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Deforning variet ies of k-planes of

p ro jec t i ve  comp le te  i n te rsec t ions

by Ciprian l isrcea

1i le consider the var iety l '  of  k-dimensional  l inesr

pro jec t i ve  subspaceo ly ing  on  a  gener ic  p ro jec t i ve
'  comple te  in te rsec t ion  s .  under  genera l  assumpt ions

invo lv ing  k ,  the  mur t idegree and the  d imens ion  o f

S ,  we prove tha t  F  i s  connected ,  s rnooth ,  and i t s

loca l  de format ions  eome f roun de formst ions  o f  s .

rn t roduc t ion .  L inear  var ie t ies  ry ing  on  a  p ro jec t i ve  var ie ty

have been cons idered in  severa l  con tex ts .

A  c lass ica l  ins tance,  go ing  back  to  cayrey  lo l ,  i s  tha t  o f

a  smooth  cub ic  sur face .  There  are  twenty -seven l - ines  on  such

a sur face ,  andr  8s  observed l -a te r ,  the  inc idence preserv ing

nermuta t ions  o f  th is  se t  o f  l ines  fo rm a  group isomorph ic  to

the  wey l  g roup o f  a  roo t  sys tem o f  type  86 .  r t  i s  a lso  the

nonodrony  group o f  the  g loba l  fa rn i l y  o f  smooth  cub ics  and the
0 a l o i s  g r o u p  o f  t h e  c o r r e s p o n d i n g  e n u m e r a t i v e  p r o b l e m  ( s e e  

L t 4 ) .
s im i la r  resur ts  ( invo lv ing  the  roo t  sys tem ,z**y  ho ld  fo r

the  k -p lanes  conta ined in  a  smooth  2k-d imens ionn l  i -n te rsec t ion

or  t lo  quadr ics  (  
[ r4 ]  ,  [ ro ]  l .

Beyond the  enumera t ive  Leve l ,  and bes ides  homogeneous- ra t io -

na1 var ie t ies  such as  ( , i rassrnann ians  or  l i r tear  spnces  ly ing  on

a smooth  quadr ic ,  a  f i rs t  example  shou ld  be  the  Fano sur face

o f  l " i n e s  c o n t s i n e d  i n  a  c u b i c  t h r e e f o l d  t  [ f f ]  l .  T h e  A b e l - J a c o b i

map induces  an  isomorph ism f rom the  A lbanese var ie ty  o f  the
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I rano sur face  to  the  in te rmer l i s te  Jacob ian  o f  the  cub ic  th ree fo ld

and one hss a gtobal rorel l i  theorem ( 
Fl , [ tn] , .

l V i t l r  p l a n e s  i n s t e a d  o f  l i n e s ,  b u t  g e n e r i c a l l y  t h i s  t i r n e ,  t h e

analogous statemente hold t rue for cubic f ivef ,or-ds t  [u] ,  [ ro]  I  .

Nor  shou ld  be  cub ic  four fo lds  be  neg lec ted  here :  the i r  var ie -

t ies  o f  l ines  are  i r redue ib le  s .ymplec t ic  p ro jec t i ve  four fo lds
- r  1(L1J) which play an i raportant  ro le in the proof  of  rhe g1obal

Torell i  theorem t fzo] I .

We a lso  nent ion  the  var ie ty  o f  k -p lanes  conta inec i  in  a  smooth
( 2 r + t ) - d i m e n s i o n a l  i n t e r s e c t i o n  o f  t w o  q u a d r i c s :  i t  i s  & n  A b e l i a n

var ie ty  i sornorph ic  w i th  the  in te rmed ia te  Jecob ian  o f  the  g iven

i n t e r s e c t i o n  o f  q u a d r i c s  f  [ g ]  ,  [ r o ]  l .

A l l  t h e s e  v a r i e t i e s  m a y  b e  r e a l i z e d  a s  z e r o  l o c i  o f  s e c t i o n s

o f  c e r t a i n  h o m o g e n e o u s  v e c t o r  b u n d l e s  o v e r  G r a s s m a n n i a n s  t [ t ] , [ t * ] r .

f h i s  c i r c u m s t a n c e  m a k e s  t h e  S c h u b e r t  c a l c u l u s  r e l e v a n t ,  f o r  i n s t a n c e ,

in  comput ing  Chern  numbers ;  i t  a l -so  reduces  ques t ions  about  con-

n e c t i v i t y ,  r e g u l a r i t . y ,  e t e . ,  a s  w e l l  a s  d e f o r m a t i o n s  t o  o u e s t i o n s

about  the  cohomolog.y  o f  homogeneous vec tor  bund]es .
'  

our  ma in  concern  w i l r  be  to  se t  up  a  genera l  f ramework  fo r .

I  ca lcu lus  w i th  we igh ts ,  suc i r  tha t  the  theorem o f  tso t t  [ t l  become

express ive  j_n  th is  contex t

Spec i f i c  conputa t ione enab led  Wehler  to  dera l  w i th  smal1  de-

fo rmat ions  o f  } ' sno  sur f 'aces :  he  showed,  namely ,  tha t  a l l  0 f  them

are  induced by  de f 'o rmat ions  o f  the  cor respond ing  cub ic  th ree fo lds
- r  - l
( L 2 U ) .  T h i s  r e s u l t  i s  h e r e  e x t e n d e d  t o  a  l a r g e  c l a s s  ( T h e o r e m  5 . 5 ) .

