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ON A I'IIOI]IJ.JId I'LA:I'$}iN HT AI,PI|NIN .AI{D I]AS$

, a

by

Serbarn A, Bssarab

A b s t r a c t

r - l
fn their pup.r [ fJ ,  R.Alpori 'o and H.Bass raised

the follo'ringL l

Slnffrilgru$ -nrpPifm . Iin'3 ths di-toup tho'oretie
'  t  . r

{nforuration carriod by a A*iroe action, 8na}CI6ltua

to tfr"t prssonted in (Ss1'rets boolc) [rgeF, for tho case

l * .
/ \ - . /

J  l -  1 - .

x " l r e a i n o f t h i s p a p o r i s t o g l v e a p o s s i b l . ov  v v  ' t -  ' Y  r

, &nswer to the question above by extending to arbit'rary

A

, ordered abelian Broups A t.tte main constructions and

I rosulte contained in the fl,rstchapter of Serrets book'

I



gN*AJiHIrlir\L[A]fil
I

I

by

Serban 4,, Bassrab

I
I

' e ' l

In their psper I rJ ' Rcger AlPerin

rai sed the folic'-ring:

and liynan Baso
I

I'qct#nc tlr.L pr"ablejjl' Iind titct 6roup thooi't:'Lic in*

format,lon corried b3' a /- t""o action, ana].oguouo to that
i A 7

pr'ogantod in (iorro r c boo};i ?l-i.ir:.g for t,ho ctlso /\ * 
*. *

Tha uin of this popc:r is to givo e p6cr; ib}:  r lu$l; t i -

to the quosti,r:n above by exterrai.ng tO arbitrary oi'dertti

abslian €;r'oups A t,hs nain conotructionst and resu]is coll*

tained in the f i rst chapter of Serrols boo* [Z] r

fha pnincipal ob,j'ects inve.etigated i" [fJ Ch.f ars

ordinmy graphs, in partic'ular ordinary treesr. and g1oui)

actions on ordinarXr grapiro. Tha group theorotic infornction

carriecT by a group action on an ordinary treo is containecl

ira ths 4ggqnll-gf- fiLqupg,r, assi8ned to such an action, and its

f,tr nrll ryen-lrl*el *u?, rk#

' 
*O 6urlJ, tlrc roqu:l"i.otl gsn0roli.snt{Stt. :t'O}o Sn flr"bitr.u'7*

:

orclored abel. ian group Ap rs f i rst neocl a suitablo exten;i iotr

of tho cpnccpt. of ordinary graph- fn Soction l vro introduco'

r
euch a general concePtr calLed A -8l9.p!r and we ehorv that

i

t , h e c a t e g o r y o f o r d i n a r y S r a p h s l s e q u i v a l o n t w i t h a c a t o g o -

I
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ry crf, $.franf,$. 
Or ths other h'and' tho A * troos invostl*

' .  
r n

gntod ln lE , Fi &ra ldontifiod witlr pnrticulnr fl sflr{ipli{l&

N a x u i [ l e l n $ g o c c r i r y t c l S o n o r a ] . J . z o t h . l b a o i c C o i l *

ccrpt o,tl ttr.uplr o,f' ttroupri. Thio tnr:lc is sahievad f'n $oction ?'t

vhoro tlro no}'0 gottoral qnd qu['[o tocirnlcal cnocoFt Of

A -fr+nh .qr fr",oUps- ie definocl and lnveet'igatod r

Sastion 5 is dsvoted to tha f'lfrya*Tpqlgr-gsg! of a

strongly coiurociea A -8ruph of groups, v;hich turro out io

bo a natL1l-810. but nore tgclrnical,, gonoralization of ti:o fur:-

damonta)- group of an orCinary Sraph cf gtroupo '

fho trannitian fl 'o,n ,4 -CFriphs of gpoups to Sroup

act| ioni l  on A-r. i :crcs ic c0ltsi i ' lx 'od i i r  Sect ion l i '  fhc r inin r ' : : -

uult of tho paporr af, s;6lc1l5ion of suruotu::s.flro$rcn i) i ' i '"-;Ii

[ f ]  Cn, r ,  ic  p : :ovod in  Scct ion 5,  r lhers  tho bas ic  concc; l

of tho of q Sroup octi'on on a co;rnected

A -Btoph Is dofinsd and investiSatod'
I

Finally, $ection 6 providos two exanples in ordel- t0

iLlustrate the goneral thoorXr"
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, t l

i l

i  . i

1,- /\ * iff.?.IJb*"
l

tly o 4l;f.U:n.ql'{ wi} llntlorl}[nnd e srnCI'lJ' estCISorlr ii uhcle

morlrlrlui$tr c\r.CI lRourorphJ.c::ii3. Donots by )( tho sot Of objocio

of, 
$r, 

collo<] sJ.so tho ggts-cq.g of X' I"or xoJr( X, donoto by

$(*r"t 
tho sot of inorphicnc,r call-ed also S#-clar "f *' 

iY'c:r

E into }-, For f6Xi:;ryy cal]- ti lo vortqx a(f)*-x tho.9IL3i:

of fe and tr,e vcltex t(f)ar the li i i it.ws, of f ' lonote by i*

the i4clt,tl.f cf K€Xr Uf f-le $krx) tho iUIgItg of f €J(x ,T'i ,

anrl by fs(y {t:r;:} trrc *o,rnort ia of f61(; iy) and ee5(r * '"

,xhc g,,cupciii ir is g:l'r,$ !,ct ,* ; (,lr;") ilr ,r1".-oiirl:'r.1'

for a13. pairs (r,r:')g-i?, ^n 1;r.rpoi..l I i"-rno ciircc'c ou;n j-t ih;

catcijor? of graupcicic of itu g.o,ttnit"j1 
"o,"ur.,.r,.n!"".

Norv let, A bc an orclcrod' abol.ian tfroop' D'y a 'l' rtt'Ll:'a'

la$ i lg l ,+vrounr lc r : ; 'Landa l l . . i t tLpo idAv i tha" ' lon .3 th" ' func" ' j ' ' i i l

I  I t  a r r o ' r  { * A  I  r P l r l r  s s t i s f } i n g :

.  t -

i )  I f  l ) r0  for  everY arro.Y f  o f  ,x . ;

t i) lr l=o ifr f*lr* for somo x.cri

iii ) | g*11 - lf { fqxa ovor} srrri",-r f af fi

iv) lrr l{ I r. l'* [ s I ror Gver],' lrair Cr, Jg (:r,v; r# (r ' r '1 "
l ieT rL:()i,

l. "1 l* "1

Iltct /i -lgg,i.S--gngsgg as clcfinod in [zJ, lrl, aro itjenti*

fied lvith the A - iootric collnecto,i 6poupoid* * for which tho

sot X("ry) has onLy one oLene:nt for aL} xry6"'

tfr*.A -metric groupoicis forms a cat"egory A I';g.having afr

morptrisms Fr S, I I I + g, I l l the nrorphisms FtS-'J of gpou*
i

poidso ioe, .  functorso.F ie an {sgme.t .LY t f  I ' : I - ; "Y is an ioelnor*



;1.roiclo und I n (r1 I *lr I ror ovsry nrrovt f *r i: "

Ncrv,r vo.pot, in. ovidon,ce & subcttte{iory of AH vritlcir

f s A naturrrJ" 6ionclrallz,uti.6n of tfio eatogorSf of the ordinui'y

4 y r r r p l ' r c l a f i w 0 } ] ' n g o ' f ' t . h o c a t o 4 E . c r y o f A * t r o e s a e d o f i n e d
F  n  r - l  

I

LzJ,  L: tJ ,  :

)

pg.&?rLi.ojl*f-'J* ,\ A - rrnph. is a gtroupoid f vith a
A

function. I l, errolr f + n satisflTing:

a)  the  o* iooJ i ) ,  t i ) ,  i i i )  f rom ths  do f ln i t ion  o f  a

A * rnotric groupoit l ;

b) for'  ovc;?" psir (f rc) € I (xrr) x5 fu ,r\ tT,Y ,z&X,
q

(. . r r I I I r A

d  ( r , s 1 , i = l f  l + l i ' s l - l c ; l G 2 / \ 1  i
a  f ,  ( .

c ) ,  d ( r rg ) )z * i "  (d ( rg ,h ) ,  d  ( rugn) )  f o r  ave r i ' r  t r i p i c

( f  ,grh) ( I  (xr t ' )  t f  (y  r :c ' ; i i t , (z  r t : )  oxr r rz ,u(x  I

di the nap ["J= 1".;(r)=s(g], f, t",n;=.] i ." l* l ]=

=&rA :o(a(lelJ,r  i -r  I  r l  is onto.

* ls l *

r,.gpns L"fu Ary n -graph 4 is a ,{ -m.etric groupoicl'

i ** 1..<
(r*1l,ff'

[[gtg. 
'ffo hnvc to vorif] iho ?ni,ang]e' inoqtrnliiy

|  |  t  ,  .  - - 1  ]  i  - - ,  t  r r

r l  * l6 l  fsn ( f  !gX$(x,y lu t$k1a)  o '  Conoidsr  th$ t r ip l ' *

*F x '  fglx * ' f i t  t r* I ,  n+ y, '  f /o gct d"(r*xrrg)*Jf I  +

fir I o f, {tt}t'g,rt*r) * f,(gr6-r) *0, f(r-r, rseir) * f,(r*l rf ) *0'

It ren:Bins to apply the axiom c) of Definition J.oi* ra

Denote by A qS$ot:q the ful,l eubcategory of AntQ v,'ho,ee
d)tl' 

f; 4

, '\/.-. A
OOJeCts Y tne 71 *grapI I$J o

Given * A- rnetrie groupoid

x[ (r, a), , ].et. r (f ,s']+ €Fl n frs] ,
pai r  ( r rg)€x(xny)x

. fho following 1<ln-

X a n d s

t . - . - l - ' f  ? -
I I T  , - l l : ' ,  r-* -[oJJ



, i
ne Bro\d$'e s

5

equiva L€nt fi ofi"ni"til o:rr
f

\

I

A .
ht f\ *.ift'11,'i3i1'Ss
- - r | . L /

I
I

I*i:UU3*J.*3*. Tho noconsnry and euffJ'ciant oonditic;r

for * A *,o,'rUrlcl 6irou1ro3.ii to lla $ A*8,**ph ie thot

n  r  
, l a l ]  r rP I * l  f a  b i Joo t i ' vo  f o rl ) ,  tho nap lc j - r1o'

e'vorJ' {rrrow g of 
$, 

end

ti) tire $e1' T{fug} is, nsn-capty (in fact a oingietc;r}

for ovorg poir {f,pgXf (xor};*l (;rrr} s xsYrz(Xo,

EISSflo Asauuo $ 
io & .{ *grqPha en'* Lot fe;i (;7 rxi- *

trirsi ty's havo to r;it*,i th,eit th* cancnie nep ff;J+lil' ISIJ i;

injoctiVa. in fact w* prcivo a ptl 'oi:gcr fac'e: tho rnalt ai.,rt v;

is an iso,.ot*r, :ii*e,, lr,r-11 * llrl *lirl $ r** r-,rr(frJ, ,tc i

is, a A -notrie groupci<:u i;r gct i r iS lri',*11 "lr.l o I tt l'<f :.r-li *

+lr l=lr '*1r.1* lr [ ,  eni henco lrn*I1 )r i t t l - l r . l i  -  o;r tho othc: '

hanCr spply ing tho sxion c).  of  Def in i t ioa 1-L to t ,ha t r ip ic

(f;p rf=h-l) p e.ro set o=f, rc rdV rain(f,(:rsos-ih-r) , f, e ,tr-I) ) '

As f ,rre[s] , it, fortc;s [rcer{L-1),= lrel* Iri.-1| *Jirgl=

*{rn-11 * Igl*lrrl * sincs' f,{rrir*3}*lrJ+ | it i-Ij -l ir l , i i ia sonclurii:

rhar lfrirl( li.rl * lr,ll "
irtoxt w$ hsvc, '[,o ghcw t]ra'r the st:t Y(frc] fs & *tttiT].sti"'::

