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NEGArrvEDsFINTtsIrutlq-llrlQm--4llpJffiuDs"pJ{Ipffiu{a}
pffisffi

BY Bmil PoPescu

In this paper we propose & conneetion between the negative

definite functions ancl t ire pneuclo*differential operators" The section

I presents the notatj-one and. terr:ninology which we ehall use in this

psper, In sestion 2 we shall prove that a continuous negative defi-

nite funetj-on can not be a symbol of orcler 2" We ehall give

eonditions in which a family of pseudo*differential 0perators is &

Feller senigroup , on lRn and we shall characterise t,he semigroups

which commute with the tranelations" The result from the end of-

sect ion (Fropoei t ion 2"4) contains condi t ions in whic i r  a pseudo*

differential operator whose symbol depends not on x is the infinite-

simsl generator for a tr'e}ler oemigroup on xLn" This fact corresponds,

for  a dj_f ferent i .a l  operetor,  to the caae of  r tconstant coeff ic ients"n

I n t h e s e e t i o n , l w e s h a l l u s e P r o p o s i t i o n 2 " 4 f o r t h e d e d u c t i o n o f

the nain; ,  r€gnl t  of  th is peper,  the Theorem 3'1 ( the csge of

, rvar iable coeff ic ientst ' ) .  In the Theclrern 9.1 we $h411 give condi t ions

in rryhich a poeudo*differential operator is the infiniteeimErl gene*

rato:, for a'Feller semtgroup on Rn and we shall present an explieit

forrnulei for th.e construction of a eucir oemigroup" Yfe shall prove

that th is resul t  can be considered as en extension of  Rothus paper

[qJ , while the tsethods *f proof are di'fferent " They &re dependin"g

on a seriee of theorems due to Chen:offlal " ,

I w a n t t o t h a n k t o p r o f . d r ' d o c n N . B o b o e a n d d r " G h o B u c r : r

for t ireir suggestions and their inte::est in tho problens of this

papers
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1o Dqf in i t ions and prel iminar ies

fn this sect ion we present the defini . t ions snd soae baeic,

results coneerning the negative defini te funct ions, the Fel ler
semigroups ancl the pseuclo*di. f ferential  operatoro, For detai ls see

[ tJ ,  [5J,  [ i ] "
0ei**"q!*"9+_ hl". A function V , :Rt C i.s catted negative

def in i te i f  for  a l l  natural  numbers p and al l  n- tuples (u1, eo!,  oo)

p p

t r  t r"  lYt"t l  + $(ur) -  f  (ut* ur)
1 = I  J = I

n

1 - -

i=1

v

T
j '1

1  c .d .
J  L J p o

fo r  any  n- tup le  (c 'u  cZ ,  , .  o  i  
"o )  

€ .  Cp.

A fwrction S , stt--_D- c is called positive definite if for

el l  natural  nurnbers p and al l  n- tupres (u1, o2, 0.6,  oo) of  e lemerrts

from lRn

for  a r ly  n* tup le  (c1 ,  *zu  e .  c  r  *p )  €"  (Cp"

PrqpSS*liqp Jr.-L, A function V, ffi* -*-*- C is negative definitcr

i f  and onfy j-f the forlowing tvro conditions {ire sat,isf ied r

( i )  V t o t  )  a
( i i )  t 'he funct ion e 

' is 
posit ive defini te for sl ]  t  > 0.

**"sl

Let ,p be a boundecl positive measnre on "m.h. i;{e ctefine the

Fourier transforineti:n y-fr{enored F, by the formure

( r )  f ( g )  
=  J  e T '  \ y n E ?  ; r ( d r ) ,  6 e n *

where (yo g> is the scel-ar product frornftn, .;3 is e contiuous

posit ive defini te funct j"on and take place t i re fol lowing: result :

lnspppj,g*g*,f "3* Let ir be a bouncJed positS.ve ule&sure oo'lRilo
'l 

n
Tf the Fourier tr"ansforrqation j i bel*ngs to L-([1")r then the messure

;r hes e continuous density g given by

,  / o " o

Y ( u i . " u j ) * r %  > o



( 2 )

3

e i  < * , 8 )  F ( E )  d E

DeginlLlql -\-r,?, A convolution serrri"group on Rt i

r  x  € m n
f

e ( x )  s  ( Z n  ) - n  \

s a family

( ) to)  of '  posi t i r re bounded ne&{iuro$ on Fn wit i r  the propert iesl
'  v  

t ) o

( i i )  / r t  *  }*u = pt*" for t ,  n

"  
( i i i )  1 im pa z  ?  o vaguely .

( i )  J r t ( f r o ) * l f o r t  > 0

grolips (p* )' v t > o

on IR":

1,-'O

There ie a one*to*one correspondence betvseen convolutlon semi*"

on mll and continuous negative definite functions

Theorern I  * 1"

a) Let (irt ) be a 0onvolution senigpoup on m,h.

Then there lrlt3*,r e uniquely determined continuouc negative

-clef ini te funct ion Y ot lRn such that

A  . - t Y  f o r t ) o a n d  Y ( o ) = o .P t  
= e  I  r o r t

b) Convereely, i f  Y is a continuousn negative defini te funct ion

Y o* Rn sueh that \r(o) = O, then there exists a uniquely determined

convolution setrigrolrp (F* ) such that
t > o

.Ft  = 
"*tV 

for t  > o"

A continuoLrs u negative definite function on S,n is described

by tlre tdvy*Khinchin formula.

T h e o r e m  1 " 2 .  L e t Y t Ro** C be a continuous negative

? defini t ,e fu.nct ion. There emist:

( i )  a c o n s t a n t c > A
x nI (iii e continuous l.ir:ear forrn I : IRn'***-'- R

n
1 ( g ) = [  b i g i ,  b i €  R

l -= I

( i i . j -)  a continuouo, posit ive quadreatic form q ,  *t-* *,
n n

q ( g ) = E  } ]  a i j  S i  E ; , " i j * l f t a n d " i i = * i i
i = l  j = I  

/ ' o  '
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ISgliI*9gJ"s2. Let tn, ll ll I be a complex

A etrongly eontinuou$ contraetion senai.group on E

of linear end bcunded operator,s on E satiefying:

( i )  l l  P t l l  ( l r o r t  > o
( i i )  PtP"  = Pt*e for  t ,  s

( i i i )  P o  =  J

( iv )  l in  P* f  =  f  for  a l l  f  €  Fn
t --*O v

The inf ini tesinal generator (A, f t(A)) for

operator

s t a l  = l
c

and given

Af

on t vd.th donain

f € E
, | 1 3  * ( r r r - f ) e x i s t s i n u J

Banach sp&ce.

is  a  famiLy ( l r ) r ,  
o

(p*  )
"  t >

is the

by
1

= . l i n f ( P t f - f ) f o r
t-+o

f  e Stal .

