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ON A TRODBIEM RALGBD BY ALPERIN AND BASS

by’

Serban A. Basarab

A b st ppac t

kn thelr paper [1] , ReAlperin and H.Bags raised

the followings: |

Pundanmental problem , find the group theoretic

information carried by a /\mtroa action, analogusus
to that presented in (Serre's book) Trecs for tho case

A=Z.

The aim of this paper is to give a possible

3

answer to the question above by extending to arbitrary
ordered abelian groups /\ the main constructions and

results comtained in the firsfchapter of Serre's book.
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ON A TRODIEM RATSED BY ALPERIN AND ASS

by

Sérban.Aw Bagarab

i In their popexr [I], Reger Alperin and Hyman Bass

raised the following:

Fundamental problen, Find the group theoretic in=-

formation carried by a A~ tree action, analogacus to that

prosented in (Serre's book) Trces for the case /\ = é?a

woEaR

)

The ain of this paper is to give & possible answer
to the question above by extending to arbitrary ordercd
abelian groups /\ the main constructions and resulis con-
tained in the firet chapter of Serre's book [5] -

The principal objects investigated in [3j Ch.I are
ordinery graphs, in particular cordinary trees, and group
actions on ordinary graphs. The group theoretic information
carried by & group action on an ordinary tree is contained

in the graph of groups, assigned to such an action, and its

fundamental FroOUD .

Pa goet the required goneralization fer an arbitrary
ordered abelian group /\, we first need a suitable extension
of the concept of ordinary graph. In Section 1 we introduce

guch a general concept; callea /i -graph, and we show that

the category of ordinary gréphs is equivalent with a catego-
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‘Jamental group of an ordinary graph off groupGe

2

ry of ngraphs. On the other hand, thefﬂ - 2re6s investi-
gated in [é] [i] are identlfmed with particular /\ =g apho e

Nu it i“ 18 nocossaxy Lo ganeralize the basic con~
copt of graph of* proups. This task $g.ochieved in Section &,
whore thae movre goneral and quite technical cnocapt of

/A =~groph of pgroups is defined and investigatede

Section 3 is devoted to the fundamontal pgroun of a
strongly connected /4 -graph of grroups, which turns out o

be a natursl, but more technical, genoralization of the fun-

s

The transition a?Oﬂ,/‘””ﬂbﬁhu of groups tO group

o

actions on /\mtrﬁas ra gonoldorad in Section 4. Pho main ras

%

cult of tha paper, en extension of atructure,Thooren 17 frum

[3} @h.E, ia proved in Scetion 5, whers the buoic conce ot

of the universal cover of a group action on a connected
/\ —graph Is defined and investigated. - .i
Finally, Section 6 provides two examples in ordax €O

illustfate the general theory.
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By & groupoid we undorstand a gmall categery % whoce

xtxorph:i.x:aina are lsomorphisms. Donote by X the et of objects

|

of X, called also the verticos of X. For X,¥€ X, denote by
X(x,y)} the set of morphisms, called alse grzoid, of X from =
- 3 )

x inte y. Ror i‘é}li{:':,y} call the vertex g(f}m}s the oririn

P £, and the veriex t(i‘)m the terminus of £. Denole by 1.,

the }.@f_‘lll%ﬁ" of zeX, by i cg(y,:’;) the inverse of L€ X(,¥i,

SR o e~
d by TgeXlx,2} the composite of £6X (x,y) and gex(y,sl.
Py e - o
he geoupoid ¥ is commested if X{x,y) is non-cuply
L]

L . > 5 R - e
for all poirs (x,7)ex". A grupoid X ic the direcet sum in th2

war

connected components,

&)

2
Gl

e

category of graoupeids of

2!

Now let A to . an ordered abelian group. By A
groupold we understand a;{gvaapoid X with a "leng pehlt function
e arro‘.’::)g»/\ : £ | £ | , satisfying: : o

,i).. I l 20 for every arvow £ of X3

1) |£]=0 iff £=1, - for some ZeX;

T

1i1) €Y =slr| for every arrow £ -of X;

ey
Guomn

ivi lfﬁkf&i(i}’\ for every pair (i“,g,){ m.,‘/}::}{(‘/w, -

Nt
%Y 56X e

- The A ~metric gpnces ag defined in [2‘_1 fl], are idenii-

| fMed with the /\ « metric connected groupoids X for which the

set g_i(x,y) has only one element for all x,y&X.

The /\ —-metric groupoids forms a category /MG having as
morphisms F: (xC f f)ﬁ (i’ { l) the morphmsms P.J.—-—?’-} of grou-

poids, i.ee. functors. F is an {sometry if F.X——.»X is an isonmor=
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phism ‘'of groupoids and [p(e)| =|r| for overy arvow £ of X,

L

Nm" wo put in. av:x.Jcmf‘e a oubc.ute{*ox' of /\?fj} which
:i:a:a Qo nat.ur'nl gonal*&h/,&‘m on of the ca‘tegory' of uho Ox‘ﬂll”ld”‘"?“
grophs as wall aa of the catogory of /\ - trees as defincd
v _ ‘ [
llal.

)

Definition 1.1, A A - gran’n is a groupoid X with a

function. | l: arTow A-—;»/\ satisfyings
&) the axioms i), ii), iii) from the definition of a
/\ = motric groupoids
b) for every pair (:ﬁ',ﬂ*‘é ’(,c ST *(y,‘.;,f.,y,‘,@h,
o (ryehenlel+lzgl-lgle 2/
c) Or(i‘,g),} min (d{cg,n), y(fygh))- for every itripic

(€58, 1€ X (,y) 2 (7, 2333 (2,u) 4 %,7,2,u€X;

>

d) the map g'l:t ff:z (f)’»‘g(g}, {(f,g)f-‘O —?[O,.Igﬂ:

{dé/\ sogg(al}:e > ]2l is onto.

Lemna 1,2, Any /\ -graph X is a /\ ~metric groupoid.

Proof. Wo have to verify the triangle inequality
|re)< (2l +]gl for (£,8)¢%(x,y)ak(y,2)« Conoider tho triplo
(= j“’ym? Ky ig*}. » 2, fj‘mm;a Yo Wo get N =L i‘ff)m[fl +
||~ | 2|, 6 & g e = 0g2 =0, 5(e78, tag™h=d(e72, 1)=0.
It remains to apply the axiom ¢} of Definition lel. g
Denote bJ A GRAPHS the full subcategory of AMG whose
cbjec s,eWthe /\ ~graphsg.

Given a /\ = metric groupoid X and a pair (f,g)¢X(x,y)x

X (yy2), let Y(£,g)=fhefr]nfrg]s hfe[g]} . The following lem~

1
|
¢
¢
{
1
b

i

j
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b
k |

un provides an equivalent definition of /\ =graphs.

1 1 ; |
| | ‘ 1

I Ay Iip 5. Tha nocsosary and sufficiont condition

for o /\ ~motrio groupoid to bm a N\=~graph ig that

1) the map fg}m:*[(),lgi] :fM{i“! ia bijoc'civfa for
-avery arrow g of X, and

11} the set T{f,z) is non-empty (in fact a singleten)

for every pair (£,g)éXCG,ylzX(y,a23, x,7,2¢Xe

Proofe Assume X ia a /\ ~groph, and 1ot pel(y,s).

Pirot we have to chow that the canonic map [{ﬂ»‘y[ﬂg]fff] e

injective. In fact ws prove a gtronger fact: the map abovy

@
©
i
E
©
cv
f
p-le
0
C
£3
90
(@]
5
2
¥
5]
(9]
(o4

|3 ]ie]=Inl| . on the other
_hanjaﬁ applying the axiom ¢) of Definiticn 1.1 to the triplc
(f;’c“yg"lh"l)p we get O:g(i‘;g)}/ m:in.(&:fgw 5.( ,h

ks £,0¢[z] , it Tollews Stee, e n b= ]J,g;M [-»}hg[s-
'—'r"[fh“‘ll - ;:;"l'éﬂ{hl, Sinco 5‘{:’.}2& “‘} I“’] { ”1]-»]}11 , W canc’luéai
2]~ nl] .

Next wo have to show that he, set Y(f,;z) is a singleto

that |fh 1.5;

Lor every palr (f,g) of arrows of '_}_’; such that t({f)=

s
5
@
—

(éf)‘o £

ii{?

the exiom b) of Defimition 1.1, there exists a unique 'fq/\
such that J'(f,p;}’ ::\[ obviously, ©§Y<$ min(|f], |fel). 45 the
canonic map [f}?[oglf]ia bijective, there is a unique héff'j
guch that. ]h}:'f., It remains to show that hé[fg] angd hfé[g]
20 conclude thatf‘(f,g)x{h}o Cousidering the triple (h,f,g)

we goet Ozé‘(h,f)kﬁin(tj‘(hf,@:), J(h,,fg)). As 5(hf,g)=




Comror oL;, nggune the /\»motr‘ic groupolid X satisf

the condltions i) and ii) of the statoment abova. Wa have

to ohow thuat X io 344 -graph. The conditions-al), b) and &
of Defimition 1.1 are trivially sat 191106, s0 it remainc to

verify the condition ¢). Consider a triple (f,z,h) of srrews

€ - Yoy % o P
(g3=¢(h} . Donote by Y(£,s) the

(S

o TN 22 P v N Ty ey 2 Y e - 3
of X such that t(f)=0{g) and t
= : = =

" ; : ™ t
[t 5 Ty FATINE N B T I E [ e o L g e N2 Lo A
unique element of the set E(fgg)w Noie that U(f;g)“sz\lyﬁfgé

» v f.’;.,"l ri,. ,*-‘ i A s P \‘»,, ag P 1 a,‘i 2
th&t ‘1.(.1. L LJ.J{/\ J.QJ g &nda nhénce !:.;(... 9&}{9‘}‘;\_1_ 250/ ¢ 1 uCoey
o .

lenga, 1.4, 16¢ K te a /ﬂwg“”uh, weX amde Bz, S

> &

following statements are equivalent:

2

iy Etsl ama elcoy

e,

o

We have only to show that i)#$>11)g

i o o (¥ Yoy o a4 3 o 4 A 2 ety 4% w y Y ¥ & i Y rmeor
Let If&..,. ‘«jzf‘, Thers 139 a uniqus areow ¢ such thai u({‘,’) S
: Y, =
o ¢
s o | e s N e 5 'ﬁﬁa;sn‘ﬁ 3 WP MY e o g SF A oY e iy
&Inds l{_ﬂ)wf‘{'); ‘»*3 o A8 1 =L 9% Tfollews g=glf and nhence =i ., 4
A

o

Lommp 1.9, ASsuns /\ has smallest, positive element,

oo the ordered group of integers Z is identified with a conm-
00

vex subgroup of /\ - Aosume alsc that the factor group/@é i
; Z

2-divisible, L1.e.;/\=4 +2/ﬂ, The next statements are cquiva-—

L
®

Ient for a /\n graph

11

1)} Thore exist x¢X and £éX(x,x) such that fzxiy and

R R SO T S R SN




FEL 3 e

1) Tﬁex‘a exist y€X and géX(y,y) such that g =3 _ and
! =

o

le)=

Proof. Wo have only to show that i)z i . Lot

X 2 4 % il
£EX (x,%) be such that £°=1_ end £#1_. By Lemma 1.4, we muct

have Iffz 23\"} 1 with E;/VC/i QXZO

A v P G O % - -~ "~y ! MY L v
& unique srrow I such that % (f J)=x, I:(;{I =« ang |71 ‘!

% 8 g A - graph thore ig

»)’\/ A 1 «/\ e U O & <;'D(/ 53 e o VA . e
=2 +l=gf Tor tach KE gueh thest: O3 .;n:.b The WOI'GGVOR, | &, & '
ol /5
"""‘;c:(“ 1 for 044,38 2'?)v-i*"? Since £971. wo Fok £ ey Lo
| s T e el
~
) NN R R .;-“”1 s Pl Sy SRR Y n,\»
Oéu\é 2 Qj.g Lui.a [,"'J.Bv .“b’!"}‘l P _LDA f 'L'b“ e f{y,y;’? 1e1re
)
y’:v(i‘b, Yo Thus t‘;"'sl:/ andg gl: desi @
Tha -graphgs which are also /‘\- metnike apaces, 1o

2
o Swese

X(x,v) is u singleton Tor cvery pair [k,pled soore exotly i
/\ - trees defined in [2],[1].»

