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AF*ALGEBJ}AS WIT}I UNIQUN TRACE

bY T6rok Andrei

STATETdEI'{T OF'i.ITH IIESULT

Let A be a unital AF c*-algebra, incluctirre l imit of the f inite dimensional algebras

t r ' l c A ,  d  A . ,  C A o *  " 'L  
^ ? '  - - 3  ' . , ' -

'  ' t  :

(1. is the unit of A). ' ''- .', :

, k  l (  t '
\ {e  denote by rnO = \n ' l l -  , f rZ, . . . ,o ' t [ , . )  the d i rnension vector  o f  the a lgebra l ' rn  and by

r, 
l(

R,- = (r l),-r ^ . i- . !  ," t l te inclusion matrix for Anc Aknl (k ) 1) '  In part icular'
K  l J  r - I r .  . .  r u k r J - r t .  "  t " f t + l

f
"nUrn = ff ik+1.

.  I f  w  isarea lvec tor ,  w  )  0  means

For  w =  (w l_ , . . ' . r t ln )€  R l ] ,  w  )  o ,

that its entries are nonnegative.
i

rv I 0, we define

, X(*)
I \ . t  t L

l{e consider the mu}tiplicative group 6 = 
{i '{ ' ten) and its action on A bv, inner

a u t o n r o r P l t i s n r s , '  
- - "

.fz '\
ge 6 r-Y*46 g€.Int(A) c Aut (A) t',...

.\
'  

g(x) : * (eo gXx)  = gxg-1 (gG G,  xGA) '

lVe Prove t l ie foi lowing: :

*?* -

n  - 1  t
t= (X wr.) ' -ruin 

{
k = 1 " I

r  ! '

5  w i  I  t c  1 t , 2 , .  .
I G I

. r rn  f , carcl(I) ; nlz|. '

THnOREnl. l{ith ttre . notations

^/ , ,  k l(,
cr. ,= I,,n ^ X ((miri3)1=1,. .. ,"k) 

(t< 2 t)',
.  J_ . r - r . . . r " k - l - l

introduced above, let

I €
I A

oo
t+

( * )  Z -  &  , . =
r , - 1  N
t\- r

then:

. A j t

(a) Tlrere is a unique normalizedtrace, denoted bY F, oh A;



. 2 '

(b) .C is fa i thful  i f  and only i f  A is s imple;

(c)  Ttre act ion # ' ' is  mixing rv i th respect ' to

(d )  x ,ye lAh,  (a )ene c  (n€N)  such tha t

the

-t

,f;
i !

ifi
ifr
t
f
fi

*u
fi
ti
ii
i

t im Ck^(x)y) = e'(x)2"(y)
t1-+' (X> "n

Tlrere are condit ions rvhiclr imply (+) and depend only on

COROLLARY. l{ i t l r  the Ris introduced above, let t , .  :=

j = 1 , . . . , e p a 1 )

/ \ ,  \ /  l ,

€v t= min , { . (  ( r i1) ;=1. 
.  .  .  .o.  ) .

j = l , . . . r c p a l  . ,  r - . 1 , . . .  , u k
' I f a o

(rl

or

(2)

then:

trace T, i.e.

the part icular

ttre inclusion matrices R. .
K

.  k ,  k , .n t i n  r . . / m a x  r . .  ( i  =  1 . . . . . e ,  :
l l '  l l  K '

l r J  "  l : J

, t

\ ; j , ^ \ ' d

z-- d. .€ . -oo.
k = 2  k - l  l ( -  '  '

G r r . C
5 * d  d  = 6 0
"-__, 

-k_L 
k ' -

k=:

( i) ' fhe algebla A is sirnple and has a unique nonnalized trace ?, whiclr is faithfut;

( i i )  I ' l ie action O is rnixing with respect to the trace F.

Namely, we sltall prove that (2)=+{i)=+(*).

