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M.I"P. OF NEWTON'S METHOD F'OR GALERKIN

TYPE DI$CR.ETIZATTONS

by

Dumi t ru  ADAM*)

ABSTRACT. The mesh independent prineiple (M.l.P) for Newton's method in

the Galerkin type discretizations is studied in the hypothesis of the

eonvergence on the init ial space and in the standard approximation property

on subspaces. On the l ine of Algower, Bohmer, Potra and Rheinboldt, [?],

and using the framework introduced in [1], we obtain that M.I.P. holds in the
'tenergy-normt' induced by Gram matrix of basis.

Key words: Newton's method, Galerkin discretization, mesh independenee.

AN' IS (MOS):  65F30,  65F35,  65N30

1, lntroduction, Let the following nonlinear equation in the separable, real

Hi lber t  space H:

(1 .1 )  F (u )  =  0

where F : Dc H -? H, is Lipschitz continuous Frdchet differentiabie on the open

domain D:

( t . z )  [  E ' ( u ) - F ' ( v ) l l  S f  l l u - v l l  ,  u , v a D

*"#' 
In the assumption that (1.1) has an unique solution u*€ D, whjch is simple,

i .e. there exists F'(u*)- l  and is bounded!

(1.3)  11 E'(u*)- l  l l  ,= '65*

and the bal l  B*  : *  B*(u* , r* )c  D,  where

' ' * . ^ /. -rr-*r1(1.4) f ' '  * e,/ 5 {5 
)6
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the following l i l<e loeal conrrergenee resuit clue t.o

sequenee, def i r ied by:

( 1 . b )  u j * 1  * u j  -  p ' 1 u j ; - 1 r ( r j ) ,  j =  0 , 1 , . . .

converges for any uo€ B* and ilre iterates verif ies:

Rheinboldt l iolds: t lre Newtonts

norm of I{,  and P,., is t i te

.!\ie suppose that IV n I-i is

I

I r u  - -1:_
I rus-uq t t )

( i .6) l l  , int -  un l l 5
t \ ^

r l

L ( r* {rsK

This result and a class of discretizations what are stable, Lipschitz unifornr,

boundecl and consistent of order c( ( > 0), in the sense of [2], was use<J for provipg the

M.I.P.: f<lr a prescribed error f,  ,  same nunrber of i terations are necessary for

Newtonrs sequenee (1.5) as well as for ttre corresponding Newton's sequences for the

discretizations of (1.1), with start ing points 
{. The ana}ysis presented in t2l is

t ipicai ly for f inite diference schentas, covering anotlter type of cl iscretizations. In

this paper, using sanle i ine as in [2], and the ' tspeetral 'r  matrix representation on i lre

real Eucliclean space of Galerkin type discretization.s, presetrted in [1], rrye obtain tha.t

Ni . I .P.  l to lds in  the "energy-nor tn ' inducecl  by Gramian.  The example on Sobolev space
_ -  |
l io; slrows that our moclel is one naturai.

Our f inite dimension approximation subspaces Snc FI are irrcreasing with

h + 0 and t ire foi iowing approximation propert ies hold:

d( 1 . 7 )  i ' : l  f i  u - u  l l  : = i l  u - p h u { l  < c o i l l  u l i l  h * ,  o \ ) 0  ,  h  ( h o
v e s h

for any u elVfi IJ, wlrere the norm on !V nrajores the

orthogonal projection operator corresponding of S,,.

sufieient of r icl i ,  for example, is dense in I-1.