In the following we show that the concept of /\-—g;z‘ap}‘;

is alsec a natural gemeralization of the concept of ordinary
graph. An ordinary graph X consists of a set X =vert X, o oot
o =
o = s f. s e e
odge % and two maps edge )wwi :f (u (:f‘) £ o
edge X -pedge Xef» & which satisfy the foi‘;lmv:i.ng condition: for
Ll oen
cach f€edge X we have £=f, £Af and o(f) t(f)o
Let G be the subcategory of 24 GRAPHS having ag objects
=i [} o > 13
the Z-graphs X satisfying the condition: f::lx Af TEN (x.x) end

2. . e 5
£ 3 &nd as morphisms the functors F:i-—»Y gubject to
: -

e |l ana [F(f}‘»lf;lffmod 2 for each arrow f of X, Denote
by D the category of ordinary graphs, and consider the functor

G:g'~5’§ which assigns to an object & of C the ordinary groph
- - ey
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«Q

usd

J with Vert G{L)mxp edge G{X )~é1(‘nrn oW 4

o(fd=x, t(f)“y, f=pt for f(Y(A B ]f\m To TE

morphion in ¢ then G(I}: G( ) = G(Y)

s 0.

Prepusition 1.6, The

Tunetor G:C — D

“n . A 55 g
ce of categorics.

Proof’s Firat Lot us show that G is

- - Pun & w
1 0 . x rifn 7% o ( FreN 7o Isry Sy e s
ieley tho map -\:{:7 jeem ] G\’“‘/'i \f.“\: -L“";)G\,Li 13 Dl JeeR vy
e — o Ee)
o S S s R e o = S 3 e s
for ‘each pair (X, <) of objects of C. Let us check the injse~
tLivity.
A = § ™ il Tl S 6 X AL : e~ / =g - N\ 7 e e -
B@G T s gk oy (; Csn gy B0 G G R thot G \?ﬂ, }‘"G {;“ﬁ.} o Bor Goni e
= eI e et e i &4
ore, L Ey e e St - S s
RO Ol G;, v AAOVE L4 (T L r}«_») R OyeE e B o i EON labei e (f;::ﬂlw Ll
A o A €5
Na S e o~y - e .:’) e Ny 1 . M oV . o 0 B -~ N o o = ~ b S N
Lor caca arrcew T of XL such that [Ll~ le In older Lo ghow thol
=
v o0 R o TR A v o S
A = T3 - o R - Lw N =¥ ®: s PR SRS e
Py (£)=F, (T} for each arrow £ of X we proceed by induction on
ks (A e
-vrd

For R ey P | A et SRR o Lo a4 wmd " i
l*’“ﬂ*.i;, fgie &8 4 13 8 L:“"" “‘*:pui thore exints &1

e

and F- (g)=F,(g) by induction hypothesic,

Next jet us check the
be a morphism of ordinary graphs. We lock for FéE

that EG(F)=H. We are forced to put F(x)=H

=Ly(y) Tor xeX and F(£)=H(£) for every arrow f

]f‘m'le In ordﬁw to extend H to ﬂ(fC(&

an equival

totally f

and hence

surjectivity. Let H:GLI)—2>G{)

|
!f[m ;}9 alud

.'“)".-.} ‘W -': (el

is canonically inducca

Ol

d by esscumpiion. Assumo

. L
srrow g of X

P SRTRCL P 3, e e AT PO R
b (gi=olr), [g}mu and lg*}« Te Thuo Py (gfy=Fy(pr

8 o £ s

—

such

—

C(AT X

xlfor x€X, F(1 )=
i

of X with

X} we proceed as £ol-

o

PR B L S AL

i
¥
¢



lows. Let £ be an arrow of X and 1oﬁ,lf\m ne A X 1o a Ze

L)

|

graph there exists a unique soquencol§=(fi)165<n‘01 BTV S

R g (2 ot

N
auch that o (:{\E };::E; Exte ("Fu)m:‘;‘ GRS :;, <fi) 32( £ iL) for ddian

@

[.‘i‘il m l Lor 1;\':1,.{;1; and =0 ool

e n

et ug put F(EI=H(L,IH(L,) oudl . FPipst let us show
let us put F(£)=H( ):I.Fz) H(L ) First 1 y ;

that F(£g)=F({)T(g) for each poir (f,2] of avrows of X with

o

o

'ﬁ e ..' P« (RN 1 e 4 i s e e
o melg) and L, & ba the sequences asoig
et

- = =)
4 fooe i
“Qd o » 58 abo ot == AR ¥ ’h«mﬂ) 4 ap M 1y Y o
& 0 4, § a8 avo IV K - s N . Then 1. .=
; e 5 Lt
o for 14i<n-x and (£ v ) ie the
th Q1 e ypesestrslnarigiecesly S
sequence aosigned to fg. The reguirad equality 18 immedisce.

. 5 i e it Lty
It renmins to veriry the conditioms: }I‘(:}}\\ G e o
mod 2. The firet one is immediste by the trianple ineguality.

To check the cotend one we proveed vy induction on n =
Thg cases n=0,1 are trivial, so we may assume [f]n bl Baly
Write f=gh with fg{=n, }hl=l. mhen.F(f)=F(g}?(h),lF(b){: 1
n mod 2 by induction hypothebisg Since dkF(g}?
P(h)? 31”(33&+1E(f}} «L 20 nod 2 11 followo ]”(‘Fr“wrl nod 2,
s required.

*inally we have to show that for every ordinaxy grapn ¥

?

there exists an object X of C such that G(Ai and ¥ are isomor=

phiic. Gliven . Get us define the 7mg“ aph X ag follows., lLet X=

=vert Y. If x,y€X, let X(x,y) be the set of paths withcut back-,

tracking of ¥ with origin in x and terminus in y, i.e., sequen-

.

ces f=(flg,mwyfn) of edges‘of_g such thatyg(fl):“-x?"_t‘(fn)my9
géfi)i§6f5+1) and fi+l€' for 1<icnme. 1T fcx(y,y) and g€i(y,zl,

let fgek(x,z) be the path without backtracking assigned to tha




ML o e

10 . | |

|

path obtalned by he USUul composition of the paths £ and g.

Per fEXéx,y) 10t [f\ ke the length of the path £. Qne checks

oasily that X lti,m an objoct of C and (’"(x{)v""f £3
Lat un montion the ‘;muc‘:iﬁl case of the /\w{’f‘ﬂpnu X ’
for which the set X of vertices of;% is a singleton. Then %
'arrow.g bacomes & Zroupe Assumiﬁg in edd@ition that |
for 'each arrow £, we got a natural generalization of the con-
cop‘a of fiec group. Indeed, if /\ "‘/, and A 1o an orientatior
off Xy 1 oy Acf{lf~a"WOW'§ ﬁjflm 1} and fob sach arrow £ of X
with | fl= 1, FEL i0F lmiﬂéﬁg then the group arAhquu Trocy
ganerated by L. Conversely, i¥ F=r{A) is the free group Oonis- ;
rated byia. cat 0 let g put ér?ow_g =" and let }ff ba (he ;
length of £¢F sgeen as a raduced word over A, %
;
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2 /\ - graphs of groups

In this oection we introduce a more general

than the concapt of‘/\wp aph defined in Sectnon 1, whilch turad

out 16 be a technical extension oi the notion of prevh o

groupa as defined in 1@

L~
\),1

-

Lat /\ be an ordered abelian group. By a /\»vﬂﬂ*~ o

/55 U (LA VB

T e 2 o e % 5 SRS B U S T £
grouna we understaond a struciure X consisting of the followin
Lt )
3 g
3 e
aatas
2 ST R A A e S Sy ol o A TR - e
1} a non-cmpiy set X = wert ¥, a set E=E_ and iwo
= i
e T e *'2’ oy S R e Py T G ] e -, i 3 ,:ﬁ AN PTG D
napor =2 A £Fe (o), L)} aund -2 Bafb> F auell thet
= S ¢
N ey < P 5P SRR bl e N o = 2
olT)=Lit) and £-0s sek Bilx,vy) =)f6h:o(Ffi=x, £ )y v ; thuc
= -y
- e Py o~ J
=

- A e o 1173 Erah L e RS a5 o B R
(‘ ) > oL oo o by ls vy vhat =7

5 3 e gy = 59 Ny e N N
8GN - wOr LtJ«Al(,uf‘/ ER8pa - WA Lae

=

ﬁ.\ .‘7" e !” - (e
i SRS | v 1w H Y et e foon 2 By 2 &
g G kil L id.h‘”}mﬁ e Sl el A‘ o o d‘ﬁd 1 :.:‘1 *
AR CAS < ® o Ul
) Bt e e ey : o :
G400 LGHL LY GL &L’U’u’; e ( :e\} e guan -‘tha-‘: G. 5 ib 6 Uit
&L A..(:.x} o
ok o nia e 4 o ofF oy
OO0 D G Cﬁ Nl v“\gk,,ra“ s nErohdii (AL
o (L) = L
B P

~

et
4} a femily of iscmorphicus &“Jf3§f“% Ggﬁﬂ o such that
CCE

1e-ddentity of G for méEiz

<& 3 Lo

=
p s
3}\
e
e
o
Ei

N 25 g s s : o~ R aeeait
B) & fauidy (0.) ..., whepe B,.CC,. such that @ =1 if
S e\ e 4

-"“'"v;'J:‘ =2 ) e - i 3 . S - o
Tef or =1 for xE, WplW, Cd)b~uﬁ 58, for $¢Gpy, and N.(G.i=

P

LT@%;‘

6) w map :R(hgr;xC“mu(y z)->» E(x,z) for x ;25 a cosetd
A T~ f ) v Py . €
y(A}é Qz/Gg(A) and a hijection ;L‘.; u)~§n§WA) top A=

=l =

-1 : :
=(£,8,8), A~(gw0g g Of »f), satisfyings

————y




12 _
: ; o
i/ ; oo : A a7 £ o
f : - L) &QAAME&A) ,{ (ﬂ (px)zpu%{A) for péﬁ(A} ond Ay Qs
compatibla with<9£(A} 3 iwﬂgg;kﬁﬁpa)*}i(p)“ (y (a) Tow péplLl

and aéG =
glA)?

1) E@sr, pLay=G. and }Lﬁ»'(:z;}na”l for A»’t(fpuﬂ ,

e E( A Y ey e ;L - o . w] el i % yiif “f:\ ey P
1i3) cA)=1._ snd » sl S Lo A=(L @ (8 £}, T6E (G, |
G £l ’

N g e N st 2
i s : Z
AT o 1 = ¥
y ) WMy §
o

vl (0l E(B) af([x,)nf(}?i} ng A, g lap)= /) y\p) for

e (4*7"‘na)9 B el (q\“g{'), &(:Gf, p{;‘f(ﬁ};

TS = e 5 5 ) -1 FAETA
v)ECW=Ew},uﬁ@){Wu)anuxn&m%vbﬁﬂ lkcww

s ST 53 i< R e g \ o oy J‘- - 2
Tfor A= (.L‘7b;.4f;>; D=ELE, t;,h); Uk:f<l\}7 V-‘a.‘f(B)p =(g{ \u/p ('M.: ‘,,‘;;‘;::«
St Pee S :
D=ltew, 2B, b éJ“ka :
= e 2 % 1 / S
T) a Ylength” Punetion L -—,»/\ :I“’*ff;{ soticlyins
& i rz\ NS RIS o Pt bine L A ) P, SO N
1t lJ. ;VO g WAL CQUALLTY 14d el DORS S0Me A 3

alba S =
) j 4 "li, L dorv-gacn 1¢l

L

44 ) 5{"’:' (5 f°)u "“" oA 3 (;'/,fﬁ ot —,"*? ' .‘f ey .n,,',,.

cddid Vb gy 55 Rt 0 B RS g8 = j6lre for each sultablic

,,,,,

triple (Lgn

f&.}
iv) 5%A)?min (5}0}? 6(D)) for &,C,0 anin 6.v); &

v) for each gt and for cach \0’(3[0?]@'11 thera exist

TEE and E_Gﬁ &) such theat j:,(i’)::'& (gk, (S‘(i‘,u,g} =0 and I \jN o

-
-

ﬁﬁx&/\w sraphg defined in Section 1 are obviously iden-—
5. tified with the /ngraphﬁ of groups X for which the groupsG,

are trivisl for atl xeX.

