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SPECTRAL ANALYSIS FOR SII.{PLY CHARACTERTSTIC

OPERATORS BY MOURRE'S METHOD

, b y

Gruia ARSU

1.  INTRODUCTION

The purpose of  th is  paper  is  to  g ive a t ime dependent

Scat ter ing theory for  operators of  the form po (D)  +V,  where
po (D)  is  a  convolut ion operator  wi th  the symbor not  sat is fy ing

the condi t ion 
,  - l i *  p . - . ,  (6)  =-  and V is  a shor t  range per turbat ion.
l E l  *  @  v

The methods used here are essent iar ly  the same as those

used in  [ rJ  and t5 ] .  However ,  i f  in  [ r  ]  ana [s ]  rhe homogenei ry

proper ty  of  the symbol  o f  the f ree hamj- l ton ian was i4 tensely

used,  in  th is  more genera l  case the construct ions of  the auxj_-

l iary  operators must  be made wi th  care,  such that  the resul ts

we obta in should not  be af fected by the absence of  the homoge_

nei ty .  As we shal l  see,  these construct ionJ are natura l  and

gj 've operators wi th  n ice commutat ion proper t ies wi th  funct ions

of  the f ree hami l ton ian.

HYPOTHESES

r-  The f ree hamj- l ton ian Ho is .a ser f -ad jo in t  operator  on

the Hirberr space 7(=r2 (nn), with rhe domain 0 lHor={uez;pufi  ew},
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A A

H-u=p-. f r ,  where t  is  the Four ier  t ransform of u and p is a real
O '  ' O  ' O

va lued  func t i on  wh ich  sa t i s f i es :

( i )  p-3R.n + IR is  a  cont inuous funct i -on.- o

( i i )  I f  we denote by S the fo l lowing set  {q  
"  

Rt ;  p^ is  not

c *  i n  any  ne ighborhood  o f  E ,  o r  Vp6(6 )=0 ] ,  t hen  n "Gf

is  a countable subset  o f  R, .

( i i i )  For  any compact  in terva l  IcR\poiS)  we have

i n r  {  l v p l  ( 6 )  I  ;  g .  p ; l  ( r )  } > o- c

( iv)  ( local  compactness) .  For  any compact  in terva l  IcB. \p ; ]S)

and for  each r>0,  the operator

r ( l x l < r ) E o ( I )

i s  compact .  Here f (U)  denotes the ind icator  funct ion

: ra l  p ro j  ec t i ono f  t he  se t  M  and  Eo( I )  deno tes  the  spec t

for  H onto the i -n terva l  I .o

I I .  Le t  V :O*  f r  Ae  a  symmet r ic  opera tor  such tha t

(v )  For  some e>0 the  opera tor  vO(Ho) .x r1* t  has  a  bounded

r 
--,.r '  extension to the whole of X, tor each 0 in cl1nt .

We used the notat ions:  A for  the image of  0  ( t f re  space of  test

functions defined. on Rn) by the Fourier transform and ,:

. 2  l  t c  n
< x > = ( 1 + l x l i " 2 ,  x € t R n

r l r .  (v i )  The operator Ho*v wi th the domain 0 has a

sel f -adjoinL extension H.

(v i i )  For  any  O€c; (R)  the  opera tor



0  ( H ) - 0  ( H o )

is a compact one.

The main resuLt is the fo l lowing

THEOREI4  1 .1 .  Assume tha t  t he  hypo theses  ( i ) - ( v i i )  a re

sa t i s f i ed .  Then

- iH  t
(a )  The  wave  ope ra to r "  w .=s ; r1m . t t t .  o  n - r " (Ho)  ex i s t ;-  

! + * o o  
a

;  (b)  Range w-=70^Gl) ,  the cont inuous subspace of  H;-  f  c '

( c )  o " "  ( H )  = O ;

(d )  Any  e igenva lue  o f  H  no r  i n  
{13 )u {0 }  i s  o f  f i n i t e

mul t ip l ic i ty .  The e igenvalues of  H can accumulate

onty ar  po inrs  of  %TB)U{ O }

Before prov ing the main theorem we wish to  make a few

remarks about the hypotheses we made and about the connections

between the present  paper  and other  re la ted on th is  subject .

