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A., q&[ss. jr wN:$cspRstg.liinsslptp$

Introduction

Let X be & nor!-81$ebreie compaet conplex gurfeo@.

A holonorphic vector bundle E on.X is called irreducible if it

does not adnnit coherent subeheaves F with 0 -< rank F ( rank E"

In contrast with the algebraic case there exist auch brxrdles

on som€ non-algebraic surfaces. fhie phenomenon wa8 brought

fomard by G. Elencwajg end O. $'orster in L 5l and further

etudied by C. BEnicX and Jo Le Potier in fl l '

One say expect that the projective bunclle F tgl

aleo has etrongly non-algebraic featuree. Aseume X hae no

curves and rank E = 2n fhen F tn) is a threefold whoee only

curveg are the vertical lines of the fibering P(nl -----? X'

&rt when doee p (E) have no eurface? It turns out that this

happene if and only if the bundle S remains irreducible after

any baee ehange X'e -b Xr where Xt is again a conapact conplex

eurface and f a ourjective map. \{e call theee bundlee etron8ly

irreducible.
Conbining the methods of [fl and f3l r we prove in

this paper the exietenee of etrongly irreducible bundlos on eny

2-dirreneional torus without cun'vee and on ar{F K3-eurface with-

out eurlfies (see the theorem for the exact statement)' Uoing

theee bundlee one obteine ee sbove fauJilieE of enelytic three-

folde without divieore, Their Ghern nunbere depend on t'he in*

variente of the surface X and on the Ohorn nurubers of tho

bundles $" In thie way w6 epecify a region in the tgeograpfqt9

of analytic threefolcls^ Ths only other compaet eonplex sllrfacee

without curves beeides tori and K5*surface's srs of claes VIT

(Inoue surfaees, for example) but we heve n$t been able to

find exemplen of strongly irredueibte bundles in this c&8€e

I e } r p r e s s n y g r a t i t u d e t t l C " B $ n i c s f o r s u g g e e t i n g

the problem to me end for t,ho useful diecueeiong about itu

g I . F"tffpn,gl*yJ,ryg*:Lq Lble*W"9,-t"p.f*bu#,e$-
A holonorphic voetor bundle E of rank r CIn e complc*x

nanifold X ie calLectr irreduei-ble if it doee not adnuit coirerent

/ n n n



2
subsheeves of  rank rr  wi th 0 (  r t  1 'y .

If E has r:ank 2, then this is equivalent to ho(S @ L)*Or
for  every L in F: ; .c1Or,  f  3J "

If re;:,k E * 5n inneducibil-ity aeounts to
ho(u@ t)  = ho(n" ' i , t  L)  *  or  for  every L in p ie (x) ,

9g#*;,:*igg, llje call" n if for
every 'base ehertge c Xti--;" Xr neaning by thie e proper holo-
norphic ourjective malp between complox menifolde of the eeme
dimension, f% is imedueible "

From now on Xu Xt will always denote eonnected, Frox]+'
eingulero compact, couplex eurface$ while E will be a holomorphie
vector bundle of renk 2 on X.

I,gpqg-,L" Let X'* f >"X ba a biseromorphic roapping.
irreclucible ) on X if andThen I ie irreducible (reop, etrongly

where

ie an
of f*L

f%

only i f  f% is imeducibls (reop, strongly irreducible) on Xr.

Pgoqf" If L c.----e-B ,for L in Pic(X)r then fxl-+f%
is injective on a Zarieki open eet hence the image of this

morphism is a eoherent subeheaf of rank 1" in f*S.

Conversely, let L c---,^f '%, with L in Pie(Xo).