Lomma 2.1, et X be: a structure satisfying tho condi-

tions 1)~6) above. Then x hao tho £ollowing propertios: -
6.vi) E(A)=r, p(ay=oG, and A, (d)wl‘: for A=(1_,6,1),

TEB(x . v arm



o
L} $ \X{O t U km ((J')"’ \l)) P &A_') <L)}“~1 )< }.}mf(b/ 5 C@j‘\lx}mﬁku] &AL\A

By (=)0h,g), meGchGg,ﬁeﬁﬂ
GVM)Zeﬁ’féé (5.4)) gebpx)and ¢ by Thon €54 g)<1 (Y F= %mg ,M?

Proofa. 0.vi) i2 immadmw by 6.1) and 6.ii}
To prove 6.vii), let C= Cf?(/t)f(ﬁi:}‘ﬂhpg) and apply 6.iv)

-M
to.tho triplos 4 and C. We got £(A)= E{(C), 6 J()(i‘w S\C;,, a)) ()=
- ® .

= P(C) and A, hw)w—w?m {(ap)o Applying 6.iv) to the triplos C and

s "'1 ; Y - (e 5
Rp(“{,{b)} )Lj. (p})ﬂ}ef?(/.lu% {(p)Ye By 6.1) it follows . £(A)=F(C)=E(E)
Lk &5 w ‘o Y
i) B ”1‘\’ N e e LBl L7 7 ¥~
ana 9Jg(b¢: /‘.s'l\g“)a'(il} -«.}E\)‘L & (bl 2 (pj).gwf}\ d (/’{ lap}ji= |
!
3 ; i
peig o ) fe'*w } ) Y o « ~ B! e ]
)'B (Mp f'('f\ ) /‘ \‘“l)’ w{(fk) (@E(A})”A‘B (&p) @5 (.éi') y & 2 ﬂenp\}‘ T
- : |
?‘-B(&p)“fv () 17“ (y) a8 required. |
To prove 6.viil), 2ot A=(f. 5,5}, B=(z. 2.0 . C=(L(2)
+0 D C QeV1LL/), LOL A=UL,8,57, Sywydy C=(C{ily
--1 “@nf D"Z m -~ o . P
O s(;;\g{lxp i e anG o= &J.. g OV g ‘K‘-)I 1 ‘w*- Gl Mkf\“} P V(?JV\'J; &
= )
Lh 6915.1} ¥ E(y?‘r;‘:":’x,,, Lh,su A.}.{AZXQM Vad ligf J c,[}.(-ﬁ 'n ,.L UA[U L (,j .vl) 4:.’ @
J -
By 6.1dd, 6.v) ang 6.vi), wo got = £(C)=&D)=F end obC_, oo

£
%;

i

required. &

pemarke Dy Govii), &(f,5,7) depends only on £,z and
the double cossat Cigi‘:aﬁg, so we may write £(C,,z) and c{-h o0k it

Tor £EE(x,y), 268 Cj’ ):gcﬂ(‘:Gﬁ:% Gy’[qé';? or o €Gp {‘:f" \ufO((_b it

>

Similarly, ¢ (r,8,8) depends only on f,g and the coset g G

>

80 we may write P(f,g) foro€G ‘Y/O -

> % A

ATy ; e, R o A N FEELL U Tl SO L e
Lemma 2.7, In the preaonce of the oonditicns 1)=0), tho

following versions of the triangle ! m\mali ty are equivalont
for a map B»A ofb> ] satiofying 7.1i)3

Tevi) J(.L, 8,820 far each ‘tr'lplm (x J,,g)éf‘(k f}m, ('jl.,,/
U, Zex s : ‘ . ‘

Tyt ) {’f.'(i‘gmg}lélfl +~1;§;1 for each triple (f,s,z) as

»
A



above e

ool . (wvt,}wq Tevidts Let A=(f,s,8), x(f.. (ay, ECALT,
L LOQL 7 gy y, $

3%

C=(L,2,0)e By 6.v), 6.§11), 6,vi) and 6.vii) we gat &(B)=
= (80 ), @ \T)”"}‘gﬁgﬁ;xE{;{_«_m?lﬁ,g}:zﬁ, and henca O‘\’(ff }zfi”i‘kji"
\ \ b Teldlond TowliY.
Fe¥l) =T ui)s Apﬁlying Teid ) ané‘Tavi)° to the trie
ple B above we get &A},?/ G - @&
The feollewing statement is an extension of Lemumata

L0 snd 1%,

Py T S o ST LA, | L T et ooy A 5 P IR B T 2 s
!;_;'ﬁf)r;{ e e I a0 A WO 8 JLZ’U.CMU.I’G b&ulul:fliiu din
~p
ooy

conditiona 1)=6} and T.i), 7.ii}. For geG(y,z), let [‘gﬁm
be the map given by C(ﬁ(f?p}mjfle, Fop

&
(i’,,s,g)CE(f::?y):-:&_,,:‘:z ozl Jet ¥ f,sﬁg)x{(h,{:)é@jz Or.(h,tf{;‘?
2,8) p € (£,5,80)=0(6(h, 8,00, ¢ (F, lﬁmlgﬁ)"zsggJ:o};[f{}y
and'.if(’f,,sggl are well~defined according to the remsrk abovae.
The fellowing statements ares equivalents

e - A
8) X is a A=graph of groupc.
Ll

[ g . R i e g sy e o8 ey g
by X has the noxt proporticss
P ¢
o

Tevii) ol is bijective for cach geE;

Toviii) ¥(&,8,2) is non-emply for each suitable triple
(£,8,r).
c) X. satisfies the triangle imequality 7.vi) and the

folloung Coadli.lclh : S

Vii)® X, is en isometry for each géE, f.0., &, is bi~
&

Je ive 8nd Q((\fﬁm,pw{a t;)‘""[c,\fpa’& Iﬁ;;)[”! fl”‘th \n"‘?.
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2 e s | ’
(&80, (0,40€)8 |3 | i
| T.viii)® ¥(£,s,g) is a singleton for each suitablo

triple (f,5,8), depending only on £,g end the double coset

C uG

T Nig e Lo R G P, | SO PO el
LLOOT o« Qe CF 8 ASEUNG 4 14 a \M“‘chii of groups.

iy

SN AR T e N s e ey e s i
& a6 lO (R glk'.«“.«'i}y, i @-‘w‘.}«} o Luia £t (}» ?tﬁ“g&"} L:, -2:‘! <-" efiv«’bu <M*"‘ Ql{ ;‘*}’ i

{ PO L L g e ol

® o X Y 2 - syl <L - 0 ST 2

Pﬁj (A} and Ce=(2{A}, 2, E(A)). Ve got E{A)=E(A)] ang glCr=1

by 6.i) and 6.iii), end henca é&C}:O br T.i) etd F.it). Let £

=g, ? ()J, ECL)) end D= (fguz}y EXF)), with q€p(P). Appiying

G.v3 to the quintuplc (i‘,syg;?)f.r (), E(K} g We got E(D)=8(C)=

=] e T s e e S e e (L d
1_, and henco E(R)=f, by 6.viii). It follows 0D)=0, br
Ly R o Ly LIPS A €} (jJ N v i e A e 5 1 s & b S ™~y T
ial and [wlm/ﬁ @ davh (j‘.;'.y HYSRET O “_\;/ $ ¢ (u) # bd‘r 7.9_1.\"} ¥ e fUJ..-C-}:.J

gl NV ah pam e Y. IR S AL SR XN AL £
SO0 Lo UL chselk Tewii)', Let Sl lY 42 ) o LB Ci*g/ Foa Brae
P e s
; O
foia Y L * . v - ! 2 o = Pt Lok
b - whe e gl A eny Ay - 2q 1 s . L R e TP N ox D LY Rl H } %, &
oy Tevd, 1% ramaing to show that o= (&7, st g [P~ h | it
$ ‘ 5

~,\ o Cony. - L Y S S el e
#i520s Indeed, i 80, then the injectiviiy of

D

Jﬂ( éu)g) \)&J

o ST fy R Lol S S0} RS e e s im X
64&,¢01&0Jﬂ.uf beidcund Beuiid) . (L‘ a) becOnu“:W/q~wzirlc

is an isometry. Let A=(f;8,g), B=(h,t,a),

8]

gpace and o
1

Cm("E(A)‘-ﬁf g, €EY) with *ijiafng on’CB)g F=(gsq, &(B))

: g aew :
D:(L;Qt , (7)) ang M»(lvgt “Oh“yhl BY.6 Voo bl iand. 6o,

we get (:(Fl)‘:{.(\.’ q,lIQ'),t ]O};l g) :( )“‘h and .Ln( ) Q (U)=t-lcf{l and

hence D=(f,st“l,ﬁ) ..On the other hand, StC)=§(D) by 6.v), and

,E(B) = §(B) by 6.1). Consequently, d(C)=}L(n)]+d- lE(B)J =d~- |£]+|h]

since '(Y(A)ﬁfﬁl(B)%Q by assumptioh, and X(D)=‘}f]-lt d«}h“ﬂ. As 0= o‘?)\),‘;

»

min(d(C), 5}D)) by:7.iV), it follows :?;ffw}h}i, as required.

o,
¢ s
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‘Finally lot ug chock Teviiid's Leb A=(f,0,g)6B(x,yix
xG xm(yiz) By Tti.‘.) Tovi} ﬁn‘d‘ 70'Vi:)' [(f’ ﬂ’{;“vr "j" whth

¥ e/ such that O<f<min(lf[ IE(A)& ) ABO( is onto thers
exiota a palc (h,t) ouc h that hl=x, L€Q, J(n t,;)“o end
[hl ¥ . Lot us shew t*mu (h ORLIEX(T,8,8) - Let B=(h,t,T),
C"—'f(h,.tp, E(.A,)”- D=(€(B), q1 a,g}‘with pESL(A), qéf('B"). As
O«‘;‘é.(B)}min. (J{C’), J(D}_) bjr 7.iv}, it remaina to show that
qu)mékn). ve get 4 (0y=|n[+jao)] || =f+ [e()] -2y ]e ]+
+\g Délﬂcﬂ+¢ﬂ 2|~ bamuaﬂﬂzlﬂu} + 6] ~lzl=(2]-]n] ¢
|-i- E(D)! gl ]&D)I -%*;f‘w l Yf', end hence J(C)'thw) since
£(C)=ED) by 6.v). Thus (h, G4} € X(f,8,2). The un Beity ¢
(h,Gg-ti is immadiate thanks to thae injectivity of o(f. Bhus
Y(f.,. ,.gi is a sinéleton depsnding ocbvicusly only ¢n f,g and

the doublo coset G" 8. Gy..

b}{:}c). We have 0"13:}' to show that bl—rc) 7T.vi} is iu-
medlate. Indeed let (h, t)é‘f(f 8,8 ). Then 2th 5&; +8,£) and
hence &f’*s, g)p0 as Ihl}O, Us 1ng the same argument and thc
inje‘c:tivifty’.m 0% we gat also 7.viii)' So it remains to shew
that KRg is an ipometry Tor each géB. In thig erder we verifly
the following wseful properiy: '

Teix) o L féf,s,{ng)=&h,,t,.§d)#0 then {Ch,ﬁa,gf’:o,

Lot &m(f‘a,gb, B;(h,ﬁ,§3; Cz(E(B),q”Iﬁg;p E(a)),
F~(£(B), ar i;l,f D*'((:(F)F tis . g), it pefA), q€)B). By

ov), 6.1ii) end 6.ii), wo got E(F)=&(h,t lt(]ﬁ)> % ana fh)——

o
=t » By 6,\;’2% apph@d to the quintuple (E(B), q ®"I T8 )
it follows E(G)=&(D)==€(h,t,s,,g}, As {(A)'—‘-'O((B)=O by assumptien,

it follows by 7.vi) and 7.vi)* that osJkn)thl*IE<C)l-
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~lelgtlel-lem (e @+ |etai] 3o 5] |=d(a)=0, and hencu

JCD)=0, 68 raquired. |

Now wo are raady 2o Tinigh the proof of tha implicuw’
tion bl=Pel. LQ» {ﬁ s 3,80, (hp%,g} be such thai gkf,sﬁgﬁﬁ
=8, t, )20 and l”lfg'h‘\- Wa have to chow that d(f,58™,1)=0,

"

Sinead = « is ento there exlsts a pair (uypl such that

¥

(‘ .
J (u, p,n) 0 and |ul= li‘ . By Toix) it follews Ofe pt,z)=0, 2>

O(g is injective, wo get UFf and pts 1‘-‘(};, and hence

LRSS

B
¥
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™
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L
w
2
£}
S
{#29)
o
er
-
P
-t
LYo
v
()
¥
&
L an
£
{ T
Yow
-
S
\5..7
N
P
-
\.J
b-
jov)
.
P
;_
-t
02
P
-
™
oy
c 1
N
® -
4

