ( D ) @ n ) "

{s exact 1n posj- t l .vo degree and has separated homology in degree zero foi '

dvery  open po lyd isc  D6 q ln rsee [ f  f l ' i r  use fu l  co 'c l i t ion  wh j -c ] r  ensures  tha t  the

s .ys tem a  fu l f i l l . s  (  p  I  i s  the  ex j -s tence o f  a  so  ca l led  FrSchet  so f t  sheaf

rnode l  fo r  a . .Ln  o ther  te r tns  th is  mea 's  tha t ' the  g( t : " ) - rnodu le  E  a t tac 'hed to

d  co inc lc les  v i th  the  g loba l  sec t ions  space o f  a  l " rJchet  so f t  Q-modu lo '

The res t r . i c t ion  o f  the  n- tup Ie  a  to  an  invar " ian t  subspace F  is  denoted

. i te lo rq  in  shor t  l y  a lF 's in r i la r l y ' the  quot ien t  sys tem i$  denotod  by  a / t r '

l l e  a re  now ab l -e  to  res ta te  Propos i t ion  2 '2 '

l?roposit lon 4.1. Let a be l*go.rnmu!g! lvg n-tuoJ--e of 1j 'neaT-- lguncled gIrqJ4or:s

o||*A* (@) :sJeee D.!!es a h'1s-u:pnrr'H' ( F ) if*an9'-o-uiJt

n^f, lJ.J" fu l -  &n r ' ' ' '&n-1'pgs$e€Jlg

ql{.gtrgL sof:'l .:lXrAf mqdq}s ?Jrg q*+[S-91. I']'9-l}"iilg-!" (&-ge-A]'re-q]pi!jJ[g]y-

B$-lrgri.) qp.ag-Lq. so,.,.,sn-1 ,?r!-4*qJ9'gqL-:;:yerie$--s*'9res^ge 
no'''''En-1 '

rgs.p9s! i.Y,g.U., !S-!bag

( 1?) a ' .  aol l io,  ao/Do- t1 I  r l1 '  '  '  '  ' *n-2/En-2* an*1l  r r ' - r  '

Abor re  , , , * , ,  . s tands  fo r  the  jo in t  s im i la r | t y  ec lu iva lence : le la t ion .

In  the  csse  l1 -1  one ob ta ins  thc  maln ' resu f t  o f  [1 ]  '

Cond i t lon  (  
F  )g  fo r  the  n- tup le  a  can be  dc f inea as  m[?1 'by  requ i r lng

tha t  the  conP}cx

e f i )K, (n-^  ,  # . (u t ' )



bo exact  1n Posl t ivo

Therr Pr:oPosi 'L lon J '  f ]

".[]4.*

degrce u.nd have

may be restated

soparated hcmology tn degreo z'eYQ'

as f  o l . lo t+s "

troposj.tion 4.2. Lel a !g-^e*-s"s[r$]t?jlLq*l*u.lr,j. $l'i"ns# 
-lull-Lejl--pJg'Igi'eJ'j:'

s.n*A*llstas"Lste!.9. n.llrs"*.Lv-g!gil. a &*--pr-q.p-e.l*t; (P )+ 1f*e'Lq*q'slx;f 'tbess

j {r:r}tq-p.L n*fAsh--ilgs'g n*!}''lgg &o' " '.' r&x1-1 ''
S.$-g5g,_e*gg.g11-q!.9.9.*9gj:1-v*9-W , .

t*:!b-silc-eib;-*i:r1*fu*,c--t.l.q.ng,l--sglgil-\1q 
' *e1-;iJ}q'l* slljr q-'Irsslg ! Jw3sqg uo ' 

. t

$n-1,f9F.L9J*.]&q},Y.,g]j+;:]qs'qi l j$/-gl8Jl!-. !s)s?.cgsiEJcsJnJ=o9no"1t1*,1'9] lS.h'
' i

:  l ' rei"het spaces and' inverss l j
Tlte ana1ogue statement for l ' ,rdchet spaces and, inverss l irnlts or uv"lu*"

of  operators orr  them ls  le f t  to  tbe reader '

For  instance, the exarnples of  subnormal  n- t t tp les consi r lereu i t t  [ r11 havo