S in i la r l y  (Thesrern  4 .1 )  r  w€ ex tend (anc l  g ive  an  a l te rna t ive  pr :oo f

fo r )  the  connectedness  resu l t  o f  l la r th  and 'Van de  Ven concern ing

l i n e s  o n  h y p e r s u r f a c e s  (  
[ t ] l  .
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$ 1 .  V a r i e t i e s  o f  k - p l a n e s

we sha l l  cons ic ie r  p ro jec t i ve  k -p lanes  conta ined in  a

comple te  in te rsec t ion  s  =  Sn(d)  o f  d . iu rens ion  n  and rnu l t i -

d e g r e e  d = ( d 1 , . . . , d r )  i n  t h e  p r o j e c t i v e  s p e c e  p  =  p n + r  o v e r

t h e  c c l n p l e x  f i e l d  C .

ne t  ($ to  denote  the  n th  tensor  power  o f  the  hyperp lane

l ine  bund le  on  F  and le t  s  be  g iven as  t ,he  var ie ty  o f  zeroes

z (  s )=s  s f  a  sec r i on  I  6Ho (p ,E )  ,  whe re  E  =  
6 .  t 9 r ( d t ) .
t=1

Denote  by  G =  G(k+ l ,n* r * l )  t f re  Grassmann var ie ty  o f

p ro jec t i ve  k -p lanes  in  p  i . .e .  (x+ t ) -p lanes  tn  tn+r+ l  and

1et  [ "c  pxC be the  subvar ie ty  de f ined by  the  inc idence re ] .a t ion

f  =  
l t  x ,T( )  ;  "  

e  nJ ,  w i  th  canon ica l  p ro  jec r ions  :

r
p  /  \ o

/  \ -
P G

p  r e p r e s e n t s  l -  a s  a  G ( k , n + r ) - b u n d l e  o v e r  P  a n c l  q . r e p r e s e n t s  f

as  a  P* -bund le  over  G.  Accord ing lv ,  rve  have isomorph is rus :

H o ( p , n )  = '  H o (  l ' r p x E  )  
- '  H o (  G ,  q * p N E )  .

-*'d' rf o -+ T=7y*r4 Gxcn+r+l --+ e=Qp+p-k + o denotes

the  canon ica l  exac t  sequence o f  vec tor  bunr l res  over  the .

Graesmann ian  G,  we have a  na tura l  iden t i f i ca t ion :

c*rx/$(n) = sm(ZN) :  the mth syrnrnetr ic tensor power of the

d u a l  t a u t o l o g i c a l  b u n d l e .

Put t = er*pxE

Let  $  be  the  isomorph ism inc i i cn tec j  Rbove:
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6 H"(c , ru . (G)  )
t= l

which cons is ts  o f '  a l l  k -p lanes conta ined in  SCP .

Remark  1 ,1 .  The  rank  o f  t  i s  *  (u r *o \  ^ *^  . . ' ^
r= l  \  *^  )  

'  and we exPect  F

(r+r) (n+r-k) - 
* ( ut, in) 

>o (A"),
t = l  \  k  / ,

Ih is  w i l l  p resent ly  be  seen to  be  t rue ,  p rov ideO S is  no t  a

quadr ic ,  in  wh ich  case the  assumpt ion  n  ) t  2 r  i s  needed.  I r io te

t h a t ,  i f  s  i s  n e i t h e r  a  q u a d r i c ,  n e r  a  l i n e r : r  s p p e e ,  c o n d i . t i o n

( A o )  a l r e a d y  i m p l i e s  n  )  2 k .

Le t  V  =  Ho(P,E)  anc i  cons ider  tne  subvar i -b ty  I  C .  GxV

ned  by :  I  =  
[ t * , t i l  I  r h i =0 ] ,  w i t i r  p ro j ec r i ons :

I

.  to be non-empty for  d inG - rXf,  ; ,  O i .  e.  for :

$2 .  D imens ion  and smoothness  in  the  gener ic  case

7 v, : G !

c {  represents  I  as  s  sub-vec tor -bund le  o f  GxV* lG,  wh ich  s i rows
i' '  

t ] :a t  I  is  smooth,  whi le  F i r  proper  and the f ibre over  s  e  V is
t '

,  p r e c i s e l y  z ( + ( s ) ) .

C o n f i r m i n g  o u r  r e m a r k  l . I ,  w e  h a v e :

Proposi t ion 2. I  I f  d in , . l  -  r te  )  r f  ,  | .3  
, t "  onto,  prov ided

n )  2k in  the case of '  quadr ics .

def i

{ :  r {CI (P ,E)  s  H?c, t l  =

f o  s € H o ( P r A ) ,  d e f i n i n g  t h e  v a r i e l y  Z ( s ) = S r  w e  t h u s  a s s o c i a t e

$ t * l €Ho (c ,C ) ,  de f i n i ng  t he  va r i e t y  o f  ze roes  z (+ ( s ) )  =  Fp (s )  *  t r ' ,

-4 -
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Proof :  I f  we f ind a k-p lane T i  jn  S,  wi th  S srnooth a long J f  ,

and such thet the normal bundle l{ f /S has i{1( ' l i r t t t5/S)=0, the

p ropos i t i on  w i l l  f o l1ow f ' r om Ksda i ra ' s  c r i t e r i on  fo r  e tab i l i t y

of  compect  subnani fo ldshSl  .
u ' J '

i Y e  c o n s i d e r  t h e  e x a c t  s e q u e n c e :

0 -> *n'lt * tt/, + Ns,zpln* o-.

lve have: Nryr = "6-* Untt) and
r

7 s
t=1

(!otart

( 1 )

( 2 )

Let 7T be given by *k*1= . . .  =xy1""p=O ,  for  homclgeneous

t{s/r lji

s  € - H 0 ( P ,

( 8 1  r  . .

c o o r d i n a t e s

be g iven by

f  orm:
,  u t =

( x o i  
" '  : x n + r ) r  s o  t h a t

r  homogeneous po l inomia ls

n + f  t .

