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S H E A F  P R O P E R T  I  E S  A N D  C O H O M O L O G Y  I  N  S T A N D A R D

H . C O N E S  O F  F U N C T I O N S

A b s t r a c t ,  I n  t h e  f r a m e w o r k  o f  t h e

f u n c t i o n s  o n  a  s e t  X ,  f o r  e v e r y  n a t u r a l

w e  c o n s i d e r  t h e  c o n e s  t f ^ ( U ) ,  l { ( U ) ,  P ( U )
.  ' o '
r r h a  r m o n  i c  t y p e "  a n d  o f  " p o t e n t  i a  I  t y p e r t

a  l o c a l  p r o p e r t y  f o r  t h e  i n i t i a l  c o n e  S

s h e a f  p r o p e r t  i  e s  o f  t h e  m a p p i  n g s

b l e  s u g g e s t i o n s  d u r i n g  t h e  a c h i e v e m e n t  o f

1 .  P R E L I M I N i \ R I E S

L e t  ( S ,  X ) ,  b e  a  s t a n ' d a r d  H - c o n e

w e  c o n s i d e r  t h e  n a t u r a l  t o p o l o g Y

t h e o r y  o f  H - c o n e s  o f

o p e n  s u b s e t  U  o f  X

o f  t h e  e l e m e n t s  o f

o f  S ( U ) ,  A s s u m i n g

w e  i n v e s t i g a t e  t h e

u * f l o ( u ) ,  u * f f ( u ) ,  u * P ( u )

W e  p r o ' v e  t h a t  t h e  v e c t o r  s p a c e  R ( U )  o f  t h e  e l  e m e n t s

w h i c h  a r e  l o c a l  l y  d i  f f e r e n c e s  o f  s u p e r - h a r m o n i c  f u n c t i o n s

i s  a n  a l g e b r a ,  T h i s  a l l o w s  u s  t o  f i n d  p a r t i t i o n  o f  u n i t y

i n  t h e  s h e a v e s  u * R ( U )  a n d  u * / ( u )  ( f l U e e i n g  t h e  s h e a f  a s s o c i a -

t e d  t o  t h g  p r e s h e a f  U * P ( U ) - p ( U ) ) .  F i n a l l y ' w e  c o m p u t e  t h e  c o -

h o m o l o g y  g r o u p s  f o r  t h e  s h e a f  o f  f u n c t i o n s  w h i c h  a r e  l o c a l  1 y

d i f f e r e n c e s  o f  h a r m o n i c  f u n c t i o n s .  W e  c o n s t a t  t h e  p l e a s a n t

f a c t  t h a t  s o m e  r e s u l t s  f r ' o m  p o t e n t i a l  t h e o r y  a s s o c i a t e d  w i t h

a  h a r m o n i c  s p a c e  ( s e e  t 7 l , t 8 l  t 9 l )  c a n  b ;  g e n e r a l  i s e d  i n  o u r

f r a m e w o r k ,

F o r  t h e  g e n e r a l  t h e o r y  o f  s t a n d a r d  H - c o n e s  o f  f u n c t i o n s

s e t  w e  r e f e r  t o  L z l  a n d  f o r  t h e  b a s i c  n o t i o n s  o f  s h e a f

t h e o r y  w h i c [ r  a r e  u s e d  t o  [ 1 ] ,  [ 6 : l  .

l ' w a n t  t o  e x p r e s s  m y  g r a t i t u d e  t o  P r o f  .  N '

o n

B o b o c  f o r  h i s  v a l u a -

t h i s  w o r k .

o f  f u n c t i o n s  o n a  s e t  X '

0 n ( i " e ,  t h e  c o a r s e s t  t o P o -
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l o g y  o n  X  w h i c h  m a k e s  c o n t i n u o u s  t h e  u n i v e r s a l  l y  c o n t i n u o u s

e l e m e n t s  o f  S ) .  A l I  o v e r  i n  t h i s  p . a p e r  r o p e n i l  s e t  o r  i l c l o s e d r ,

s e t  m e a n s  v r i t h  r e s p e c t  t o  t h e  n a t u r a l  t o p o l o g y .

l i / e  s u p p o s e  t h a t  X  i s  s e m i s a t u r a t e d  (  i  ,  e . f o  r  e v e  r y

f o l l o w s  t h a t  U

n a t u r a l  s h e a f

p e s * ,  t h e  d u a l  o f  S ,  u S v ,  v  H - m e a s u r e  o n  X  i t

i s  a  H - m e a s u r e  o n  X )  a n d  t h a t  S  s a t i s f i e s  t h e

p J S p e J l J .  -  ( i , e .  U - r . S ( U ) ,  U  o p e n  s u b s e t  o f  X ,  i s  a  s h e a f ) .