-*+d'

sequence of algebrasREIlIAitt i  1. Condit ion (*)
='"Hi'

A.-  def in ins A.  hrdeed,  ie t  l r l ,  =  (' L

depends effectively on

1,1,1,1) ,  an.d for  k  )  1 , ,

0 \

Io l
.  I  R z k =
L l

Ll

Rz. , 
I

1 1 0

1 1 0

0 0 1

0 0 1

I

0

I

0

0\
I
t

1 l
,

0 l
t
t

L /



lience

t\
' )

LfI
1 ,

1

I

1

t 
,nun tl ie sum in (*) is zero for the seguence ^',c: Ana A$ ' " '  but it is infinite for t l ie

' I / ' o

sequence ^{rcArc A5* : .  ,  .

'  BE&IARK 2, Conciit ion (*) does not

m,  =  (1 ,1 ,1 ) ,  and

D

" k -
f o r a l l k ) 1

ThenC k= 
3. /g,but t le (unique) t race on A has the weights (1/2 '3-k*1,  0,  1/2 '3-k+1) on Ao,

hence it is not faithfut. one can also see from the Bratteli ci iagram that A is not sirnple'

: ,

RnMARi{ l .  As a special case. of t lre Corollary, (part ( i)),  we can lreat the situation

dealt vri th in a theorem of Etl iott ( ' frr.  O.r in [2]), namely when Rk = R for al l  k '  where R is a

primit irre matrix, i .e. i l rere, is a nonzero p sueh t lrat RP has posit ive entries. Incieed, i f  we

' consider the sequcnce

A . c n  - c '  A ^  . . c  . ^  c- - t  -^Or-1 -  ^2P*1* "3Pn1

(whiclr also clefines A), ilre inclusion matrices lvill be constantly 11p, hence tne cSo's vrill be

all equal and lonzero (because IIP iras no zero entry), and. then clearLy (2) hoids'

The proof of El l iott fol lows different ideas'

NOTATTOI{S AND SI{E'ICI{ OF THE PROOF

?tl,tat (A) be the factor decomposition of t lre Ar', 's'
Il'1,I

I

impiy any of the equivaient conditions in (b): tet

fill)

cn

Let A', = 
P, 

o|' o'"



l :  
i

F o r  x 6 '  A .  w e  d e n o t en '
.  . l  I

n f  [ . , ] '  a '  L '
v r  L n J n  - "  , r r r .

t t  t l

r  l .
A ' -comDonent  and l tv  c{ ' (x)  t l rc  nornra l ized t racc

n " - n
i tsI - .  . rxi|,

1
i
.A
*
,j

ii
i

' 
,.tf.,) ,= rl,n[" rr(ixl].,)O( i,(x) 

= tr([

(we denote by ' lr  thc canonical trace on a ful l  tna.tr ix aigebla - i .e. the sum of alL ci iagonal

entries- anci by tr the nornral izecl one).

l f  u  = (vr , . . .  ,uk)  6  Ck is  a  r rector ,  we lvr i te  f tp(v)  for  the "osc i l ia t ion"  of  v ,  i ,e .

'  
CL ' ( v )  :=  max  I  u ,  -  u , { '

i ,  j=  1r . . . ,  k  r  J  
, . ,  "n

Now for any x 6 An, we introduce the vector D( n(x) ,= (xr1(x),.xltx), . . . ,d{' (x)) and

the value tt l (Xn1*;;

a5
l{e slrall prove that for any x6; Aoo ,= l),An,_Il:t-{t(^(x)) = 0, i.e. the cntries of c'(..,(x)

n=1 
l l11-+-< l  n  I

terrd to become equai. I t  is here that we use concli t ion (r;). ' l ' l r is implies that t l te entl ies of

0( , . , (x)  tend to  be a l l  equal  to  sonre cornplex number f  (x)  (Lemrna 3) .  T l tcn the map

x c' Aarl*- F(x)c C

defines a traeial state on Aorwlrielr is the unique tracial state..on A66 (Lernrna 4). Assert ion

(O) of the Theorem is provecl in Lenrma 5, assert ion (c) in Loff i l l t& 6 after sonte preparation,

and the Colo l lary  in  Lemma ?.