-

I

vy
s AP ) R i p o \,:‘;‘1. !onn ik P S Ao T o
pé‘f{fk) gqcf.u;) # Gnd assumae the o VG g ,;,'D\,ﬂ} ® Lot LLy‘f' I elOre e )

"l

P . -

O fiiso ~ SRR A S e e C}"} 4w s Sl T T

LilGw \_i.g‘u TV I NVl il "\D}“x.. iLJ“L'.: ‘\J.i,’v ks o G NGy Vd Bl g
-y o 2 -

ot TP e ‘ = Soznd e G

O LG Y Biaaml s TR s e e o e
“E\&\l;“vy;*a;\ .) (C ARV i -‘x.»,f VLGl s \/\L\_}“igu_‘,,g ‘,)' \_‘_9\,.:' v 5

g g

S,ﬁ))}o it suffices to schow thag Or(lyvp,f(xﬁ)}-"—‘o to econclui.
that ¢ (A)}8(D). Since £(CI=&D) and pPCI=PE} by 6.v), and
JCI,Vf(,'DE9£CD‘))=O by assumption, it follows {(IWfo(C) yE(CLi=
=0 by 6 Goviide Lot (w,ni be such that (h,Giwgfv(cga Then

lzi$l»~ g as (S-(C/‘{/(y (D), by assumption, and ¢ (k;\’?, $8) =
\ ,frv

1

. = ; = =1 T
"5_ 1:;.2’ Ch »\&;, o0 Since . ) it An i1sometry, we ged (5— Ly Vo e

=0, and henco c){ly.:pgéfﬁ) =0 by Teix), The casge &(C};‘SU

quite similor. W

Coveollony 2.4, Lot X be a /\»gfaph of groups. Then X

has the following property:
Tox) Lt (ff,o,u)éﬂ(x,_,r)xnym(y,o), X,¥Vy2€X, and

e hen f'.—.l < y {3 )
d((f,s,g)-o then .,uﬂ_u CGg . e Y <Z 2




o -

fL‘OOC. AS 0(1 G::-SG ) §(f S’U)"’O Qndq m iG il’l“;OC‘l}i“\;\f},

S’u
s 17 0 w GBS(ces 3 \ -1 - (] 2 | ‘
1t fO].lOd.) Gf & GLEMG{; ) ,e.’ QGE;G (‘Gf‘ l

Derinition 2.5, A -fubpraotres T.Qflz/\-graphvof Sroups

o

X sonnlote of a non empty cubset T of X and a family

% £ 10 = 13 o 2 =7 e -7
(Ixy ("’y)(m , Where ;Kyéu(x,y), such that 1__=1_, 1xy-Lyx

and E(A)=1v

-~
P

U6 G, enasise = Sor

A=@ o L, 1.0, x,y,ect:

Ny o (s TR L -~ £ bl Rt A e S
RDelsnation 2.0 LHG/ﬂngruﬁhAOL groups ¥ 18 sironc
: Selie

—_—

B 1 - TP~ S S B S pran proA e B L m o B VN A EEER i
COi;T‘u} 2 LC 9 Al i.-AAL)l'\". G:"-..L(J UL] & uxu lJl U L,l U = Oi J\. CJU.C 1 LeEhci G e
=3 Gans
g 8 R e e S gl Ot =
kv as GUl Gy COReC el Ll 2. 16 i ol Letiw
ok Ca g o el e e ey £
Pl s

T \ » « T

A ey = s e e e e S SRR OE T R [ TovRis v o < >
La ‘\.n.yj) L8 IlUAL”\fn:k) Lau-'r S Gl (;‘«kt.‘i."}' A.’j é‘hc AR QIO IO e e i

hiaacs £ & - il = S e o S Daitnseis { = A
CREQ VleiaiUp s a8y e e e S TR g et $ AS -‘"“1‘8.-.,. <
S - A
==

In tie following we extend to an arbitrary orderc

'f-xs
7

.lon given in [) assigning a

£9
&y
(6]
P
-
©
o
0pe
3
o
e
(-"
hwl
W
(@]
(&
)
&3]
[ o
3
=
@)
(.\.

graph of groups to a group action on a connected graph,
Given a connected /ﬂ- graph X and-a groap @ acting fvon

L% . 2 A ot oa T S e ’ 0 WO T Gl
tile lel t o1 fx.? 1\3'(\0 Y"’ \4{7 -LE:“‘G\UA"a?O%f .:f;:’- .E\,639(}0)‘“§Gf.0(f::‘c‘uug
- k>3

R

& Y A ad mm.m"l = Paa ~1 e - ST A SR s S Y
(i' ) cGh 2 GL=01 g deo Pl e GHIOCOE & JCULON Jeim@a 0L Ui
= Wil &

= B 8 s e TR AR T R SR R AN pan 0T " 4
progjociion I AD A= L0 ;l}v" wua G 4 fﬂﬁtl LY (1"” ) , o ) Gl cnrro o

AL‘])‘ \f‘.id’jc-&
S SRS 5 R h CE S G X ] e PR

Al e X e JAil L AN suchi a WY that le oS e Top o ar mole

s i NS e e Fo §y s a

X =, i VAR, P

> S a7 T LS te < i 1 i
in partiecular I ™., and I7°=i . Thia choice is possibic

P e \ e 4
Gl R SUAR e

since k 1a,conn00ued Seat

(Z)
"o
1"""""

”Glxyén(v y) for x,yci Thus
ixr:ix and ixy:iyxf Extend j to a section j:E~4>arrow.§ of the

projection map arrow X~»E such that o(jf)=

—

Jjo (r) for aneoh
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T x,yéY. Chooose & map § LPG

op)
P-—"
=t
o
=
&
:
:

o d -4
€8 an J 2y lxy

way that (jf) ~log(£) jt for each £éI; in particular, &(jf/=
ﬂG(f)J (£)}. We may asgume that 0 (1) sG] =1 5p r#f and

- ~ SR '.r.") Fal P g
f(dixy)ul Lox x,y(.,l.‘{- sot Gi-:zcjfxz(afu:sg;~g¢f for fel, and

G "‘Gl for x¢€L. Thus Gp is a subgroup 9f GQ(;{") and G5-

v ...1 . : i : e .
=¢ (L) Gfé\f) « Define the isomorphism ‘Jf:va-y\ Gz by Wois)=

NN

zf(f)" g0t) ; ond J e ‘8_5»6'(1‘\\‘\“(”,.
FOI‘ (f, G ,{:,)G i gy} \;ur;;z“ \‘[r’ JI: ? 10t E (f 8 '{"23(:

be the G=-orbit of the composits arrow <.u) (tfu,u‘,,,){}i(j::p

=i

G(£)s6(g)iz) « Consequently, thors exioto pil, ailc i

P

(If) (6(L) sig)=pi &(Lf;8,8)« Cb\uously, tha ‘element p i unigu.=

ly Getermined modulo C_,. o co Lot PlF.e,5lec. he the
E\lys,8/ ! A atalaC

cosev pG . TatiA=(E 5. ) '\—'_‘( @"‘lh .LO';I f\ and

Slir o =) ® - Qe Sn ) e e (s e t) an

pitiyiead o 7

' e s e e L e

peflA) . Ve got (JEN(O(EI0 s 05 Jii={iy) Glgi e "5rl=
<
Y & : S . -

e "-.L,..-“_L »A\——:Z. 7= ew N 2N\ --’\’1 L P _1“”1 o 1 = Lo
=5l s =gt} [ Litil0iisizl) =dlgl o v pate(AilfE @

T ”" i Lo . 5T
and henca &(A)=E(A), ¢{g) "o “0(L “pu(‘i”ﬂ) €G_ ang
‘J

T""l 74 o .2 Sed )
f<n; qp) "o ol gﬁ(ﬁ(u}‘ (7 e Dofine the bijective mup
Q

1 ml g -
?‘ ‘?(A)"?' :fu‘i) b‘yﬂ (p) G(?} i" Q"(f) }3014‘(1&}); I.‘«Lnﬁli.‘f?

1ot us note that the length function | |« arrow A*’;’A indocon

-

a map | I:E"”/\ given by lfla‘ li‘( . A rvoutine verification chc &
that the structura Y=Y (G,Z;I“;j'gﬂ2(31',,1*‘.9 09.2,;’9;\9,1 ) construstel
above is a strongly connected /\»graph of groups and

fr 1

2) is a subpretree of Y.

ot

Xy (t,y)cy




-

3, The fundamental groun of a strongly connected

/\-— graph of groupd

[,

In this coction wa extend ithe construction of tho
= .
LAy I e R P

J [P W

fundamental greup of & grapa of gL oups given in | ]

r..,

oy s

N S - e Mo SR oo
goneral casa of arvitrory ordorcd asbalian groupse.

e ot e
Let X bo a LLI“«”H,L‘, v‘uux.db»\uu A"’(‘Au,/“ of GO (1T

ot
n - -~ Ve R £ U e B R N
L=, (1.0 3620 be a subpretree of X. Denote by T i
= LY AR 50 4 =7

fraa product of the groups G}, for x el and th,o free moup o

""'--‘Z‘ T 9/ ~ — % 0 SemicR L R e
nerated bt/ Ad . & pULeRY Sy (/- » o+ i bo tae quao \rlunl/;- L ."' U LA
A akae s e =
A R g 5 - ~ Y A -3 g
normal cubgroup 2 generated by the clements 1 o
i i e BREEE G
5 -
d %h lemcnes D - LRI ros =1 =1 ~1.~-X b 2
3 SOLG - X (G, e ) - T el A= (™ S Tt
&I LQ e weies })g.\--;/i‘.\yd & I i JE{Ehs A=l S e b e
G et e e e - >

i’ \_:J”\\.A.\‘ e S RGLA S aE (A’I‘O:}OS}.%\AL\)iX :)e/'c

STV d e SRR
U(LJM&-‘J i'“) ’dm;-z" 9«\4{_"\;1

o~

A B s e e S e S s e daslatn e R ;
that the SarGuy V'L-_. \ T v SO GupDdilly Up LO. G L CCHOD ik vy
4, = =2

Ao S A N I e T VSR e A S R SR o I S TR e T
Cn —L.ua ChOJ.CQ (VS )t.-LU« {‘J»&ulti.‘\.:.vi‘\u\l .” Qi [EY] AR ‘c'.kj U}J‘JG:\ (PR

Tndanental e T ey e
sl el 2l by Wl LA 05 Ao
4 =3

gonerated by the elemcnis I for x,53X, and the elemsntis
X = g : : : o
j@, E(A)?xfg “8 £ © for esch sUitsble triple A=(f,8,z).
“a ba
Ry ey Yop =, :’
Lemmea ‘)Qf_c. 1\_2: = i-'f 5
bessal =8
Proaf, We have to show that the genergtors of R, toic. -
m -
[] 4 RIS ». A Pa ¥ -~ ; _g.'-l "1 :“:;» + v
to Ry ¢ First note that “,O C 1“- and fod,,(a;> e g RL o Ton

n-s

o

AP by G.iii) appliod to the m*ipleu (1 i‘} and (i, W (x;

Boi ek e oY LA e0EA Y - A 9“ ig compatible with w

Yer
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ve ﬁawfcmm Tape(a) @), gy (07Hp) *"fmm = ioe

1

mod P33 as regquired. © ‘

Let us give an &lternative description of the funde-

ment.al group of X. Fix a vortex x¢X and let S:Sf G . x B
%G, o Doline &n equivalence rclation = on § as follows:
=y 7 <%
~ o~ = R Y o - e ) ) \‘,{) f.-' ,’\,:
(e, Esb¥ B, 0,00 00f Tre, © 1peGeoy tq €GR ond ®.{oc "7
..._t ““1 1 pf e ER L R L ) R
> q * J.L (LS'.L',VJ /J <U;L,’pq}‘~“"'y l.Ch us ]‘ruﬁ %O/:)”“;G‘Sj‘g L;;\A/i

}.‘iq) » Where A=(f,tp,g).
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Lemma 3,2. Lot ™ ,/396\',/9 €S and assume A=
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3 A g uJ A C U ;.i) [SFINGY w{‘/f\ k; > < JJ pl /&;- 2 /‘i' > 2 G ga ey
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Lat S;Ll_(.s»\,:-/ be the quotient scet 5/. o By Lemma %.2,
/4 - - % & ° 55 a % .,
%l(gfg Xphiis eéquipped with & binary composition law induced
e 2 XS, ' a L, Arene 7 o
by the map S5 53 (K 5[5 )}‘?‘Of‘»"/’:l) . -whieh does not depend on L8

choice of the representatives fﬂ of the cosetsj(A).

