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A CLASS OF NON-ALGEBRAIC THREEFOLDS

Introduction

Let X be a non-alpgebraic compact complex surface.

A holomorphic vector bundle E on X is called irreducible if it
" does not admit coherent subsheaves F with O { rank F { rank E.
In contrast with the algebraic case there exist such bundles '
on some non-algebraic surfaces. This phenomenon was brought
forward by G. Elenewajg end O. Forster in (5] and further
gtudied by C. B¥nici and J. Le Potier in {1T.

One may expect that the projective bundle P @®)
glso has strongly non-algebraic features. Assume X has no
curves and rank E = 2. Then [P (E) is a threefold'whoae only
curves are the vertical lines of the fibering [P(E) —> X.

But when does [P(E) have no surface? It turns out that this
happens if and only if the bundle E remains irreducible after
any base change X°-~§~%>x, where X* is asgain a compact complex
surface and £ a surjective map. We call these bundles strongly
irreducible. '

Combining the methods of [1] and (3] , we prove in
this paper the existence of strongly irreducible bundles on any
o-dimensional torus without curves and on eny K3-surface with-
out curves (see the theorem for the exact statement). Using
these bundles one obtains @s sbove femilies of enalytic three-
folde without divisors. Their Chern numbers depend on the in-
variants of the surface X end on the Chern numbers of the
bundles E. In thls way we specify a region in the fgeography'
of snalytic threefolds. The only other compact complex surfaces
without curves besides tori and Ki-surfaces are of class VI1
(IHOUG-SQT¢3€8$; for example) but we have not been able to
find examples of strongly irreducible bundles in this case.

T express my granltude Lo C, Bénlca for suggesting
the problem to me and for the useful alucu&axon& gbout, 1te

§ 1. Strongly irreducible vector bunﬁles
A holomorphic vector bundle E of rank r on a complex

menifold ¥ is called irreducible if it does not admit coherent
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subsheaves of rank r' with 0 <r'< r,

If E has rank 2, then this is equivalent to hO(I: @ L) 0,

for every L-in Pic(X), [ 31,
If renk B = %, irreducibility amounts to °

ho(E@ L) = P EDL) = 0, for every L in Pic (X).
Definition. We call E strongly irreducible if for

every ‘base chenge'® X°~¥§~>}L meaning by this a proper holo-
morphic surjective map between complex menifolds of the same
dimension, £*p is irreducible.
: From now on X, X' will always denote connected none
singular§ compact, complex surfaces while E will be & holomorphlc
vector bundle of rank 2 on X. :

Lemma l. Let X'—-£$»X be a bimeromorphic mapping.
Then E is irreducible (resp. strongly irreducible) on X if and
only if £*F is irreducible (resp. strongly irreducible) on X'.

Proof., If L. <> K for L in Pic(X), then £51, —> 1%
is inJjective on a Zseriski open set hence the image of this
morphism is a coherent subsheaf of rank 1 in fﬁE.

Conversely, let L c—»f°E, with L in Pic(X').
Applying f, we get en injection :

£,L —— £ 7B,

where renk f%L = 1. The natural morphism
' E —> £ f°E
is an isomorphism on a Zariski open set so the inverse image
of £ e through it is & coherent subsheaf of rank 1 in E.
Coming now to the strong irreducibility,let XW——mé»X
be & base change with gﬁE reducible and Y-—» X" 'XX' a resolution

of singularities. In the commutative diagram

sle e 5

;| 1 . b4 ?w = '-;Ef
% . is bimeromorphic, hence Z g E =g  f'E

is reducible, and so % ie not strongly irreducible. The converse

is obviouse .
Ccn*ewuently the bimeromorphic mappings do not chenge

the irreducibility of bunmlcq@ The following exemple shows that
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not every base change has this property.

Exemple. Let X° be a 2-dimensional complex toms with
a(X') = 0 and NS(X') # O (NS denotes the Néron-Severi group),
% &atranslation on X' with Zg - i?ﬁ?” G = Q id; Z:} y X = X%/G,
B:C x(E ——-—},({; a hermitian form with ImH ('x " )c Z and
ImB ([x) i where [* end M are the lattices in(?
- which give ¥X° and ¥, respectively. (For example, one cen choose
[7¢ generated by the vectors (1,0), (0, 1), (1,\V2), E«\? 1),
My (L, 0), 40, 1), (32, N2/2), (-¥B, 1) ana = =

H.m( 9 1) , see [3; Appendlx]

-1 0 : :

By the theorem of Appel-Humbert(ef. [6]) there is a
line bundle L' = L*'(H,e{) on X' such that cl(L ) corresponds
to H (we use the notations of loc. cite.). L' is not in f%(Plc(}ﬂ)
by the ch01ce of Heo

If there existed an isomorphism

s Pt et

then multlplylng it with a suitable constent we should have

% (E ) o £ =1, hence L* would be invariant to the action of
G , which contradicts the fact that L' is not in £2(Pic()) .
Consequently 7 2o ;ﬁ S LTS .

