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r le,l-4:-e-q.,AF. - 4 " rg ep:eg sp-: " P,ret g I Pr "
by  V ,N is to r

I .  I n t roduc t i on

In a pioneer ing work J.Dix imier and A.Do8ad.y c lassi f ied

f ie lds of  e lement,ary &atgebras ( [ t r ]  ) ,Fields of  AF-Ctalgebras

were considered by several  authors,L4,L4,FoJ '  f t rT,but  the

c lass l f lca. t ion problem has not  been solve-d,complete ly .  
;

I f  X = SD then the isomorphism c lasses of  homogeneous local Iy

t r iv ia l  f j -e1ds of  &algebras wi th  f iber  A are in  one- to-one

correspondence wi th  Tn-r  (Aut ,  (A)  ) /% (Aut  (A)  I  tpS]  I  and 7Iu (Aut  (A)  )

has been 
" f f i . r t .a  

for  a  large c lass of  ar -&algebrast fzoJ,Ft ]  I '

A s imi lar  dev ice hold.s  i f  (Xrx0)  is  a  pointe{comnact  connected
A

CW-complex.r f  we denote UV [x,aut(Af l  the set  of  homotopy
L J

classes of  basepoint  pre{gQving mappings X-+Aut(A)  rAut(A)

being pointed by the ident l ty  automorphismrthen isomorphism

classes of  homogeneus local ly  t r iv ia l  f ie lds of  i la lgebras wi th

f iber A are in one-to-one correspondence with l -x,aut(al ]  /Tl-g(aut

( A ) ) .

The main resul t  o f  th is  paper  is  the determinat ion of

f x rau t ta [  
up  to  an  ex tens ion  o f  g roups  i f  A  i s  an

+
.  AF-C la lgeb ra  sa t i s f y ing  ce r ta in  techn i i a l  cond i t i ons  as  i n  4 ,L .-t!En 

we also determine the kernel of this extension,

The techniq of  proof  genera lys is  the technig developed in

l -ZO1 and the resul t ing exact  sequence has c lose t rends wi th
L )

the exact  sequence of  the Universal  Coef f lc ient  Theorem for

Kasp.rov '  =  KK-group=,  
[ rn ]  

.

An impor t ,ant  fact  is  that  Aut0 (A)- )gnao (e)  is  a  weak

homotopy equivalence tltoj I ,
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Let ,  us  suppose tha t  A  is  s imp le  and (Xrx ' )  i s  a  H ' -space ,Vr7 ,

chapter l l l  )  tnen our resul ts are complete and give isomorphisms

fx,a,r t  { \+ xxo qa,Co {xr[xol  ,A) )  i r  r  {  a ana 
fx,a,r t(al ] : : t' t ,

-+  KK ' (A rC0  (X \ [ xo l  rA )  )  i f  I  e  A rhe re  A  deno tes  the  mapp ing

cone of  the inc l -us ion @-lA.

The next  sect ion conta ins notat ional  convent ions.

Sect ion 3 conta ins resul ts  about  f i l tered modulesrmorphisms

and extensions of  f i l tered modules,The def in i t ions and the

iesul ts  of  th is  sect ion are in  the sp i r i t  o f  those in  
fzdrTh. i t

Purpose j -s  to  g ive a sat is factory f ramework for  the groups

appear ing in  the exact  sequence.The objects  we in t roduce and

the theorem we prove reduce to  wel l  known ones i f  the f i l t ra t ions

are t r iv ia l  and th is  endeed happens i f  A is  s imple,The reader

ln terested only  j -n  th is  case may very wel l  sk ip  th is  sect ions.

Sect ion four  conta ines pre l iminary resul ts  concern ingl  cancel la t io .

and  comparab i l i t y  o f  p ro jec t i ons .The  resu l t s  we  ob ta in  a re

cruc ia l  in  turn ing K- theory data in  homotopy in format ion,

they are in  the sp i r i t  o f  the programs of  [nJ and t i r ] .Sect ions

f ive and s ix  conta in the exact  sequence in  the genera l  case and.

the determinat , ion of  [xrAut . (A) l  for  A s imple and X a Hlspace.
L ' )

The last  sect ion conta ins a br ie f  d iscut ion of  the Samelson

product . IL  is  proved that  in  genera l  there ex is ts  no natura l  grou

st ruct ,ure on the set  o f  isomorphj -sm c lasses of  local ly  t r iv ia l
J.

f i e l ds  o f  Ga lqeb ras  w i th  f i be r  A .Th is  con t ras ts  w i th  the

and A. Dorrady t [r z] 1 .resu l t s  o f  J .D ix im ie r

- 2 -



2, Notations and q-qnllentl.ons

In this section we sha]1 fix sa-me notdtions and make sQme

conventions to be used in the sequel

K i r ig [  0 r rJ  w i l l  denote  the  K- theory  func torg

t [ u ] ,  V u J l . M ( A )  
i s  t h e  m u l t , i p l i e r  c * - a l s e b r a  o f  A  t [ i t ]  t .  

r-{

We shall  denote by U (a) the set of those unitarie s 1tL Ln l4(A)

such EinaElL-I e A,S is the suspension factor in the category

of pointed. topological spaces or in the category of

C* -a lgeb ras .

By i-4gg! we slral l  mean clo.sed tyo-Fided-rdeal '

Le t  A rB  be  C* -a lgeb ras rwe  sha1 l  deno te  uyHor r - (a re )  t he

set, of aII* -homomorphisms A-tB wj-th the topology of

pointwis e ttuortu convergence .

We shal l  denote by id ,  the ident i ty  morphj -sm of  an object"

0 . i : -

-  t  denotes the uni t  o f  var ious c  -a lgebrasr i f  A has no

un i t r l  deno tes  the  un i t  o f  I 1 (A ) .

K is  the C*-a lgebrar  of  compact  operators on a separable

.  H i l be r t  sPace .

I f  A  i s  a  C* -a lgeb ra rA+  deno tes . the  a lgeb ra  w i th  ad jo in t

u n i t .



3. Fi l . tered modules rmorphisms

and extensions of  f i l tered modules

LetJ}be a complete la t t icerR a commutat j -ve r ing wi th  uni t .

3 . I .  De f i n i t i on  An4- - f i l t e red  modu le  E  ove r  a  r i "nq

n iPrerr R-*il'il* " ,"-* * n-*"u"r." (Eo,)to est -.
such  tha tO+Ear i s  a  morph ism o f  l a t t i ces .An l ] - f i l t e reo l

$-module wil l  be called simply anll-f i l tered. abelian group.

3 .2 .  Le t  E ,  F  be f l - f i l t e red  R-modu les  .A  morph ism

f  :E - rF  such  f  (E r ,u )c% w i l l -  be  ca l l ed  comga t ib lg .

The set  o f  compat ib le  morphisms f :E-+F wir l  l :e  denoted b1-

"o * * r "  
(E 'F1  '

3 .3 ,  Le t  0 - rE -+F-+G-+0  be  an  exac t  seguence  o f

J l - f i l tered.  R-module= * ian compat ib le  morphisms.

Def in i t ion The above exact  sequence wi l l  be

called a compatible extension of G by E if  Eqr=Fotf l f  and

Eo,/W %i" an isomorphism.

Two compatible extensions 0-+E --rFr-+ G--r0, j€[0 ,I] are

equivalent i f  there exists a commutative diagram of compatible

morphi-sms

0--+E--+F,i--r G--r0
l l  1 u  l l

i l J  t l
0 --+E -+Fr-:)G-t 0

{
A compat ib le  extension 0-+E-- 'F- tc- tO vr i l l  bc ca l led t r iv ia l

i f  there ex is ts  a compat ib le  morphism f r :G- fF such that

fofr=id"

,  The pointed set  o f  equiva lence c lasses of  compat j -b le

ex tens ions  o f  G  by  E  w i l l  be  d .eno ted  by  Ex t * rg (GrE) .

- 4 -



,3 .4 .  We want  to  show

the Baer sum as oPeration

as neutrai  e lement.

L e r  9  e c . D e n o t e  u Y S g  = f w e s L r g g n r \

ThenJLn is a 
.complete 

sublat t ice of  O.Deno+-e by C^t(g) the

Ieast element of  On and cal l  i t  :3W5! of  g '

For  each g  e  G,9  #  0  choose f  (g )€  
ln r tg ,  

such tha t

p(f (s)) = 9,t i{ O->E-zp'r'7$a@ 'tA a 'n"'f,e <'dfe"'uatan '

)
t e t  f ( 0 )  -  0 ' E t s r , s ;  =  f ( s r )  +  t ' ( s )  -  f ( e 1  +  e 2 ) '

$ t r , s )  =  r f  (9 )  - f  ( r s )  ,Then  G,9  e  ' 1 . , . (G 'E )  i f  we  deno te  by

,1 , "  ( c ,F )  the  g roup  o f  pa i r s  (Z ,E ) t$ tGxG+E '

$ :RxG- rE  sa t i s fY ing :

( l )  g  ( o , 1 , 9 2 1  +  $ ( s 1  +  e 2 , e 3 )  =  E ( s 1 ' 9 2 + o 3 )  *  E t 9 2 ' 9 3 )

(2 ' )  E  (g r  , s ) r l l 42 ,e1 )  ,

( 3 )  $ t o r s )  =  { ( s r 0 )  =  0 r  ( 0 r 9 ) ' =  ( r ' 9 )  =  t 0 '

( 4 )  $ t t ,  r 2 t s l  =  5  G r r r 2 9 1  *  t 1 5  G r ' l )

( 5 )  r l l s r , v 2 )  = g ( r l L , t l )  + E t r r g l )  +  8 ( r ' l i l  -

-  t t t  t91+92, 
,

f o r  a n y  9 1 t 9 2 t 9  €  G * t t  €

the grouP o i  these Pai rs

g ( 9 y , 9 2 )  =  e ( s r )  +  e ( 9 2 )  -  e ( 9 1 + 9 2 ) '

$ l t , s )  =  - e  ( r g )  +  r e  ( g )

fo r  some func t ion  e :G- iE re (0 )  =  0 'e (Gr )  C  U+) r rJ€Jz '

