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Abs t  rac  t

W e  s t u d y  h e m i - s p a c e s  ( i " " . ,  c o r l v e x  s e t s  w i t h  c o n v e x  c o n r p l e m e n t s )  i r r  R n .  l , / e  g i v e

s e v e r a l  q e o m e t r i c  c h a r a c t e r i z a t i . ; i \ ' 4 ; l ; ' ' T l u " r u l  v r a y s  o f  r e p r e s e n t i n g  t h e n r  w i t h  t h e  a i d

o f  I  i n e a r  o p e r a t o r s  a n d  l e x i c o g r a p h i c a l  o r d e r .  t , / e  o b t a i n  a  y n r t r i c -

. - a f f i n e  c l a s s i f  i c a t i o n  o f  h e m i - s p a c e s ,  i n  . t e r m s  o f  t h e i r  " r a n k "  a n d  I ' t y p e " ,  a n d  a  " d e -

c o m p o s i t i o n  t h e o r e m " .  \ { e  a l s o  g i v e  s o m e  c h a r a c t e r i z a t i o n s  o f  a f f i n e  t r a n s f o r m a t i o n s

r ^ l h i c h  p r e s e r v e  a  h e m i * s p a c e "

i .  n  l n f  r n r l r r r t ' i n n
5 " .  . . ' t_ : '  Y_" : : '  '  " ' l

A  s e t  H  i n  R r )  i s  c a l l e d  ( s e e  e , . q " [ 5 - l )  .  ! g 1 ! ; : g : " ,  i f  b o t h  H  a n d  i t s  c o m o l e m e n t

R n \ H  a r e  c o n v e x .  A c t u a l l y ,  t h i s  d e f  i n i t i o n  m a k e s  s e n s e  i n  o t h e r  s t r u c t u r e s ,  t o o ,  i n

r ^ r t r i c h  t h e  n o t i o n  o f  " c o n v e x  s e t i l  i s  d e f  i n e d  i n  s o m e  w a y  ( e " g o ,  i n  a r b i t r a r y  I  i n e a r  . s $ a - .

@ s ,  p a r t i a l  i y  o r d e r " ' e d  s e t s ,  e t c " ,  o r ,  m o r e .  g e n e r a l  l y ,  i n  t h e  c a s e  o f  a x i o m a t i c a l  l y

.  d e f i n e d  " c o n v e x  s e t r "  [ 5 J ,  [ 1 5 ] , I l ] ) ,  b u t  h e r e  w e  s h a l l  c o n s i d e r  o n i y  h e m i - s p a c e s  i n  R n ;

r , r e  s h a l l  s t u d y  h e m i - s p a c e s  i n  s o m e  o t h e r  s t r u c t u r e s  e l s e w h e r e  ( i n  p r e p a r a t i o n ) .

T h e  m a i n  u s e  o f  h e m i - s p a c e s  i n  l i n e a r  s p a c e s  h a s  b e e n  t h e  a p p l i c a t i o n  o f  v a r i o u s

p a r t i c u l a r  c l a s s e s  o f  h e m i = s p a c e s ,  , u " n  a s  c l o s e d  h a l f - s p a c e s  i n  l o c a l l y  c o n v e x  s p a c e s '

i l s e m i - s p a c e s "  i n  l i n e a r  s p a c e s  ( l Z ] , l . l l )  a n d  i l g e n e r a l i z e d  h a l f : s p a c e s "  i n  R n  ( [ f  f ] , 1 ' f 4 )

a n d  o f  q e n e r a l  h e m i - s p a c e s  I n  l i n e a r  s p a c e s  ( e . g .  L 2 J , [ 3 J , 1 8 ] )  t o  t h e  s e D a r a t i o n  o f

@ n v e x  s e t s . o  F u r t h e r m o r e ,  h e m i - s p a c e s  c a n  b e  a l . s o  a p p i i e d  t o  t h e  s t u d y  o f  q u a s i - a f f  i n e

( i  
" e . ,  s i m u l t a n e o u s l y  q u a s i - c o n v e x  a n d  q u a s i - c o n c a v e )  f u n c t i o n s , '  o r ,  i n  o t h e r  w o r d s ,

f u n c t i o n s  h : R n - - * X = 1 - * , + * ] ,  w h o s e  l e v e l  s e t s  S . ( r ' , ) =  { y . R n l h ( y ) < c }  a r e  h e m i - s p a c e s ,  f o r

a l l  c e R ) .  F o r  e x a m p l e ,  l e t  u s  o b s e r v e  t h a t  f o r  a  s e t  H q R n ,  c J e n o t i n q  b y  I g ' t h e  
r r i n d i -

c a t o r  f u n c t i o n "  o f  H  ( d e f  i n e d  b y  I H ( V ) = 0  f o r  y e H  a n d  X g ( y ) = + *  f o r  y e R n \ H )  ,  t h e  f o 1 l o w -

r  i n g  s t a t e m e n t s ,  a r e  e q u i v a l e n t :

l o .  H  i s  a ' - h " m i - s p a c e .

3 0 .  F o r  a l l  r J e R ,  I n * d  i s  q u a s i - a f f  i n e .

.  I n d e e d ,  t h i s  f o l l o w s  f r o m  t h e  a b o v e  d e f i n i t i o n s ,  a n d  f r o m  t h e  f a c t  t h a t  f o r  a n y

c , d e R ' w e  h a v e  S . ( 1 n + d ) = g  ( t f , e  e m p t y  s e t )  i f  * o o < c < d ,  a n d  S . ( 1 r + O ) = H  i f  d < c < + o o .

A l t h o - u g h  v a r i o u s  p a r t i c u l a r  c i a s s e s  o f  h e n r i - s p a c e s  i n  R n  ( s u c h  a s  t h o s e  m e n t i o n e c l

a b o u e i  n i u e  b c e n  s t u d i e d  i n  t n e  l i t e r a t u r e  ( s e e  e . c J , L | l , [ 3 ] , [ 5 ] , 1 8 1 , I t t 1  ,  [ t z ] ) , ' f t ' r r  g e -
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r e r a l  h e m i - s p a c e s  s u c h  a  s t u d y  h a s  b e q u n  o n l y  r e c e n t l y  ( s e e  [ 9 1  a n d  [ 1 0 ] ,  w h e r e  t h e

t e r m r r c o n v e x  h a l f - s p a c e i l  i s  u s e d ,  i n s t e a d  o f r r h e r n i - s p a c e " ) .  I n  t h e  p r e s e n t  p a p e r ,  a s

a n n o u n c e d  i n  l l 2 J ,  $ 0 ,  o n "  o f  o u r  m a i n  t o o l s  f o r  t h e  s t u d y  o f  h e m i * s p a c e s  i n  R n ,  w i l l

b e  t h e  l e x i c o g r a p h i c a l  s e p a r a t i o n  o f  t w o  c o n v e x  s u b s e t s  o f  R n  b y  I  i n e a r  o p e r a t o r s  ( s e e

t h e o r e m  0 " J  b e l o u r ) "  T h e r e t o r e ,  o u r  m e t h o d s  a n d  r e s u l t s ,  a r e  d i f f e r e n t  f r o m  t h o s e  o f  t h e
P a p t s r s  L 3 J  a " d  [ 1 0 . J  ,  w i t h  t h e  r x c e l : L i o n  o f  t h e .
e q u i v a l e n c e  l o + * 2 0 0  o f  t h e o r e m ' 2 , . I ,  a s  m e n t i o n e d  i n  r e m a r k  2 , 2  a )  b e l o w  ( i n  f a c t ,  w e

h a v e  I e a r n e d  o f  [ 9 J  a n d  f 1 O ]  o n l y  - a f t e r  t h e  p r e s e n t  p a p e r  h a d  b e e n  c o m p l e t e d ) "

I n  $ $ l * 3  w e  s h a l l  g i v e  s e v e r a l  g e o r n e t r i c  c h a r a c t e r i z a t i o n s  o f  h e m i - s D a c e s  a n d  s e -

v e r a l  w a y s  o f  r e p r e s e n t i n q  h e m i - s p a c e s  w i t h  t h e  a i d  o f  l i n e a r  o p e r a t o r s  a r l d  l e x i c o o r a --

p h i c a l  o r d e r .  F u r t h e r m o r e ,  i n  $ 2  w e  s h a l l  o b t a i n  a  m e t r i c - a f f i n e  c l a s s i f i c a t i " .  
" t  

h e n r i -

- s p a c e s  i n  R n ,  a n d  i n  ! 3  w e  s h a l l  i n t r o d u c e  a n d  s t u c l y  t h e  " l i n e a r  m a n i f o l d  a s s o c i a t e d  t o

a  h e m i - s p a . c e " ,  w h i c l r  w i ) l  l e a d  u s ,  i n  p a r t i c u l a r ,  t o  a  I ' d e c o m p o s i t i o n  t h e o r e m r r  f o r  l r e m i -

- s p a c e s "  I n  $ 4 . w e  s h a l l  g i r r e  s o m e  c h a r a c t e r i z a t i o n s  o f  a f f i n e  t r a n s f o r m a t i o n s  p r e s e r v i n g

a  h e m i - s p a c e o  F i n a l l y ,  i n  $ 5  ( A p p e n d i x )  w e  s h a l l  g i v e  a  t h e o r e m  o n  s e p a r a t i o n  o f  p  s u b -

s e t s  o f  R n  l r y  h e m i - s p a i e s ,  a n d  s o m e  r e s u l t s  w h i c h ,  i n  R n ,  e x t e n d  a  t l r e o r e m  g i v e n  b y

V .  K l e e  f  o r  s e m i r s p a c e s  o f  I  i n e a r  s p a c e s  ( 1 6 ] ,  t h e o r e m  2 , ? - )  ;

V / e  c o n c l u d e  t h i s  l n t r o d u c t i o n  b y  r " e c a l  J  i n g  s o m e  n o t i o n s ,  n o t a t i o n s  a n d  r e s u ' l  t s ,

tr , , l r  i c h  w i  I  I  b e  u s e d  ! n  t h e  s e q u e l  ,

U n  l e s s  o t h e r w i  s e  s t a t e d ,  w h e n e v e r  w e  s h a  I  I  l v r  i t e  R n  ( w h e r e  p =  ( - o c , + o o )  o ,  F n  ( w h e r e '