=  * r . p l i )  o  
" ti = k + l  '  L

E)  ,  "  \n  =0  rv i l l

.  r  s r )  o f  the

w h e r e t  
' ^ , ( i )  = I , . 1 1 ) . * Fpi- '  

r  "r  
(5)

/ - ( f r ,  . . .  , ly ) ,  * l  =  * f9 . . " f *  ,  y t  = f  o* . . .  * fu= dt - l
and every  monomia l  in  ra  conta ins  a  p roduc t  * i * j  w i th

i )  j  > r .  .

s i n c e  v / e  m a y  s u p p o s e  n ) r z k ,  t h e  c o n d i t i o n  t h a t  s  b e  s m o o t h

a long T j -  i s  sa t is f iec l  fo r  gener ic  s .  (For  exanp le ,  the  fo l low ing

mat r ix  o f "  pa : : t ia l  c le r iva t ives

p r o d u c  e d :

a

,  
*  

(x)  ) t  > /  k+L ,  x  €Ti  may be

dr -1
x o -  : : : : : :  "
.  d . t - l
O  X o t  . . .

dt-1
xk 0  O  . . r t o  q . .  .

d. ' -1
v e n^ k  W  . . . ! . . . . .

. . .  .  . r  a  .  .  .  .  .  t  . . .  a  .  .  .  .  
j  

a

"tr-t . ..
l

. ' t
I

:,{
i j

) .



/

t i /e represent

A  -  l ^  \
A  b  t  F i r  r  l ^, ,  . " i j r 0 _ (  j  ( k

ind"uced f rom (1)

a global.  Bection of l i i ; . /p

( i ( n * r  r  s o  t h s t  t h e  m a P

i s  d e s c r i b e d  b y :

by s  nat r ix

Ho ( r,lryrl giuu ( Nsrr l,i)

A - +  ( ( 4 ) .
j - < k <

L o o k i n g  a t  r n s n o m i a l  c o e f f i c i e n t s  i n  ( 4 )  a n d  u s i n g  ( o r ) ,  o n e

obtaines. that  cr  is  a sur ject ion i f  and onl ;y i f  the l ineatr  system

( w i t f r  i n d e t e r m i n a t e s  a i ; )  :

i  
a i j . o l i ) . * j  ) r S  r - ( " € t t , A  ( b t a ; l

t  -  1 r . . . r r

' i l  =(  D" ,  .  . .  , !n)

l l  1 =  d t

= O
j < k < i

w h e r e :  ! (  j )  = t  - ( 0 1 . . . , 1 r 0 1 . , . 1 0 )

j

\ ) ( j )  i m p r o p e r l

has  max imal  rank ,  namely

- 6 -

and c
; = 0  f o r

= r rc t  =  R.

t h e  e e s e .  T o  s e e  i t ,  e h o o s e ,

. . .  o 1 "  l h e  r n u l " t " i i n d i c e s  y

R nat : : i x  whose de ter rn inant

v r ing  descr ip t i  on :

h e  h i g h e s t  p o s s i b l e  p o w e r

t h e  h i g h e s t  p o s s i b l e  p o w e r

rneret i  on )  ;  and so 0hr t 'he

I  o r  -1 ,  anc l  the  cor -

ro  po l inomia l .

a longqT[ encl  i { l (? i ' ,  to17u) =o.

ui j ' ' l i i , , ; , ( 5 )

( i  )
t , V ( j

i  (u ' .*)
t = l \  k  /

s  ac tua l l y

. r  / 1  , f 2 , y7 ,

i der  the  l t x

h  the  fo l fo

o c c u r s  a t  t

oQcur$  f i t

chosen enlr

i  a l  vr i l l  be

n o t  t h e  z , e

S i s srnoottr

For  gener ic  s ,  th is  i

f c i r  each t ,  an  enumera t io

wi th I t., I = d- -l ancl c ons
I  l * u

produces  t l :e  monomia l  w i t

f o r  e a c h  t .  . ( k 1 ] )u ,  " t  r I l
( i . e .  i c r l ) ;  n e x t .  c { k i } )" t , l Z
(which non'  detr lends CIn the

coef ' f i c ien t  o f  th is  monom

r e s p o n d i n g '  c l e t e r m i n a n t  i s

T h u s ,  f o r  g e n e r i c  $ r



Coro l l a ry  2 .2 .  The  p ro jec t i ve  k -p lanes  con ta ined  in  a  gener i c

complete in tereect ion sn(c l l  or :  c l imension n and mul t i< legree

6=(d1 , . .  n ,d r )  i n  Pnr . r  c ie r f i ne  a  snoo t ,h .  subvar ie t y  l t * (Sn (d ) )

of  G(P+ l rn+r+} )  o f  c< ld i rnens ion

( r+1 )  (n+ r -k ) >/ a n d  S n ( d )  i s

r e q u i r e d .