Let  x  €  Ext* r " (GrE)  'Def ine t t , t )  as abover two d i f  ferent

cho ises  o f  f  g i ve  e lemen ts  o f  ' 1 . r . (G tE)  w ich  d i f f e r  by  an

that  Ext -  ^ (e  ,n)  is  a  group wi th
I1 t  t -

and wlth the t,rlvial extenslon

-*f

(6  )  8 ts ,  t92)  Q n,  ,  E(r '  9)  6  Eq,

'  ( g r 9 1 t 9 2  €  G '  r r r l ' 1 2  6  R )  '

Deno te  by  B l . , c ( c ,E )  c  r h , c (G 'E )

t9 ,91  €  21 . , "  (G,E)  such tha t



1
element of  * i , "  (GrE).Thl"s shows that we obtal .n a wel l

1 I

d e . f i n e d  f u n c t i o n  c : E x t o ,  
"  

( G r E ) - t z ; . r .  ( G , E )  / B i ,  
"  

( G ' E )  '

converse ly ,g iven  G, t )  sa t is . fy ing  ( r )  to  (6 )  then le t

G X B = F w i t h o p P e r a t i o n s

( 9 r r e r )  +  ( 9 2 , e 2 )  =  ( 0 1 + 9 2 r . 1 * . 2 *  E ( g y 9 2 ) )

r ( g r e )  =  
. ( r g ' r e +  

E { r , E 1 )  r € r e  t , e z €  E r g r  9 y r 9 2 €  . c '

a r r d f i l t r a t i o n F ( , = G . . r E t , . N o t ' e t h a t F i s a n . f L - f i l t e r e d

R-modu le  due to  (1 ) - (6 )  and sa t is f ies  a .n  exac t  sequence

0+q;Z76?c1;p0 for any c...r€-Cland lf we I'et f :G-+"F be

-  g i v e n  b y  f ( g )  =  ( g , 0 )  t h e n  E ( s r , s )  =  f ( s r ) ' +  f ( v 2 )  -  f ( 9 1  +  g z )

a n d  g ( r r 9 )  =  r f  ( g )  f  ( r g ) .

Since to Baer sum of extension there corresponds the sutn of

cycles we get that  c is the desired isomorphisn (see 
Lt t ]  I '

I t  i s  obv ious  tha t  U* rO, " (G,n l *z  fO3 i f  G is  a  f : :ee  R-modu l -e .

3.  5.  f ,et  f  
:  GI.? G, V:E--+'E l  rbe compat ib le norphisms then we

obta in  morp l r i sms r * . , .  (G,n) - -z l ,  
"  

(c r '81 . , " * , ,  c  
(G,E)  -7

r  ' l  1  1  - ' l
- - u i ,  

"  
( G r , s ) , 2 i , "  ( G ,  E ) + r ' ^ , . ( G , E r )  r B i . , "  ( G , E ) - + n i r c  ( G , E r  )

def ined by 9-o3o(t7xf)  ,9+{pGagy) and 8-* t  ov ' ,9- ' l 'oK '

This s t rovrs that  Ext , * rs( .  , , )  is  confravar iant  in  the second

var iab le in  the category of  Q- f i l tered R-modul .es wiLh

corq)at ib le  morphismsrand covar j .ant  in  the f i rs t  var iab le '  '

We  sha f l  d .eno te  by t f i :Ex t * r " (G  rE ) - -?Ex tn rc (G1  rE )  and '

fn  :Ex t , * r . (GrE) - *Ex t * , . (Grn ,  )  the  morph isms def ined by  7

e d Y

3 . 6 . L.emfna Let F, E' be f|-f i lte red R-rnodule" ,7rr: Erf*E:r+ t '

S = f-ig(En ,frJ .Then there exj-sts an exact, sequence.

o +ri-# (HomR, 
" 

(uo ,r) ,f,r7*E*tn, ^ (n , r )zl!S (nxt*, 
" 

(Er ,E) ,4r) -:0

- 6 -



3g€.
*

Let ,  X '  g  Ex t , * rc (Enf  F)  such tha t f r r , *n* t )  =  xn 'There  ex is ts

an infinite commutative diagram

ll ,1, .t
o +F-tG--t E^--- o

ll ,trf- \ g'
o_, Frp"+ts f"+f o

y"_ _I- 
-

such that 0 +F *G,-?Err? 0 represents x' in gxtRr. (Err rF) ' Let

e = l im(Grrr t ' r r ) .Then there exist 's  an exact sequence

0 + r + G - t E + 0  w h o s e  i m a g e  i n  E x t * r s ( B n r F )  i s "  x n '
4,

Let  us  ident i f y  the  kerne- l  o f  Bx t * r . (E  ,T) :+$(e* t * , . ( " tu l

To this end denote bYldn:Err-*E the obvious morphisrn.suppose

t h a t  0 9 F - + G - + E + 0  d e f i n e s  a n  e l e m e n t  X  €  E x t ' R r s ( E ' F )  s u c h  t h a t

ff;11f = 0 for any%.Then exists a compatible morphism

6 nzl n+G making the following diagram commutative

R

ryf'0-+r-- rG-rE-+o

L e t  l =  ( l n ) n  e N  e . Q _ , n o * * , " ( B n , F ) ,  L n  =  Z n + r o ? n . ' Z n '
reN

Denore by d:€ HomR, 
"  

( ; ; ; i " )+;prJHc*R," (En,F) the morphlsms

d ( (fn)na^/ I lil;-rog* rr,)r,nf'tit"" two dif ferent choises of

6rr def i r r .  
""nt 'ences 

l -  a i f fer ing by an element in fmd' 'This

-.. i 
shows that there existq a well defined morphisrn

,;exn+||nrt (Hom*,. (Er-,.rF) ,d) which turns out to be an isornorphi

'  
3 .7 .  V{e  sha l l  need a lso  an '  o ther  g roup ' thg  group or

ext,ensions with ordef unit- 'It !s d'efined as in CAq'

Let  ErG be-Q-f i l tered modules '  1 f  &G an e lement  such that

t l ,  e Gq, i f  and only i f  a, = supfl (suPl?- is the largest elemetrt

l n f L ) .

BY a comPat'ible
8-

l ,
mean a cotnPft ible

I

. :

exteas.i-on

extension
*  - 7 -

with order  un i t  o f  G bY E we shal l

0+E- tF - rG+O such  tha t  F  has  a



order unit v ancl f ff) = u'We shall write in this case 0-)E-*

-r (F lr ) -+ (G,1)-t o '

Two compatible extetrsions with ord'er unit

0 - t E : ) ( F + , v * ) ' +  ( G ' u ) + o  j  e  {  0 ' r }  a r e  e q u i v a l e n t  i f  a n d  o n l y
J J

i f  there exist 's a conunutative diagram

0 9  g  - )  ( F n  t u o  )  + ( c r r l ) ' +  o

l l ,+ [
O-t E at (Fr rvr) -+ (G tf l)  ->0

such that f is a comPaLib,le morphism and' f  (%) = vl '

A compatible extensj.on with order unit

0 + E + ( I l  r V )  - + ( a , . r ) - O  w i l l  b e  c a l l e d  t r i v i a l  i f  t h e r e  e x i s t s

a  compa t ib le  morph ism f r :GJF  such  tha t  f t ( 1 t )  -V  and

f o f ,  =  i d C .

we  sha l l  d .eno te  by  
"n f ; . ( c ,E )  

t he  se t  o f  equ iva lence

c lasses  o f  compa t ib le  ex tens ions  w i th  o rde r  un i t  o f  G  by  E .

We. omitt R when A =%.

3 .  B .  ProP jz i t ion a )  
" * { , c ( G ,  

)  i s  a  c o v a r i a n t  f u n c t o r

f rom the category of  O-f i l tered R-modules wi th compat ib le

morphisms to E'ns 
-,

b)  Ey*0 /  r l \  ic  a contravar iant ,  functor' " R r c , u t  + v

from the category ofj l-t i l tered R-modules with uni€ preserving

compat ib le morPhism to En1,

c)  E: '+& i  e  ^n ^bel ian group j* tF, .  i=  an anel ian grouP in  a

natura l  way.

d)  There ex is ts  an exact  sequence:

0 gHom (c/R*E ) f lHom*,  
"  

(G rE ) -eHomR r .  
(G rE ) -+HomR (Bf l f 'E )  "+

Bu* { , .  (G ,E)  - tEx tR ,  
"  

(G ,E  )  -+  o

- 8 -
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3gf ,  (Sketch) a) Let f  :E+E, be a compat ib le morphism

between theO-f i l tered R-modules E and Er.Let 0-tE-+(F11/)"">

-)(Gr{L)+0 be a compat ib le extension with order uni t rdenote by

X i ts  c lass  in  Ex t f ; r " (GrE) .There  ex is ts  by  3 .5  a  commuta t ive

diagram of compatible morPhisms

0 -a E+ F-r G--r 0
r, l Ud \

0_l Et- Fr--a G*>0

Then frr(x)  is  def ined to be the class of

0 + E - r ( F r , f  
' ( , r )  

)  - + ( c r a ' . ) - - +  0  i n  E " 4 , c ( G , E r ) .

b )  te t f  :  (G i r ' { i . t )  -e (G,4)  be  a  un i t  p reserv ing

compat ib le  morph isms rGrGl  be ing0 - f i l te red  R-modu les  w i th  o rder
c,

unitYr,et  x e nxt f , ,  s (G re )  be- represented by 0-tE -+ (Fr l ' )  -a(Grt t ' ) -=to

Let F,  C F €E) Gl be the submodule consist ing of  those pairs

, t l n r )  s u c h  t h a t  
1 ( f )  

=  
?  