Now, tlre lr-approxinration operators definecj on Dft Sn, are

(1.8) F,., := PnFPn , Fl.,(u) := p,.,F'(u)p,.,, ue D

and for u,., := P,.,ts, V,., := P,,V€- D, we have;

I  tocuutvq)- [*ru*)-.  f ; i4s1itq i l  a l i  F(uq+\,tq)* f(r .r t  1-1,1 (rrqtr lq l !



a-

. n
, '  J  -

wltat ensures the existenee of i lrdehet derivatirre of F,.. Moreover, this is i, ipschitz
I I

continuous with same constant V by: if tq, .k a S q n D

ttfrirgrl- Fi (Tq)J 5q ff :. ll ?qI F'rEu)- r='rtu.)J?.s,s*, ll

L  x l l  E q - T q l l , l l  r s l l .

for  any 5 ne Sn. Henee, on Snf\D:

(1.e) l lui ,( Ir ,)-r i . , r?nl lF f  l l  5n-?,,11

Some evaluations are needed for our aim. First ly, by t lre approximation

subspaces ehoise, for ir -) 0, l l rltu*l - p'(u*) ll -r 0. Then for every 01.,,r* , 0,

there exists h, sueh that, for h < h1,

l \  El,tu*) - F'(u*) l l  < 6 n.u*

choosing 6h,u*  such that  $*6 n,uo 
L I /LA,  vve obta in by the fo l lowing t r ick :

fL(u*)  =  F ' (u*XI  -  F ' (u*) -1(F ' (u*)  -  FL(u*) ) )

that

t ,  r t  , . * ) - t  l i  4  *q-_ {  i . .o ' t  f ,#, '= c1
l l  t a c u ' )  - l l  *  

t - g o e q , u *  
1  r

Now,  i f  uo  e  B*n  w,  by  (1 .? )

(1.10) 1l f; ( uq*) - Fl ru*) l l  1 C., l i tutltt r 'qd

Hence, elroosing h,  such that for  l r  (  hr ,  CoYl l luul i l  
" r# 

J 1/10, we obtain by

sanle tricl<, t lrat there exists FL(uil)-1, and,

2 ^ *  A
4 t.or {" 

'  * L?-(r.rr) 1l r{tuf f*tl * *rfutx- -:-:-'h r 'r * 
I _ ttn, rr,.r)-r ll il r;.u*J - f{ rr,ft il

REMAa.K 1" ret T = ryzw.i  f . . ;3 and u*aB*f i I{ .  Then, i l rere exists
. - r  

+  "  1 2 '

ri.,(5,.,)-' ', for any 5 ,.,n tnO Bt, and



i .e. the cl iscretization is stable in the sense of [2], ]oca]ly.

Proof. Observing that,

ll4 (4r - rl t:q)il a n il ?q ('d- ut) t s 'dt*

and C"r t r f t  =  1 .o! .2r t " t3 t re ' *= 2v 1.ot ' /z  <  L,
.f

,  - ' . , f  t - 1t l rere exists I tL(51))-1,  and (1.12) holds,  by same tr ick.-
.  l l < , / l l  

6

Second, for u EB{'n IV, uh 4 D, using the foi lowing estimation due to

Kantororvicrr (t  a t)

I F r u \ -  ] c u r 1  * T t  t u )  ( u q - u )  l t  < T  y u - u q l t "

we obtain ll?q s r{r} - Fq ccrq) }l ,= lt F(u) - F cuq I ll

and l l  Fcry  -  Fcuq)  l l  4 .  {  nU- .  u ; l l -+  5a '  l f  u-  u1 l }

where I\{ is the constant of boundness of Frethet derivative. Henee,

A  ^ d
(1.1s) \ \  ?qt tut -  Fq (uq) \1 4 C. l{  l i tul l i  * f f  + * )  l l iunt f ' ,*

In  sanre  way,  fo r  u ,v€B*AI ,V ,  un ,v , . ,e  D,

r  p d
? ( r . r+)  l i  ?q (  vrcr , l  y  -  f ; (u* lva)  11 4 G ( (  l i tu l i l , i i tv  l l i  - r  M t i lv l t l )  h

REMARK ?. If  11\ u l l l  (  C for any u € Bon W, then (t2l) t tre cl iscretization is

consistent of order {, witt i  (1.13) and(1.14). Thip isn't possible always, and rrye renrarl<

that in the proving of M.I.P. in [2] i t  is suff ice . that the consistence property to



hold only on the Newton

in the fol lovuing manner:

5 -

sequence. So, we ean define the speeialform of consistence

( 1 . 1  5 )

(  1 . 1  6 )

llnnrtul)

It P* (r'

- rntul,) li

{tr' I 
'uo -

d
(  C r h

"'

r i  tu i )  , (K l l  4L{  r ,d

can depend only uoe 3*r\ IV, f l ie start ing point in i lre Newtonrs

0 . 7 , 2 , . . . ]  o e f i n e C  b y  ( t . s ) .

where Cn

sequence I

and C,

I
u " r J =

2. M.I.P. for h-approximations. In eonsens with [1], we separe the analysis of

the approximations on subspaees, of their matrix representation on Euclidean real

spaces. Tl i is permits to worl< for approxirnations in B* and to transport the obtained

estintations on real Euclidean spaces for Galerl<in diseretizations. On S,., we are

encountered wit l t  the existence of the solution for the approximation of (f. i) :

Q.L)  F, , (  t { , . , )  =  o

and with t lre eonvergence of the Newton's sequence. T'he hypothesis of the theorem of

l lheinboldt enouttced in section 1, and the approximation property (1.?) errsures t i t is.

We wil l  name this as standarcl hypothesis (S.H.) in the fol lowing sections.

LEMIIIA 1. If (S.H.) hold, and u*6 B*n !V is

exists l"r such that for tr (?r, (z.r) rras an unique

-**."d, Newton's sequence with the starting point 
"f,

quadratically, i.e. a sinri lar relation as (1.5) holds.

the so lut ion of  (1 .1)  then there

sotution [fie r,r(ufi,r,,) and rhe

,= F,.,uo is convergent to i t ,

Froof. Because une. B*o tV, ll u* - ufi ll

h ( hn, co l l l  u"i l l  hd < r*, i .e. ufie n* ano

,;IA 
thil . rhen, there exists ri,(ufi)-1, ano

l\ Fi,(uil)- 1 ll s tr
Now, we can evaluate the cantity dl", ,

< c l l tu* l l lo
av

we red*fine h

. Let h, suclr t . lrat
t

t lre lemarl< f. i .  as

o(
h

offor

l r -
l l  -

Q . 2 )
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otq,= zr  l l r ' * tu f  ) *1  11 l l  rA tu i ) - tTatu{ r  i l

L 1-at ' f  t  r* t , r f l l  [  =- zoaf l l  Fq{u#)- Pqrtut l l l

By (1.13) we have that,

(2 .3 )
a  ^ d  -  n  P 4

4q  L  2 -6 -Xce  t - r :=  L?  h

i N . !' Hence, there exists h, sueh that d O < 1 for any h ( h, where redefined 
'h 

is:
|^,

- h = Itn'lr. {n,1 . By a elassical theorem of Kantorowich, because hold (2.2) and (2.3)j r  
1 s i 1 b -  t -  '  :

there exists Tf; nBh(nfi,\), that is the unique solution of (2.1) in this ball where

\.= 1- G-"(s I r{ rar+r'Fr.u*nl t <
t(%

4 t r ( a { d ,  =  C a l 4

Itle wish to have !fien*; Uy

t tT l ' -  u+[  4  \+  r l  , * -u f i * i l  4  Csf ,n t  Gt l tu* t t lq" ;=9f l *
" I q

,Hence, there exists ho such that'for.h ( h = *dh [h,l , tIeB*, and there existsb  
1 < i < 6 - l  

d n

t i ' ttf i)-1, witn
+

t T; t:i f' \1'= f,. ( s ,(2,4)
I

Now, by Rheinboldt's theorem, the Newton's sequence, for (2.1) '.

: .

(z.s) t;"t = ti - rl tlq- )-t F(I*t ) , i = ot i,1,...

converges for any 5f,e til(5 f;, $), *hur"

i;.;
. i .
: r : .