Applyine f* we get an lnjection
f.L c-? f,sf%,

rank f*L = l.o The natural n*rphiem

E -+ f,"cfu
isonorphj,sm on a zarielri apen oot so the inveree ima6e

ttrrough it is a col:.eront sutroheef of ranls 1 j.n S.

be e baee ehenge vrith 6"*S reeiu.cible encl Y-pXou x*)i 'e resol-utian

of sin.gul-.aritiCIs" In thqE eommu'Lativo diagraru

Coning now to the etrong irueducibi.l ity, t** *'u-*S4 X

\  

= * * u l r

u\,t,,
6 is bi.nie*:orcorphicu hence Z=ug%I =d*

is redueibler, and 
"n 

& ie not otrongl.y

is obvious'
Conseeluent,l;r, the birueromo:iphie mappings do nct ctretrg,e

ths irre,dueibi.l.ity of bu:rdl.es* Tfro fotlowin6 exanrple shovr;r tltat

f o ' u

irroclueible * The cciri\rers€



5
not every base change hae this property.

n4g*p,k. Lst Xr be a Z-di"mensional complox toms with
a(4") * O and NS(X0) { A (N$ denotea the Ndron-Severi. group),
Z  a  t r a n s l a t i o n  o n X '  w i t h  6 2  =  i k , r  G =  [ i O ,  a ]  ,  X =  X e l S ,
it : fzxf '-*Cz * hernit ian form*.trr rm.H ( f ,x f,)c Z end
In H (f x f ) 4 Z, where [- end l-1o aro the latt icee fn[2
which piive Xs and X, reepectively. (For exanpler one can choose

f  u generated by the voctore (110) r (0, 1) r  (1, dZ),. ' {*€, }) ,

l 'w  ( tn  0) r  (0 ,  t ) ,  ( r /ar  r { f / t ) ,  ( - ' lZ ,  r )  and

H=f  o  i )  
n  eee f ) ;  Appendix ]  )

\-i ol
By tho thesrem of Appel-Humbert(cr"fO]) there is a

- l ine bund. Ie  Lr  = L | ( t t rp( )  on Xf  euch that  cr (L ' )  corroeponds

to H (we uae the notat ione of loe. ci to)n L; ia not in r* lr ie(X))

by the ehoice of Hr.

If there existed an ieonoorphian

E  I  Z \ t - ) L t r
then rnultip}ying it witfr a euitable constant we ehould have

6*( t )  o  e  *  I ,  honce L0 would bs invar iant  to  the act ion of

G , whlch contradicts the fact that Ll  io not in fr(pic(X) ).

Coneequently AsL' * Lr r

Let re  cons ider  E '
rE

= L! @z^t'u and the natural lso-

morphiemU*P,---)8," I t  fol lowe thet E is invarient to ths

action of G and eo there ie a holomorphic vector bundle S on X

of rank 2 sueh thst Et = f*3:" E'bei.ng'reducibleu by constrt lcs

tiono E cennot be otrongly irreducible" But E ib imeducible"

fndeed, if L c---u-p were en inje*tive morphnism of ;sghor€lnt

sileaves we woulld get

f s f . , .  > t % = L ' @  6 * L ' ". 
compoei.ng with the projections it would follow that"

one of th.e norhpisms fsl..--+Lu or r*l-+A*L' woultl be non"sero"

This would be an isohorphimrr,( t51, $ 2"I) Lreceuge s(X') * O

and so Xf 'has no curves (being a tar$s). Sir is wauld contnedict

the choies of Leo ,

fhe eonnpeat conaplex threefoldF we study are projective

fuundles Ftn: eseoelated to h.olomorphie veetor buvrdles E of

r a n k 2 o n X . W e d e n o t € b y T t l I P t u l - - * X t h e n a t u r e l p r o j e c t i o n

and by OptUr(*l1 the tantologi.cal l ine bubbunctle in?C*no In

f  a d a
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the oequel we uso the standard notstion Op 
W, 

