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.ASYMPTOTTC 
COMPLETENESS OF THE WAVE OPERATORS FOR

SIMPLY CHARACTERTSTIC OPERATORS AND LONG-RANGE

POTENT]ALS BY ENSS. METHoD

by Mihai PASCU

1. IMTRODUCTION

Le t  H^  be  the  se l f -ad jo in t  rea l i za t i on  i n  r , 2  (nn )  o f  t heo

operator  o f  convolut ion wiLh a real  c-  funct ion p 'def ined in

RN:

H o r ( x )  = p ( D ) u ( x  l =  { 2 n ) - n / e i < x r 6 > p ( 6 ) 0 ( g ) c l 6 ,  0 . c l t n n )

Here 0 denotes the Four ler  t ransform of u.  We assume that p has

the fol lowing propert ies :

( i )  there exist  two posi t i -ve constants c and 6 such that

1 + l e ( g ) l n l p ' ( 6 l l > c l q l 6 ,  ( v )  E e R n ,

( i i )  l n ( o )  t g l  l s c o ( 1 *  l p  ( E )  l +  l r '  ( E )  l )  ,  ( y )  E  e  R n ,

( v )  o e N n ,  I a l z 2 ;

( i i i )  i f  c v = { p ( g ) ,  p ' ( { ) = 0 }  t h e n  e '  i s  a t  m o s t  a  c o u n t a -

b l e  s e t .

I f  P poJ-ynomia l  we can see us ing the Tarsk i -se idenberg

theorem that  the assumpt i .on ( i )  may be replaced wi th
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A po lynomia l  wh ich  sa t i s f i es  ( i ) '  and  ( i i )  i s  ca t l ed  a  s imp ly

cha rac te r i s t i c  Po lYnomia l  t [ a l t

T h e s p e c t r a l p r o p e r t i e s o f H o w h i c h i s u n i t a r y e q u j - v a l e n t

(v ia  the Four ier  t ransform) wi th  the operator  o f  mul t j -p l icat ion

w i t h P ( q ) a r e w e l l ] < n o w n . I n t h i s p a p e r w e s h a l l d e s c r i b e t h e

s p e c t r u m o f a p e r t u r b e d o p e r a t o r H = H . + V . T h e p e r t u r b a t j - o n s V

considered here can be 'decompo.sed in  two par tsr  V=Vr+Vl"  Vs is

' :  
the short-range perturbation and v" is the long-range perturba-

* t i o n . T h e c o n d i t i o n s j . m p o s e d o n V , a n d V " a r e t h e f o l l o w i n g :
N

( iv) there exists a number N in 0{ such that dom V,=dom }Io

( d o m A i s t h e d o m a i n o f d e f i n i t i o n o f t h e o p e r a t o r A ) ;

( v )  l l ( H o n i ) - N v s o t ; l  t t e l l  ( n * ; d r )  f o r  o n e  ( a n d  h e n c e  f o r

o in  c-  (n t )  ,  o  (x)  =0 for  lx ls l  /z  '  o  (x)  =1 for
every) funct ion

I x l : 1  ;

( v i ) t h e o p e r a t o r V " i s a n o p e r a t o r o f m u t t i p l i c a t i o n

w i th  a  C-  func t i on  V" (x )  and

- A  -  l ^  |

I  aXvi,  (x) |  sco<*'  
oo' '  * '  

,  (v) xeRn '  (v) * e Nn

w h e r e  6 o  i s  a  p o s i t i v e  c o n s t a n t  a n d  < x > = ( 1 + l x l ' \ 1 / 2 '

(v i i )  the per turbat ion v=vu+v"  1"  a  s ln lmetr ic  operator  on

I\1

dom Ho ;

(v i i i )  the operator  I I  is  a  set fad jo in t  extens ion of

(Ho+vs+vr)  
[ao*  Hf  i

1ix)  p  (U)  - ,1 ,  (Ho)  is  a  compacl  operator  for  every ip  in  C;  (R)

(x )  v (H)  ( ro * i ; *  i r  a  bounded  ope ra to r  f o r  eve ry  i f  i n  c ; (R )

N o w v l e r e c a } l s o m e n o t a t . i o n s . l f A i s a s e } f - a d j o l . n t o p e -

rator  then l {u" \x \  is  Lhe subspace of  absolute cont inu i ty  of  A '

pac (A)  j - s  t he  o r thogona l  p ro jec t i on  cn  th i s  subspace '  4 " * 'O '  
i s

the subspace of sirrgularly continuoug vectors and Ran A is t] .re \
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range  o f  A .

The  ma in  resu l t  o f  t h i s  paper  j . s  t he  fo l l ow ing .

T I {EOREM"  I f  t he  assumpt ions  ( i ) - ( x )  a re  sa t i s f i ed  then

there ex is ts  a C-  funct ion W:RxRn + R sucLr  that :

(a) t t tere exj .st  the modif led ! /ave operators

frr=1-r- i1n . j - tH"-  
j - I t r  i t  'D) p. ,  (Ho) i

r - i f @

- u t
(b) Ran W1-=41[,r. (H) ;

1c )  f f s c  (H )  =  { o  } ;

(d)  the e igenvalues of  H which are not  in  Cu are of  f in- i t .e

mul t ip l ic i ty  and they can accumulate only  in  the points  of  eU"

REMARK. 1 )  Tnstead of  (v)  and (x)  we couLd assume that

r f  ( H ) v s  i s  a  b o u n d e d  o p e r a t o r  a n d  I  l , p t s t v s o ( ; )  |  l . l 1  ( R * ; d r )  f o r

6 1 r a  r \ r  r l r  i  n  t . -  
-

vvv ! - r  -o (R)  and  O  l i ke  i n  ( v )  "  Oom Hf ;  can  be  rep laced  w . i t h

any set  whj -ch is  inc luded in  dom I Io  and dense in  n2 (Rn)  .

2 )  S t i gh t l y  mod i f i ca t i ons  i n  t he  p roo f  o f  t he  theo rem pe r -

rn i t  us to  consider  funct ions P which are not  smooth in  the whole

space .  More  p rec i se l y  we  can  assume th .a t  P  i s  C -  i n  Rn .S ,  t ha t

( f  )  and ( i i )  are sat isf ied in RnrS, that  qUf l3) i s  aL  mos t  a

countable set  and that .  i f  K is  a  compact  set  in  R.CUUFG) ,  then

d i s t  ( p - '  ( X )  , S ) > 0 .  T l 1 e  l a s t  a s s e r t j - o n  i s  t r u e  i n  p a r t j - c u l a r  i f

S is  a  bournded set .

We shal l  g ive a t i rne-dependent  proof  o f  the theorem stated

before"  Our  proof  was inspi . red by Lhe paper  of  Uuthuramal i r igam

r - ' 1
LZ  l .  I n  t ha t  paper  he  p rovcd  a  s im i l a r  resu l t  f o r  second  deg ree

polynomia ls  P and more rest r ic t ive condi t j .ons imposed on Vr .
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Time-depend.ent proofs of the asymptotic completeness for the

case [n (6)  I  *  *  when lg l  +  "o  can be  founc ]  in  a  l -o t  o f  papers .