$ *(2.6) , rq = z/ar f,*

and the iterates verifies:
*  . ,1  r . * , r2

^h  f t "@
e.7,) l{ '-\.tt .ff i

E



n
t -

Oui interest  for  M.I .P.  is  that  t l - re star l . i r ,g pi ; : : : t  in (2.5) be ul := P*uo, i .e.- n n

we need "rtrat uf,eafi. r,ve can reevaluatetfi,

+
1rq 7r

v
by same tr iek for

\ ui-:i rr L r uqo- ,,rf [ + \

with l i  uo - u*[ S Qr*, 9 < *,  i f

(z.s) t ' fn\ 1Lffi

then, there exist  h '  such that for h (  nt= 
r f f i lh i \ ,ufenf i t5i l ,4 l  

'= Bi l .

THEOREM 1. (M.I.P. for h-approximation). In the foilowing assumptions:

(S.H.) hold, with u*e, W0 B* ;

Starting point ,o€ wn ui r= B1u*,qr*), q < * ;

Newton's sequence I uj ,  j  = 1,2,. . . \c WOB*, and is bounded in the'norm of

1y, l l l  u j l l lSCg, Cg:= c(uo),  then there exists h sueh that for  n ai ,  the M.I .P.  in the

sense of [2], holds, when the start ing point of Newtonrs sequence of h-approximation

(2.1) is Pnuo := uf,; i.e.:

=r* ui * o(t")

i(2.11) t- TJ =
"t

t  u i -  ,^n)  + o(  td ,  i  =o,4- . r - t . . .

and in the stronger version: f or an1 t ) 0 r.

| - t . l  - o - r -( z . r z )  l * .  l t > o ;  l l u ' - u " k \ 4 e  ! * * i " t \ 7 o \

f n ( { J  =  ? * + t u t )  +

x( (- Y ttrl(u,:.) rtr lfiji0 71
xrr t\ r! ruf r-, ll

( -  1 f * th r .
6 r 6r'*

$,fi anc (1.12). Bv

={(2.e)

(2 .10) o t t d )

Id-dil. a l \  a  t
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proof. The last 1 unrur", that the l{ewton's sequence for h-discretizations

wiilr h <i'"onuurges to the unique solution I I of (Z.t), wittr starting Point P,.,uo
d t l

wlrat l ies in 8,1. Now, the estinrations for
l f

i  r . .  - i
ll I; "?s u I il , li F* cq 1- ?rFtuL;11 ,

i *
t l  i { - f ) - ?e t t J -un t  l t

and (2.12)  fo lows by the Theorem 2 and Coro l lary  1of  [2 ] , .v ia  Lemma 2,  see beloVt

and Remark 2; in fact, t lr is estimations nrake the object of [2J.*

LEMMA 2. In the hypotheses of the theorem 1, there exists l i  sueh that, for

h <fi, for every uog W0 B*(u*, qrx), the h-approxintations are Lipschitz uniform

(2 .13)  \  t l tuo l -  F l tvq)  \ l  <"  x  l lue. -vq l l

stable

(z.tq lt ri t uq)-r ll a' F

bounded

(2.15) [  ?g u l l  4 11u t l

and consistent of order o( 

4
( 2 . 1 6 )  [ P q F t u ) - \  e u s , ) l t  < C 6 L

(z.til ll ?s ( Fl,t^l v ) .- Fl rus ) vq ll 4. C4r 'f'4

.don 
the set of Newton iterates defined by uo and (1.5), where C10, Cl"1 are constants

what depend only uo. Mor"over, (2.15) holds for every ueD, (2.13) holds for every

,h,ul.,€ Ofl Sfr , Q.L4) holds for every un€ Snfl B-*'

proof. Because p,.,  is orthogonal projection, (2.15) holds. (2.13) is (1.9) and

(2.16) ,  (2 . t7)  are obta ined by (1.13) ,  (1 .14)  us ing the boundness of  the Newton

sequenee in the norm of W. Now, bY

i l  { -u* l l  a l \ l | -=r .  l l  r  l l r f - ' * r l
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A il u;-d rr n urf- 'utl a '1'nn' ak + G lttu+ttlf '{

t 1o* + c,rflq

there exists lr, such that for t, ai,= *-i lni] the Newton sequenee ldt t les in
1 < i < 8