, h a  I  I  u n d e r s t a n d  r y o r k  w i t h  R o = 1 0 1  a n c lf o f - . o , + " o ] )  ,  w e  s h a l  I  u n d e r s t a n d  t h a t  n ) l  I  h o u r e v e r ,  w e  s h a l  
' l  

a l  s o  w o r k  w i t h  R - = 1 0 1

R o = { 0 J .  ( . u r g . ,  i n  R r  o f  t h e o r e m  2 " 1  a n d  R r  o f  p r o p o s i t i o n  2 " 5 ,  r  m a y  a l s o  b e  o ) .  t r r e

e l e m e n t s  o f  R n  w i l l  b e  c o n s i d e r e d  c o l u m n  v e c t o r s ,  a n d  t h e  s u p e r s c r i p t  T  w i l l  m e a n  t r a n s -

p o s e .  W e  r e c a l l  t h a t  * = ( ! 1 , " " . , ( n ) T . R n  i s  s a i c l  t o  b e  " l e x i c o q r a p h i c a l 1 y  l e s s  t h a n t l

y = ( t t  , . o 1 , l . n ) T e R n  ( i n  s y m b o l s ,  x  < , -  y )  i f  x # y  a n d  i ' f  f o r  k = m i n  { i e f r , . , " , n } l ! ' + 1 . 1

r €  h a v e  ! t " t l t .  l , / e  w r i t e  x  ( 1  y  i f  x  < L  y  o r  x = y "  T h e  n o t a t i o n s  y  > .  x  a n d  Y  V L  ^ ,  r e s '

p c t i v e l y ,  w i l l  f r e  a f  s o  u s e d "  W e  s h a l  l  d e n o t e  b y  { " 1 } !  , n "  u n i t  v e c t o r  b a s i s  o f  R n ,

w t r e n  { e l } ?  i s  a n  a r b i t r a r y  b a s i s  o f  R n ,  w e  s h a l  I  
" l r o  " o n s i d e r  

( o n l y  i n  t h e o r e m  4 . 4
'  l -  |

b e l o w )  t h e  l e x i c o g r a p h i c a l  o r d e r  o n  R n  " i n  t h e  b a s i s "  f " i i l  " , d e f i n e d  s i m i l a r l y  t o

t h e  a b o v e ,  w i t h  ^ = ( { t , . . . , 0 i " ) t = * l i " i  
" n a  

y = ( 1 t , . . . , 1 n ) + = * a , " ,  r e p i a c e d  u ; ,  n - * , t , " 1

n  i : J , - ,  J  '  \ r '  ' ! n  
i _ _ 1  

' . t  I  F  
r J  J

a n d  y = Z r t , . 1  r e s p e c t i v e l y .
: - t  )  J- , '

\ { 6  s h a l l  d e n o t e ' U y  * . { n n ) ,  t t ( R n )  a n A  0 ( n n ) ,  t h e  f a m i l i e s  o f  a l  I  l i n e a r  o p e r a t o r s ,

a l l  i s o m o r p h i s m s ,  a n d  a l l  I i n e a r  i s o r n e t r i e s  v : R n - n R n  r e s p e c t i v e l y ,  a n d  b y  S ( n n ,  R r )  t h e
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n  r  / i r ^ n  h r \f a m i l ' y  o f  a l l  l i n e a r  o . p e r a t o r s  u : R " - > R ' "  w e  s h a l l  i d e n t i f y  e a c h  u ( * ( R " o  R ' )  w i t h  i t s, w

r / . !  m a t r i x  w i t h  r e s p e c t  t o  t h e  u n i t  v e c t o r  b a s e s  o f  R n  a n d  R r ,  t h a t  i s u  w e  s h a l l  w r i t e

u  = ( m . . ) = ( m . ,  -  r T
.  t t  t r o o o e t r l r ) ' e  

( o . t )

T

w h e r e  m l = ( r n D . o o . , m 1 n ) ( i = 1 , " . o , r )  a . r e  t h e  r o w s  o 1 ' ( m , , ) ;  w e  s h a l J  a l s o  u s e  t h i s  i d e n t i -t t l

f i c a t i o n , ' i n  o a r t i c u l a r ,  w h e n  F = h ,  i o € o , f o r  e a c n  v c i ( R n ) ,

i / e  r e c a l l  t h a t  a  s c t  H ( R n  i s  c a l l e d  [ 2 ]  u  . ? g r , i : , r . p , " . . , g . j t "  * o

c . o n v e x  s e t  ( v r i t h  r e s p e c t  t o  i n c l u s i o n )  s u c h  t h a t  x ^ ( S "  B y  f  l 5 ] ,

i s  a  s e m i - s p a c e  ( a t  s o m e  x o )  i f  a n . d  o n l y  i f  t h e r e  e x i s . t  v e d ( n n )

= v  ( x o ) )  s u c h  t h a t

s  = { y e  R n l  v ( y )  < ,  z } "  ( o . z )

l , 1 o r e  g e n e r a l  J y ,  a n y  s e t  o f  t h e  f o r m  ( 0 " 2 )  ,  w i t h  v < 9 ( R n )  a n d  z E R n  ( i n s t e a d  o f

v e f ( R n )  a n d  t e R n )  i s  c a l j e d  ( i t t ] ,  L f z l )  a  g e n e r a l i z e d  h a l f - s p a c e o  A s  h a s  b e e n  o b s e r v e d
Eq@

i 1  [ t t1 ,  the  emptv  se t  0  
; ; : , i } . , i : ] : ;? : : "  

Rn are  senera l  i zed  ha ] r -snaces i  and,  i r

n 7 2 ,  t h e n  a l  I  c l o s e . d  h a l f - ; t ; e i \ 6 r e  q e n e r a l  i z e d  h a l f - 5 p 6 s s r  ( f o r  s u i t a b l e  v  a n d  z  i n

( 0 " . 2 ) ) "  C l e a r ) y ,  a l l  q e n e r a l i z e d  h a l f - s p a c e s  a n d  a J l  c o m p ) e m e n t s  o f  g e n e r a l i z e d  h a l f *

s p a c e s  a r e  h e m i - s p a c e s ;  i n  $ i  w e  s h a J I  s h o w  t h a t  t h e s e  a r e  t h e  o n l y  h e m i - s o a c e s ,  - a n d

u e  s h a l  I  o b t a i n  f u r t h e r  r e l a t i o n s  b e t w e e n  t h e s e  c o n c e p t s .

L e t  u s  r e c a l l  t h e  f o l l o w i n q  i l l e x i c o q r a p h i c a ' l  s e p a r a t i o n  t h e o r : e m "  ( w h e r e  c o  G ,  d e -

n o t e s  t h e  c o n v e x  h u l l  o f  G ; ) ,  w h i c h  w e  s h a l l  u s e  i n  t h e  s e q u e l :

I$gj*i ( [12] , theorem 2. 1) " i" lg;g:

a r e  e q u i v a l e n t :

1 0 r ^ r A ^ ^ r , - 6r  .  L u  u l r  t l - ( J  v z - p .

n \

G , ,  G r c R " ,  t h e  f o l . l o w i n q  s ' t a t e m e n t s
#-

^ o  r o  r c  t r z l ( p n \  r , r ' 1  l l n o \  - . - , q / ^ f l \2"- t1" ,  There ex is-  vLs\ , \  r  ,  , -a , ,1  ' ) ,  ve f l (R") ,  :g : t * : t ,y l_ ] : i :g . . !_ l lg l

u  ( y  
1 )  < t -  v  ( v2 ) ( v 1 e G 1 ,  Y z e } ) . ( 0 . : )

' c R n  s u c h  t h a t50, rjr-ers eli:f:_gi_lfJ_ LqSH::ij.u.j*llq,l=r:1pg.gS H '--.-._*_

G ,  € H "
I

o r  a  q e n e r a ' l  i z e d  h a l f - s p a c e  H t ' c R n  ; u c h  t h a t

G l ( R n \ H " ,  G r € H " . ( 0 .  i )

$ g . m a , r . k . 0 * - 1 .  A f t e r  t h e  a p p e a r a n e e  o f  [ 1 2 ] ,  w e  h a v e  l e a r n e d  t h a t  t h e  t e r m  ' r l e x i c o -

g r a p h i c - s e p a r a t i o n "  a n d " a  t h e o r e n t  o n  l e x i c o g r a p h i c a l  s e p a r a t i o n  o f  t w o  d i s j o i n t  c o n v e x

s e t s  i n  a n  { q i t r a r y  l i n e a r  s p a c e  ( d i f f e r e n t  f r o m  t h e o r e m  0 . 1  a b o v e .  b u t  r e l a t e d  t o  i t ,

i r r  t h e . f i ; t f  i c u l a r  c a s e  o f  R n ) ,  a r e  d u e  t o  V . K l e e  ( 1 7 ] ,  S e c t i o n  2 . 4 ) "

G ,  s  R n \ H '  ,

,  i f  H  i s  a  m a x i m a l

l e m m a  I . l ,  a  s e t  H C R n

a n d  z e R n  ( n a n r e l y ,

( 0 .  4 )



For  two  subse ts  A  and

t i  on

4 -  \

B  o f  R n ,  w e  s h a l J  u e e ,  f o l l o w i n g  P o n t r y a g i ,  I f  , r j ,  r h e  n o t a -

( 1 , l )

( t . z )

4 q  n  - { y e R n l y + n g 4 } . ( 0 . 6 )

F o r  a  l i n e a r  s u b s p a c e  S  o f  R n ,  w e  s h a l l  d e n o t e  b y  s r  i t s  o r t h o q o n a l  c o m p l e m e n t  i n

P , n .  B y  a  I  i n e a r  m a n i f o l d  i 1  w e  s h a l l  m e a n  a  t r a n s l a t e  o f  a  I  i n e a r  s u b s p a c e  S ,  o r ,  e q u i -

v a l e n t l y ,  a  s e t  M  s u c h  t h a t  t h e  r e l a t i o n s  y , ,  y . , e . t 4 t  \ e R  i m p l y \ y l + ( l - \ )  y ? - e t 4 ,  \ d e  s l r a l l

i c l e n t i f y  t h e  c o n j u g a r e  s p a c e  ( n n ) ' x  o f  R n  w i t h  R n  i n  t h e  u s u a l  w a y  ( w i t h  t h e  a i d ' o f  t h e

^ ^ ^ 1 ^ -  - - ^ 1 . . ^ r \s c a t a r  p r o d u c c , r ,  a n d  t h u s  t h e  a d j o i n t  u x  o f  a  I i n e a r  o D e r a t o r .  u e g ( n n ,  R t )  , i l l  b e l o n g

t o  l . ( n r ,  R n ) ;  w e  s h a l l  u s e  t h e  w e l l - k n o l n  f a c t  t h a t  u * ( R t ) = ( t < u ,  , ) r ( r ^ r h e r e - K e t :  u =  -

= { y e R n l u ( V ) = O } ) "  F i n a l  l y ,  w e  s h a l l  d e n o t e  b y  i  t h e  i d e n r i t y  o p e r a t o r  o n  R n "

$ 1 ,  S o m e  r r e s e n t a t i o n s  a n d  c h a r a c t e r i z a t i o n s  o f  h e m i l r o " a " ,

l n  t h e .  s e q u e l ,  w e  s h a l l  n e e d  t h e  f o l i o w i n q  l e m m a  ( t h e  L x i s t e n c e  p a r t  o f  i t  w a s

a l s o  a s s u m e d ,  i m p l i c i t l y ,  i n  [ 1 2 ] ) :