We enrphasize that t l ie v, iholc proof ciepencls on the fact thatn[tL*(ryn(x)) = 0" This is

c leducecl  f rom condi t ion (* )  by the est in tate g iven in  Letnma 2.  One eatr  took for  o ther

est inratcs in  order  to  obta in the sarne fact  f ron:  o ther  condi t ic , r rs .  Our  est inrate is  insensi t ive

to t lre equali ty of al l  rorvs of Q, lvhen i l  Q fa-l = 0, regarcl less of 6 (see the notations in

Lentsra 2) .  \Vc l tave c l tosen i t  because of  i ts  re la t i t ,c  s i lnp l ic i ty .

THE FR$OF

b-irst of al l  we clarify l iow t l ie i t tclusion ttratr ices RO and the

allovr the corn;:utatlon of Xnnr(x) frorn Xn(x). Let Q,", = tcfil i=i, . . . ,c

dinrension

p+1 i j  
=  1 '  '

vectors t l t  ' .

be
. .  . c' 1 1



t l re matr ix given t V ql = *ltrl.i, 'nlt ' '1 . i.u,
I  l l '  I

n
V

n+1mcn+J.

Note that Q,-,(1*

Q n =

/'*l 0 \
|  " .  I
\ o ' * , '  I

\ " ' 4 /
n

) = 1 because
n ctr+J"

*4
t

I .l-
i ,''n- "
I "
I

r  f l * l

/ o t t .
t '
l r

\ 0  '
\

n+1t l

c
* - l n n=fu *o tkl

and 1*

( I = 1 , . .

LEMMA 1. For any x 6 Anwe have

r, l
rle o([t*l 5 nexi*r(x) 5

L

-  nrax neql(x) ;
t  <K:C l f  I  I

-* iet  
us study t l ie matr ices Q = (qi i ) i=r , . . . ,n ' j=1, . . . ,  wi th real  nonnegat ive entr ies which

satisf y

Q(l,r.,) = 1,.,'

Note that if v €Rrn ut16 k)(v) = 0, tltetr eJ(Q(v)) = 0

vector l*). Since 6J defines a setninornr on any Rp'

incluces' a l.iniar map q : Rln/a"l'--"- 11ll7tt1 ' tuhere

nP/ 1ve RPir(u) .. 0l' i ' lenee

- 
ta) {*r(x) 

= Q',{(x);

(b) min
1(k(cn

t ,

nrin Imo<l(x)
1 ( k ( c  

r r
- - n

Proof. (a)

L ' '  - ax trn d(-{x) for all l  = 1' " 'cn+l'
5 lnc( n+f,* ,  :  ,&tn 

' " '^  n\A/ rvr  c '  r  -  ' r  '  '  r -n* l '

using the information given by the inclusion matrix, it follows that

c n

r l

x'n*rt*) = tr(txlrn*r)/,nx*1 = (# '[, t'tt*t]l)/mf*1 = (* 'n[ ''l]1xkn(x))/mf*1 '

(o) rrr is is a consequence of the relatiort Qn(l"- ) = te . .  
and of the f aet that Qn ltas

I  
" n  ' " n + 1

reaL nonnegative.entries (hence"<].,*rt*) is a weiglrtecl average of the entries of Xn(x)) '

(c.r(w) = 0{=*>w is proportiona} to the

from tire above rentarl< \\te see that Q

n
ItP/t-.-: - denotcs the quotient space



tF

6

ll Q {lk, := sup ic,,, tQtull I v e Rn, r.ur (v) ( 1

is  f in i te.  Ciear ' Iy

cu (Q(v)) 5 tl 0 ft*"ctr(v),

artd

ti QlQz//d^r S if ar lt*'4 Q, f,ru

urhenever QfQZ is def ined.