Let's consider E' = L' @7 #1,* and the natural iso-
morphiam'G%E’ >E's. It follows that B is invariant to the
action of G &nd so there is a holomorphic vector bundle E on X
of rank 2 such that E* = £*g. B’ being reducible, by construce
tion, E cennot be strongly irreducible. But B is irreducible.
,'Ind@@ﬁg if Lc_5E were an injective morphism of .eoherent

sheaves we would get

fL Q««—;r-fE” 1.t @g IJO
Composing w1th the projections Lt would follow that

one of the morhpisms s ptoop £ >6 %1¢ would be nonzerc.
This would be en isohorphism([3], § 2.1) b@caase a(X*) = 0O
end so ¥* has no curves (being a torus). This would contradict
the choice of L. :

The compact complex threefolds we study are projective
wundles [P(B) essociated to holomorphic vector bundles E of
renk 2 on X. We denote by 7¢: P(8)—> X the maturel projection
end by CﬁﬂKE)(ml) tha tauuolagxcnl line subbu?dle 1n7f“Be In

veo
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the sequel we use the standard notatlon.Cbp(? (n), ne 7 ,;
its tensor powers. One has the following exact sequence on KKF)

Q) 03 Opg? KB @ O pgy (1) —> T p g Ty —>

wherb the first morphism is induced by the 1nclualen

@ﬂ«)(?)( -1.) L_wy(f‘t% One aleo has Pic( P(E)) ¥ Pic()® £ ,
any invertible shesf on [P(E) being of the form?t}J'D(?ﬁxr)(m)
for some L in Pic(X) end n in Z . For n> 0 and F ¢ Cch(x) |
the following %somorphisms are well known

% (Q]?(E)(n) /';"J‘ unfﬁ?‘
/uﬁ(n:f"af @ Opz) (n))”&@ s"E*

where S'E are the symmetric powers of E.

" pefinition. A horizontal divieor of P(E) is an
effective divisor in [P(E) such that the restriction of 70 to its
support covers Xe. - ' :

Proposition. For a nonsingular compact complex sur-
face X snd a holomorphic vector bundle E of rank 2 on X the
following statements are equivalent: :

1) E is strongly irreducible.

2) [P(£) does not admit horizontel divisors.

3) h®(L @ S"E) = O for all L in Pic(X) and all
positive integers n.

In the proof we shall use the

Lemne 2. E is reducible if and onﬂf if E’(E) admg?s
a divisor whose projection on X ig bimeromorphic .

proof. Let D be a irreducible divisor as above and

erunnmaIRETaT

d: D—=>D a resolution of singularities. One has &h@ diagrem

=]
v
i
~
=

Hmvxnb C7W(y)( 1) >R and epplying (LO"Q)
get en injective bundle morphism on D
quV%DEQ)(l)CWW» UOV)ON%J
henée (poN)°E = (To i o w) ® is vednﬂlb}c end so B must be
reducible sccording to Lemma L.
Conversely, if E is reducible there is an element
= , having 7 a8

foco

L of PicX ﬁﬁd & nonzerc section C%flwylaégls
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zero divisor. Then

O 2 >E®LT ® O (-2)
is a section which venishes on a finite or empty set A C X.

On X\ &, L® O(Z) is a line subbundle of E, hence it induces
a section

ol PN ),
The closure in  [P(E) of the image of this section is en
anelytic set (ef [5] , Prope 10.6.3.) which defines a horizontal
divisor whose projection on X, is bimeromorphic.