L e m n r a  l "  l "  F o r  a n y  s e t  g g R l l  ,  t h e  l e x i c o q r a p h i c a l  i n f  i m u m

i  n f ,  G = z =  ( ( ;  )  i e n nL ' J

e x i s t s ;  n a m e l y ,  i t  i s  g i v e n  b y

c  . .  
" ( .  |  / -  \ [ " n  *  - f  

/ ' -

! p = i n t  | } p  I s =  ( 7 j  )  l . G ,  T i = \  * - ( j = )  ,  n  n  o  I

l l g g j . .  F o r  z = ( ( , ) e E n  d e f i n e d  b y  ( t . z )')

= ( r  I

A s s u m e  n o u r  t l r a t  z ' = ( ( l ) T e R n t { z }  s a t i s f  i e s
l J  |  ' *  "

( k - l . , . " n 1 f l ) .

u " :  c l e a r l y ,

( 9 e G ) ,

k - r ) l

we ha

( t . 3 )

( r  .  t+ )z r ( L g

l r e  s h a l l  s h o w  t h a t ,  i n  t h i s  c a s e ,  z t  1 L  z ,

( D  l a F  ,  r  1K=mr  n  t r {n l  ? f  52  !  ,

a n d  t a k e  a n y  g = ( y r ) ! e e  s u c h  t h a ,  T j = 9 j  ( j = 1 , . . o  p k - l ) "  T h e n ,  b y  ( 1 . 5 )

= ( j = t r j  ( j = 1 , . . . ; k - 1 ) ,  w h e n c e ,  b y  ( t . r i )  ,  l r l " t r t "  T h e r e f o r e ,  b y  ( 1 . 2 ) ,

( e e 0 ) ;

w h i c h  w i  l  l  p r o v e  1 t ,  l  ) ,  L e t

( 1 , 5 )

,  we have (1=
a l

w e  o b t a  i  n

( t  ,  . r  I  r  r R - ^  t  t .  r  ,  , \ 1 - f  ( 1 . 6 )
5 p < ' n f  

' [ ] ' t  1 9 = \ t r j  /  
l e u ,  l i = \ i  \ _ r = l  , .  o .  1 k - l J ] = ! k  ,

a n d ' h e n c e ,  b y  ( t . 5 ) ,  i t  f o l l o w s  t h a t  z t  < ,  z "  0 n  t h e  o t h e r  h a n d ,  i f  t h e r e  i s  n o

r ( A ' j ) l e G  , r . r ,  t r , u t  T : = \ :  ( j = t , . . . , t - t ) ,  i ^ " n ,  b y  ( 1 " 2 )  w e  h a v e  
! o =  

i n f  f i =  * ^ 7 5 : k ,  w h e n -

c € ,  b y  ( 1 . . 5 )  ,  . w e  
o b t a i n  a g a i n  t h a t  , t  o ,  = n  f f i

r[g.ql*,* u".j,gl.3*r-g! r] ( Rn, jjgjg]lgjtg--s.t-atggel.:1*9{3jgjj:glgnt:

l . n t S a n e m t - s D a c e "



e i  t h e r

n r

2 0 - q o .  T h e r e  e x i s r y t ( R n ) ,

H  = { v e n n l v ( v )
t . ,

s  = { y e R n f  u ( v )

5o-J' " JIA: j*:: u.i-(nn) ,

H  = { y c = n n l v ( y )

- 5 -

urli(nn), uu'rliRt')

, T* J t

< L  z l '

v € t l ( R " )  ,

< ' -  i n f ' -

,  ' respec. t  i  ye I  y . .anc l  zeRn , s u c h  t h a t
@

( l  .  7 )

( t . B )

s u c h  t h a t  e  i ' t h e r

( l . e )

f  r  r  n \
\ ,  .  I  v / t

s e m i  - 5 p s s g .

" L

9f

ve fl(nn) j5:pg*isll_tr

v  ( R n \ H )  ] ,

u

o

= { y e R n  I  v  ( y )

e i t h e r e n e r a l  i z e d

i  n f , -  v  ( n n \ H ; 1 .

f - s p e c e ,  o r  t h e com I  enen t o f a

{ L

h a lBoo H

9 o .  H

' l  
o o "  H

e i  t h e r a q p m t - < n a a A o r t h e  c o m p l e m e n to f a e n e r a li  z e d h r  I  f  -  c n i . o

e n e r a I i z e de  i  t h e r a e n e r a l  i  z e d h a l f - s p a c e ,  o r  t h e I  emen t o f a

$ll::esss:
L g q I ,  l o = + 7 o "  t f  l o  h o l d s , t h e n ,  b y  t h e o r e m  0 .  l ,  a p p l  i e d  t o  G l = H ,  G 2 = R " \ H ,  t h e -

r e  e x i s t s  v e f ( R n )  s u c h  t h a t

v ( y 1 )  < t  v ( y z )

H"r:g'

.  
H q { y u n n l v ( y )  ( , -  i n t ' , _  v ( n n \ H ) } ,

a n d ,  o n  t h e  o t h e r  h a n d ,  w e  h a v e ,  c l e a r l y ,

R n \ H c { y e R n f u ( y )  7 s  i n f l  u ( n n \ H ) } .

T h e n ,  a t  l e a s t  o n e  o f  t h e  I e x i c o q r a p h i c a l  i n e q u a l i t i e s

b e  s t r i c t ;  i n d e e d ,  i f  n o t ,  t h e n  t h e r e  e x i s t  y 1 € H  a n d  y 2 € R n \ H

r ^ f l ,  . . r  /  , .  t .  .  - \= i n f , .  v ( R " \ H ) = u ( y 2 ) ,  w h i c h  c o n t r a d i c t s  ( t . t t ) .  c o n s e q u e n t ) y ,

a n d  ( t ,  t 3 ;  m u s t  b e  e q u a l  i t i e s "

T h e  i m p l i c a t i o n s  7 o = + 4 o ,  6 o = + 3 o  a n d  5 o . + 2 o  
" r u  

o b v i o u s ,  w i t h

z  =  in f  ,_  v  (nn \H)  
"

4 o = + B o .  l f  ( t , 7 )  h o J d s ,  t h e n  H  i s  a  g e n e r a l i z e d  h a l f - s p a c e ,  l f  ( 1 . 8 )

z e R n \ R n ,  t h e n ,  s i n c e

t y . n n l v ( y ) : 7 1 = g  ( z e R n \ R n ) ,  ( 1 . 1 5 )

*  h n u "  a g a i n  ( r . Z ) .  F i r r a l l y ,  i f  ( t . 8 )  h o l d s  a n d  z e t { n ,  t h e n ,  b y  v e d ( R n ) ,  H  i s  t h e  c o m -

p l  e m e n t  o f  a  s e r n i - s p a c e

.  4 0 . + 9 0 .  l f  ( f  . g )  h o l d s ,  t h e n  H  i s  t l r e  c o m p l e n r e n t  o f  t h e  q e n e r a l i z e d  
' h a l f  

- s p a c e

( v , e u ,  y 2 € R n \ H )  "
( 1 . 1 1 )

( t . t z )

( 1  
"  1 3 )

! n  ( 1  t r ' l  ( t  t a )\ ' ' ' - r t  \ ' . ' . r ,  m u s E

s u c h  t h a t  v ( v , ) =- ' t '

b o t h  i n c l u s i o n s  i n  ( t " t Z )

( 1 . 1 4 )

h o l d s  w i  t h
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{ v e n n l v ( y )  
> ,  r } "  l f  ( , l . 7 )  h o l d s  a n d  z e f i r l \ R n ,  t h e n ,  b y  ( 1 "

F i n a l i y ,  i f  ( t " 7 )  h o l d s  a n d  z € R n ,  t h e n ,  t y  u c & ( R n ) ,  H  i u  u

,  1 0 o . + 2 4  "  l f  H  i s  a  g e n e r a l  i z e d  h a l f  - s p a c e ,  u r e  h a v e  ( l  
"

r a l i z e c J  h a l f - s p a c e ,  r ^ r e  l r a v e  o n l g = { y e  R n l v ( y )  < L  z ! ,  w i t h  s u

g s  H = { y e R n  |  ( - u )  ( y )  ( L  * . } "

T h e  i m p l i c a t i o n s  B o = r 1 0 o ,  9 o o , , 1 0 o ,  7 0 + 6 0 ' + 5 o  a n d  4 o + j o = r 2 0  a r e  o b v i o u s .  F i r r a l l y ;

t h e  i n r p l i c a t i o n  2 0 + l o  i s  i m m e c J i a t e ,  u s i n q  t h a t ,  s i n c e  ( r  i s  a  t o t a l  o r d e r  o n  R n ,  t h e

l  r \I  ) /  ,  W e  n q y e

s e m  |  " s p a c e r

- \
l ) t  w n r l e  l I

"/'\
i  ,Jt  ^

I r a D t e  v ( ; L \ l i
i

a g a i n  ( 1 . 8 ) .

R n \ H  i s  a  g e n e -

n )  
a n d  z e X n ,  w h e n -

F 4 r r )

{ v e R n l v ( v )  < .  z ) .  r  ^ n r  /  \
t ,  ,  , '  L  , ,  t Y t R " l v ( Y )  7 t  z J

d r  t u

r  - n l  - t  (  . ^ n 1 . . 1  \  -  - l
1 y 6 K  l v t y )  ( L  z J '  j y e R  I v ( y )  > L z I

a r e  p a i  r s  o f  c o m p i e m e n t a r y  s e t s "  T h u s ,  1 o q 4 " , " e > 1 0 o .