REI4ARK 1.2.  a)  The f ree hami l ton j_an Ho is  a convolut ion

operator  wi th  a cont inuous real  symbol  which sat is f ies the

cond i t l ons  ( i ) - ( i j - i ) .  The  g rowth  cond i t i ons  wh ich  a re  commonty
--.dd'

imposed  (see  l l l ,  I a ] ,  l t f ,  Le ] ,  l g l l  a re  rep laced  w i th  the

cond i t i on  ( i i i ) .  Th i s  cond i t i on  can  be  read  as  fo lLows :

( i i i ) '  I f  t he  f ree  ene rgy  l i es  i n  a  compac t  i n te rva l

d i s jo in t  f r om th resho lds ,  t hen  the  ve loc i t y  i s

bounded frorn below by a posit ive constanL.

b)  I f  we replace the condi t ion ( i i i )  by the s t ronger

condi t ion.
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( i i i ) "  l i m  ( l p ^ ( E )  l + l v p ^ t E )  I ) = - ,
l E l * -  

- ' ' o  ' '  '  '  - o  - - '

Ees

then the loca1 compactness i . ,proper ty  of  Ho ( i .e .  condi t ion ( iv)  )

i s  f u l f i l ed  ( see  the  append ix ) .

c) fn the same way one can prove a similar theorem with

the condi t ion (v)  rep laced by the condi t ion

(v ) t  Fo r  some e>0  the  ope ra to r  O  (H)v<x>1*e  has  a  bounded

ex tens ion  to  the  who le  o f  7 l  f o t  each  0  i n  c l l n t .

This  condi t ion is  a l lways t rue when V is  a symmetr ic  Ho-compact

operator  and there is  an e>0 such that  the operator

- 1  1 + s( H  + i )  ' V < x > ' ' "
- o

has a bounded extension.

d) By taking into account the above remarks one can compare

th i s  paper  w i th  [ z ]  and  t s ] .

P roo f  o f  Theorem 1  .1  .  ( a )  The  p roo f  o f  t he  ex i s tence  o f

'  w a v e  o p e r a t o r s  i s  s t a n d a r d  ( s e e  L g j ,  l q } ,  [ g l l ,  s o  t h a t  w e  o n l y

ske tch  i t .
_*_€.

7 By Cook 's  argument ,  i t  suf f ices to  show that

p @  r r  
- i H  t

J : - | l v o ( H o ) e  
o  r l l a t . *

fo r  any  Ouc l tn l  and ue5Plnn)  w i th  supp i  a  compact  se t ,  d is jo in t

f rom S. By using (v)  th is fo l lows from

r @  l r  - 1 - e  
- i H o t  

r r 'j - - l  |  < x >  u l  l d t < -  ,

which can be proved for instance by wr i t ing



- i H  t- t - c  n  - l - c

<x>  v  u=<x>  "F  (

and  es t ima t ing  t l s l l  by  n teans  o f

l l c l l  b v  c ^  < t r - l - t .|  |  |  |  -  o r t

The other parts of Theorem

means of t j-me dependent methods.

-iH t -iH r
l x l s o t ) e  

o  u + < x >  ' - t F l l x l : o t t e  o  u = B + c

stationary phase method and

1 .1  w iL l  be  p roved  be low  bv

2. PRELIMINARIES

In  th is  sect ion we shal l  make the construct ions a l ready

announced.  As a consequence they wi l l  prov ide operators which

wi l }  serve to  prove some propagat ion est imates which are the

m a i n  t o o l s  i h  t h e  p r o o f  o f  T h e o r e m  1 . 1 .

at the

f i e ld

( 2  . 1 1

Then

such that

- -4 ' (2 .2 ) l v ( E )  l s c , E"Rn

We pass now to def ine the operators which we ment ioned

begining. Let y.c;(nrno-(s lT.  we def ine the smooth vector

v in phase space by

v ( g ) = p o  ( E ) r  ( n o ( E )  )  l v p o  ( E )  l - 2 v p o ( E )  ,  6 . R n

t he  cond i t i on  ( i i i )  imp l i es  tha t  t he re  ex i s t s  0<c<-

From this relatlon i t  fol lows that the Cauchy problem

( d / d o )  f  ( o ,  E )  = v  ( f  ( o , 6 )  )
( 2 . 3 1

f ( 0 , E ) = {

de f ines  a "g roup  o f  C - -d i f f eomorph isms  f  (g r . ) tRn  *  R t r .  To  th i s

g roup .  o f  d i f f eomorph isms  { f ( c r , . )  } o .R .  t "  assoc ia te  a  g roup  o f