A wi l l  be denoted by (" tA)t  
> o ,

of A, the closure of Ar wil l be

= [  I
l o

( iv) a posit ive,bounded messrre W on.mn \ 
{O}, euc}r t}rat for

te:nn
$ |  Y ( E )  =  e  +  i 1 ( $ )

wHore  l v  |  , -  ( r  y>

Conversely, i f  (c, 1, e, $ ) is e quadrupLo es specif ied above,

then (1) defines a continuous negative definite function.

The eemigroup Senereted bY

and tho enallest clooed extension

noted by I-"

M tet (Ao $tAi) be the inf ini tesinal generator

for the st,rongly continuous contract ion neruigroup an $, (ntA)t ru"

Le t  D  C  S tg )  sa t i s f y :

( i )  b - c E

( i r )  ( \ f )  t  : }  0 ,  u tA(p)  c-  D

i " f  - 4  l w  r r \  t  . )
+ q(g) -  \ l t  *  u-t  

(E '  t ) r{s*xLlHd dr(y)
J L rnly l ' l  ln l  

'
n\ 1o]

Then A

/ n o ,
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r 1

We remember two roeults rlue to Chernoff L2 J , which we u$e

in thi ,e p&per.
( ' 9

ULtg-qggn*-2. Lst t ur $ - be a fnnily of l:Lnear ccntracti'cns
J t  7,0

on & Bsnsi*h space E such "i;hnf 'uite funetion t --_--1" Frf is con-

t inuuus for eaeh f  & E" suppoee that Fo * I  ancl  for  each t  >o

l im (F.  )nf  *  G, f  ,  for  f  €,  E.. -  t  : t
n-+ (}-' fi

" " t > o

SSgfgp.,J**" Lot{O*.l, - be a faunily of }inear contractions
,  " r t , Z o

on a Banaeh $pece S with ?o = I' Assume tirat there is a strongly

continuous contract ion senigroup on E, (*tA)t 
> o such that

l in (] l t )nf = utAf '
n".s oa fr

uniformlY on conPact t intervele'

Then A 3I ; 'o(o) ,  i .e .  A is  an extens ion of  the s t rong der ivat i -ve

F ,  ( 0 )  "

fn the sequel., rvo clenote ny C(ffin) the set of continuous"

complex funct i .ons onm.n. By Cc 1st l) ,  resp" Coftfn) we denote the set

of funct;ions from C(Hni uhj-eh have eoxrpe*et aupportt resp' tnJhich

tend to zoro at inf ini ty. Co(En) is a Bsnach space with reopoet to

uniform tlorn:

l l  r  l l ,  sup l r t " l  I
x € l R n

cff trtnl denote the set of C @ functions on $tn which have

eompnct support. cf, tmn) is dense in Cu(an)"

Defin:lt iCIAl*4. A etrongly conti.nuou$ contruetion $emigroup
-  . . ' r | . . . . . + @

(Pt)t  
>o 

ot Co(mn), for whiclr  al l  the operator* P't  &re pcuit ive'

ioeo sueh that fc l r  a l l  t  )  O

/ o n ,

r €. cj$tn) imPlieo Pir € cf tnn),
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is callecl a FelLer senni,gror-rp crn Rn" A Fel.ler semigreup (p \ ^".

lt'" conunutcs with thre tnenolations of trtn if

(4 )  ( t / )  a€  f f ino  r>o  and f  €  c " (mn) ,  p t ( -Te f )  =  T ' (p* f . ; ,

where 
\f f:el = f(x - a) for: x € ]R11.

A coirvolution oemigroup (p* ) on fftn ind.ucem a Feller seni*

,  Effoup on Rnn (Ft),  n vrhich ; ; l* ;  rci th tronslat i*"ur-0;r *n*"  t > o
defini t ion;

7' (r) rrr * pt s f for f € Co(frtn) end r > 0"
' Iherr, from the fheerronu 1"1.b) resu.lts the.t a contj-nuolrs

negat ive def in j - te fuvrct ion $/  such that Y(O) * .  O induces a Fel lor
* senigroui: which comniute vrith the trenelations of nlho

For the Feller semigroups on trin, the condition (i) of lefinit ion

L"5 is equivalent wi th the next condi t ions

( 6 )  ( t r ) . u > O n  ( V )  f  €  C o ( a r n )  a n < l  o - < f  - < t  * p , o < p t f  <  ] ,

lhe infj.niteeim{rl generator (A, * tAl) for the Feller eeiai"_

Sroup onlltn, (Pr-). ,  eatisf ies the poei.t ive max:Lmum prineip}-er
"  t > o

g )  { V )  u  e f i C a l  e n d x € t ? t ,  u ( x )  =  e r : p u i z  o * h , A u ( x ) . {  0

rn the sequel- the basic notation ern.d terminorogy will be

estal:l ieired for" the pseudo*diffev.en"t,iar epe:rators on mnn

For the derivatives ope-rat,or$ vre use ths notations I

2 r = R r * ,  D ; = - i ? .
J  d " j  , J  

- J

-  w h e r e  i  = { * l o

indices e, nnd F there exist.s o * 0(I{ ,  d{,  {}  )  >O euch thet

l ; i  n ;  ar " ,  s r  I

tet J) be &n opcn inn m , o

n 
;  Je De an opcn C" [ i -r  *,  

J ,  d €. [ t  eur: l t  that O ( 
S( 

] ,

r $ S ) < 1" v,'e denote v.'ith s}.tSJ,) trr* s*t of fnnctions a g gtAx Rn)
J , b

witir the pr"oper:t.y that for any.comp*c't, K. c. ..fe and fon €rn;r &u1-*i*

/ * , ,



K, 0 € Rn" The elsinant$ of n[$ (n) are callod

of orcler

* t,? ;n

$ "* 1,

invar iant  vr i th respect tor  the di f ferent iat ion

the teinperate fr.rnctions , i . e.' . wi tfi tl:e

not at infinity faster then nny polinomial-"

@ 7

o $ ). s:" ( fJ ) is a complex
s .b

Tiie most importaint c&se is

t i f Sf,o(fr) we shatl wr.ite

for all x 6

symbo}s on SI

l inear space "

that in whi.clr

m end "type ( f,
\$

f*\ cm r f't rr  I  u e  s  \ . ) { " /  a
m  J r  4 l

5 *  O"  lnstcad

( , + ( P ,
^\od

d Y

Thw, *B ?*T € Y i.s bounded and integrable on [tn, for atl 
T € $

and mnlti*indiees */ ancl 
tb " Therefore, between the $paceei "F and f,F

the relet ion f fc LF, p 7 I  is  sst ief ied"