We menL ion  here  those o f  $ imon [g l ,  K l tac la  and Ya j ima [U]  and

If t im. ie [Ul .  In fact  in IZJ Mut.huramat ingam has adapted the

proof of  Ki tada and Yaj ima to the case of  s imply character ist ic

operators of  order Lwo"

2. APPROXIMATE SOLUTIONS OF THE HAMILTO.N*JACOBI

EQUATTONS

F ' l

I n  l 3 l  t he  func t i on  I { ( t ,T )  wh ich  de f i nes  the  mod i f i ed  f ree
L  , I  

- J

evolut ion is  a  so lut ion of  Lhe Hami l ton-Jacobi  equat i -on

' 3 w ( t ' g )  =  p ( F ) + \ /  ( a w ( 6 , t - ) . 1
a t  

4  r \ 2 ,  v l , r  
a E

In  th is  paper  we do not  use an exact  so lut ion of  th is

equat ionr  but  an approx imate one.  F lowever ' the modi f ied wave ope-

rators def ined here d i f fer  f rom those def ined in  tg l  on ly  by a
L J

constant  factor

We proceed now to the construction of the approxinate

solut ions of  the Hami l ton-Jacobi  equat ion.  Let  X be a funct ion

i n  c - ( n n ) ,  0 s x s 1  ,  x ( x ) = 1  f o r ' ' l * l > z r  x ( x ) = 0  f o r  l x l s r  a n r i
l a

p e [ 0 , 1 ]  t o  b e  f i x e d  l a t e r "

L E M I V I A  2 . 1 .  T f

v ( p , t ; x )  =  x ( p x l x ( + F ! i ) v r ( x ) ,  x € R n ,  t e R  ,

b

then

I  a l u ( p r t i x )  |  s c o , q p t . t r - u - t . * ,  l o l * u - t
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f o r  x  i n  R n  t  e = 6 o / 4 r  V = 0 , 1  , . . . , g r  v 5 l o l  H e r e  q  i s  a  p o s i t i v e

integer

The proof  o f  th is  lemma consis ts  in  a s t ra j -ght forward ca l -

cu lat i .on and we sk ip over  i t "- I

We def ine by recurrence

Y  ( 0 ,  e , l  o x r E )  =  Q

t
V ( m ,  e , t , x , E J  =  /  V t 0 r r r X * r P ' ( E ) * Y ; ( m - 1  ,  Q r r  t x r E ) ) d t  I

o

m = 0 1 1 , . . . , m o  r

w h e r e  m  e S 1 < ( m  + 1 ) e  .
o o

We also in t roduce Lhe fo l lowing notat ions:

Y ( m ,  g , L , E ) = y ( m r p r t r 0 r 6 ) ,  Y ( m r t r 6 ) = Y ( m , 1 , t , 8 1 ,

Y  ( p r t  r X ,  6 )  = Y ( m o r  0 , L , x , E l

W ( m ,  e , L  r x , € l r ; " { + l P  ( q )  + Y ( m r P r E , x  r E )  n

I , I t m ,  p  r L  r { ) = w ( m , p , t , 0 , E } ,  w ( p , t . 6 } = 1 n J ( m o , I , t , E l ,

w ( t r E ) = w  ( 1  , L , E l  ,  W ( p , t , x , 6 ) = W ( m o r P  , L , x , E l  -

For a f ixed numb'er o*( '0 ' r ' '1 ' i ' ' 'urrd two posi i ' ivq constants a

and A we set

D . = D ,  ( o r a r A ) =
. f T

= {  ( x , 6 ) ;  x : P ' ( 6 ) : * o l * l  l p ' ( 6 )  |  , l  p ' ( E )  l : a ,  l P ( E i  l s e t r { - l P ' ( g }  l ) } ,

D - =  { ( x , 6 ) ;  x . P ' ( g } s o l x l  l e ' ( { ) 1 ,  l p ' ( q )  l > a ,  l p t q t l 5 A ( 1 + l n ' t e t l ) }

L E M M A  2 . 2 "  F o r  e v e r y  q  i n  N  t h e r e  e x i s t s , a  n u m b e r  P o e ( O ' 1 J

such that
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m < m-  o '

( i )  l u ; u ( m , 0 , r o X , E y  1 s c * o t l t l t ^ e  ( X ) - e  ,  l a l s e + m o - m ,  r n s m o

t ? 0 ,  ( x , 6 ) e  D * ;

.  ( i i )  l a ? u t o , t , i \ 7 ,  ( m , g  , L , x , 6 )  l s c * p e < t > - e  < x > - e  ,  l o l s e + m o - m * 1

p S o o ,  t ? 0 ,  ( x  , E l e D  * i

( i i j - )  I

t

I

a i a l v  ( r n , p , t , x ,  g )  |  s c m p t . * r - t .  I

( x , q ) e o * ;

l t F  
( p , t , w i  ( m ,  p , t , X ,  6 )  I  s c m p e < t >

l g l s q '  m 5 m o t  p s f o r  t z o '  ( x , q ) e D

n f  [ "  
( m , p , t , X , E ) - Y  ( m - 1  ,  p t t r " , q ) ]

Q ,  m S m o r  p S p o r  t e O ,  ( x r € ) € D t

o I  SQ+mo-m, o . f o f s u ,

m<m '-  o '

s  I  sqr-m -m-1
o

( v ) r: 'l -mc
s c m p e  < t >  

|  - r t t u < x > - - e  
,

I  o l  sQ*mo-m,

P r o o f .  W e  s h a l l  p r o v e  o n l y  ( i )  a n d  ( i i ) ;  t h e  p r o o f  o f  t h e

other  s t -a tements of  the lemma is  s iml l .ar .  I {e  consider  on ly  the case

o f  t he  s ign  r ' + "  (mos t  o f  t he  asse r t i ons  i n  t h i s  papeq  w i l ]  be  p roved

on ly  fo r  t h i s  case  s ince  the  case  o f  t he  s ign  r ' * r r  j - s  i n  genera l

ana logous )  .  The  es t i rna t j -ons  ( i )  and  ( f  i )  can  be  ve : : i f i ed  s imu l ta *

neous l - y  by  i nduc t - i on  w i th  respec t  t o  m ,  I f  ( i )  i s  t rue  fo r  m ,  t hen

( J t " J  - r s  a r s o  ' l * : : u e  f o r  m "  I n d e e d  ,  t 7 u  ( p u t r w  f  ( * , f  , L , x , I ) )  i s  a  s u m
) ' J -

of  terms of  i ;he form

tzo '

)  l a

,  0 <

l ^ 0
l o *' f

l s l s

0 5  0 o ,

( i v

c ta$rr rp,u; id '  {m,p,r ,x, f , i , ] ! l  r ; t .*  
(r i )  

1tr  (q}+v(m,p,r ,xoE) )  o

w h e r e  { i . )  i s, "  
L ,

n o n z e r o .  H e r e

Now Y

$  j n n  / i ' i  \  - { t r r ^ n t *
L - L \ J r r  \ r r ,  ! r v r r r

2 . 1  "  I { e n c e  t h e

the  mu l t i i ndex  o f  l e r tg th  one
l s l

o . l B l s l " l  ,  
' l  y , = o ,  l v , l l o ,
i = 1  :

r , r hnca  i  *+h  r r nn lna )n r rn . | -  i  eY{ l , vuL -  JL  " , .  ' " - i . i I

a  r ^ r  
l Y l

i = 1  , 2 ' " " . l B l '  I  ( j . i  ) " 8
- L -  |

( m , p r t r x r 6 )  s a t j - s f i e s  ( i ) ,  t h e  f u n c t i o n  P - ' t h e  a s s u n l p *

the  i n t roduc t i on  anc l  V (p r to . ) - t he  conc l "us ron  c l f  Lemma

absolute va lue of  such a term can be est i .mat-ed on D-
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by

cp . t . t r -e<x+ tP '  (  E )  *Y i  (m ,  p , t , x ,  E l r -  I  B  |  -u ( t l  
n '  (E )  l * c *p t t l - t ,  |  

0  i
t a

But on D* rnre have

l x + t p ' ( 6 )  |  > l x l + t l n ' ( 6 )  |  1 = ; c o (  l x l + t l r ' ( E )  I  )  "

then

scmpt t l -u= . *pe r  I  p '  (g )  I  =F .  l r '  (6 )  |
c ^  4  t ^

( ;=91  ,2 "  
.  Hence

4 Wm

_ 1  _ 1  _ 1 r
< x + t P '  ( E ) + Y l ( m r p r t , x , E l > ' s c m i n { < x > '  r . t l P '  ( q )  >  }  .

So  we  can  fu r the r  es t ima te  ou r  exp res ion  by  Cpe< t> -e<x>- t

r f  r s  l p '  ( q )  l -  
1 /  e . u - 1  / 2  

,  t h e  d e r i v a t i v e s  o f  v  ( p  r t , w i  ( * , p , t , x , 6 )  )

a d m i r  t h e  m a j o r a n t  
"  

( a )  p e < t >  t . * r - e  s i n c e  t  l p '  ( E )  |  s a -  
( 1 - e )  / e .