LE$111,14 2" Let Q = (C1i)1=1,...,n1j=1,...,* bu a ntatrix with real

wl i ich sat isf ies Q(1*) = 1n. Tl ten

1 l  e l ( , * s t - t ,

where
& )

t  z= min 
'X((A;1)i=1,. . , , , . , . , ) .

i = l r . . . r t ]  
- r r  - '

Proof" It is enough to show tl iat

= 1 ,X(v )  >€ , ! (w)  )  € , ,  t l ren

l<rx,r> -  ({ ,w)l5 tr  -A }CI (c( )  
. . . ,

for arry ( = (c{r, .  .  .  ,{*)€ Rm, r,vhere (-,") stancls for t l te canonical scalar procluct 'of Rm'

' fhe desi red resul t  rv i l l  then fo i lorv  by cot rs ide l ing v  = ' (Qik)k=1, . . . ,D,  *  = (Qjk)k=1, . . .  
,m 

fot

a l i l ( i , j ( n .
'  

L e t  a * r p i r f l { , , ,  b = n r - a x r { , ,  I = [ a , b ] m .  T h e n q ' 6  I , o ( ' ( ) = b * a ' ' S i n c e  t h e  m a p
' ? ? h l - r l

f  z I *+f i , ,  f (u) := (u,v)  -  (u ,w)  is  an af f ine n ' )ap,  f ( l )  =  co f (ext ( I ) ) ,  wi lere ext l  denotes the set

of extrenre points of I  and co stands for t lre cottvex l tui l .

t 'e t  f rG ext  r ,  /L Vr,  "  .  . , f  * ) .  
' t r ,ef t  

f 'kc lu,u f  for  any l< = 1" "  'm'  Denote

nonnegative entries

i f  v  =  ( v r , . , . , v * )  6  R s ,  w  =  ( w 1 , . . . , w m ) G  g m  a r e

such t l tat  v I  0,  w ) 0,Fr"O = 1' f i* f

t{
a

One of

= { o l i < k < r n , f k =

the sets I{* and I{U

u j , n o = { n l r sl , / ^ , f t t * b j '

has at least n/? elemelrts'  Suppose card Ku I n/?' Since

f r , * ,  )  a,  we l tave

tW\ = t',,ff uo * o,Ho u*' 'f"*' =



for the ntatr ices Q,., ut t  for t lre ntatt ' ix Q in Lemuta 2'

= max I  u , , l
k = 1 r . . . ,  m  

N

I
I
J
.1

: .ll
: i i' : l

: l

, , ,

l

I

a

For v instead of w we also obtain

t t / s l > - ( t - e X b - a )
/ ' '  -

The case earcl l\O) n/2 can be treatecl similarly and we obtain the same results.

Thus for any /ieu*tl 
we liave

- ( 1  - €  x o * a )  s f v ) 5 ( 1  - € x b - a )

nenee f(t)  c t-(r  -e Xb - a),  (1 .-  C Xb - a) l

and so

f  r tu [5 (b  -  aX1 -€  )  =  Gr (d 'X i  -€  )

oo a2

Recai l  t r ra t  J i -  0- 'T . . )  =  0  wtrenever  0 l ' r7 .S 1 anO E' / r - ,=M.  TSerefore,  by
n = f '  

'  1 1 -  -  
I t ' -  n = 1  " l

concli t ion (x) we ltave

(**)  I f  ( r  - t  
n)  

= 0 (V) no )  1 '
n=llo

Note i lrat due to Lernnra 1(a), i l ie 2in,s defined irr the Tlreo|cnr l tave t l te same meaning

a
*

For v = (v1,  .  .  .  ,u*)*  cm, c lef ine r(  v l ;*

Now we can Prove the fol lowing:

LEntl, lA 3. For altY xGA^ rve have
" n

(a) t inr C,(X^(x)) = 0;
Y1.'a'Q; 

rr

(b) tim llff^(x) -T(x)"1.' l l,* = 0 for sonre'e(x) ec'
n'-+*S " 