R e m a r k  f . i .  a )  R s  s h o w n

( 1  .  1 6 )

( 1  .  l 7 )

6E
U*\!a

b y  t h e  a b o v e  p r o o f  o f  t h e  i m n l  i c a t i o n  4 0 = + B o ,  ' t h e  r e p r e s e n -

t a t i o n s  ( t . Z )  a n d  ( 1 " 8 )  o f  H ,  e v e n  w i t h  t h e  s a m e  v e . f . ( R n )  a n d  z e R r l ,  a r e  n o t  m u t u a J l y

e x c l  u s  i  v e .

b )  F r o m  t h e o r e m  1 . 1  t h e r e  f o l  l o w s  a q a i n  L r z ] ,  r e m a r k  2 , 1  f ) ,  a c c o r d i n q  t o  w h i c h

l e x i c o g r a p h i c a l  s e p a r a t i o n  i s  e q u i v a l e n t  t o  t h e  k n o w n  ( s e e  
" . g .  L S J ,  g l 7 )  s e p a ; a t i o n  b y

h e m i - s p a c e s .  l n d e e d ,  s i n c e  e v e r y  q e n e r a l  i z e d  h a l f - s p 6 s e  a n d  e v e r y  c o m p l e m e n t  o f  a  g e n e -

r a l i z e d  h a l f - s p a c e  i s  a  h e m i - s D a c e ,  f r o m  t h e o r e m  0 0 1 ,  i m p l i c a t i o n  l o ' + 5 0 ,  i t  f o l l o w s

th"t  &- ly.-r : , t ,  Gl,G2.Rn $j !  co G.,Aco Gr=0 t lelgej . i -s-t .s-a. h"eni: : !ac.g HcRn sj ,gj l

tha t

G. ,e  H ,  GZs  Rn \H ( 1  .  1 8 )

( a n d ,  c o n v e r s e l y ,  i f  t h e r e  e x i s t s  a  h e m i - s o a c e  H  s a t i s f y i n g  ( 1  , 1 i l ,  t h e n  c o  G . ,  s  H ,

@  G 2 G  R n \ H ,  r v h e n c e  c o  G , A c o  G r = 0 )  "  0 n  t h e  o t h e r  h a n d ,  a s s u m e  t h a t  f o r  a n v  s e t s  G i , G 2

w i t h  c o  G ,  A c o  G r - f i  t l r e r e  e x i s t s  a  h e m i - s p a c e  H  c R n  s a t i s f y i n g  ( f  . f  g ) .  T h e n ,  b y  t h e o -

r e m  1 . 1 ,  H  i s  e i t h e r  a  g e n e r a l i z e d  h a l f - s p a c g  o r  t h e  c o m p l e m e n t o f a  g e n e r a l i z e d  h a l f -

s p a c e ,  w h e n c e  w e  o b t a  i n  a g ; a i n  t h e o r e m  0 .  i  ,  i m p  I  i c a t  i o n  l o + 5 o r

c )  S e p a r a t i o n  b y  l r e m i - s p a c e s  c a n  b e  e x t e n d e c l  t o  p  s u b s e t s  o f  R n  ( s e e  $ 5 ) .

C o r o l  l a r y  1  "  1  
"  

u )  E v e r y  q e n e r e l  i z e d

c o m p l e n r e n t  o f  a  g e n e r a l  i  z e d  h a l  f - s p a c e .

.  b )  E v e r y  c o m p l e m e n t  o f  a  c r c n e r a l  i z e d  h a l f - s p a c e  i s  e i t h e r  a  g e n e r a l  i z e d  h a l f - s p a c e ,

5em |  -s

o r  t h e  c o n t D l e n r e n t  o f  a  s e m i - s p a c e , ffffi
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H G Rn, il9*Igl. ?H

e q u i v a l e n t  t o

, , o
t t  .  t n e r e  e x t s t u r T - ( n n ,  n k )  a n d  x e R k u  s u c h  t h a t

t - t  = {y€nnf  u (y )  (L  *  }  " ( l . r t 9 )

u ( v ) = ( u ( y ) T , o  ) l  . L  ( r T , - * 1 " ; T = * ( y e H ) ,

w h e n c e  t h e  i n c l u s i o n  g  i n  ( l . i g ) "  c o n v e r s e l y ,  i f  y e R n ,  u ( y )  < 1  x ,  t h e n  e i t h e r  u ( y )  < 1 _

o r  v ( y ) = Z  a n d  0 . ,  - * ,  b u t ,  t h e  s e c o n d  c a s e  i s  i m o o s s i b l e ,  w h e n c e ,  b y  ( 1 . 7 ) ,  w e  o b t a i n

y € H .

Assunre now (1.8)  and 1et  (where +*  l rno lzs the e lement  (+w, . . , ,+u. l tunk-" )

u=  (uT ,0  )Te  f ,  (Rn ,  Rk )  ,  *= (=T ,+*T )Te  Rk  .

Then ,  by  (1  
"  B )  ,  we  l rave

, ( y ) = ( u ( y ) T , o  ) T . ,  ( r ' f  , * T ) T = *  ( y e  H )

w h e n c e  t h e  i n c l u s i o n  € .  i n  ( t .  t g )  "  C o n v e r s e l y ,  i f  y e R f l ,  u ( y )  . l

w h e n c e ,  b y  ( 1  
" B ) ,  w e  o b t a i n  y e H .

R ? l a J . B  . - 1 . 3 .  a )  I n  o t h e r  w o r d s ,  c o n d i t i o n  l l o  c a n  b e  e x p r e ss e d  a s  f o l  I  o w s ;  H  i  s

/ \u  \ y /  < ,  x ,  w r i e r e' L

l ,  t .

u e l ( R " ,  R ^ ) ,  x e R " "  S i m i l a r  r e m a r k s  c a n  b e  a l s o  m a d e  f o r  o t h e r  r e s u l t s  o f  t h i s  p a p e r "

b )  T h e o r . e n r  1 , 2  r ' e m a i n s  a l s o  v a l i g  f o r ,  < .  t q p l - a c S g  , b X  < g  l !  ( t . t 9 ) .  I n d e e d ,  o n e

L ^ ^  ^ ^ 1 . ,  + ^  ^ r J  i ^  + r - ^  ( . . - - l ' l l . . r .  \  . . 7  -  |  - ^ n l  |  \  -n a s  o n r y  r o  a o o ,  i n  t h e  C  D a r t s  o f  t h e  p r o o f ,  t h a t  { V e R n j r ( v )  < L  x } € { y e n n l u ( y )  < ,  * }

f o r  a l  t  x e F k ,  a n d  t o  r e p l a c e ,  i n  t l r e  3  p a r t s ,  u ( y )  < L  x  b y  u  ( y )  ( '  x  ( a n d  0  ( , -  - o o  b y

0  ( ,  - . )  
"  S e e  a l s o  r e n a . r k  2 .  2  c )  h e l o w .

c )  0 n e  c a n n b t  r e p l a c e  k l n + l  b y  k 7 n ,  i n  t l r e o r e m  ) " 2 ,  i m p l i c a t i o n  2 0 = i l l o ,  l n d e e d ,

h a v e  ( 1 . 8 )  f o r  s o m e  v e f l ( n n )  a n d  z e R n  ( i " e , ,  i f  H  i s  t h e  c o m p l e m e n t  o f  a  s e m i - s p a -

v ( v

E-ryq
ft.#

T h e o r e m  1 " 2 .  F o r  a  s e t k>n+ l  o  the  s ta temen ts  o f  t heo ren r  I  "  I  a re

( 1 . 2 0 )

( r . z r )

f i g g f .  l - h e  i m p l i c a t i ' o n  l l o = + l o  i s  o b v i o r : s ,  b y  t h e  c l e f  i n i t i o n  o f  h e r r r i : s p a c e s .
' r ' - . 1 * - - - - . !  - r  t -  *

i  2 .+ l / . 'Assurne f  i r s t  (1 ,7 )  and le t  ( ruhere  - *  Jcnot . : l  t j re  e len ' teo ' t  ( - * , , . . , - * ) teR^-n  
)

i  r  . , - - - ^ . - !  i _ . ,  \

, , _ / . . T  n  \ T - , r ^ n  ^ k ,  . .  r _ T  . T \ T  = l (u = \ V , U  /  € I t l (  ,  8  J ,  X = ( Z  r " 0 o ' ) ' € R "

|  |  \  - \t h e n ,  b y  ( 1 . 7 ) ,  w e  h a v e

t

x , ' ^  f  h c n )  < ,  z .
L '

t h e  s o l u t i o n  s e t  o f  a  I  i n e a r  l e x i c o q r a n h i c a l  s t r i c t  i n e o u a l  i ' t v

i f  w e

ce) , t h e n ,  b y  t h e o r e m  1 " 3  b e l o w ,  \ ^ / e  c a n n o r  h a v e  ( t .  t 9 )  w i t h  u e f , . ( R n ,  R n )  a n d

!g11gl-.3. L"j H !S_g_S"""r"1 i ."d. h"lf  - yeH therg

*A(y )e  Rn\ {0 }  an .d  e=e(y ,  d )>0 ,  91gr - tJ ra t

x e R " .

e x i s t

y  + X d e H

1 1 = { y e  R n  l o ( y )  . r -

\ t . t t )

P r o o f .  L e t

a \

( , \ c n , l \ l  <  e  ) .

( r . z ; )



wi th

e x i s

v*  (ml  ,  "  " .  , *n )T€*  (Rn)  ano

t s  i e { t  , " . . , n }  s u c h  t h a t

T "
f l l t Y  =  ( r

) 'J

t f  i = t ,  t e t  c r e R n \ { o i  u e

d e  R ' \ j 0 j  s u c h  t h a t

a
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Now we  can  p rove

T h e o r e m  1 " J .  T h e  c o m p l e m e n t  o f  a  s e m i - s p a c e  i s  n o t  a e n e r a l  i z e d  h a l  f : s P a c e

t h e  t w o  c a s e s  i n  B o  o f  t h e o r e m  i o l  a r e  m u t u a l l y  e x c l u s i v e ) "

p r o o f  .  L e t  H  b e  a  s e m i - r s p a c e  ( l  
" 2 3 ) ,  w i t h  v e t l ( g n )  a n d  z € R n ,  s o

( 1  , 2 7 )R n \ H  =  { y u n n l u ( y )  7 ,  , } ,

T h e n ,  s i n c e  v e l i ( R n ) ,  r v e  h a v e  u ( u - l  G ) ) = = , .  w h e n c e  u - l  ( = ) . R n \ F t .  F u r t h e r m o r e ,  i f

a e  n n \ i O ]  ,  t h e n ,  s  i n c e  v e U ( q n )  ,  w e  h a v e  v  ( a )  l O ,  s o  e i  t h e r  v  ( d )  < 1  0 ,  o r  u  ( d ) > t  0 "  H e n c e ,

b y  ( 1 , 2 3 ) ,  i n  t h e  f  i r s t  c a s e  w e  h a v e  v ( u = l ( r ) n ) a ) = z + , \ v ( d )  < L  z  ( X > O ) ,  s o  v  1 ( : ) n

+ t r d 1 R I r \ H  ( \ > 0 )  ,  w h i l e  i n  t h e  s e c o n d  c a s e  w e  h a v e  v ( u - 1 ( r ) + \ d ) = 7 1 t r u ( a )  < , .  z  ( t r < 0 ) ,  s o

v -  
l  ( z ) + \ a d R n \ H  ( r < o )  r  : : : \ .

' * ' * " n . u ,  
b y  l e m m a  1  " 2  

( w i t t r  y = v t l  ( t ) ) ,  n n \ u  i s  n o t  a * q e n e r a l  i z e d

ffi
h a  l  f : s p a c e .

Re lnar !  1 .3 .  For
C o r o l l a r y  1 " 2 - .