S u m m i n g  u p  o n e  o b t a i n s  ( i f 1 , '

In  order  to  conclude the proof  we remark that  ( i )  j -s  t r i -

v ia l  for .  m=0 and for  mlO i t  i -s  an immediate consequence of  ( i i )

fo:: m- 1 .

Q . E " D .
' h

LEMMA 2.3 . For every q j-n N and for every compact set KcR"*

we have that

t t t  I  u l " ( m , p , r , 6 )  l - . c * l t l  
1 * u ,  

l o l s q + m o - m r  p € ( 0 , 1 J  r  m s m o  I

6€ K,  t€R;

( i i )  1  a [ t a l v r  ( p , t , w i / * , g , t , € )  )  l s c * < r r - t - l  B l ,  l o l  s q * m o - m - i

I  g  I  s e  ,  Q e  ( 0 , 1 J  ,  m s m o ,  E e K ,  t e R i

r f  r e l e ' ( 6 ) l : r ,

l v ;  t m  , Q , r , x , 6 )  |

i f  p  i s  sma l l e r  t han

( i i i  )

I  o  |  59+rno-m,

I  a i  t v ( m , p , t , 6 ) * Y ( m *  i ,  Q , t , 6 )  )  |  s c * < t > 1 - m e ,

(V(

0 € { 0 ' 1 f  ,  m S m o ,  € e K l  t ' € R "
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The proo f  o f  th is  lemma j "s  s imi la r  to  tha t  o f  Lemma 2 .2  i f

we make use of  the i -nequal i t ies

l a l v ( p , r , x )  l s c ^ , < r >  l o l - t ,  l c e R n  r  e r l ( 0 , 1 1 ,  t e R' x c x ,

LEMyiA 2"4"  For  every  p  in  (0 r1J  there  ex is t

l . i m  ( W ( 1 , t ,  g ) - W ( p , t , 6 )  )
{- .++ oo

uni forml-y  wi th  respect  to  E in  a compact .  seL KcRn

q r o o _ € "  s i n c e  w ( 1 , t , 6 ) - W ( p , L , E l - Y ( m o , t , E ) - Y ( n o , p , t , E l ,  i t  i s

suf f ic ient  to  proye by induct j -on tha. t  there ex is t

l i T  a l t v ( m , t , 6 ) - v ( m ,  p  , t ' , e l J  ,  l o l 5 m o - m o  m = 0  , . 1  , . . .  , r n o
l +  + c o

We suppose that th is assert ion is t rue for m-l  and we prove i t

for  m, We have

t

Y ( m , t , 6 ) - v ( m  , e , t , E ) = J  [ u  ( 1  , r , r P '  ( 6 )  + Y ;  ( m * 1  , t , € ] ) *' o t  c '

1
+  ( x - y ) '  J  ( a r . v )  ( p , t , o x +  1 1 - o ) Y l d o

o

Hence

t
Y ( m , t , { } - Y ( m , 0 , t  , E ) = J ^ [ o ( 1 , ' r , w i  ( * - 1  , r  1 6 ]  ) -

o

q

- v ( p , r , w l  ( m * 1  , r , E ) f l  a t + J  ( Y i  ( r n * 1  o r , q ) * v ;  ( r n - 1  , P r r , E )  ) '' q '  J  ' o  q  q

1
"  J -  (Axv)  (po ' r r . r ,P '  (g }+0Yi (n r -1  , ' r ,q }+(1*0}v i (m* t  rQ, r ,e }  }  dOdt

o



In the f irst J"ntegral- vre havei to integrate only from 0 to to I

whprer l- i  s the smalles't .  number which has the propert ies that"o Ir
<L^>)e  and ; ; ; f p -Z2p- ' i  i f  t  i s  g red te r  t han  to r  t h .en  the  func -o log i<ro> "  o

exls'Lence of the l- imit

L e m m a  2 . 3 ,  ( i i )  a n d  t h e

Q .  E ; D .

The fo l lowing resul t  is  an immediate consequence of  Lemma

2 . 2 ,  ( i i i )  .

L E M M A  2 . s .  r f  l o l ,  l e l s q ,  t h e n

.af_L.

t ion to  J-ntegrate j .s  equal  to  zeyo"  fhe

of  the second term is  establ ished us ing

hypoLhesis  of  induct ion"

sup
( t , x  ,  E ) u D  t

< x > '  t  r l n g [ " ( * o -  1 , Q , L , 6 ) - y ( m t 1  t p t E r x r 6 ) J  |  < -

The last lemma from this section compares the approximate

solut ion W(t rq)  o f  the Hami l ton-Jacobi  equa. 'L ion wi th  the exa.ct

o n e  W 1 ( t r , E )

a tvJ l  ( t ,  6 )  =P  (6 )  nv r ,  t 3  gwt  ( t ,  q )  )

cons t ruc ted  i n  [ : ]  ( rn  fac t  f o r

K s { q ;  l P ' { 6 ) l l o i  t h e r e  e x i s t s  a

t i on  i s  sa t i s f j - ed  fo r  6  i n  K  and

1 -  d
I  a [ t r v . ,  ( t , 6 ) - t P ( E ] ) l  s c o t -  o

every compact set

number Lxr0 such that thj-s equa*

I t l > t * " )  M o r e o v e r

for E in K "

s e t  K .The constant"  Co.may depend on the compact

L B M I T A  2 . 6 .  L e : L .  K  b e  a  c o m p a c t  s e t  i n  { q ;  l p ' ( 6 )  l l 0 } "  T h e n

the l imi ts



i 0

I i _m (W (L ,6 )  - l v ,  ( r ,  g )  )
t+ too

exist  uni formly rv i th respect to {  in K.

gEg!S! , i l - f r9g{"  we set  Y i ( t ,6}=w. ,  ( toE}- , tp(g} .  r t  can be

proved by - induction that

I  a I t v . ,  ( t , { } * y ( m , L , E }  )  |  s c t l -  ( m + 1  )  t ,  
I  a l  s m o - m  n | t e K ,  m = 0 , 1  t . . . r 5 * r .

Then

t
Y 1  ( t , 6 ) - v { m o r t  , E l = J  t r - x ( w i  

"  
( m , - . , - 1 , r  r 6 )  ) "

o  
t  1 9  v

- .  . W i .  r  
( m o -  1  , r  , E )  1 o 9 < t >

.  X (  ) v L  ( w i  
, g  

( * o - 1  , r , 6 )  ) +

I

ft,r

t 1
+ t  ( Y i  

.  r  ( t , E ) - Y i  ( m ^ - 1  , r  o E l  l  -  I  ( D * v 1  ( 1  , r  t t p '  ( [ ) +
O  

| t q  q  u  
o  

x

+ O Y i  , ( ' r  , 6 ) +  ( 1 - 0 ) y :  ( m - 1  , r ,  { )  ) d 0 d tI  r L  E '

Now rve can proceed l ike in  the proof  o f  Lemma Z.  4.

Q " E " D "

3. THE EXISTENCE OF THE MODIFIED WAVtr OPERATORS
)  l i l ) ) . r \ ,  ) ,  ,  ,  |  . ,  >  , r '

rn  th i s  sec t i on  we  sha l l  ou t l - i ne  the  p roo f  o f  t he  pa r t  a )

of  the theorem" Let  W(t rE)  be Lhe approx imate so lut ion of  i l :e

Hami l ton*Jacobi  equat i -on constructed in  the prev ious sect j -on.