S ( U )  i s  t h e  l o c a l i s a t i o n  o f  S  r o  U  i , e ,

s ( u ) = i f : u * q l f < *  o n  a  d e n s e  s u b s e r  o f  u  a n d  t h e r e  e x i s t

s n e s ,  r n ( *  s u c h  t h a t  ( r n - a x \ u r n )  l u f t ] -  a x t u  i  s  t h e  b a  I  a y a g e  o n

t h e  s e t  X \ U  i n  t h e  c o n e  S .  l t  i s  k n o w n  t h a t  S ( U . )  i s  a  s t a n d a r c l

H - c o n e  o f  f u n c t  i o n s  a n d  t h a t  U  i s  s e m i  s a t u r a t e d  w i  t h  r e s p e c t  t o

S ( U )  ( s e e  t 3 l ) ,  I  t  i  s  a l  s o  k n o w n  t h a t  t h e  n a r u r a l  s h e a f  p r o p e r -

t y  i m p l  i e s  t h a t  t h "  D o  a x i o m  i s  v a l  i d  i n  ( s ,  x )  ( i , e .  f o r  e v e -

r y  G l ,  G Z  o p e n  s u b s e t s  o f  X  s u c h  t h a t  C r U C r = X  i t  f o l l o w q

G ,  G .  G .  G .
B  ' B  t = B  t B ' ) .

F o r  a n  o p e n  s e r  U C - X ,  s e S ( U ) l  A C . U  w e

b a  I  a y a g e  o n  A  i  n  t h e  s t a n d a  r d  H - c o n e  S  ( U )  i

) s  o n  A ]  ( r r A i l  m e a n  t h e  i n f i m u m  i n  t h e  c q n e

V . x  E  t h e  s e t  o f  n e i g h b o u r h o o d s  o f  x ,

c a r r u s  = { x e u l V v e u x f  v c u ,  ' u " v s  #  s } .

w e !  l l  u s e  . t h e  f  o l  i o w l n g  i m p o r t a n t  r e m a r k :  s  i n c e  s  s a t  i s -

f  i e s  t h e  D ^  a x i o m  \ , v e  h a y e ,  U t t U t V ( . t  ) = R X \ \ i s ; , ,  o n  V  f o r  a ' l  I  s 4 l S- O  r r q  v v .  v  \ J  I  
U . , * u  U

( s e e  t 4 l )  a n d  h e n c e :

c a r r U s = { x e U  l V V e l / * , v  c  u ,  B X t v s l s ]

d e n o t e

. u ,  u e t

s ( u ) )

uaA 
t  he

= A { r e S ( U ) l t >

D e n o t  i n g  b y  r r d  r r  t h e  s p e c  i f  i c\- o r d e r  i n  S ( U )  w e  d e f  i n e
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t h e  f o l  l o w l n g  c o n y e x  s u b c o n e s  o f  S ( U ) :

H o ( U ) :  = [ s e S ( u )  l c a r r U s  :  f i ]

P ( U )  : =  { s e  S  ( U )  l t r  4  s ,  h e  S  ( U )  ,  c a r r U 6 : f f ; 1 h = 0 }

H ( u )  : - { s e S ( u )  l p e p ( u ) ,  F 4  s * p * o } ,

I t  i  s  e a s y  t o  s e e  t h a t  H  ( u )  c o  i n c  i  c l e s  w i  t h  t h e  b a n d  g e n e -

r a t e d  b y  I / ^ ( U )  i . e ,'  o '

H ( U ) = { X  h  l h  t r J  / r r \ r'  n  n ' " o \ u / J  '
n

F o r  V c  U  c X ,  Y  r l  o p e n  s u b s e t s  o f  X  w e  d e f  i n e

u V ' f f o  ( u ) * H o  ( V )  ;  t u v  ( h ) = h  I  u

p u v , P ( u ) * P ( v )  ;  o u v  ( p ) : p  l u - v  t h e  H ( H )  t r r  4 ,  p  l v ]

(  r r y t '  f i e a n s  t h e  s p e c  i f  i c  s u p r e m u m  i n  t h e  c o n e  S  ( V )  )  ,

R . - e j L a " r k ,  p U V ( p )  m e a n s  i n  f a c t  r h e  p o t e n t i a l . p a r t  o f  t h e

c a n o n i c a l  d e c o m p o s i t i o n  o f  p l v  i n t o  t h e  h a r m o n i c  p a r t  a n c l  t h e

p o t e n t i a l  p a r t .

W e s l l  p r o v e  t h a t  p U V  i s  w e l l  d e f  i n e d ,  L e t  h e f / o ( U )  a n d

x e V .  S i n c e  c a r r U h : 6 ,  t h e r e  e x i s t  l r J e f *  s u c h  t h a . t  x e l d c , i l c V  a n d

u  ̂  u \h / ,- B -  " h - h ,  S i n c e  S  y e r i f i e s  t h e  D  a x i o m :

V R V \ W f h |  , t = U n U r . l , r .
v  \ ' , ' V /  e J ' ! w ( h )  l U * h l U  h e n c e  c a r r v ( t r l U ) : 6

i , e ,  h l u e H o ( V )  .

Now rUU can  be  ex tended  in  an  obv . i ous  rnanner  to  H(U)  and  th i s  ex -

t e n s i o n  w i  I I  b e  d e n o t e d  a g a i n  b y  r r ' ,
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Z .  S H E A F  P R O P E R T I E S

P r o p o s i t i o n  I ,  i )  ( p ( U ) ,  o U V ) V e U  i s  a  p r e s h e a i ' o f  c o n *

v e x  c o n e s ,

i  .  
l )  ( f { o  ( U ) ,  , u v ) v . u  i s  a  s h e a f  o f  c o n v e x  c o n e s .