( i " e o ,  t h e  t w o  c a s e s i n  9 0  o f  t h e o r e m  l . ' l  a r e  m u t u a l l y  e x c l u s i v e )  "

P r o o f .  T h i s  f o l l o r v s  f r o m  t h e o r e m  i . 3 ,  b y  p a s s i n g  t o  c o m p l e m e n t s .  f f i

another  p roo t  o f  theorern  1 ,3 ,  see  re rnark  2  .4 ,

I  = : l ' : : ry l_ :1: t  the complement  of  a  genera l ized ha- ' l f 'spa.ce

C o r o l l a r y  1 . 1 . E v e r y  g e n e r a l i z e d  h a l f - s p a c e  l l  c a n  b e  w r i t t e n  i n  t h e  f o r r n  ( 1 . 7 )
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y j . ! i :  un, i r tnn) (ql , lyg ve d(nn))  and zegr1.
i . .

l _ L g g " I .  S i n c e  H  i s  a  h e r n i - s p a c e ,  b y  t h e o r e m  1 " 1 ,  i m p l i c a t i 6 n  1 o + 3 o  ( o r  l o * + l l o )  ,

t h e r e  e x i s t  v e u ( R n )  ( r e s p c c t i v e l y ,  u u ' 0 ( o n ) )  a n d  z e R n ,  s u c h  t h a t  w e  h a v e  e i t h e r ,  ( t . z )

o r  ( 1 . S ) .  N o w ,  i f  ( 1  ' 7 )  l r o l c J s ,  t h e n  r ^ / e  a r e  d o n e "  0 n  t i r e  o t h e r  h a n c l ,  i f  ( 1 " 8 )  h o l t l s ,

t h e n  z e R n \ R n  ( s i n c e  o t h e r w i s e  w e  h a v e  ( 1 , 8 )  w i t h  z e R r l ,  s o  H  i s  t h e  c o m p l e m e n t  o f  a  s e m i -

- s p a c e ,  i n  c o n t r a d i c r i o n  v r i t h  t h c o r e r n  1 " 1 )  a n d  h e n c e ,  b y  ( i . 1 5 1 r w e  h a v e  a g a i n  ( ' l " 7 ) .  i l I

3 " t 9 l l : J J .  M o s t  o f  t h e  s u b s . e q u e n t  .  r e s u l  t s  o n  h e m i * s p i a c e s ,  c o m b i n e c J  w i t h  t h e o r e m s

l '  l  a n d  l . 3 ,  y i e l d ,  i n  a  s i m i l a r  v / a y r  c o r r e s o o n d i n q  r e s u l t s  o n  g e n e r a l i z e d  h a l f - s p a c e s ,

r ^ f r i c h  w e  s h a l l  o m i t "

S i n c e  a  s e m i - s p a c e  i n  R n

n u y  b e  o f  i n t e r e s t  t o  p r o v e

i s  a  m a x i m a l  c o n v e x  s e t  e x c l u d i n g  s o m e  p o i n t - - o l ' h n ,  i t

G g R n  s u c h  x h a t  H  i s  a  m a x i m a . l  c o n v e x  s e t  n o t  i n t e r s e c t i n g  6 "

proof .  l f  H '  
- r ,=] i t "  

, rargest 
convex set which

d o e s  n o t  i n t e r s e c t  t h e  c o n y e x  s e t  G = R n \ H "

C o n v e r s e l y ,  a s s u m e  n o w  t h a t  H  i s  a  m a x i n t a l  c o n v e x  s e t  n o t  i n t e r s e c t i n g  a  g i v e n  c o n -

v e x  s e t  G .  T h e n ,  b y  t h e o r e m  0 . 1 ,  t h e r e  e x i s t s  v e J . ( R n )  s u c h  t h a t

( y e  H ,  g e  G ) . (  1  . 2 8 )

( r . 2 9 )

, I

H e n c e ,  b y  t h e  m a x i -

1 " 1 r  i n n p l i . c a t i o n

Hence ,

H c l t r = t y . R n l v ( v )  o  i n f , -  v ( c ) 1 ,

w h e r e  i n f , -  v ( G )  e x i s t s  ( b y  ) e m m a  1 " 1 )  a n d

.  f  , ,  ,  i f  i n f l  u ( c ) e v ( C )
o  i s  (

L a , -  ,  i r  i n f .  v ( c ) 4 v ( c )  "
T h e n ,  c l e a r ' l  y ,  H ,  i s  a  c o n v e x  s e t ,  w h i c h  d o e s  n o t  i n t e r s e c t  G ,

n e l i t y  o f  H  a n d  ( t - 2 9 ; ,  r , v e  o b t a i n  l l = t . t , .  B u t ,  b y  ( t , Z g )  a n d  t h e o r e m

2 0 = + l o ,  H '  i s  a ' h e m i * s p a c e ,  s o  H  i s  a  h e m i - s i a c e "

. P ' e m a r k  _ 1  " 5 "  F o r  r e l a t e d  r e s u r t s ,  i n  w h i c h  t h e  s e t  G  o f  t h e o r e m  ' ] . 4

m a n i  f o l d ;  s e e  t h e o r e m  3 " 2 ,  c o r o l  l a r y  3 . 1  a n d  r e m a r k  3 . 2 .  b e l o w "

ffil
{;i6[

i . s  a  l i n e a r

9 2 .  F u r - t h e r  r e p r e s e n t a ! j o n s  o f  h e m i - s p a c e s .  c l a s s i f i c a t i o n o f h e m  i  - s p a c e s

L e t  f i  r s t  p r o v e  s o m e  g e o m e t r i c  r e s u l t s ,  w h i c h  w e  s h a l  I  n e e d

u r r i q u e n e s s  s t a t e m e n t s  o f  t l r e o r e m  2 , 1  b e l o w ,

P r o n o s i t i o n  2  I  l e r

T h e o r e m  1 . 4 .  A  s e t  H g R l r  i s  a  h e m i - s p a c e  i f  a n d  o n l v  i f e x i s t s

t n t h e  $ r o o l ' o f  t h e
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P rqo f .

H = { 1 r r n f r t . . t .  r  -  r  . .  .  - ^ l ' l r  /  \
.  , . , - t ycn  lu  (y )  (  L  *1 ,  H={ve  R ' r l  u  (y )  =x !#gr  ,  (2 .  I  )

. T  l ' ,  n  +
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6 H g j  H \ M  
H € H  a n d  H \ r . l  i s  a  h e m i _' ' ,  :

C l e a r l y ,  H  i s  a  l i n e a r  m a ni  f o l d ,  M  e  H ,  a n d  t h e  s e t

x ]s114= {ye Rn I  u  (y)  < 
L

i s  convex  (even  a  hemi . space ) "  Assume

and  H \ t ' t  i s  convex ,  Le t  us  f  i r s t  show

n o w .  t h a t  N  i s  a  I  i n e a r  m a n

t h a  t

(,ye ru) .
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( 2 , 7 )

,  w h e n c e  ( s i n c e  N  i s

N o t e  a l s o  t h a t ,  b y

( z . s )

/ ?  q l

N g M .

l n d e e d ,  i  f  N  +  M ,  t h e n ,  f  o r  e a c h  y e  l , l \ t l ,  l e t

t ( y ) = * i n  { i g r f  ( r ,  I  "  .  o  1 r r .  ) T y l  ( ( ,  , . .  "  ,  ( i ) T } ,

a n d  c h o o s e  y , e  N \ M  s u c h  t h a  t  , L = . ( - ( y , ) = m i n  . L ( y ) ,  w h e n c e
ye I,l\}|

l t t ' . " "  " 'm1 ' l )TY= (11  ' " '  " 'EL - ) '
T h e n ,  b y  y n e N g H ,  ( 2 . 5 )  a n d  ( 2 , h ) , ' w e  o b t a i n' \ _

m  l ; v t  < F  ̂
Lt >{- "

O b s e r v e  n o w  t h a ,  ^ [  i s  c o n s t a n t  o n

N e 'f ve Rn I mf,,=iz].

i n d e e d ,  o t h e r w i s e  t h e , r e  w o u l d '  u l . ' . r ,

a  l i n e a r  m a n i f o l d )  a l s o  a n  
" , u * u n a t  

t ' '

N '  t : " " ,  t h e r e  e x i . s t s  c Z e R  s u c h  t h a t

y2€N such .nu, r lr,  f$r,

Ve {xv1+( l J )y2€Rn l le  n }e  ru  e  H
s u c h  t h a t  r T V t t r ^  r ^ r h i e h  + ^ ^ ^ + ! . ^- . . - -  " : L t  - ! {  r  w h i c h ,  t o q e t h e r  w i t h  ( l _ , 5 )  ,  c o n t r a d i c t s  ( 2 . , 1 ) .

y ' € N ,  ( 2 " 7 )  a n d  ( 2 . 6 ) ,  w e  h a v e

"Ltlx '
S i n c e  M l $ ,  t a k e  a n d  y o € } . 1 ,  a n d  l e t

,  
y , t  -  2 y ,  _  y o .

T h e n ,  b y  y t i r u ,  ( 2 , 7 ) ,  y o € H , . ( 2 . I )  a n d  ( 2 " g )  ,

t Jy"=2tTr r ' - rJ ' ,  = ) r  - t  - ,>^  -^  -.  { t  - " 'L t  , , ,Ly  
o=2aL-  f  Xr2"2- " r=cX1\2  ,

vhen ce ,  by
T

kYo= tL"L

obta  i  n

( 2 . 5 )  a n d  ( 2 . 7 ) ,  w e  o b t a i n  y r l e  f l \ N "  F u r t h e r m o r e ,  b y

a n d  ( 2 . 7 ) ,  w e  h a v e  y o 6 H \ N .  H e n c e ,  b y  ( 2 . 9 )  a n d  t h e

. t
y t  =  * (V r ,  +  , ,  ) r ! . 1 \ r . r,  z ' t  / o / : r r \ r r t

w i t h  o u r  c h o i c e  o f  y r .  T h i s  p r o v e s  ( 2 . 3 1 .