(n) o n € Z , fon

ite tensor powers" Qne has the followi.ng oxact sequsn*€ on tP(H):
(1) o *+ Offt6+ zr% O O prc) (1) -+ * ,ptuf-$ nn'k --+o

where the first morph:ism ie indueed by tho inclueion

9 ptn)(*1.) q---+?X%, ons eleo hss Fie ( F(w)) g pie (x) @ Z. '
*ny. ifii*rtibte sheef on tP (nl bei.ns of the form 7t\,@ 9Rg1(n)

for 'eorde L in p ic(x)  end n rn Z '  For n )  o ane]  T e coh(x)

the foLlovui&g, $,somorphisme ere werll known

7(k Up(E)(*)  e s%n
'it 

*tx* T @ 21ru, (n) ) dT @ s%R

prhere SnE &re the symmetrie polqers

le{init*-eq" A Mre*l*
effeet ive divieor in Sl(E) such that the reetr ict ion rsf fu Eo its

eupport covers X..
pggngqlsS.oJ3*, For e nonsinguler compact complex stlr*

fece X end a irolomorphic vector bundle E of rank 2 on X the

following statenents &re equivalent :.

1) S ie strongtrY irredueible'

2, Ptn) doee not adndt i , lor izontel divieorsn

5r, iro(l @ $nB) * 0 for uill L in Pie(X) and all'

Poeit,ive intege*re Ro

In tho proof vre Phell une the

o f  S "

r l iv isor of  F(g) is an

$*,p*e- a" F is redue ible if and only if

a divison whoso pr"ojectioyl on x is bimerostorphlc n

Sfigf' Let D be e irreducible divisar es

- l :3-**>f i  a  reso1ut ien of  e inguler l t ' ies"  One hee

F tpl adrn*ts

ebove entl

thro diegn*m

S *J --+ P (nl

^'\.-- litp=Tlu \*
JA.

lrmving 4i{p(B) (*t) 
?rf% 

anrt eppt3ning (ic',1 }* *e

get en gnje**tivo bundle norpiriem cn F

( iC I ' i ' ) f t  CF(s ) ( - I )  c - * - - ->  ( i o  \ ,  ) *n f i%

henee, (pc"i isffi * (fo"i-'- +l%l ie roducibte nnd so B m6ret bre

reducible eccording to Lemme 3"

c o n v e r e c l ] r , j , f H i e r g d u c j " b ] . e t h r e r ^ e i g a n e } m m e n t

L of picg m:.ld a nonssro eeetisn g*tu5 @ t*}e having Z es

/ o u ,
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uero divieorn Then

C9 .- :---y E@&-l @ OGzl
is a eeetion whi"ch venishee CIn'& finite or ompty set A C X"

0n X \ A, n @ O $l is a line subbundle of &u hence it induces

a eeetion

N \  A  F f  m l  \  7 t -1 ( * )  "
The elosuro in FtP) of the irnage of tlrie erCIetion is en

anuJ.ytic eet (ef f5] r Prop" 10.6*)o) wtticlr definoe o horisontal

divisor w'hoee pnojeet,ion on X, is binseronorphic o

.r.#"ogf-q[*3h$*3q$o-gl$p{}* el :7 ?} $uppoee D ip a

horiaontal- divisor of P(P)' $hen as in tho proof of Lemma 2

one geite that (po',) )% ie reduciblo hence E eanErot be etrongly

irredueible.
?2 + Lt $uppose now there ie a beso change Xn' f  

)X

euch that f*E ia reducible " One has the commut,ative diegfarn

F r n ) * x x ,  4  P ( { % )  - - q -  > F t s )
, t ' [  

a  [ x
x '  t  ) u

where F is induced by the projeetion. Hy Lemrue 2 there ie &

horizontal divisor &0 in P(f%)" since fo11, '(P')  = x i t  fol lcnrs

by commutativi ty, th.e? f i l fCo,l  :  f (nn) :+X is eurjeet ive hence

f(p- )  is  e  hor izonta l  d iv ieor  o f  F(g)"
u} e 3o F i-a nst etrongly inredueible €> E* is

not otrongly irreduciblo e> {Pt1$*1 eldmits iroriaantql- divisorso

. For e hori.z$ntal divieor D in F (m*)