af';-)
n  )  2 k  i s

no t  a  quac l r i c , ].n

wh ich  les t  c :ase

' R e m a r k  
2 , 3 .  T h e  v a r i e t y  o f  l i n e s  F l ( s n ( ] )  )  o f  a  c r r b i c  h y p e r -

s u r f a c e  S n ( } ) C i r r r * ,  i s  s n o o t h  i f  t h e  c u b i c  i s  s m o o t h ,  b u t  i n

g e n e r a l ,  t h e  s m o o t h n e s s  o f  s n ( d )  d o e s  n o t  i n p r y  t h a t  o f

Fr (s r , (d )  ) .  ( c r .  [ . r ] ,  [ t * ]  t .

$ 5 .  w e i g h t s

In  what  fo l lows,  w€ take  c l imG >/  fkL  (and n) r \k

a n d  a s s u m e  t h e  c o n p l e t e  j - n t e r s e c t i o n  S  =  S n ( d )  t o  b e

the  cod imens ion  o f  l '  =  t l k (S)  in  G =  C i ie* f  ,n+r* l )  Ue

r k t  .  G e n e r i c a l l y ,  t h i s  i s  t h e  c a s e  ( C o r o l l s r y  ? - . 2 ) .

Le t  JU denote  the  sheaf '  o f  idea ls  de f in ing  l '  on

The Koszu l -  eomplex  o f  ( tne  sec t ion  o f  t  =  e*pxE

J,  e ives ,  f 'o r  any  i ro lonorp l r i c  vec tor  bund le  l l i  on  O,

. s e q u e n c c s :

f o : :  q u a d r i c s )

sueh that,

p rec i  se ly

{ +

d e f i n i n g )

spec t ra l

H P ( G , M  @

I{P( G,I\,{ 6

Xe") =)
o + 1
h €^) =)

HP-q ( "b', In tI. )

H P * q ( G , t ' 1  @ J ! , )  ,  q ) 0 ,

( 6 )

vec tor  bund le ,  t \ ie  msy  use the  theore in

-7*
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r - 1
o f  r i o t t  

[ 5 , f n . ] V ' J  f o r  r l e r : l i r r g  w i t i r  t h e  g r o u p s  o n  t h e  l e f t "

To  th is  purpose,  w{ }  uso  t i re  fo l low i r rg  desc : : ip t ion  o f  the

$rassmann manif  o ld,  G( k+t,  n- i - r+)^ )  I

s t ( n + r + l , 0 ) ,  r v i r i c i r  i s  t h e  u n i v e r s a l  c o v e r  o f  A u t ( p n * r )  =

=  P G L ( n + r + l , C ) ,  h a s  L i e  a l g e b r a  s l ( n + r + } , C )  =  { r r  =  ( u . ' . o )  \  t n i = O } .'  
L  l  

L J -  |

Take  as  Ca r tan  suba lgeb ra  h  =  
f  n \ u i j =O  r : o r  i / j J .  n r i s  g i vee
L !

roo t  spaces  L l j  =  c .E i j  ( i / i )  wnere  E i  j  has  zeroes  ever .y r ,vhere .

e x c e p t  t h e  ( i , j )  e n t r y ,

The K i l l i ng  fo rm ident i f ies  the  cor respond ing  roo tu  ,d r j

w i th  E i i -E j j  ( i f i )  so  thar  the  roo t  s ; ' s ten  
'Ar r r - "  

maY be

v ievred  as  em.bedded in  a  euc l idean space w i th  o r thopormbl  bas is

* i  =  S i i  ,  i = l r . . . , n * r + l 1  t h e  r o o t s  b e i n g  r e p r e s e n t e d  b . y  v e c t o r s

c (  o r t h o g o n a l  t o  € l * . . . * € n + r + l  a n d  o f '  s q u a r e - n o r m  ( d r ( ) = Z

(  c r .  l r  5  ,p .641 )  .
Pu t  ( "=%* r , s=€s+ l -es  .

l  - ,  r  1

t * u  {  s = 1 , . . . ' n + r J  g l . v e s  e  b , t s i s  o f  t h e  r o o t  s _ y s t € o  A n + r .

T f  U f * l  d e n o t e s  t i r e  s u b g r o u p  o f  S L ( n + r + I r C )  c o n s i s t i n 5 4  o f

t : : sns format ions  v rh ic i r  p reserve  the  l inear  spac*  
[  * * . *2= .  .  .=xp1+p- t - l=

'r
- * - * J =  0 J c g n + r + l  r v i t h  c < i o r : d i n a t e s  ( x l n . . . n r x n - r r + l ) ,  t h e  L i e  a l g e b r a

*k* I  < l f  Ug* -1  rv i l l  con ta in  h ,  a l l  the  n .e f ;a t i ve  : :oo to  (d j . , j ,  i  < i )

and a l l  pos i t i ve  roo ts  no t  invo lv ing  dr . " l  w i ren  expre  ssed in

t e r m s  o f  t l : e  g i v e n  b a s i s .

v y e  h a v e :  G ( * + I r n + r + l )  =  $ L ( n + r + l , C ) / U f * t  ,  w h i - c h  i s  t h e

d e s c r i p t i o n  w e  s h a l l  u s e .

l 'e t  us  no \ {  inves t iga te  t } re  we: i .gh ts ,  assoc i  a tec l  t c l  var i  ous
hOrnogeneou$ ve  c t ,o r  bunc l les  over  G =  G(  x+  l ,  n_ l . r i  1 )  "

*B*



rii"ti$vliiliir& a!l,,
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Such e bundle is  def ined by a ho lomorpnic  representat ion

f  
t  Ukn l -+Gt ( t ' l r 0 )  and  the  r ve ig i r t s  a re  taken  w i t i r  respec t  to  h .