,,{or. ovol.y pair (f,e} of arrotrs of S $ueh thst .t (f )*g(g),' il;'

tho axion b)  c i f  Def in i t ion }oL,  t l rsro exists a uniquo TqA

sueh that f,Ct,e)*e'f, ,-obvioue\r, 0{ /,< ruin ( lr l  ,  lrgl I  '  r ls tnq

canonic mep [ i ] * fo, l t l j is  b i joot iveo'  thore is  a uniquo h(FJ

such that lrrl="f " rt remsins to shovr that h6FgJ and hf €frJ

concLudo thaL y(f fs)={r,}" Consi<ler ing t .he tr iplc (h,fr6;)

go,r o*f,(hrf,)7 ruin([(r'r ,&.) t f (hrrs) ) ' As f,C*1g;)*

t o



* i i i r :1 '+ i i r i ; ; * i ; j i , ' i *  i - - i , , i  r inrc i l  * l ; ,1  1*  5 '+!n: :c l -  l r i l i  ou ' i , , , f ;1)  o

i t  f olLorve f (hrre)*f{l",rrg)*0, i,o., h ( [t*J nntl I hl:€f s i"

Con\rorieol.S, n$suilo t)rer ,{ *no'trLc l lroupoid j i oat j.$'f ics

'L[o condi I L t onc J. ] rrtrcl it ) of Lhrr s'Lntcincnt. abovt: o l,'o hi:';-;

to r.rl icr' ' ,v t itr i[ ] i  i ." ,t 1\ -f irnpir- Tlie contTitiong a), b] and d]

of Dcfl"it i ."rJf,:. ar'B triviolly eatisficdr eo it reraai:rc to

vol i f l r  tho condi t icn c) .  Ccncj-dei :  a t r ip le ( f  ,gr i r )  c, f  arc, ," ;

of 
$ 

sueh ihat -;: (f ):=c (fr) anc' t (f i)=g (h) , Donoie by 
Jif , l ; i  

'Ll"rs

un iquo e len :a t  o f  r i : s  ae t  X( f r f ) ,  No i$ r  thn i t  [ f f r , ] )=? l i i r , [ : ' ] !  .
f F

Ascuming c ' f ( i ' ,6 ;h)go ( rgrh) ,  i t  f 'o i lo i , rs  by tho condi i io ;  i )

that , I ( fo4; i i ) { [ i ]n i i r r l ,  unr l  hc , rco I  JCt ,d) l ] l * ( " , ; ; l ' )1 ,  i  . . , ,
( r ( .
d  t ' t r s i > d ( r n ; i r ) "  t i i e  c o s o  d ( : 1 g , i i ; r { j ( f , g h )  i s  s i n i . i a r *  { ;

Iz::rnl .1.." 4.= Lct

- l : ' n ' l  - 1 ' ^ r ' r i  
, -  -  r J '  n *  r ' r - , 1 r . . !  . .

M J L r  r .  r r i t t  \ )  u  u i  U  L , r . . U J , r  i ,  r . }

i )  f2=1

az ' . ,  f  - -  - - \ :
r (-,'- \ -i- ' /-,

==a

_t-n,1

- rbc a n -{Faph, x( i l  and

^  ^ r . :  - , ^  
- l  

^ - ^ i '  -
U L;uiJ- V Lr IUII {, I

,., ar"ld lrle zA ;

x-x"

Prcc,r ' ."  t ' ; 'c havi:  onlJ ' ia sirc",r 'Lhut i )+i i )"

tet, Jf l" ef * f i,o'to i;: a uniqu;* arroir

-  |  |  |  - l  ) .  , , .  *3 . . . "enfl lgj ' lSf l* C . / i i i  r * i .",,  i t  fol" lcva

L*-i:1i-j .J-r- lr""u,r. f, i;a;: n sr,oiles.;. p,r;itiv'e u'1cr'l;;:';,,'

so tire older',1,l '  gr"oup of i; i tc;1ci:c Z is identif ied r'; i th n GCii '*

vox eub{iroup of A o Acgssls alsc t,hat thc fac.tol- g*oup/t,/. is
/ It'

Z-d iv is ib le ,  i , " .  uA=: i  4 '? / \ .  The nex t  o ta tements  a re  c [ i . , i vu -
'T-

t

Lent for a A- gi"aph l !

i l ) f =

$l sueh ti:nt t,
v s

;'*g:fl anri hancc

rat f2=}" nnrJ
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i

. . . t

Lr)  rnero
I

exist y(X and ge((vrr) euch that *2=1e) -y anS

l s l * l"-

f(){ (x

havc

a unique

- - a \ , / '  ,  *;/d -t"Is 0t

r l i)  ho such t ire'L f2=]* ancl f f lx. Qy Lemnra 1*4r vie ni i ; . j ' i

I anz

f l= ail* I witjr felt u[)ro, As I is ^ f - riraph tircrc L:: '

) *o ,  lq r !  -x  ana J  I
foi;:  cacli  d€ A *u*h'bl ieit o*{vg 2t*:o l i iort.rovoriu I l ' . : ;*- ' ' 'L \ / v t v ! t  

l a ' . ' 4  I

ffIq{. VJo' .lrnvc r.rnly t o s}rolv that j, ) + ii ) , Lo'l;

^ vt ta ^! . t  . l ' I
f : I  r  \ r y t  J ,

r l
q

a
f"F}* w0 fioi [o

f r;1€ )i  (y,y) o

6

A

al"so , / l -  moi , r ic
2

pni.r (>;r:-){;l ,

a:  +L  +  J - ,  ' ' . t .  l ,  (  -o
u l l r , J . l  U r r t l U  v  \ . [ ,

, r d
o l . -
, l ' -

,

I  ^ r=J,/-[}l for o{d,P{ 27"+:" sinco

o(d{ Z/+r" L*t f i=q" t ' f}:" = f}^

,,{?(f,- 
) " 

'Iiiuc S2=7y ai:<l l" I= 1-

Tiro A -.1;apirs v;li. lch aro

f  
( * ,V)  is  a  o in ; ; ) -c ton for  evc i '7

f=-? -1.  *' *  *2-"r-- i ' l *c/  *"
(/

whcro

- ) \ . r n . \ / .  I  / -
d l r f - r \ , t i u ,  ^ . U  - i

^ h , a  a - r - ^ ' .  
- l  

5 a  i - ' i . .
d l U  \ : / ! i l u I J  L , r r v

od'gc I and t'uro

|  . ,
cdne l{ -.i' ecine xlf i:F

t F
U F

each feecTgo S

A -' i,:cce..1 definecl in LrJ,[tJ.

In tha fol-1or,i:-rig i1'o show b.hnt t,ha co;rccpt of A-i;rai; i l

is also a rraiurrrS. gencral izat ioi :  of '  tho conccpi ^ - ?  ^ n . - 1  i F . - , * r
uI Vl  \ .1 ,-r  r  q.L 

U/

4 r r r r  x . ! '  \ f ,  r .  r r  z ,  ' .
* V U I - U : t )  t . )  i r ( j i ygraplr, An orrlj.nnql &Lril1 lI son$i{:'[B of e sot, X

n{iBs 0dtrCI ji+ilf ,r h'r (g (rl ,: (f ) ) an<l -?

f v,hic}-r satief:$ the follsivj.ng eonrSitj.on: :l 'oi"
* d

l ts i rave f  r ,  f l r  ano g(r) : ! ( f )"
. f r =

Lst ,Q bo tite oubcn'Legory of .? Sj{i i$ having as obje c'l,r;

-the z*gpnaplis x sa1;isfy:Lng tlro conclj.t ion! f=l* if fCli(::r:r) ai?G
* d : - . i ' ; -

4 '

f "=\-e and r is morphisms tho functors FrX-)  Y cubjoct  to
4

l rcr l l -< f  r i  ana lrrr>l" l t f  noct z fo* oaclr arrovr f  of x" Dcnore
=

hy 3 the categorXr of orclinery graphor end conni<ler the functor

0:$"Pf which nnsigns t.o an ebject,)( of 
J tho ordinary grnpri
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(
CrS) vri th verb Cfi)*X,, ecTga GtI)*1rG nrrow *t l fJ

d k

o(f)*x,  " l  
( f  )=v,  i '=r- ]  for  f6X(r , .y) ,  I  f  [ *  l .  ] : f  f

s =

nor l : l r i . cn r  J .n  C  t ' hc r t  C ' ( I l )  tC ( * ) ' - 9  S ( ] )  i s  cnncn j . ca l

by Ii'- i

i

I
4

ff i  I  1".  r i i t r i

.lf ^| r'r { .: (1
- t .  r2

: =

ly i ncitic'l i:

lng.aqi.Lit is,a,. 3..r,{ -

cG c f  ca t  cgor ic  s  o .

'X'ho functor GIC
=

is  sn ecui . r ts- lcr i** D
a

&:q'':{'

i ..O -, th.t ntill)

for eseh puir

t iv i ty,

Ilir*{:, J.ri'[ ur: $hc,rv 'that

0 i::, r:) -i D (C 0;) , ff ('ii ) :
*,.)  

: '  ^. :  ^ * . , :  ^ , .  .* -^* nt . , { "  L )  Q - L  O o J c C t l l  C J : I -  U ,

ff i"* tCIi;nL.l"' l

3'hlc{i ' ' i is ii

Lct u; cLtcci:

, f r . ' . i  + : . , . " , ,  - r ' i
I i i . l .  t  1 1 - ;  t t - r - . i - 7

.i ;'.^ ^":. .: .- -
J- rJ \ :  L.  l . r . ; -  J V

r ' n ^  , i  - -  . :  -  ^
U r i i ;  J , l r r J ' . , - . .

. t s t ,  F . - rF"  €5U, ,  bc  c i rch  t l :a i  G( f - )=G{ i '2 )  n  
' } . . i ,  

r -c . f - - i : . i *

t ion of  Or iu h, : :ve l ' - ,  ( : : ) - Ig i : : )  for  each : iCl f  ancl  l r r ( f )=i , . r ( i ' )

fcr  cach arrc. ; . r  f  o: f ' l  ouch that.  [ f  l= io,  i i r  o: :dur to s]rov i i : l : - ;

rt(f)=ir?(f) fcr cach nrrcw f of | '  r ' ;c proce.cd by inJuc'L,ic;r c;;

n=lf  I '  
rJl ' r* ea;c$ i l€Oo3' aru uo*iJoc by arsuni: 'bi .onn r isuur;c

f fl "n*3r n)3* ;'in ). i.r'l $ f,*;;:i,ripi\e t-lt*i,* silin'f r:r ilti rrriosly fj *;: j
.g r r .

sueh 'ilircil 
3 k) i-'-1if ) , [ .: [*n anej l.;:i'J * i* ftruir F1(f.;f ]*Ip (l;;t. )

srnd If":(g)=Fa(g) bj' indue'i;i.,:n l.;fpothesLc, ancl helco F1(f)=

*JI*(f )

I iext lot us chock thc surjoct iv. i .Lyo Let l I rG0,")*?g(r ' i

bo a mrrrphiom of ordinary graplis* lJe iook for [€g(Sr g] s;uc]r

that G(P)*}I" Y/e arCI forcod to prrt F(x)*Il(xlfor x(x, tr(ly.)*

*rrrf-"-\ forr x€x and' r(f)*ll(f,) for overTr araow f of x witht l l . ; d )  v  - . ' -  -  - ' -  -  - -  
e

l r : l *  r ,  rn  ordo i ' to  extend i {  to  r ,€g( i ! r . I }  v /o  proceod nn fo i *'f ';'

F

t'i

ii'r
il
t



, 9
.  ,  r  - r  : "  ,

f.ov.ls'o L,ut f bo arr arrovl c'f X ancl lot ifl* n" /rrl * ir: 
"^ ?i:

i

64raph there, exists a uniqtro noqucnc" 
S=(f;.)fgigrr' 

of lr l: ' l :CI'r/.$
:

$u( : l )  thuh o  ( : { ' , ,  ; , - ' . ; ; ( l l ) ,  }  ( fn } ' . ; ( : f )  r  j  ( r i )=g( f1 . *1 )  fo r  1 ( i (nu '
': r' ;'l *

I t f i | *  l .  : t 'or"  l . * i i . f r r  r tnd'  : f l " : f , f ,* ' . . f r r '  
,