-n

Proof'  Let n ) r lo'  since both Cd and i l ' l / tr$ are senrinorlrs'  we can deal separately

wit lr the real ancl imaginary palts of X,.,(x). Denote by ReX,-,(x) and I* O(n(*) the vectors

wliose entries are the real and respectively, the inraginary palts of the entries of {n(x) '

By Lenrn la. l (a) ,  we see that  '



B

ne {*r(x) 
= Qn(Rd(,.,(x)), InrQ(nr-r(x) = Qn(lmfxn(x))'

Lemma 2 impl ies that

cd (Re k'n.,.r(x)) < ll Qn (6nr'ct1gup4,l(x)) J (1 - gn)(qReo(n(x)).

l

(x))  and then, bY (**) ,

Iterating' we get

n
(ne{1+1(x)) S J" 

(t
o

Iim r"o(neQ(n(x)) = 0.
h-p cro

Since

- 6ru) rJ(Reo{no

I(Reo(n(x)) = 
;l%*o"fr n(x) - 

,5111^
- *  l ' l  

- *  i l

Lemma 1(b) inrPlies that

lim lt rrec(n(x)-  a ' t "  l l *  = Q
n

R"ql(*),

l'l*-+ oo

for  some a6 R.

Tlte veetorslm Dfn(x) can be treated similari ly.

LEI\4MA a. (a) The maPPing

xd A6o;*-f(x)GC

.  cont-inuo u.s'
b \ , @ 4

is a\itor rn alized

"6€{!g

.-:aF'

Proof. (a)

trace on Aas wlrich can be extended by continuiiy

Any trormalizecl trace on Ao3equalsS'

The linearity follovrs from the fact that

to the whole A.

O(n(ax r-by) = a{(x) +'u{(V) fot any x,VdAn

I t  is  easy to  see l6at  X, . , (1 ,  = le .  l ienceT( i )  =  l '

since I trc*tlll S li t*r1,{'Stl*;1' we see

l ' r r* l f5 i lx l r .
$inri tar i ty,  X n{x*x) )  0, hence'E(x*x) }  0'

That-Z- is a trace fol lows fronr the relation

and a,b G f i .

that |l c('',(x) fi.* J li *li' an':i hence



1
An l ra.ve unique normal izcd

by a nonnegative vector

X,",(*u; = O(^(vx) f or anY x,Y € A,.,,

'wlt iclt 
is a consequellee of the clcfinit ion of 0(n'

. (b) Let p be any nortualized traee on A ; Sirrce tl ie faetors

traees, the restriction of p to tlre algebra An is described

1 q c. .  . :3 .  , .

tn= ( t l , t f r , . . . , tn t t )  w i tn t t [  =  t  :  i f  x€An,  t l ten
l \ _ I

e
n" v k .

!r(x) = D tfx[t*l
l<=1

'f l ten for al l  x € An,

l ir(x) -'e(x)l ={Htfix [r-r -ztx)]/i$;,liltrn(x) -'tr(x)"i" l/oo

= l l  M  t " \r r  _  \ l l \ . ! ,

I let tce LeDIII '13

- t(x).i. ll*
n

3 (a) irnpl ies t l tat F(x) = f(x) for al l  x6{o'

4

LEM1\.IA E. suppose (x) lrolds ancl 
-E is the above definecl trace. Tlten z is faithf ul i f

and orrly i f  t l-re algebla A is sir lple'

I

proof^ Denote rry 01., the milrimal central projection of An corresponding to An'

I t  is  known that A is s imple i f  and only i f  for  any I  )  1 and any 1 <l  < cn'  t l tere is a

p )  n such that t i ro i r rc lusion nratr ix on,p = ( t [ 'p) i=1. . . . ,e, . ; j=1, . . . , . , . . ,  fo An t  Ao has ot i lv

nonzero e*t' ies on i lre l- i lr row ti.". nL i"ntorr" i, ' ,  ott f"lt;;r rrn't,rTund' of Ao)-just lool< at