) n

un i ta ry  opera tors  {v (o)  }onu on  L-  (R '^ ,dE)  by
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1 2 . 4 1  ( v ( o l r l )  1 E 1 = l d e t  D r ( q ,  , E l  / D t , l 1  / 2 r t ( r  ( o ,  , E l l  ,  V . * @ n , a q 1

I f  we denote by F the Fourier transform on L2 (Rn) , then

) n

we obta j .n  another  group of  un i tary  operators on Lz(Rnrdx)  def ined

Lrt  rpy

:  ( 2 .51  u  ( s )  =  g  -1v  
(a )  , I  on  12  (nn ,  dx )

.  Let  now A=A, ,  ^ .  be the se l f -ad jo in t  operator  on X =L2 (Rtrd*)
n o ' Y

such that

u  (o  )  = . - iAo

By tak ing in to account  the def in l t ion of  U (u)  one obta ins

in a s t ra ight forward manner  the fo l lowing

L E M M A  2 . 1 .  I  t s  a  c o r e  o f  A  a n d

n 1 ^

( 2 . 6 1  o =  I  ( v -  ( D  )  x + + X + v - ,  ( D  )  |  /  2  o n  I
j = t  J  J  J  J

Nex t  we  sha l l  es tab l i sh  some re la t i ons  wh ich  g i ve ' t he

commuta to rs  i  L f  (Ho )  ,A ]  and  i [ f  (Ho )  ,  (A+ i ) -m ] .

LEMTIA  2 .2 .  Le t  t eC l  (n )  be  a  bounded  func t i on .  Then  the

form i  [ r  tno)  ,A]  = i  ( f  (Ho)  A-Af  (Ho)  )  def  ined on I  (a)  has a bounded

extension and

( 2 . 7 1  i [ f  ( H o ) , A ] = H o f  ' ( H o ) y ( H o )

Proof .  The proof  o f  th is  lemma is  e lementary and i t  is

based on the re l -a t ion

u ( o ) r ( H o ) u ( - q ) =  F - t t f o p o o f  ( c r , . )  
g  .

o .  E . D .
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LEIVIMA 2.3.  Let  meN and le t  f€C-(R)  be a bounded funct ion.

Then

2 . B l  ( A + i ) - m r { H o ) = t u i o t [ t  f a * i ) - k f : . ( H o )  i ( a + i ) - m

r  w i th  f "ec- (n )  g iven  by
K

f L  ( t )  =  ( - i I y  ( r )  ( d / d r )  )  k r  ( r )
J5'

Proof .  The proof  o f  th is  lemma is  a lso e lementary and is

made by induct ion.

( a + i 1 - 1  f  ( H o )  = f  ( H o )  ( a + i ) - 1  *  ( A + i )  
- '  

[ t  ( H o ) , a l  ( a + i )  
- 1  

=

= { f - ( H - ) + ( A + i ) - t t . ,  ( H o ) } ( a * i y - 1  ( b y  ( 2 . 7 1 \-  o ' o '

Assume' that  the s tatement  is  t rue for  m.  Then

1a+ i ) -m-1  r  (Ho)  =  1A+ i r  
- t  

i n io  ( [ l  t a * i )  
- k f i .  

(Ho)  ]  (a+ i )  
-m

But  (2  .7  |  o f  Lemma 2 .2  imp l i es  tha t
a

( A + i ) - t  t o  ( H o )  = {  f k ( H o )  +  ( A + i ) - 1  f r * 1  ( H o )  }  ( a * i y - 1

So we obta in

(a+i)-r1f (%)=tjotf,t ta*it-k ru{Ho)+ (A+i)-'ru*., {"o) } (a+i){-1

= 
lio 

rft ta*i t 
-kto 

{uo) .-i],-:,' ) (a+i ) 
-kso (Ho ) } . (a+i ) 

-k1

since tf lt * tol., I = (*i1 ) , ir for]ows rhar

- m - 1  m J 1  m r l
( A + i ) - m - 1  5 ( H o )  = {  } . '  ( * . , * - 1  )  ( A + i ) - k f r { u o )  i ( A + i ) - m - 1

r r o  r { '  

o .E .D .
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One can use the above results to prove another needed

1emma..