( g t ) . L e t V ,  = . ( r l t r e t )  b e  t h e  o r d e r

uni t  of  F,  then 
d,*)  

is  represented by 0-t  E -+ (Fr ' f l )  -+ (Gyt{ ' t )+O

c) Let 0- ' '  E: '  (F j ' t ' j  ) -+ (G f tL)  - r0 represent

* j  e  E x t f ; r . ( G r E )  r  i c  [  0 ' r ] . D e n o t e  b y  d r : G + G  x  G  t h e  d i a g o n a l

map I  d2G)  =  (g  ,g ) ,  and by  orz9  i t  E- tE  the  "add i t ion  "  map z  C2@ t ,e2)

=  eZ *  uz .Le t  x  a  nx t f ; r " (G x  GrE x  E)  be  rePresented  by

0 - ? E  @  n  + ( r 1  @  F r ,  ( v r ' v r )  )  - t ( G  @  G ,  ( & , 4 L )  )  - l o

rhen x, * *2 is def ined to be uI tcr2/t(X) ) = Oz*(q,f  ,  )  .  (rhe last

r e l a t i o n  i s  p r o v e d  a s  l e m m a  f t f  . r . 6 -  o r  f r e ] l

d )  T h e  m o r p h i s m  i n  8 " : H o m * ( R n , E )  + E x t f ; , c  ( G , E )

i s  def ined,  as fo l lows.Let  e  6 E and denote by f "  the morphism

f e ( r )  =  r e . T h e n  f o ( f " )  
i s  t h e  c l a s s  o f  0 - + s - r ( E  ( D  G r ' ( - e  

2  @ ) +

- t ( c r a ) - t 0 . n x { r " ( G r E ) + E x t R r c ( c r E )  i s  d e f i n e d  b y  " f o r g e t i n g "

the  un i ts .The exac tness  is  obv ious .



Prel iminary resul ts

4.  I  We shal l  f  ix  f rom now on an ar-&algebra A with the

fol lowing propr ier t ies :

a )  Le t  r  c  J  c  A  be  idea ls  r  f  J , then J / I  i s  no t  typeJ

b) Ei ther I  e A or A is csmpletely nonuni ta l  in the

sense tha t  fo r  any  pro jec t ion  e  €  A ,  ( I  -  e )A( r  -  e )  i s  fq r l l

i n  A .

4.2.  oef  in l l ig l  t  Fo]  )  def  in i t ion

orde red  g roup rwe  say  tha t  (GrG+)  has

any g 6 G* and n e 0V there exists 91

, , /r 9 t \  g  \  m 9 t .

4 .3 .  P lop -qs i t i on  Le t  A  be  an  e f -da lgeb ra "Then  A  sa t i s f i es

4 . 1 . a )  i f  a n d  o n l y  i f  K 0 ( A )  h a s  l a r g e  d e n o m i n a t o r s .

P roo f  .Suppose  . t ha t ' { :  A -+B  ( f t )  i s  an  i r reduc ib le  rep resen ta t i on

such thatK(K)crr(a) (tf f i  denotes the algebra of compact operators

onXC) .

Us ing  L .B rown /s  I i f t i ng  p ro jec t j - on  theo rem to r  a r - c1a lgeb ras

f - r r - ' f
(V) ,  

{ - t l l  )  we f ind  a  p ro jec t ion  e  6  A  such tha tT i - (e )  i s  a  rank

one pro jec t ion  in f f (K) .Then g=fu l  aoe= no t  sa t is fy  the  
:

c o n d i t i o n s  o f  d e f i n i t i o n  2 . I .

Converse ly r le t ,  e  be  a  p ro jec t ion  in  tu fa )  fo r  some q  gN

I
Deno te  by  J ' t he  i dea l  genera ted  by  e  i n  Mo(A) .F i x  n  € / fu  and  l e t

t="t6=ff i f  e i th JO f in i te dimensional .Denote by Ik the ideal  of

JO consi-st ing of  those facLors of  JO having dimension )  n.

rL  fo l lows tha t  I i .  C  Ik* t  and hence t {  i s  an  idea l  o f  J .

Denote  as  in  
F t ]  

by  r (n )  the  las t  in teger  m wi th  the  propr ie ty

t h a t l s n ( " 1  u o f t ) . . . b ( * ) = 0  f o r  a n y  a r r " . . , d m € M n ( c ) ( s *  i s  t h e
a € 5 6  ' 7

s y m u t E t  g r o u p  o f  o r a e { m ) . r t  f o l l o w s  t h a t  f o r  a n y  X ' , . . . , * *  €

J/T rm| .  r  (n)  ,X^s ign ( f )  xrs- (  t  )  .  .  .  *O(*)  =0 s ince th is  is  t rue for
q e s w  v \ r i f

* j  in  the  dense 'suba lgebra  JUI IO.The proo f  o f  
[ r rJ ,

2 . 2 ) . L e l  ( c r c * )  b e  a n

large dominators i f  for

G G* 
'and m €,NJ such that

- 1 0 -  .



.  proposi t ion 3.5.3.  shows that J/ I  has only f in i te dimensional

representations (of dlmension { n).The assumption on A shows
, Q t

that I = J and hence e € Jk for same large k.Cho'*se a minimal

project, ion from each factor of JO and denote by 
7 

LheLr sufi Im'

rhen 
"[p]( t" ]  S *[p] for.same larse m €/A/.

4 . 4  L e t  $  =  ( A ( x )  t x  Q  X r t r )  b e  a ' l o c a 1 l y  t r i v i a l  f i e l d '  o f

c _argeuras such that, e(x) c/ A for any x € X, and x a compact space

t f r f ] ,chX ) ,B *uy be v iewed as a f iber  bundle wi th  Aut(A )  as

structure group.Denote Uy auto(e) the connected. component of the

identiry in Aut(a).Reca11 that auto(a) = f f iGl t [z] l  ,

Denote byfl  the latt ice of ideals of Ar(L can be l"dentif ied - '-

wi t l r  the la t t ice of  the idea. ls  o f  A@-K.

Let, f € Aur (A),rhen 
7 trt'+ffiffi=" rhar our 6undre admits

a restr ict , ion of  the structure group to Auto(a) ( t f r is  a l lways

happens i f  X is s imply connected).Denote by $ t f re associated

Auto (A) principal bund.Ie

The Auto(A) -equ ivar ian$ inc lus ion  c rcA 91ves  r i se  to  an

inclusion g 
t"r ]c €[o]  of  f iber bundles.  (our notat ion and

terminology are taken from [tt] ) '

Denote by B(Bo,)  t l ie f  -a lgebra of  cont, inuous sect ions of

€,fa l  =8 (  gtrJ) ,see 
t t t ] ,ch.xwe obtain an. f l - f i l t rat ion of  Ko (B)

b y  K O  ( B ) c ^ l  =  R a n ( K  ( e  ) + K O  ( B )  ) .

The fol lowing proPosit ipn is the key in translating homotopy

d.nformation i.nto K-theory dlgebraic language '

4 .5.  3 :g!$ i l iog Let  (Xrxo)  be a pointed compact  connected

CW-cornplexrArB rB,  as above.Denote by uL:KO (B)-+XO (A)  the morphisrn '

o f  t 'eva luat ion at  xO".
t - l

a)  r f  a  ,a t  G K0 (B)  ,T{ r - )> n(a)  and m( ' [ (  6)  -Ta))7.  
n(a)  

for

ssm€ mg/N then u '>  ^ .
I

b )  L e r  ^ , u t e  K 0 ( B ) r a  i  
f " ] , T ^ )  

= \ L ( a ) . D e n o t e  b y  c d  t h e  i d e a l

generated by e(x0) in A€i{ .Then u'> O i f  and only i f  a la G K0(8J,,
] a  I



c) Suppose E i"  t r iv ia l r then B has the cancelLat lon

propr ie ty  fo r  p ro  jec t ions  andr I ,  (U(B)  ) ' ->K j+ t  (B)  i s  an

isomorphism for any i 2. 0.

ree.t.
The id.ea of  p,roof wi l l  be to regard elements b e B sat isfy ing

certain Propr ie&s as sect ions in a sui table def ined f iber

bundle

We may assume that,  B is stable ( i .e B 1/  B @5C)

a )  L e t ,  e r " ' b "  p r o j e c t i - o n s  i n  B  r e p r e s e n t i n g  a r a ' i - n  K 0 ( B ) .

W e  m a y  a s s u m e  t h a t  e ( x 0 )  =  e ' ( * O ) . D e n o t e  b y  V ( x )  = f V ( x )  6  A ( x ) r

V * ( * ) V ( x )  =  e ( x )  r V ( x ) V t x )  (  . ' { * ) J r i t  i s  a  s o r t  o f  " g e n e r a l i s e d '

S t ie f fe l  man i fo ld . "

Let V = u V(x) C gr^]wi th the ind.uced topology,then V beemes
xeX

a local ly t r iv ia l  f iber bUndle on X I t  is  easy to prove that

\ J ( e ( x o ) a e ( x o ) ) ?  l ! - r u e  €  V ( x 0 )  i s  a  l o c a l l y  t r i v i a l  f i b e r  b u n d l e
-

( t f re proof is s imi lar  to lemmaI ,2 of  [ZOl )wi th f iber

U (  ( e ( x O ) - e  ( x O )  ) A ( e ( x g )  - e  ( x 9 )  )  )  . T h e  h y p o t h e s i s  s h o w s  t h a t  t h e

idea ls  genera ted  by  s  (x0  )and.  .  (x01  -e  (xg)  in  A  CDK co inc ide .

The exact seguence of  homotopy groups (V* and proposi t ion
' (- '1 ' . . ,.-,, C ^?

2,4.b)  or  [zo]  showy'  that  'n l (v(x)  ) . : l  r1k(v(xs)  )  v  Lo}  for  any

k > r O  a n d .  x  €  X . A ' s t , a n d a r d  a r g u m e n t  t [ t t ] , t h e o r e m  7 . L .  p a g  2 L )

shows  tha t  V  has  a  c ross -sec t i on ,Th is  c ross -sec t i on  de f i nes  a

par t ia l  isometry  f rom e to  a subpro ject lon of  
" '  

.

b )  L e t  e  r e t €  B  b e  p r o j e c t i o n s  s u c h  t h a t  e ( x O )  =  e / ( x O ) .  . :

Then u," 'e B- and hence t" l- [ . 'J e K0 (B)&r.