.i lre?ttgcr.iption of i lre ideals in i lre Bratteli diagram of Ao'

Sinee

c{ ot"ll 
= (ril'Pnti')/,'',i:, i = 1,' '' ,*ptr

see grat the above concli t ion on i lre inclusion matrix is equivalent to t l te fact that c(p(eln)

ort ly trottzcro entt ' ies. 
l

suppose f i rs t  t l ra t 'z :  is  fa i th fu i .  c l roose n )  1  and 1 5 l  1 in '  s ince r (en)  1 0 '  and

I  I  t t  

t

rimf/ci^(cll - rtol.,lr" u* = s,
P ' -+c$  

P  l t '  "  "P

i ' fcr i lrat for p lar.gc errougli, aII t lre cutries of 
%(el) 

&f e nollzero' Tltus by the above

we

has

we



1 0 : '

remark,  A must be simPie'

suppose now that A is simple. It suffices to prove tlre faithfulness of "4:on A*' Indeed'

s ince  3  ={xc_Al - f l xxx)  =  0  Jo  u  l r i }a t$a l  idea l ,  i t  i s  l<nown t l ia t  ( [1 ] )

' O o
t |  A .

J = clos 5 t,l fl nn).
l l - I  l l

on An is central, it suffices to shonr trrat-7'-(e]",) > 0

Since A is simple' v\'e know that there is a
I

p ) n such that Yin(en) ltas no zero

entr ies,hence
'  I ' l t ( u i  ) l  k =  1 , . . . , c * t  >  o .a o = m i n l X n  n  p l ,  - '

Frotn Leffi lr l& 1(b) we infer t lratfte]r) ) ao ) 0'

For proving tlre rnixing property of "f lve

results which t 'ue recot"d belolv'

Since tl ie support projection of any trace

f o r a l ] I = l - r ' . . , c n '

,  For  a f in i te  d inrensional  C*-a lgebra '  wi th

denote by Diag(x)-the set of values wlt ich are on

need two elementary and possible well known

a f ixed sYstem of

the cJiagonal of x.

rnatr ix uni ts and x€N: we

Tlten there is a unitary u€il '1at, ' ,(C) suci i

(namely tr(x)). (This statenretrt also holds for x I

'  
1'o see t5is, notice f irst t lrat since x = x*, tSere is an ort i togonal basis of Cll  with

respcet to wrrich x has diagonar.forrn, hence the corresponcJing matrix'as rear cntr ies' I f  rve

c o t t s i d e r ( A d u X x ) i n s t e a d o f x , w l r e r e u i s t l r e u n i t a r y t h a t c l e s c r i b e s t } r e c l t a t i g e o f

coorcl inates, t{e ma)t assul)re that x€ I\ latn(It) '

\{c shal} obtain the assert ion by in<iuction'

REi\tAttr{ tt- Let x € l\'lat,r(CF,6(An), x = xo'

that Diag((Aci uXx)) has

xo but its Proof lvorrld be

only one element

rnore in t r icate, )

, i

I

I

Let n - ,, - =(: 
l)"*"tr(R)' 

l{e derine
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/ cost sirrt 
' \

, '  = { )e ?/(matr(B)), ta{o , ' ir lzJ'
'  \  -s int  cost  /

. /a b'\
s i n c e  ( A d u o X x ) = ( "  

; )  
'  ( a o u T u 1 2 ) G ) - ( " - r ; ) '  a n c l  t ' . - - * ( A d u t X x )  i s  a  c o n t i n u o t i s

f, 
function with values in Mato(R), i l ie Darboux property-of it implies tlrat there is a t6 l0'{(l2l