B*.  Hence Q. l4)  ho ld on th is .  Moreover '  Ey

i  i  * .  rJ  * .  r r

\ \  u i - u " l l  L  t l  uq -u rq l t  t l l  uq -u

( [ r,,o- un\ + tl uf- u

t 1r* + Gtl \u+uttn

*tt 
L

*l i

t

\\ u'- u
*q+ rtrf-rr1

v

the projection of the Newton,s sequence (1.5) lies in B*. Then, (z.Lqholds, for fr < f,. *B

g. M.I.p. for matrix representations. Let Rnh be the Euclidean real space

wigr same dimension as Sn, where Sn is spanned by the l inear independent fanti ly

I  O 
tn,  i  =  1,n1! .There ex is ts  an unique representat ion for  every 3ne sn,n Rnh, ' that

is the vector !6 witn the entries the components of Jn for the basis l$iit ' Let

'  i  t  basis of onn, we define the l inear operator
{ " ir,  

i  = 1,n,.,  \  be the canonieal

Jtr€{(Rnh, slr) by Jheil =+lr,t = 1rrn, and let Jn be the adjoint of this

(3 .1 ) .rn! n,?n)Rnh ,= <Jr.,5n,iorn = . h, tr*tu,

- .Then, the h-diseretization of F is

" ! h(3.2) Fn := J,.,F,.,J"

and the h-discretization of the Frdchet derivative is

(3.3) Fi,tinl := J,.,Fi.,(}5).rh ,

l ^ d t

wSere 5 f, 
= ln t n. We note that if A = [l{], '  then the h-discretization An has the

matrix representation in canonical basis the Galerkin matrix ([1]) because his entt ' ies

are



tn\,, = 4i.e; , *.i \.

1"0 -

. r  ^ ; ,  , i
= ( Tf,  Af iT"e; ,ei  )*  = (  Ar,4; '4;>

n,
I,Ve identify lie operators on R"lt with their matrix representation in canonicai basis.

N  ,

By this observatiotts, for 5n€Si.,, Fil(sh) represents the Galerkin matrix

representation of the FrJchet derivative f '( $t",)e tH1.
n .

. Now, let Gne [R n] be defined bY

/ A  , \  f  . -  T  " f g

. :  ( 3 ' 4 )  bg :=  t Jq  r l

what has gre Gram nratrix of {+il} as matrix representation, and let the Choleski

factorization
IF

(3.5) Gf., = Lg Lf,

' where L,., is a low-triangular matrix.

Defining tng Jmnh, sh) being the adjoint or fne d{s,.,,Rnh),
A  . - l  *(3 .6)  Tq,  =  Lq J t

and the mapping A r,€ f,tlsnt, t nnhl) uy

A ( A r , ( A q ) )  =  6 (  A e . , )

A  A ?  . - l P  , - f

(3.?)  A* (Ag):= T,  Rs J^ = Le Aq Lq

we have the fol iowing t l ieorem of spectral matrix representation ([1]):

THEOREM Z.A', is an isomdrfism of operator algebras which preserves the

speetrum, nornr and eondition number, i.e. for A,.,e [Snl'

-rdg

l l J\flt Aq) ll*: 1l A* 11

"tt(, /\q (Aq)) = ̂ fr ( Aq\:= ll Ht tt ' lr rtqt lt ,

u if  A, is invert ible.
I

A - 1  A h  '  A
proof. Scl ietehing, w€ observe that Ji. , '= J". Then /\, . ,  is a similari ty

aPPlication. Because we ltave



- 1 1

(B.B) 11 inlq ll q

t lre our aff irmations can easy proved' {s

We use in the fol lowing this reprr:p;entation theorem to transfer our results

of h-approximations on Rnh.