(s)  cons ider  f i re t  t l re  tauto log ica l  bundle 7 over  G,  r t  cor -

respon<ls  to  the nntura l  representat ion of  Un. ' ,  on the invar iant
, rs u b s P a c u  

t  * t n  Z = . . , = x n + r * 1 = 0 ] .

Le t  l 3u  deno te  the  we igh t  cha rac te r i zed  by :

tpu,cr r l  =  0  for  L f  s  and ( [3s,dsy = 
$tdu,d" ' I  .=  I  .

An e lementary  computat ion then g ives the wei i lh ts  or  6*n1:

+  _  B  *  _ g  a  R  o
"l=- l i  , \Z= Yf YZ, . . . , tk*l= Pf - Pr*f .

( b )  T h e  l i n e  b u n d l e  a e t ( G f ; * r ) ,  w h i c h  g i v e s  t h e  F l u e r e r  e m b e d d i n g

o f  G ( I < + 1 r n + r + 1 ) ,  h a s  t h e r e f < - r r e  a s s o c i a t e d  w e i g h t ,  F r * r .

( c )  T h e  t a n g e n t  b u n d l e  o f  G ,  0 a  i "  g i v e n  i > y  t h e  a d j o i n t  r e p r e -

s e n t a t i o n  o f  U k * l  o n  s 1 ( n + r + l , C ) / u p r ,  .  C o n s e q u e n t l y ,  i t s  v ; e i g h t s

a r e  p r e c i s e l . y  t h e  p o s i t i v e  r o o t . e  i n v o l v i n g  d k * l  i n  t h e i r  e x -

p r e s s i o n ,  n e n e l y t ( i j  ,  i ) k + l > j

r d
(d )  U '_  =  

9 .  
s *n t6 f ; * r ) x  and  (a )  immed ia te l y  g i . ves  tha t  i t s

lll- I

weights  e re  o f  the  fo rm:

k + 1

f i  " i t i  
=  (42-a1)p1 +  (43-ar )p2  +  . . .  +  ( " *n r -n i . ) l3 r  ak* tF** ,

k + L
w i t h  a 1 e  f $  ,  . E  

B i  =  d *  f o r  s o m e  n ( r .

i { e  n o w  d r a w  u p  &  t a b l e  o i ' s c a l a r  p r o d u c t s  o f  p o s i t j . v e  r o o t s

a n d  v a r i o u o  w e i g i r t s ,  w h i c : r  w i l l  b e  r e l e v a n t  i n  e s t i m a t i r r g

i n d i c e s  o f  w e i g h t s .

' Y -



o
)  i s  ha l f  t he  sum o f '  a l l  pos i t i ve  roo ts .

k+L
( )  =  . t r  u i t i  1  a i€Z  (mo t i va ted  by  (d )  above  snc i  t he  spec t ra l

i = l

s e q u e n c e s  ( 6 )  ) .

1 - (  * S k

U ondi t i  ons S cd dh1r+ l , r  
Id r . * *+ l ,k+ l

oP p/n-l ,  m

p ( r
1 9pnt-ap o p ( k  I  . o

; i l_;
o

il] 0
*;i. [-:i

d.
m - l t .8n-.8n-r

&m+1-em

;f

< m 1 1

d q k+2  (e  (n+ r T o Q ( n + r  i  O w

Q=o*r  {  I
. . .  ' " - , - . }

-_.:-=_ ]_( t , u * 1 t ) k + l t -k-1 -ek+1
;;;:l o
f ,=p-F1* l

( * f t

V t u r
t ) k + l t -m -qm + ( ntrrr*L -l 0

i
1=n*y* ]  l 2 I

d t ,  n
t ) k + r ) p

Pln

t -p -ap I-<!s11 ] n o
1=p*y+ ]  | I I

T a b l e  1 .

We ant ic ipa te  here  en  the  type  o f  reeson ing  to  be  used in  the

eequel .  $ iven a i roraogeneou$ vector bundle over o,  def inecl  b,y a

r e p r e s e n t a t i o n  U k n l - + G t ( N , C ) r  w 8  f i r s t  p r o d u c e  a  f i l t r a t i o n  w i t h

c o n $ e c u t i v e  q u o t i e n t s  c o r r e . s p o n d i n g  t o  i r r e d u c i b l e  r e p r e s e n t a t i o n s

" f  
Uk* l .  Such an  i r reduc ib le  repre .$entn t ion  de termines  a  i r ighes t

we igh t ,  say  f  .  Th is  
f  

has  to  be  one o f  the  ive igh ts  o f  g re  o r ig i *

na l  representa t ion  and fu r ther  sa t is fy  ( f ,n " )  
)  O fo r  a lL  s lk+ l .