3 p 9 1 ,  i )  0 b v i o u s I y  p u r = l d ,

L e t  l , l l ' C V C  U  o p e n  s u b s e t s  o f  X .  H a v e  t o  s h o w  t h a t :

PVi1/oPUV=PUtr| l  ,

L e t  p e P ( U )  ,  D e n o t e  p u v  ( p ) = p 1  ,  T h e n  o n  V :

D = 0 . * h .  w h e r e  h . e t - l ( V )' l J 1

D e n o t e :  p V W ( p t ) = p Z ,  T h e n  p 1 = p Z + h Z  o n  I , V  w i t h  f r r e H ( t / )

p U W ( p ) - p 3 .  T h e n  p = p 3 + h 3  o n  1 /  w i t h  h r e H ( W )  .

W e  o b t a i n  p : h r + h " + p r = h r * p ,  o n  I , /  a n d  b y  t h e  u n i c i t y  o f'  I  L ' / -  5 ' , 5

t h e  d e c o m p o s i t i o n  i t  f o l l o w s  p 2 * p 3  i . e ,

puw (  p) :pvv/  (  R,  )=ourouu (  n)

i t )  t t  i s  c l e a r  t h a t  U * f / o ( U )  i s  a  p r e s h e a f  .  L e r  u = . V , J , ,
l e l

U i C , X  o p e n  s u b s e t s  a n d  h , e f l o ( U , )  s u c h  t h a t  
: .

h i l U , f f U , = n j l r , f l  U ,  f o r  e v e r y i , j  s u c h  t h a t  U i f i U  j # 9 .  S i n c e
|  '  

J  "  I '  J  "

U * t S ( U )  l s  a  s h e a f ,  t h e r e  e x i s t  t r e s ( U )  s u c l r  t h a t  h l g . = h ,  f o r
I

e v e r y  i e l .

F o r  e v e r y  , 1 . q ,  x e U ,  ,  T h e r e  e x i s t  \ r / e U . .  s u c h  t l r a t
u .  u . \ w  u .  u . { w

x e W c T c U .  a n d  
' B  I  h , = h i  o n  U i .  S i n c u  

' B  '  
^ , *

r t t  I

- u B u \ t ^ / ( h ) l u .  ( u y  a x i o m  o o )  i t  f o t l o w ,  u g u t * ( h ) = l r ,  o n  u i  h e r r c e
I

U ^ U \ W , , . ." 8 "  " ( h J = h  o n  U .  T h e  i a s t  e q u a l  i t y  i m p l  i e s  c a r r U h c " l l \  t J i
t ,  . r  / . . \

V  i . l , l r e n c e  c a r r  u h = g  l . e '  h e H o ( u ) .

F



- 5

D e n o t e  P  - ( U ) = [ p e P ( U )  l p  c o n t l n u o u s ]c '

/ L { c  ( u )  =  { h e H  ( u )  |  h  c o n t  i  n o L r o u s }  .

N o w  w e  i n t e n d  t o  f i n d  a n  o t h e r  d e s c r i p t i o n  o f  t h e  I  i n k a -

g e  m a p p i n g s  P U V .  F o r  t h a t  w e  n e e d  t h e  s p e c i f  i c  m u l t i p l  i e  a t i o r r

i n  S ( U )  a n d  w e  b r i e f l y  r e c a l  I  t h i s  o p e r a t i o n .

F o r  f e B ; ( U )  ( m e a s u r a b l e  b o u n d e d  f u n c t i o n s  o n  U )  a n c l

. p e  P ( U )  w e  d e f  i r r e  f $ n  t h e  s p e c i f  i c  m u l t i p l  i c a t i o n  o f  p  a n d  f  i r l

S ( U ) ,  ( e y  t h e o r e m  3 , t ' + . 6  o f  t 2 l  r h e r e  e x i s r  a  k e r n e l  \  
^ + ' " '

' P , u t b b ( u J - '

* P ( U )  u n i q u e l y  d e t e r m i n e d  b y  t h e  p r o p e r t i e s  V . ,  , , ( l ) = p  a n d
Y  s u

c a r r U V f  C T f > 0 t  f  o r  e v e r y  f  e A i  t u )  .  w u  d e f  i n e :  f  f i R : = V r , ,  
( r ) )  .

! - " r l g . , . ? *  L e t  g e n f  ( U ) ,  V c U ,  V , U  o p e n  s u b s e t s  o f  X ;  g = 0

o n  V ,  p e P ( U ) .  T h e n  p U V ( 9 f i n ) = 0 .

f f g g . I .  L e t  x e V  a n d  W e [ / *  s u c h  t h a t  x e W c  W c V .  B y  a x i o m  D o :

v ^ v r w  / n * n r - -  1 - u o u l w f c f p ) = q f o  o n  v ,D  \ 9 i i P I y l =  D  \ 9 g P r - v g P  u r t  v r

( t h e  l a s t  e q u a l  i t y  h o l d s  s i n c e ;  c a r r U ( g i l p ) c  s u p p g c U r V c U r !  h e r r -

c e :  u B u \ w ( o f r n ) > u B u \ i l ( s $ n ) = s f i n "  H e n c e :  c a r r v ( ( s $ n l u ) = 0  i , e .