LcL  n$  1 :u t ,  l . . ( f ] * i { ( f r ) l t ( f * ) " - " } I ( fn ) .  f i r s t  le t  us  u l io l i '

that f (fS)=li '( j l)f '(g) ft:r each peir (f ,gi oil nrrc)l?s ,if l i  '"- i ' i i i
tr

t{f}*cr($)'* }.* i ; ;  t* l t" l  - i l i* i ,Sj o1: Ji, i i  
1r* the {isQtioricri. ;  i : ;r i ; :-

s  B  
J t - n  - . " \

rlod 
lo 

f, g nn obovu,o leb k " 
J-J-fJe ji " fhor: fko*

*gl l i , * i . r i  for  I$ i , ( i id l  nnd ( f1aF?'Frf l lnf in*: ; i .J? o. '  o5^) is ' i ' ; i ]

cequc i l cc  csc ignc lT ' tc  f ; . ,  i l hc  i ' cc iu i iod  oquaJ- i ' ; y  j . ;  in ; 'u .L i r - t1 ' ; -

I t  r c m a l n s  t o  v c r i . l y  t n o  c o ; r c r i t i o n s =  I  I C r ; t . <  l r l  a n t l  l : ' i r ' ; i ;  l - : ' ;

moci  2" ' Iho f i : :st  o i to ' j -s inr : :c i ; r l t ,c  by the t r iongic i r lcc i i l . r  i ; t ; ' ' ,

tc  checl ;  [ ,he f iucicr i - ]c i  ono iYo p; 'o; ;ccr i  by inr luct ion On n = ! . '1"

Th:.  coses n=Ori  aro t r iv j .a l r  so \ , 'e i , tey oc;ume I l l  = n ' i ' ; r  t - , . \ ;J-*

l i ' r i tc  1 '=gir  v i i th lAl=,^,  i i . l=1 '  ' l ] :en f  ( f ) - i r ( . : ; ) f ( f r ) ,  J l ' { f - , ' ; l  = i

t ' 1  - ! ^ancl  I - t (g) i  f  n  ;ncr , )  ?  by induc i ; j^on i rTpoLi icc is"  i l incc o l i '  r , i ; , 'g

i r ( l i ) )  " l i " {n} l  
.ni i . ( , i : i l  *} . f i  ( r  nir iT 2 i" 'b folLor is l l " ( t ' i j#n' i " l  i i ' , : , :  ?, t

a$  r0qu i r cd*

Finally vic have to shory 'Lhat for overy ordinary Xrl;pir i l '

thare o>l ists &n object I  of g such that G(f) ancl T ai 'e iso;r 'cr '*

phic*. civcn Jr ict  us *"tnr-the Z*grnprt; lno foiorr"" Le t  x=

=vort Y". I f  xry{Xr. 1oi;  {(xry) '  bte the, se'b of paths wit}rcu'L baci;*
, I

t racking of i  t t i th or igin in x ancl '  terminue in Yr ine"e oequen*

cos f=( f "  o ,o  * ,o .e , f r . ) j  o f  edges of  I  such that  S( f t ) * " r  * ( f - )=ynI '

3 
(ti ) =o (f*n"*) anci fi.'Ifq for l"".{i(n, ff fGX (x,y} ancl {T(li (v u z} u

#

Le'L fceS(xrr,) be tha path viithriut baelet"rneli.n& finflifrned tP th#

I

i ,

I
I

j



,. "3u;'':*+i:i*-J ".. I

I

I

i

, t ^'  
I V  I

' i

i  path obtained by the usual conposit ion of 'Lho pati ls f  ntra f i*
I
t i j

i  r ror  fdX(x,V)  fu t  l r l  be the leng 'Lh of  Lho pn[h f  '  ouo c l icc l - .s ;

I
o,nr . r i .Ly  tha t  X  j "o  n i1  ob joc t  o f  C  cnd A(K) !  T -  S

. : . ; i g t : : F

I . , t i t ,  r r { l  } r r t r r r l . lor rL l t t . r  r tpr :c l r i r l  cn$o of  t l " ro  A - f f tnp}rs  l i

for vr ldch tho sei,  X of vert ices of X is & singleton, Thcn
= ,

orroi'r I bocoine g. a ilpoiipe. r' issunting in ad,lition th$i f '-=;"tlf*i

for 'ea*h &rro1T f,  l ,J i)  go'L a na' lura1 goneral iaut ion of i iu: r ]oi i*

' 
eopt of fileo $i'ollp. indeed, j.f A"n and A is nn p,{uijlr-,i-il;;i1

u*$ ,  i ,o . ,  a ( f t ' (a r rc ,wx  f l r l=  i ]  anc  fo r  aach ar rc iz  f  c f  j . :

nith lr l* r, f(A i lY f*} $1, l ircn thc g::ou1: arrori i ic L"r 'cci;;r

goncra.L,ed by r \ .  Convci 'se1;r ,  i i ' I r= i?( i i  is  t l ie  f rcc ip :o l lp  [ j ;c i i . : . .

ra tod by a cet  A,  1ot  c .s  pu i  ar ' ; 'o l r . l l  =F and ic t  i f  l  bo 'L , ix :

ien6th of  f (F scen es a reduced , roJ over  l r . .

I

l

l
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bs & tochn.Lcsi  r r

af l  def incq fn iq. L '

L*'il. /o\ ue &n cril

\Yo undsr-;,;lcnd g

ths nc'tion of m,S.ILj:::x [cnci  o i r  of
-1

I
i * '',,

er* i l  ab*i iu

ctru*i;uro .}i
t4

& ncn*ci i ip ' iy so L ) i  : :

,\..q . ..- L*-.- ! ..- t.-,, .r. /.^l \t r  .  . . | .  l . ' \ r , l \ . r - . J 9  b \ t ) z

: =
=

s ! 1  A  J " :  F .  - . n i  
- t l  

/ . -  - r t{ f , { l L i  I - r  t  i r \ , : t  A \ * 7 , . / , i

en " olrii ir0ijl 1;5rairli"'

. f '  L  i  r . r i  . 1 *  : 1  . -  , 4 . . 1 . - . r  1 ^ . n 1 ,  ar -  \  - ( r  \ r ,L  t / i . .  r ,  \1 .  /  
- "1 :  

\ .1 .  J  ?
$.

e  ' l r r 1 r - l ' l r r  , J ' iq  ' g s r r r u " L J  \ r - " ) - , - r f ,  p
,rr r. ij:J r

r ,  { ' n " . i  ? r v  r  ?u * qrrrL rJ u.r 8r '0i : l iJ

"/clt l{ u fl . cet ll=iT.,- r;nci 'i;";.'i;
4

""s 
J+ Tz:ri=* tr i*r. t;rr.'L

=/r{r :o( f i=r ,  
} ( f )=yj  I  rh; . r r

; i 'c l i  the po;sibi l i ty  ' ;ha' l  :3: l

@

i  ' - " i
l .r* L*.- I

a t  I  r

S.- i.g a ;l;'CI*
T

4) a fei;iily ,!f isoniorilhicno Crfr&f*) *f)r.6' such tii.::"i

such that'$.=*1 j-1'

.s€Gcr snd crJ, {0*) +

6) & r i&p f : ; t r(xuy),xf i ; . :*rT(yr*)+ e(xrz) for xrglrXl s cos*.t ;

j f tI( Qe/GgC,Ll &nd a bijecti.cn ,.X,orf(.r.)-pJ?("i l) for A=

*(f ,n rs) r fr*(gno]1n-10;]Df), nori nffing;
€'t .*

t ,A-grf f i

In Litf .n oi:ct j .on vfc j .n't"rocluco o morg gonora.i.  col l ,c{j i ,^,r:

' t ,hnn t l r r l  c tonu*1rt"  CI{ :4*gr"apir  c l ' * f ined in $ect j .on L,  r , , ,h ic i r  tur ; : ;

out tcr

ff]i.gyl1q,

figg3ns,

da ta :

rr 1P'l '1 n: 9 n F," r
I e L;* w \-{ }.r G u,f

c olioi e f,iirg

ra  , / i  . * l - ; ' r - : - . ' : :- / I 1;;:.j1..,*"-;

n 4 r  r t  ) r . r  . i . r ^ 1 ' 1  ^ .  . '
u.L tr I ru } {.i.: ..t r., ,, ;. iL,. ;

a l
t l

napo; iI-:}

o (:l),="t (j')

( : i , l )  i  s

fcr sone

a ? t
& l

E ]
J I

{iroup 'if, fr^.,..,"1 r uli*rr.r #*iiJ*
G tI J @..+

.X iL

d***9__ is the identity cf G-- fon xgl;

5)i a faui.l;i ii}.i*qpr irhrl.;.c d" €e*

flf on f,FL* f,or x(*lu cr)f ("J*C*i )=Ofloo,' for

*o*i  

&

','Jirt;-'*' irr(i (:r r;;i alid

('1".) -."..-., J;;i:\:h thaL
J .l(l+*

fr;;r x('l{;

}



.t2

d ' - A . ^ l'  i i ,  f  ( , / . i*e el i l  ,  Ar.$^(p) i)r*p#*pn,,  far p({ l (n} and.?,. ,  i r . ;
l l i  

-  
tr  ^ 

L\ id, l  
'  -J rr

I

4  \  , . ' , J  /  \co;npatlble vith ,,r(rr) o i" *s * , & tt€pa)*r{*n(n}% C^l 
(u) fo;r ;,$3a{/.i

ai ' rCJ n€G" 1n \  F
C \'dt ' , |

Si)  g int ,* , t ' ,  
f  i f , }*q.  oncl  l lg(X]*s*I  for  A*( fusr l ] , - ] ,

fgl t(xry),  ,  st f iy i

. i

fcrr Ar ( i  r#tic) ,f  i  ,  : ' ( ; : :){:: ,

. 1 \*f {n} and rlu (np) =/ii (p) :lcr

a(G...r n €J(A) ;

i 1  / v r \  - -  -  1  /  \  1  r  t - ] . .  t  |  \

!\)) ) ui']u ./L\ (1,:p J =/t., ( V / 
'" 

r\, f 'J i

€ /  ( A ) ,  " r 4 j $ t ) ,  c =  ( € ( L ) , 2 .  ( , : ) * l ' ; , ; . 1

' -  r t  ^ ' '  1 . - |  ^ n + . !  - . n , . . io i l  . i ,  - 7 { \  : i ; ; l t  1 t  1  G f i L ' L s i . y i i ; i - ; ;

.i-i ';y iff f=1.* fcr $o;nc :;i i.;

r ( ; r J  '

J":i,S.} f {.4);''1." uncT AU {:i^l,,slln*}

Si o s{fr.*i,

i v )  g (n ) *  g (n l *  a f (A i

A = ( f r a r 6 ) : ,  D = ( t r % ( . )  s  o E ) ,

v )  f  ( c ) = [ ( D ) ,  u y ( c ) -

f o r  A = ( f r s r g ) ,  i l = ( i ; r t r l i ) ,  u

D = ( f , s v u  t ( B ) ) ,  n e t & I ;

7) a "1.eng;ti-1"' f 'ui1c'i i

j . )  
I t j lo ,  r , ; iLh e ciua

. i i \  l * l  
c i r

' & + ,  t * i * l f  I  j " o : ' c n c i ]

i i . i )  f r { t ' ,s , i i ) r r" l f  J ' r . f  f ( r , r , ,s} l  - i * l  ' i 'aA i 'or  euci i  r ; i i i ruur.r

i , r ip lo  ( f  ,n ,S)  i

iv l  f (*) .)rni .n f  $fcl ,  fCl i  I  for A,c,D &s in 6,v) ;
v) for eacir g(r and f 'or cacti fe fo,lnl] 

.Lhere cxirr

f ( I  a n d  s ( G a ( S )  s u c h  t h a t . , ' r j ( f ) . - 3 ( S ) ,  , f ( f r s u g ) = O  a n c t  I f  l  = , ) * .
s

'rho 
,{ *sr"opirs define d in $action L aro obviouoiy j-do.r:*

tifiod l',ritir tlro ,{ *graph(i of group$ J fcrr rvhich tho grou;gC:.,

&re t r iv is l  for  a l i t  x{X*

a $tructure satisll in6 tiro condi.*

han tho f*Ilowin{4 proporti.ost

6.vf ,)  t fu),* fr  J,(A)*oSf und AO(n)"I  fc ly h*(J.*no,f) ,

{g*$gj *Jre"

t,*onn, 3i*6) &b*vo,

lat X

f heln

bo

H

ftn (t ,y) * s,cG;-r



4€{;g.