The For-irier

conple:t funetion f I n{.n **--+F C deflped by

$t  € i  *  t  * - i  (  xo S ) r ( * )  dx
d

ff ,* invariant wittr reopect to the lioui:ier transflorn and.

f ( x ) = ( 2 r E " ) * n  5  e i < x ' E )  i t g ) d E

She form of a pseudo*cliffe:rential aperator of order m and

$m(S})-  l fhe set  of  oyrnbols o-f  orde?'*  cr*  anci  type (1r 0) we nhal . l

clenote with g* *(fi) 
" If m,

Ily ff em"l or Y we ehall cienote

m

^ ar f i r tr '
$  \ J d - l  L * -

,f € c 
*(KIl)

su-ch thgt
l hs u p  l x

x e T { n o -

for all m.ulti*lndicee 4, eand 
|b 

c

Therefo::e the furictiono of ff *** indefinite rlerivable

funct ions,  which for x - l "  Gs, tend to zero together wi&h nl l  their

der ivat ives of  a.} l  orders,  faster t i ran eny power of  l " i - l  o

@
J is a l inear space ancl the relation

c * * ( R n ) c f € c o ( R n )

i s  sa t i s f i ed "

[he spec€

end rsu-lt iplication bY

functions which grow

$ * 2  t f l l  6

the set cf all functians



. r;;i;*,r'lig*i"

s
type. ( g*

Af(

(

v r h e r e f € C ; ' " ( e i n ) e n c t a  G  . m  r f l t

rhe oer of pseudo-uirr-]J;il;*jo*"".o** of order n and type
, ( \ r F { ( t(  g ,  b  )  o n s l  i "  d e n o t e o  w i r h  p $ ( m ,  g  ,  $  ) "  I f  $ =  1 , 5 =  0  t h e n

f$(m) I  *  P$(mr 1r  O)"  The operatorn f rom p$(*  w) :*  p$(*  f rc)  r  l ,  O)

will be named in the sequelu regutr-ari"aant peeudo*differentia^l-

operatons' The eomposit ion of two operators from p$(-eo) is an

operator from PS(- so ).

lSf . l * i3 lq*d^.  a € ps(rnrS, I t

S  I  i s r

x )  r  ( 2 r ,  ) * n  5  u i  ( , x u  g >  
a ( x ,  g l  f t g )  d S  a

2 w 1 - n  5 5  * i ( x ; y , S >  a ( x ,  g ) r ( y ) d y d S

is  cal led el t ipt ic of  onder

m i f

sucfr

( B )

for each eompect K C. Sl there are positive const,ants fl D'Kt oK

thet^

f  a ( x ,  & ) t * l  € l ' ,  ( * r )  x  €  K, lE l>q. '

!



2 " Hege}*g-q*.Qg$pl.tg"*gssq"ilJi*e- "ff,s* $Jmkls..

S"strfi rsg:s*qlfl es+9*::f *{trs-qnLl*k-?*?srs5efl s,
In thicJ section vle siralL pro\'f i  thal, s corrttnuouo negertive clef,j"*

nite functic* csn not be et synrtro.I- of oreJer* }. 2o'f}le effect of thio

renuLt, wi.ll be that of *onside::n"ri-cn in 't he res'L af, thre pepel" only

of the p*eudo*<liff 'erenti*l operator* o:f *rcler 6 2o We shall Eii*:*

tingui*ir the class of *ynbcler shieh celraeterise the Feller sein:Lgrou"p*r

of' reguli.lrirasrt pseu$.o*diff'crentiell- o;:eret,ons r,vhich cornmu.te vtrith

transl-atj"oris, In propoei"ti-on 2*4 t/re sh"al} give cond.it ionn in which

e poeudo.-clifferenti.al operator. ', rvhr:ce $)rmbol depend"o not on )r, ip

the infinitesiuml generator fox' a Feller semigroup on ff in as i:efore "

Ffgp*::!ig**gul" Let V, tR* @-;*F rff be I continuoue negative
t

def in i te funct ion" Then there exists eo )  O such that

( 9 )  ( V )  g t u H * , i  v tx :  i<**(1 + ls l l t ' "
Proof " Becauss ty is contit:uouo negatirre definit,e funct,ion,

f o r  c a  I ,  q

t , i n

1"5 8atr f j ly ln8

shall L1s0

* - i  (  y ,  €)  - i (  s ,  S > ld(y ,  S)  
2  and

the relat ion (3),  fronn fheoneur 1,2- tel ien plaee, Olrvious,

'w€ can indi"cate a po,t i t ive constant n'" ich that,  thein sum

an inerqua)"ity of t"vpe (9)- For tire integr:al from ('rI we

the inequ*}i t ies:

I  {o '

l t  *  "

, Wqt have

SruLL
r  * l y ! 2

I r
€ >ls l ' f ir* i { y r E } *  

i {--}o 1 _ e*i ( y,$_bi S"n_H-)
l  " l v l  

2

I
I
l ' +
t

I

ss';*-S-}-lEJ"3
r  *  l r l 2

,
* *
I

I

r * € * i { } , s J , i  u . y " K t l  *-  &  \  * I f  * t i

.q{*

lu l  lu l )
ill;j?

/ o . o

.l*xx-:J.,/rJ3

e n c e : '

I r l * i s l t  *

Sx"*}
1 +

* l

l " - e
*i < s, S>_ :. < u , S F

t  .  I r f
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L e t 0 { g < 1 b e

\  I t  e - i  (  r , s?  i  * s *$ i  i q4#  a+ (y )  <" l '  l + l v l ? l i r l
o* ly\s a 

,8 /4
! , ' u  1 2  t  , -  t  t ? .  t u * l [  f

- < . l E [ "  J  
( 1  + l v l 2 l  d r  ( v )  +  I g t ]  l v l a  + ( v )  g  ( z i g i r  *  u  j g J  

*  d ? ( y i
o l l y l S € ,  o s i y \ S a  o # \ t , t s € ,

f ! .