58 N w“w (‘ .. ~ =
Lemma 5,3, le\,k, x) is a group with respect to the com

o

position law above.

Proofs letol=(g,L,1), Jm(p,g,q),‘g‘n (r,1,u)¢ S, We havo
: n_, . : ; \
to ohow that @«7’5300:0«’0%0 V) Lot A= (fytp,0) y D= (g,qr,1),
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C=CE(A)} ?»i qr',. 1), b=(Ff tpr,.E(B))).. By definition we get
(K efo3oT (e fy Py &C), Af) and ole (oY )=(s JD, EXD).
A{A“’, ). Thc raquired congruence is immodiate by 6.v) o
Ly 6.:11),. it follows that the clasa of (L, 1,1) %is the ncu-
tral olament of .Vé (X x), wmlo (" f,, 0'1:1 e ropre-

aentatwc ef the invoras of the clas*s of (8y8,t), by 6.41i)

T.‘ho next lemma is immediate,

Lemmaj;t}. The maps G.=»5: st»(8,1,,1) and E(x,x)—»
Ha(l £,1) identify G wu;h a subgroup oi‘f (,. X) ane

B(x,x) mth a subset of f (k :. Lot-F < be the froe product

of G .and the free group generated by E(x,3 ) - and R be it

’
normal subgreoup generated by I end the elements £, €(A) 'L

4

be

g“ls“lf"l for A=(f,8,5)¢ b(z:,:f)k@ "(x x}. Then R, dces not

3 »q

depena on the representatives f« of the cosots P(A)E G,/ué.(,\

and Fy/R.., Jil(..g‘:”' %) are canonically fsomorphic,

E &

Lot Ag=(Lypsyly)y Apm(1,0,1,8), B=(Ehg), /l,{f, .
4 : . " / 5
for sC—GW T€E(y,2) 4¥;26Xe Note that fAs, ljzs», fAf . 5Bf:,/18_£3:::
and E(As) S (BoJEE (x,x), so we ney identify them with elemants

of the grouvpf (Y, X} . Define g map 7 : (UQ JVE }’5’7 (Xy %) by
yex v
10=f) 1€ @ »1& AT fa e(a,,w” for o ey%c » TEL,
<
Note that the map 02 Gependas on the choica of the pretree z,

-.‘

but not om tha choica of the reprv@sentatlv@a _fA . ‘5’} : -S)B .
‘ ‘ : - 8 ‘f 7

Eroposition 3.5. The map fz above induces an feomorphisa
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°fo 1(x, TME (x, .
9

‘ ' x % n NPT
Proof, a) First we havo 10 ohow that 7Z induces & ho-

.‘Awr

momorphitom I iy € £, %}y Levey Y (st)=Ya)Pt) Lor 8,t&0, Il
Since, by Lemma Fedy tho identity £qg=p c(A)AA(p) l holds in :
9 1( Ly %) i‘orlﬁ;n(f;q_,-g) ,-fg\geﬁf'(x,-x}, QéG,, pefla}, we got
(s) q&@,%gc 5“”35?’& s vnare G=(86), AL 9, LEGL).

,Thus wa hioga: o show Shat E(G)-*:E(&St),‘?zit 3A3f(£€95(6) and

Wiy O 5’A 90)“%‘& ‘,1 =1 ??'"1. Let H:(Iy'}:, fAt,f E'(A"?))“

Izcl-y—xgl,lm) J=(E(I),t,]yx):(}_y,t’%x). By 6.\1’5.)’ wo get
£(= yx? f\,\wﬁuu%ﬁ_ snd A.m b)-'l... Since S@=c = and ;Lxxa)m‘

,.

by assumption, it follows by 6.v) that E(H)=E(7 )=1 and

QA

?sll(t)ém)-gte Applying the rule 6.v) to the triples C and
17 (Ligps 85 E(M) wo get E@CI=HAg,), _?A g(C)nfmm)
aA@"ixR (| 1.
end A f" =k G OLs 2a =ty (o ATIRE

W EY SN S -1 5 =1 ‘ , ; .

b) Next we have to show that the normal subgroup R_

[
K

of T is conftained in the kernel of 7 :f-«}-ﬁi(}g, Ry LeBay
at (’1 2=l for y,z¢X, and P(£)¥(s )‘vzxg}“g(j’ )7(E(0)) «’& (ﬂ‘h

for O=(f, ugg)é’l;(y,z)m(} ¥E(z,u). The first condition is imac- .
diate, while the second one will follcows after a long chain

of cauputationsge
By lomma 5.4, wo got @Z i) 4 (s} (@)mf j) j’ j’ & (D‘ ‘*’

},gg,whwa Cm(ﬁ’(ﬂﬁ)}g.kgaj’ﬁs o €(Ag)) and Dm(ﬂc)yk AA ;)[5“ :
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E(Bg)). 'i

: ' /i
. Consider the triples F=(E(A%%2%§%qug , Equ)).
: . I.v . S -
Dlm(z(nf).luffz\gfF ), U=, 8y fp o BN
! o ¢
1)2k~,‘(£(/\1;),2,\‘l:3’“ AT DR CXCPR PR OB D3~<1Xy,j1,£(1>),

‘ ) / 2 : |
Jw(f;l:lzx), Il“(“‘?)'gtrfzxsfr" E(r)), I<:=(£(J),1:T_§3AS,E(AS)),

: 1 ! al
Tasl00 A P e - BlE y Te(fm) R ) o)),
B n o P * aSn Py

: Th )
I =£(L)12 1 A {0
3 Ll )'M“(E(K)'AKXAS' 3

g' “ux ) Ll=(E(M)l

z .

/ . / : / :
Ay 9 N=(E(R), lAs,jlxzn Ml—:(E(J),kaASgN  E(N)),
Bl P 0 B, Mo P SRV, Lo=(em ),

S .
7
IylEERy) Ay . Ly,) and D4=.(lxypr2€I.4: £lT, )0
We get, step by step:
2 =1 - ;
I)g(D)-' E(D3)".€D3§Af?BfgCgDEGE(D) and its image through

: : / /! wt ol wt =]
cL’E(D) 5 %3RIZM?‘F)D s by s6.v) applied to D}Dl,Dz,D3;

- =1 : ; - -
II)stj—f(f3), [ nyK?L?I;EGg(I) and its image through . .,

¢ L -
is RIAHAFKBgAI; s By 6.v) applied to I'Il'12'13;

= =1 e
FLI) E(L)jE(Ll)’-9LfMjﬁéé GQXL) and its image through a?(L)
/ /.’1 " ‘

L?h >‘L ; by 6oy |

S | -1 s ; ) ;
Iv) &)= Q(MZ), gM2 fJS’KS’MGG () and its image through sy 1S

/ 7w/ ol -1
AMZRPAN;)M , by 6.v) applied to M,M;,M,;

; . -
V) E(N)=lxz,5’Ast€ze and wxz(ngSfN)-:s}\N . by 6., 6.11) and
6.ii1); '
o
zx'gASS)N’ lxz)=<lzx’ zx(S)‘N
e 2
%’P*SP skN by 6 i) /
= S - e -1
VII) M,=(£,1,1,), E(M,)=f, $£(M,)=G, and ?sz— wf(S’Mz) o
D : , Lol .
by 6.41) 5 thus fJfKQMQGf and “k(ijKjM)"” %M byAIV), N1

)l

vVI) P=(1 4 xz)' E(P)=lz and

: 2 - - W o
1

, by 6.iv); consequently
7 } 3

' : / feis
image through wS(Lz) is RLZ;kL
i)

1 ; , - ) L -
I, 9JS)I<?L€G5(L2) and its image through eln ) is ALZ?‘Aq}’L

e L S
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v Ceal -~ - .
IX) I-S-'«‘(ﬁ(LZ),ﬂ/{' A’Ag" IUX)" £ (4_3)76(14),5) I- fL g’w?}{f‘L 5)1;‘ C

G(IZ e " and 1.ts image through & (1 ) isz’l { ?J . s by Gedvid e
4 £5

thno e(r>~= fﬁ,;) fL "1 1’14_- S wm')“’li ng-?I‘;):'

1E“A”J,(A‘u X‘n“kxsg’qld' v DY ?lifl);_ i

0 B, 1 éczr,,ﬁn,fﬂnz,)ze(n,g ,5’55{ b 8gy 2

( 4 ‘ 1 137 e
E(D4) (}D .?DQ Anrjg':k_ }LI' - 2'14}\ b, v by 6.d) ¢ con_ub
quently, f(D):E(D‘,}') f" 'fAffB S, EG\é (D) and its image

=1 0=

through @ ) is )’D4 XI 2 )‘D g D d)e

£(D
It follov's ’?(f)z(s}’z(g%f 5(D4)l l I, One may
show similarly that aef )Z(g(L ))oZ(}L ) "5D c(D4)2_ ,'}_ :

gating the required equality, Thus wo obtain a homomorphicm
? .‘75 G vﬂi(X Tls
|
c) In order 10 show that the ? above is an 1uomorphiun
let us def:me thes ’napf o U&"(x,‘{) # L (X,T) by J(s)= SRT -
}‘(:f‘)enfRT for s€Q,., f€E €x, %) o By Lemma 3.4, the map ; induces

¥: homomorphlum? iz (}a? x> JC (A, ‘1‘} and it is obvious that 7

ma f are inverse each to other, E«?

Proposition %5 shows that the fundamental group

5
3

S Ll s e

s

B

ffl‘c'}g)ﬁ‘ﬂl(”iﬂi')wf[l(,g_g, x) does not depend, up to an isomorphicm,

ot ga

on tha choice of the pretree T or the vertex x, It follows also
o !

that for each x¢X, the canonic homomorphism G -» &zlm,q:q and
i S ~ T -]
o C - o
the canonic map E(x,x}¥ /51(X§, T) are injective. Moreover, vo

gets

e
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Corollawy 5.0 Lalkex ,yéx. Then

1

S (—" ~ 7 i _, LN i1 S
i) the canonic map 1:E(x,y)ﬁr.&1(é,‘g):fkﬁ IRy is in

Jocbmvn,

; : | ll) tha map 8(e,y) =3 O, \JLfL(J"t ‘)/ 3 dis Gxi(f)‘:?y io
‘~bijoativc;

i;ii)._ the canonic map G x E(x,y)xG Tl e (5, F,%)
o X ! J 1 ::2’-::

sftR,, is onﬁo, and sft = pgg mod RT iff £=g, S"IPGGf and

1 1 ' o |
Q)f(s“ p):‘tq" -~ | ‘ :

=3

Proof. As i) and ii) are immediate consequences of
T30 )y 0t remains to proﬁe iii). Fi rut let us prove the surjec—
L3 : : : i
tiv1ty of the map above. Let a€l J&(X T). We have 1o show

that there exist £¢E (x,y), 866, and t6¢_ ouch that the idcn-

'

tity a=eft holds inJ . By Proposition %.5, thero exzist
hék (x,x) and p,qéGx_such that the identity e=phg is true in
I« Vo get the sequence of fdentities in JC:

azphq.ﬁﬂ%qlm;:sf*f.ﬁ where 8=pfy, £=€(C), t= ;\gf . C= (h,qglw)g

N@kﬁ leﬁ fggéE(k?y)w 8¢G_ and téG&w We have to show
that the identity sft=g holds in I ihw =gy SGGf‘andcgf(S}:
; :tmla Ve get the sequence of ¢denbltlcslnﬂf sftlyxf S}
€(A}Pu§ . where A=(f5ty1yx}« Similarly wea got gﬁfB £(B) A g >
with B=(g,1,1 ). By Proposition 7.5 and the definition of
ﬁfl(ﬁyx) it follpwa-that gft=g 1o true inAﬁfiff the following

condition ie satisfiled:

1o , Sl
() E)=E®), .?B 5y € g py 808 Dy(u) Up oS4 AL

4 _
If £=g, 8€0, ana:uJ(s)zt, then (%) faollows by 6.iv).