Converse l ypsuppose  Lha {a  =  
[ * J  

-a  €  K0 (B) r ,<^ )be ing  the  i dea l

genera ted  by  e (x ' )  i n  A .Then  au to (e )  ac ts  on  G) * .L " t  B  be  the

C*-a lgebra of  cont inuous sect ions in  E[" f ] ,The 
'spt i t  

exact

r Y u
sequence 0+BajJ '6 ;n"(x)  ->0 shows that  the e lement

- 1  2 -



a/  = (a ' -a)  +  a of  K ' (Bo, )  may be represented by t " l : - f " t l '

iorr= in d&r&K such that Y tur) = 10(er )re t  a n d  e ,  b e

(Y- = X o@ ,Ud . Deno te by 
^X Xro( 

x ) the quotient, rnorPhism

(co(x)+ is  rh"  f iber  o f  g [c ' t 'Jat  x) .  Def ine w(x)  = c ( l )(x)b

X*(w(x)  )  = 'X* te ' r tx )  ) f tXx(er ix - )  )

W t" fWt* l  = €r  (x)  yr t (x) '#(x)  6 "{  
t " l }

that 11L (w*):r I o] ana that w =

Thls shows that  e ,  is  equiva lent  to

hence u ' ) ,  o

c ) t h e c a n c e l } a t i o n p r o p r i e t y f o l l o w s f r o m s t a n d a r d r e s u l t s

in  topo logy .Endg ,supPose  tha t  uL , "2  a re  p ro jec t i ons  i n  Mq(B)

such  rha r  f " r ]  
= l "Z l  t , ' ,  Ko (B)  .We wr i te ' , r  = f iT r , ro r  a re  f i n i t e

dimensional  c*  -a lgebras.Let  d  denote the d imension of  X 'We may

s u p p o s e  t h a t  e 1 t e 2  e  g ( x r A r r )  f o r  s a m e  l a r g e  n ' A l s o r s i n c e  K 0  ( A )

has large aenominto.rs we may suppose that the dimensions of the

p ro jec t i ons  u1  *S {n  K0  (C(X 'An )  )  a re  l a rge  enough(g rea te f  t han

d '  / z )  and  tha t  [ . r ]  
= f  

" r l  
i n  Ko  (c (x ,An)  )  ' r h i s  can  be  done  bv

encreas ing  n  i f  necessary .But  S tab Ie  i somorph ic  vec+-or  bund les ;  o f

la rge  d imens ion  are  isomorph ic  tsee  f  
f  5 ] ,  th "o t " *  8  '  1 '  7  'Pa9e 100 )  '

Let ,  us observe that s = tsr  (  C(x) )< <fert* t" fZZ] I  for  def in i t ion

and rp ta t ions . I t  fo l lows tha t 'n -0  (u (Mq(c(x )  )  )  )  i s  i somorph ic  to

* R , ( c ( x ) ) f o r  
I ) $ + 1 , t [ " ] , t h e o r e m  r 0 ' 1 2 ) " t s e  a l s o  t h e  f a c t  t ' h a t

the topological  stable rank and the Bass stable rank ccinci  de

for  i l6  -u . rg"bras  
I tn ] )  . rh is  shows tha t 'g  ru (B)  )  r3  !$?r ,  

(u (c (x , \ )  D

a 4 l t - g T i - " ( u ( s j c ( x , A n )  )  )  a a  t j g  * j * ,  ( c ( x , A n )  )  c 4  K j + r  ( B )  s i n c e  t h e
_ + v

d imens j -on  o f  the  b locks  o f  An encrease to  gO'

Let  A =UA'  rv i th  A* f in i te  d imensional .Denot 'e  by i * r t  the

inclusion Arr '->A* and' by i .r the incluslon Arr->A'"": HomO (An'A)

denote the connecte-d component  of  i r .  in  t tom(\ rA)  'po inted by in '

ry
) t

, I t  fo l low as in b)

U w-  has  a  c ross-sec t ion .
x € X ^
a subpro jec t ion  o f  e ,  and

- l  3 -



\

Let e = 
_c(x.A) rJ -  c0 (x\sgl  rA) .Denote by i -* , to*o {a. ,a) l  tn"

L T , J

homotopy classes of  bese point  preserving cont inuous funct ions

-Y:x -+Hom0(AnrA)  ' such  a  cont inuous  func t i
€ _ - ^ _ - - - 5 - ^ . . 7 I l L | J ' | ' t \ r r ' , r f u o u s t u n c t i o n f d e f i n e s a m o r p h i s m

fiqnlAo-)B.we shall denote 
'

ot 
t":\-+B 

the morphism
t qr, (!o) r"rgt*f====i' fVt x e x .- -  

I  ,

The following lemma shows the power of the

4.6, Lemma 
fx,rio*o ta,r,alln IVJ-+ K0 (fn(91 )

previous proposi t ior

-  K o  (  j n )  €
H o m . ( K 0 ( \ ) ' K 0 ( J ) )  i s  w e l l  d e f i n e d  a n d  b i j e c t i v e  j - f  t h e  f i l t r a t i o n

o f  K o ( J )  i s  K 0 ( , 1 ) u =  K 0 ( c g ( x \ [ x o J , o )  ) r t h e  f i l t r a t i o n  o f  K o ( A r r )

- is  KO (An) fu = K0 ( i r r )  (K0 ( t r ) )  ) rand A dces not  have uni t .

P r o o f .

the  idea l  genera ted  by  p . f  in .A . r t  fo r rows f rom propos i t ion

4 .s .bJ  t ha t  ^o (9 r , ( ? )  ) ( [ ng ] )  - -Ko ( j n )  ( l ngJ )  €  Ko ( t ) s : g . conve rse ry ,
suppose that t  € Homc(K0 (An) rxO { . r1 1 then i t  fo} lows also f rom

p r o p o s i t l o n  4 , 5 . b )  t t r a t  t h e r e  e x i s t s  a  p r o j e c t i o n  
" ' r e  

V

such 
:: i t  lJeJ = f j . , tegl]  + l l rgl).suppose that Fr, = d*)el. .du)

and A jY/  i s  a  fac to r  o f  t ype I , r ,  .Us ing  propos i t ion  4 .5 .b )  one

obtaines by induct ion *r+*2+. .  .**k ortogonar pro jesf j_c,r is

?ii) . . . ,6J.llr,€11) . .. ,?,hi*o such rh1 re[l,1= l"'e].r. rollows
then f rorn proposi r ion a.5.c)  thaS 8 l f , t "  equiva lenr  ro  g : { l

rhere exisrs gl-,r!,, such rhat 'Xlr!,fg"!,, = E:{, and
g:{i Et:,tr E:{,,Y e lr, .. .,*1J.K,,otY uy E() =Z(f) ,srrt f .
nltu ,',w. ..-,i? ? = ;tp1,":'"Ifi ; ,-;,::: ,-;:y,; ;%',,'. . . ,^ 1
denote a matr ix unit  oi  arr.  There exists 

f  
:  x,+Ho*O {arr,  A) ,

V*@:g) ) = 3:*) (*) .Moreover any map x *) Homo {a,r,a) ;"  homoropic

to  a base point  pr .eserv i -ng map,This  shows the sur ject iv i ty  o f

fx, 
no*o ta,r,a)] *) Homc (K0 (\ ) ,  K0 (J) ) .  ,

L e t  p r  r . . . t p g  b e  t h e  m i n j - m a 1  p r o j e c t i o n s  o f  \ r d e n o t e  a y  ( t t

rn orcler tc)  prove that i t  is  in ject ive ret  us observe t ha t

thent . f  f  r{e"o*(An,B) have rhe proprierry rhar ro (f)  = ro t / t



I t  fo l lows f rom propos i t lon  4 ,5 .c )  us ing  a  s tandard  t r i ck  o f

O.Bgattet i  that  I  and af  ur .  uni tary conjugatedr
I t

, f  =  ud , ro f  w i th  u  €  u (J ) .Le t  e  = t ! t r ) .Then there  ex is ts  a  un i ta ry

V in  U( ( I -e )J (1-e) )  such tha t  uv  i s  in  the  connecteC cc 'mponent ,

of  the ident i ty (use proposj- t ion 4,5.c)  )  . t td 
? 

= .drrrof  . I t

fo l lows that I  
i "  homotopic a" f .

4 .7  Remark  Le t  us  observe  tha t ,  i f  X  i s  u  fu : "p . "u  * | , "hU ,

3) then f" , "o*O 
(An,A) l  is  a group ana i -x,Homo(e-,a l l -5

L I I J

.)Hom" (K0 (An) , K0 (J) ) is actr la-i ' .y a morphism.

-tqr

' { i

''r,.y
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5 .  T h e w

Denote by Map(x,Aut0 (A) )  the space of  base

continuous maPpings *'aorrtO (o) .

5.1.  There exists a commutat ive diagram

Map (x, euto te) )
I ' l  \ r

ttom (irB) -\Ul---+Bnd (B) = Lipm (B rB)

The f i rst  vert ical-  arrow associate,s to a dont inuous funct ion

x  9  x  u f *e  Aut (A)  the  morph ism Qtq l :A '+B s iven uV Q ( f )  (a )  (x )  =

=  
?* (a)  

.The.hoor ison ta l  a r row assoc ia tes  to  a  morph ism \

wpor_cpreserv] .ng

=  I  i f

r<o (x)  6

module

a s  f o l r o w s , l e t  t l g K 0 ( B ) , f p l G x 0 ( x )  
w i t h  e  G  M n ( B ) I

- ; P  €  M r ( c ( x ) ) . r h e n  [ n l [ " ]  
t =  t h e  c l a s s  o f

( p  @  r n )  ( r r @  e )  €  M r q ( " )  i n  K o  ( B )  ' r h i s  s h o w s rhar t r i ( l -? l )  is

e n d e e d  x o ( x )  - r i n e a r .

f*, o,-,. to{ i b a sroup with the law tglttl = f?'{J'

rt,  is clear rrom derinit ion rhat ait[ f j [ , l ,Jl = o(i([q])dit[ f ] t '

f *  
can  be  desc r ibed  bv fx ( f )  ( x  6  z )  =  x f  ( z )  f o r  f  €  Hom(K6  (A )  I

r o ( B ) ) ,  *  G  K o  ( x )  r z e  K o ( A ) '

Let  us denote uy c i tc i l  the range ot '  d i td l 's ince

fXrHom(Ko  
(A ) ,Ko  (e )  ) *+uomxo  (x )  (Ko  (B )  ,K0  (B )  )  i s  b i  j ec t i ve  i t

follows that it is enough to determine atl

{ :A- - re  the  norph ism r  ( * )  : c  (x )  6  a -+e de f ined bv  r ( * )  ( f  @ a)  =

= rr f  tal  .