f  o prori*, 6*,v' i i)  e, 1c'[ cs(f ,do(n)'S',or) and si lpiy 6-i.v]

1.o t iro tr i"plo* .ru einci Cu l l i$ g*t f (;\)u* t(e )u, of(,\),*f (U), j  i . l ,-
-.yt#) nndi,h., (1r)",2* (r ip), Applylnl. i  6. iv) ts t l ia t i . ip)"oi: C ;:r;t i

fr,, ,uo 15ct" tl (il)* 6 (5) , *str,:*rytflr/(il) , .'j,(Ai*f (i]) rr;iu

h6r$tu)- l iA(p))=If d**rnl)* L;y 6. i) ,  i r  fotto]; , is f  (A)= f ic; '=[{ i} i

and @s(o)*lr* (,:i eu 6i-; -.\ ch {r/s ib} uln(r:i ) i J* de ds (;,.i,1, , , =--

olu {*p o e-(.0,} ) *L {an) df(A) (oE 
t^ql ) 

*2" (ap) o, (f) " 
and hener

l"{*01*tog(o}*t2h {p) , as roq'oire<l.

requi rod"  i l

fr,q.:1aris.," By 6.vii) e, E('izrrg) deponds only on f e6 an.:

th* double cose'c GEuGur $o lrs na;r r.rite g(rodu,g) ane f(rno(u;)

f or f(E (:r,y) s' 6,(It (:/ r*I, ec{, € cs\ 
Vgg, or a( € Gfr\srs oro(€Vos"

Siallar3;rr, .f (frssgl) deponclo only on g anrl tho ctl6.J! s G,,."?

so tls raay v;titu .P(fo"tr*i foro{6V,**

[#trl*-*n-Lq" In "i;ii.* prsst)ncc of tlto aondi{;iciin i}*,,}, 1;:i:i;

f,cl}i;,r'iri6 vst'ru*$$s $;S "&hc? tr,inngl* tn*e1u*1$,ty *i-u uciuiveil.r:ii"i;

fon e nnp $+A rfeF jrl oari,sf)"f ng ?,$;i)r

?*vi ) [ tt rs,S]]0 fcnr eaeh triple (f ,s ng]€E (xrf]xfrri$ (y ,*]
l

X , lij rE€x t
a

0=(f,"tr(o)al, &) ,"e Gy,} e Gg,ltJfiYT
e, v 4 let y e t, (+ p t fir4{,*,),{"J-a e 6 y, T#,w t {f,n, *) r l n i ff f , B

Pt-ei-f,.u-'6,1ri) i$ lmn.rdiate ]:rr 5'i) rincl 6"ii)

To provcr  5"v i i i ) ; r  f .o 'u  A*( t ' ' rs r .S) ,  ,  H*(6r t r f )  ,  g=( i ( i -

o]lrf)={f", **}*f} a;:; r*{f oai'u {(3i i r;it ir '*rytii i p veJ,(,,; *

I ly  6, f i i ) ,  [ ( ts)=i*  r ind hsirc, .J t i i ; :  r iny tu] ;e te]  n i id ]*( f r ru j

E l l  5 , i i ) ,  6 * v )  a n c l  6 " v i , ) ,  t , ' o  $ e t ; *  t ( C ) *  { ( t ) * f  e n d  i , . ( C , . - " ;

) ,;,

L ,

o

lf c*- s,sllf.vi) e *<l*l "le I fer oaeh trf,pto (f ,crs) &n



,f+

' I

.JLiJL/ V $ d,

1

i ltsflf^" 7.vi) *F ?,vi) b t Lnt

s. . ( ; r ref) ,  t \ , f  6"v)  p 6*f  i i )p 6*v l )

* t( 8(c t o S (ff)*1*oni;* f{3-_"E}Es)=isr
r l* l€ ( ,A l l  bv  ?" i i )anc l  7 .v i ) .

A*(frsrS) n 13*Cfi, f Crl, f{; ' l i iru,' . 1

and 6,vi{} v,rt get t{A}*

f t t t l

anr l  honccr  O{d (B}= j f i " j . r l " -

(
={(* ,p)  r f ( i io  i ( f }*y,  r6c1: \c,  &ird {e" ,pcg}=o }  ,  an, I

d , * : ,  [ - ]+ lb , ln l ]  bc  t ,he  uep s ivcn  by  c /  (+  ^ \ . . l ' r " l- \  
L u )  

'  t -  t  1 6  l J  v v  v r r s  a ^ s } ,  i ' i r Y U r r  t / J  4 g \ ' f  p l r l * l r  l o

( f r  s rg) (X { roy) : ;Gr , : f l  {y rz)  r ,  lo t  T ( f r r rJ)= 
{Ar tJ  6Fj t

conci i t ionc L)* i j ) ,  anc ?" i i ,e

Tl^-

{t h r 'cJ i ; ' ,

s,s),  {  ( f ,srs) l* , f(s(h,t , f}  o, "r  
( f ,  * i t*- t l i l } -=u,s)*o h f i l  ,  d..' { -

, t )

and x(frsrg) aro rr*el l*sef ined accarcl ing to tho remerk sbov+,

'Jliei fol].ciring statoraonis are eqr:i{.vaIen1;*

*) 
# 

ii; a .,4*{:*nph cf {fi'ffi?,prie

h} E hnm thel' np:e{: i:i'cprr.L:i*sr
fd

?"vii) (-; *n bfjer:t j .vo f*;. osch S{i};

T"vii:{,} X(ii lue ,g} is ncn*ompty for each suit,abl,e tripLi,.:

t ^

t r , s r g l  -

e) X oatisf ies t ,he

f ollowing conclltions r

tr{,engle {.ncquality 7*vi}

?.'vff) s 0(* io an. isonotry for each

jec t i vo  and  d (  ( r y  s )  s  (n , t ) i ) , r=  l f  ( r . , r , c - r  r t ) f

6 6 E e  I n 0 o e

* f l r t * tn l i

?.Tr* i ) '+T.v i )  I  / r "pp iy ing T, i i ) ,  and ?,v i )  e  to  thc t : " i . *

ple E above wo gst f i^l Vo. i3

f'her. fol"lat,.ing atate;ncnt is on extonsion of Loncnata

T*2 and J"o'5*

t i .  UU

t  " : -z)

a e'bructur* ;s ' i ; iafyi i r ;  t i :*

o For" rjcri (y ;i) ,. l"ot [*j=

and ths

^ /G{  -  1S D; - *
(5

for



t {
l v l

I

is i  a singloton for oach srultablo

I $nJlf a;:i f'ri$ end th* doubls corei:

- r ' * 1
{hsr}eLe J I

i
T " v l i { ) , 0  f { f r s r & }

{f u * t tS} t, cic pcnci j.n

ifo sr! o

t r iplcl

()$*ft." 
"tu [i,

b;, ?.i"), it r ' \ i l ; l i i ir i ; l  ' [a i;] i* ',r "i; ir l.; , ir= l$if ,*,**1ri lr l- l j t l  *it, j  j  r i.:,"
l o i -

d (r*n,s)=/( i rut ,s l ' *On r i rc lcoi iu i f  co,  thcn tho rn joct iv i . i ; '  i ; . i

c(* fotic' ; ic. b;r -1, 'L)i ana 6.-r,. i i i )  u ( i ; :J, d) becomos n,{ -notric

I I ieometry.  Lot .  A* ( f  *  srg;  ,  B* (hr 'cug) p

i ,  . l

l

;
i

u l

;m*J* *}$ *) I ;!sau;.lr';', i* o /i *grir:irir r:f groupgi*

Irlr.gt 1l.b u* cir**li .rn_*"'|) 
* L*'A ,rr* (f ss rli) { {-(;tr;ri:,"1fr-..lJlj([ rn'] ,

F€Ji lo) ,and C*{ f  i , ' r ) ,o  3 ,F E{r f ) ) . , , ' ia  6ct ,  gCi i *m r rnd e ic}* i , ,
/-

by 6" i )  anc i  6 . i i i . }  ,  and hcne* dfCt*O b l :  ? . i )  and ?- i i ) "  lc t

r '=(ar \Cnl  ,  6Cf l )  ancr  I * ( f r , f l , r  f  ( r l ) "  w i th  qe1(r )* ,xppr ; - i r : ;

6-v)  to ,  tho  qu in tup lo  ( f  , s rgo  1 i , *> ,  t  1 f | ) ,  w , l  6o t  E(D)= t rC i .=

n3-=r a:rd hsnco f (r ')='.I, by 6-rr:-i i) i, i t fol-lcxu fi:r)*0, b:r

?'*i ) anqi T*ii i  * A *. ,f t  ̂ ) )"- : ' . i  -^ i ,(tni ,f r ' ,.. ,  , F  . r 4  v  \ , \ r / /  . . t , . - ; \ u  L v  /  t  U  \ - )  r  b f ' 7 " i v )  o  i t  f o " l - i c . , " " ;

d ( l t ) ) ,  o ,  ac  rcqu i i ' c r l ,

i io: ; ' l  i . ,a ' l  r i f i  chccl ;  T"vi i i i0,  Lat  ; " ( . I i ; r rz) ,0 i ,o d- ,L, ,  c i i t  ro

sp&ce and d-  is
€

c*( f ( r lnp* l ee €(n) )r r,,rith p€J(;'), , q6._FCd , F=(grqp s (fr-) ) n
- "1  

( r )  )  an i  i I= (L  ' . -1* * i  ' [ r  ny  6  "y ,  6 .  i i i )  and  6 .v j . )  ,D=( fus t  
*o  

€ ( f  ) )  nn i  l l= ( \ ra "6  
*Oh*rh l  ' i i

we get f  (E) =8(; ;  (s l ,  t ,6)  ,  a- to i l t ,  i l )  = i ( r i )  = i l  an<1 ; f  (F) = 'J l  (H) =r*t" f r ,  ancl

h e n c e  D = ( f  , s t  
t r [ )  .  o 1  t h e  o t h e r  h a n d ,  f ( c ) =  f ( D )  i : y  6 . v )  ,  a n c i

- f r " )=  t ( i l )  by  6 . i ) .  consequen ' r : t y ,  f , r c )=  i c (a ) l+a -  [e  tn l . [  =a -  [ r i+  i r r l

s ince f tn l  = , f (n)=0 uy assumpr ion,  and f , (n)  =  l r  l - r -  a*  | r r  i  .  As o= c t " ih)  )?

mln(c r ' ( c ' )  ,  d tn l  )  ' by  ? . i v )  ,  l L  fo r lows  u=  i i r l -  i r , i i ,  as  resu i rec l .