y .  ,v  , t , -  A ry A n

Le t  j h ,=  t " l n ,= i "5h€sh ,  t t r l r e re  tn  =  L r - ,o5 . , - , n * "n 'ByAp '  t l t e  ma t r i x

representation of the clerivative Frdchet is

(3.e)

F l l  L"\\

i ;  t t-),  = Aq( r i t :r l1 = # t;  tLt t*"

Then, the Newton,s sequence corresponding of the h-approxilnation by An is

(3 .10)  i l - ^ : i l  t i t . : r i ' t t t l ,  i l =  i * { ,  r - -o ' {32 , " '

and the Newton,s sequence for Galerkin discnetization is

Y i + l  : i  : t . : . - r c ,  : .  ? :  r ^ - t t o  i = o 1 1 1 L 5 " '
(3 .11)  U '= t r . '  -  Fq t lq) - 'F ,  ( tq)  ,  & = Jq bq )  '

which is that of the practical interest '

Now, beeause

.  _,r  d p ^,  ; r  ? l  , i r ) r r) l l r ,
I t  L q  (  f *  t l q  + 1 * , )  -  F e , i t ) -  r s r  r q  ) ' t t '  /  t t t

= l l  f* ,u, * iq) -  t  t t r l  -  i l  tqr {o [*

t\,

rh(:h) is derivative FrJchet iff i i t tnl is derivative nrJcnet, iff FL(5 h) is

derivative FrJchet, the our model is eonsistent and beeause by an above observation'

the matrix representation of i i , t5,.,) t ,  the Galerkin matrix of F'(5 n), 
t lr is model is

natural.

Defining the fol lowing "energy"-inner procluct induced by the Gram nratr ix

(3.11) ( t* , tq )n* = ( Gqtq , tq )q

we give the fol lowing result:
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Tf{fiORtrM S. (Ilt.I.P. for Ga}crkin clis*retiuations}. In the hypotheses o1'

theorern l-, with same h, M.i"P. holcls i ' t,r nratri i  representation of h*approximatio:-r,

1(  h,  in t l ie nornr inducecl  by Crarnien. ln the stronget ' formulat ion,  for  any [ )  0,

l  1  . ' , .  ,  i  , , J r  r r  -  ?  t  \  r '  : i  u  ' [

( t . 12 )  l +uwr^ \ t r o3 i l  r , l { - t { oo  { i  a f  } -  ' r n , ) r , \  ) l i o ) i '  Ed -  { i t  Q r . r . i l  
+ l

4. An exaniple on I i |" We r,vish to apply our moclel for P.D.E. equations. Let

the fol lowing problent

N o)u
/ i  r \  J  t u t )  : =
\ { .  r . /  Q 'A}

-  S (xr  [ i ,q  )  
'=o 

s  x 'e  Jr ;=  io1 4)

t l(o) :  UC4") *P

wSose var: iat ional formulation is i t-t  I I  := I l :( l |) ,  t l ie Sobolev space equipped vuith Lhe

l

inuet'  product involving only f irst derivative.

\.{ Assume tlrat f  i- . i  sucl-r that (4.1) verif . ies the l l .hcimbol<lt 's l iypotheses and u*

is 6e ul ique solution f i ' , . ' i t .  Then the rrariat ional forrnr, i l t ion as well as the operator

equat ion def ined by th i r  , r  u1(u?,  ) ,  has the sarne so lut ic  u*6 uzf l  H| .  T\ lo feovcr ,  , ,ve
o ' -

assurre i lrat f  is such , ,rt  i l r is operator equation, (1.1), vel i f i t : :r t l ie l lheirnbolt l t 's