Y o € M € H  a n d  b y

c o n v e x i t y  o f  H \ N ,

i n  c o n t r a d . i  c t i o n



I n  o r d e r

_ i l

t o  p r o v e  t h e  o p p o s i t e  i n c l u s i r : n ,  l e t  y e M  b e  a r b i t r a r y "

I  ^ ^y ' = 2 g * y ,

t h e n ,  s  i n c e  N  i s  a  I  i n e a r  m a n  i f o l d ,  w e  h a v e  ) , * 2 V - y r a N .

s i n c e  l ' 1  i s  a  l i n e a r  m a n i f o l c l ,  w e  h a v e  y r = 2 ! - y e f 1 e  H ,  s o

w e  o b t a  i  n  ,  b y  t h e  c o n v e x  i  t y  o f  H \ N ,  t h a t  y d H \ N ,  w h  i  c h ,

l f  y d e N ,

i f  y t d N ,  t h e n ,

*t ro,  
r  )=yg f i \N,

M={ve nnl u (v) *xJ#fi  ,
.  . T  r

,  " , \ r ) ' e  R '  .  T h e n  M

o r ,  e q u i v a l e n t l y ,

i s  t h e  l a r g e s t

T a k e  l e N G M  a n d  l e t

( 2 ,  t  o )

01 
,  the  o the  r  l rand ,

y t e H \ N .  S i n c e

b y  y s l 4 9 H ,  y i e l d s

Lru

( 2 . 1  1 )

I  i n e a r  m a -

y c N ,  T h u s ,  M e  l l ,  w h i c h ,  t o g e t h e r  w i t h  ( 2 " 3 ) ,  y i e l d s  N = M "

-|1ry-:l_U-9r__a.2. Let

H = t y n R n i  u  ( y )  . 1  * ] ,

w h e r e  , = ( * 1 , .  o o , m r )  ' e  
f . ( R n ,  R ' - )  

" 1 d _  
* = ( ( r ,  "

n i f o l d  s u c h  t h a t  H n M = g  a n d  H  U M  i s  c o n v e x , t h e  o n l y  l i n e a r  m a n i f o l c j

s u c h  t h a t  H n M  = f l  a n d  H U M  i s  a  h e m i - s o a c e ^

P r o o f .  C l e a r l y ,  w e  h a v e  H  n M = f i  a n d  t h e  s e t

' 1 s 1 , r = { y e n n i  u ( v )  ( l  *  } ( )  t r )

i s  c o n v e x  ( e v e n  a  h e m i - s p a c e ) "  A s s u m e  n o w ,  a  c o n t r a r i o ,  t h a t  t h e r e  e x i s t s  a  t i n e a r  r n a n i -

f o l d  N  s u c h  t h a t  H r ] N = 9  a n d  H U N  i s  c o n v e x ,  a n d  s u c h  t h a t  N *  M ,  F o r  e a c h  y e  N \ M ,  l e t

z ( y ) = r n i n  { i E n  l ( r t  , " " . , m , ) T y # ( f  r , . . . ,  q , ) t } ,

c h o o s e  y t e N \ l ' 1  s u c h  t h a t . L = , ( - ( y r ) = m i n  L ( y ) ,  w h e n c eand

T h a n  l i ' ,

ye N\H

h l  1 ' o o r n ) 2 - r ) T y : ( . ! r , " "  " , \ x , - t ) T  ( y e r u ) "

y ' € N ,  H n  N = 0  a n d  ( 2 .  j 4 ) ,  w e  o b t a i n

( 2 .  1  3 )

( 2 . 1 4 )

( z  , I  5 )

H  n  N = f .  N o t e  a  I  s o  t h a t ,

( t  r  I ' t

0 b s e r v e  n o w  t h a t  T
*L

T , .nLY '>  9n  '

i s  c o n s t a n t  o n  N ,  i r e o ,  t h e r e  e x i s t s  c 4 € R  s u c h  t h a t

Ne {ye  nn lmf , v=c r } ;  e "1 ( , )
i n d e e d ,  o t h e r w i s e  t h e r e  w o u ' l d  e x i s r  y 1 ,  y 2 e N  s u c h  t h a t  m l y  , # ^ I y r , , w h e n c e  ( s i n c e  N  i s  aL' | .(, ' , /-

i i n e a r  m a n i f o l d )  a l s o  a n  e l e m e n t

V . { x r t +  (  l  - \ )  y 2 € R n l  \ e n  }  g  r i

s u c h  t h a ,  r l v . f 4 ' ,  w h e n c e ,  b y  ( 2 . 1 4 ) ,  ! e n ,  i n  c o n t r a d i c t i o n . w i t h

b y  y ' e  N ,  ( 2 "  1 6 )  a n d  ( 2 . t 5 1 ,  w e  h a v e

"tt&
S i  nce  t l l f i  ,  take  any  youM,  "  and I  e t

y , t  =  2 y o  -  y t ,

J h e n ,  b y  y o e M ,  ( 2 . 1 1 ) ,  y / e  N ,  ( Z , t q  a n d  ( 2 , \ i l ,  w e  h a v e
T T T

mry"=2m'oyo-r/y , =2 9L,-, L. Z\L \g t2 ,

( 2 .  1 B )



i s  c o n v e x .  S i n c e

-  l / -

u r h e n c e  y t t e i G H u N ;  a l s o ,  y ' e N ( H u N .  H e n c e ,  b y  ( 2 , 1 8 )  a n d  t l r e  c o n v e x i t y  a f  l l u N ,  w e  o [ : *

t a i n

y ^  =  + ( y '  +  y " ) € H U N ,  ( 2 " i 9 )
' o  I

H o w e v e r ,  b y  y ^ e M ,  ( 2 " 1 1 )  a n d  ( 2 . 1 7 ) $  b , e  l ' r a v e  r i y o = E i . t t ,  w h e n c e u  b y  ( 2 ' 1 6 )  ,  w e
' o  '  4 ' ' u  d  4 '

o b t a i n  v  d N .  A l s o ,  b v  y - c M  a n d  l i A l l - 0 ,  w e  l r a v c  y ^ { l ' 1 ,  i n  c o n t r a d i c t i o n  w i t h  ( 2 "  ! 9 )- - - - ;  / o '  '  ' '  - t  ' o  '  ' o '  

a n d  H U N  i s  a  h e m i - s p a *F i r r a l l y ,  a s s u m e  t h a t  N  i s  a  l i n e a r  m a n i f o l d  s u c h  t h a t  H A N = 0  ,

c e . .  T l r e n ,  N  q  R n \ H  a n d  t h e  s e t

( R t \ n ) \ t t =  ( n n t H ) n  ( R n r r u ) = q n 1 1 u  u N )  ( 2 . 2 0 )

R n \ H = { y € n n l  u  ( y )  > , -  * } = t v e n n l  - u  ( v )  < , -  - " } ,

b y  p r o p o s i t i o n  2 " 1  w e  h a v e  t h a r  M / = t y . R n l - r ( V ) = - * ]  i s  t h e  u n i q u e  l i n e a r  n r a n i f o l d  s u c h

t h a t  | 4 d g R n \ H  a n d  ( q n \ H ) t f 4 ' i s  c o n v e x "  H e n c e ,  b y  t h e  a b o v e  p r o p e r t i e s  o f  N  a n d  U y  ( Z " t t ) ,

up  ob ta  i  n

1'1=14'={y6 nn I  -u  (y)  =-x}=14" ffi (2.22)

j e m a r [  2 " 1 "  I n  p r o p o s i t i o n s  2 " 1  a n d  2  t 2 ,  a  s u f f i c i e n t  c o n d i t i o n  i n  o r d e r  t h a t

l !+ f r ,  i s  t ha t

rank u= r . i
( t  t z \

B y  t h e o r e m  2 " 1 ,  i m p l i c a t i . o n  l o = + ] 7 o ,  t h e  a s s u m p t i o n  ( . 2 " 2 3 )  i s  n o t  r e s t r i c t i v e .

N o w  w e  s h a l l  s h o w  t h a r ,  u n d e r  t h e  a s s u m p t i o n  ( 2 . 1 )  ( r e s p e c t i u u t y l  ( z ; t t ) ,  t h e r e

:
c a n n o t  h o l d  a  r e s u l t  l i k e  p r o $ o s  i t i o n  2 , 2  ( r e s p e c t i v e l y  ,  2 . 1 )  e

.  L e m m a  2 o  l .  F o r  a  s e t  H  o f  t h e  f o r m  ( 2 - . 1 ) ,  a  l i n e a - r  m a n i f o j i  N  c R n  d o e :  n o t  . i n t e r s e c - L

H f_:n{: l l f_ i l_there exist  n-el t  , "  r ,  ,  r }  N , t l t  '  9Wl-$9r

p r o o f  
"  l f  t h e r e  e x i s t  L e { l  , .  "  "  ,  r }  a n d  , f - r E X -  s u c h  t h a t  ( 2 . 2 . t 1 )  h o l d s ,  , f , u n  f o r  e a c h

y€N we  have
'  

( * t  t " . o g t \ L - t ,  t t ) T y = ( ! l ' o . o '  1 5 L - r ,  t z ) t , '  ( l t , i "  , 9 x - - 1 , 9 g ) r  '  ( z ' 2 5 )

u h e n c e  a l s o  u ( V )  > , _  * ,  s o  y { H

C o n v e r s e l y ,  a s s u n r e  t h a t  N  i s  a  l i n e a r  m a n i f o l d  s a t i s f y i n g  H A N = 0 "  L e t

Z=min  t ' n r l *  * { 1 ,eon l ' l r = ( " i  ( j =1 , . . . ,  i ) } } . (? - .26 )

N o t e  t h a t  t h e  s e t  i n  t h e  r i q h t  h a n d  s i . d e  o f  ( 2 , 2 6 )  c o n t a i n s  a t  l e a s t  i = r ,  s i n c e

o t h e r w i s e  w e  w o u l d  h a v e

t ' t  c . {  v e n n l m J .  , ' -  t , - ,  - \ t  I  n r  r  r  1
-  !  ,  ,  J / =  

( r . -  ( : = l  , . .  .  ,  r ) f  = l v e R "  I u  ( v ) = x f  s  H ,

( 2 . 2 1 )



*  l 3
. '

i n  c o n t r a d i c t i o n  w i t h  H l . \ N = 0 ;  t h u s ,  t  o f  ( Z , Z ( , )  i s  v r e l l  d e f i n e d , .

0 b s e r v e  n o w  t h a ,  * T  i s  c o n s t i
L

t n t '  o n  N ,  i  " e "  r  t h e r e  e i x s t s  c r e R  s u c h  t h a t  w e  h a v e
l q  1 1 \  

L

\ z r  r o / ;  I n c , e e d '  t h i s  f o l J r : w s  w i t h  t h e  s a m e  a r g u m e n t  a s  i n  t h e  p r o o f  o f  p r o p o s  i t i o n  2 , 2
/  ,  t ^

\ s l n c e  \ t " 5 )  h o l d s  n o w  b y  r h c  d e f  i r r i r i o n  ( 2 " 2 6 )  o f  I - ) .