P u v ( s f i n ) = 0 "

-Ug ,gg : . . ] * j j - I ] . * l *  puv (p ) : (p -us "u ) ' u  fo r  eve ry  pcPc  (u )  o

V c U ,  V , U  o p e n  s u [ : s e t s  o f  X .

3
n d

mi'u

f i

e

n c v  q

>u  Bu t

5 a t  i s

= f r .  \ d

r o o T

l l

v,\-
Yl

a x l

a i n

\ , l e  r e m a r k  t h a r  c a r r v ( u n u o v p ) = 0 "  I n d e e d :  l e t

s u c h  r h a t  x e t , J c T c . v "  t t  f o i l o w s :  u B u o { u u u t ' u o )  t ,

u u u r v p  
o n  u  ( s  i  n c e  u s l i  i  s  o p e n ,  u r i l  3  u \ v  a n d  s

o m  D o  i m p l y  u u " T t u " y * u B u * v )  i , e .  c a r r v { u n u * v p ; *

Q u p P {  n - u B u \ v p  o n  v .

! /e

^ U -
D

o b t
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t h e  c o n y e r s e  i  n e q u a  1

I  ueP  ( v )  .

q e S ( v ) ,  q <

o  r v i t h  v s t\\

e x i s t  l t l e f , *

y  l t  i s  e n o u g ht o  s h o w  t h a tF o r

,  U ^ U W  \
\ p -  b  p /

L e t

r  U ^ U r Vq = p -  -  u

x a V  t h e r e

o

i t

p - u g u t v p  o n  Y  w i  t h  c a r r  y q = g .  T h e n

p  ( s e e  t i l ) . :  S i r r c e , :  c a r r u e : f r ,  f o r  e v e r y

s u c h  t h a t  x e W C i l c V  a n d :

V u V r W ' ( p ,  _ U B U \ v p ) : p ,  _ u B u r v O  o n  u  ,

s i nce : vsv uf uu"ud=u uvri l$urv$=uBu'vp

( b e c a u s e  V r . ' 8 ' : U . V  a n d  S  s a t i s f  i e s  a x i o m  o o )  w e  g e t :

u B u \ \ d p ' - u B u \ v p = p ' - u B u \ v p  o n  v  h e n c e :  u B u \ l { p ' = p ' o n  v '

T h e n ,  u B u t w p ' = p '  o n  u  i . e ,  c a r r u ( R ' ) c u \ v ,  s i n c e  p ' {  p ,  p e  P r ( u ) ,

p '  I s  c o n t i n u o u s  h e n c e  t h e r e  e x i s t  a  d e c r e a s i n g  s e q u e n c e  o f

o p e n  s u b s e t s  o f  U '  ( t ' n )  
n  s u c h  t h a t  r n S u ; v  

" " 0 , / } : B  
n p ' = U B U t V p n .

t  f o l  l o w s :  u B ' n  
B ' = p ' " f o r  

e v e r Y  n e  N '
S i n c e  I n 3  U \ V )  c a r r u ( p ' )  i t  f o l l o w s :  " B

I t  f o l l o w s :  
U B U \ V p , : p ,  

i , , e ,  g = 0  a n d  h e n c e :  ( O - u * u \ V p ) l ' v e P ( V )

a n d  w e  a r e  d o n e .  T h l s  d e s c r i p t i o n  o f  t h e  m a p p i n g s .  P U V  w i  1  1  b e

v e r y  u s e f u l l  i n  t h e  s e q u e l .

! 1 g 1 1 g l g : "  C o n s i d e r  S  t h e  s t a n d a r d

t h e  h e a t  e q u a t i o n  o n  X = [ 1 n x R ,  n l 2 ,  L e t

h e a t  o p e r a t o r

t t . - . - .  n  / r r \ - - r .  
v \ \ '  

s  f o r  e r r e r y  V  i v e l yT h e n :  l ' l o ( U ) . " { s c . S ( l . l ) l B " - " s = s  f o r  e V e r y  V  o p e n ,  r e s p e c t

c o m p a c . t  s u b s e t  o f  U ,  f l c ' U ] ,  =  { h l A h * 0 }  "

S i n c e  t h e  D o o b  p r o p e r r y  h o l d s  i n  t h i s  c a s e  f i ( U ) * H o ( U ) ,

X \ U  ,  I ,  I ,
F o r m u l a  ( * )  B ^ - u  p l r = v  { h e  1 ' l ( U )  i h  4  p  o n  U }  f  o r  e v e r y  o p e n  s u b s e t :

U  o f  X  a n d  e v e r y  p e P "  ( X )  f  i n  i  t e  c a n  b e  c h e c l < e d  u s  i n g  t h e  P e r -

r o n - \ ^ / i e n n e r - B r e l o t  m e t l t o d  f o r  t h e  s o i u t i o n  o f  t h e  D i r i c h i e t

p r o b l e m  ( s e e  t h e  r e s u l t s  f r o m  t 5 l ) ,

H  c o n e  a s s o c i a t e d  t o

e : ; 4  - * b e t h e
l : 1  a x l  d

, l



7 -

P - t o p : l l t  i J r J l _  4 , .  ( t { ( i J )  n  r U V ) U a U  i r  a  s h e a f  o f  c o n \ r e x  c o n e s .