. s u c l r t h a t ( A c ] u , X x ) h a s e q u a 1 d i a g o n a 1 e n t r i e s . M o r e o v e r , /x *\
(3)  (d) . \cn,  min{a,df<, \1 n l"" {" ,d1+ (3) t€[0 '  rL l2) '  suclr  t l rat  (Ad utxx)  

1* . ]

T'e statement is proved for n = Z. Assume we liave proved it for o - 1, n I 3' Let

x = (a,j)€Mat*(lt). If x lras diferent diagonal entries' one of thenl cliffers from tr(x); let's
'  

l l  
l L n \ r L l '  "  

' :  " * "  
- ' '  

.  :

say it is a6-\te may assume that arf tr(x)' There must be an io l l  such ttt"t 
"roro 

> tr(x)"

/ t r(x) * \
x ' :=  (Adf , , l t * l  = [  . .1t 

\ * x"l

.where x"6[4at , . , * r (R) '  BV the induct ive assutnpt

Diag{. '&rl u";(x")) }ras ott ly one Value' namely tr(x") '

* + ?  
l l  o \  I

=  u ' = l  ] ,
\o u"/

!  then Diag ((eo u'drXx)) lras.only.one value'

: nEh'lARI{ 5' Let N be a f inite dimensional

units, ancl let p be a trortrtal ized tt 'ace on N'

If  x,y € N and y lras a diagonal fornt '  t l ten

l\te may eonsider io = 2.

Due to (3), there is a unitat 'Y

such t l ia t

' i '  =( ; '  
, :  )€Matn(R)

ion there is a u"e l\1ert,.,-r(G) suctt that

I3Lrt tr(ar') = tr(x); hence if

systent of r l tatr ixC*-atgebra wi th  a f ixed



-"1

1.2

{ p(xv) - p(x)p(l ')15 i{

wtrere A*t*) - nlax {lt 
- *'

(x),

e niag (xf

, r l l A
J ' I  h I

I \

|  { a ,a '

lTl

easy colnputatlol l .  Srt l :pose that N - 
9i 

i \{atn.(#), and }et
i= l  " i

g

t = (tr, . . . ,t,n) be the veetor of the rrreights of the

sumlttancls of N in the trace ir (so thatfl '  tt '"tt - 1)' Let
l = l

1 1  t _ 2 ^ 2 - m o f f i
u i ,n i , . .  . ' u i l , ' i ,  " . ' un r "  " ' f l l '  "  ra  h f f r

ancl respcctivelY

, 1 . 1  . 1  - Z  ^ 2  k m  n - h l
b i , o ; , . . .  , b i ' '  b i ' . .  '  ' b n n ' "  ' , D l  ,  "  ' , D  r r n

L L

(ttre upper index indicates the factor sunrmand of l '1).

' lhis foliows bY an

' Tlten fr g'

p(x) = \ ?.u-r
l = r

= \ l
/-t a t,

a  ,  \  t  .  ,  \ i
I tr(xy) - |t(x)lt(5171

*1 , - j

ff i  { lg niS

z i X-,., t,.tu,kuj< -
l<=1 i=1 j=1 '  r \

rninitnal projections of the factor

t lre diagonal entries cf x and Y be

in A given in Lemtna 4. ' lhet i  the

A' s suclt that t l te
n

rn

D
I=1

rn ngg

p(y)=I tuE-o l * ,
k = 1  "  d = l  '

r/I nt .'  
u(xy) = Xtu Za,Kul'

k= l  
' -  j = l  '  r

(because y has a diagonal form)' Since
m

r = X
1=1

n e
X t , ,
i =L

i1')=lz
t  

l=1

ulul'l l<
I  I  r -

nn $1 4t ni'

( U  X  X X t r t k ) ' q u * l u l ' -
i l  r=r l=r j=t '  ^ k, l , i , j  J

u l i ' *u * i r r , k  i  =
' k r i J

E is tlte trace
ii:
l.