Irypogreses, eventually , i lh rnodif iecl coustattts. Tlre fc,, l loiving retnarl<, that isn't

f - i r - ) l l q = i r \ i  
'

converge to

Frocf. By theorem 2, the Newton's rnethod

starting poiut P,.,uo := fl 
eonverges for h ( ho and

all estirnatiors on S,., are autonlatical.ly transfered

( 3 . 1 C ) ;  h e t i c e  ,

, ,  1 i  9 ' s , ,  , , - J : T j t l
( 3 . 1 3 ) .  l J  5 ; - & ' l l  q =  t l k * 4  ' t

and (3.12) l ro lds in Eucl idean nornl  for  {5 i  I

Now, because

n  j  A  & .  . * , -
(3.r4) ll 5;- u ll{, = tl Lf, (T

the Nervton's method for Gai.erl<in discretizatiott

t l ie G,.,-not*. $n

for  l r -approx imai ion of  (1 .1)  wi th

[, l . I .P. holds. Now by t l teorem $,,

vuit lr  same constants on Rnh foi:

h " l \  ,-, . 
vfl

i S un,r
d l )

[ '1.I.P. l to]cls in
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eomplidted to prove, is the support of our supposit iol ls, and ensure$

sequenee for (4.1) is same for variat ional.forntulation as well as for
1

on I. l- .
o

that tlte Nev,rton's

operator equatiCIn

i "
: 1 .  .

. l

, , 4
REM}'RK 3. In the stated hypotlresis of init ial problem, lrolds in i l1t"t. I

the rtcommutativiy't lretween the Neuiton's process and the variational formulation:
A

botlr ordering of their eonducts at sanle equations in f i  , ,  tuL) .

For  uoe i l2(Jz) ,  ,o(0)  = uo(1)  = g,  the Newtonrs i terates of  (4 . t )  are t ! re

unique solutions of the linear problems:

(4 .2)  g ' t .u ' l )  uh = X cuJ ) r :  Et  'u i )  t ' l  -  Fct ' i )

ni{ cr; = r,l i*n t d.) : o r -  D  I  n
|  ) 4  

v r  t )  2 , . , !

J -

Then, they are the unique solutions of the variational formulations associated to (4.2),

und u j*1e Hz(n)aH:(n) .

Let l{ = rrqzurl n Hl(O). tve have, :

.\ a \ ?- 
', z ..{",rt ,,'

l l l ir"ll l ,s ll t;r I ur,*, 
= ll uu 11 {i1."r) * U;,*r tl f rrn->

r  2  - \ z
L c ttui llo,l.ur., +(l| { il *c.^,) t il $tun) ll i-'*; ;

I-lenee, if ll rcr41,
. .  t"(\ ,L)

beeause S is so, then the suplirnentary lrypothesis of t lreorenr L are satisf ieri ,  for

every uoc \ ,vn B*(u* ,qr* )  wi t l r  the eonstant  Cn independent  of  uo.

Now, let Sn be sppannecl by the i inear piecewise family of functions

corresponding to the unif orm cl iscretization of the domain ,/f  ,  of t lre meslr

h(n r '1)  = 1,  # , ( i l ' ' )  =  
{ j ,  

i , j  =  1. , . . . ,n .  For  th is  po} .Lronr ia l  bas is  of  funct icns,  t i re
.  I J  r J

approx i rnat ion pro i : ' : r  ty  ver i f ies (L3 l ) :

#f- 
i l t :  "v l l  u ' ' .u,r)  € c i iu l l+l*1q ) u €  i { a n t i l "

i .e .  4  = l .  in  (1 .?) ;  ; , , , i  the Cramian co inc ides wi t l r  t rc  d ise l l : l izat ion of  t l re  Lapr lace

onerator:
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wiur {,*{c,-)  = z(r -  cosTl tr) / l rm r n '  h -

nornr on Rtt is vueighted uy tr+ for
4 ) l

I t  ' c  r t  .  1T
l l  5q l l .^n' :"= 1. t | L

, ' )
= lrlr "Pl, r,vltere 3,.,

the equi r ra lence wi th

ll 3" ll*
" l h

1., h *l  0. Nott ing that i l ie
\

- 'r ' lorm, we have:

be extended to nonlinear equations

m ult idint ensional doniain.

..>
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L ( t  /  )^ ;n(6a)) 
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