Then the l imi ts

+ * H  - i W ( t , D )
l i m  e - ' - - e  , - ' u  

i  )  ( 1 )
t-f + oo

A

e x i s t  f o r  u  i n  S t n t = { u a . f { n t )  r  s u p p  t c f ) } ,  w h e r e  0 = { E ; p ' ( 6 } 1 0 } .
x

The ser  "B ta)  i s  dense in  fC_._(H^)  anc l
CTU L,l
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^ - i W ( t r D l  - n  e  i < x , E >  - i W i t , F ) .
e  ' u ( x )  = ( Z t t )  " J o -  " ' 2  e  i  \ " 0 ( E ) A E

4

L B M M A  3 . 1 .  r f  u  i s  i n , C I { s l ) ,  t h e n  
" - i w ( t ' D ) u  

c o n v e r g e s  w e a k l ^ y

to zero'wi :en t+t*

Proof  "  I t  is  suf f ic i .e i l t  to  show that

(e- iw 
( t  'D )  u  ,v i **o r  t - r+"o I

But

,  - i w ( t , D l  - " n
( e ' J ) u , v ) = ( 2 n J - ! e  i w ( t , E ) i ( E i f ( g ) d q

Let us remark that trfeco (0) " I{ence the conc.l-usion of the l .emma

is a consequence of  the fo l lowing resul t .
t\

L E r \ L u A  3 . 2 "  L e t  a  b e  e q u a l  r o  i n f  {  l r ' ( 6 )  l ; 6  s u p p  A }  a n d  b  r o

s u p { l e ' ( 6 ) l ;  [ e s u p p  A i .  T h e n  f o r  e v e r y  m  i n  N  t h e r e  e x i s t s  a  c o n -

stant C* and tot0 such thaL

l e " i v r ( t ' D ) u ( x )  l s c m ( 1 +  l x l n  l t l l - *  r o r  l f  l *  { $ , z a y  ,  l t l " t o

Proo f .  Acco rd ing l y  t o  the  de f i n i t i on

( e - i l n l  ( t , D )  
u )  ( x  |  =  ( 2 n )  

- n / e i < x ,  f > - i t P  ( q  )  - i Y  ( m o , ' L , € )  
t  t q  t u E

Since

l v ;  l m o  o t , E )  l s c < t > 1  
e

for E in supp t ,  there exists a number tot0 such that

I  x - tP '  (q ) -Yd lmo, t ,€ )  |  : f r  ( t+  |  x l  )

r - - -  t X r - d  - : q r r n n  f i  ; r n r l  f  > t  .  T h e r r * f o r e  i c e  c a n  j - n t r O d u c e  t h el : o r  l g l > 7  r  q € s u P p  u  d l r u  E -  
o

oneraLor
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x- t^ t ; - ( t . ,9 )
T . - - i - - * > _  o  I

, )  u r
|  . . -
l x - t { U ( r , 6 )  l -  

' ( ,

v,rhich iras the property that

L e i < x ,  E > * i W  ( t ,  g  )  = " - i < x ,  t > * i v f l  ( t ,  6  )  ,

Thus

^ - i I ^ I  ( t  r D ) . .  , - - \  _  t .  * r  - - r r  r ^ i c x ,  E r - i w  ( t ,  [ ]  , ' t  m
e  . u ( x ; = ( 2 n )  " J e * " '  r  L ) " " t ( € ) O g

:

" ,
. + m

|  ( t l ) * f i  ( E )  I  s c * ( 1 +  l x 1  + t )  t r '

for  x  and t  l ike beforer  we obta in the desi red est imat ion for
&

t h e  c a s e  l + l f * ,  t > t ^ .  T h e  o t h e r  c a s e s  
" u n  

t .  t r e a t e d  i n  a  s i m i -, t ,  Z .  O

lar  way.

/ . \ E | n
\ z .  D o  J  o

a\

r r Jo r , r -  q in r - r .  ' r  i s  i n  S (C I ) ,  t he re  ex i s t s  a  func t i on  O  in ,r Y v v Y  t  * r r  w \ u u l  t

@ .

c - ( R )  w i t h  0 ( t i ^ ) u = u "  A p p l y i n g  L e m m a  3 . 1  a n d  l - h e  a s s u m p t i o n  ( i x )- o . .  
o .  

-  - - L - E _ J _ " - J

f ron the in t roduct ion we deduce that

i t F  - i w  ( t  
" D  )s -  l i m  e -  * ^ ' (  

0  i H )  - 0  ( H o  )  )  e  ' -  '  u = 0 .
1- + +oo

vv  
There fo re  the  ] im i t s  (1 )  ex i s t  i f  Lhe re  ex j - s t

l i m  O ( l I ) " i t H " - i h 1 ( t ' D ) u ,
t-> + co

,  ^ @  r *  
A

f o r  Q  in  C ; (R)  an t l  u  j - n  $ tn l .  The  ex i s tence  o f  t hese  I j -m i t s  . r " . s

proved by Cook 's  method.  ?{e consider  on ly  the case t++co

L E M M A  3 . 3 "  L e r  u  b e  i r r , S t O )  a n d  0  j . n  c l t n l  .  T h e n

r * r  r d , , r r r  - i i : F l A - j - l ^ t r ( t r D ) . , ' , i  l 4 g < *  oj o l  1 6 g Q  ( n l e  e  ' u l  
l (
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Proof .  We have

A i'* T.r -.i rnr I +. n I .i .r- If

$eo ,H1  e r tHe- iw  ( t 'D )  
r r= i s i t no  (H)  (H-a rw  (L .o )  ) . * i I {  

( t ,D )  
u=

We must estimate four integrals " In what fol. lows to is a

f ixed number greater  than zero and suf f ic ient ly  large"

' oo  r - * - iw  ( t  'D)  u  I  ld t< - .  Th is  es t imat ion  resu l ts  j -na )  J t  l l ' 1 , ( H ) \ S -  * , , d t . - .  T h i s  e s
o

a standard i^ ia1z f rom Lemma 3.2 and the assumpt. ions (v)  and (x)

f rom the introduct ion (see Lgl  )  .

.  b )  I :  |  |  t v ,  ( x ) - v ( 1 , r , * ) ) " - i w ( t ' D l u l  l a t < * .  F i r s r  w e  r e m a r t i'  r t  |  |  '  
l r '

o

t h a t  V " ( x ) - v ( 1 n t , x ) = 0  f o r  l x l > Z m a x  ( 1  ,  < t > /  I o g < t > ) .  T h e n  r v e  t a k e

t^  such that  2<t>/  logct> <at /2  for  t .> t^  and we appty againo . o

Lemma 3 .2  "

i p  c )  J ;  I  l , ( v , ( ,1 ,s r . ,w f  (L 'p rh l r? ,gx{ in6 , , !nD} , }e , iw( t 'D)u l  la t<* .' L o  c '

4

Tndeedo  Lemma 2 "3  ( i i )  and  ( i i i )  imp ly  tha t

l v { t , . , * ;  ( r , E )  } - D . v ( m o . r ,  E }  |  s c < t

f o r  6  i n  s u p p  t .  B u t  ( * o n l ) e '  i s  g r e a t e r  t h a n  1 .

d )  J :  |  |  ( v  ( 1  , t , x ) - v ( 1 , r , w ; ( r , D ) )  ) e - i w ( t n D ) u l  l a t < * .  w e  h a v e
q" o

( v  ( 1  , t r x ) - v  ( 1  , t r w . l  t t r n )  ) e - i w  
( t ' o ) u  ( x ) =

'  = i . i t n q l  ( u )  
[ v r +  

( v "  ( x ]  - v  (  1  , L , x )  ]  +  ( v  (  1  , r , w ;  ( r  n  s  ]  ) - D a y  ( m o ,  t , D )  )  +
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=  ( 2 r t - n  r " i ' * , 6 > - i w ( t , 6 ) [ v r  t , t , x ) - v  ( 1 , t , w J  ( t , 6 )  l - l  a t E ) a E =-  \ a r f ,  J "  L r  
r  

c ,  J

I
b*-
L }r

= (2n1 
-n1" icx '  E >- iw ( t '  6 )  

[ tx-w;{r , t )  )  .  J :  (axv) (1,r ,0x+ (1-0)w; 11,e)  )d{  O (q1 .og=

=- i  (2 r , )  
-n ' I  

a - "5 " '  E>- iw  ( t '  g  1 ' t
,  I  Jo (a*v) (1 , t ,Ox+ (1-e)w' ( t ,E) )d0fr(6)d{=

n n
= i  (  I  . .  ( t , x , D )  u - 1 w  ( t ' D )  

u +  i  o . ,  ( r , x r D )  
" - i w  

( t , D )  ( - i x * u )  )  , .
t i ' t  I  t ? J  l

where 
:

The ampl i tudes a- :  and b.  sat is fy  the f ,o l lowing inequal i t ies:
J 7

l a l a | . :  ( r , x , E )  l +  l a l a f u ,  ( r , x , 6 )  l s c < t > - 1 - e ,  l o [ , l e f  r [ ] 1 . . r  ,

for € j-n a neighbourhood of supp 0" We can now apply the theorem

of  cont i .nu i ty  of  pseudodi f fbrent ia l  operators due to  Calderon

and Vail lancourt
.  r . , . , . ^ : . ; : t ; t : . , . , ) . , r r , : , i , ) ' r ' t r , J . l ' i \ t , i r l $ - ; * i ) t , r - 1 , p , } t . l ) ! . v t , , r  i r . { i r , r l  i  . : r . . "

,  Q .  E . D .