Now,  ,  by  (2  
"  5 )  and  ( z  

" lS ) ,  we  have  ( z . zU) ,  whence  ,  by  Hr - r  N=
, P E f . ;  b u t ,  b y  ( l - " l O )  a n c i  ( z . z O ) ,  w e  h . a v e  . f . * E t ,  a n d  t r e n c e  c U

P r g g g : 1 t : r n 3 . 3 "  l f . * u r e  h a v e  ( 2 " 1 ) ,  r h e n  r h e r e  i s  n o  l i n e a r N  c  R n  s u c h  t h a  t

fr
f' \  

o  p
. L

rnan i

a n d  ( 2 " 1 ) ,w e  o b t a i n

Y."|?s;#

H A  N = 0

T h e n ,  b v

t o l d
HAN=f i  and 1"1  UN is  con l ,ex"

P r o o f "  A s s u m e ,  a  c o n t r a r i o ,  t h a t  N

a n d  H V N  i s  c o n v e x "  T a k e  a n v  v  € H .'  ' o  ' Y l € N '

( 2 .  I  )  a n d  ( z  
" 2 h )  !  w e  h a v e

u'4r en c e

i s  a  l i n e a r  m a n i f o l d  i n

a n d  l e t  Z  a n d  c U  b e  a s

( i - i  ,  r \
\ J -  |  r  s  t  t  y L ' |  )  ,

( j = l r .  
" .  r . ? - = l )  ,

\ t .  t  /  )

(2. 
"28)

(z, ,zg)

(z " to)

ffi
N c R n  i s  c o n t a i n e d  i n

f o l l o w s  f r o m  l e m r n a

h n
n

i n

,  s u c h  t h a t

l e n r m a  2 "  l .

T +
. l . l'  j Yo= 9j ='jv 

r
l ( l

' 'LY o= 9X.<c X.=n 2Y 1 ,

-  V  * V ,
* l  

' o  ' l  
c

" ' i  * F -  = l r
J

-  v  + v .
\ x .n ) i i - I  1 .L  "

\ )  . I - \ t

H e n c e ,  b y  ( 2 , 1 )  a n d  ( z , z t + ) ,  w e  o b t a i n  : : # d  H u N ,  w h i c h ,  t o g e t h e r  w i t h
y o €  l ' l E H g H u N  a n d  y r € N g H u N ,  c o n t r a d i c t s  t h e  c o n v e x i t y  o f  H L / N .

L " t I l . . _ 2 " ? "  
l o r  a  s e r  t " t  o f  t h e  f o r m  ( z " t l ) ,  

@
u l f  

" "4  t " tv  i r  ,  t -e{ t , " " . ,k }  s l t  .x .< lx  l !9 !_ :k l_gg f rave (.?.  ,z l t )  ,

I r o q f  "  S i n c e  N s  H  i f  a n d  o n l y  i f  ( n n \ H ) n  t t = g ,  t h e  c o n c l u s i o n

2 . 1  a p p  1  i  e d  t o  t l r e  s e t

Rn\H=iy .Rn I  ( - r )  (v )  ( l  - * ln

P r o p o s  i  t  i o n  2 . 4 "  l  f ' w e  h a v e  ( Z " t l ) ,  t h e n  t h e r e i s  n o  I  i n e a r

ned in  l - l  and  such t l ra t  F i  \  t t  i s  convex .

P r o o l ' .  A s s u m e ,  a  c o n t r a r i o ,  t n a t

s u c h  t h a t  l l  \ N  i s  c o n v e x .  T a k e  a n y  y o

b y  ( 2 " 2 4 )  a n d  ( 2 .  t  t  ) ,  w e  h a v e
- T T

t j Y o = ! y = m j v 1  '

- " T I TnttYo=.4. t fn1y 1 t

F,m
m a n i f o l d  r y c q n

( z  " 3 t )
c o n t a i -

N  i s  a  l

€ N  ,  y ; €  M ,

i n e a r  m a n  i  f o l  d

a n d  . l e t  {  a n d

R n ,  c o n t a  i  n e d

b e  a s  i n  I e m m a

i n  H  a n d

2 . 2 ,  r h e n  ,

I n

v D

( 2 . 3 2 )

( z . t t )
u,hen ce

( j = l  ,  .  . .  , L - l )  ,



( j * J  ,  " . ' "  u { * l ; ,  ( 2 , 3 4 )

( u n i q u e  i n  l 3 0

( 2 . 3 5 )

w h  i  c h ,  s  i  n c e  y ^ € N ,  c o n -, o

fr\a
Ed

T h e o r e m  2 " 1 "  F o r  a  s e t  H C R n,  t h e  s t a t e m e n t s  o f  t h e o r e m s  l . l 1 1 g  1 " 2  g ! " "  e q u i v a l e n t
t o  t h e  f o l  l o w i  n g  s r a r e m e n t s ;

1 2 0 * 1 4 0 "  T h e r e  e x i s t  ( r , a ) 6 ( { o , t , " " . , n J . X i . r  
} ) U t ( r ,  < L  ) }

, . " " , \ ,  ,  \ r + 1 ,  + € r . . " , + * ) r  e  n r - { { t o o f i f + r o } n - r - l  ( u n i q u e  i n

r  l l r o ; ,
/ Lz = \ : l

b e i n q t t n i n r r e  i n  l t o  i r , - . . . \  -  r  ' r , - l ' l r
- - : : : * - * ' ,  ,  ' , '  1 1 n ) ,  a n d  v e J , ( R r ' ) ,  r e s p i e c t iv e l y  v e t l ( q n ) ,

l 4 0 ,  a n d  r v i t h

r F q n a . t i ' , a 1 . ,

,  s u c h  t h a t

( 2 . 3 6 )  .

f
)  r +  |

V = \ f l r r o o o
I

( 2  , 3 6 )

f

_  \  t - s l ^ t 1  r  t' e ' , r 1 1 ^ /  e u t l {  I  ( w i t h  m 1 , o o . 1 r D -  b e i n g  u n i q u e r y  c r e t e r m i n e d  i n  l 4 0 )r r  - _ l ' e e ' r " r - ' , . . . - ^ . ' . . . . -

z O  ,  ̂ O
i  l b - - l U - "  T h e r e  e x i s r  ( -  - \ c { n  n } y {j  

o  , , , E , s  E  r b L  \ r r , / c _ l u , t , . o " 1 r J X t . f  ,  ( l f  ( u n \ u e  i n  l 7 0  a n d  l 8 o )  ,  x € R r:
|  ,  .  . ^ O '( u n i q u e  i n  1 8 " )  6 p - r  . ' - , 1  / n n  ^ r - r

- *
u€L(Rn ,  R t )  r y i - , !  r u *=J  (gn lg ig  i n  lBo )  ,  such  tha t

H = { ' , c  n n l . , t . . t * - t' .  
L l  

-  r r  I  v  \ y , t w . J o

r r o  ,  rI ) - .  l h e r e  e x i s t  ( ' {  '  
" t  

- n  ,  n / - n \r c l \ ;  '  \ g . I r  z ( l i  a n d . v e " { . ( R " ) ,  s u c h  t h a t  w e  h a v e
%

1 i  = { y e  R n f  u  ( y ) c x  }  .

1 9 o - 2 0 o .  T h e r c  e x i s t  u n i q u e _  ( r , . v ) e { o ,  l ,  
" r " , n } X { . , _

( 2 . 3 7 )

r  \ t j  I  a n  e t e m e n t  y o € R " ,  a n d _
n

r  9 r  K  ,  w i t h  c o e f f i q i e n t  f u n c -

d e t e r m i n e d  i n  Z O o )  ,  s u c h  t l r a t

,  ( L l  r : L e l e m e n t  y o e R n ,  a n d

y o  i n * ! h e  . b a s i . s  { u - l  t " r ) } ?  *  o "

a bas is  t " j l l  ,  respect iy :_ry ,  9n gr rhonoima { " i }?
t i o n a l - s { t , } ? c ( R n ) n  ( * i t h  { e 1 } f  .  , , . ,  ,  r ) r. - - c . J , t  _ n ]  1 Y . ;  ( y o J j i  u n i q u e l y

2 l o .  T h e r e  e x i s t  ( u n i a u e )  ( 7 - 7 \ e l n  r  - t \ . / r

v ( 0 ( R n ) ( w i t n  { u - 1 ( u r ) } i  l a  t h e  f i r s r  r  c o o r d i n a r e s  o f

H = { y e n n l  ( 9 ,  ( y ) , o o o , g r ( y ) , 0 , . . 0 , 0 ) r r ( g l  ( y o ) , . , .
,  Y ,  ( y o )  1 0 ,  o  " .  ,  o ) ' ] . ( 2 . 3 8 )

b e i n g _ u n i q u e l y  d e t e r n r i n e < J ) ,  s u c h  t h a t

( 2 , ' t g )
where lJ

o  i s  t h e  h e m i - s p a c e

Ho={y  t  = ( , (? .  nn  |  (1 i ,  
"  . , ,  \ 1 r ,0 , .  " . ,  0 )T "o } . ( 2 . 1 { 0 )

P r o o f .  L e t u s  f  i r s t  n o t e  t h a t ,  i n  1 2 o - , l 4 0 ,  r = 0  m e a n s  t h a t  z = ( t 6 r + o o , . . " "  + . )  T ,  a n d
t h u s ,  I ' o r  ( , = + o o  ( r e s p e c r i v e ) y ,  

! 1 = : * )  ,  ( 2 " 3 6 )  y i e l d s  H = R n  ( r e s o e c r i v e l y ,  H = 0 )  o  F u r t h e r _
r D r e ,  i n  l 5 0 - t B o ,  r ' = 0  c o r r e s p o r r d s  t o  R o = t 0 ] , s o  x = 0  i n  ( 2 , 3 7 ) ,  a n d  t h e  o n l y  u e J . ( R 1 1 , t t o )

i s  u o 0 , . ' y 7 h q ; ; s  Q . l i l  w i r h  r  b e i n g  ( L  ( r e s p e c t i v e l y ,  < L  )  y i e l d s  H = R n  ( r e s p e c t i v e l y ,



' l ' '

l . ) n
H - $ ) .  F i n a l l y ,  i n  l 9 o - 2 ! o ,  r = 0  m e a n s  t h a t  ( r 1 1 r . . i r r l ; , 0 , " . " , 0 )  I  o f  ( Z , t + O ) . i s

" '  .  , i m i  l a r :  r e m a r k  h o l d s  f o r  ( z " l B ) ,  w h e n c e ,  b y  ( 2 . 4 5 ) '  b b l o w ,  f o r m u l "  ( 2 . 4 0 )  o r .

n t . 'w i t h  t  b e i n g  < L  ( r e s p e c t i v e l y ,  
" L  

) ,  y i e l d s  H = R "  ( r e s p e c t i v e l y ,  H = f i ) "

t t o + z l o .  t f  v € A ( R n )  a n d  z = ( ( l  ,  r . . , g n ) T e - R n  u r e  a s  l n  4 0 ,  l e r
la.rJ

! ,

e { = u - l  ( u , )  ( j = l  ,  . . .  p h ) .J  
' J

T h e n ,  u y  v e  d ( n n )  ,  { " 1 i ?  i s  a n  o r , r h o n o r m a  I  b a s  i s  o f  R n "  l f  z e R n \ R n ,  t h " n ,-  
J - l

h e  a r e  i n  c a s e  ( 1  , 7 )  o f  r + o .  D e f  i n e  I

'  ( ' . . ' l  f  a p \ - rr  =  m r n t r s i l l S ; F n J _ 1 ,

[ < '  '  i f  f  ' ' = - o o
I  L  ' r + l

t  ' t1-  ' :  c  .9
L \ t -  

'  ' r  \ r+ l=+oo '
t  

. r . .
. ,  =5- f  ol telro 

ts 
r;-;-,.

proves  (2 .38 )

F i n a l f v ,  i f  z € R n ,  t h e n ,  t a k i n g  r = n r : c € { . , _  , ( , - }  t h e  s a m e  a s  i n  ( l . Z ) ,  r e s p e c t i -

v e l y  ( t . 8 ) ,  a n d  y o  a s  i n  ( z , t + \ )  ( w i t h  p = n ) ,  a n d  u s i n g  l , z . , t r e  f u i t h  , = n ) ,  w e  o b t a i n , a g " i n ,

( 2 . 3 8 )  .