I  I r  -  e * i  <Yn  s> t l  41 -  o r (y )
t y t > a  F  l o {  I y l > l r r  

r \ r r - r

'  
. , ' ,  - / , 4 1 -  q  - t+ 2  )  a s ( y )  <  z & -  )  a s ( y l n . a . . )  * f ( J , ' ) . = ( i i - * e l \  d * r i ( y )l Y l > E  u * [ v l > e  

\ y i ] , s  
. 9 2  - ; r . { r ;

. r

?.t d
( '  ,  l Y l  > g  ^  (
) l i-s*n # | L:l;-Jz -( l" 'rr ,

,,l,jrrTffi* I ffi o+ (v, 
TJ,_+# " 

*## a f(y)
r

= l s !  I  A  -  t e l  E  r  o ,  \r c i  J .  l ; t  
a r ( v ) < r # J  d 4 ( y ) '

l y l > g r o '  l y i l s

It foll-ovr*s that:

- 5  l [ t  -  e - i  ( x , t r ,  
F u - T > ] l  

t  o l ' a l 2  c i r ( y ) r (  r z l g ! 2  * e l $ t l [  u s
n^.-to3 I fffl j Ti-J- 

ci f (v) '.( rzlglo * e l$ll] a s (y) +
o/ ll,l -K €

+  , k .  
$ j  ,  , . j  -  j * ( y )  {  b  ( }  +  t $ t12 ,  r c /he re  b  i e  e  cons r ,en r ,

t v l  > €

> o "
$SJq*A-3.sI* There exis't, sleny exempler: of continuoua negeti,ve

defini're funetiono vsl:i*h are syrabols (for exampler $l r Fn -*_-riF ff,
' f ' ( K ) -  f  g [ *  ]  o  < * (  z ] ,

The importante of  i : ropsls i t j r : : i  Zo] .n conniste in the fact  thst

e continuous ne4lative defini,te fr, rt. ion cen ncrt be e syubol gf order

gggps*i,3&$, .3Ao tet (tt. ), 
,

be a fenily cf' reguleri"nant,
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pseur.1.o*dj-f-ferentiel op*rat,*::$ on 0o{Hn} d"of,ined ir}'-J4re re}*"t,i.on:

(10)  iWl  t  ) '0 ,  (V ' )  : r  € .  c f l { r ln ) ,  v , r r r ' ( x )  =  (2n) - "5 f ,u i ' ( x * ruS}

.  n t ( x ,  € , )  f  ( y )  < l yd f i

t"!ie f'*1).crving cond.itior:s &3"6i Erel''t:l.r,ifiod I1f

r i  \

r ' i t  i

{}^ = }- r 3.i.ru no = J-

( rr ) , =ti*, u, u, y e xtn, {il; {y) v 0
( i i . i )  ( V )  t l  s > ( ) u  ( \ l )  x r  s ,  z G $ t n ' ,

-_,-*#i*q"*-

6 r " r * ( z r " )  ( z  *  x ) ;

r (r'r")-" !ffi) (v - x) .
|  (am)-n J f f i ; )  (y .*  x) o

( V i  t  > o ,  ( Y )  x € " f f i n ' ,  { ? T r } - n

q6lTi (u

{6}) (z
f
J  a t ( x ,  " J

-  w )

- v )

( u )
\  

) - 7

rl rr

dy

du( i v )

then (tr?u ) is a Felten s*migrouP on Rtr.
' t ? 0  

- 6 ) .  y \  1 1  .

Sggg€" Ti:e proof is imnedietely since *t € S (R"xR") andu

t irerefore * we ean ua€ th'e trubini theorem" Changin.g the nucces$j"on

of integrr*t ion in (10) i t  fo] lovre t i rnt

( V) t  )ro, ( \ t ' )  f  €, cc#" j*")e w*f(x) = 
5 *,*,  v) f  (v) t :v

)  . =  ( z r r ) * "  
t  * i ( o  

*  Y i  t  ) - a t ( x , 9  )  d q  c

fne condi . t ions ( i i )  and ( fur)  provide t l re faet  thet  (Wi;) , .  
^-  t l o

&re sub*ll i{ ir"}iovian positive }ine*r funetions' The co;rdi 'bicns (i)

and (i i i) ir::ply that (V/+) j.s e strongly continLlou$ cont,racticn
" t  ) rc;

sernigr6up* For tCI f inlsh tf*'"proc,f we LlsG the fact thst Cf" tmnl is

clcnse in Co (Rn) ancl by a c:hange of rrarial:Ie
r ' $  

. i  <  ! : ,  \ ? ^  t o .$ J . f  ( x )  =  l a w ) - "  J :  e -  " u r t x r  E  )  f  ( x  *  w )  c 1 s  d K

It follor,ve the.t (vf+) is a }i 'el ler semi'group on ff ih"
'  t )  c t

gfgp.?g:-l}S**g#- :,et (\?+ ) lre eutch ee in Fropoei't'ion 2'2*
u t>,  o

Then (1,{* } ccrmmute wit}r ti:e tran$letions i{: and only if for
"  t l o

eny  t  7Ou ar (xu  €)  i s  a  func t ion  c lepenc l ing  on ly  on  g  
"

Hggg. Let t > 0u I € [tn end f G. Oc*o (Rn) "

/ o o *
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l{ l t(ryaf') * -6a(wtf), v,rhevc %*f(.n) * f(:r * a), x 6; i l tn is

eclui.vs"Ler:i" vui-ttr t,lt:e relatiorr

( V) x 6^ ffrn- 5! *i { **v*e, S }' 
L 

**tx, T ) * er(n*e, g,J f(v)dvc} $ * o

e i r w i " L l t *  
*  r s t -  , _ - ^ r l f t E l d f r * f l

{  \ i  )  ,o  * . ,  $ i t t ,  
}  

e I<x*8 '  lE} . [ar ( : r ,  i i  ]  -  a t (x*4,  g  }J

o F*o,r, tli* i.nje*t;ivety of Fou.rier transforrn j-t fatrl-*vre

i+  ( 'V )  x ,  E ' i t  nn ,  n r { : r r  g  )  ' :  a . r ( x *a ,  € ,  } '

sin*o & $r&s arbi't,rariy cl:osen it, foll.ovrs t' lrnl; ar(xr€ ) is &

functir:vl dePencling olrlY $n $ Q

S.ng-sJ;}3*?*"I' The hrov,'nian senrigroup is r: Fel"l"er oeurrgroup g"

IR*o wlri.ch coiaurr:.te rsith the translat:ielr:.s, tl ie oper*t.ors sf eeratgroup

being regularizernt pseudo*dj-fferential opex'ator?"$,a o* C:- (\K**) "* t Ny!'
Indcedo for eny t F O, l.et at( $ ) = e *#* 

' g e* nfl

For f * o** tft?tt) *.f o we cefine

\sr f (x)  = (2 n ) -"  \ \  " i (x*Y'  
f f )  * t (  S I  r ( r )  dv e1€ o

$incc &." €, f 
*fin*) 

it follot,s that (\{r) sre regu}ariaant
r  - - -  v  t l o

poeirclr"r*i l i ff 'erentiel] Operatoro" u,*ir:g the Pnoposi$ion 2"2 and th'e

propoei"Lion 2,) .  t fe obter in thn' t ,  (Wr) is a Fel- ler  semigroup on
"  t z  a

IJln wiricl: e*s;nr*nt,e vrj"th tlie trenslatione* Yf€ remsrk ncw t'hst

- *  f  - * # f
( ' ? ' ? r p O ,  W r f ( x ) z  ( Z r r t )  t  j  e  { v  f ( v ) d y '

lioo, the formulu of bro'nnian *emigratlpo

Hnffigfl#jl**-J*j.. L,et tpr r TRQ ****a(fi, t'f (o) * o* V € sm{mn}

with O{m 6 Ae y being negr.;t ive* defir: i. 'Le sue}r t 'hat t!: '*r 'e &rc}

t i :c *onstnnto K )0e r  ? 'O wi" t l r  the property

r r t )  ( \ r r )  € e $ ' t n ,  R 0  V ( g )  7  o l q [ .  .