' - -  t  Q-  \  o  by v i r t t r .e  of  ' the above cr i ter ion '  1t " " ; ; : " "1 , r ' * ^ : :  
; ; ; ; ; , " - ; ;  pa r tLcu la r  case  (n * r  )  t he  ma in  r csu ' t  o r  [ ?1 '

T o c } r , a , w a c o n c l u s i o n f r o m t h e l a s t t w o t e c h n i c a l p r o p o s i t | o n s , t h e r i g h t'  ' .mul t td imbnsional  analogues of  subdecomposabl -e or  subscalar  operators seent

to  be  the  n - tup les  a  wh tch  f i t  i n to  a  cha ln  l i ke  (1? ) 'w i th  a '  aec lmno laU le

oi  scala: .  n- tu-p les,"* { i ter  than s imple rest l ic t lons to  an l -nvarLant  subspace'

o f a . s l n g l e d e c o m p o s a b } e o r s c a l a r . n - t u p l e . l t l s w o r t h m e n t i o n l . n g l h a t a l l

t l r e s i g n i f i c a n t e x a m p } e s o f s u b n o r n a l n . t u p l c s s a t i s f y t h e s e c o n d i t i o n s .
' r /e  cJ.ose t l i is  sec i ion by a s tabi l - i ty  prope: : ty  o f  condl t ion (F )4,  whlch

.  ls  less 'uransparent  f lom l ts  very def in i t io t l '

^ - . * + . : $ r r , \ ! r F  A n | } -

proposl'tion 4"J. Ig! a E. + cgn.'l\ligtryg n-tp-'p']'g glJlqggr contrlnqqlp' qne'

tg!9]1!--qa-a-n?na*ch snirce 11 an-d -l.q! f :u -:--* cn bq -ap--en4r!'L9 l]gl-qggingg-qg

an op en-lle i glF*ggrlrq c-'ti *o-f lhe -ip}l-!--'5ge-q!gglt-o f,- a'

lrqg e:LSp tll.:s- Pfg.s-eJ.!tr
lf a has-pre.w.rj.f, (p ).0, ,!bs4j!g m-!YPl'g f (a)

p r o o f .  A s s u m e  a  f u l f i l l s  c o n d l t l o n  ( p  ) 4 . B y  P r o p o s i t i o n s  4 . 1  a n d  4 ' 2  o n e

f inc ls  grat  a  posse$sos (  p  ) . In  othe: r  ternrs f i  is .  a  quasl*coherent  0  (q:n) . .

- ;u- r .  o , rppo" tna by tho jornt  sper : t rum 6 of  a ,see [ lZ ]  "Consequent ly  
E =

f  (At )  and * . ,OOSa U,*r ,n , . *  I  1s a quasi - -coherent  module.op 0n 'Slnce E is

a J ] a n a c l r s p a c c i t h a s a f o r t i o r i t h e ( r q l ) p r . o p c r t y . I ' , I o r e w e r , b y o u i : a s s u m p -

t i o n s ' ( n ) r U ( n ) { ( p t f o r e v e r v p o l v d i s c D c 0 n ' } l e n c e { & g t ' i s a F r d c h e t
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, , ' - ,  t  .  '

sheaf  '& l .so  .suppor ted  bY 6 ' .

The T  - reso tu t ion  (Propos i t lon  5 '5 )  p rov tdes 'an  exac t  cornp lex

O ' l 1 1
O  r b  E  - - e " . 5 U  * P  S ' - r  , . ;  S ' ^ * ' ?  0

' {

of  O (0n)-m.c lut  es suppor ted on.  the sgt  o l  " l4 .oreover , t '  1* : .  
4  t t l l -mgdules .

fo i  ;1=0e. . , .1 i1-1 and B ls  a. '  & (U)*moclu l -e ,aLl -  wi th  the ( i ' l1 )  proper ty '

By rest r ic t ing t1e scalars .v ia  the rnap f* r  9(Cm):- - ' *  O(U) ' the above

eomp'ex becomes a resolut ion of  0  wl th  O (g*) -*odules,  and the SJ are. .  . - .

{ .10* ; - rodules.Then 
proposi t lon 4.2 f in tshes the pr 'oof  o f  the fact  that '

/ n  \  . l  '

f  ( a )  l s  an  m- tup le  w i th  p rope : r t y  t ?  ) t ,  ' q ' eod '

d
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