The next  proposi t ion is  an immediate consequence of  th is

Iemma.

P R O P O S I T I O N  3 . 4 .  I f  t h e  a s s u m p t i o n s  ( i ) - ( x )  a r e  s a l i s f i e d

and  i f  W( t rE )  i s  t he  app rox ima te  so lu t i on  o f  t he  Hami l t on -Jacob i

equat ion constructed in  the second.  sect ion then there ex is t  the

modi f ied wave operators

f i + = s - l i m  e i t H e - i w  
( t ' D )  p ^ ^  ( u ^ )  .

1 . * + -  
-  s  ' a c ' - ' o 1  '
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REMARK 3 .5 .  Le t  W1 ( t , q )  be  the  exac t  so lu t j - on  o f  t he

Hami l ton-Jacobi  equat- ion consLructed.  in  [3 ]  and l -e t  F+(g)  be

e q u a l  r o  l i m  ( w ( t , E ) - w 1  ( r , g ) ) ,  E € n .  T h e n

.  
t + j c o

i  r s  : : i w r  ( t  r D )  ,  i r +  ( D )
l im e-  

- - -e  '  u=W-e 
-  

u  t
t+ t -

' , \
for  u  in  OtOt .  Thus the modi f ied wave operators def ined as in

lg l  ex is t  and,  moreover ,  the j - r  ranges are equal  to  Ran f r* .

The  fo l l ow ing  p ropos i t i on  i s  p roved  i n  t+1 .

PROPOSIT ION 3 .6 .  The  mod i f i ed  wave  ope ra to rs  W.  a re  pa r t i a l

i c h  i n t e r t w i n r  I  R a n  f r  , . 6 t  -  ( H )  .isometrj-es which intertwine H and Ho anc + , ac

4. THE ASYMPTOTIC COMPLETENESS OF THE MODIFIED WAVE

OPERATORS

DEFINTTION. The modi f ied wave operators are .asymptot ic

c o m p r e t e  i f  R a n  f r * = N u " l t t )  a n d  W r " ( H 1 = 1 6 1 .

In  order  to  prove the asymptot ic  completeness of  the

mod i f i ed  wave  ope ra to rs , .  we  sha l l  cons t ruc t ' f o r  eve ry i r f ;  i n

- *# l (R \CV)  two  fam i l - i es  o f  bounded  ope ra to rs  iP r r . ] r z t  such  tha t

P +P approx imates the j -dent i ty  and- v  +  
- r

L f  ,  L '

r im  sup  | | l f r * i ^1 . f r i ) p fH )P r , *e  
i t " , , |  

| =o  ,  Q l
r+*  t?0

t im sup |  |  t i  - f r* r t1)  rp t r l )  P.  . - "  
tnrr  

l  |  =o ,  (2\  '

r + *  t l O  
L  '

fo r  every  u  in  L2 .

The operators P- *  wi l l  be pseudodj- f ferent ia l  operators.
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The ampl i tudes of  these operators are def ined wi th  the a id of

the fo l lowing funct ions:

1 )  g e c * ( R )  ,  g  ( I ) = 0  i o r  ) , 5 a ,  g  ( I )  = 1  f o r  l ) 2 a ,  w h e r e  a  i s

a  pos i t i ve  cons tan t i
\

U  f € c : ( R )  ,  f  ( l ) = 1  r o r  l r l s r ,  f  ( t r ) = 0  f o r  l r l > z i'  
O '  

'  l ' - l -  l ' - l -

3)  0€c-(Rn)  is  l ike in  the assumpt ion (v)  f rom the in t ro-

duct  ion;

@

4 )  V ,  c - ( R )  ,  U * ( l ) + U = ( l ) = 1  f o r  l l l s t ,  o 5 U t ( r ) s t ,  { + ( t r ) = o

f o r  ^= -oo ,  r f -  ( l )  =0  fo r  ) , 2oo ,  whe t re  oo€ (0  11 )  i s  a  f j - xed  cons tan t .

We f ix another constant C>0 and set

h(E) =r t6frff\Znr) s ( | n' (E) I ),

ur,r(y,€) =h (E),t,. (Ttfj+{fJ-T) e (*) , rz1 .

Then

l a l " r , t  ( y , 6 )  l s c o ,  ( y , E ) e n 2 *  ,  r z 1 ( 3 )

and

- o - . , c ' '  l u ; u $ " r , 1 ( y , E ) l s c o u t - 1  ,  l y , E ) t R 2 n ,  r z 1  ,  g f o  ( 4 )

n r , . r ( x )  =  (  2 r l - n  I l e i c x - v ' E >  a r , t  ( y r E )  u ( y ) d y d { ,  u . b P ( n n )

LEMMA 4 .1 .  ( i )  The  ope ra to rs  
.n r r ,  

can  be  ex tended  by  con*

t inu i ty  to  operators def ined on t  2  (Rn)  and

Next we define

s u p  l l P -  * l l . -
r ) 1  

L ' '
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( i i )  P -  ,  + P _  = h  ( D ) 0  ( _ )
Y t *  r t -  

' f '

( i i i )  l l P -  * - P I  * l l s c r - l  ,  r > 1
L r :  L t -

Proof .  The asser t ion ( i )  is  an immedj-ate consequence of

the Calderoq-Vai l lancour t  theorem of  cont inu l ty  of  pseudodi f -

ferent ia l  operators,  ( i i1  resul - ts  by a s t ra ight forward ca lcu la-

t ion and ( j - i i )  f rom (41 and the same theorem of  Calderon and

Vai l lancour t  ( for  deta i ls ,  see lu l ,  [U l  I

.  Q . E . D .

Now we consider some approximaLions of the modif ied free

evolut ion of  P-  ,  u  and P-  u:" r r +  " r r -

ur , ,  ( t )  u  ( x )  =  (  z r \ - ^  I  ( / u i t * ,  6> - iw  (p ' t  rY ,6 lu r , * ( y ,6 )u (y )dy )d6 ,

tz0,  u  e tP(Rn)

The number p wi l l  be f ixed la ter  suf f ic ient ly  sma} l .  In

t h e  s e q u e l  w e  s h a l l  w r i t e  W ( t r y r E ) = W  ( p , L , y r 6 ) ,  Y ( t , y , € )  = Y (  e , L , y  r E )  .

S ince Y sat is f ies the est imat ions f rom Lemma 2.2 on a neighbour-
- i V a +  \ r  f l

h o o d  o f  s u p p  a -  4  |  t h e  f u n c t i o n s  ( y r [ )  +  e  
+ r  \ e ' t  ' 5 ' d " v  

*  ( Y r E )
L r =

- ***sat is fy  the inequal i t ies

l a l a f . - i Y ( t ' v ' 6 )  u  .  $ , € )  l s c o u c t r l - u ,  ( y r 6 ) e R 2 t  ,  t e o'  
E  Y  T t ! '

Therefore the operators def ined by

F r , *  ( t )  u  ( x )  =  (  z r l - n  I l e i < x - v ' 6 > - i Y  
( t r Y ' t '  

r r , .  
1 " ,  

E )  u  ( y ) d y d 6

may be considered as pseudodi f ferenLia l  operators of  order  zero

, (and they admi t  extens lons to  cont inuous operators on r ,2  (nn)  )  .