T^ret 't ire pnoud.c*differential operlttor crf r:r 'cJel' m defined f:yl
t
l  e-a, .  n rnUl.Li*. inr1i*cSt r (  Y l d ( e  p'  r t . * d  t  t

srlp l  " ' "  

'A f  (Y;) J 
q s4? J

# q n l  = n Y -  I * * c * ( n n )

xe litn
/ n  *  *
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( V )  f  q , . ? { A } ,  l f ( x }  *  ( 2 ' m } * n  { " \  - t { x * r i  
H u

.  J J _  
r ' r i r 1 1 _ * l ( s l l

fhevrLl:ere existn e Fel^-t"cr *lnrnig::oi"4) CIn .&].n 
sucir

inf:Lni"Lesi.nrul. generntr-:r.. is th.c cl.n*nre c,.f:, opereltor A,
bcini; ,gi-r,,sni o11 0*# {[tff), b;4 .t..i;e fo]..1-erv;'r1r.1; for.r"nuJ_al

r r(  \ ' ) t  .?,  0,  (  V)f  e *f , {Rn),  \ ! ,nf  ("x} : ;  (z", . )-" : \  * i (u*} 'uY} *t '1 ' { t  }r(y)r t ; , r l i j

v'rilssos (l'q), 8re r*gul.ai'iaant p;ieu.r.ia*'d:r.:f.fe.rent"ieil operato::.p u;iri*h
x  b 0

corrluri:to it'it;if t he trnnslat,ioi"rs.

I*tsggkg.",3" ]:'rCIm tlro Fropo*j-t,ion 2*1" it fr:}.Iowsu nscossgrr"j.l*yr

thst ra 6 2 " Ctn 'Lhe $ttter h.ar:cj.1 the exi,$1:,ci:ce of r: ;> 0 rvhich v*ri.fp

(11.) ,  i .mn"ly nlC" A1,*o,  the rr :J"at j "on ( j .L)  impj . .y r  S m o

5*-_*gggf*.sf*p#gegp:kj**__?*1|o u'€ cleriorei try e*( € ) ; n CI*tYi$)
'$GtR*. I#e slrow tbet *t € $**(k*)* rirclerecJ., let p & s{ be" flrerir

I  . - r  r j /  (E)  l= * - r  Re y (g)  -
I '  l -  . '  \

* / 1\ *r,*-T""**t
(S f$ t  {  1 )

with 1G li\ i  su*h thst r"1 )'P- It foll*rvs r,hett there exi$t$ a rrersit ive

conefant (1u su*ir ilrat

|  * t \ y ' r \ T \ l
I e  " r t u / l  q  c o ( ] _ +  l E l i * i , ,  ( V ]  S G R * "

$de eaaii"y ded.uq:e that, t,r ie rerst ineq.uali iy takes pla*e fcr

en)r  p € m" ,$ ince V 6 C' t  { i r l1,  i . r ;  fo} lows *t  € C*(Rt) ,

By dor ivat ion vr i ih renpe r : t  ' i :o 
$ * ,  q $f  ,  6o. ,  Srr)  we h.$r; .e ths

reLut' i-on I

[ * * u V ( f ]  1 .  I r r ' y ( € ] , . # q  ( q q ] ,  a . .
l l l  

"w l i e r " e  l * { l * * 1 r - - 1 "  d a *  e o s  * d  
n  a : r c l  F ( r 4 : ( H ) , , . 3 \ ( g ) ,  o . o }

!e e poJ-yrrornisl. i.n t+r( '$ 
), ?u$n( q), . ", ody i g ) "

$ince V e S*(n*),  O( m S Zo i !  fol lows ths.L ther*e

M*) 0 eire}: th.at

( 1 3 )  ( ' , d )

f (y )  c is  <1H

t,hrat, hi.e

tire sernig.rourir

q,i;li e ls

( r .z)  
[ ' * r ' * * te l  I  n , # y ( r l i  i

d o , r ( g ) )

.( iL{o{ (r * lK lf 
* 1*{t

for any p € W, tl:,e re cxists

/ o u ,

Oirt"h.e other

g *  m * u  l d y , g ,  I
hand we have fi*en tl:ls'f:,
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0 o > 0  s u c h t h a t ,

(14 )  (V )  g  €  f f i n ,  I  u * t  V  ( ' $ ) i  
*  co ( r "  +  lgN l -p

Fnom the relat ione {12}r (1i}u (}4) i t ,  fo}Iows t}rut for,  sin}
s €R there exi-sts C,* )  O such t;hat

(V )  E  €n* ,  I  edar rg  I  i  4  f i * (  ( ]  +  l q l  )u  
* r , r { l

{ Hen** *t € n su{utn} * s- @ (LQr}i _

s*rro*-$f- a eontinuoutr, n*getiv* deftinite functian vrj.th

V(0) 
* o, from t l ie Theorern 1"1,b) there exi-ets an unique_l"y

deternined convol"u.tinn oemigroup (FU ) . on fitt nuc]r that
A  -  f r r ;  

t > 0

,Ft 
* ** t tl' for t

From the rel,ation (r) it follows tlrs.L for any f € co(uln),
(,Ft x f) t.>e determines s Fer-r.er semi.group CIn ftln which eomniute

with the translatj.onso For any t 7"O nnd arqy f G. Cf (ffin), we

def ine

Wtf  :  *  P t  t r  f r  ine*  Wgf {x }  =  
! r t * *y l  

A  ; r r ( f )
$ ince $* r  ut€ s**we ean apply pr 'p*n:r- t i *n i .a"  For t , ; ,  0

we donot,e by gt a continuous density of meesure p, from tire Fr"opr:*

s i t i o n  1 " 2 ;
r.

s r ( v )  =  ( 2 r r ) - "  \  * i ( Y ' E  > '  \ ' r \ '  t s '
J  

*  * t (  5 l  o  S
Tle deduce that

- - * ' - - a i ' - ' ' . f ( v ' l  
: ;  f 2 u * ) * ' f  ( ^ i ( y , S )v l* f (x)  i i :  {Zr r ) * "  

J  
f (x-y)  (  _}  *  e*(  K)  d  6  i  r ly

Sinee en 6 S-m we ean npp3.y tire Fulrini I 'h.eareml t/e crln
^ 

te in urry ord..or in the fo:rnuln of ttlr. It foLlows1;hntu for
' inte.grate in any ortLer in ttre fo:rnula of Wr. It

,& .R:ry f e cce" (rRn) and any t A fr

1j1/r f (x)  *  i2  m)-"  \ !  * t *x*s,s p *  t  Y{$}  * (n}  d,y c ls
end that, (g{*.). 