P r o o f "  l t  i s  o b y i o u s  t h a t ' i t  i s  a  D r e s h e a f ,

L e t  o * f J r , ,  h , e f l ( u ; )  s u c h  t h a t  h i l u i  
A u j = h j t u i n  u j  , o ,

u i n u j 4 6 ,

S i n c e  S  h a s  t h e  
l a t u r a l  

s h e a f  p r . o p e r t y ,  t h e r e  e x i s t

h e S ( U )  s u c h  t h a t  h , j j  = h , .
' ' i  I

L e t  q e P ( U )  ,  q 4 h  o n  U .  \ d e  h a v e  t o  s h o w  t h a t  9 = 0 ,  \ , , / e  h a v e :

q l u , {  h i  o n  u l .  B u t  t t , = n l * n ?  o n  U l  w i t h  r t f  u s ( u i ) , , c a r r r , ( n ? l = 9 "

L e t  k e N  a n d  d ,  
k3 n o t e  t k :  

" i , n ?  
' u o = n l o n ?  h e n c u  o r r , { * o * u k  o n  u i '

B y  t h e  R i e s z  d e c o m p o s i t i o n  t h e o r e m  C , r . : C i + C ' i  o n  U i  w i t h  q i { r k

o n  u i ,  q ' i { u r  o n  u i ,  c a r r r , ( o i ) g g " a r r u . t r ' ' f ) - f  i . e .  q i .

t h  h l e f l ( u , ) .  ! { e  o b t a i n :

= Q  
l u .  i . e "  U B U t t o = o  o n . U . ,  l t  f o l l o w s :

I

' l  
i m  u , , = 0  i

k* -  
N

U , ,  t l r e r e

> u B u \ u i  q t , ,, l u i

e H o ( u , ) C H ( u i ) .  B u t  o , u ,  = h i * p u u . ( t )  w i
I

h i  > .  q l '  o n  u i  h e n c e  p u r ,  ( o )  
{  o ' i  d  u k  o n

f o l  l o w s  p u u .  ( c ) : o  i . e ,  Q l r . , : u B u \ u i ( c ) f
l l

e x i s t  W e t / "  s u c h  t h a t  x e \ . u c ! - C u , ,  r h e n :

i n g  d i a g r a m  i s
n
w ,

P " ( U )  * : * ) P . ( U )
t lPuv  I  \Puv

{/ rY" \/
Pc (v ) -::L-*. Pc (\i )

U i .  S i n c e :

u i '  L e t  x e

,uu . r /a f  
u  i

uBu \ to=o
o r l  U ,

c a r r g Q e U r  U , ,  i e l ;  h e n c e  c a r r U Q , = 0 ,  S i n c e  q a p ( U )  w e  o b t a i n  q = 0 _

! i 3 m - P - k :  F c r r  t l r e  s t a n d a r d  H  c o n e  a s s o c i a t e d  t o  t h e  l i e a t :

e q u a t i o n :  U * f l ( U ) = t h e S ( U )  l C I h = 0 ]  i s  o S v i o u s l y  a  s h e a f  .

f r y -gg - i "1 . I j - g3J "  Puv ( r$n )= f  l o *ouu(n )  fo r  eve rv  pe  Pc  (u )  and

f eB f r  (u )

i . e .  t h e  f o l l o w c o m m u t a t i v e

w h e r *  G U ( p ) - f f i n



- B

f l * g - g - L  s l  n c "  p u ' ( f i l p ) = p u v , r t v U n ) + o . , u  ( r l ,  v i  o )

= p t J \ /  ( f f u x p )  = , , t , , r ,  ( f  1 , , r ,  ( l  $ n )  )  ( w e  h a v e  u s e d  L e m m a  z )  a n dv v  , u u  v y  u U  v

p u v ( p ) = o u v ( l v ; * ; p ) * o r u ( i u . v l l p ) * r : , , , , ( i , , o R )  i  n  t t r e  f o r m u l  a
" U  - ' " U  v '  u U

w e  h a v e  t o  p r o y e  v / e  m a y  s u p p o s e  t h a  t  s u p p  f  C V  a n d

c a r r , .  o C V .
U '

B y  p r o p o s  i  t  i  o n  3  w e  h a v e  t o  p r o v e  t h a  t :

( r i l p - u B u \ v  ( r f i n )  )  t u = r  t v $  ( p - u s u w p )  t v

1 t u i l o - u s u r v ( 1 v i l p ) )  r y = , , u i l  * u B u \ v ( r u i l r  ) )  r u = ( p - u s u \ v p ) r  v i

,  ca  r  ru  r f l6n-  ueu 'u  ( i i l p )  )  t  , ,  c  ca  r .u (4p)  c  ,  u  ppv i

s  i  n c e :  1 , , . , r r * p e P ( u )  a n d  c a  r r , ,  ( i , , . . r , v 0 ) q ( u q v l n v = $  i  t  r e *- " U v v . V U

s u l t s  1 , , , , , , r r . p  =  0 ,
" t t u

F o r  r e  n f  ( v )  i " t  ? ( * , : [ t  j " '  
,  : : ; . ,  r r  i s  e n o u s h  t o

I
,\r'

p r o v e  t h a t  r t ( i i l o - ' u " u ( ? i l n ) ) t u  h a s  t h e  p r o p e r t i e s  o f  t t r e  s p e -

c i f i c  m u l t i p l  i c a t i o n  i n  S ( V )  w h i c h  c o r r e s p o n d s  t o  t h e  p o t e n *

t i a l  ( p - u e u t v p ) l v .