-10-



In  our  cornputat ions f  w i l f  be e i ther  o f  t ) 'pe (^)  or  6*( r r * r .+1,m

( m  (  k + l )  .

f n  o rde r  to  ob ta in  the  van ish ing  o f  i l s (G , f ) ,  i t  w i l l  su f f i ce

e i ther  to  ascer ta i .n  the s ingular i ty  o f  the vre ight  
f  

-S or :  to

p r o v e :  s  4 i n c i e x ( f * t l .

I n  th i s  con tex t ,  t he  ma in  fea tu re  o l "ou r  t+ lb le  oJ 'p roduc ts

i s  tha t  (d -  * ,  f  
+S  )  i nc reases  by  1  r vhen  t  i nc reases  by  1 ,  excep t

t , ,

t h e  l a s t  s t e p  f o r  
f  

=  ^ + d n + r * 1 , m  ( r u ( t r + 1 ) .

Note  a l so  tha t  fo r  r  (  p (  k+1 ,  (dunz ,  p ,  f  
. $  I  { (du+z ,p - r ,  f  

l -S  ,

s ince (o/o_1, 
f  )  ) ,  o.

$ 4 .  C o n n e c t e d n e s s

Suppose:  < l i rnF = < l imG -  rk t  ) r I  .  ( \ )

F  i s  connec ted  t : -  and  on ly  i f  Ho t2 r l  =  C  .

t i le  have:  I {s(c ,  Atn l  =)  go(Oi l  ,  therefore thq vanish ing
.q

o f  H s ( G ,  A t * )  f o r  s ) 0  w i l l  i m p l y  t i r e  c o r r n e c t e d n e s s  o f  F .

A c c o r d i n g  t o  o u r  m e t h o d ,  d e s e r i b e d  a t  t h e  e n c l  o i '  $ 5 ,  w e

e x a m i n e  H s ( G , l ) ,  w i t h  
f  

a n  i r r e d u c i b l e  r e p r e s e n t a t i o n  o f  U k + l

f rT i i r  h ighest  weight  (again denoteA 
f  )  s inong the weights  o f

s k+'I
At*  .  Thus P = 6J = ! ]  n i t i  anc l  we knovr  (see ?able 1) :

J  i = l

I  )  skul  ) -  ak>, .  -  . )  a1).o ;

i l  
J . S  

i s  e i i h e r  s i n g u l a r  o r  o f  i n d e x  u ( n * r - k )  r  1 S  u (  k  ;

(  u = k + l  i s  e x c l u c l e c l  b e c a u s e  t . r t  <  d i m G ) .

$ u p p o s e  t h e r e f o r e  s :  u ( n + r - k ) .

! ' o r  P . t  t o  hnve  i ndc : x  s ,  we  mus t  t r ave  (& t  n ,  p *5  l ;  ou t P '  )J

f o "  p  =  1 1 . . . , k + l - u ;  i n  p a r t i c u l " e r ,  o k n . l _ . r { u  .

- 1 1 -



la rrr ' t  \

l * m ' u - r  I  +  u ( k * l - u ;  4  u ( n + r - k )  =  s
\  u - r /

*f.;n) = t f.;:;') = f*f'';:;')
d* ),

k

n

i

n

n

/1

S
Norv remember -ui iai  

P io a wei&frt  of n t l  ,  t ,hu;;  a sl ln of
J

s  we igh ts  o f  t *  ,  each we ig i r t  c r :un ted  i i t  rnos t  ns  m.eny  t j . ines  as

t h e  t l i m e n s i o n  o i ' i t s  e i g e n e p a c e .  i h e r e  a r e  ( r u u l t i p l i c i t i e s  i n -

r  l -  \
c luded)  I  (d roou- t  )  v re igh ts  invo lv ing  on ty  t i  ,  i  ) k+ l -u .n=l  \  u- l -  /

Add ing  any  o ther  u re ig i r t  inc rease some u j  ,  j  ( k+ l -u ,  thus  we inus t

n o t  a d d  m o r e  t h a n  u ( k + l * u )  s u c h  w e i g h t s .  T h i s  w i l l  b e  c l e a r l y

i m p o s s i b l e  i f  n  s a t i s f i e s  t h e  f o l r o w i n g  c c l n d i t i o n s :

3 ,  o r  a t  l -eas t  two r1e6; ree ,s  in  d  a re

i s  a  c o n s e e u e n c e  o f '  o u r  a s s u n r p t i o n  ( q  ) . .
L -

2k.

, . . . , d r )  b e  a  c o m p l e t , e  i n t e r s e c t i o n

v a r i e t y  o f  p s o j e c t i v e  k - p l a n e s .

T  l t  , r - \
r- \ a"r { O-.,'t KK)  e_1  \ *m.  