/L be 1'"tg \ {
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We have

* r r r  ( t )  = " - i t P  ( D ) u r r a  ( a )  = . " t t ' ' r s F r , a  ( t )

We wan t  t o  p rove  tha t  
" r , a  

{a )  and  E r , *  ( t )  a re  un i fo rm ly

cont j -nuo\rs  operators in  f ,2  (nn)  wi th  respect  to  r21 and t20.  The

proof  o f  th is  s tatement  is  based on the fo l lowing lemma f rom UJ,

LEMMA 4.2,  Let  Z be a C* real -  funct ion def ined in  R*xRnxRn

w h i c h  s a t i s f i e s :

l t +  ,  ( v )  ( t  , y ,E )eR+  x  RnxRn  ,

where I  l .  t  I  denotes the norm of the l inear map. in Rn;

( i i )  |  a ia farz  ( t ,Y,E)  |  sco,u,  (v)  ( t ,Y,g)en*>nnxnn,  o+Bl0

.  We a lso suppose that  b :  fxR*xRnxRn *  C is  a  C* funct ion wi th

r e s p e c t  t o  ( y r E )  R n x R n  ( f  i s  a  s e t  o f  p a r a m e t e r s ) ,  s u c h  t h a t

fo r  eve ry ' r  i n  f  t he re  i s  a  compac t  se t  K ( t )  w l th  the  p rope r t y

t h a t  b ( . r ,  L , y , [ ) = 0  i f  { $ X ( - r ) .  I n  a d d i t i o n  t h e  f u n c t i o n  b  s a t i s f i e s

the fo l lowing est imat ions

( i i i )  1  a l a f n ( ' r , t , y , E )  I  s c : ,  6 ,  ( v )  ( ' r , t , Y , E ) e f x R * x R n x R n
q  Y  '  o r F

-***!i

Then the in tegra l  operator  wi t i r  kernel

r  ( r  r t ; x , y )  = / " i ' * 7 Y  ' E > * i z  ( t  o Y ' 6  )  n  (  r  , t , y ,  q )  d . 6

is a conLi-nuous operato:: in f,2 (nn) ancl its norm is dominated

b y  M  s u p { " i , g ;  l s l , l  g l s p t  f o r  p  s u f f i c i e n t l y  l a r g e "  T h e  c o n s t a n t

M depends on ly  on  a  f in i te  nurnber 'o f  consLant=  C, r rg

RBI4ARI (  4 .3 .  The  fa . c t  t ha t  t he  es t ima t ions  ( i )  and  ( i i )  ho ld
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for al l  y

given in

remains v

the

the[z ].
al id

in Rn is essent i -a l  for

But we can Pro\re that

i f

proof  o f  th is  lemma

conc lus ion  o f  Lemma 4 .2

Z ( t , y ,  E )  = Y  ( t , Y '  6 )  ,

s u p p  b ( t r l t . t . ) c D + ( o o r c r C ) ,  ( V )  T e l r :  t > 0

Indeed,  f rom Lemma 2.2 we obta in that  for  p  smal l  enough

the  es t ima t ions  ( i )  and  ( i i )  a re  sa t i s f i ed .  on '  D*  (a , c /2 ,2C) . ,  when

* o <o<1.  The kernel  o f  the inLegra l  operator  remaj-ns the same i f
o

w e  r e p l a c e  v ( t r y r [ )  w i t h  h 1  ( 6 ) Y ( t , Y , E l  ,  w h e r e

h1 (s)=e, ( le ' (E) l rrrsn;f f fq_11-rr ,

9 1  ( I 1 = g ( 2 1 ) ;  g  a n d  f  a r e  t h e  f u n c t i o n s  d e f i n e d  a t  t h e  b e g i n n i n g

o f  t h i s  sec t i on .  The re fo re  we  can  suppose  tha t  y ( t ' y ,6 )  sa t j - s -

f i es ' t he  es t ima t ions  ( i )  and  ( i i )  f r om the  Lemma 4 "2  on  the  se t

{  ( t , y , E )  ;  t 2 0 ,  Y ' P '  ( E ) : - o l V l  l P '  ( E )  |  }

we want  to  sp l i t  our  operator  in to a sum of  operators

to apply  the proof  o f  Lemma 4"2 to  each term of  th is  sum.

order  to  do th is  we choose an appropr ia te C* par t i - t ion of

n - 1  .  . c f  r  E
o n  s n - 1 ,  t x i l J = r  .  w e  s u p p o s e  t h a t  i f  u l t u 2 e s u p p  X j ' t h e n

I  , t  
- t z  |  <  (o -oo)  /4 .  Le t  q r  j  be  such tha t  U i  X i  =X i  and |  ru r  - ' r ,  I  '

i f  , 1 r0 r€suPP (JJ j .  We  de f i ne

b ,  ( r , t , y ,6 )  =x ,  (d#€ i l )  b  ( ' r , t ,Y ,e t ,

and

In

uni ty

( o * o ]  / 2

Then

Yj (r ,Y ,El =,t,, tpfr#i) Y {i ,Y ,El
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"  b*  ( ' r  t t  , y  ,  q \  eE,
I

The  func t i bns  Y i  ( t ,Y ,1 )  sa t i s f y  t he  es t ima t ions  f rom Lemma 2 "2

on  the  se ts  

J

c j = {  ( y , { )  i y . p ,  ( n 3 ) = - + l v l  l p '  ( n r )  I  }

w h e g e  r j = P ' ( n i ) / l e ' t n r ) l  i s  i n  s u p p  X j "  W e  a l s o  h a v e  t h a t

3 o  + o
s u p p  b ,  ( t  r . t t .  t . ) . d l = {  ( y , 6 )  ;  y ' { , r j = -  _ _ ? - l o l  I

Now,  fo r  j  f i xed ,  there  ex is ts .  a  fami ly  t r f lpo=o such tha t '

S o = { y ;  y . r T r o  }  ,

1 e i < x - v , E > - i Y ( t ,  
y , t l b  ( r ,  L , y , r , ) O q =  T -  J u t < x - y , 6 - i Y j  

( t , Y o { }  .
; - 1
t -  |

l_r

then

J

- p
n u l j * , ! ^ t o ,  s k c n o c l  ,  ( v )  o : 0 , 1 , . - . P

n - v

(o9 can be taken to  be equal  to  0*  )  .' - -  -1 J

(  a  ' '  
P ^  be a par t i t ion of  the uni . ty  in  the neighbour-LgE  t  Ug  Jp=g  -  

.  
r -  - -  -  l -  L r ( J r l  t . r r  u r r e  L l r r J '  uJ  l r r  u r r u  I

hood of  nO6' ,  posi t ive homogeneous of  d.egree zero and subordi*

na ted  to  the  cover ing  i6k ] f l=1  o f  no6 j  F ina l l y  we se t

b j k ( r  r L , Y r E )  = o k  ( Y ) b j  (  r , L , Y , E l

Then

'k

s u p p  b i p ( t  t L r .  t . )  c  {  ( y , E )  t  y ' r j t 0  J

and  Y - r  ( t . y ,g )  sa t i s f  i es  the .  es t ima t ions  f rom Lemma 2 .2  on  the
J
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\  ,  1 ,

set-- [ (y,E) ;  y . ( , ) ]>oi .
J..\

The prooBo-f,_Leruna_4 " 2 appl j_es to this case.

L B M M A  4 . 4 .  s u p  s u p  I  l e *  .  ( L )  |  |  < -

p r o o f  .  A s  w e  h a v e  s e e n ,  E -  * ( t ) = e - i 1 p ( D ) r  ( t )  "  T h e  o p e r a :- t r l  - r r +  * - '

t o rs  F r -+  ( t )  a re  con t i nuous  on  l , z  (nn )  f o r  eve ry  ta0 .  Le t  0  be  i nL  t : -

c l t n " t ,  0 ( 6 ) = 1  f o r  l g l s r .  T h e n  Q @ / s ) r r , r 1 1 ) * F s , t ( r )  s r r o n g l y

when s+co"  But  the operators 0 (n /s lF-  + ( t )  sat is fy  the proper t ies
L  t t

l i s t e d  i n  R e m a r k  4 . 3 .