C twl9x*r,@ Opq*w1(ni

with L in Fie{X} end' n > S. On the other eide

ffio( P (s*) o 2r % @ CF tusl 
(ni ) g

.6

$2s strsrlgly

elnough

the

Hotx:r%u( ' i t*n gbfp(s*) (n) ) ) # I{o(xu t, g snnffi l3 rf txuL @ $h)

and tire wanted equivalenee fol]owe*

MgSS" & stronglY i"rredueible $

irredusibl"e *
rofu sinee rtr(s?i i l )  X sz(rfu) i t  wi l l  bo

to prove that the

imeelucibilitY of

rro(szu @ t) = ho( (
(s2p )s g sz (ns)

rongly irredueibil"ity sf S i"mpliem

Su Far this rqe h.eve to show thet

m)IeG) t)  * o for al}  L in pie (X) '  But"

and the eonclueion followe 
,ureing 

the Fropo""

/ o t *

st
s2
^e
d}
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sit ion for both S end Ex.

$ 2 .

Aceording to the Froposi"tion the exietence of compect,
onalyt,ic threefold$ of type F tu) without divisors i"s eneuned
if and cnly if tne bese x hae nCI eurves end E ie otrong]-y
irreducible " fhe following theorern gives &n answgr to 1he problem
of oxist€n*e of auch bund-leso \{6 firet recall some noLations
from[{ o

Let x be a non*elgebre*e eornpect complex eurfaqe"
For every pair of cohomoJ-eigy eleeses (c1, c2)o o1 € H.2(xr 'Z),
oZ € i{*(Xs Z } E Z one defines the rat,ional number

A ( " r , c z l = $ r c r * * * i , .
If E is e hoiomorphic vector bundle of renk Z wit,h

ehern claeses er(H) = * i ,  then A ie the doterminent of the
bundle"  ForTu e NS(x)  @ @ one def ines t [ r ] ,  p .  2 ] )

,  u F ) = - * u " o ( , p -  J  )
S e N S ( x )

Tt p i,s clf the form*p/z with { in }Isix}, s(ru) witl coi,ncide with
the  number  n (20 ' [  )  de f ined in  loc ,  c i to  p"  7"  Note  ths t  i f tL=  g

( j .n fact  i f  
\€ 

2l i ts(x)  )  r  imn B( \ /z)  
*  0"

!h,qg,!'egi.Let X be e l#*surfe*e without diviears $x" &
2-dimensionel torus without divisclrs, Then there exist etrongly
irreducible haloroorphfe vector bundlee of relnk 2 sn x" More
precieel;r r

- on K}*surfac'ffi viitholT"t curv€$ svery
ic etrongtry irredueible and for esor'Jr

€ US (X') $ V" verif;rin6

irrodueiti lCI

pain2*lrundle
( c 1 o  * z )

A (e'  c?) ' /  rnax (s(crfg) n 2-s (er/r \ t
there exist sueh bundles H with e, (E) = r

L  
- i t

- on tori u'ith*urt curves tlrere exi"et mtrongly

irmeclubibl-e txrndleis Ii $'ith Slrcr:n c.Lessee (c1, *e) € l,l$(.,Xl 
" Z"

es $00n {*#

(c1" ,  e  )  ) t  eup(  w(e" /p l  s  1  *  u(  * t / { }  .

lgggg, A,ny base cirar:g,o X{*--}X }ras a feetori.umtion
g,*J9fr* !:*4x wltere ff g* ncrruelu
h in fini""t e u Sfneel ths trrgvrsh locus

di,m*nsionel ([al r p' ].?0] n if X h.ets

g tra* connected filrers en{3
rt

of h e*n X, i"m purely }*co*

no surv*fi r"t foLlog'm thet

/  *  * ,
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1

h ie a fivrite unramified coveringo fr nonsinguler and g bimero*

morphic" W Lemms I we e&n rgstr-ict, ourselves to the study of
baee chmnges which are fj.nite unrarsified coveringoe When X is