F o r  f = 1 ;  E , u  h e n c e :

a n d  w e  a r e  d o n e .

3 ,  T [ . I E  / \ L G E B R A  R  ( U )

D e n o t e  t . , O ( U ) = { s e S ( U )  l E  c o n r i n u o u s ,  b a u n d e d }  "

t S ( u ) l : * S ( U ) - s ( U )  a n d r

R ( u ) * { f  : L l * t i  c o n t i n u o u s  I  f o r  e v e r y  x e u  t h e r e  e x i s t  v e { / " ,  v { t J

s u c h  t h a t  f  
l v . I S r . b ( v ) ] l  .  l f  i ^ / e  d e r f  i n e  f o r  V C U  o p e n  s u b s e t s

o f  X ;



t u V ' R ( u ) * R ( y )

'  - 9

t r u ( f  ) * f  l u

i t  i s  o b v l o u s  t h a t  ( B ( u ) ,  s u v )  i r  a  s h e a f  o f  v e c t o r .  s p a c e s "

N o w  o u r  a i m  l s  t o  s h o w  t h a t  ( w i t h  t h e  u s u a l  m u l t i p l  i c a *

t i o n  o f  f u n c t i o n s )  R ( u )  i s  a n  a l g e b r a  s u c h  t h a t  e v e r y  s t r i c t l y

p o s i t i v e  e i e m e n t  o f  R ( U )  h a s  i t s  i n v e r s e  i n  R ( U ) .

W e  s h a l l  . u s e  t h e  f o l l o w i n g  r e s u l r s  o f  I 4 l ,  T h e  h y p o r h e -

s i s  o f  t h e m  a r e  o b r r i o u s l y  f  u l f  i l l e d  i n  o u r  c o n t e x t ,

PIo po s i. t-! oI _6

( S ,  X )  h a s  t h e  n a t u r a l  s h e a f  n r " o p e r t y ' 4 : } ' , S  , h a s  t h e  a x i o m

,  3 r d  f o r  e y e r y  o p e n  s u b s e t  U  o f  X  t h e r e  e x i s t  p e P ( U ) ,  p ) 0 ,
o ' l

p : g p o : i , L j o , l  
Z .  l f  X  i s  s e r n i  s a t u r a t e d  a n d  e x i s t  p e P ( X ) ,

p ) 0 ;  f  : X * R *  l o w e r  s e m i - c o n t  i n u o u s ,  T h e n  f  e  S  ( u ) ( g f  o r  e v e r y  x e U ,

f o r  e v e r y  o p e n  n e l g h b o u r h o o d  D  o f  x  ( w i t n  r e s p e c t  t o  t h e  n a t u *

r a l  t o p o l o g y  o n  I J  d e n o t e d  r o ( U ) )  t h e r e  e x i s t  a  n e i g l r b o u r h o o d  l /

i n  t h e  f  i n e  t o p o l o g y ,  o f  x  s u c h  t h a t  \ { C D  a n d :

"Y' 
* ' u ( r ) = uX'* ( r) < r ( x ) ,

D e n o t e  y : l n e : { v l  v  i s  a  n e i g h b o u r h o o d  o f  x  i n  t h e  f i n ex

t o p o l o g y  o n  X l  "

t . l gm,q r . .h - l :  i )  Here  ,X t t ' u

s u r e  E . ,  o n  t h e  s e t  U \ W  i n  t h e-x

t h e  a x i o m  D  I s  s a t l s f  i e d .
U

i s  t h e  b a  l a y e d  a f  t h e  D  i  r a c  r n e o -

c o n e  S ( U )  a n d  e  
U \ | ' / ' U * o . X \ \ ' J  

s i n c e- x

P r o p o s i t i o n  7  h i e  c a n

f u n c t i o n s i l  o n  U .

i i )  B y  t h e  c a r a c t e r i s a t i o n  o f

c a l l  t h e  f u n c t i o n s  i n  S ( U )  " s u p e r h a r m o n i c
/\-) 

| r

S ( U ) * [ f  : U * R - u  u p p e r  s e m i - c o n t i n u o u s I V  x e U ,V  u " { r r o l ,  ( * ) ,  r h e r e



r h e r e  e x i s t  [ i r y f  i n u ,

{ n-  . t u

\ ^ / c t r  s u c h  t l r a t  6 x \ \ d ( r ) > r  ( , )- x  t .  r - ,  t r . 7 ]

T h e  f o i l o w i n g  p r o p e r t i e s  a r e  e a s y  t o  c h e c k :
t^J

1 )  S ( U )  i s  a  c o n v e x  c o n e  o f  f u n c t i o n s  o n  U "

2 )  D e n o '  
' \ r  ^ ' ' ' . q ( v )  

\ 7 r r  t 't i n g  t u v ' s ( u ) * 5  1 u r ,  v c u ,  ? r u ( r ) - = f  l v
! v , .  P( 5  ( U ' )  

,  ,  
U i l l V *  U  

i s  a  p r e s h e a f  o f  c o n v e x  c o n e s  "
3 )  l f  f  u f ( U )  ,  0 < f < t 4  r h e n  1 , 1 - f  e  S  ( U )  a n d  h e n c e

( s  i  n c e  f = M -  ( u - f )  )  .