Q .  E .  D .

The  p roo f  o f  t he  re la t i ons  (2 )  and  l 2 l '  i s  based  on  the

facL  tha t

l i m  l J : " ' " d  
i t H - ^  

* ( r )  l l a r l = s  ( 5 )
r ->co  

'  r o  I  l f t t t , (H )e - - "u r , .  ( t )  |  l a t l =o

for  every 0 in  c ;  (R)  .  Ind.eed,  for  u  j -n  f  *u have

$a , ,  ( i t )  e i tHnr , *  ( t ) r r )= * i tH . l i  ( } r ) vsEr , *  ( t }  uo

+ U  ( H ) e i t H ( V " ( x ) - v (  e , L , x )  ) E r , +  ( t ) u +
-rn {1l(

+ (2n l - t ,1 ,  { r ,y  
" t .u l l J " t . * ,  

E>- iw ( t ,y ,6  ) tu (0 . . ,x ) *y (p , t ,w i  t t , v ,6 ) ]  c

t(
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LEMIv IA  4 .5 .  (Schur ) .  Le t  K  be  a
n n

i n  R"xR"  such tha t  sup j  l x  ( * , . y )  |  dxSC.

in tegra l  operator

wi th  norm SC"

The proof  o f

.  r , 1r-n L4 J.

v
with kernel  I t  ls  a

P r o o f .

K  { r ,  t ; x  t y )  =  (  2 r , } - n  I e i  
< x  '  { > - i w  ( t  ' Y  '  6  )  

n

where the in tegra l  is  an osc l l la tory

funct ion to  in tegrate the fo l lowing

l y + t p '  ( 6 ) # y ; ( r , y , E )  |  : c (  l y l + t l p '  ( E )  |  )

I lence there ex is ts  a constant  b  such that

cont inuous funct lon def ined

|  |  - -  ,  .  rs u p J  l K  ( x , y )  l d y S C .  T h e n  t h e
x

cont inuous operator 1n 1,2 (Rn.)

th is  ]emma is not  d i f f icu l tand can foundbe

.?

L E M M A  4 . 6 .  L e r  n  b e  i n  c l t n n ) , 0 S n 5 1 ,  n ( x ) = 1  f o r  l " l s *

n ( x ) = 0  f o r  l " l > t .  T h e n  t h e r e  e x i s t s  a  c o n s t a n t  b > 0  s u c h  t h a t

for every m in N the fol lowing est j -mat ion holds:

I  I n tq ; f oq -y )u r , *  ( t )  |  I  s c (m)  (1+ r+  l t l  l - * ,  t ?0

The kernel of n tgf4;) ur,  * ( t  )  is

, Xt g6 ; . 1 t  u r , *  ( y ,E )dE  ,

one.  On the suppor t  o f  the

inequal i ty  ho lds

*
!''' I  * - y - r p '  ( 6 ) - v i  ( r , y , E )  |

and

l * - y - t P '  ( E ) * v ;  ( t , y , E )  |

) c . ,  ( r " r t a )

Z " z ( l " l * l v lo t . g r ! y

( 6 )

f o r  ( xny ,E )esupp  n  t5 t ' . , ' 4 ) . r , *  ( y ,E )  .

Therefore we can j -n t roduce the d i f ferent ia l  operator

( t )
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x - y * t p '  {  6 )  - y ;  ( r ,  y  , E l
L - * i _ . . . , .  - .  .  D _

I  x - y - t . p '  (  E  )  - v ;  ( r . y ,  E l  l "  
q

A repeated i-ntegrat. ion by parts gives

K ( r , t i x , y ) = J . i < x ' 6 > - i W  ( L ' , Y  '  q )  
n  t 5 t ' ; 4 )  ( t r , , U r r , *  ( y , E ) d 6

Taking k rarge and applying Lernma 4.5 we obtain.the desired

es t ima t ion .

Q " E " D "

LEMMA 4.7 .  l im I l  t  t  . ( r ,  (H)v-B. .  ,  ( r  )  |  ld t=o .
'  r - + o o ' o "  

b  r t +

Proof .  We have

I  l , p  t H ) v r n r , * ( t l  I  I  s  I  l , r , t s ) v s o  ( 6 # E I )  I  l ' l  l u r , *  ( t )  |  l +

*  I  l , t , (H lvs  I  l . l  I  t1-€(Ed+rT)  )nr ,+  ( r )  |  |

Now the assumpt i -ons (v)  and (x)  f rom the in t roduct ion are used to

est jmate the f i rs t  term of  the sum and the assumpt ion (x)  and

Lemma 4,6 for  the est imat ion of  the second ternr ,

Q . E " D "

L E i y l 4 A  4 . 8 .  l i m  / I l  I  t v , . ( x ) - v ( p , r , x )  ) E -  *  ( r )  |  l a t = o
'  

f - + c o  
' u  

.  
L  f  T

1-x ( px) x (*59:) is equal tb zero for

r  r -  .  < t >  - 1 .
l x l )maxt lo f ia ; ,  0  

'  j  Lhere  ex is ts  a  cons tan t  to t0  such tha t

(1-x(px)x( r l f f * ) )nrg t ' ;4 )=1-x to" t * t *S! r )  (B)

for  tZto.  From Lemma 4.6 we deduce that
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r i m  f l :  |  |  ( v " ( x ) - v ( p  , t , x )  ) n r , * ( r )  |  l a t = o
r - > c o  

' t o "  L  f  r +  |  |

On the  o the r  hand ,  t f  t 5 to  r  w€  can  f i nd  a  cons tan t  ro t0  : i

such  . t ha t  (B )  ho lds  fo r  r l r o "  We can  app ly  aga in  Lemma 4 "6 .

Q "  E .  D .

The fo l lowing lemma is  a consequence of -  Remark 4.3 and of

L e m m a  2 . 2 "

L E M M A  4 . 9 .  I f

then

, ,  o  ( t )  u  ( x )  =  ( 2 n ) - * / / " t ' * '  6 t - i w  ( t ' Y ' ' '  
[ u  t p , ! , w . i  ( r . y ,  E . ' ,  \  -

1- V  ( p  s , L  l t t l ( * o - 1  r Q  r t . , y , l ) J  . u r r n  ( y , E ) u  ( V ) d y d 6

" r ,  *  ( r  )  u  (x )  =  (  z r ) -n  IJ * t ' * '  
€ t - iw  ( t  rY '  q  )  

[u  (  p , r ,x )  -v  (g i r ,w i  ( r ,y ,6 ) ] ,

r i m  f  l l  l a -  ,  ( r )  I  l a t = oJ  O t  I  X  , t
r->@

L E M M A  4 . 1  O .  I f

' r r ,  
*  ( y , 6  )  u  ( y )  d y d 6  |

-e*{S( .,

then

l' r i m  f  l t  t e -  ,  ( t )  |  l d t = o'  r o r  I  r , +
f -+co

Proof"  We decompose the domain of  in tegrat ion in  two sub-

d o m a i n s "  r f  l x - y - t P ' { E )  l s c ( l x l + l y + t e ' ( E )  l )  a n d  i f  c < 1  i s  s u f f i -

c i e n t l y  s m a l l ,  t h e n  l x - y - t P '  ( q )  l = f  l o * . n '  ( 6 )  l .  L e t  X 1  b e  i n

c ; t R ) ,  x 1  ( f t ) = 1  f o r  l l l s  t | l ' ,  x 1  ( t r ) = 0  f o r  l r l : c 2 .  w e  d e f i n e



Acoordjngly to these definit ions, the operator B_ . (t) spl i ts in a
L f -

s u n  o f  t w o  o p e r a t o r s ,  U r r r  ( t )  a n d  B r r 2  ( t ) .