Proof of the Proposition. *1 =y 2* Suppose D is a
horizontal divisor of [P(E). Then as in the proof of Lemma'Q_
one gets that (po‘v)ﬁﬁ ie reducible hence I cannot be strongly
irreducible. ,

'2 = 1' Suppose now there is @ base change X’«ig%}{
such that £*E is reducible. One hes the commutative diagrem

PEx X = P I s
‘ =l
71 i : \L?ﬁ
X S X

where f is induced by the projection. By Lemma 2 there is a
horizontal divisor D' in ® (£®8). since fo ' (D') = X it follows
by commutativity, th@t'ﬁ%f(n,) « £(D') —> ¥ is surjective hence
F(D*) id a horizontal divieor of [P(E). ‘
'] & 3 B is not strongly irreducible e Eg ie
not strongly irreducible & Q?(Eﬁ) admits horizontel divisors.
For & horizontal divisor D in P (%)

O (DENFL ® (’)YP(EE;)(H}
with L in Pic(X) and n » O. On the other side
(P ED, L@ Opgsm) =
O, N (TP @Op (M) & B0, L sPe e u® (.1 @ &)

and the wanted equivalénce followg.

Remark. E strongly irreducible = S°E strongly
irreducible. :
~ Proof. Since fﬁ(agﬁ) e Sg(fﬁﬁ) it will be enough
to prove that the strongly irreducibility of E implies the
irreducibility of Sgﬁo For this we have to show that
W2 @ L) = O((S?H)T@ L) = 0 for ell L in Pic(X). But
(Sgﬁ)ﬁ = Sg(Eﬁ) end the conclusion follows using the Propo-

. . s



sition for both E and E%,

§2. On the existence of etrongly irreducible bundles

According to the Proposition the existence of compact
anelytic threefolds of type P (B) without divisors is ensured
if end only if the base X has no curves and E is strongly
irreducible. The following theorem gives an answer to the problem
of existence of such bundles. We first recall some notations
from[11. ,

Let X be a non-algebraic compact complex aarfaeea
For every pair of cohomology classes (cj, g )g ¢, € H Ck 7 ),
e, € H,(hg Z Y ¥ Z one defines the ratlonal number

Aoy ) = Fley = 3 65).

IT E is = hoiomorphic vector bundle of rank 2 with
Chern clesses ¢y (B) = ¢, $ then A is the determinant of the
bundle. For/; 6 P‘S(}{) @ () one defines (al, p. 21

sgp) == sup(p.» )

% € NS(X)
'If/p is of the forqu/2 w1th’ﬂﬂ1n NS(k})ggp) w111 coincide with
the number m(2, ’q‘) defined in loc. cit. p° T. Note that 1f?L»
(in fact if ch 2NS(X)) tlen s(’L/E)

Theorem.Let X be a Ki-surfece without divisors or a
2-dimensionel torus without divisors. Then there exist strongly
irreducible holomorphic vector bundles of rank 2 on Y. More
precisely:

-~ on Ki~surfaces without curves every irreducible
2-bundle is strongly irreducible aend for every pair
»(Cl’ 02) € NS(x) x Z verifying

A (eqy 02)2> nax ﬁ(”l/%)g 2=g (cl/é))
there exist such bundles E with ey (B) = Csy

- on tori without LU?VOG there exist strongly
irpedubible bundles I with Chern classes (cqs 02) ¢ NS(W} ?’ZZ
as soon ag ‘

(eqy c5) 2 wp(fa(el/q v e s(cl/g))a

Proof. Any base change X'—>X has a factorization
Xt £5% h »¥ where X &e normal, g has connected Fibers and
h is finite. Since the branch locus of h en X is purely l=co=
dawﬁnsxanﬁl (féls e 470}, AT k‘h&w no curves it follows that

' /we@
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'h is a finite unramified covering, % nonsingular and g bimero=
morphic. By Lemma 1 we can restrict ourselves to the study of
bese changes which are finite unremified coverings, When ¥ is
K3, hence simply connected; these are trivial and the statement
of the theorem follows (for the existence see:[ 1], § 5.10).

Let n@w X bo a 2-torus without cuprves with X «(ngr‘,
a lattice 1&@2 q;.mmm ¥ the universal covering. Bvery
finite unremified covering £ ; X‘—> X is obtained from the

E‘"I

universal COVGTlnF factorizing through a sublattice P'c [ ,
where X' 22 ([ /f“ea Hence X* ie a complex torus without
curves. The condition Z& 2,8(c1/%) ensures the existence of an
extension on X

Gedly —> E —>1, 81 =3 0
where Ly, L, & Pic(X), Z ie a 2-codimensional subspace in ¥
and E locally free sheaf of rank 2 having Chern classes C1s Co
(see[1]. th. 2.3). (The extension is alsc called a ’devissage’
of E). ’

We went B to be simple (i.e. End(fﬁﬁ) = )
for any base change £ : X'-—» X as above. Since X' has no
curves this happens if and only if in the emtondlon