LEMI IA  2 .4 .  Fo r  0Sq52 ,

< A > o  ( H - + i )  1 < x r - o = J a
- o

i s  a  b o u n d e d  o p e r a t o r  o n  H  .  H e r e  4 [ v = ( 1 + a 2  ) 1  / z = l a + i l .

Proof. We need only to prove the case s,=2 and then use the

complex int.erpolation. Thus we must to prove that

a2  1Ho* i  l - 1  t * ' - 2

i s .bounded .  Fo r  a  su i tab le  func t i on  f ,  we  ob ta in  f rom Lemma 2 .2

that

A f  ( H o 1  = i H o y  ( H o )  f '  ( H o )  + f  ( H o )  A

By i terat ing th is  formula we get

a2t (Ho) =-Hoy (Ho) (y (Ho) f ' (Ho) +Hoy' (Ho) f , (Ho) +Hoy (Ho) f', ([) ) +

+ 2 i H  v ( H  ) f  ' ( H  ) A + f  ( H  ) A 2o '  o '  o '  o '

- 1
B y  t a k i n g  f  1 1 1 = ( l + i )  

' w e  o b t a j - n  t h e  c o n c l u s i o n  o f  L e m m a  2 . 4  b y

us ing  the  exp l i c i t  f o rmu la  fo r  A  (Lemma 2 .11 .

'  O ' E ' D '

We can now prove the basic  est imate which we shalL use in

the proof  o f  the asymptot i -c  completeness.  S ince we shal l  woik

w i th  func t i ons  be long ing  to  the  spacq  C ; (  (a ,b )  ) ,  where  (a rb )  i s

an open j -n terva l  such that  L . ,u lc  R+\%rcTU{o}  or

[u ,Ulc  R- \F;FI  U{Otr  w€ shal l  cons iderr  ds an aux i l iary  operator ,

the se l f -ad jo in t  operator  A=AH'ry associated to  a funct ion
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y . C ; ( ( o ,  B )  )  ,  0 S y S 1  ,  y = 1  i n  a  n e i g h b o r h o o d  o f  [ u , U l  .  H e r e  ( o ,  B )  i s

another  open in te rvaL such tha t  [u ,b lc (a ,  B)  and [o ,  B ]  c  R+\%. IE)U{Ol

in  the  f i rs t  case and [o ,O]cn \%-(3)U iOt  in  the  second case.  Le t

P* and P-  be the spectra l  pro jectors of  A on the posi t ive and ne-

gat ive par ts  of  i ts  spectrum'  <A> the usual  operator

1 1 + t 2 1 1 / z = l a + i l  a n d  X t  t h e  i n d i c a t o r  f u n c t i o n  o f  n t \ { 0 } .  T h e n  w e

have the fol lowing

T H E O R E M  2 . 5 .  L e t  0 5 p ' < p .  A s s u m e  t h a t  ( a r b )  i s  a n  o p e n  i n t e r -

v a l  s u c h  t h a t  [ a , u l c n * \ e o ( s ) U { 0 } .  L e t  g € c ; ( ( a , b ) ) .  T h e n  t h e r e  i s

a  cons tan t  c=c  (  g  rL t  ru ' )  such  tha t

i H t
( 2 . s |  I  l x t  r t ) < A > - P e  

- " o " n  
( H o )  P t  I  l s .  l t  l - r t '

Proof  .  1o The proof  o f  th is  theorem fo l lows in  a l -most  the

same way as the proof  o f  Theorem 2.1 of  [ t ]  " t  
the proof  o f  Lemma

2.1 of  t5 ]  .  However ,  the absence of  homogenei ty  of  Po requi res

S o m e c h a n g e s w h i c h w e s h a 1 1 p o i n t o u t a t t h e r i g h t t i m e

we sha l l  g i ve  the  p roo f  i n  t he  case  t>0 .  As  a  resu l t  o f

t he  f i r s t  t h ree  s teps  o f  t he  p roo f  o f  Theorem 2 .1  o f  h l  we

obta in that

- i H  t
( 2 . 1 0 )  < A t - m "  

' " o  " g  
( H o  )  p + = r n '  !  ( i t ,  

- m  '  

" e  
t  ( 2 r L ) - 1  .