4 6- l c ,

' t r ' inal ly i r l t  us qhech 7"vi i i ) 'n Lst A"(f , rnrg)([(x*yix
t

xGrr:cE(xrr) .  Bf ,  ?, i i i ) ,  ?, .v I )  arre ?,v i ) t r ,  f , ( f ,o, i1; . ,  u . ; . i ; . l i
J

^f 
e A such thnr o.<'tr$mrn(lt l , l fCnll ), Asd* io onto thor,o

oxtobn a pn l r  ( r r r t ) r  r :uc l r  t l : ,n t  - i (h)=x,  t€Gor  f (n" to f ) .O und

t l ^ P

lh [ * -d  .  t ,ar  un o] rcw rhar  (nrc ; t )€ f  ( f rsrg) -  te t  B=(hr t r f ]  t
b

c*(hr , rpr '  E(Aln D=(6(B),  g*1sr8) r i th p€. tP(/ r ) ,  eej(e l  ,  as
, ( ' ( (

o= d(e)>/min (d(cl '  d (D)) by 7-i l ' )" i t  remaina to ehow thet,

? l

f,tcl*5'(t)- r,le eeu f,(c)=lhf "frtcll 
-|r{a)l*}'"f eCcil-tz{-JrI"

*lel x= lrccl l  * ir l- lsl-farrn tf f i t . Ir(a) ]* lrmll -J*l=tir j- lnJ i*
*, lrtntl -lul"lroll n iri* 16l *T, end honco &c)*d'ri) sincri
g(C), '  €(D) by 5',v), fhus (h, c; ' t) € f (fro,d), Tirs uniclt3'. c;

;
(hrcfi'.t) is {nnadiqte thenkg Ca ihe {njoctivity of d,', tjir';r;

{(frotg} is s oingLeton depsnd'ing obviouc\r only on f rg and

the dorlblo go'e€:t G;l e,.G".

b$lc),; We harrs oniy to shon that bpe) T.vi) {s j"u-

m e d i a t g . x n d q e q 1 n 1 e t ( h ' t } € I ( f ' e r 8 ) - f h o n z I r ' l = f G r 9 , 8 ) a n C

h e n c e f , t r n " , g } ) 0 a s l n l } o . U s i n g t h o g B I E f t a r g u n e n t a n d t h c j

frqioetfvity .of d,* we 6et also T..viii) r , $o it renains to shov

thait deLs,sn {,somotry for esslr 6€s, rn ?}rJrg erdsr wm v*rify

tho follcvring usef,uX pnapertyi

7,,ix:r I Tf {Wrsr{s}*,fth'e,i)*0 rhsn fcr,rt"rg.t=0,

&et an(f,otg,,X, B',(hrt, fr ,  C=C8(B)r,ol lof i \ ,  t(*))u i
r( E(B) r' q:fu;+uf) 

" 
D= ([(r) , rsos:] , wiur p eJ(A] r e 6J(E'1. il-i :

:
6'v) l  6- l i i )  and 6" i { }c  &r  gut  t ( ,q)=t (F o '  \ -J  _  A-r .  i^' "'*3 (t) l:r* ancl / (Fi = l

- f i
*-re6. ry 6,v) epptied to the quintuplo (ffBlo q-lo$Irfrs ,El , i
i t  folLows' E(c)=t(D)*€(rroteng). as d(al*l j :e)=o by assunptionu

it folLorvs by ?,vi ) anct T.vi) r t,har qofOl*lfrl" IgCql I _



t7

' N$w v,/o

'b lon  b) : , ) : 'u ) , *

tlrCI

? , . r -

t

i )

l/

xr$;u€X,  and

q ( 1 1

- lu1.4( lr l* l f t* l \  )+(lf $) l* is{a}1 }*l sl*f,(.n}*0, and hsn**

tr co)*o, reqr:,ired"a6

roadly ti:, finich tho proo'f af tl:* iupl"i':l'i'*
t

{ : f ' r n r t i i ) ) r  ( h r ' i r g }  bo  $ueh  t t r c , i  d ( f r r i o i l } *

*f4hrtr i1) in:Q cin{ l  l f l { lnl  ,  I i l*  hi ivo t ,0 r: lhoiv ' t } ia1l , f( trs 'L*3"rf i" ; ,

$lnco o( g * ie cntc thsre c;:istr ,e pair (u;;p) such thst

t r torprt)=o ar id I i r i=!r i .  Er T. i : : ) ,  i t  fo iroizc f(* ,p 'crg]*o. i ; ;

d g, is injeet,ivo, wo got u=f and pta-l€G;, anri honco

f, cro *f t ut) = fio , n . t; =6,.

p) jzo)r  7 , i j - | )  a i rs  7" r : )  ars  im;sd iato,  e  o  i t  rc rna i i : ;

to  shosl ;  ? . iv ) ,  -  Le ' ;  ( : l "cog ' r t ; r i r i  bs a sr i i . tnbJ- ;  c i i l in ' l i lp i l ,

{
r \ = { f r o r s ) ,  I l * ( g r i r } : } . ,  c= ( i { i , )  u i .  i p ) - a ; ; r h ) ,  l - ( f ,  t ; , t t i : ' i ' ;  r . " . ' * " . ,

i,(.,F(A) uqc:Jili), unci {-rc{iiin; th;i:, J'ici iii i ini * L,.1g (irv) 'Lr.i r;..".i

' ' i . i rs ' i  i l lC " ' - ' ) { , i ( ; * i  "  ; " , ;  e)( ; i . ' ;  1f  l ,  f t r . ,v , i ' } , , : f i ,  i  ( i . rv i ; ,  i i - i  i , ,

=f ( g(lr ' ,"rf) ,  :(:  rrJ.t"*tr- i ;- i ' t , ;) "., ;  
Ji f  (; ,v,f ), /  i , f ,al;o*i 'n

i )*1* ,d>c i r ,  cuf f icen 'eo shov ' ; l :a 'L &r"*r f ( i ) )=O to concl-u; ;
t ' C

that d G)?rd (p)' .  sincc t(c) = 5ir) and ̂ o/{c)*/ i l}  by 5"v) u e,nr.r

I Or"1(n] n g(l) ) =0 by rissunpti on, i t  folto*" /(t ,vpf (c] r f  ( i l ;  l ,  =

=o bir 6-vi i)" r,e,t (};nu) be cuch that (1irci1't€y(c), fhcn
|  |  ' t  I  f  f  f  .

la i r< l t  l  -  r*  d (c))J{})rr  by assu:apt ionu anc f(L, tv,  €(1,))=

=f(t ;,(!(*;i{:);.r,sj-ncc nrir} i" an ison:ctry, vio gc't t(r ,v?',fi.:,)=,

*sr r,liid li*nc* fir ur";r r f il, ) ) =0 bv r"i:.ll u sh* cafi* f, rc'uEclnf j-;;

quito c j.rni hir o '#

Corol. j r:r'l:'l,r ?l ,:,1 ,
l

t ct ;I bs a ,/\ *graph of groupo o lhen lt

hqs the fol.Iowing propertl.l

7"x) r f  ( f ,sos)(B(xoy)xcyxE (y rt)
r - 1

d ( f  ,o16)=O then oG.*o- *q  Gg .
( f I I ",^OL



it follows Cp ti=Gqs0- ir  r  6 '
:

^ A
-tt LLitij.j3:JLr'*"L. A fUl:.r;':fl1X': r of a /\ -Aroph of glouiig

cclnrr l .rrLr o:L' ,r  nor-r cr i ip ' iy gr.r i rnc;t  T of X anc' l  a fani ly

(lrqr) (:<ry)(12 , where tr#o ("ry) , such that l.**=ir,, l*ri;".

ancl € (A) =lxz ? f (A) =G""r=*\" sn.l &r= 
*n"r= d r for*yz

A=(1* r .  r r  t v r )  t  x ry rze r ,

D a f ' : : - l ' i  i ' r ' r , : .  ?  , (  f , ' r . - ' ,  A - i i r . , - : n l \ r  a * , r  r n . ^ r , a r  Y  i n  r ' r n . ^i , : . . . r . . r - r r r . r r . ( \ 4 .  . : . , . / e  L l t u l l - l , L  ( . t 1 , ^ !  u a  f , J " - u L i i r i r  . / L  i i J  . , ; , r - i / , , .  _ _ _

co i - :ncr i  i - cd  j - f  ' l l - ^c : . ' c  o i ; iC 'u l ;  e  l . ! i i l , r ) rc l r .Oe 1 '  Cr f  l ;  cuc l i  i , i i i i L  : ;  ;_ ,
7-

s;

': (.

Bpg! '  ls  d ( f rG; lscnrglod(r ,*r i i i=0 oncl4dr io in jccLi ' \ ; ' r ,

i .€. ,  oo*o-160;.

J , i " ; -  i l  s L l i ; ; i i , i - ; r  c o i r i i i i c L r ; i i  L l r u i i , i ;  i s
lii ;,'

i  i ; ; ry)  i i l  I lo l l * . : l ; i i ) fJn f  i ; ; :  l i ' i , ' r t : ' ; - . - . ;  x r ;  € , i .  T i rc

-Lruc j - : i '  C--  i .c  ' l r i ^v i .n i  . fo i  o . : :c l . ;  ; : { , {o  i - ,e" ,  
- i

d .e f i ncc i  i r :  Scc i , l ca  i "

r.n tire folio-''rint 1ye e:rt,cncl. to an ai'bit,rai'y crcjcrccl

abe i ian  gr :ou1r , {  inc  consLruc t ion  6 i ;en  ,n  f5 l  o r ; iga in i j  a

grapir  of  groups io a group act ion on a connecte,J graph"

Given a conl lcctod /-  grcph I  and a group G aet ins f r ; ; :

t i tc  lc f I  on 
$,  

lot  y=c\ : r ,  i i=o\or ' ; rau g,  E(carcb)=fcr : . r ( f ) , { ' (1, r ,

iff)(Gb], dt={if-l, J.,,o=ff).** Chocr:* g aoction j,r+rp3 et t'i ',,;;

pro j 'uc 'L  j .o i i  l r i i r l ;  J . , - j r  i l t j ; : , , f i ;1  i i t i i i  i i  . f i i : i r i iy  (1- . . , )  
r - -  , , , , - . . : , :  o j .  ; r i .J . , r , . . r ;

: "J  \Ju  9 ; /  /  f  *

I-,,.,rtj::*i. jy in x in sucir {r 1rfiy'[irrrt ]**".1."_-.r1-_.* far- xyyr:j,;;;
;.J H ..\, !'f,, 

*:i:;

in porticular i- *f.^ .e-.ir r-l- i m-*ac:l 
-""j;: c;1il ;-:=a;= . Thic. choico is pos;ibi;

since 
5 i" connectecl. Set 4+=t4O*E(xry) fon xrts€X" fhus

4**{* and 't 
*=Lr.- Ertend i to a se ction j:E*} or.rolv :4 of -i;rrc

project ion map oxrol? X+E
3

48

such that  j ( i r l= jo(r)  for  oncn



,lg ,

f€u oliri jd,xv=lxy for xrv(L Chooso a map f ;ii-}G in ottcli ii

ryay  tha t  ( i f ) *1=6( r ) i i  ro "  eoch f€n ;  in  par t i cu ln r r  
* ( ; i f )=

.6(:f)jA(f). \t/cr *r,v 6s;;i irr 'u1 tlr*? O-Cil*f(f)-1 1f f;r ' f anC-

tr(Crru)*r  : [ 'or  xrycx- { ict  c*- :=G3r '={ ' . t (c:c i f=3f}  fox '  f€x,  an'J

6-. i=CI1 for  x( I . .  Thus Ct is a cubgroup of  Go(f)  and Gi=
JL r.,

A

=f (f)- lcrf(r)  .  Dcf ina t i ro i ;onorJrhj-sn dt,Gt-+ Gf by dt(s) -

lrrr Jh)+ f d"i UV frA(p)*ot$)*1o-t o'tt)'"}pd{d(A) ) ' Iririnli-'7,

Lct us, note tha,t tha l"engih function I It srro?t f*A 
iircui:;;

e nap' I lrn-p.rt given bf lrl=ljf[ ., A rouiina verificat,ion ;;.:.' ',, ':;

'Lirat thc structut* J=g,CrIt i ,  f ,) = (Yr3, O, t , t  r l ' r  I  I  i  corrr. l j .-"-u.; *

above is & stronglSr ccnnsctsd A -greph of gz:or.apo and

=d(f)-1s0'(f) , anc la'l; 'o*=6(i1 s'(i)e c*"

Iror' (f , r.r ril)€il {xry):;ff:xil ty rn'; , lct E (f r s tii} (Id (x, r i

be ttro C-orbit of t i te coniposi.t* nrro,r ( j f) (s-(f )s;;1)6;i; , t '

tr(f lsd(S);z) - Conscqueni, ly, t i ;*;- l  oxlul 'c ir iT;i  cur: l t  bir i i '

( j f )  (d( f )s je)=pi  g( f ,  arg), . .  C'bviouoJ-y,  t fu c lencnt,  p is u: : i  i  ; ' - "*

\ r  detcrairrcC sioduio Gf( f  
rs,g) ,  so 1-et '  ; l ( f  ,s, : ; )Ci i r .  i :e t ; ' ; ;

c o s o t  p c g ( r o s , , s ) .  r € t ,  A = ( f  , s r 3 - ) ,  G ( F r t ; t r  i o l l r i )  a r : i

pGf (A). ue gc"; (i6) (g.(;io;I"-:.t i t l ; i :=(; ' i  (r(;; i- i--i:I i=

=f(s) -1o-16(ri-1 
ft;i') 

(d(f) ujs)] 
-1=dig) -lo-Itr(r) -1;r 

r(r (A ) ) ;; ; u;

ancl hencc frI),* I(;), olij)*1ri-10"(f )-ipo"( e,i.{) )€Cz tinti

..f (i1' fiS)-3u*lsif )-Ip f( 5(A) )${i,Ti . Dof,iris thro bi je *tfv* i;ii.i!.r

tv r i  t  . r ,?)  is  a subprotreo of  I .r*  i .  r+*yr (xry i t  r  -  _



- 2 0  *

The, frrndamantal. oiin cf a stron

I

connect cr-' l7,

l ln t l t , l r r  i ioc

1uqfl6rronta,I g:i.cup

gonoral cc,Jt oi- si'

L lorr  r : 'a $;r tcnd i ; ] le construct ion of  'L ix:

f ' f
o:f a grapir oi' groups 6ivon in I 1 | to ';h;

L J

bitr;;:";- cr:ilci;.I i;ir i:li tin grouit;.