@) Ow”};m;v"h--m\,.fﬁ;b S RN

Ly # i“Lé (seel%), th. 2.2). It is necesarry, there-
fore, to have for every sublattice ["'c [T :
ff’f ( 1‘“’2“1 @ Ll v‘u C?

one has %

X'

where £ : X'—->X is the associated covering. If this doesn’t
beppen we modify firstly Ly by tensorizing it with a suitable.
bundie L in PicX. The QL exists such an LO because we can

choose, foz‘ exemple L @ Iz @ L [ Pic®% ¥ Hom ¢ Fis

3 {zzg E;i {2l m-l.}) to QUfE“”DQﬂﬁ to an injective mor-
phism (£ : F"«m~§»{zeﬁdl l%z% 5= 1} (it will remsin injective

hence nonzero on eny sublattice), cf(6], th. Appell-Humbert.

£ IR o S 4 e - 2 " 3\'.’02 o
Then we remark thet after modifying Ly as shown, H (kghg @JLl) =

: : % & S - A i

= HO(Xg L2 @tLl) 0 (LL T 9 end we hgve no curves), and this
ensures the existence of a new extension with the required
propertg. . :
The base (S, 0) of the versal defarm&tiwn*%«mys x X,
of © = E_ (eimple) will be emcoth (see[3], § 3.6). Moreover,
nrinking if necessary S around 0, we can assume that gll the

/e&m
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bundles E 8 e_s, are simple. It follows by Serre duslity
' dxm Pyt (E ar B ) ﬁlm.dkt (E, } 3%) = ]

for 8 € 8,end by Riemenn-Roch one gets dim Ex t'é(EN Eg)
constent on S, hence equal to dim Extl(L y By )o Thl@ entails
that the acxﬁrmabxon‘E —2» 8 x X 18 verx sal 1n each 8 € S.
‘Theryxur, the conditions for S required in the proof of theorem
5ele of [11] are fulLil“@d (without having to leave the centre
0 & S

Let D(%) be the relative Douedy spece of 4 ,DCD(2)
the open subset corresponding to the torsion-free quotients of
renk 1 of E g 8€S, and 70 ¢ D ~> 8 the projection., Let 8 € &
and E® lﬂ D guotient of Fg through a coherent subsheaf E* (E*
.will be a line bundle). One has the following exact a@qu@na
0 —» Hom(E', E")—>T b —E ¢ S —LE 5 mxelm,mv)
'whera QC@is the composition

75 <2 3 mxtl(e,, 5,

< » : F
“ E\\x i
4+ e 1
ExXt (B, BY)
and ¢v the . Kodaira~Spencer morphism (ses [1], §5.5). Moreover,
in the chosen situation for S end /\ one showe that TpeTU den’t
supjective for any E¥, faet which entails the @Xl@t@ﬁﬁ@ of
irredueible bundles on X (seel1], § S.1).
We fix & coveri ng £ ¢ X'~ ¥ end consider the
deformation _ '
f*¢ —» x' x 8.
Since fﬁEO is simple, we can choose & neighbourhood $° of O in
8; such that fﬁﬁg are simple for 8 ¢ 8', §' is Stein and
HQ(S ‘s Z ) = 0. Let De be the open set corresponding to the
torsion-~free quotients of rank 1 in the relative D@uady space
asgoclrated to the restriction oi‘iﬁaé to S' an d?{. Do ~—> 8°
the projection. We denote L2 = ng E%® = Lo IZ and we derive

e, an exact seguence
f 1
(&)

T %
f.cn-lu{‘ W : o - /vst e ‘:{g e
Totpa Do . > IS ey Brtt (2% v ER)

<
fd

from (2}, @s ab

We shall show that Ff§EW?%’ isn't surjective Or aquzvnlemt Ly,
1
that w, # 0.
Using the natural commutative disgrem

/euo
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s L5t o Bt i

e

B, B X ) S H (X, £5E'F @ B)

', 5 E @ E))

snd the definitions through the double point (0O, g 1¢c]), one

easily getls

Tedy

@
i b

:}%E
O ) anﬂ cu =1 o Cu+ o

&

(o]

Since u>¢ # 0 it is enough to prove that
1 9 l o : :
(x, B X @E) — (X, £HEF @ B')

g * . o ‘
B ® E%. £ is obtained by composiiion

o
=

is injective. Let F =
in the diesgram
1 P
B, )

!