.  J ] - " - t t t .Ar - *  (Ho-E- i ,  )  
- * '  - t  

n {uo  )  e*de  ,

( 2 . 1 1 )  |  |  t -  -  " - i E t . A r - * t n o - E - i e  
) - m ' ' t  n ( l l o ) e + d e l  l s " o ( g , m , i l ' )  ,

nr ' [a,b l

Y  0 5 e S 1 ,

and we see that we are reduced. to study the family of operators
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1 0

(Here we use Ldmma 2.3 to  prove that  .Ar-*g(Ho)<A>m is  a bounded

opera to r  f o r  meR) .

2 o  I f  m r n e l N ,  r n ) r r  0 < e < 1  ,  a S E S b ,  0 S 0  3 r / 2  r  w €  d e f i n e

F (e  rE ro )  =<A>-m (Ho .  o -n - i r ) - t " -O fo*

with

and

F  (e  rE  r  o )  =<A>- *  {Ho-n - i ,  )  
- tP *

s - l i m  F ( e r E r 0 ) = F ( e r E r 0 )  .
0 + 0 +

Next  we shat l  prove that  the fo l lowing est imate holds

- i 0 _ r _ i ,  
)  
- ^ - 1 u - 0 5 +

- m  - r A  - n  - A A  +-<A>  " 'A (H  e  
* " -E - ie  

)  "e  " "P
o

(2.12) I  l (a/ao)F(e,E,o) |  lsc(s,m,n) |  l .ar*1 (%"-tu-u- ie)-nJob-l  I

f o r  0 < a S i ,  a S E S b ,  0 < 0 S d  w i t h  6  s u f f i c i e n t l y  s m a l l .

By us ing Lemma 2.2 i t  fo l lows easi ly  that

( a / 4 0 )  F  ( a , 8 ,  o )  = i n e - i u . o r - * " o  ( 1 - y  ( H o )  )  ( t t o e

To prove (2.12)  we must  est imate the norm of  the operator

" - i 0 . o r - * " o  
( 1 - y  ( H o )  )  ( H o e  o - n - i r ) - t - 1 . - o A n +

which we shal l  wr i te  in  the form

(a+ i1* .Ar - *  (a+ i ) -mf  (Ho)  (Ho.  o -n- i - r ) - t " -oAp*
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1 1

with

t  (Ho)  =Ho ( ' t -y  (Ho)  )  (Ho-Eeio- i ru i0)  
-

'  s i nce  we  have  O<o ,<a . ,  <a<bcbr<9 ,  Lo rB lnF" tS t  =  ( ,  supp  gc (a ,b ) ,

supp  yC(c r , rg ) ,  y=1  on  (a r rb1  ) ,  i t  f o l l ows  f rom Lemma 2 .3  by

choosing 6 suf f ic ient ly  smaI l  that

m
( A + i ) - m f  ( H o ) = { .  i ^  ( [ t  t a * i ) - o t o ( H o )  ]  ( a + i ) - m

k = 0

m
wi th  .  i ^  { f  

(a+ i1 -k fu { "o )  un i fo rm}y  bounded fo r  0<e 51  r  aSESb and
k = 0

0 S e 5 6 ,  s o  t h e  p r o o f  o f  ( 2 . 1 2 )  i s  c o m p l e t e .

3o  Fo l low ing  now the  arguments  o f  the  s teps  3o ,  4or  5o  and 6o

of  the  proo f  o f  Theorem 2 .1  o f  [ t ] ,  one  proves  tha t  fo r  every

( m r m t ) e  N  X  0 { r  m > m ' + 1  t h e r e  e x i s t s  s = c ( g r l l t r f i i ' )  s u c h  t h a t

- i H ^ t  I
( 2 . 1 3 )  l l . e t - * .  

o  g ( H o ) P * l l s c t - m

From th i s  re la t i on  we  deduce  tha t  f o r  eve ry  (mrm ' )eR  x  0 t r ,  m>m'+2

the re  i s  c=c  (g , f l l  r IT r '  )  such  tha t  (2 .13  )  ho lds

Now the genera l  case fo l lows by J-nterpolat ion.

o .  E .  D .