I

rr;1r - iW,r o]

tho gonerqtors

snd f&t(o) r*1
' e' *'t

to Rl " First note 'ulrat ffO -^€ n r" ' ' f  -- -f

ai fil
a(Ggr hy 6"i i i)  nppiiorl to t,ho t i ' ipl"oa (fr1rf) ond

Lr: ' [  ] :  b.: { i  i j ' ' r ; .CIt";- i ; t  ci; ;r; i" ici ; td A*. '1r*; i : i i  ui '  i ; ; i ;u;:;  i i i ' , r^
4

r n *  l . f  t 1  \  -  ' l  \ ,  r -  a  n  a r r " ! "  - . ^ - n r . r  n  r -  r ,  ^ . f r  1 t  T \ - r  h ; r 4 .  o  1 . . , ?  1 : r  { .  r . .

J=(X, 
( t - , / )  (xry)(X2) i ;*  o sui l 'prc ' f rce 

" f  5.  Dcn<;ta 
" i  *  

L '+ ' - '

f,rso pi'oduct of tho rroirps G* f or :'; (ji and ti:o fr*o Ci'cilp ;;*

noratsd by 
"=t 

- Lct 4rL, Z, 
bo iiio q,.:o,;i;nt. rf j D;- ,c^r:.

nornoL cubg:'c:? 1., g:::crelcd by the oLcncrr,ts L { - - -  - '  ' - '  '
- 4 t  ^ - *  - ' i v  i -  ^ 2

:

and tho elciacnts i i i: i .)r, f r) 
-1ifl"-1r-1

A

O./*()-"; ) ,z--3.. cql(, ? cj(i.) . ', ', '.-- ;i lal.i s;a (rt"o;:oc.iti;n 5 .t:
U -

that  tho 1,^*roup i t ' ( ; ,  : )  L . : * ' :  . " iJ i .  ; ; ;1 ; ; i :6r  [ I i  Lo i :n  i ro i io . ' , ,^ i i ' . , .^ ,

c'n tho cho;ce of i l -rc f, .Jp;. i ' ;L.r. 'r j . f i  r-", ai:d' i . lo t i . :  ua7 eposk ou .,. .

M ; t t : ; u . i ' r r *
Ciroc*i i  f  ^*f(Ai f ,or sash i ;ui tei 'uis tr ip).u r!*{f 's i l  r t ' r  s i r . i " .

^ l  . 4  , ^  r * l ] n r 1 r  - i a - . -  t
Iot 4"x *,"i{r^,] 

-€J i;) " tsnoie by ig tho normal subgroup *:;';'

gcr:erated by thcr elsrlcnts 3r* fo;' :;rifX, and tire elonents

J*eClrii je*1"-if-1 fo* ec,ch euii,ablo tripLe .li=(f ocrg)"

kry.ilj,oi.s-

SISXjil" 
'dJe hsve' to shor'r that ^4  f )t J r  { \ *  i l ; : J . . ' *

r

n / .  1 1  ' j  . 1 . - . .
n  t s  . t q . i  4 1 J *

\ 4

q

(f-r*t;{ i i i  oi1 "

r,rlth d..,Non lo t  araf f  -a .g)  snt l  ndP{A} ,  As l^  { .s  conpaf- ib la



2 4

lr'e eet pf(,a),t^ (p)-!pE,(r,)dsffi) (n-$l lj=fns(n)l {: ro.r

.Lqrgng,_) " 2 "

l 1=(5 ' .  rhcn  o .9
{ l l

nod nf r  os roquired- ul
4-

I,ot ue 64ivo {ut rrrltcrnrrtivo cloocription of tho funda-

uron'[a]" f i l 'oup o:f X. Irj.x u vor[cx x6)( and Lo''; S=S-.=9. .. ] i ,/-- '- ' i--
-  

' -  - - 7 '  
" > :  

A  ] J  \ / ' t " - '  ' ' -

xCI*. Dofino an cciuival"enco rcla"i ; lon; on $ ss foL, louu3
a -

(s,f , t) f  (prg, r i i  i f f  f=i;,  r-IPiC';r tq- '6 Gir onc' i  dr '{r*r;,) =
'r

* t ,e* ' .  r f  g (=(s , i ' r t i , i 1=(p , i j , rq ) ig ,  l cL  us  r , rL  o (o f !  = ( f i . f r r  r i : i ; , ' t  o
4 a
A;q , )  ,  l vhere  . ' i= ( f  , tp rg )  -

l \  
'  I  ' \ ' -  -

,fi ' e S ancl eicsu;;ic ,(; d'.,",.
I

i

f r -oo ' l "  Lc i -  d=  ( l r f  , t )  ,  o ( t  =  (c  t  , f  , - t .  
t  )  IC  c r :c  6  =  ( lo . - ,  ,1 . )  "

L e t  u s  s h o i y - L h a t  t t , " \ 3 d L [ t ,  L r t  j r = ( f , ' i p r G )  r  h r = ( ' i r i ; , ; l , i ; )  *  i . ;
t t

A t . = ( f r r t | p ' - 1 r ) t p r ; ; ) r ,  i t  f o l l - o - , . , ;  b y  5 . : 1 . . , , )  i . l r r . L  J i . l ) , . f ( ^ . . n ) ,

"?;1" '- ir .r 'A 
€ tu(,. .)  anci @t(a) ( j ; i  o'-r4:,  ,* i i i . ,  h; '  ,  i i i r , .  ) . ,  , . . .

.  / ,  , l  n  t 1  , l  f i  . t , /
d,"lS3dolS " liinri.tirriy, !,,'.r $t o,,rlj!"{o,i' i.i: l* i(l ' " LjI I

f ,Xt  f  . r r r^* . i  r ,q4.  , t : ,^ ,1-
t(ir:l) bo tha quoii.an'* cert S,/- o ldy ieii,:rrr 7,?,

fr, i, t, is *.ironod rrith a bi-nary .ornnoJ.aio,l l-au i 'ouci:,,

by the map sc*) s: ("d ,h>!->e(,"h ,  rvhich does not clcpanci or;  ; .rc- t  I
cho ice of  the rcprosentat ivec j r \  o f  the coseteJ,  (A) .

I',ejnrg 2o,Tq 4-rI, x) is a grourD vrittr rer:pect to t,irc co;."-.

pr:s i t ion lavr aboveo

f lA*gIe l,ctc{ *(srf,,t,), 
ft 

* *trffrq), f,* (rr}ru)f S* y/o trriva

Lc' ;  d ,Pr{ '
. {

t  a /

= '4 ' .  [7  ,
i

to ohow that W"fl;f gAr(f {l ,. L,:t Aa (f ,t,pr{f) r, I i ,u (ltrqr,,I i o
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c=( 8(e)i rld qr, 1) ,, D= (f ,tp jr s"8 (n) ) ,, By defrnirlon rvo sot

( *  "P  ) ,T  ' ( " , f r  9c ,  t (c ) ,  2$ , r )  anc i  d . .  (F" t  )= ( "J "n  ,  t  ( i ) ) ,

LiI / .u),  . .  Tho ro(tuirod con{.trrrsnco is lmlnoCtioto W 6.v).

Io  f l  fop l "c-

by 6" i i i )  *

Lly 6., i l ) ,  l "L fol lovro 'LhErt tho claso of ( te I*r,1) ie tho ncl i-

trcrl ol,orrrcnb o;r Jir(x, x)r whiro (t-lr i '  oil ,-1)

oentative of the, invonnc af, the oi.as,s of,,, (arfrt)

tho nexli; Ienma i,s ir,inodiats,

,

i

{,grLgg -7 " Ln Tho napu G_ * s, s t-} (s 11*rr) and B (x, x)*}

-+ srfFl(lrf rr)' idontif! G* with a oubgpeoup of frrfr*> ancl

E(xrx) with a subset 
"r 4"$r4). t"a j=, be the go" producr

of G,o and tho freo group generoted'by E(rrx) ,  and R* be i tc

normal subgroup goneratect by Ix and tho olemoni" ,fA € (A) At'

g:ls-If*I for A,=(frorg)d E(xoxlxcx;.n(x,x), Thcn R* dccc 'sg

dopond on ths repr'sontativ.* f* of tho c:oosto j(A) ( cy'Grr.t i

and FsA't*,, fl 
$r x) aro csnonical,l.y {o opel.phic,

Iet d"=(Ixirrcr,lu*) , A16(\ry'l ,t), Brr(f(Af) , Lf*, lr*)

f,or s(0Jr' f(3(y"r) ryrz€x, Nora thst Jae ,i,.{u, t o* , !p*/rr**,
and f(a; ,, t @r)l(tr(xrx) r eo wo n^CIJr idont,ify thonr with elerrcn.Lb

of the sroupjf-gr x). Dertne & mep?rl"Ktl / tr- tT.-r$,: , ;)  by

? (*)=fa*,t ft*)U* , | (*)=far t** r,q*,f $* ror "u"Ho"r, f,(tr.
Nots that tho nap 

I depend'o on ths aholco of tho protr.o*{o

burb not on the choicfr, of tho. rep:resontativee JpA*' .f Afr gB{ o

4lQpss,t$,igLE,.#"fho rirap 
?. abovo {nducoe CIn l.;somor.piliea

I

L

I
t

!
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ntr,u'frr}' g)+ Srtx' d *
4

Pgg.f,tg a} First rYs' hovo

nnornorphlcun Ir-] tf]$, x] r I no'"e

$J.nco1 by Lonmn ),n4r, tho idontity f,q,S*p6(A),eA(p)-1 holds iir

S1Cr1, *l f,or An(f rqng),f u8€s(xrx), Q€Gxl e€J(A), v;e 6st

I

i
i
I

i

?r; ?(t)tsfArJ* t(c)Id tfr , uhere c*(8tan),XfdP^- 't(a*))"

r to' sho,m that E(c)=t(4ur) ,t ;L f oJ* € *r(*) gnd

.r(*i ,r;:"fuJ.,=& i,," Xif f1t. r.ot, H= (;, /i*J € (at) ) o

r*(\rcorr1"/ n J=(SG),tel,.r)=(\"rtr\rrJ. Br 6-\r i),  ! ' ;s Est

t (S)=r*, f (;sl=ttx orra 1.,Ct)i=r. sinca JCr)=GJ". ana llr='*.

b$r.assumptlon, it follous by 6*v) that e(H)=t(ff)=tr,= 
""u

\,

q f

(t)*if . App}ying the rule 6"v) to tho triplee C and
JL+

b

Aer,*(\.estr s(i$)r v;e set E(c)=gtAst),fo". I(c)*f 0i*r)

""u xi;hL*trnu(r;l f,n**)lJoctl% ff;l fnn*l s

- [f;%*t tr,r 
] 
( f ;t y i], fnurl , as rsquired,

U) Ne'>rt- r're havo to shoi.v that the nor.mal sub6poup A L
fl,'t-\

of g is contained in rhe kerr:et of Tg+q($o x} , iots,e

"L(7y"_,*1 f,or yoz { x, and */(r} v1is}7b}*t(fo) Z(S(0) ) rt (ld}

fon 0*(frsog)€p(yrn)xS*>S(zru) * The, f i rst condit ion ie iru:,c*

diatei, rvldlo ther sccond one'r.;i lL. folLovrs.aft'en s' long chai;:

of, camputationso

By tonmu 5o4, ';rci 6st t(r) -g (n) r; (a)*.la.T*l*& A tr;r:i
.  