Passing to  K-grouPS one

diagram

-*"

rer rCL ;"*
[i'T'o'^']
t lom (K0 (A)  ,  K0

( i = 0 i f  4 , $ a , i

Since  K0  (B )  3 l

r0  (x)  -mod.u1e.  This

obta ines the fo l lowing commutat ive

l e A )

x o  ( a )  i t  f o l l o w s  L h a t  K o  ( B )  i s  a

s t ruc tu re  can be  descr ibed d i rec t l y

- 1 6 -



Denote as before Uyfl ttre

observe that K0 (A) ,  K j  (B )  ,K j

n  e  t o , l l ) .
Tt  (P  €  Map(x ,Aur (A )  )  i s

la t t ice of  ldeals  of  A and

(J)  have natura l  l l - f i t t ra t j -ons

constant denote by & = &* the

-17  - .

.  t f  C  c ( F , ! x x , A )  t h e

s u c h  t h a t  f  ( 0 r x )  =  a r f  ( t r x d

[ o , r ]  J
x].i ' t, is the mappins

embedd ing  Ko 1a ;+xo (B)  de f ined by  Kot$ tg l  ) . r t  co inc ides  w i th

rhe composir ion of  Ko (a)  a f* f_rF]  @ [ . ]6 x0 (x l@ xo {a l  wirh
the  isomorph ism K0 (x )  &  Ko (A)  J#xo {n )  .

5 ,2 .  The fo l low ing  cons t ruc t ions  are  needed in  o rder  to

determj-ne the kernel  og di .

n",;:,:: ::' 
(x'aut (A) )''::":: ooil

f i n e d  u r  u ? =  
{ r r F ) a  €  A

=  a , f  ( t , x )  =  
P * ( r )  f o r  a n y  x  e  x  

, L  
e

t?  = f  t ,  t l r t , " ,  =9 * ( f  ( o , x )  )  f o r  any  x  e

to rus  o f  !  =  r '6 t1o l  €  End(B)  (see [ r ]  l .
L e t f t ? + A ,  

P ( r l  
=  f ( 0 , x 0 ) , 7 : M r + 8 , 7 ^ f )  =  r f  t o ] * x .

Then there ex is ts  a commutat ive d iagram wi th exact  rows:

o->sJ.r"^4 A-+o

o_u { tYra Ise+{r-+B-> 0

Let  us recal r  that  the connect ing morphisms of  the

K-theory exact  seguence of  the bot tom r f r r  are.  the composi t ion of

; |d -K3 
t f r l  ' r ,  (B) ' ->K j  (B)  and or  K j  (B)34x . -1  (se)  (see  f r ] ,

p r o p o s i t i o n  1 0 . 4 . 1 )

observe rhar if we denore uv x*tfii = K0 tfrl O *, (fi) :
3 Krr(B) = K0 (B) @ Kl (B) +i{*(n) then n*(f l )  is the uni-gue

x*(x)=x0(x)  @ n4(*) - l inear  exrens ion of  Ko t f l l  . r r , ' r "  i f  K0 ( f l )  =

= idro {a) then aLso x, tf l l  = idx, {a) .

We obta j -n  for  any 
f  e  uan(x,Aur(A))  such rhat  O( i ( fg ] )  =  id  a

commutat ive d iagram wj- th  exact  rows:

r "t (.'
r  ^ , ' " 1  9 ( t "

' A{ ojd t'' t "'



o *-{i,--'Ko 
F,** 

oi?""'
0 -+Kr-(B)* KO ( t" t t)+r"o (B ) 'p 0

( 1 )

( 2 )

r f  we denoLe u f , *  =  uTO c( f0 , t ] xx , t . r ) ,

M q,tu 
= *f n 

" 
([0, r] xx,61 then *o (? and" Ko (M*)have naturar

J1-f i f t rat ion.Moreover there exists an obvious morphism of C(X)

in the center of  U(Mc1a) giv ing a X0 (X) -module structure on KO (ry)  '

Let us denote UY f,6 (f) the class of

( r )  i n  Ex t " (K0(A) ,K r  ( J ) )  and  av i t ' o ( f l  t he  c rass  o f

(2 )  i n  Ex t *g  (X )  , c (K0  
(B )  ,K ,  (B )  )  f o r  f ' f J€  ke r  o (o  '

I f  A has a unj-t  then nE and M{are also unital  and the quotient

morphisms; f  and [are un i t  preserv ing.Let  us note a lso that

ro  (nc1)  and Ko (M/  have order  un i ts  g iven by the c lasses of  the

units .  rhis shows that i f  f  € vap (X, Aut (A) ) ,a (CfJ = idro {a)

rhen we can def ine VJf l  e nxt{o (X) r  c 
(K0 (B) rK, (B) )  and

hr f  
e  nx t f ; (K0  (A ) ,K ,  ( J )  )  resa rd ins  (1 )  and (2 )  as  compa t ib le

ex tens ions  w i th  o rde r  un i t .

t "e t  f r leuup(X,Aut  
(N)  ,V - -  r64t f l .Denote uv 6z the composi t ion

o f  s B  ( D  s B  *  c 0 (  ( 0 , 1 / 2 ) , B )  @  C 0 (  ( L / 2 t I )  r B ) - + s B . T h e n , i f  w e  d e n o t e

b y  D  = { f  e  c t f o , z J , B ) , , f  ( 1 ) ' = f  t f  ( 0 ) ) , r ( 2 )  = ?  ( f  ( 1 ) )  , w e  o b t a i n

a comutative diagram with exact rows3

0-+sB o sB -+ M* 6' M?-+B @ B -+ 0

l l  
' t  t  1 i d

0-:lSB O Se *-) D - tr B ---+ 0

l q  I  i l
OdSg -4 *V.V -+ B --t 0

rf K0 (f,) = *o (fi = id" then rhe corresponding d.iagram of

Ko:-groups shows rhar 
f r {f ' t l  

=f,i (?) *t, (rf l , i  *[o ,f 'rt is

obvious that tt  
? 

is homotopic to the constant map x-i ido then

i l r l r l  
= 0.Also observe that there exists obvious morphisms

- 1 8 -



ro  !ExtKo (x)  ,  c  
(Ko

r r : n x r [ o ( x ) r c ( K o

, K r  ( B )  ) - . l u x t c ( K o ( A )  f  K I

,K r  (B ) ) -+ux t f  (Ko  (A )  ,K r

) and

)  obta ined by

( B )

( B )

( r )

( r )

r . ) - * n x t f , ( .

. I t  f o l l ows

6*and using the isomorphism

t f f i ,  i s  a l so  a  morPh ism.

c o m p o s i n g  t h e  " f o r g e t f u l l "  m o r p h i s m  E x t * O  ( X )  r c ( ' r '  
) - r l E x t " ( .  r '  )

( n x t f o ( X ) , c ( '

Kr  (J )  ' r l  K l  (B)

K 0  ( x ) , " ( ^ K O ( B )  ' K r  ( B )  )
I '4'

I " ^ *  ^  V -  r t z O r v r  r hlHorn*o 
(f) ;  

(Ko (x) S

, ' )  )  w i t h

rnatf ti =

h*
+ E x t .  

( K 0  ( A )  , K r  ( J )  )

Ko (An)  ,Kr  (B)  )  
I  

-

>>$ timrHom" (Ko (An ) ' Kr ( J) )

o f

in

r t ,  also fol lows that 
f ,0,f | , f , ,  

una/ ' ,  depend only on the class

g ir ,  fx,aot{aif  .rrre preceding discution is part ial ly included
l b

the fol lowing lemma:

5 . 3 .  L e m m a

a)There ex is t  commutat ive d iagram of  morphisms:

kerc(o

r/ VJ
E x r K 0  ( X ) , c ( K 0  ( B )  , K r  ( B ) ) - 5 O r E x t " ( K 0  ( A ) , K '  ( J )  )

for  A non uni ta l r  and

ker d,

, / \ ,
X a /  \ [ ^u , / \ r

ll :t

rx t f ,o  (X)  rc  
(K0 (B)  ,Kr  (B)  )  jL lnxt f ,  (K0 (A)  ,Kr  (J)  )

f o r  A  u n i t a I . r ,  i s  a n  i s o m o r p h t : T  t e  {  O r f } .  
n

) l, 
(Wg fgtt ) = di (f91f i ,fr1 rytrft t ror fe u"r (x,AutG

$ e u u t o ( r .
Proof  ,  Let ,  a  =L, lAn wi th  An f in i te  d imensional .

Let  us observe that  there ex is ts  by lemma 3.6 a

commutative diagram

Ext

I im
€-

- 1 9  -



'  .  {  ; ,  .

. 1 , ' .

from whlch L.t follows that r,., ls also an lsomorphlsm.
U

get using lemma 3.8. a cornmutative dlagram with exact rows!

- ;Hom" (K0 (A) ,Kr (J)  )  - -+ Hom(Z,K, (J)  ) ->
.1, J- n

- rHo\o (x)  r  c (K0 
(B)  ,Kr  (e)  ) - rHo\<0 tx)  

(K"  (x)  'K l  (B)  ) ->

+u,xt! (K0 (A) r Kr ( J) ) --> Ext,. (K0 (A) r K, ( J) ) -> 0

{ , ' r  
Y  

I  
r

* r ' rw*u^ ( ro  t r ) ,Kr  (B)  )  - -+sxt*0 
1x)  

(K0 (B)  ,Kr  (s)  ) - ro_ _---Kv 
[x) ,  c

We obt,ain from the f ive lemma that r, is also an isomorphism.

The equali ty of b) fol lows from the commutative diagram

il
,{
.t
.{

0 -rsB ? i"1_---..) 3 --t0

J { t r ' W
o + sB -+ u?Ffe,-d o

Lr CVJ = t.
5 . 4 .  P r o p o s i t i o n

lsomorphism.