)  r r  ( r n ) n e i t u l  i s  a n  i n c r e a s i n g  s e q u e n c e ,

e y e r y  n e N  t h e n  f  g  r H  r . e t S ( u ) J  ( r X  f n  d e n o r e s
n n n

s e m i  - c o n t  i  n u o u s  r e g u l  a r  i  s a t  i o n  o f  s u p  f  )  .
n 1 1

l f  u e S ( V ) ,  v e S ( V ) ,  u ) 0 ,  v ) 0  r h e n  f o r  e \ , e r v  n > 1

t h e n

f e t S ( u ) l

f n * f i  f o r

t h e  u p p e r

f 1 9 g l *  O b v i o u s t y  u n u l - n  i s

x e V  a n d  D e l / . _  |  ( " )  .  S  i n c e  v e  S  ( V )' f  1 . ,  ' ' - '  )
\ / \  r  r  O  

t V

t h a t  e ^ * * ( v ) > u ( x ) .
X

U s i n g  H i j l d e r  i n e q u a l i t y  w e

^ x\1,/
v "  ( x ) s (  e x  ( u ) )  n =  f /  : # i - . ,

u-li*

= (/ +,-o,x' 'u) (/uceX" t i  
n - '=  ( /  +4  u l r t ' r )u  n -1  ( * )

u

u n r l - n e s ( v ) ,

u

t l
, Vh e n c e  - * * : * . ( x ) < [

n *  I  ' - - ' - r
u

e S  ( v )  .

u p p e r  s e m i - c o n t i n u o u s .  L e t

t h e r e  e x i s t  y r r r r l f i et u n  
, W C D  s u c h

o b t a i n :

. l ex \  w ;  n=
n - 1

n

/ . r .x I {
u n - 1 - " x

B y  p r o p o s i t i o n  7  w e  o b t a ! n  u n u i - ' t ,

I r-qp*g:-J."Li9,t*-?,, I

e ) E i s t  0 ( c x , ( l  s u c h  t h a t

f  u c S  ( V )  ,  v e  S  ( V )
2

0<v(c l ,u  then - " l l *
u + v

a r e  b o u n d e d  a n d  t h e r e

s l - S ( v ) 1 .

# = u  ( r *  * l - ' = u n l ,  ( - , ) n  ( * ) n =

L e m m a  B ,

P r o o f "



"  J l

^ r 1 " , .  S  i n c e
11

m > I

m e l y a n d

t h e  s e r i e s  a r e  u n i f o r *

w r e  S  ( V )  a n < ja b s o l u t e l y  c o n y e r g e n t

' n t =  , " . . r u  s  M . , , S i m i r a r r y
1 - {  

l

t h e  a b o y e  p r o p e r t y  3 t h a t  w , e I S ( V ) ] ,  w r e I s ( V ) ]

h e n c e  w l  - w 2 c  t S  ( V )  L

F r o m  n o r i /  o n : : w e  m a k e  t h e  f o l l o w i n g  a d d i t i o n a r  a s s u r n p t i o n "

R e m a r k ,  T h e h y p o t h e s  i s  ( x ) i s  e q u i v a l e n t  w i t h :

w r { u . X  c r'  
m V 1

B y

( x x )  f o r

t h a t  h ( x ) > 0 ,

I n d e e d  i f

( t n e  r e d u i r e  o f

a  / r . ,  \v { l  e . )  \ v . ,  }

w ^ <  M ^  "/ \ L

w e  o h t a  i n

e r e  e x i s t r r r r \\ x J  b o u n d e d  s u c h  t h a t

a

J (n  c Jo c ;fffil
_: __ ___l

h

e v e r y  x e X  r h e r e  e x i s t  h c S ^ ( X ) n ( X )  b o u n d e d  s u c h

e  t a k e  h o  I  i k e  i n  ( x )  t h e n  w e n  I  I  s h o w  t h a t  R h . ,

o  i n  S )  s a t i s f  i e . s  ( x x ) ,

v ,  
|  ( x ) ,  \ { e t / f  ' n * ( * J ,  

l , l c D  s u c h  t h a t  r X t u ( h  ) >" o ' v  x  o '

t > R l r o  o n  X \ i / .  T h e n  f  o r -  e v e r y  y e  \ . {  t h e r e  e x i  s i

s u c t r  t h a t  t ( y ) > a x t w i r ) > e X t t /  
'

. o y  \ r / 2 r i y  ( h o ) = h o ( y )  h e n c e

' l  
o w s :  B X t w R h o ( x )  * n h o  ( x )  i  ,  e .  R h o e S "  ( x )  r l {  t r :  .

L e t  x e X ,  D  e

> h o ( x ) ,  T a k e  t e S ,
c : ^ - .