K3,- henee sinply eonnecteclo theee &r€ t,rivial end the etatemc)nt
of the theonem fol lows (for the existence sew,f i -1, $ 5"LO)"o

L€t now X be a ?*tor$$i without eurves with y * fi*/f t
f a lqttiee i*C2, A?-+X the ucliverssl eovering, &very
firzite unramified eovering f I y;{'--} X is obtainod from the

univorsal eovering factoriaS"ng through e eublattice fl 'C {t e
where Xl Y t*/ f *. Hence X0 ise a complex Soruro without

extension CIn

o
where t1r ba
and E locall"y

(seel}f ,  th.
o f  E ) "

propertgp.

o f S * E u

nhrink*trg

curv€s. The consition bTta(elfil eneures tho existenes of en
X
- ' h  s  - > s a @ r z a  o
€. Pi*(X) t  7" is a 2-codinensionsl subopeee in X

frae sheaf of renk ? having Chern classe$ *lu *z

2.3) .  (The exteneian is  aLeo eal l -ed & sdev ieeeget

We want r% t,o ue nimple (i ,e" snd(r*gl X C
for any base change f : X! -+ X as aboveu $in.ce Xe hae nQ

curv(}s thie happerls if end onl}r if in the extenelon

(A) o + r*h. --+ ffu *y r*1, 6) r-*_ --+ oq 
f^z

one hao f*tr* F f%a (see[g1 , th, 2,2],  r t  ie neeeserr]re there*

fsre, ta have for ev€x'y gnbLattlee [- 
o e f :

to t r , l l  @ r r )  Yox,

rshere f  c X0*-+X is the aoeosierted covening" I f  thie d.oesn*t

$eppen w.a n*<lify firsgtry It by tensoriaing it with a auiteble ,

bund$.e Ln in PicX, there exiete such an Lo heeauoe we C&!"r

ehoone, fon exr,mple til g h @ to €. pieox E Hom ( f- ,
- .  ,  t rgC  I  l z t  =  1 ]  )  t o  sC I r respond  to  mn  in jec t , i ve  mos ' *

plr ism p( I  f  *F. Igae C I n"t  "-  l ]  ( j . t ,  vr i l l  remsin injeet, ive

hlence nonzoro on enJr sublet,tiee)r ef [6J, ttt" Appe]1"*Humberto

$fren $rs re&s{rk that after modifying h ss si}.ownu lTz{Xrtr$ e fri

H 1[o(Xc t2 @ tf) s g (tl f Ln end we t]6ve no curvoo)n end 'i. iris

ensures the existenee of 
'a 

new exteneto$ r*r*tlt the r*quired

The bese ($o 0)  c f  the vereel  deformat iernf -+S x.X 'u

(r: impte) wt} l  be sraoottr (se*e[5]u $ ]"6]" Moreavsr,

if noeesser.y $ arounii Su w& CI&n &ssumo that al-1" the

/ r o *



follostrs by ,$erne duolity
t r ' * 0 / x r  .  r a  \  .
"&rEL \.f l igr j$,s/ = [

far e € sr end by Riemanr*ffiosh CIns sels'dim &xt4 {mu, n*)
conetant on $, hence equal to dj.su Sxtlquon nCI)" fhle ent* i ls
thet the defnrmetion t *+ $ x X is vereil i; eech m €. $o
TherefE:"re the conditi.ons fsr $ nequired in the proof of theorers
5"1" of [lJ sre fu]"fi"r.r.,*d (vsith*ut, having to ]eeve t]re eentre
0  €  s i *