Plloo,€. Let

5Y imr*tAt*A*

of A'  in A.Let

F- c + Hom" (Ko (A) ,Ko (J) ) urdtrJ t" an

a =ua. wi th-A. f in i te dimensi 'onal 'Denote

the inclusion of A' in A* and bY in the

n
Homu (AnrA) be the connected component' ot

- : r  . I t  is  Proved I N

as before

inc lus iqn

i i nn

Hom(AnrA) ,  po inted by i r ,  ' , :  " - ' .  ' r t  rs  Proveq'  t r r

[ rO ] ,  l emma L .2 .  t ha t  t he  res t r i c t j - on  i * r . rHom0 (A* rA ) -+Hom0 (An tA )

i s  a  f i b ra t i on rand  hence  MaP (X rHomo (AmrA)  ) ' +Map  (X rHom(An tA)  )

i s  a l s o  a  f i b r a t i o n  f r r T , t h e o r e m ( 7 . r 0 ) , P a g  
3 1 ) '

Denote Hom(ArA)  by End(A)  pointed by ido and by Endo(A)  the

connected component of idO in End(A) 'Then

Map (Xr eutO (A) ) -t t t tap (X rnrra0 (a) ) is a weak homotopy equivalence

*r) ,  
lemma I .  4  )  . I t  is  obv ious that  l ' tap (x ,  Endo (A)  )  is

n

homeomorphic to the inverse l imi t ,  
P,  

lo"p(XrHom" (AnrA) ) .

F - f

ThE proo f  o f  Theorem(4.8)  f rom l " I  Pa9 433 shows tha t

H =  f1m\ r . ,  (Map(x ,Hom0(AnfA) ) )  ac ts  f ree  on  the  po in ted  se t

f ,o tr,f ix, inoo (A) ) ) and thati l-s (Mae(x,nndO (A) )-t*r:1tb (Map(x'Homo (

( \ r A ) ) )  g i v e s  a  b i j e c t i o n

7t-g (Map (XrEndo (A) ) )  /H+}Eff i  (Map (x'Homo (\ 'o) )  )  '



Let us observe that, ' lT,  (uap (XrHo*0 (AnrA) ))  is  naturaly isomorp.hic

t "  
f t * ,Homo 

(An,A,  a /  Hom" (K0 (An)  ,Kr  (J)  )  by lemma 4.6.  (use a lso

r e m a r k  4 . 7 .  ) . I t  f o l l o w s  a l s o  f r o m  l e m m a  4 , 6 .  t h a t  t h e r e  e x i s t s  a

commutative diagram

[-'"T]i|! **sTio (Map (x'T*o (An'A) ) )

Hom" (K0 (A) ,xo (J)  )  -*>l im Hom" (K0 (An) ,K0 (J)  )

in which the bottom arrow is an isomorphism and the right

ve r t i ca l  a r row  i s  a  b i j ec t i on

We obta in the fo l lowing d iagram:

0+EI lHo*"  ( Io  1e, . )  ,Kt  (J)  ) - * fx ,End0 f  a{  +  L+Homc (K0 (A)  ,K0 (J)  ) - *  0
-  " 1 " a "  x t :  

L  
t  

J

Ex t .  (K0  (A )  ,K t  ( J )  )  < "  "  ke ' rds

in which the f i rs t  ver t ica l  ar row j -s  an isomorphism by

lemma 3.6 and the top horr isonta l  l ine is  an exact  sequence

o f  p o i n t e d  s e t s .

r f re  p roo f  o f  t h i s  p ropos i t i on  w i l l  be ' conc luded  i f  we  show

that  th is  d iagram is  commutat ive.

Let  
f  €  t r taV(x,Aut0 (A)  )  ,  lqJ e fcen(O.o, r r  assunpt ion shows that

I t  f o l l ows

,L'n'lo, t] *"*"o*o {Arr,A) bY 
T

a n d  b y  y ' n t t , " l  = f  n ( 2 - 2 t , x )
-2t-

x )  = /  
n + r ( 2 t ,  x ) /  a ^

t  e  f r  / 2 , l t h e n
lo,r,!

f  lo "  
g  {ap  (x ,Homo (An,A)  )  i s  homotop ic  to  t ,he  func t ion  x# i *

via a homotopy 
{ n u utp ([t , l  

"r/[0 , r] x'* ' j , 
Hom0 (An, A) )

i .e .  t " l t rJ  xx = 
? lorr , f , r to,*)  

= t* . t "  der ines a morphism

fn: An-9 E

f ,$t"o*"  
(K0 (An1 ,  xa ( ' r )  )  by the sequence

such thatfofr, = ir, (f t: the quotient map Ef-tA)

from lemma 3.6.  that  ytot{g1l  is  represented in

t l " L u *  ( K o  ( f r , + r ) o K 0  ( i r r + r , r r )  -  K 0  ( f n ) ) n  
G N  

( w e  i d e n t i f y  K o  ( s J )

to  Kr  (J )  by  Bot t  per iod ic i ty )  .

Let us observe that we maY define

I  t u
n  t  " '

for

f o r  t €



| 'nlo ,*) = 
T'^(t, 

x0 ) = ?Llrrt,*1 = 1r, ana yln f actors to a mapping
v n

In 
sx '+ Homu (An,A) of  pointed spaces.Then t fZ+f ,Theorem(4. I ) ,

pag 433) ? L" represenred in 
l i3 'F-,Homo(a,.,a)] ,  

by the sequence

,t trJfill .sLncefu,.l i" sent LoLne Hom" (K0 (An) ,Kr (r) )
under  the  isomorph ism o f  lemma 4 .6(see a lso  4 ,7 )  the

commutat iv i ty of  the diagram fol lows.

We now turn to the"uni t ,a l  case.

Let us note first that a @ff is completely non unital and that

there  ex is ts  a  morph ism Aut (a )+Aut (A @W) g iven by  
Z* rZe 

i%,

we have denoted by!{ ,as usualr the dalgeura of  compact operators

on a  separab le  H i lber t  space.

Denote by qt fx ,aut ta ! -+p,Aut(A eK) ]  the correspondins

morphism.The fo l lowing lemma j -s  fo lk lore and ident i f ies the

range of  th is  morphism.We sketch i ts  proof  for  the convenience

of  the reader .

5.5.  Lemma Let  1€ uap (x ,Aur(A@ff )  )  rhen LTI  i ,  in  rhe range

o f  6  i f  and  on ly  i f  (0  ( t { l )  ( [ t j l  =  
[ r J .  .

Proo f .  One  imp l i ca t i on  i s  obv ious .

Let ("rrr*)nrm 
€/A/ denote^,a matr ix uni t  of  K.

Denote as usual  B = C(X,A) and let  t l l :z@I. t+ BAK be the morphism

,  -  - *d e  i n e d  b y f  , f r r *  =  r  @  e n , *  €  B @ K  . t t r l ( f r r , * )  =  f r , *  r h e n  i L

fo l lows that  there ex isL"  
? 

€ tu tap(X,Aut , (A)  )  such that
ry t^, .1,,

t  
=c f  @ id f t  ( f  i s  t he  morph ism B+B de f ined  aV f ) ,and  i t ,  f o l l ows

t ha t  *  i =  even  j -n  the  range  o f  Map(x ,Au t (A )  )+ t r l ap (x ,Au t (A  @.K)  ) .I

rn  senerar , rhe assumpr ion rhar  
"o( f i  

t [ r ] I  =d0 $,y l ) t [ tJ I  = f  t ]

shows tha t  
f  t tOg) is  equ iva len t  to  fOO(use propos i t ion

ll

( . I f  we ident i fy K0 (A) wi th KO (AAlf  )  by stabi l i ty , then

L e t  v 6  e & X b e  s t r c h  t h a t . v * v = f , ' ' r v V L P t t O O ) . L e . t  u =

= LV( t -o )v f ' r r r the  .convergence be i .ng  !n  t i re  s t r i c t  topotogy 'o f
n€/i l I 

- nu' un 
A,,

M(B&X) r r -i1 , a unitarl ' . in !t@gn\ -and ado ( fn.,*)JV(fn, p) , since rhe

unitary group of M (D@'J(, ls contractlble

4 . 5 . )  .

f ' l  = [ 'oo] ]



M ( A  E f t ) ( u s e  t h e  f a c t  t h a t  U ( M ( A @ 7 i ) )  i s  a  d i r e c t  s u m m a n d

of  U(M(B 8K)  )  .Then . *udoa " f  is  a  homotopy of  P t "

Map(xrAut,(A &K) ) to a mapping in the range of

Map (x ,Aut  (a)  ) - l  M"p (x ,Aut  @&n) )  .

We get  the fo l lowing coro l lary :

5 .6  .  coror lary  a)  c4 '  =  eo 'n  t  9  g  uo^(K4 (A)  ,xo (B)  )  ,

4rt9t t[r] I  =l ,7€ Ko (B ) ]

onto kerdo.

and -Z ( L"tl I

fc)r

arl

and

in

any darseura ot[S], [tn] ) it foLlows that, there exlsts

arc  of  un i t ,ar ie t  
" t  

e  M(B @W) connect ing u ' to  re  r r l (g@ff i )

such thrat the value of u* in x0 is a mult,iple of the identity

b) The rest,r j-ct ion of C!- to kerd, maps ker(,

P r o o f .  U s g  p r o p o s i t i o n  5 . 4 .  a n d  l e m m a  5 . 5 .

We are

5 . 7  .

P r o o f .

l e f t  w i th  the  de te rm ina t i on  o f  t he  ke rne l  o f  a r .

I
Lemma 

t  t  is  an isomorPhism.

We f i r s t  p rove  t f t a t ; {  i s  i n jec t i ve .
u  ' z  

e  H o r r . . i ' K ; . . , + '
Suppose that  therb ex is ts  such that

= {:}1 .
Le t  A  =UA '  w i th  An  f i n i t e  d imens iona r  and  l e t  t * r r r i '  hbve

the same meaning as j -n  the d iscut ion preading lemma 4.6. I t  is

an immediate consequence of  pr :oposi t ion 4.5.  that  there ex is ts

a morphi r*Trr ,or , * "?  such that  g .T"  = i *  and Kg(7n)  =ZaKo( i r r )  '

moreover  any two such morphisms are uni tary  conjugated.Using

induct ion on n one can def ine morphismt 
Tn:An- tUF 

t= above

such  tha t? * lO"  = ln  Th i s  can  be  done  as  fo l l ows .Suppose  tha t  we

have defined 4/ ' ; ,  .  .  l1n 
as above.choose 

! l-r,An+r4 
EO arbitrar Iv

such rhar 
f ' \ l-r*t 

= in+I *u 
,*o ft l i  

= zoKf ( in) .then there

exisrs ,rr 6U(A) such rhat 
T1.4"^ 

= uduo4ln Let 
!n+r 

= ado* "fi-rnr.