*  
t  

f , , r f v J . /

to show that' f i-ttducss e ho-

' |  (ot) * l(s) l( t t  for ert€G'a l i ' (X"

1.$*,*rr*rs cs(g(Er:)rl$ifo* e f (As)) snd p*(8(c)s L&Af f*j*r.



r )  f  (D)  =  [ (og)  ,Jo3 fnrgargc gorc  e to i  a

'n$) i" \rxr)'*

J  r v ^ . n - - u -

J I T
I  q l  q l  . r /  

" /  
- ]

r\ A'-A^, A^ &-
U ^ I l V I I l J ,  b y  6 . v )  a p p l i e d  t o  o r D r  , D Z , D 3 i

I I )  g ( I )=  e ( I 3 ) ,  g ; ' j r yng " f rU€ce  { r )  and  i t s  i r nage  t h rough  *E ( r )

is \Xr44rr4' j  ,  br 6 .v) applieci to r, r '  rz,r3i

r r r )  f  ( r , )= f ( t r ) ,  ,9 i ] f *JL.6 t  L$,  
and i ts  imase throush at$)  i=

t,d^ A',- 1 , by 6.v) i 
"4

t ^ g - 1

rv)  t ( t ' l )= t (vr) ,  9;1 3"9*9oo€. r ( r l  and i ts  imase throush ' r ( r )  is

^ t  a l  {  { - l  
z

n*rnnam/ l . l  ,  by  6 .v )  appt ied  to  l { ,Mr r l l { r ;

v) t (N)=txz,JouJ* (  r* ,  and" c0*r(Jo"J* l=ul ' f  1 bv 6 'v)  ,  6 ' i i )  ; rnd

6 .  i i i )  ;  1

v r )  p =  ( l . r * r . f o = ! o l  ,  r * r )  = ( 1  
, * , d " / " / *  

' )  
, . 1 * r )  ,  t ( P )  = r ,  a n d

f1"=y"t  " f f '  o by 6. i i i )  ;

v I r )  M2=  ( f  , 1 ,  I r )  ,  € ( t " t r )  = f  ,  - f (MZ)=Gf  una  l , / * r=  
l t ( ! * r1 - t3n  

'

l ry  6 ,1 j , ) r  thua !oSn$*ec*  and nd*(J 'J . t ( f ,u)=t  \ ' * - *  bv  rv)  '  v r ) t

vrrr)  rr=(f ,2" ' r , r ,g),  CI( i . , r)  *€(LzL ,  y, l l , f , i ix" fu,r l i : , r (GEtt ,r ' )  ancl  i ts

image through 6t$z)  1 ,  Nrr t " r - ' ,  , ,  by  6 . iy )  i  consequent lv

f  i i  f  
" lnf"€" 

g$,2) ""u 
i ts imase through *€$r) i*  /"rdoot 'c

I o.,a its image through
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1

rx) rr* (€(r, il , Lf"tlu, \*) , f (rl)' €(r4) ,.f ;i tilryf*-fi g ,., r

6r{ro; and i ts inas;e, thrrough dE(r+) is2{n^f; t  n b.v 6- i"v)1

u i u r r  t ( r ) *  f  ( r + ) * f  f t f , r , r ,  f T 4  o r ( : r ;  a n c l ' t $ ; f f k l r S r o ) =

'

x) 
.D5* 

(t*, f5, 6 (r4) ) , t (03)" {(nn) f ;; frou crino) and

'e con} 9;} Joo)*1Jr^'r,^,, fr\r'i':{io 6-rv) i con$e*

quenrl.y, f (l) = t(D4), "r;1 fo, f 
"r"J, 

Jn € *,r (o; ond its irnago

through at$) * ),$o^rn^rJ{; ' ,  by r).

It follovrs f lfi2bln2(e):'rtr, n
foa) {ool't+., ono rnuy

shovr simiLa:r1y that lt!- l l( ttt r) )T(\,
2 2

,  =  J l+  r (D4 )  2 ' n t  
4 f  r  o ,

6oting tho raclulrud aqual"ity. Thuc lvo obtain & homornonBhicrn

I ,  f ,r5,r ')*{$, x).

c) In orcler to shovr thaL the 
T 

above is an isomorphien,

tet  us def ine, the rup I :G*Uf(*u*) *{ t tS,g} by fCul=sP.,  , .' i  J { .

|  { f) ,*fn* for e6G*' f€n(xrx},  By TJemxla 7,1e the map I inducos

a homornorphiem f r.ttrtgr ]r)*)Er(5, I) and it is obvious trrat'1
t,

rnd f are inver'$e each to ot.her, @

proposi 'Llon 5"5 shorvs that the fundanentaL group

Jfr{x}tff  r(5rg,}#ffr(4, x) cloes vrol deipondr up to an Lsomorphj,r ' ; : :

an tho choico of t ire pretreo $ r:n l lro vct ' tex >;o i. t  fol lowc ;r i . , .  i ;

'Lha'L f'or oach xsil* tiro canonic honoino:rphiaur G*rF frtg'$) rrncj

the csnonic,  nrap D(xox)*%-($,  T)  &16 i .n ject lvoa Moroovor,  l ro
&

get r



. : i  i i 2 6  
I

'  I  ,  I  - -  - - l \ r  t r t l , ^  a n

; ' cdr.glJ-4ry,.5. 16.', Let' x'y6x* thsn

\ * qi ttr r.-1\  a .  \  - d )  ; , .  
i n -

i ) t t r o c c l l o n i c n o p i : . 1 i ( x l y ) - } J L l t l r I ' l ] 1 . l - | l l l t t 1 . t . u
q

, 1

jac ' l , iv t t  i

t ,

i
? l

I

t i )  t l i t r  runir  l r i (x,vl* l  cr. \q(5'  ' r i /af  fFlcxi( f)Oo iu

i

I t t$oa Llvu i
I
I

( o  r f  , t ){i i} tho canonic map G"x n(xry)xcr*.f,t(IrI) t

alr(o-1n)=t.q-1.' 
,

sf,'LR* ie onto, and sft f pgq mod RT tf:f f=gr o*rp(G, and
u

I

l

Proof, As: i ) ,  and I i )  are iruiediate cons€quenccs of

ii i) r, it renai.ns to prove ii i) * r, ' irst let us provo tlto surjec*

l - : t s

tivity of tho map above' L€t aef,tr=h(Ir g) " VIo havs to shorv

- - . t ^  , ! 1 - - r -

that there exist f(8(>lry), '(G;r and t80U oucir thauc the idcn-

ti ty a€sft hotcls in.fr .  BY Propo*lt lon 5.9 1 thoro ei: i i l t

h(Il(xrx),and p,QeGx such that, ths iclontj.ty a'phq is truci in

Jf '. lTo got the sequoncq of identitioe tn Jf 3

A t

a=phqlphQ1xy=sft,  lvhero s=pf,,  f=S(C) n . t= 
iL$, C=(hoqrlO/.

Ne:ct- let f ,g€E (xrtr) ,, o(G" and t6$,' i'le have to shorv

that tho identity sft=S holds !" fi {ff f=8r' r(G,' and @f (s}=

*g*Io l,fe get tho soquenco of identities itrfrz#t*sftl*=rfn

€GlIf u, where A=(frteLyx)* Sini larty wo ast g*fgE(ts)2$ e'

:  :  wlth B*($rlyt ' r*r. ,  BV Propooit . ion ?"5 and tho defini t ion of

ff. (X,;c) it' foll.o1'It3 '{,ilttt sftrs8 io true tn fftrr the fo]']"cwi;tg
, l D  d -

gondi"tion i$ iriat{sf*e{3n

) o .g il}*fu € cg (s) and c')n (A) (f ;t"yul 
^L {rl^{-t "

If f*g, edG* and, erlr(u)=i4 then (*) foil,ows by 6"iv) '
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rosuruing (*), 1ot ce (E(A) ,L !r, l) i l") andConvorsalyr t  10t Ce ( L (4, ,

p=(t(n) ,L.&r rrrr) '  $p 6"iv) i t  foLlorv* f (ci*f(D)',f  ;?;1;;.1'rfn ' :

o{(*; nnd u,f (,"} (f ;r f ilu" fnf*t- l.$ lfi-t* 0n t ho othm hcnrl o

l iy d,v) ltncx So,i{} r w,* 6E*'b d(g)* f(rrt fn, f (r) )* C(r'ot3'ut*)*

*fr&frC cr and df,(-fuf*l*tl$*I, where [o(I*rfr\o,]. $iinil&i.*

ril, vr6 get th)*6u fg&(o* a,nrl d*(/ofoi", L d-1. consequent],y,

f*&r e€ Gg and df (*) =t-I, as required .. & i

R_ganrJi, If' G io t r iv is l  for  each x€Xc i .o ,  I  i "  a
4

-
def rLned' in Section Ln thon qg)3 Au'c (x)

t .

4 n iT pq .r: t r.o.n filil:grnq,SfLA-,m$ qjj jr . gt ;ri g-f ',JS, t o

w A * t r w 3 r

fn lhis sect ion vre extend to arbitrary ordered abel iotr

groups the construct ion of the univorsaL covering rolat ivc tcl

a graph of groups given i" ffJ.

I/ot X be a stronglJ" connected/i* graph of groupc and
h

m - l r n  f ' t  \
*--  \ r  ,  \ r ---- /

xylx rv{x?
-zI bc cr subnretpretree sf X" lTer construct.  s/*tree

iJ,o <connocted A -eraph

for' xdX"

s  F *

y ' . J

S=S- on v,'hich the fundamep'caI. group/r$,9) scts fborn Lho lcfi:,

in  such a \ ' /ay that-LJre puir  ( t r "g,S)r t r ,  c ioos not  c lependr Ep
tr

to 8r1 :lsomorphinn*, orl '[iro c]:sj.cc of Sd, ,

Lat # fra tl-is' cli$jo$.r"rt i.rnion L{, S#C* , wiror* ff- Jf"l {*,r,,;
X€X 

't' l 
"t' 

-;i';'; -

ancl Gr- io ic lont, i f ied vr l th s subgroup of f fuy proposl i t ion 7, jo

By Corol larY 5*.6u' we may also idonti fy tho eets tr(xoy) for
:

xrv€x with subsets of It * fho group f ecte canonicali-y frocr



, l
I

t",u* it ' l
* - Z

ii*cG*., b=bG""€f,
= ' b . 3 . r

the' clroien sg tho

tho doubLo serir:t

ra prCIscntnti,Y'::-;

the Left lon tho set X. Givon

s*u*rbfo deos nou cloponrl cln

{ r  r r t td  l r  O i l 'b l r i t  co i : *U* ,S* . } *  t l ; f  0ora lJ . t i ry  5*6* t  thure  fc  a  un i -

quro f,r^r, (ri6xrv) r;uch i,t,rrl $r,n*J'b{i"*G#^ h0vo lvoto that
' # ' : t  J '  J  ^ ; o #  o  

I

fn r,o3r.* ff **lb€G.-o* (in particurar' fqoa=Is) arld' f 'or"=
$r5 

r\ry , '-' \f ; e; ji r;

*!** Derine e map u'#%1, by dg,g)=lt rgl forg*<f-

d ( 4 A

F#>lLc.?iti.on..4r,Lo I=(X, d) ie a /\-tres on vrhioh i'ho

sruup Yr*frxp, gl acts,

IISof.. obviouol$r. d (g,!i 77 o f or g,! € i, witlr oquaSity

i:flf n*b, As f,^ -*fl- \. 9, vro f,ni info,rrl*cltlr:)* For n,t 6T'nt i ' i '  g r $  $ r g  
5 ' " A  ! r ' . : l  s " : a  

-  t

f .  " t  e  F |  f  r i  . tLo'r l3,g J * l j ; , : l j ' - l .q6x: i i(g,g) *d(Sr!i*r l  (g,!.)J ana
f)

be tho map c &+cl(gr e) *}i'or jrr,br3(:iu]u [d], u (:, ]ll
r
l t

let Y g*,g) =[?, gln[!, S]^&, g]". f o cc{1cluclo that $= &,.:l

ie q A* t re*o i t  suf f ices to shon that.  tho nep i*_,b {u b{:
f r g

joctivo and tho sot, T(guhog) is non.*empty for arbitrary
/4

3r3'ccx" '
Firs,t Let. u& ehovr ihat, U$rg 

]* 
b{.joctiv*, tat f*f*o*

and, eon$icier th* inap dr* frj+ffi f *[i"t"oduced in sesfiion to

whj.eh i.s bt joctive iiy 1'rop*si.tian 2.,5* VIe define e n:{:p

ft r f,;r;:l*,-- ft"J tn r;ur:it ft r;er 'ci:eit d*of, mf.,, 1r* t*t g*nfr^"n
I  t f f ' : , l . .  54 4r - 