LeL fr&) bo the rel"at ive $ouedy spece of g ,ncbtzo,)
tlro opsn eubset corx'ssponcling to the tora$,on*.free quot,ients of

"Y1 Tf 
E*r s€sr and 71, s p -+ s the pr*ieerion" Let e € $,

and s* in D quotient of H* tfirou$tr s coherent eubsh.eaf, Hr (8,
-will be a line bundle i. OnehCIs the foLLowing s:raet Bequen$e
0 *+ I{om(E s , E* } *+ TE*D *ry|J.l f*S jP$ *_rv nxt}(g; o ,$* }
where U)uis the coinp*sition

T*s 
;iW+ Exrl(Huu s*)

c.bbb v.,
E x t * ( 6 r ,  E * )

end otths, . Ko*eir'&*Speneer morphinm (eee I lJn $ 5.5]" ]gelneolrs],,
in tire ehseen situation for $ end A n"r* nhowe t,hat TE*?y 1snot
euFjeetive f*r airy s68o fact e&ich ent*ilm the exi.etence cf
irreelu.r: ible bundlee on X (nee[l f  ,  g 5"]) .

tr{e fix e eove*ing f ; xn--*+ x amd eCInsi.der tire
deforrnetiol: 

f"s* _** x! x s"

bundlee 3l*r s €. Sr^1116 simple"

d in  Ex tc {E*u  S* )  s

I

I t
disl

$inee f%* i*
$, such tirat
, , ? r * d  . r y  \

sim.ple r \r* s&i"r ehoose * nei8lrhsurhood [i e of s in
f"&, &re eimpS"e for m € Su, ge j .o Stein end

H'(su r'z ) * o. L,et $* he tlre open set corr*$Fond*:ng t,o the
torniern*free gucitiente of remk I i.n the relativcl s*ps6y sp&ce
seeocir*'6ert to thCI rc-rstri.ction of f*& to c0 arrctttf * Ff *p $0
the projeetion" Ffe densta ss * L1, s* * La 6 Tz mnd lvi derive
from (A), gs eboves &n exect ssql l f ;nss

rrt** ilr: .*q%* 1* rns 
"L* 

$x*r(*#no,!6"'sl* )
\{e nhel.} r*hovr thnt bg*g*n ?tf ientt, ourjec.il ive orp equive}en.t}y,
that c,l); f o*

Uei.n.g the netmreL acmirsut€it*ve diagrem

f " ' ,
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To$-*i#-+ !{*(Xu m# ffi gl ,-J1*+ rt}(n*u f*{.n* 6 P))- \  +  {a*\ -,,  *  
H* (xu  pe ,H 6  sK)  -d* ">Hl (xn ,  r f f tnus  @ $* ) )

snd tire

eeei iy

( 4 )

irrje*tirre * tet'
the diugram

darfini'Llons tlrrou6;h th.er doubl-e pofrrt (O, C L€:l ), olre

gete

*f* f€ei c,'o *nd *":f * 'f*q: (d+ 0

,$ince o * / 0 it i,s en*ugh t'o pncve tkrst

fu

d : gl-txu K,3t g) p,r ) *p igl(x, o fHtB'tr @ E*) )

1 8

1n

f%* being

(see  [ ] l u

intl*eumpossble o 
't*ey 

.trsve st woet' E:ne devls$ege
f_

th* 2.,Alu helnce l t* ier rn;ect i*a* (even bl jee'L* 've 5,n
t

, /  6 s s

? * Eus @r I$"o fw i.e obta{nsd by ear:positfon

r#(x, 1 ) .-*

- ' J
r*txu i*** * I --:/--+ 1ot.(o', rw& )

hence we must only ehow tlr.at tire vertieal {irrow is injective '

since the nstursl. meppixrg F fsif*F hes e eecticn tr :

;tf*; ;? ther:e exicts a eeetian et H}*level toon ho*ce the
w.