£

e N P S e I e o
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Convenc'sc.aly9 assumlng (%), let C=(£(4), K 5o m,) and

D=(E(B), )um i

£

'Y
I = MI "}‘ : b é’ fml ‘ ar handd
ag{{}) {\'I?l& a)ff(‘:,,}:b (j) n f '“ & fA.?G} 3 R‘D XG ® On the .Oth‘ml flulu,': 3

by Guvd 1*|x'::'xa 6_,‘,'5.1};,,'\‘4& fot E(ﬂ)mf(f,t‘fp,ﬂv E(r) )= £<f",‘i:.f}?§j,y):‘;~

b f;;f and wf(j’ﬁj’c}‘im’c}\é.“i, where P=(1 ,I,IW), imi lar—
1y, we ge‘at-f(ﬂ‘)'ﬂﬁg, fB%éGg and wg(fafn)“ k% 1. Consequently,
=g, 36% an&WfCa)z’fl, as ‘requi:c'ed‘o. & |

|

Remark. L G is triviael for each x€X, i.e, X is &
connected /A —graph as defined in Section 1, then jﬁ;( @ edrivhe (G

for XéX. ' i '

4, Trom stronsly: connectod A -~opapha of grouns to

sroup actions on A ~ trecs :

o i’this section we ex’cehd to arbitrary ordered abelian
groups the construction of the universal covering relative .tc«
a gf&ph:of grou;;s given in [’5];,

Iet X be a strongly connected A~ graph of groups and

T= (T (1 ) ma} be a subpretree of X. We construct a/-tree
= Xy x,yeX = .
~ o

}irgs{T on which the fundamental group JC, (XﬁT) acts from the ieft,

in ‘such a way that the pair (JC. (/wT) }c )} does not depend, up

:3‘
to an isgomorphism, on the choico of 4. e

1ot ¥ be the ddajoint union U/ Jizg. | wherg %=/ e
%G & -
and G i8 ident:z_hed with a subgroup of i by PHepedition 5.5,

ik 'S

i

I

R
z* -3

By Corollary 3. 6 we may aluo identify the sets E(x,y) for

,ch with subsets of L . The group J acts canonically from

Ll
o By 6.iv) it follows €(C)==E(D)gfg n sf 5 ¢

et e et g i o o
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P B

St

the le ft lon the set X Given a=aG.,., g“‘bG ék the double codet
,‘@x&'”lb-{}y doos not dopend on the choicd of the rapmaenta hlves

6 and b of tho cz ooota Sy h, Dg,r Corollary Db, ‘LI‘IBJ‘@ {8 a uni~;

. bﬁh(}c,,y') such that G,a” b0y Gy, ol No*cat that

ol .

£ l:i‘ a”lbéﬁvﬁ (in partlculax‘,, f =1,) ang f
=

¥ 8,8

que i

]

o

= be Dei‘ine o map d.a >/'\ by d(a,,o) ! 'oI :f’or g,bé}(,

:"-3

T

~; o~
Propogsitio 1o X=(X, d) 3.8 a /\—-‘t;ree on whloh uh@

sam

~grnup.7€r~".7fl(§g, 7 acts, | - e

-
o~

: ~
Proofe Oav:Loualy, &(a,o'}.\{/o for a,b€X, with oquality

e 4
resd |

; | = P piad
i n»«b@ Ager - af » W0 get d(o,bi=d(b,n). For n,bex
b;,J =% w’ o =l ’

L el
L ]

{1
Tat fa,n] [13 aT~»§,e}::
2 ~

1,00 r“‘ *‘»‘]’»«*LQ d(a, b)] be the map ¢hed(a, ¢).For 850, 08,

~ =

-

azc?

el

1(a,

vnan
oy

) +a(e,b)=d <§,3}} and

-
s

B

oo
ey

le'iilz(g;»j:},g) ]nfb m [c: g]o. To conclude that Xz(/: &)

o
—

is a /\~ tree, it suffices to show that the map ia . 19 bi~

o) gt

st
Py

Jective end the set ¥(a,b c) ig nonme"mpty for arbltrary
ek | =

aglr c,CXe

-y vu-.-v
oy

Firat let us show that 1 . is bijectivo. Lgt f=f
. S
nd considex the mep dj,: ff‘zwﬁ[é?,!f)}in't.rodmceﬁ in Section 2

which iz bi i’-ec:tiv’es by Proposition 2.3, We define a map

()n l.rh Ll’ %‘_ L 3 iIi f U;vh & way &hﬂ ég /% "’3‘% & ,%‘i, ﬁwaﬁ

Y 5
b = R
“ : =%a
b PR 5 o, ) i : :
1% b“m Ghe GRely & g::\,;& o EBL, o3 BEE, e By assunption gl
v A oy L ooy W‘;S?::i ’\w’»«

@ ean

'*'lhl amd there exist Py téC,, C“Cu and @€, such that the follo-

wing identities how inf a. bww q and c¢ 7 "'*fta Consequent iy,

\c.""lbmwa.pfq quC (A}R L2 s whero A“(gﬁ’tp,x) and hence &€ (4)=h

i

SR

o o




SR
and (g, thp ([fj . Agc#é is injective and lg|=a g,g), 1t'
follows Lhat ﬂ ) g,GwLp) is uniquely determined by a,b.c

~and Nfﬂ[5~¢ .' It remalns to check that /3 1s bijeetive. bet

v'wc ¢ Gid hl bu sueh that ﬁ%g)Mﬁig'). LOL gl=f 5 o ¢ la=
=gt Lt thh o écu,,t'éGx. By assumption, g=g' ,“ ”B and'Uf 16

‘ s : ot S i o ie
Geo It fol]ows (©] . c’'=sgtt’ ig el l=scul(tt' J')s' ler e ey

LQ

g=9 and hcnce (515 J_njecLJve Let. now qéE(;' %), v((‘ be such

that (g,va)€£f]. Let c¢=cG,, where c-apy g 1; remlnd that

B

— l : : o o & .
a” “b=pfg with p€G, @EG Then c la=gvp 1 ana ¢ 1b=gqu=fB5‘B ;gq,a

where B=(ng,f)- Thus f T c b ;
e and hence {5 is oﬁ“ 0. o : -

Let now a=aG, §=bGy, E=CGZEX We have to show that Y(a
b,c) is non-empty. Let £=£ g=£, s b =pfq, b~ C*ogt with
g arh * heg
PEG,, « q,sGGy, téG,. Then a c=pfqsgt=p f, E(A)él{k, where
A= qs,9), and hence fa = (A). By Proposition 3.2, there exist

' C

ufX and (h.V)GE(g,x,)sz‘such that ]h)+IE(B)l=dfl, Ih)+ e =

= KE(A)} and tE(B)\+ ]E(C)‘\=lgl, where: B=(h,v,.f] and C=(h,v_PA,

ga)). Let‘g—"?eGu, where e=a'pv_1h_l. It follows e—la=hvp'l,

e~lb=hqu=fB£XB)%%q, e~ICéthA£(A)2;t=fCEKC)Xéjgt, and hence.
d(g,§)=lh], d(g,p)=l€(Bﬂ and ng,g)=l€(Cﬂ. Consequently,

‘EQY(g b,c), as required.

5 G
It remains to observe that d(sa, sb)=d(a,b) for a,beX,

— p N

7 : g ~
s¢f, Ll.,e., the group ¥ acts on the A~ tree X. g

: o
Proposition 4.2. The pair (du(, W); Xy) does not de=

pend, up to an isomorphlsm, on the choice of T.

)(x,y)éx

of X and X5 be a vertex of X. Consider the isomorphisms
Oy

Proof. Let T‘:(X; i 2) be another subpretree

=\
o, x gM(f T%vﬂ (X x,) and fi 0'9; X w‘ }ﬁa X x,) given Dby

?;oposition 35, and let ¥y Vﬁ @}%Jj(z,g ) be the composite
. ¥ . 4 "'l e . Yo o
isomorphism ZE',X 9‘2E'X o Identifying =G x € X, with a

common subgroup and E(x, v) %X, y€X, with a common subset

of $§(§,g nd.ﬁf ;we get Fl(s)m] xslxXO and Fl(f):

‘.... o

st O

= ¢(B), ce a b] and f c)" I G“C%
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1

wl, 0L, Tor o€l £ELGzy) o Dofine the wap Iy *y*ﬁ s }’“ i by

O gt
(‘ A% . A » e P o IR LR
if“;;‘( ‘(-v"ul»}x:}?": {G) L for a*\;«’iz %, T3y the indopend onca on ‘Z,.ﬁi;;,ﬂ
oS £ B J%O 2 pne]

roproventative a is fmnodiate. The map ¥, is bijective and

e (w.,) »x' “lenyat 0 ror belly(x, T%), Cloarly, the pair

-
o

(1’19 Z)a — compati 31@ th’n the group actions. It I‘emalns Lo

ahoww thau &"(I'z(&) I‘z(b j=a(a,b) Lor a=8G_, b=bG €¥,. Lot

X0

By b

"
()

o andr B i}“‘ﬂ“f‘t with 8€G.. C€G\y, It f£ollows (‘E’ICa)ly X)ml

w‘ : 1 1
Py (b1, y) 1%37,) 1 11(a b}“’%y 1:0: I‘I(G)I‘l(f) lqm’m“
e e A 4

BELy LeCuy Lyggg)ﬂx (b} =f, and henca a° Cr‘g(z)ﬁ Py (b)) I I
= d(a,b), as required, ¥

5. Structure of a groun acting on a Aw tree

The aim of this section is to extend to arbitrary orde-

red abelian groups the structure theorem for a group scting

on a Z-tree [ | Ch.I, Theorem 13.

Congider two pairs (G, X), (G', X'}, where X, X° are
w— pess § =t =

conﬂeaﬁedﬁ/Xwﬁmaphs,and G,G' are groups acting from the left

respoctively on X, X%. By a morphism from (G, A} iy (0, é*)

xh 4 iw’s

we underatand a paiv F~<F»?ém) where I'y: Q“ﬁ’f* ia a homomor=

phiem and Foex-» X is a morphiom of /\ =graphs which are com-

patiblalwith the actions of the groupa G and G', 1.,

m

5\.

F_(sh)= =F (u)}:‘n (h) Tor s€G, hé¢arrow X. We say that the morphism

E isg an epi 4t }fl Fo are both onto.
: ST ¥«

Definition 5,1. The epi r=(F_,F,) = (G, w1
A ; — =

is a cover (we may also say that (G, X} is a cover of

1

)
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e

4
g,
P
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o, & )) if the following conditions ere satiefieds
y g 2

i hlphB are arrows of ¥ and Fa(hl)sz(hz) then

y—
oty

hpmshq for some 8€Gjy
150 B da 10vu117 i aomorphiom, i.e., Cor each vertex

Y s & mae «‘..-M..“.._..,M.-

X of g_th@ homomorphiam‘ﬁ L o ( )9 between the ut&bllluef
of % Fg(") in G G”, induced DJ Fly is an isomorphism;

idi) Pz preserves the length, i.e., lPZ(h)Imlh\ for

g¢ach arrov h of Ko

Lemna 5.2, 1P Fﬁ(F%,@?}sCGﬁg - (G, X ) i8 a cover thon

tho following conditions are uat sfieds

a) The maps G\X-» G*\x® and G\ arrow XﬁhG‘\garlov ot

[

S i
-~ o

induced by T, are bijective.

b) For each arrow h of X the homomorphisn Cp=> Gy
G 2, 4

betwoen the stabilizers of the arrows h and F?(h) in G,G*,

R e e

induced by Pl » 18 an isomorphism,

. 5

0) Py is locally bijective, f.0,, for each mel the

nap lq induces a bijection between h(m m)u(wfﬁ<xyy) and
ay*

Jéan

Wi : i b

~

is an isomorphisme

SR el L e e

Prpof. a) is immediate by 5.l.i) since Px end F, are ;
i Sontay ;
i v
i b) Let h€ X(x,y), x,y¢X. The injectivity of the homo-
4 : 2 -
. morphism Op G%(}) is immediate by 5.leii). To check ito supr-—

ii{

- Jeetivity, Zl;c%t tcc%m)c w) (x)* BY 5els i), there is sgG,
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such that rs (u)"ho Consequently, E"i\.;u, o( =R and wa AL

e Ao F., precerves the length by Nl e e gey
{ o

ah=h,lee, ofG, , as requirod.