LE&lnlA S. Suppose (:") l to]ds and

n
action'f is r l ixing ivith respect to c '

Proof" Cltoose the systems of rnatrix units i t t  the

&rc sums of nratr ix units of A,r+l for al l  n'

matr' ix units of An
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Let x,yd Ao*,  X = X* ' ,  y = y{ ' .  \ \ te lnay assumc x,YG A,. ,  .  Since y is sel fadjoint '  t l iet 'e
, . o

is a u*'J/(A,., ) such that (Acl uuXy) is <liagonal in tlte tnatrix units system of o,ron
('', "o

mofeover, this rvil l  l iold in all An' n ) no'

From the Reniarl< 4. rue infer that for n l rror there is a una1t(A,-,) such that

I  r  l ,  r  1  . t

Diag (l(Acl unXx))].}) = 
{ trl ixJ),. l \ 

= {X ntx) i 
fcr: all i  = l- '  " '  ten'

t  - - . .  ,  ^ , ^ t

lrence An ttAO unXx)) =ur(0{,.,(x)). $ince 
*t}}1u{dn(x)) 

= 0 and f ((Ad uXx)) =T(x), b5r
' - n

Remark 5.  we see that

I
ii' i i

ri
li
ti
ii
iix
1
i
il
ii
fi
il

{

h,
\q

l r t tnc ujunXx)v) -

S ll tno uoXv) llAa

B.S l') ---*'oo.

tr(x)r(y)/ = f rttao unXxXAct uoXv)) -f((eo u

((Acl unXx)) =li y il c+(dn(x))* o
n

,.,Xx))T((no uoXv))Jl

LEf,lA{A ?. (a) l\ i i th t lte

e  e  f  - 7
t . /zdn- ' rot  5 or-1"-  t ,

Sence (2) *i ,  11; *: '  (*).

notations of the CoroliarY'

( € , .  ( k  >  2 ) ,
l \ -

so rve proverj the rnixiltg property for x,ye 11t*')tr. That it also lrolds for any *,y* \

can be proved us ing au obvious approx imat ion argutnent '

(b) If  any of (1) or (2) lrolds, thert the algebra

(b), the unique nori:ral ized trace on A is faithful '

*n"trrroof. (a) since ,u,. = t l l , ,- lntk*1,lv€ see t lrat
(p-l

(n',axr,T-tl ' f 'n.,]t-t l f-t, ' i-t '  * 'k-1 = 
"' ' lo )' " ' ; , ; ' t ,  '  

f1  
" ' t  r  

i ; t  
- t '  I  J  -

A is  s i rnp le,  l ie t lce,by t i te  Theorem, Par t

r\
.r

lr- .t 
ct't

)  ( rn in  t , ] t - t )  '  X
i , j  u  l=1

f o r a n y i = 1 , . . . , c 1 < .

I-lertcc

k - 1
l i l r

(4) mr,, mjui,r''i* *i, ) 'il ',T-tt*lj '$-t = 6 n r'
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The result can nov'r be bbtainecl using the followirig straightforwarcl inequalit iesl for any

n o t t n e g a t i v e  l l o l l z e r o  v e c t o l s  l v  =  ( w  1 , . . . , w - ) ,  a  =  ( a * , . . . . a  )r .  n ' '  L '  n '

I/Z . nrjrr w,/nrax n,, < X (w);
.  e  '  t  r -

,  ( r l r i n a .  '  t ' \ y ' r  '  ' 1 / "....:-.. *i/nl.ax aiJ',Ir(v\') 1{((arw' a.vt 2,. . . ,a,.,vu,.,)).
i - L '

( . ^ J

t" 
Tlte first one of these inequalit ies gives t/Zd vS{.ltr, rvhile the second one anci (4)

-  c  7  < € . .g j v e s  C J ,  . C(, '  - ' -  
k_1 l(  - .  l (

(b) Both ( i) and (2) inrpl.y that there afe an inf inity of R,. 's with no zero entries" This

impl ies that  A is  s imple,  by the saf i re  argument  as t f ra t  used in  the proof .o f  Lernrna 5.
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