\ o
H (X, fkﬁ‘ﬁcf') o~ e, 2 F )

v.i

hence we must only show thet the V&Tulcal arrow 18 injectives.
Since the naturel mepping F —» f fygf hes & section tr @
fﬁfﬁﬂ- ——3% F there exists & a@@tlan at lelevel too, hence the
wanted injectivity,
T

f‘-"*’ Al
th
the morphism De _1x 5 g% is not surjective in the following

T : ‘ :
not being surjective we deduce now that

. way. Assuming ais surjectivity we would hav fxl reducible
and indecomposable for all s in 8'. Then there wmald exist L,
M in Ple(X' x 8'), I & s-codimensional subspace in X* x 8',
flat over S°' end en extension

(3) 0 —>L —> £ —> U@ Iy—> 0

whose restriction te each fiber X' x {&} is the uniquely

determined devissage of Bg. This follows from{3], the 2.5 (it

t

2

geems to us that in order to have the morphism g biholemorphie
in loce. cit. one needs pic®y to be compact, which is the case
in our situetion). The sheaf M X Il is S'-~flat hence there
exists an S°'-~morphism A @ S%~Ww»f such that (3) is the pulle
back of the universal extension. In particuler
(4) Hie =10 .

b :

5, being indecom Eaa&biew they have at wost one devissage

= S ome ; . e :
(see [%]1, the 2.2), hence jﬁ“ is injective (even bijective in
Lsva
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the hypothesis we made) and passing in (4) to the tangent mor-
phlams in O we get a contradiction.
Df mwﬁm% 5! not bezng surjective, there exist
elements 8 in S such that £% Eﬁ is irreducible. We want to show

that the set N, of elements of & which do not have thig property

L H

is & countable union of proper aa&lyllc subsets of S. lLet:

={(%, 8) € Pie(x") xS | ix, Py ® £Eg) X O T

wh@yﬂlpg is the Ffiber in § of the F@&naar@ bundle P of X°.

By Gratert's semi-continuity theorem, it follows thaet Rf is an
anelytic subset in Pic (X') x S. Let p : Rp —> & be the
morphism induced by projection. We have I
ﬁf = p(};—t_)
Thus p isn't surjective, by the above facts.
pic(X') is a countable union of connected components

each isomorphic to pic® (X') which in its turn is a 2-dimensional
complex torus and therefore compact. The restriction of p to each

. such compact is proper, hence its imege is a closed gnalytic

set. It follows that h@ is @ countable union of proper closed
analytic subsets of S.

This closes the procf of the theorem because making
the union of all Ff after all finite coverings € @ Xt—3 X
(which form e counteble set, up to iso omorphisms) we find that
the complementary set cons yisting of those 8 in § for which E
is strongly irreducible is dense in S.
§ 5. Some remarks

1. The Chern mumbera ciﬁ C1Cos c3 of [P (E) can be

computed using (1) and Oﬁu fin
3 *\‘t -v 7 . 2
= i, (8 i i > L
1 EQ.L( rﬁz(}) Jﬁl(}b) j
2
1, Ch F s (x)T 4 CaK
glgg 2[@1(1 034 )]
C,‘rj S c;,{x,) A
We exemplify the particular case cl(g§ = 0. The
theorem provides then strongly irreducible 2-bundles on tori

without divisors if cq( V) b 2 and on K%-surfaces without divieors
if QQ(L) zy ko Iorftne correésponding threefolde one hes

/oao.
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)

- JF -

7 S

€.Ca c
Cr 12 %
¥ a torus | ~8k, k integer », 2 g 0
X K7 -8k, k integer > 4 48 48

2, If E is as in the Theorem then hm(snﬁ} = O for
gll n > 0. In particular, for X @ Kh-surface with NS(X) = O,
since T, ies irreducible, hence strongly irreducible , we heve

hQ(SETx) = 0, for ell n > O.

%, We couldn®t obtain examples of strongly irredu-
cible bundles on eny compact complex surface without curves.
Indeed, the only case left, that of the surfaces of class VII
(cfe[Z—_]9 p. 188), doesn‘'t admit an analogous proof, because
here Pic’x ¥ C*® isn't compact.

4, Tt is easy to get examples of strongly irredu=-

cible bundles on some surfaces having divisors (for all surfeces

whose minimal model is @8 in the theoren, X% or torus without
eurves, by Lemma 1}

A torus X hag no curves if and only if a(X) = 0,
but there exist Ki=surfaces X having curves end a(X) = 0. We
didn't eucced in finding exemples of strongly irreducible
bundles for this class of minimel modele t00e.
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