- -" are regu}nrirnnt pseuda*differ,en'tiat opcrcltor*;"  t > 0
whielr corcmuto wr.th the tranelationso

tet  f  6  S(A)  bsu Then,  we deduce *as i ly  . fheLr

/  / * ' *
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l im
t -+o

*'li".l-- I"i
t

*  Af(x)  in co(nn)

generator for (t!n ) extends A,

ror  any r€n -r ;J?:  (  v)  t  7 or
(A)"  Also,  & (a l  = V is  dense

It follows thet the infinitesinel

On the other hand, we notice that

i , € ,  ( V )  t T z O w  l { t ( f u ( A ) )  C .  S

in co (an) sinee f : c:'(nn) .

From the Proposition 1"3 it follows_that the infinitesimal

generator for (w* ) is equal with A I  o, n,, ,  Henee the inf ini tesimal'  T '  l > r o  
'  l o l r \ A )

generator for(W. ) is the eloeure of operator An
"  t > o

MgrE-3..2..
For the resul-t from the Proposition 2.4 see [ll "f*o.
The novelty taken by our proposition coneists in the se}ection

of the eonditions in which the senigroup (W+ ) have a canonical

forrn and the choosing of the subepace s tal 

-ulJ'noanut 
it is etable

a t  (w t ) t  
7 ro '

On the other hand this Propooition will be used in the next

gect ion.

-,@

T
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sg.sM

This section containe tir.e maj.n result of this paper: the

Theorem 3.I* In this theorem we give conditions in which t,he results

of the Proposition 2.4 can be generalized to the synbols that

depende also o1 xr This corresponds, for a differential openator,

to the case of variable coeff ic ients.

, To the end of section we obtai.n, fron our theorem as a corol-

lary, one of the results contained in[+l o

$regfem }rf.

Let r.fl , pn---------* C be with the properties:

Y  € s * ( n o x R n ) w i t h o < n  \ <  2

)  ( V ) x € l R n ,  S ( x , o ) =

i)  (V? x € Rn, the funct ion

negat ive def in i te '

( i )

( i i

( 1 1 g - - l . \ y x ( g )  t =  Y ( x ' ! )  i s

( iv) fhere exist the constants K 7O and r  7 O such that

( v )  x € r R n ,  ( v )  E , € m n ,  R e  Y  ( x , E )  7  K l g l "

(v)  (  V )  E € Rt ,  the funet ion x*Y(x '  E )  is  bounded'

Let the pseudo-differential operator of order n defined by:

s te l  =  f
(  v )  r  €  g  (B) ,  Br (x )  =  (2  n ) - "  5 \  " t (x -v '  

E)1-  Y(x ,€  ) ) r (v )dvd€

Then there exists a Fel]er oemigroup on Rn sueh that his infinitesi*

ual generator is the closure of operator A1 the semigroup being

given, on C"* (nn) , by the followj-ng fornula:

(  v)  t? 0,  (  v) f  € 0.*  (an),  r*r  =#m (wr)nf  ,
m

= (2  *  ) - "1 I  " t  
(  x -v  ,y7  - t  v (x ,  E  )s1r1  dy  dE

w h e r e ( W t ) t 7 o &re regularizatrt pseudo*differential operatorso

Re$r{k-?S . l " T h e o h s e r v e t i o n s f r o m t h e R e n a r k 2 " 2 s r e a v a i l a b l e

for  Theorem 5"1r also" I f  r  *  Et  l ry t i ro Def in i ' t ion 1 '51 the condi t j 'on

/ n o "
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(iv) inplies that B ie el l ipt ic sf order m'

rFe- Ur q q.L q!- r3"e.,9.J.qgtJ;l 6

Thenn fron the

of operalor A, is the

group on 6n, which, for f € C;gRn), is given by the fornula

(V )  t  v  o ,  v f r t x )  =  (2 * ) - "5 !  u i ( * - v 'Y ) - t  Y ' (  € ) r t v )  dv  dE

For t V O, let Wa be the operator definecl for all x € Rn and all

f  € a"* (Rn),  by

W.f(x)  :  = Vt  f (x) '

i " € o  
r r  - t . y ( x t

w t f ( x )  =  (2z r ) - " J \  * t  (  x -v r  E  )

We notiee that Wa harre the properties:

(a) Wt is l inear, posit ive and contract ion

(b) wt(  & tel  )  c.  & tnl
(e) ( V) f € cln"), the function 1 -----*wrf

E )r tv)  dy d E

c o ( R n ) .

For to eontinue the proof we need of sclme supplenentary

results o

Let z,  € lRn be f ixed. We def ine the operator A, as fo l lowsl

f i ta; * & tnl
(  V ) f  €  & (Ar) ,  Arr (x)  *  (a r i  ) -n t l  * i (  * -v 'gA(2,  g ) f  ( r )dyd '$

w h e r e  s ( z , g )  =  -  V r t B l .

From the esoumptions ( i)  ( iv) i t  fol lows that Y uA sn(lRn)o

Y" i" negative definite with %(o) 
= O and there are the constan'ts

)>O and r  20 euch that

-  ( V )  E e n t ,  n e Y r ( E ) >  K l g l r

Propooi t ion 2.4,  i t  fo l lovls that  the c losure

infinitesimal generator for the Feller eemi-

is continuous in

Le.yrp-a 1-"f  "  l ,et ($, &(g)) encl (T'  p(T)) be the inf ini tesimsl

generetors for

( r ts) t  
? o * td

the otronglY conti-nuous

(.tr), 
a o in the Benach

t t  - 4  * 1  v | 2 r l ' -

contraction senigroups
1 1  I

,sp{rce (X, { l  l l  )  euch that

/ * o "
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S(S) = & (f)  = X. S and T are l inear and continuous on Xn

Then we have the i.nequalitY:

l l  ̂ ts* - *tr* ll < t ( sup llsy - ry ll ) !1" ltr r -  n  ,  
1 1 y r r r ( r  

, , '  t  r r

f o r a l l " t > O  a n d x  €  X "

3g[. We have tho foll.owing relation for any x € Xl

( 15  ) ll*tu" - utr* tl

l l " t t  -  utr  l l r , r ,

(x )