¢) Ilrst let us show that the map FZ . A(“?w) > X0 (F o (x)y

2

iy

.: . ‘ s - o ~r - '~ : o A = n h 3
io injoctive. Let hlﬁgkéﬁixgw} be such that 12(h1} PE(“E’“

, o _2'\‘ e Ahirs o /T 5 0 ey
By 50.&-‘ .LA}?. }12“';}111‘ fOL GCJJAG uﬂuxa 't Gll(ﬂi»& Ll(‘-i}\‘ E‘?(hl) i

end honce p€G, by b), l.e., hlﬁhgkas roquired., Next let uo

hl

show ‘that. the map I, y is onto, Let h*E A'(I (x . B

Al

Xzﬁarrcv £ —# arrow 2 A is onto, there is an arrcw h of

s
L]
%
£
o

by )el 1) Th&h x=gy for soma udG Lhuar F (a)CCW and

2(4‘5) ?
henee; by S.la0i), I (uin (t) for some t€G . Consequently,

twj A(‘:‘r e ”“’} and Fz (b ”h}"‘-ﬂ 1(2" ‘ba)LZ (h) =h* 9 as l‘e(' 13 110C10

o
e

d) As P is en epi, which preserves the length, it re-

4’»4\)

moing te show thal P, and P, are injective. First 16t us ghow

3—-.

that FuiX-p X do injective. Lot x,yed be ouch that I (x)=

Aia @

v fiy Y5 s & RPN s (Asah £ o o A s B 13 0y ~ & 4 « sy 5o L i v ’-t Nera
2, {y)epineco X ig connected, there axi BLE Ln ariew hé A e
-4 L ' -

(ve]

‘ LT A e J ~ o~ e oA
Ao Xt ig assumed to be a /\w trea, we gel '%(n)mir o and
; P

hence h=l_ by ¢). Thus x=y, as required,

wlin.

Next let us show that Ft,ia injective. Let s¢Ker Iy
and x€Xe A Folsx)=F,(x) it follows sx=x by the first part

of the proof. Since 86G  and Fl(s)ulg we get 6=1 by 5.1 1ii).

piig

Finally let us show that Fstarrow X—~» arrow X¢ ig in-

o A2

1QCLLVGa Lot g, hg be arrows of ] X such that Fp(hy)=Fs(hsl.

v—-\‘
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in porticular, ¥ (Q(h ))m? (o(h ))9 xﬂd Nence o(hj)ﬁo(h?)
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f thanks to the injectivity of Fzzxnﬁ%x', Aaocording to ¢), wa i
: gat hlxhg , 85 required. @

i ?

& The noxt lemms s dwmnodlate. f

Tomna 5.5, Let Pi (G, X)-—>» (G X”) and I'te (G }/ '7) - (G Y" ‘

, be epis and assume that FY is a covere. Then Ffo F is a cover |

I ‘
1fE K i5 . a ocoven, .

3 & * . - i /\ A A 3 o & i

'Dﬁilnltmon 5.4, Bhe cover FalG, X)-» (G,X) ia urniverss] |

= = = |

L fon onch gover P':(Gh. P“)”V(GﬂA) there is an epi (not neccs~

/\/\ /\
sarily unique) F: (G,? /4$(G°,K°) such that Ff‘e I'=
‘ The next lemma playo a key velo in the following. §
Tammn 5.5, Let Fr (pr)~~“(ﬂbn) be a cover and sgsume

. ) : o ».-
thet: 4 18 a A= tiee. Toen ‘the cover §is universal.

L

|

Proof. Consider a cover y’*(bg”‘ =3 (G,%), To conotruet

= | A px
an epl (in fact o cover by Lemma 5.%) F:(G,X) =2 (G',X') such
= s
: o ,
that F'e F=I'y we procead step by step as followse
; 5 .
1) "z a point x, of the /Xmﬁra@vxw As the map PLiXBX
' }
is onto wo may choose a vertex x, of X' such that FA(xg)= :
: o . o |
3 | =P, (x }9 Define a map Fypk—> X with Folx )=x(, as follows.
e ey P4
A

Given x¢X, it follows: by Lemma 5.2, ¢} that there exists a

(o]

unique arrew 1_ of the /\»graph X* guch that o(ix)zxé and P

| Fg(lw} is the image ” ( fx} of the unique arrow in the A ~trec |

:;‘

|

Y with origin in xw and terminuo in xe Lot us put Po(x)=t(1,). |
o) ; : ;:;, e %

~
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e : A L
2), Bxtend Fyed~p X' to a map FyiX maprow X ep arrow X

. Y, " 1’ S0 .'__’m'"vj;ﬁ
Ly 12<h¥y)~i” ﬁy ‘ ,;

mrq(v)w Iq(nﬁ )ui 4 () and T, w,y)l %f?z}zeixyx} or

A o ‘
Koy nlhe Thus T "geﬁ{EG 1o 8 morphism of”/\wgmapnmﬂan@

A i
FécﬁF?%Fzm In fact, according to Lemma 5.2, e) 15 the

| ! .
unique morphicm of /ﬁ eppaphd subject 10 r?¢3T£$F2 ang

Yot e

Tyl o

>..

1

}

?5)‘ Given uf,'\.

£

@ GbV’iOUSly-. \« ?( gY) ) PZ {A) 3: (F;z(')«:.‘,},’“; }1“

, let ue show that thore exists a unique

v

: . . 7
G satiofyings FJ(t)=i' (s) and *2( <)=L, (x) for each x&X,

T

Fiz for a moment some point AJX, Since Fi:GQ~§ G'is onto, the-—

- ,. A
re is pfG* such that Ei(p)wa(s)@ Consequentiy, F%(pF?(T}}x
b 5

i 4 . S : < :
=Fp (82} =F, (F,(ax}). As F' is & cover, there Is q¢' such th
{ 55 5

QPFZ {};} m}?" Q&“} ¥ and ht Qe I‘ (‘ti}’c C‘ ', % e B;lr 6@1@ ii} 'b.hlﬁ 2
: 2

Y
& 3 Nk

<

et o by = P L = @’1 3 o)
(g} WRED E%(r}wﬁi(q}w Lat us pui.ﬁdr Gpe« Cbviouse

Lidie

0 A
N £ ) ™ o w3 98 Pt e 7 R byl
"(yr 6 & '% (4:1 , ' i,h}) CAI' J 2} (Lz‘«\w} M'::‘P;*} {«i & IQ W 1‘:: :{.9 l}r(} .f.ﬁ;}’ b'f%' e B
4 ”4‘,, y e e &k wy A ! ¢ fo] o
and L'GC* e guch that FI(L')=Fy(s) and P, (ep)=t'Fyly)e Ve
ve to &hﬂw that t=t°. Congider the arrows ﬁ» %Y 36 (uﬂ(wv/
- («-, Y ang 4».“”"1“?3 faver e YoV 0 (0 =1, e ) 1 praly
L?y}yemq b T lox, ey X0 (L p<?J9 T )) é*”L“ﬁ
gl > — :

1

AL R N % S
t w*ﬁa(yxéw Since the arrows above have the commeon origin
: : -

oy Bt el vy
P,(x) and Lq(ﬁéiﬂgy})«fg€: y}mﬁg & Fﬁ(axgmy))” it follows

v-u:i‘_,' i - o g
Lﬁmma S ) 1hat F. (Ap‘) P, {sx,sy) and hence £ ~1%C
fok

Y
As I3

=], s : = i
(tT)=1, we get t#t* by 5.l. ii). Thus there exists

%ﬁe

A e e
uni que map Fipghﬁ%G“ subjeﬁﬁ to Fic;?.mﬁ. and F C&(»evF

.

5

,,

/‘n

E(a)¢,§n@¢a fop uwﬂ% 660 & oach arpow (i y) in blu‘/ywbﬁm”’t

The unicity of t ‘hc*map~li satiaslying the camditiona abova impimg
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slso that P, im a homomorphism. This the palr F=(Fy,F,) ie
| A

N D -
g BAREES -~ ({1 WERY Tl 2ha eronerili OO
tha uniquo mo“wh m fromn (G?A () (Q*wt 3 with the propertito

oy ‘ 3 o
Fe®o =" and u%<7 )““* To finish the proof wa have L0 Baow

that tho morphism I is an epl. First 1ot us chech that the
‘ ‘ A

2 £ A

e i _
homomorphism Fy sGpG° {5 onto. Fix some x¢X and lat 4 G'. ;
e

4

As X* io comnectad, therc is an arvew h€ X' (P, (&), tF(x))e
- it , :

y
',, ‘ .(;\ ¢ & o I\
Since P is a cover, thera exists, by Lemma 5.2, }9 an unique !
s /\ : /\ % 3,
podnt yCi& such that 39€x¢v)tF§(h i Am.riéh)C“(L (“ §(ﬁi
s = -

: A ;
Fnizbﬁg it follows by 5.1. 1)}, that y=aox for some s¢G. Apply-

ing Lemma 5.2, ¢) to the asrrows h and Fé(xy sx) in X' having

e

the common originm P, (z) and the same image through Fi, we goi

=
<

h=J', (), and hence &FQC“EMb(1)ﬁ§(b2(xﬁwA)‘:?1(Q}F2{x)@ Thus

~ A\
) ) o TR 8 ) T NN el - 2oy
{Q & é Cig‘i\’) € } @ dﬂ\.} hr’ J‘).\, () 1“1 (J:',.) F}‘(g}&c G;Eyr (","’ ® E),{ ‘5 el e L e i &

1
P : ~ o o =il
i Sastany s ] - Y T L% T ke et % 7 e - %
there is pdG, such that P (pl=Fi(tl "F,(a8), Since ¢ ?i(wy 3
A 'A‘ s che 7
= me f .u"”‘:-g:ﬂ;n { = "”“’:w\ - = S ey : M""TL Py 2N
Qan} ) &ud PRle 0y Gop ))=Ll, va got u«xl(&p b b Bildiig
r 8 : [ ’ﬁ" L3 : N A, > ﬁ 'IY.{ Pbﬁ
proving that £y L8 onto. It reusing to show that g?ﬁﬂ-v;arLuw.
/\ :“x o
is onto. Let h be an arrow of fﬁu yig=: ﬂqam S oarrow X 1s onto
: & ""(A.. E ps {:\ (e
there is an arrow _ (xc,y)} of X such thai b?(yp”)mﬁ (h). Since

the arrows h and Fg(ﬁg,) in X” have the same image through P?g

-

it follows by Bel.ik that h:iﬂg(xyy) Tor gome t€G%,. As Iy im ?

A
onto, there is 8€G such that F}Cs)mﬁ, Gongequently, hxFlémL

B, (m,y)=, (ax, sy), as required. w

«.

e R L U I

We are now prepared toprove the main result of the pa~-

pers

Thbcfhm,)mf GLVOR a group G which scte on the connece

e e e e
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ﬁeﬂ,/ﬂé‘graph X, there exists a universal cover T“(Gﬁu%¥(ﬁﬁnf@f

" |

» " . oy = 5 s B B U S e gy O
'}). :LS Q A =0T 0\.- and I is UniLqua up to an LOOMCINNLEM \ow OGClo

et
Pt

sarily uniquel).

!