*  
I  ) r I  ,  o r ,  i n  case  S

m = l .  \  K /
k .

to  s i row tha t  i f '  some

) . 2 ,  t h e n  ( C u ) ,  1 ( u (

I i i o t e  t h a t  ( C l )  r e a d s ;

l {e  have there f  o r .e :

T h e o r e m  4 . I "  L e t  S  =  S

'  i n  1 )* "  *n - r " r  and ] r  =  fk (S)

.  l3uppose dimF = (  k+1) (

a  quadr ic ,  suppo,se

T h e n  F  i s  c o n n e c t e

( c u )

( '7 )

r
. 2 .

m=1

wit f r  u running from I  to k.

i vo l ,  use  ( repeated ly )  the  f 'o rmul ,a :

1

,

n )

r . . 1

f c

-t-r-

) z

I t e m a r k  4 - . 2 "  F o r  a  s m o o t h  q u s d r i c  s  :  s 2 k (  a ) ,  I k ( s )  c o n s i s t , s  o f '

two isomorp i r i c  (hern i t ian  syrnmet r ic  )  c r lnnec ted  components ,

-r2--



Thie  shou ld  ra ther  bo  v iewec l  ae  the  except ion  wh ic i r

c o n f i r m s  t h e  r u l - e :  s 2 p ( 2 )  i s  a .  h o m o g e n e o u s  ( h e r m i t i a n  s y n -

met r ic )  space (o f  rank  one)  in  i t s  own r igh t ,  anc l  the  f iene*

ra t ing  k -p lanes  s f  the  two fa rn i l ies  in  Fg($)  cor respond to

Schuber t  cyc les  wh ich  € l re  no t  hono log ica l l y  equ iva len t .

anoni  cal

P i c ( G ) ,o f

Remark 4.7.  There is a s imple formula for  th

b u n d l e  o f  F  =  f k ( S n ( d )  ) ,  w h e n  s n o o t h .

L e t  O * t t )  d e n o t e  t h e  p o s i t i v e  g e n e r a t o r

res t r i c t ing  to  Agt )  on  F .  , '

s e t :  K  =  * ( u ^ - r \ -  ( n + r + r )
m=1 \  k+t  /

t A
Then: KF = (Yr.(K) .

e c t

$5.  Deforrnat ions

I n  t h i s  , s e c t i o n . w e  a , s s u m e  t h a t  F  =  F k ( S n ( d ) )  h a s  t h e

' r i g h t '  c o d i m e n s i o n  a n d  d i m e n s i o n  a t  l e a s t  t w o :

'd imF = dimG -  ru '  ) rz .  (er)

O u r  p u r p o s e  i s  t o  p r o d u c e  c o n d i t i o h s  o n  ( n r d , k )  w i r i c h

ensure  the  cornp le teness  o f  t l re  na tura l  de format ion  o f  F ,

para l re t r i zed  by  a  ne i igh .bourhosd o f '  the  sec t j  on  t  (  u )  €  Ho(C,L)
^  

, le f in ing  F .  Not ice  tha t  the  fa rn i l y  o f  com; : le te  in te rsec t ions

to  wh ich  S&(d)  be longs  (pararne t r i zed  by  a  ne ighbourhood o f  ,

s € r { C I ( P r E )  E  H 0 ( G r t l  ,  i . e .  t h e  , s * m e ,  b a s . e )  i s  i t s e l f  c . m -
p l e t e  ( s e e  [ n ] , [ t z l  , [ r t ] I "  ,

-r.5-



A su f f i c ien t  conc j i t ion  fo r  conp le teness  is  the  var r i s i : i .ng

of  I { l (G,  te  J r l  and H1(F,0o [u , l  .  Th is  i s  a  f renera ]  resu l t  fo r

v a r i e t i e s  d e f i n e r i  b y  s e c t i o n e  i n  r l  v e c t o l :  b u n d l e  ( s e e  [ Z f l l .

We look  there fore  n t  the  spec t ra l  sequences  (6 )  abut t ing

to  the  above two groups .

( 5 " 1 ) ,  T a k e  f i r s t  H s ( G , t o  f , . f f  ,  s ) L  .

l de  ob ta in  van ish ing  cond i t ions  fo r  these ,g roups  as  we d id

s
f s r  H s ( G ,  i  t x )  i n  $ 4 ,

L e t  D  =  m a x l _ ( m < r ( d * )  .

weights  w i l l  p roduce as

w i t h  ( * o , f  ) ) o  f o r  p 5 , k .

Since 
f  

is  the sum

anr l  taking higi iest

k + I
= 6 J =  

=  * i t i  ,
i = 1

above

F i l te r ing

weights 
f

s t t / k t l
of i L" , addi.ng a)' to Q1'= E

coeff ic ients u{ '  ,  d i rn in i  
"n i l ; }

T h i s  m e a n s  t h a t  o u r  s u f f i c i e n t  c o n d i t i o n s  ( C u ) ,  1 - <  u  (  k  ,

f o r  t h e  v a n i s h i n g  o f  i { s ( G ,  X L * ) ,  s  ) }  ,  b e c e , i l i € r  b y  t h e  s a m e

t y p e  o f '  r e e s o n i n g ,  s u f f i c i e n t  c o n d i t , i o n s  ( c l ) ,  1 (  u  (  r  ,  f o r

t h e  v a n i s h i n g  o f  l { s ( u , t O  7 f g , , * 1 ,  o n c e  # e  a d c l  D  t o  t h e  l e f t  l r a n c

s i d e  o f  e a c h  i n e q u a l i t y :

of' a weight aJl of t and a weight a)"

o { t t : .  d e c r e a s e s  s o m e  o f  i t s

the i r  sum by  a t  most  I ) .

r
Z
m=1

u ( k + I * u )  +  D

( 5 .2 )  Oons i< te r  ne iw  , s+ l t c , 0 , *  o  , t t " l ,  *  ) o  .

**-t) *
u- l  /

(cl)

S u p p o s e "  s )  1 .