I "  
co l lec t  to  de f ine  a  l i f t ins  + tA1Ef  to r  y ,  fonL= 

ida

, l*rr €,,, .] )
K0  (  . )  , ;  ' (  =  i d ro  

{a )

- 2 3 -



r ,etr f  : fo, t ]  xx+rnd0(a) be def ined by * t t j * l  
= the composir ion

o f  
I . : A - a B  

a n d  o f  t h e  " e v a l u a t i o n  a t  ( t r x )  " t g  ?  b + b ( t r x 1  6  A ,
,

^( defines an arc connecting g to the constant mapping

in Map (xrsnd9 (A) ) .using rhe isomorphism 
fx,arr0 tal] -+fx,nnao tal]

fi01, lemma L , q we obtain that. veryl y I of ,
V  J  0 L

To prove the surjectivity 
"t tr', 

consiaer the diagram

kera(oA

(A)  ,K l  (J ) - r  Ex t , "  (KO (A)  ,Kr  (J )  )  ->  0

Ad is  de f ined as  fo l lows.Le t  u  6  U(J) ru  i s  represented  by

a func t j -on  u :X-2  U(A)  such tha t  u (x ' )  =  t .Lg t  aa( fuJ)  be  the

c lass  o f  x -?adu(x) *F  Aut , (A)  . I t ,  fo l lows tha t  the  i t iagram is

commutatj-ve and hence yrl ts rrtLto(a simpLe diagram chase) .
0 4

l t .  \

Kr (J) AdD kerfi., -p

Hom(z,-;{; ,* r*(i (Ko

\ l
1 l  i

\1 1'



we put together the results of this section in the following

theorem.

5 ,8 .  Theorem Let .  (x rxo)  be  a  po in ted  compact  connected

cw-complex  and A an  AF-a lgebra  wh ich  sa t is f ies  4 .1 .a )  and. ,b )  .

L e t  i  =  0  i f  t ( .  e , i =  r  i f  I  e A .

D e n o t b  b y J 2  t h e  l a t t i c e  o f  i d e a l s  o f  A r B  =  C ( X , A ) ,

=  C0 (x \ [x01  ,A)  ;K ,  (B)  and K,  (J )  a re  lL - f i t te red  r0  (x )  -modutesJ

( j e I  o,  rJ )  .
The range of  O(0 is c0 = idx.  

{a)  
+

ranse of  o( ,  is  c l  = t  nLe c ,Tf  [ r ] l  =

The product in Ci j-s the composit ion

,99/
Honko (X)  r  c  Go (J )  )  and the

[ ' ]1 .
o f  morph isms .

--qtrqlf

f ,  o 'kero(o -?  ExtKo (x)  , .  
(K0 (B )  ,Kr  (B )  )  and

|  , :kero{ ,  
- -9  uxt f ,o  (X)  ,  c  

(K0 (B)  'Kr  (B)  )

are isomorphisms,We obta in exact  sequences

i f  I  f l  A,and

0 - + E x r ^ 0  ( x )  r c ( K 0  
( B )  , K r  ( e )  ) - | f x , a r r t  f  e [ - + c 0 + o .

i f  1  e  A .These  exac t  seguences  a re  na tu ra l  i n

ke rne l s  a re  de te rm ined  by  l emma 5 .3 ,b )  .

Here are some conseguence of  the natUrd l i ty

o-2Ex t f , s  (X )  , c  
(K0  (B )  ,K l  (B )  )+ [x ,a r l t  f  a l ]  +c r -+o

( X , x 0 ) ; t h e i r

in  X of  the exact

seguence,

5 , .9 ,  9gT.g l , Ia f ,g  Le t  (Xrx ' )  ,  (YryO)  be  po in ted  compact

connected CW-complexes ,  Suppose f  :  (XrxO) -? (y ryO )  induces an

isombrphism of rhe K-groups thun f,1" , irut tal] -:[x,Aur (a) l] is

an  isomorph ism. I f  K0  ( f )  i s  an  isomorph ism and K l  (Y)  : /  {  0 }  then

the exact,  sequences of  the preced, ing theorem spl i t

- 2 5 -



Proof .  Denote by c i  (x)  (c i  (v)  )  the

put in evidence the natural dependence

Then there exist by the nat,urality

commutative diagrams

, x r  ( v )  )
( f I *
, K ' ( x ) )

range of f, i in order to

o f  these groups  on  x (Y)

of  the exact sequences

-+fY, Aut

*f ,oL.
(ail-pco (Y)--," o
f  ;  ^bo  r t l
(A)l-*c" (x)--to

0-f  nxt"  (K0 (A)

o-' Exrc ,-f Xi
i f t € A a n d

i f  r G a .

co ( r )  i s  ob ta ined

Ly  *  Hom"(

x
frt

t ta{-r-*f",o-* u*t| (Ko (A) , xr {v ) )

f

t ta[*cr-*L*,| * t  
r r r *

o+u*t |  t ro  ta l  ,  x r  (x )

" 4 ( " ) . - r o

| " i  , ' ,' ( * )  - ' o

G o  ( Y )

I G

from the

K 0  ( A )  , K 0

l-,,*

Au

I
Au

commutative

(co (Yu vo] a)

d i a g r a m

/"
) )----*

o  ( t ) '
/"

L x  *  H o m " ( K 0  ( A ) , x o  ( C o  ( X r [ x o ] , A )  )  ) : - 4 G 0  ( x )

r  yt fxr f t  have the same meaning as in 5 '1

: co  (Yr [  yo ] ,a ) - l co  (x \  f "o ] ,o )

i s  g i v e n  b y  b + b  o  f .

The f i rst  part  of  the corol lary is a conseguence of  the

Fj-ve Lemma.The second part follows from the fact that

,  c (^ : l " ,ar ra to i l -+c i  (y)  and e i  ( r ) ,c i  (y) . - )c i  (x)  are isomorphism and- t L  )
*  - ]

hence f in r to  c i ( f  ) - r  i s  we l l  de f ined and is  the  descr ied  sp l i t ing

- 2 6 -



6. Thq case_A slmple._and {._? t l /-spgce

.  Let  A be a s imple AF-C-algebra not  s tab ly  isomorphic  to

f f ,  (Xrxg)  a pointed compact  connected Cw complex which is

a l s o  a  H t  s p a c e .

Let, B and, J have the meaning of the preceding sections and'
,

deno te  by  A  the  mapp ing  cone  o f  t he  i nc lus ion@. -+a  i f  I 6  A .

We shaL l  p rove  tha t f x ,au t ta ) ]  i s  na tu ra ty  i somorph ic  to

K K ( A , J )  i f  r  e ,  A  o r  r o  K K ( d s J )  i f  I  €  A .

For  the def in i t ion and the basic  propr ie t ies of  the

KK-bi functer  the readei  is  re fered to  the or ig ina l  papers of

G . G . K a s p a r o v  
[ t u ] ,  [ r z ]  

o r  r o  t h e  b o o k  o f  B . B l a c k a d u r  I s ] .

Our  approach uses Cuntz/s  ' lquasihomomorphism pic ture"  of

KK-s roups  (see  Ia ] " r  I u ]1 .
We sha l I  de f i ne  f i r s t  na tu ra l  t r ans fo rma t ions  .O t  

[ x rau t (a ) ]
-+K f  (A ,J )  i f  L  e  A  and  c . , : [ - x ,Aur (a i l -+x r ( / , s , : )  i f  r  e  A .r L  )

Le t  gn  C  Map(XrAu t (A )  )  deno te  the  cons tan t  f unc t i on .Fo r
l v

f  
6 vrae (x,  Aut (A) )  we shal l  denote by PP) @ End (B) rhe morphism

d e f i n e d  A V ? , i . e . Q 9 ( a )  ( x )  = ? * ( a ) . f o r  a n y  a  € A , x  € X .  ,

r r  fo r tbws thar  9g  (a )  -  Qq l  t " l  €  t  fo r  any  a  €  a  and hence

the pair  @Vr,Q,pol l  is  a quasihomomorphism from A to J.

We shal l  denote by cgl fp l )  the corresponding element in KK(A,J)

(see f  u] ,  [ tJ l  . r f  A is  unlra l  denote ar  {  , {s , {+c ( l *0,  r ]  xx,A)+M(sr)

the morphj -sms def ined as fo l lows.Recal l  f i rs t ,  that

e t  =  t r : [ o , r ] - , o A r f ( 0 )  =  0 , f ( t ) €  C  I  . r h e n  { t t l ( r , x )  
=  ( p * ( f ( t )  ) ,

I

Y O  
t t )  ( t ' x )  =  f  ( t )  f o r  a n y  f  6  A . r t  f o l l o w s  t h a t ,

r f r t r l  - { o ( f  )  €  s r  f o r  a n y  f  (  A . w e  s h a r r  d e f i n e  
" r  

( [ 9 ] )  t o  b e

the class of  the quasj-homomorphism ({  r tO) in KK (A,SJ1 lseefS], [eJ)

6 .1 .  Lemma ci  is  a morphism ( i  e {  0,  r }  )  .

P.r.o_o,f . We shall prove the lemma for i = 0, for J- = I the
-21 -



proof  is  s imi lar .

Denote by0:x- 'xvx the comul t ip l icat ion of  x  and by

9,1t82:Xf  X- 'X the pro ject , ion on the f i rs t  or  the second coord inate

j - . e .  q l  =  i d *Vc t rg2  =  c tV id * (he re  c t :X - rX  i s  t he  cons tan t ,

f unc t i on  x - t xg ) .Then  g roe re2os  and  i d *  a re  homotop ic , , v i a  base

point  preserv ing homotopies (x  is  a  Hlspace)

r t  is  a  wel l  known fact  that  the mul t ipr icat ion

may be defined also by [cp] . [.lr] = 
[,f4," 

n]

There

The

p o i n t .

f rom evaluat ion at  the base

r t  fo l lows f rom the assunpt ions on f l  rg t  and q,  that  2  is  a

h o m o t o p y e q u i v a 1 e n c e o n e a c h f a c t o r . T h i s s h o w s t h a t i f

t € , ? l  >  K K ( A , J )  @  K K ( a , J ) : r  K K ( A , J  ( D  J )  r h e n  1 y x ( g , g )  =  8  + { .