Prooly Exlatencay To the poip (S,K} wo moy assign oo

in Secﬁiam 2 & tponzjv oomHGCLLG/ﬂ »praph of gﬂoupa

I=¥{G,X;j,6 ) and a maximal subprct rea T“T(G fyayﬁ )= (T

@D et
e~ g

() G, E 3:2)

3 e

3

depending on the choice of the maps E:G‘\

arrow X -» arrow X and 0 :E~» G. Further, to the peir el
- : : i
onemay &ssign as in Section 4 a/4 ~treo ¥=Y, together with an
— "‘::
r—-O

& ; 3 }" 5y
action of the fundamental group.n,r:-%j (e, T) on
| - =

v

L.
L d
-

By construc-—

&
L e
tion, the maps G -»Gootp 3QGJXC G and 6 :E—» G induce a homo-

¢ Vs .
morphism 1-:‘1;9'[:»-‘;' Ge Note that G =G 18 1deontl od with o com—

( .
‘14\.

oy
mon subgroup of 9/ and G an Fl i8 the identity onm G._ for
o b

cach w<¥e Moroover, Fy is onto. Indeed, let a¢G and x€Y, Since

¢

X is connected, the set X(jx, ajx} is non-ompty, and hence the-

Vi S
re exist feE(x,x) and &G, such that - t(sjf)=ajx. As t(jf)=
o (e N Gt ” ""‘}. A v . ‘ oY Lt
=0(f)jx, we get a “s6(f)€ Gy 1400, a =86(£)t for some tE€G..
= o :
Therefore 6=F;(sft mod Ry), as required.
b
On the other hanc‘ijg we may define a morphism of /\ ~graphs
s 0 : s o ' o
il =»X a8 follows. Let us put Fp(a)szCa)Jx for a%aG_€ ¥;

o

abviously, the definition does not depend on the representative

a of the coset ag¢f/G. . w N e
A e e 36‘ an arrow of %h@\/xmmraa Ly LeBay

Lo

an ordered pQJT (:g b) with a=all., szay
m u« r =)

“‘[ “zr have to:'dofine

. e
8n errow .ur,,(ax,,b)é \P{,(a)?Fz(n)} e L Ccrollary there

i




4 ANAMR . L N s o et o = s A 5 ¥ 3
cover 1t sulffices, by Lemma 5.5) to show that I sat

A o ‘ |
exist fﬁ béEKﬁ,y)w unuquc]y determined by the coasts o, b
0

XI ;;;v
P ) |
and somo ué uC@ guch that the identity a “b=gaf .1t hoids

iy D
e - a0 F
in % » Lot us puﬁ ﬁq(ny b)wﬁn(m)nx{ﬂ
.o ;:?ﬁg

o

o By Gomaliiony Jeb,

Lhe <hzfi11}t.iuxx does not dopond on the choice of a,b,.
; I

N ;
and 1?(5 g)g g( alad F2{§))m Obvmouﬁly? Fzﬂggf}wlfg(a} and
)rECu,b)& 1 = bl =3 {a,bl, 80 it remains to show that
7. ;"«v :
O e : o i Ly
Fm(u¢&}£@(b x??Ca;c} for a,b,ecY to conc]u e tha Foi XX,

6=0C b b= =bG,,, c=cC, , £1=f, et " Lpsg L b=

=
1
R
¢

5%
i
b

=pgq with aéﬁxgt?pény Q&G . We got a 1c:aftpgqmst&E(%}A$qf

4 PSR : S op S0\ M ,D‘ m‘ “ :
where A={I,ip,2), dAtJ(A; &”&,kﬁmjm(J&) 1@ Thua £ =81

ab iy Eii,‘:}
i
-~ =
N A .,..‘f‘l D St oy N e, Nl T ¢ .? B
&na b 2\.‘2\;2} o6 L{a} 6,- L(ik!““-&' :Ah(&f L l (\Iif’ <(§“{'A‘ 4 “’I’IUI{;EW
Ll iy " o8
~ P N A A
wm i Lo ot roon R N SN A NG A Ny i % Y
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- e > A -
"3 o b, ) 2 kL o~ P & Lt N h e o L
asrequired. Note also that the map F?z&.wﬁ%arﬁew L 18 onto,
3 o

Indeed, let h be an arrow of X. Then there exiag
%;y6¢¥, and v€G such that h=vjf., Since the bommmapphism

/ N o r A 7
EuJva’u is onto, there i3 a€dl such t aﬁ.&w{a}“va Let.

N
o (X Tamsta (T £NF o0 &7 o a o o Koow ok o 5 =
a=al, , L=bU L2 with b=af. Az a o=f 1t follows £ (\?b
= S 2=z
e
= (:“ Y T ST ey YO TR &l
Sy 8L gL Vdi=ily &8 regulirad.

. AN D
Obviousdy, the pair (F,.F,) is compatible with tho

st 3 o eme o . J:\ o ap » .
getions of <L and G, Thus ?*{rmﬂ*yﬁ C&by§‘q§(ﬁ ig an epi

Ei r‘\t

s X : f‘e

VILGh presorvoes L“o lonpthe To coneluds that I is an universal

A5

x«r

ias tho

\-
i—l—
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e
o~
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conditions Zelel)y i)

Pirst let us check 5.1.i). Let a=aG,, bmb@yﬁ

i
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v l.‘f A2 %
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#hae

S ‘ el il
L Collowo Teft,  xew' o ymet ang p‘“m“ il(a“ a)mQGf@ C o

e n’.. :
soquently, Yiﬁaﬁ La)ma°ps-'~6ﬁ% 80 wa may see it as en olGe

B A :
2 p g o ki w7
mant of JL and consider the element c=: a‘Ei(a‘ la)a J of .

‘7—-’ ”I.a"”l::h B‘tﬂ ""13{:""1 ""}.::'..

We get the identities inJl:c=a's’ps Tplth

e
o N o =o' F. ( EL o pe
e LG Tollows cg«ca@y»a El a' “a)G Fa wa

eag

=ht 187 W (phtd
-

e o (p)EG, =b'6,=b', Thus c(a,b)=
L

woe e @ N e e e
=a' and cb=cblG_=b¥{?
:;;w V J Lt oo i

ey oSy

=(at,b') and 5.1.1) i veriried,

-~ ™ oy o e
e = G G R N R TR o e e e o e e S ? ey S Y
&«.;4\:.‘_‘_‘(; f § |,.},](‘.<‘ atabl Lizer M- oL el 1‘1/} (v".l } ’"‘A"‘:i \a) Jae LIl JL ERPRE S
oo “h o G ¢
) Ny : /5
(7‘;' Lol . ? —~ . L .
are respectively J =G am G, , .\ #Pa(a)C F.ta) =, and 7,
e J) f)v\(.t‘) 4 (S .l., Ths
v & oo
-0
is the 1dentity onh G &

&

Unicity: Immediate by Lemasata 5.2, d) and 5.3. g

Corollary 5.7. (Structure theorem for groups acting

s

N oy TPy e LA ERCR e e e e 1 5 ./\ & e RTINS,
on /\m‘f eeg) e With the notations above the following statce.

Sl vy e £ PSR
ments are equivalent:

J

e S v SR ‘ B o oy o4
i) % io a A~ trea,
eﬁ;@: ’

S e SR S R e
.LJL)‘ R L; J(, b G L3 an Lsomorphloile

o e

144 F2;2%§X’ia an isomorphism of /A «praphs.

= 1

Proofe i)=pii) and i} 1ii) are immediate by Lemms

= : < G o : - =
5e2y A) since F is a cover. 1li)=» i} is triviel since ¥ is
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A= trec,

: e
| a aop e -~ < ) LTS -~ ~ Yy 1 [ o N
ii}:ﬁ»lmm} 2 Ao F, do onto and preserves the length,
e

Wy huvu enly to whow that I', ds injeaﬁivam Let hy,bs be

>

(-U 2 \
U ATATORTITR S o( ¥ such Lhﬂm r

o
-}

-

«CLw)~A o (h,). Since Fis & Gover, it

\1,

%

j : A
follows: by S.1l.id that h?~ah1‘f0r‘sema a€Jl, Thuo Fq(a)

€ .

- e il o W
morplilsm, Consequently, hlﬁahlmhay 1e@oy Eb\ia injeetive.
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11di)=>r £4)2 As T 51mﬁ& ig onto, we have only %o

/\ ‘ sl

how that AL‘Lu ingject iva@ Let a&¥, ﬁéﬁf ond &oouns Fl(s}mlg
. oA . | . o s
wince I, ig an isomorphism by assumption and F,(sa) = F,(z),

it follows agjzﬁ s and hemece s=1. by 5.0 543, =

—
Py

The most interesting assertion of the corollexry &hove

is the implication i)=2» 11) which gives a description of s

group &8u$hg on a /Km-urca in terms of generators and rela-

tiona as in Section %.

& 3

e end this section with the foll wlnv version of Thog-

A5ty B g g > e e & gy 4 fAR ) RS r - N (0 Ioe) 2  ET
ram 5,6 whieh s an fmmediatc con gaquence of Theorem 5.6 and
72 PP} -
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ENTLLD Delde

Corollary 5.8, Given a group action on a roote& connec—

ted A\ ~ graph, i.e., a teiple (G L;A ) with » EX. there exists

: T WP
a groump action on a rooted JK tree (G, X X ) and a cover
P R S s N
“m(FlﬂFZX {uwhbmmd(ugg} pyeaervingtﬁh@ root, LB., 1?€

i
Tt

: < el
R such that the olﬂaﬁ“ag unmwersalﬁy property holdsg:

i

e E = 5 “N
g &nd hence aéﬁh since by assumption Py i8 an iso-
, 3 _
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'(?sﬁ;xm'ﬂ; a%g}?aup agtion on a rooted wnnm;:md /\ fraph

i |
5 |

£

(@“g}{“pxé} and a cover F'=(F.

i\,,
£
-

4 %
i3
ko “
=
N

: |

a i S £ e w gy

there exists a unigune cover «.m(ﬁ‘lgl’z) : (C}ﬁ{} > (G XY
un gue :

A | Loy
with Folx d=xl such that 1f o F=l.
ks, § ‘

6. Dxamples

i
1

\

Po 1llustrate the general theory above wo glve in
thia section two examples. The first cne L6 quite simple,

while the second cne concerning the SL& of a valued field ico

jirdoaele clabe rated and susceptible of fuwmther developments.
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6.1 The iscometry group of an ordered sbelian group
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Civen an ordered abol-mn group /\ » Wo may assign lo
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of é.) X X
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e group of transletions, which is isomorphic to /\ , and the
| \
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group Gx{'j’.p Ta}‘ ; ‘ ; |

6.2+ SL, of n valuod £
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Le:zt K be a valued field with valuation v, valuatien
a

mng € and value group /'\ffmM For e=(

b
« ﬂ)GQLa(ICE, lét v(a.)ﬂ

e e e G

nmin(vaavb,vgv%na ‘s]a v(det s)=2v(z). Note that ]s}}O for

each 8¢GLy(K). Consider the equivalence relation ~ on GL, (K

induced by the map | | GLy(K)—» /| as follows : svt & s"l‘bj:
=0, and let X be the guotient set GLé‘(Ky - '.I."he group GLA (K)
acts obviously from the left on X. The mep GLZ(K)};/\ (o) >
b |67t | induces a distance function @:X35A on X. It ic
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by isometrics cn X. Consider the pair (G, X), whero G= =305 (Ki »
Qur ”aaiﬁ is %0 illustrate Corollary 5.7 by giving an explici'{;‘
presentation of @ by generators and relations.
Fir;-ﬁ; we have to construct the strongly connected
/\ -graph of groups Y.'“Y(G s o) associated to the pair (G,X).
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For x,y¢r, 1ot us put ‘}7}(}(93?)5'3{(%90( ,,y)‘;d@/\,f&*o{}, w ()~
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w@ get thgx,y)ﬁ(yp(% wly)=u(x),x); in particular,
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1 if x#y or x=y and « =0

-1  Q '
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pratred Cl,‘,é,/..}(“ wicwe o To pet the deslred preosentation of G
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.o( ‘ : '

) L are e

- R4 i / e \
for 0{w(p)< 2 mn(«, (5) Y =t [)) (b)Y .
In particular, ir/\ =Z, i.e., the valuation v is
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has a canonic :&tructux‘@w of /\ ~ tres on which the pgroup G aels
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m el
Les mmtaw,* - DC’llOLu by Lz thoe standard Lul tice () GYG
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The claim above is a consequence of ch@ general theory

end of the Tfollowing fact: Let s=(o:

guish two cases. |

o Yo £ % 4 i -
PRaYeLy .,,:;,(W v ‘k‘r; é‘> ; Qes 1{\» & 2{] 3 el
Tk e LGNS O () OO -

ase 2 w(s, 3=0. Then e=pqr, wherae ey o
P (010) x 4 /) (} G J
; &

qed,, and #gf\ @g are given by p. B fop QLisn,
oA s, é) G 0 v

«
m'«z w 7
ha :
3 ; ame Lty \ i &L e
e S £ 5

for 2848n, Dy - ) g5 for L#L, J0;
& @u)

Fre s




q =q =1l; q sl g seq, w8 & 8 =B TOF
oo A 04 Q0 oq . oL [ 0n oo 0 &
2<i<n, 9. “5:-fo 1£0, J75% o=l o for i20 L op 3=0,1
L ) }, PR A, J
1% ¢ 1
O L e | < Pe 8l e canr Pl . j;n 5 4 Lyl
Gne £ g o B el fraw @rlydsie

Tn particulnr, i the valuation v ig discrate, tho
1 : |
group G Lo gonorated by @Q and the matrlx b“ﬁi subject
the rolotions 8 =1 . and Sa= @, {a)3 for 8lG,=/peG:
: 5 o l ¥
a HNN-like construction. It follows that G ig the sexdi-di-
rect product of the cyclic group of order two generated by S
and the normal subgroup U generated by G oF consisting of the

matrices s for which v(&)=0 mod 2. Moreover U is the emalgo-

mated sum of -G, and ite conjugate SG S along the interscction
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