," l l r(x) *
*t, 

u* 
t, 

- ( ,h rn-'t u*t

!r .Lr
-  e n - )  ( e n  )  +  o . o  +

ll-h - *h llr,*,

il
l l t ,
Urn

fir

i n

f

(

1
n

( e

t ^-D

eD

ll" ll.
3 l l  ,r#)* -

n-l *r
)  ( e "  )  +  (

i l  : S n ' ^ .  : -=fir." -l - (:"
+  ( * t  )

!s
)

n l l

ht*l

* r  * t n - ^  
t ^

e " ) + ( e " ) t ( u f f

n-l l l
) l l r(x)

Let T be a l inesr and contin,uous operator on the Banach space

(x, lt ll ) such that llr ll < r e

Then

l l u "$ - r ) * * r * *  t l  < f f i  I lm- " l l
for any n 7;L end for any x €

glggg' First we obsoerve

l l^ t t r : - r l  l l  = " - t l l  >.  *
l l ' l l " lf fr-o nl

---** in' f l "< I

x""
that

*n ild* l l *

ll ,.*u)'*t(.
t ^
fiD

;_
, rL-( e

+ +
3c irn

n _

+  ( e t '  -  g "  ) .

ll"h - .*' llr,*, rrvi^?r ll ";^' 
- "1' !

Hence ll*" - "tr llr(")<;;tfltuF, - "F, ll =

I f 'n tends to inf ini ty, i t  fol lows that:

l l*r* '- *rr l lo,*,
From'(1"5) i t  fo l lows the 'desired relat lon"

Lemma 1"?-,  (Chernoff  )

L*
l l  n v '

t sop ll"",fJ* -
llvtl<r " *.

")a

) +
+
*rr'

* ( e "  )

f,ffix
9
r'l,

/ . n "



s l g s

L e t x  € X b e .

< -."X, # l[r*. - *** llk=o *"

L e t k T n b e

l l rn* - r". l l=i l*1sj*1* - r i*, l l  {#||t
" j=x1 j=n 'j,

Hence[[*"tr-r)* -r'" ll < ***fr $ | * - " I " tt

eo Fron the Cauehq;Bchwartz ineqqg,lity we

I  *  rx* , , r  * [X,S)* (L$,*-
H trl k=o ̂' .  /  \ f f i i

GO

since f# (n - k)2 = ,,rt it forr-ows:
k=o ^

ll ,"$-t)* - ?*" ll < {" llr" - " ll"
I,ery-a -2-,-7 r

For arry t 7r o and, nny f € C.* ttst) ,

(16) 
,,TL li ,*:. )*r - (n;)Pr ll = o
P * a o  

m  P

in Co(At), uniforml-y on conpact t intervels'

prqoq, Let f € C^* (mt) and" t > 0. Fronr Lemma 5"2 it folLows:

1rr) [l ruu*)*r * n*tt* 
-tt, 

ll*F ll ,,',, - r) , ll
l l  . L &

m u r

i l  P (wt ) *  I )  l l  , ,  n  , ,
1 re )  [ [ rw* l p r - "  F  r l l  < fF l i , nn - r ]  t i l , l i ( n r  i ) r l l  =

D P a

t ; *s  \ *  lv ( " ,s )  l . l r tx r
l l - r . , w j ' r p m e  $ t S l  , ; ( 1  + ' l g l l ' ,  S e n ' a n c l  c i s

L t  

/ s c s '

!lu'$*r)* * r',0 il= llu-nrunr* - *%ll - ll.-n.rF#" - rn,, ll <

r ( r*r ) " ll{ lr*"1 ,llr"-"

t x - x l l

d o d u c e :
\ 1

o l '12
/

Y(" ' t ;11  f rq )  dg  l ,  *

dg $  f r  r \ r ,  . -  l$ l r2  f  f ts r  I  os
\,

tl"

=*1,fi" I tt "'-" \ ui(*' gn[-

f a A

d f

J
lll,

I
) l

I

ts - .
m c l l



posi t ive eonstant (we
l r
l l  ( l 1 I " _ r l f
I r g

p

r t  fol lows that eaeh reft  side of the i .nequal i t ies (r?) and
tends to ne,rCI, uni.fornn"ly on compact t intervaloo lrhen rr **o' m

P *F $. o

Fronn Lemma ].1 it
w r - 1

2 0 &

have used the assurrpt ion ( v ) r elso ) " Anal-ogous ,

lt

fol].ows that
w t - r

T"l

T, il*l("..rilH - -'lil-: -ll, ,,,fi"  l le i l ( l  "  # *  
- l t '

( 1 8 )
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t * . , *
rr . T* t

1 r 9 ) l l u  m  f  - e
t l

For eny g €
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W, I

ll ffi
ll 

*T-- I
i l f r

t l
t l

s f l
t l

_ 3
m

e

s(") I
J* t . *o  

E)

.  * v t x ' E )

-= *  v(x 'g;- ' J*JV ( x ,  g ;
- 1

\

I
u €lq-gup-

x€ R" G r g i
-  

* y , x n  S  )
sup t

x€ gin J

- 1

g.
r

l ,
t l
l r

*1

f

m

YN, F
p --* eo it

t r v r l  o B

follorvs that:Passing to l-imit

l l  w t - r
l l  m
l l *r*'

&

v,'e obtain.,---- . -- ' tvt  _ I
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i l -  
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D l lis-*' lip
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e P f ll *-

"*ry. Or
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1.

d  ^ ^( tr)

and from (19) it follows that the eonveygence ie uniform on compact

t  int .ervels.

Fram the relat ions (1"I)r  (18) snd 1ao) lve deduce the desirecl

/ . " u '

cf, '{n*) with fle ll ( r we heve
1 , l I ^ - I

L

p----
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p

= SLtp

xe nin

! v . - r
L

fr-*r- g(x)
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t r r  r
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L
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relstion (16) ancl the uniform converg€nee

Sns.-rggg*s**Ilsqg uJ-*J*_;* l*$xrL
Using Ler*me )"T it fol.lorvr: ilr.ut for"

f € c*w {ffin) u (v/, 
}* t frCInverge$ uniform

ffi

CIn conpect t  intervals,

&ny t >O and for' &ny

on compnct t inteirvals

u l t x , s l ? r g l  a g ,
I U

$ince l im (W* ) f exiets and it, ie
ll't "o m -3

m

for any f € y an<l any t, > A,

equal wi th Ptf ,  i t  fo l lows that

prr (x)  : r  qz  n)^n 5  o i { * *  S > [ i *  u [ tx ,  g  lJ f t  W )  dK
n'# 6t€ 

r

V/e decluce tha'L pt f  € f f ,  for  ony f  *  f  ,  i "e,  pt(m (B) )C f f i tn l

& e nl is denee in co(mn) since ff :  f$r, 
Ftrom rhe proposirj-on

1*5 it  fol lows't,hat C ie equal with u, 
lmt*1. 