I t  fo l lows f rom the def in i t ions that ,

)/*(co (tcpl ), co tf./J I I = 
"o t ftpv/," nJ ) and hence

"o(fr i lWT = 
"o(t?l)* cortf l).

6 , 2 .  T h e o r e m  
" o , F , A u t t a ) ] - >

" r , F , A u r t a l ] + n o a ( / , " )  
i r  r  € A  a r e

Proof ,  Let  4  be the composi t ion

r 1
i n  I  X r A u t ( A ) l

L J

exists a commutative diaqram

0 -rJ eE .r- l  c (xvx, A)-+ e+ 0

t  t , ,  l l
l v  l s  l l,1, { ll

0? J _t  C (X,A)  __+A_r0

quot , ient  maps are obta j -ned

-!-€ A-t--r--

K K ( A r J )  i f  ' a n d

j -somorphisms

K o ( A )  > g + f i ] O  Y e x o ( * ) &
K0 (A )  a /  K0  (B )  .

There exj-sts a commutative diagram

02Exr "  (K0  (A )  ,K r  ( . l l ) - : f  x ,Au t ta f  +Hom. (Ko  (A )  ,Ko jJ )  )+0- t  '  v  
I  

r  
II  l " o  I

l v ' 1 ,
0 - 7 E x t  ( K 0  ( A )  , K r  ( J )  ) - 2 K K  ( A , J ) + H o m ( K O  ( A )  , K o  ( J )  ) _ > 0

in which the top l ine is  exact  by proposi t ion 5.4.  and the
- ) 9 , -



bottom llne is exact by the Universal Coeficient Theorem

t[rn])  ' ,The f i rst  vert ical-  arrow is a morphism sj_nce i t  is

t 'he resLr ict ion of  co.The third vert icar arrow is arso a
morphism'This can be viewed as fo l l0ws.Let FlrF2 €
Hom(Ko (A)  ,K0 ( t )  )  

fx .Hom(xo 
(A)  ,Kr  (B)  ) -+Ho*ro (x)  (Ko (B)  ,K0 (B)  )

be as j.n 5. I  .  ,  then

, / X ( c  
+  r j ) ( c ( a )  *  b 0 )  =  L ( a )  +  r r ( a )  *  b o

f o r  a n y  .  € K g ( A ) r b o  e  K o ( J )  s i n c e  x 0 ( x ) 2  =  o . T h i . s  s h o w s

r h a t T ( ,  +  F r ) / n 1 t  +  F )  
7 t a  

+  F l +  E ) .

The f l l t rat ion are t r iv iar  i f  A is s impre and hence

Ext .  (K0 (A)  ,Kr  ( , r )  ) -+  nxr  (K0 (A)  ,K t  (J )  )  and

Hom" (K0 (A) ,Ki  ( . r)  )-+Hom(Ko rol  ,* f f i  rhar c0 is
an isomorphism.

Le t  us  p rove  now tha t  . I  i s  an  i somorph ism.S ince
,

Kl (d) 3 Ko tN /zzft l  ,xo ta/) * f oJ we obrain usine cororrary
5 . 6 ' a )  a n d  1 e m m a 5 . 7 .  a n d  t h e  u n i v e r s a l  c o e f i c i e n t  r h e o r e m

tVnT that there exists a comrnutat ive diagram with exact

rows

-rn*r

s -rnxt! (Ko (A) , Kr (, l t  ) +F , aut (a)]

l ,  \
J '  f '

0-+nx t  (K0 (A)  /zuT,Kr  (J )  ) ->KK (A,  s

-)Gr-*0

" , )

Ler us derermine the morphi"iurl"ttt(Ko 
(A) /z-

suppose rhar fl G uap (x,auto (A) , rhen Cyl e
only ir Ko @ql ) = oO t2tyoll = L .

,l
r-rl

ker

r K o  j . t ) ) - ; o

Xr , t f  and

- 2 9 -



4

a

Then there exLsts aOcommutatlve diagram

o+s2.1= i"r- sf,* o
l | rT ro-aszr-t'if -i-o

(we have denotedt"  
" ioahe 

mapping co&e of  t ,he inclusiono-+8,) .
T Y

The corresponding diagram of Kr-groups shows that, h assocj-ates to
the class of  the compat ib le extension with order uni t

0*Kr (.r) - (K0 (Ef I ,  [ t ]  ) -r (K0 (A) ,[r] ) + o

.  the cLass of

o-rKl (.r)-2 xo (np) /ZFJ ? Ko @ /4J+ o

1n nxr (Ko  @)  /ZF f , r ,  ( , : )  ) .
i somorphism i f  A is  s imple.The

an lsomorphism.

f see f sf I rr is obviously an

Five Lemma shows that  c l  is  a lso

-39  -



i '

a natural gfonp structure for any compact space X (see 
lrrl ,

p a g .  4 7 5  ( 7 . 8 ) ) ,

Let  us recalL the def in i t lon of  the Samelson prod.uct  t  IZZ],
p a g . 4 6 7 )  i t  i s  p a i r i n g

(  . ,  ) , f -x ,eut{a) l  x  l - " ,o, r . ta) l -+fxnv,a,r t taf l  der ined by
L J L J L J

( tg l , fVl> =lr t f ,1rxnv) =?(*rr f  tv)T (*)-1. f  tv l - t

. s
.7  .  The_Samelson product

In this sect,ion vre b::lefly study the erffect of the Samelson

product. I t  turns out that  i t  does not vanish in general  and

hence the  c lass i fy ing  space o f  au t0  (a )  i s  no t  a  H-spac . ( [e f ] ) ,

This shows that the set of  isomorphism classes of  local ly

tr iv iar  f ierds or dalgebras on x wi th f iber A cannot be given

I f  x  =  SDIY  =  sm th i s  g i ves  a  pa i r i ng

Tf, taut (a) )x 1T* (nut ( a) )+ 4'** (Aur (A) )

Let  us  observe  tha t  0 (  (<a , f> l  depends on ly  on  d(a)  and ( ( tu )

(we ornitt varj.ous subscripts of o( ) and it is defined by

(7.  r1 Jfx,*(d((a,b>) )  = 
f rr"r ' " rc) / 'x t^ l 'Lv{(n)-1)oj

w h e r e  j ; K O  ( C ( X  Y , A )  ) + K O  ( C ( X  Y r A )  )  i s  t h e  o b v i o u s  - i - n c l u s i o n  a n d
I

f * ( a )  i s  t h e  e x t e n s  i o n  o f  
1 k X ( o ( ( a )  ) : K 0  ( c ( X r A )  ) - r K O  ( C ( x r A )  )

to  a r0 (XxY) - l inear  morphism

t ,

t * ( a )  
: K o  ( c ( x x v , A )  ) - + K o  ( c ( x x v , e ) )  

f u  
i s  d e f i n e d  s i m i l a r i l y .

Moreover  s ince kerd is  represented by approx imat ive ly  inner

loops we obt ,a in  the fo l lowing resul t :

7 , 2 .  P r o p o s i t i o n

a )  d  ( (a ,b> )  depenCs  o r r l y  on  d (a )  and  o ( (b )and . i t g  f o rmu la

is  g i r ren by (  7 .  t  1

b) (  rcerd, fv,ant(ol> ana(fx,aut(a)]  ,kerd) are contained in

k e r ( .

c )  ( t< .e rdrkerd)  = f  o ] .

'  - 3 1 -



d) Q^q (Aut (A) ) with anl-ia*"lson producr l,s grdtledty
n 7 o

isomorphic ro Aur(K0 (A) ,U(A) ) @ !_@."".n 
(k) (xo (A) ,K0 (A) ) )  with

the product( a,b) '= aba-lb-r i r  J ' i "u o are of degree 0,

( . rb ) ' =  .b " - l - b  i f  a  i s  o f  deg r .ee  o  r r r * f  deg ree  7 r  r , and (a rb ) /=

=ab  -  ba  i f  a rb  a re  bo th  o f  deg ree  )  l .

(Ex tp ( :< )  (Ko  (A )  f  K0  (A )  )  deno tes  Hom" (K0  (A )  ,K0  (A )  )  i f  k  j - s  even  and

L f  x ,Hom" (K0 (A)  'xo (a)  )  o  Hom(Ko w /gFTrxu (A)  )  i f  k  is  even and

l . G A , E x t " ( K 0 ( A ) , K 0 ( A ) )  i f  k  i s  o d d , r  e A , E x r f , ( K 0 ( A ) , K 0 ( A )  )  i f

k is odd and I € Al , Z(il U tg. nrs-Zn 4 fl.ra crd.u,s/ 
f*,f 

rvh)).

3LqgE:
a ) r b )  a n d  c )  a r e  o b v i o u s  a n d  d )  f o l l o w s  f r o m  t h e o r e m ( s . g )

u s i n g  ( 7 . r )  ( s e e  a l s o  [ - Z O ] 1 .
L  J :

5 .8 .  d )  g i ves  a  necessa ry  cond i t i on  on  A  i n  o rde r  t o  ex i s t

a  na tu ra r  g roup  s t ruc tu re  on  the  se t  o f  i somorph ism c lasses  o f

l oca l l y  t r i v i a l  f i e l ds  o f  AF-a lgeb ras  w i th  f i be r  A , rndeedr i f  such

a natura l  group st ructure would ex is t  then every f ie ld  on snvsm

wourd have an extension on sks* thus forc ing the vanishing of

the Samelson prod.uct  or fn_r  (Aut ta)  )x4n_,  (Aut (A)  ) .  (Ser :  
Vr l

p a g . 4 7 6 ( 7 r 1 0 ) ) . t h i s  c a n n o t  h a p p e n  i f  A  i s  s i m p l e  a n d

Hom (KO (A)  r  I (O (A)  )  i  s  not  commutat ive ,
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