W ' r : V " " * ( y ) ,  \ , l ' c \ d

t > R . h o  o n  X  i t  f o l

9 l ' u ' * t J - t ,  v , r i t h  s 1  , s Z , t . l

s L r p  n r ) ,  B = r n a x ( s u p  t '
l ' J - \ ^ J

( x )  a n d  c o n s t r u c r

+  ^ Q  / r . r \
e  L ? c . s r ^  

h  \ | t , t  ,
. -  v 9 r ,

. \s u p  t t ) ,  t a k e
\/

D e n o t e  c x , * n ] 6 x ( s u p  s l ,

h o  g  i  v e n  b y  h y p o t  h e s  i  s

P ' . g . p . t * l l " L t o . l  . J ! *  t f  u e S ( V )  t h e n  f o r  e v c r y  f  , 9 e R ( V ) , 1 # r R ( \ 1 ) ,

P r r : o f ,  L e t x e V  a n d  W e l l . .  s u c h  t l - i a  t  x e  l l l c W c V .  f  t \ , j  =  6 o  -  s "x  I '  r  2 '

I W , : = B h  * t ,
l o l

:  =cx,  l ro-  s1 , l * . 1  r  I
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T h e n ,  f  l W = i Z - u 1 , . g l W * * A - * ,  a n d

rs =:5-l3}- ]t l : l ]:"! on,,^/,u u u

,\,*,/ f\-/

B u t  v , e s " , u ( w )  r  w 1 e s " , n ( w ) ,  u i ) 0 ,  w , ) 0 ,

A p p l y i n g  L e m m a  B  ( w i t h  n * ' 2 )  i t  f o l l o w s :

" ? ,  
* ?  ( v ' , + w , ) 2  , \ /

l *  ,  # -  ,  - : T - J *  u  S . , b ( \ ^ / ) C t S " , 6 ( w ) 1 ,  i = l  , Z

u i r i  t . ( u i + w i ) 2  u ?  - ?
f  :  i r ** rJ*  -  + -  { :er .s" ,s(w) l

r h e n ,  l # ' r s c , b ( n ) l  i , e ,  l f r R ( v ) .

T h e o r e m _ l 1 ,  l f  c o n d i r i o n  ( x )  i s  f u l f i l l e d  t h e n

i )  f  , 9 , h e R ( U ) ,  h ) o  o n  U  i m p l y :  l f r R ( U )

t i )  R ( u )  i s  a n  a l g e b r a  o f  f u n c t i o n s  a n c J  f e R ( u ) ,  r " ) 0  i m -

p r  v  * u R  ( u )  .
I

P r o o f .  i i )  i s  o b v i o u s  f r o m  i )  s i n c e  J e S

i )  L e t  x e u  a n d  y ' v *  " s u c h  t r r a t  h  l v = u r  
- u ,  w i t h

u t ,  u r e S "  n ( V ) .  L e t  4 " , =  j - u 1  ( x ) +  
f . r r ( n )  a n d  v : = i . - u 2  r  u i = u t - I "'  L  u r u  J  )  J  L '  - Z

W e  r e r n a r l <  t h a t  v ( x ) =  
$ n ( x ) r O ,  u ( * ) =  

$ h  
( x ) " 0 .  C o n s i d e r

1

7 ( a ( 1  s u c h  t h a t  v ( x ) < c x , u ( x ) .  B y  t h e  c o n t i n u i t y  o f  v  a n d  u  t h e r e  r

e x i s t  W e | / . .  s u c h  t h a t ' v ) 0  o n  \ t l ,  u ) 0  o n  h t  a n d  v ( c r u  o n  t { ,X
r y 2

B u t  v l r e S ( \ ^ r ) ,  u f  , u e S ( \ , / )  a n a { n r o p o s i t i o n  , t * h ' t S c  b ( ! l ) ' J .  i



_ , 1 3  -

w e  o b t a  i n

F n

u
F a

h

S i n c e  u + u = u i - u 2 = h

' F n

= i*'J =
u + v

*+Je R (v/)
t l

H e n c e : I n g u n ( u )  '

ON l/J

2u
u + y

I
,  *  o n \ ^ l  a n d  o n c e  a g a  i  n  b y  p r o p o s  i  t  i  o n  I  0

I + ,  C O H O H O L ( t G Y  F U R  S T A N D A R D  H * C O N I  S  O F  F U N c T  I  O N s

l - " p , l q .  J . ? . ,  F o r  e v e r y  o p e n  s u b s e r  U  o f  X  t h e r e  e x i s r

f e  I S ( X ) ] ,  f  c o n t i n u o u s  s u c h  t h a t  f > 0  o n  U  a n c l  f = 0  o n  U .

l r . g , g J ;  B y  L e m m a  3 . 1 , 2  o f  t 2 l  f o r  e y e r y  x e U  t h e r e  e x i s r

P y ,  g * e S ,  c o n t  i  n u o u s ,  b o u n d e d  s u c h  t h a t  6 3 p x - Q * S 1  ,  p *  ( x ) =

= Q * ( x ) r ' l  a n d  p " = g x  o n  X \ U ,  L e t  f 4 = m a x ( s u p  p x ,  s u p  a * ) ,  R e p l a -
x x
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