For  the case [u ,b ]cn-r [G)U{o}  we have the fo l lowing

COROLLARY 2 . .6 .  Le t  0 (p '<1 .1 ,  Assume tha t  (a ,b )  i s  an  open

i n t e r v a r  s u c h  t h a t  L . , n ]  C  R - . . { l S t u i 0 } .  L e t  g r c ; ( ( a , b )  ) .  T h e n

t h e r e  i s  a  c o n s t a n t  c = c ( g r l , l r l r ' )  s u c h  t h a t

t . .  t r  ; , , .  -  - u  
- i H o t  

+ , ,  ,  , - l , '
( 2 . 9 1  '  

I  l X  ( t ) < A >  * e  
s ( H o ) P - l  l S c l t l

Proof .  Apply  the above theorem to the operator  -Ho ( i .e .
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-po(D) )  and the  func t ions  6 ,  i ,  and  observe  tha t  A-u_  -=A- -- -o ,  Y  no  ,Y

Here f  means the funct ion def ined by f  (x)  =5 (-x)  .

Q . E . D .

Proof .  We have

3. ASYMPTOTIC COMPLETENESS

For the proof of the asymptotic completeness we need two

compactness resul ts .  We star t  wi th  the case of  an open j -n terva l

( a ,b )  such  t ha t  L . , n ] cR+ \%rc )  U {o }

LEMMA 3 .1 .  Assume tha t  t he  hypo theses  ( i ) - ( ; j - i )  a re  fu l f i l -

l ed ,  and  l e t  (a rb )  be  an  open  in te rva l  such  tha t

Lu ,b l cn+ . . { lF lU{o l .  Then  fo r  eve ry  g .c ; ( (a ,b ) )  t he  opera to rs

( w * - 1  ) s ( H o ) e t

are compact onW.

- i H  s
( i { + - 1  )  9 ( H o )  p + = i / l . t t = v "  o  g  ( H o ) P ' d s

- i H  S
and  fo r  any  s>0 ,  Ve  o  g (Ho)P"  i s  a  compac t ' ope ra to r  as  i t

, i - l +

fo l lows f rom the hypotheses ( iv)  and (v) .

. Furthermore the i-ntegral

- i H  s .
f l l l v "  

o  g ( H ^ ) P = l l a s
J O I  I  O -  |  |

i s  we l l  de f i ned  s i -nce

-iH^s r. * - iH^s 
m +,

I  lv. 
- o 

9(no)e*l l=l lvytHo) (tto+i)-me o (Ho+i)II 'g(Ho)P'l I  s

s l  l v v ( H o ) < x > t * t l  I  I  l . * t - ' - t , " o * t ) - * . A r ' * o l  l '

.  I  I  . e r - 1 - r " - i H o "  ( H o * i ) m g  t H o )  e *  |  |
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From Theorem 2.5 and the condi t ion (v) ,  1 t  suf f ices to  ver j - fy  that

m > 0  c a n  b e  c h o s e n  s u c h  t h a t  < x >  1 - t ( H ^ + i ) - * . A r 1 * t  i s  a  b o u n d e do

.operato r on K.

By Lemma 2.4 th is  is  t rue for  m=l ,  because we a lways may

s u p p o s e  t h a t  e 5 1  i n  ( v ) .

Q . E .  D .

COROLLARY 3.2.  Assume that  the hypotheses ( i ) -  (v i i )  are

fu l f i l l ed ,  and  l e t  (a ,b )  be  an  open  in te rva l  such  tha t  [ a ,n l cn -1

{ tOUto l .  
Then  fo r  eve ry  g€c ; (  (a ,b )  )  t he  ope ra to rs

( w - - 1 ) g ( H ^ ) P t
o

are compact on

Now i t  l s  c lea r  t ha t  t he  conc lus ions  o f  Theorem .1 .1  can  be

obta ined by us ing the Enss argument .  S ince there are many papers

o n  t h i s  m e t h o d  t L r ] ,  [ : ] ,  [ g ] ,  [ r o ] l  w e  s h a l - I  n o t  r e p e a t  E n s s '

argument here.