I{,enee 't ,he infinj-teei*

mal generator for the serntgroup (pt)rpo is the closure of oporetor Bu

/ t n o

to en elenent f rom Co(m4),  denot*cl  p*f"  $ ince (Wt)m are t rounded by

l and c*@ {utt) is dense in co(an), the above *o*}u***r** takes
p lace  fo r  a l l  f  €  Co(Rn) .

Moreover consider ing the relat ion (c)  and the

we.  can epp ly  Theorem LnT"  I t  fo l lows tha t  (p i t>O

.eontinuous contraction seeligroup on Rtr.

From (a) nre deduce that (Pt)t  
Zo 

i* a Fel ler senrigroupo

fn 6he: sequel we shal} prove that the infinitesimal generator

fo r  (P t ) t?o  i e  (B '  P  (B ) ) "  we  deno to  w i th  ( c ,  S  Cc l t  r l r e  i n f i n i t e *

simel generator for (P+ )+ ),^. l i,rom TheJrem 1"4 it follows that
d\ll* | " u"dtd* 

|
c  ;> - f i *  |  .  s ince  #  I  ] )  B i t  f o l l owe  tha r  c )8 ,\ r t '  l t = o  u L  l t = o *

vrhoneeBGesrlorv, we shal l  prove'thatT;rC" Since ttu conpooit ion

of two operators fron FS(*m ) is en operetor from ps(-mir there
- + - , q

exists oi g S- 60 such that

fact that Po* T
'is 

a strongly
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As s con$equel"rc6 of the Tireonern 1"1 we obtain a nesult due
to Rotlr  in [+]t  the characterizat iorr of e] l ipt ic operetors &rl
infinitesimar generetors of Fe-r.rer sernigroupso

B.rg3tg$):-2*"" Let Q(x) =[.ri"j(r,)Ju* a nymmerric squere
r ' ratr ix or oraei '  n; vr i th t i ie clenrents rear bounded funetions'of
6lass g* on Rn, such that . t ,her.e exists a ),0 wi i l r  the n*oo***,(  V) x €,  inn, (  V) K€H*n 0(m) S p . IKl  2
where vre have identif ied the natrix Q(x) witl i  the bi*trtneer foym
eseocigted on Rf l .

'  l ,e t  1(x)  *F i ( " ) ]  n*  a  l inear  form on an wi th  the e lemente
reel bounded functions of' crass c @ 

, where we irqve identified
the vector [r t t* lJ v,, i th t i re l inear form associated on IRR.

Let B be the operator clef ined by:

S t n i  =  g

B f = E  t r c i , ( x ) ? ? ,
i = l  j = t  + r r  - . r  

J

n

f + \-.. t (y',
- .  

/  
. .  

4 !  
\ J ! / ,

i * ' 1  r
I - I

Then tir.ere exists a Fe lrer semigr.oup on IRn such
inf in i tesinnal  generator is the c losure of

grout) bei_ng by the foll.owing formula:

where  p t (N)p (x )  =  e (x )  o  (V  )  x  & ,  Rh*

ILgg{" we apply t}re $heorem 7*L, for tire function

s t$J : Rn x g1n *a' C given by the relation
n n h

\ ,("u € ). =& 
S oi;(x) f i  g; t ff i  rr(x).  i , : .1 J*J

The er i : r rd i t ion$ ( i )  (v)  f rom t i re Theo::en 5,1 &x"e sat isf ied" V{e

see t i  r t  :
n. i"l yl

I 3 f ( x ;  ' '  *S  i l  e i ; ( x )  D .oDr f ( x )  +  i *  1 ' ' ( : r )  r r r ( x )  s
i= l  j=}  r t i  r  J  - i ;L  1 '  L

(  W) t  >o, (  V) f  € co(Rn), pt. f  = l in (t t , i ,  ) tr  ,
- {. r r? 

u g1+qrr 
fr'

wt f (x )  =  J r -  
\  - - lu l *  r (x  +  r t r (x . )  -  2Lr f  p (x )u)  du

x Z  d

?rr

opera tor  B ,

thst his

the eeni-

@
\@t * 1
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. r ( y )  d y  c 1 $  *  ( z - o ) - n  j \  - ' o x * Y u W F  ( -  V ( x , $ ) )  r ( v )  d v  d Y

Then from the Theoren '),J-s there exists e Feller semigroup

on Rn such that hin infini.t,eoimel- generator is the closure of

operator Bo the oemi.group being giver:r oil Cfltnnl , by the formula

( z t ) .  t f  c a n  b e  v * r i t t e n :  Y ( " * $ ) * d C ( x ) - $ , 9 >  
- i  < 1 ( x ) ' Y >

'  
It prove* t [+] I t irat for atly nnatrix Q which verif ies the

above propert ie6,  there exj-sts a squere m*tr ix Pn of  order no suckl

tha t :

( V )  x

Then V/rf(x) =

By the change

.  f ( y )  d y

=  ( 2 n ' ) * n

rf *-

F  ( 2 r r ) " n

27

\ \  u i ( * - y , ' g > f - +  +  o 1 ; ( x )  $ r $ i +i i  =  \  H f r {
r * t r r " )  g i ) .

+

=  p u ( x )  p ( x )

i {  x -y+t l (x ) ,9}* t  (P(x)  Y '  p(x)Fr?o)dydy"

dT r ( * )  F  =-vr  we obta in
x-y+trt") ,  $ 

p*l(x)v) *  \v l2*r,)  *Sff i  |  r - l t* l i .
(u r . /

.ir
;
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(2 nl** 5$ *
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iaj"f i x)

I

n,
$z

rrly this exPx'ecsion of l:e ex'l,ended for all "

f ffi. co (Rn) "

gg5g}!*ng*}_i!"" In the coilclitions of 'Jireoren 1"1' tiro operator

E sati$fies the positive rnaximurn principler (i", Gcn",re))

( V) u € &(E) end' x € R*, u(x) = srp u70Np Sr:(x) €' o

r u " s i n c e T i s t h e i . n f i n i t e s i r n a } g e n e r e t o r o g a r . . e } } e r

eemigroup on Rn,  we wr i t r '  (?) -
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$.gn*#:*-?-,,3u In*'t.encl of tfre BErnach ripnce Co(ffln) v*e can

ceineli.cler uny Bari*ch npace n guch thr,it,

( i )  c -Q'  t " rnn l  ie  densc in  H
fr

f *
( i i )  ) -  #  E

(for e: , ;crmpl-e,  l lP wi th p ; .a1)"

Certainl.yu theyi vre sha,l, l" obtain otrongly covrtir luotls con'urection

semj-6:roup of  posi- t ive operators '
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