wanted inject i"vi tY'  
€

f * T( 
r not beiirg eurjeetive we eledr:leo ncvo' that

'P^f l l lr 'l) 
qrf

t i r o m n r p h i n a r F * - - Z L : * > $ c i e n o t * r - l ' r i o e t i v e i n t h e f o l ] - e v r i r r g

. w&ge A-qr:qgrni.ng fts ourjeetivity we rvoulcl irnve f"SS redu*ib]'e

and inclecgrnpomabl-e for .91l  s in $s,  f 'hon'Lhere would exi-mt Lo

fvl  j .n Fie(} iu x -$u)u Y e ?*c*t t r i raerrs i*n$i1 sub*lp**e :"n Xo x $nu

flat over $* ansi nn extension

(5 )  O  -4 r ,  - *+  fwk  Ms  1y - * -+  s

rryIrsse restr*'etion to esch fiber Xs 
"- i *J ie the t"uriquely

d*terrulned. eleviese{-{(* of }lg. This folJ-*lss frornfl]lu tt:" ?'5 (t'U

se8s,i,$ -t,0 us thet, fn order to i:ave thm morph!$m q biho]"omorphie

in loe. cit' $IlG l"leedn Fi"eoX t'o ilCI eomtrr'r-let' whrich is the efr{rge

in surr eri'Luetioni" Tfre Phsr*f sf x I, ie $$*flnt hen'ce t' l ie*:o

exi.ete mn $t-*merpltinm ?' E $8*+S* st,;clr t'ha:t t51 is 'Lhe ptl3}."*

bnek of tire rmiversnL sxtensi'on. Xn particu'Lmr:

ftf o h * i us* b



fd.-".>, $e nert being aurj*etive , there existSf *iry $" nelt ll8tn$ &ilra]{*ct'rv{ie r"'rrur$ q;' ' i 'a

elo$ents $ in s such thst fsEu in irneci.ueitrLe* we wnrrt to sltow

tirat the aet hl, of elements of $ iqtrich do not hnvo t'hiro pr*pen't'y

ie a eouurtebl-e union of pr0per anell,}'t,ic subset'B cif $" Let"n

R+ *  [ (  Y  r  e ]  €  P is (x ' )  x  s  I  l no (x ' s  f1  s  fHn:;l \u &

the ffiotheais
phinnno in 0 we

f

tfrec.irtlgi

r.lf t,hoiit

i , f  er(S)

'  € 1 0 *

we mede) avl"d pasei.n6; in (4)

get e eovrtra&fsti$n"

to the tongent nror*

o ]

t"

rD-
where u T re the fitrer in 5 of ,rr.e Poi"ncerd bmndle p of xt.

[s| Gra,Uertus eeni*ecntinnlty theoren'ru it foi"]uv'r* that R* to *rl

anelytic eubeet in Pic (X- ) x $" Let p t Rf -;-:o $ be the

norphi.om i.ndueed bp proiecticn" We fieve

Nf = P(Rf)

"Shtr,e p isnrt surject ive, l :y t 'no ebove facts'

p i e ( X n } i e a c s u n t a b l e u t ' r i C I n o f e o n n e e t e d c o m p o n e x r t n *

eaeh isomorphi* to Fico{X') which !n i ts turn ie a Z*diruensional-

complex tr:fl{-rp and therefclve compact' The restriction of p to each'

. euch compact ie proper, hetlce its imege is e elq'sed enal'ytie

set,o It follcwe th.at N* in e eounteblo union of proper e]'oeed

analytic eubsets of $"

this closes the pnoof' clf t'lre tlre*renr besause mak*ng

tlr* union of al} N* nfter all fi-rrite covel:ing* f : x'-+i{

(vrhj,etr form a **Lurtr.lble eotu up to inom*rphiame) we find thnt'

ilrs compleinentery *et ecnelistiilg af tlrose s in s for wlrieh Hb

is strongly irredr-rcible is dense in $"