APPENDIX

We commented in  Remark 1.2 b)  that  the local -  compactness

proper tv  of  H is  impl ied i - f  we assume that  the funct ion p^ sat is-
r . : ; c - - - - J  - - o  - -  - - - - r - - - -

f i e s  c o n d i t i o n s  ( i )  ,  ( i i )  a n d  ( i i l )  " .  I n  t h i s  a p p e n d i x  w e  s h a l l

prove th is  compactness resul t  which we shal l  s ta te as

+

J(

PROPOSITION A.1 .  Assume that

s a t l s f i e s  t h e  c o n d i t i o n s  ( i ) ,  ( i i )  a

compact  in terva l -  and le t  r>0.  Then

n ( l x l s r ) n o ( r )

is a compact operator on K .

:RD *  R is  a funct ion which

( i i i ) " .  L e t  r c n r p o ( S )  b e  and
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- n
We assume that R." is divided into unit "cubes" C.,_ , keO{

K

so that

*"=p U* and co fl cu=0 for kf !,

in  order  to  prove Proposi t i -on A.  1 ,  i t  suf f ices to  show (c f  .

: t . l' :  Corol lary 3 of  L2J) that  the fo l lowing ' Iemma is t rue.

LEMMA A .2 .  Assume tha t  po  sa t i s f  i es  ( i )  ,  ( i i )  and  ( i i i )  " .

Let fcnrilGf ne a compact interval. Then

l i*  1 connol (r) |  =e
K+oo

"  Here la l  denotes the Lebesgue measure of  the measurable set  A.

Proof .  I f  we denote by

B o = i n f  {  I  V p o ( 6 )  |  ;  E . p ; 1  1 1 1 0 c o }

then the compactness of  f  and the condi t ion ( i i i )  "  imply  that

I im 8,  =-
k+oo 

K

Therefore the proof  o f  the lemma is  -completed by the fo l lowing

es t ima te :

( e . t ) lno l  t r  )nck I  sn6 l  t  I  e i l  ,  ke s{

L e t  
" j = l q e n n r  

s ;  l  V p o  ( g )  l  f / " l  u j n o  ( 6 )  l  ]  a n d  0 r : n n t  s  *  R n

def ined by

f o r  j  = 1  , . . .  , n .  T h e n  a j  i s  a  l o c a l  d i f f e o m o r f i s m  a L  e v e r y  p o i n t  i n

- 1

Po 
'  ( r  )nB j
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since not  t r ) f lck=r i . ,n; t  { r )ncof le,  ,  then 1a' t  )  fo l rows f rom

This estimate can be obtained by making a change of varia-

: - 1.  b le .  Le t  us  wr i t e  p^ ' ( I ) { lCLnB{  as  a  d i s jo in t  un ion
- 9  1 1 '  J

: 1;a;t (ckr)fic*0ar0uu , where er=n., {cn)x...xlri-1 (%)xrxrj+1 (co)x. ..xn,r(cu) urd M[i
I r J ^ - ' : J ' i

g€D{ are d is jo in t  measurable sets  which have neighborhoods on which

0 .  i s  a  d i f f eomorPh ism-
J

Then

n;1 (r ) ncknBj = 
|l 

tr t (or.j u)

where ooju,  l ,e0 i  are d is jo in t  measurable subsets of  ck l  such that

or1 taorn)=tJ t  (9 . j ) f lcof ler f^ tuu ,  Qj  is  a  d i f feomorphism in  a  ne igh-

borhood of ol1 taurut and'

l a e t ( t i t , '  t n )  l s  / ; u o t  f o r  n .  A r . j r .

'  (A .  1 )  '  I no l  t r )  c knB j  l s6 l t  l  g i t  ,  ke r r l  ,  i =1  , ' ' '  ,D

Hence

l no l  t r ) f i co f ie ,  l= ] i r r ,  (oo j  u )u6= lu Iou ,  
lae t  (o ;  ' )  '  (n )  lans

s , n g r 1  I "  d n = / n l t l e k l
n  " k r  

e . E . D .
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