.  N o w  l x - y - t p ' ( g ) l  i s  g r e a t e r  t . h a n  c .  ( l x l * l v l + t l e , l ( 6 )  l )  o n
. i  t  *  '  ' -  |

.  supp  a - , ,  where  c .  i s  a  pos i t i ve  cons tan t  su f f i c i en t l y  sma l l .' z ' I

Thus  the  no rm o f  B -  .  ( t )  can  be  es t ima ted  as  i n  Lemma 4 .6 .
L  t z

We have

l l s  ^ ( r ) l l s cr  r z  
( 1  + r + t )  

- 2

O n  t h e  o t h e r  h a n d r  o r r  s u p p  a 1  w e  h a v e  t h a t  l x - y - t P ' ( 6 )  l SI

1
s T l v + t e ' ( E )  I  a n d  l x l s c l y + t P ' ( E )  l .  r h e  k e r n e l  o f  B r , 1  ( t )  i s

equal to

t { 2n  )  
- t J . i . * /  E > - i i \ T  ( t ' Y ,  t ,  r  a .

, 1

,  
( x , y ,  q f  J  j  ( a x v )  ( p , t , 0 x +  ( 1 - o  ) w ;  ( L , Y  , E  )  ) a o ]  a e

LI f  w e

r
l a

f  , 1
b . ,  ( x , Y , 1 )  = u g [ a '  ( x , Y , E t  J o ( a x v ]  {  Q , L  t O x +  ( 1 * 0 } w ;  ( t , Y , 6 }  f  a {

then

r ^ o ^ B ^ y r ^  - 1 - l o l - e
I  a ; a ; a i n . ,  ( x , Y  r E l  I  s c o ,  B , y < Y + r P '  

( q )  >

b l P ' ( E )  |  ) - 1 - l o l - e
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Using once agai -n the Taylor  formular  w€ obta in

f - i < x r E > - i W ( t r y r E ) i _  / v  '  r \ ^ r _
J r c  

* r ! \ e r r r >  ' b . ,  ( x r y r E , ) d E =

'  
= / . i < x r E > - i t r ' i l ( t , y , E ) u . ,  { w ;  { t  f l  , E } , y , 6 ) d 6 +

* i  f o i  < x , E > - i W ( b r y r 6 ) r  ( 1r r J e  ,  o E  j ;  ( D * b t  )  { o x +  1 1 - 0 } t { ;  ( t n y  , t l  , y , 6 ) d o d q

The Remark 4.3 can be used to est i -mate the f i rs t  term of  the

sum. We denote wi th  b,  the.  ampl i tude of  the second term

b r | x , y , E )  = t 6 J l  t a * u 1  )  ( o x +  ( 1 - 0 ) w ;  ( t  o y , E l , y ,  6 ) d 0

Then

t o o r B . y x  / - , ,  r r t < n  
- 2 - l o l - u

l a ; a ; a l n r ? , y , E ) l s c o g r < y + t P ' ( g ) >  
o ,

We p roceed  l i ke  be fo re  un t i l  we  ob ta in  a  rema inde r  b * (x , y ,E )

whi -ch sat is f ies the condi t ions f rom the I  emma of  Schur .  Summinq

up we obta in that

I

I  l e - -  .  ( t )  I  I  s c  ( t  + t ) - i  
- e  

r - t  .
L r l '  

o . E . D -
'*.:es<

4 .  The fo l lowing resul t  is  an immecl ia te coro l lary  of  Lemmas

4 . 7 - 4 . 1 0 "

L E M M A  4 , 1 1 ,  ( i )  I f  U  i s  i n  C l ( n n )  t h e n  t h e r e  e x i s t ' i  b h e
o '

operators

w r . + = s - I i m , 1 ,  ( H )  e i t H u r ,  *  { r )
L  t r  

l + + m

( i i )  l i m  I  l , t ,  t t l l P *  * - w *  *  |  l = 0
r-*oo
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Now the proof of  the theorem proceeds as 1n L7 )"  For the

sake of  completeness we shal l  indicate the main steps

LBMI . IA  4"12"  The re la t ion  (2 ' t  { fo r  f r ,  and t>0)  ho lds .
T

Proo f  .  f t  can  be  shown  us ing  Lemmas  2 .4 ,  2 .5  and  Remar i c

4 .3  tha t  t he re  ex i s t s

0 r , * = l l l i r n  e i ! {  
( t ' D }  

" r ,  *  { t )
L  t  

t _ r+o

'j

.  and '  Ran u l ,  
, * .&" (Ho)  

,

H e n c e  W -  , = U ( H ) f r , r -  r .  L e m m a  4 . 1 1  i m p l i e s  t h a t
Y r + .  +  T r +

o=.1i i  I  lwi{ ,  (H) pr,*- f r tu (H)frnrr ,*  |  |  =
r-+co

=l i i  I  lu+wfv ( I " I )pr ,* - f r*U (uo)  r r , *  |  |  =
I: -+oo

=l l i  I  lw .wfu  (H lPr , * -wr , *  |  I  =
f j"co

=.1i i  I  lw.fr iu 1H) Pr, +-i l  (H) Pr, + |  |
r->oo

At the second step we have used the fact that for r. l .r  in

c l tnrcu)  t .he range of  ,1 , (Ho)  is  conta ined t "  7 t ' (u" (Ho)=Ran f r i f r *

Q . E . D "

? n
LEI4 I IA  4 .13 .  For  every  u  in  r , ' (R* )  and U in  c l (RrCu)  we

have that,

l im  sup  |  |  l r - f r * f r f  ) p (H lh (D )  0  ( ; ) e - i t * ' l  l oo
r-+oo t20

Proo f .  We  cons id .e r  aga in  on l y  the  case  t>0 .  I t  i s  su f f i -

cient to show that
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|  |  t al i m  s u p  l l ( 1 * w * w l ) U ( H ) P -  * e  
* " " u l l = O -

f + *  t > 0  
1 -  T  L  r !

The asser t ion to t  nr rn is  qsnfs i .nec i  in  the conclus ion of

L e m m a . 4 . 1 2 ,  I n  t h e  c a s e  o f  P r r _  * u  p r o c e e d  a s  f o l l o w s .  A s  a

consequence of  Lemrna 4.6 v te obta in that

l i m  s u p  I  l n -  _ ( t ; * u 1  1 = 6
I { ) -  t < 0  

- '

On the other hand we know that

i + T f

I i m  s u p  l l o t H l n r , -  Q  ( H ) e t " ^ ' u r , - ( . )  l l = 0 ,
t 1 + -  t < 0

for  every O in c l  (n)  .  Therefore
o '

I i m  s u p  |  |  p l  - " - i t n 6  ( H )  u  |  |  = 0 ,  { Y )  u e L 2  ( R n )  ,  ( v )  4 e  c l  t n }  "
r + -  t > 0  

L  t

s ince  0  i s  a rb i t ra ry  i n  c l t n )  and  I  lP r , - -n+ , - l  l sc t -1  * "  have

that

I l m  s u p  I  l P -  - " - i t H , r l  l = 0 ,  ( v )  u r l , 2  ( R n )
i + " o  t > 0  

* '

Q " E " D "

L E M M A  4 ; 1 4 .  L e t  V  b e  i n  c l t n * c u )  a n d  u  i n E . ( H )  '  T h e n
.4tr*

' l  
" + . n , ,  

- i t H  r r - .r im +/ : t l  I  t t - f r . f r ' f  )  o (H) 
" - i tHul  la t=o

'I -too

The proof  o f  th is  lemma is  ident ica l  to  that  o f  Lemma 4

-  l - ^ a  ^  ^ s  & t - ^  n n / r r ; r  + ! . a n r a m  r r r r l  n {
rrom I d I I t  makes use of the RAGtr theorem and of the fact

t ' . L

- 1  r - -  ^ @ l - D \

t ha t  n (x )  (Ho- t i ) - '  i s  a  compac t  ope ra to r  f o r  eve ry  n  l - n  Co lR  ,

,  I  ^  l t( s e e  v  ) )  "

The statements (b)  and (c)  o f  the theorem are s imply

a .

lp
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corol lar ies of tkr i-s lemma. TLre last statement results from the

. fact that tr- fr*fr1)V(H) is a compact operator for everY p in

cl I nreu I
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