$ 3" S#Let-gqt;lg*g 1
}n Tlr,a Chern nrunbera *i, elczn e, of i'P tei aarr be

coi*putcd ueing ( I )  end one f ind'st  
"'  

^1 *  e[ef  ( l t ] r -+*r( t i )  "0,"  ]c ] (x)"-  J-1  
9

e l c '  =  ? [ c l ( t r )o  + "  e r ( : * ) )

Qo  *  2  e , r ( r : )

\-/d *r***pligy ti:e pat'ticul&r ces(l *u(&) * 0' 'Ihe

pxov ideo thens t roqg l ' y * r , rec lue i } r }42*bund les0n ' to r j "

ci.ivi"qors if er(H) > 2 ar:.cJ on X}*nulfaces witlqout d*vi'sffrs

> .4n.I,'o1''tire, eurrdsponding thrcefol"t*s csre hes

/ . o ^



1"1" a

O** .L
c. ci i

l . & "o)

K a torus: *8k, ir *nteger > ?. rt 0

X K 5 *8]:. k ir:.tegcr' .> '{
lw"r.sf"w_ !' i ,,brs#tw$. 

iM'
4 $ 48

2o if, E is &fi in tlre ffhreorem th-en fto(g*ff) * S for

e}l n > O, 5n perticu:Ler, for x a lt)*sltx'faee Wft,h I{$(x) * or

since T", ie irrselucible, hence ntror6).y j"rredueible , we ltsv@
n 

nO(snt*) = 0t fCIr all n

3o We eouldntt obtuin exampleo of strongly j"rreelu*

ci.ble bunrSlos on eny compnct c$rnplex snrfaee v,iithout curvsso

Indeectru thre only Oasi# left, tkE*t of, the surf{rces of elase VII

(cf "falu p. lSB), doeCIt:{t aclmi'"t" en &rslogCIu$ proof , becauee

here Fieox * C 
u isu' t  eomPact '  

'

4 * I t i s e a o y t o g e t s x * e p } e s o f s t r O n g l y i r r e r } u " *

cible bundlep on some surfeces hmving divisorc (for all nurf&oe{$

whose .ni.nimal_ model is ss in ths theorem, K3 0r tsrus without

eurvssr LIY Lemraa 1)r*

A torue x h,ser no curves if snd only if s()t) * or

but theire exiet K)-eurfases X havin6 odrves end a(X) * S" We

didn,t eueced in fin&ing examplen of strongly t'rredue*ble

b u n d ] " e e f o r t b r i o e ] . a s g o f r n i n i r o g ] - $ o d e } e t o f )

ss{p}X , - J
ffr" C" fr$"tag snd o). Le Fotier, Sur lsexietetrce eles *'brde

veetsc"iels l:*lclirlorphes sur }e* surfeca nolr*mlgd*

b r t q u e o , * T " n e i n e r i r t $ s v r o l d a t ' l r ' 3 , T S ( 1 9 $ ? ) s 1 " * ? 1 '

[al, iv* B.*rth, C" Pe'Lere mn* A* Van de Ven, Sompa*t coffipl$x

gunfaee$o[ser} !n* l {e ide}berg;* l . tewYork l9E4"

G" Jllene&'t-1.j$ er:d 0" Foretsl:r Yector bundles on mgni'f,er}*s

withcr.rt di.vifr*re ancl a throorem an d*f0l:nratienst

A$xlo Inct," Fouvier gA** (I?F}?)t 25*516

s" Finehere con:plex An*lytic f ie*meltty, I,FIM 538, iSerli 'n*

Heict*ll:*x'g*3$*'w York L97So '

[E]. I{_ Gra.nprt mnd R" Remmex,te c$h€rent,ennlytia eirer*veet

Eerli"n*Ftrei-d'eLi:qrg*lriew York f984 "

[:-] "
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