J, ' ,  "-;}r11"

i.i;,bi, a$ei ri'*#1!J'fi:,oi:lu f),'J:,,,,,r* iir-:i,r.,.ir* fu r.ir)$urrip'hi.on ir'[-ii;l.ui . g  t r  l no  l , ;  - i u t - "4Y  no  
* * *  l f  , g

t l
+Jhf rrmd tl ierci erxfclt prt$ffxp eG#" nnci md$* $u*h thst *hs.fu)"i"r i .*

rrins iclan'ti' l ies hold {nfi': e-iir=pfq cnd c*la*cgt" Cousaquep';i;r.

c*x'u*r:ugt,pfq*sJA6 -('A} lfo n rvhorc ,{* (Bo tpof } u, and honee t (a} =n



J j

and (Sr .ff.n,e[*J , as a! le lnjeertvs anel lgl*a(S'$) o rt

f ,oI lows that p (S') :* (g,G6{:p) j"s unic{ueLv determlnecl hy '*r .} ' i '

'  h  t  
'  s  : J  

n  r . a  ^ ' . , - ^ u  I  l r  
; 1  

" ; ; .  
L , c t

and d^o  [ i  = t^  , . .  I t  ren ta j "ns  to  c i rcc ]<  t 'ha t  13  ls  b lSe
J .  I  t r l b '  I  t

c J r , * o r r : . . I l ' , r r t , ' l t t l ' r r  r i \ r ( . r l r  t : l i l L :  f t ( c ) " 3 ( p - ' )  .  L c t  r 1 t - f ' n t  ̂ t  c ' - ' a =
: :  t l  ! ' ; i  ; ; ' r  t  

' I ; '  
\  " :  ;  

13  
- ' l

. ' 1y t t7 t  L t  w .LL l t  r - l t (Ca , ,  . b ' (G* .  ny  a r ; s tu t t t p t l on ,  g=g '  t  z=v  and  t t t  
- 6

G ; . '  : L t  f o l l . o w s  . - 1 " ' = ' s g t t ' - t n - t u ' - f  = = ' ; : ( t t ' - ' ' )  = ' - ' ' ( " ' r  '  i ' e "
v  

- r - -  g

c = c ' r  & r r d  h e n c e  l ' 3  t =  i n j e c t l - v e , L e t  n o w  q ( t r ( z r x ) ,  v d G x  b e  s u c h
, l

tha t  (g rG*v)  e f i l .  r ,e t  q=cc-n  where  
"=unr , ' - tg - t ,  

remiud tha t
y L J = Z '

u,- rb=pfq wi th  p€Gx 
,g ! "u .  

Then c- Ia=Evp-1 and c- lb=gvfq=fs6(B)a{q, i

w h e r e  s = ( g , v r f )  ,  T h u s  f " , . = 9  ,  f  g , u =  f ( n ) ,  j u [ g , n ]  a n d  P t : l = ( g ,  
r { " j ,

. A s = = =' ' t ' ; ' ' i ' , r  
a n d  h e n c e  1 5  i s  o n t o ,  "  :

t N

I ,et  now *=aG,. ,  b=bG*, c=cc,€ ' i ,  t r , le have to show that Y(ar

3,g) 
is  non*empby, Let ,  f * f r {h 9=i f } ,g,  a-1i r=pfq^,  

, i r -1c=sot  
vr i th

pCGx, q,s€Gu '  t ( .G.- .  Then u-rq=lr fgsgt=P-fn F (A) iL{ t t '  where

A = ( f  r q s l g )  r  a n d  h e n c e  t g r g =  t ( A ) .  B y  P r o p o s i t i o n  3 : 2 ,  t h e r e  e x i s t

u 6 x  a n d  ( h , v ) € E  ( u , * ,  ) x c ]  f u c n  t h a t  l r - ' I n  l f  t n l l  = l r l ,  l n l *  | r t c l l  =

=  i f t n l l  a n d  l f t n l | +  l e t c l \ =  l o l ,  w h e r e  B = ( h , Y , f )  a n d  c = ( h , ' o J ' A ,

t ( a ) ) .  L e t , S - " " r ,  w h e r e  e = a p v  
t h - t .  I t  f o l l o w s  * - l . = l t t p - 1 ,

- 1
e-rb=hvf{=Js t (s)Xeq, e rc=hvfA 6(A)}at=fa f tc) / 'c ' tAt ,  and hence'

u(g ,g )=  l r r l  ,  u  (S , ! )=  lE (B) l  and  c l ( : ' g )  =  l e  t c l | '  consequen t l v '

e ( Y  ( a ,  b ,  c )  n  a s  r e q u l r e d
; - - , u

I t  renrar lns  to  observe  tha t  d  (sg ,  sb)  =d  (3 ,  
? )  

f ,o t  g ,Jo€X u

s6!(  ,  i .e,6 th.e gr:oup Jt  acts on i :he /  *  Eree X'  #

,  t : i f  t  ,  . . . .  ' : /  '

Thc pair (f i1 (.{,I) '  I :1, elocs nerI t lc*

0n  the  cho lce  o f  I .
t , t  t  \  ?)  be another  subpret : :eet ' + x y '  ( x , y  ) (  x "

X .  Cons ide r  t he  i somorPh isms
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t ionu the maps Q.* G;nl*) s(G5x c G and f :ni  0 lnducc a iroi- i i i :*

n
norpiri.sn l ' '.,:S-+G, I,Jote 't,ir&t G.,=G-,,". is idcntlfied v,rii lr i i coi1i*J_ 

- 
: i  . j*

non cubgrollp of gi ;-rirri G ,.na ft, j-s 'bho ictantity en i,\-- for. L X -

/\
Oach l iET" lr forstovcr, i r* l -n onto*, J.ndceclr }ot &(0 nncl x(Y" [ ] j . rco

X iel  *onne*tcd, 'hire sot ){( jx,  aj>r) is non*oinptys sl1f l  hc:; ic* , ;hc"*
t '

. - - - .  /  \  -l l c  cx i - ,s i ;1 -€ j I ( : : r ; ; )  anc l  s€G- ,  suc lh  i l i a t  i ; (c r j f )=a jx*  As  t ( j r )=
g

- t

*d(r)  j :c ,  \ye get , r*-L"S(r)d c---  iooo u o =s. f ( r ) ' i  for  gn,n. t r  +{a
) . . '  F V \ q , -  . j l v  - " " " y  ^  U V \ 4 , v  r J \ / . l l u  ' 1 " ; . ; "

f-
?iiex'efore s=I' i(sf i; mod Ra) e &s re g1;i ired*,

=

0n the other irand* lea nray c1efir:e e iaorph.lcm of f\*[;ra1>l:c

t r y A z r - . , ruat$*f"S a€i r fo3lo\, /rro Lcrl  us put Ir?(S)*t*(a) jx for:  j ," i :aC_( y;

-b;*o;, the ci'e:fi,nd.tion dCIes not clopcn,J ort ther ropr:oriCInta'cir;ns

fi #f the cr$tlst 
;1ixfi-l*I{u J.rnr ,.in fti,,f,,fii.}r CIf tir,n ,4*tx.$- _fi lu$*n

ri.r" (g, 
"P) 

wirhir S'*"Srr, H*lr{'lyefl, iu*, h6vo te' tii-rfi"nr:
t r ; 3 r " i

/\ .,a
an arrCI'i 'r fa (3,b) ( {(fe (e) ,F2 (}) ) " ny Cor"ollnty 7 ,6 y thorc
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F a t  h l

&nd soii io f i6ff),r tG0y e\ioh '1)r.a'i:, l l ia icic$'city' tt-r-b*rt: lrrr '12'f Liu't-i; '

/\ /\ 
:: 'r3'

i " r r . f i , ,  I ,o[ ,  r r r )  put*  i l .n( j ; ,  
] ) . fut (n]n; ! fnr*"  

uo CoralJ"er : 'y  ?.6u

't,ltsl il*t'l,rrl. t :[*tr 
' 
irr,,,,, ltn't, dr:1lurld on ti**ohoi** of n oi'o . ' r

/ r , ^ ^
*rrcl l tz (g,k)d X{irr,(g) n Fp (h} ) -" Obvious}yu, Fp(S*a)*Lfl 1*1 anii

( "  S t r  g  { - ' d  L d  -  ( '  5 g :  * ? ' ; '

l A l r , -

l itr e o rU,)l *lf- r- I 'xii {e oIt} u n:o i '9. remairr$ t'a s}rotz tha*,
I  G F ; 1 t  . , : ? : l  f ; ; :

n .,1 
; ;: 

/\ a-' /\ rJ

[ * (s rh ] i ; ' * (boc i r  n i ; " . r ( r rc ]  f c r  &ub"cpY t ,o  conc l .udo tha t .  F* t ) : j ,X
6

. n
. in a rnorphi$m of ./[ *graphs pr$serving the ]ength* te'b

g=aG;5e !*bG,. ,  crcG-r f :* fo"bp SlafbuGr a*Ib*sf* ; ,  b* lc*
=  € F _  e  J .  f r  e , _  

I o ;  * r =  _
spgg vdth n(o*1'Lap(s*r e6G** lds gat a*rc=sf'bi:6q*sJ*€(r)l j ts,

vrhero , is(i lrtFrg) n j .n,Cf(;,) e::fr ),-,!*4.f^i*t- Thus f., .** t{,r.)
n r'r ,,n r ;'"'x

anen Qt -$) *lL fo) slA $' d{"I *'rrCnl r I tif] (dtr].Lp;1grJ*
-A 

- .-  
r*  n "4, / \  r" \* ilna ig, ! ) ) (r* (*rr'ii: ) ;iili * {rfi t} u,l ) } (li* (l } pjr;} *}'? (:l o.-i, } nu {jr u c },,t * I . l H  . a  

d a  i l E ' *  d f f ' g

./s
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InCoed, l-e'b h b* &n crrro-,,r of ;X- ftron t.here exj.nt f{i l{xu;r}o

;iB${X, and v({I such t}rf i1 h*vjf" Sinco tho homcniorphism
z \ ' 4
i f * r"***  g f ;c ant*o the: :e i$ a 6g( such that I r" , (a)*v,  Lct

dv r' r\

f*uff* o I':=bG**(X vir-'c.ir i:*afn, As e**i)*f tt follorys tn(S,il)*
,^

=Ft(a) ii--vjf*h, qs requ.i.rccl,

0b,uious)-y* tire pa:Lr ,4-r{, i.: conpat,i-b}c r,7fii1 iir,;

ac'bionr; or # nnctt s* t'hi.l,s Gr{r4l s (i1-rS.+(s,x) f"n iin e;:-L

! o  d t

vtl,iieir Fr(is{}i,'y*a 
't}hri T*ir;fi;3r* t'cr s{i};ftludt: til*t it'd* fin u.ixj,vi;ili;fii

c.s'/$F f'h surffi.eCIffn' i ly Leurfts 5"5) 'bo ehol t,l iat, f;*ntinfi*rrb.lt*

cond i t i onm 5 ,1* i )  $  i i )  *
:

I , ' i rst  let  us check

i
;

5"1" ' i ) ,  I ,et  a;"oG.ro b*bCI. , r*
' t b -  g  J *
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rncnL sf .E ancl '  ccnsi-dor tho el-onent crg&-i ' tC*t* l*)s*1 af f i

TJe gst  th& i<Ient i t j .es infr***r  sops*lal l=hot:u*L** lof  i6*1' :

*-I --'! 
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- - d
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{-'
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tI \rra f* \,-  a ' 2 \ r i 3 a
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l,,i i ;r kliiii { *{ r.*d,

a UffUlClUe ri,'CIft*,Xr,
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t}:e }enf,th f'trnuti.CIn A*,bn is rlo'Lh:!"i:g eSus thsn 'b.ho ncduLcl
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