Again,  us in6q &

we sre c iea l ing wi th

F g "  s  =  O '  w e  h a v e  H 1 t C , 0 , - ;  : : 0 ,  b e c a u s e  S  i s  r i 6 ; i d  
[ t l .

f i l t r n t i o n  ( a c t u a l l y ,  t h e  r e p r e , s e n t a t i . o n s

are  a ]1  comple te ly  rec luc jb le )  anc i  $ucce$,$ ive

-14*



I

quot ients  corresponding to  i : : r 'ec l r r t ; i .  b le  represcr t ta t i  ons of '  Ur i+1,

we  f i n r l  t ha t  t he  h ighes t  we igh t  P  assoc ia ted  to  suc ; r  B - rep re -
J

sentat ion is  nece. lsar i ly  o f '  t f re  form e = 40 +( t  ,n  ,  w i th
J  t  t r r l

k+1
6 J =  E  a ; t t

i = l  
L a weight of ii g" , t ) k'r'I>z n ( c f . $ 5 ( c ) ) ,  a n d

fur ther  cond i t ions t  ( f ,qq)7n  O fo r  a l l  q  /  k '$ l r  wh ich  imp ly

i n p a r t i c u l a r  t = n * r + l .

Take there for "  
f  

=  (^ )  * (n+r+ l ,m (m (k r " l )  and cons ider  the

ser ies  o f  in teeers :  (  P  *S , " ( .  ^ )  w i th  p l i k+ l  f i xed  and t  in - '
J  ' r  l Y

creaeing f r 'oro k+2 to  n+r+ l .  r f  P *S is  non- 's ingular ,  th i 's  ser ies
J

of  non-zeTo in tegers  l v i t l  keep t ,he  same s ign ,  exeept  poss i t r l y  a t

t h e  l a s t  s t e p  t  =  n + r + I ,  w h e n  i t  n i g h t  ' i u n p '  p r e c i s e l - v  o v e l i

z e r o  ( s e e  T a b l e  1 ) .

N o w  l - e t  p  d e c r e a s e  f r o m  k + l  t o  l  a n d  n o t i c e  t i i e  r e l a t , i o n s  o f

t h e  s t a r t i n g  v a l u e s  i n  e a c h  s e r i e s :

o o e(_ f l - [  , ( * *2 , r *1 )  (  t  J+5 ,v i .n2 ,k )  (  . . .  <  t  f+d  ,don2, f  )

This  nesns  tha t  we might  encounter  non*van ish in ;1  cohomolbgy

t 1 s + 1 ( G . P )  a t  r n o s t  f ' o r  s + l  o r  s  a  m u l t i p l e  o f  n + r - k r  s R V  u ( n + r ' - k ).  , ) '

(  u ( k+l by our assumpti  on rrc [  {  ci imc 2) .

k'i"1
B;  in  ( )  =  Z ,  8 i  t ;  ,  we have e i ther :

r  . :  * 1  *  &
I - I

fg f  n=k+ l ,  o r

F o r  t h e  c o e f f i c i e n t s

1 )  a k * t ) e r ) . . . ) * 1

2 )  a f n t )  , . . ) -  s n + 1  i es1a1{"12 8*} em-L

s
S i n c e  Q  i s  a  w e i 6 q i r t  0 1 '  A t " ,  i t  a p p e a r s

is  a  su f f i c ien t  con$ i . t ion  f 'o r  the  van ish in$  o f

$urnming.-upr wB obt.ain;  
'

_15*
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i n te rsec  t i  on

a  r k ( s  )

( A 2 ) .

that any smal1

r r r D r
'  \ t u /

a t  6

c T lU &

ure

e .

6 n a

on o f

) h e a

y o f k -

* (u*.
m = l \  k

1 (  u  ( r

format i

(  n+r-k )

H
r  o  r  1 \ - f  t

vari e t

- k l

s j :  $rr(  d1,

s e  t h a t  i t s ,

E  ( i c+ I )  (n+r

c ond i. t i  qns

Ls  ] .nouce( l  D

u ( k + 1 - u )  +

cr:np1

pl ane

^ Ibz
I

T h e o r e n  5 , 5 ,  L e t

i^ tsrr*" and suppo

sat is f ies :  d imi r

(03 ) ,
y a d e

D

ol lowing

n o f F

+u- t \  +
u- l  /

The f

defornat i

r  l az ( *
m = l  \

where

i : l

D  =  m a x l (  r { * ( d * ) .

I f  n o  d * e q u a l s  1 ,  t h e s e  c o n d i t i o n s  a r e  a l r e a d y  i n r r l i e d  b y

( A 2 )  r  8 s  s o o n  a s  d  a v o i d s  t h e  f o l l o w i n g  l i s t :

( 2 ) ,  ( 2 , 2 ) ,  ( 2 , 2 , 2 ) , 3 ) ,  ( ? - , 5 ) ,  ( 4 ) ,  a n d  n ) 2 k + D .

t h e  l a s t  s t a t e r n e n t  i s  e a s i l y  < l e r i v e d ,  u s i n g  e ' g ,  t n e  i d e n t i t y

( 7 )  i n  $ 4 .  A e t u a l 1 y ,  i f  t h e  g i v e h  l i s t  i s  e x c e p t e d  a n c i  k b 2 ,

( n r )  = ; f c l l  = 2 .  .  . = ) ( c ? ) ,  w h i l e  n  )  2 k + D  i s  ( c l )  c
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