1 9 0 = + 1 7 0 .  l f  1 9 0  h o l d s ,  d e f i n e  u e J , ( R n ,  R r )  a n d  x e R r  b y

u ( e f ) = { : . j  
'  i f  i e { 1 "  " " } .  

Q . \ 7 )  },  
L o  I  i r  i ( f r + I , . . . , n }

x=u  (yo )  .  ( 2 .  qB)

T h e n ,  r a n k  u = r  a n d ,  b y  ( 2 , 4 5 ) ,  w e  h a v e
, n  r

u  ( v ) {  Y i  ( y )  u  ( " i ) = E  y i  ( v )  
" , =  

( g ,  ( v )  , .  .  .  , y ,  ( y )  ,  o ,  . .  .  , 0 )  
T  ( y e R n )  ,

j = l  '  J  j = I . - t

x = u ( v o )  ( t t  ( y o )  , . . . , Y r ( y o )  , 0 , . . . , 0 ) T ,

u r f ' r i  c h ,  b y  ( 2 . 3 8 )  ,  p r o v e s  ( 2 , 3 7 )  ( w i  t h  t h e  s a m e  r  a n d  c  )  .

l 5 o = + 1 5 0 .  l f  ( r , e )  ,  x e R r  a n d  u e L ( R n ,  R t )  a r e  a s  i n  l 5 o ' ,  d e f  i n e  n e { < t ,  (  
u } ,  z € R n

\ 6

and ve l (R" )  by

0 ,  a n d

(2 .3e )  ,

( 2 . 4 1  )

b y  ( 1  .  1 5 )

( 2 . \ z )

( 2 , \ 3 )

( 2 . 4 4 )

( 2 . \ 5 )

(2 , \6 ) ,

T h e n ,  s i n c e
' n

v=Ivi (v)"i
' ) = t  

-

vue haye,  by (2.  4 l  )  ,
n n

v ( y ) = I v ; ' ( y ) v ( u { ) = I , v ;  ( v ) u . = 1 * ,  ( v ) , . o o , f n ( y ) ) T  ( y e n n ) .
j = l  '  r  .  1 = 1  J

( y e n n ) ,  .  . t

H e n c e ,  v ( y )  < t  ( ( 1 , . .  , , 1 r , - * , . i " ) T  i r  a n d  o n l y  i f  ( g . ,  ( v ) , " . 0 , y r ( y ) r o r . . ' " r 0 ) T

. r -  K l r . . . , ( r , 0 , . . . , 0 ) T ,  a n d ,  v ( y )  < g  ( 9 1  ( y ) r . " . , * r ( y ) r + - , . . " ) T  i f  a n d  o n l y  i f

( Y . , ( y ) , . . . , 9 r ( y ) , 0 , . . . , 0 i r  ( L  ( ! 1 , " , . , 5 r , 0 , " . . , 0 ) T ,  * h i c h ,  b y  ( 2 , 4 t { ) , ( 1 . 7 )  a n d  ( , 1 . 4 1 ,



-  1 6 '
' '

f . ,  
( i n  R n ) ,  i f  c t s  < .  ( i n  n k )

' ]  d i t l * r ,  i f  c i s  { 1  ,  
'  '  : .

'  t t  

t  

t
z  = ( * l , o . , , n " r o ) l e R n ,  ( 2 . 5 0 )

v ( y ) = ( r ( v ) T , 0 , , " " , o ) T e R n  ( y e R n ) .  ( 2 , 5 1 )
' t 'hen 

,  by (z " l l ) ,  we have (z "36.)  "
" T h u s ,  s i h c e  t h e  i m p l i c a t i o n s  2 0 o = + 1 9 0 ,  I 7 o = + l 6 0  a n d  l 5 o = + l  Z o : r 2 o  a r e  o b v i o u s ,  w e

have proved t l re equ i  va Iences 4o<+Zooe+19o<+t 70++160++l 5oq.+1 20"

2 0 0 = + 1 4 0 "  l f  2 0 o  h o l d s ,  d e f  i n e  z = ( t . . . . " . t  ' T - , F . . , r .  I  \ . /  ( .  1 n - r - ' l

and  vec / (R" )  by  
'

t = 9 / . , \  ( . i = 1 , . " " 1 F ) ,  .  e . s z )) j  ' j  
"o '

,  { - *  i f  . z  i s .  < , -  
( 2 . 5 3 )5 r + t = f + .  i f  z  i s  g ,  ,  
( z '

v ( e i ) = " ,  ( j = I , " . . , h ) .  ( 2 , 5 q )

above  p  r ' oo f  l ,  , n "  imp  I  i  ca  t  i on  4o+2  lo ,  we  have  ( z  
" t+6 ) "  Hence ,  when

r e { o , t 1 . o o 1 r ' l - l } ,  w e  h a v e  v ( v )  < , _  ( Y . ' ( v o )  , . . . , 9 r ( y o ) , - m , + 0 o , " " " , + o o ) T  i f  a n d  o n l y  i f

( * . 1 ( v )  , . o . 1 y r ( y )  , 0 , . . . . , 0 ) t a , -  ( y t  ( y o ) , " " " , g r t r r i  , 0 , . . . , 0 ) T ,  a n d ,  w e  h a v e

v ( y )  < 1  ( V . , ( v o )  , . . . . , * r ( y o )  , * * , . . : , + o ) T  i ;  a n d  o n l y  i r  ( * t ( y ) , . " . , V r ( y ) , 0 , , , . , , 0 ) T  < , _ ( f '  ( v o ) ,

. . . , Y r ( y o )  , 0 , . . . , 0 ) T ,  w h i c h ,  b y  ( 2 , 5 )  ,  ( 2 , 5 2 )  a n d  ( 2 . 3 8 )  ,  p r o v e s  ( 2 , 3 6 )  ( w i t t r  o  b e i n q

t L  ) '

F i n a l  l y ,  w h e n  r = n ,  f  r o m  ( 2 . 4 6 )  w e  o b t a i n ,  a g a . i n ,  ( 2 . 1 6 ) ,  w i t h  t = T  o f  ( 2 . 3 8 )  r

1 3 o + 1 ' J o  ( r e s p e c t i v e l y ,  1 4 o = t l B o ) .  L e t  ( r , o ) , . = = ( . \ 1 , . . . , 5 n ) T " n a  u = ( m 1 , . . . , m n ) T 6

e  U ' ( n n )  
' ( r e s o e c t i v e l y , ' d ' ) { n n ) )  

b e  a s  i n  1 3 0  ( r e s p e c t i v e l y ,  r 4 0 ) .  l f  z e R n l R n ,  t h e n .  b y

( t . t 5 ) , r , , , :  hwe  (2 ,1e ) rW1{a r  ,  I n  t h i s  case ,  de f i ne  c  by  (2 , t41 ,  and  l e t

u = ( . m 1 , " " . , r r ) T € i ' ( R n ,  R r ) ,  ( 2 , 5 i l

x = ( ( t ' . o . r ( . ) T . n t ,  Q , 5 6 )
(r 'espectge);, l4o), 

.  Tw i t h  r  o f  1 3 ' f T h e n ,  u ( y ) . . . . 1  ( ( t , " " . , ! r ,  + @ , + @ , " . . * * ) r  i f  a n d  o n l y  i f  u ( y )  ( L  * ,  w h i l e

v ( y )  < 1  ( ! l  , . . " r ! r ,  * e , . . . , * o o ) T  i f  a n d  o n l y  i f  u ( y )  ( ,  x ,  w h i c h ,  b y  ( Z . S O )  ( w i t h  c

b e i n g  < L  ) ,  p r o v e s  ( 2 , 3 7 ) .  0 n  t h e  o t h e r  h a n d . ,  i f  z e R n ,  t h e n  r = n ,  a n d  h e n c e ,  t a k i n g  u = v ,

) F z  a n d  s = c r  f  r o m  ( 2 . 3 5 )  w e  o b t a i n ,  a q a i n ,  ( 2 " 3 7 ) .  F u r : t h e r m o r e ,  i n  b o t l r  c a s e s ,  u u t t ( n n )  '

( r e s p e c t i v e l y ,  v e  d ' ( R n ) )  i m p l  i e s  r a n l <  u = r  ( r e s p e c t i v e l y ,  u u * = l ) .

2 0 o = ; 2 1 o .  t f  w e  h a v e  2 0 o ,  d e f i n e  v e d ( R n )  u v ' ( 2 . 5 4 ) .  r n e n ,  s i n c e

u - l { v  , 1=u - t  t *  t l " , ) = f  , ?1u - l  ( u , )= i l 1 " i  ( y ,= ( , t { ) e  nn ; ,  ( 2 . s7 )
F i  r r  F l  r '  - f ; i ' r  

' ( j '

ne have

:-.-:
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Y i  ( u - l ( y ' ) ) = 1 i  ( y r = 1 t i ) e n n ,  i = l  p , , " , n ) ,  ( z . . l B )

v ' l r e n c e ,  f  o r  H o  o f  ( 2 . 4 0 )

* 1 ,  .  r  - l  .  . . 1v ' '  ( t t o ) = t o - '  ( v ' ) l  v , = ( t l e R n ,  ( , 1 i ,  " . " ,  1 1 , 0 , . .  o , 0 ) T r 0 ] =

= { v e R n  I  t v ,  t r l ,  o o n , y r ( y ) , 0 , " " .  r 0 ) ' r o l .  ( z " s s )

H e n c e ,  b y  ( 2 . 3 8 ) ,  w e  o b t a i n

!  v  + v  I  ( H  ) =  t '  ' ^ t ' l  I  r ' r '  r, o ' , . . o ,  i v o * v r g " l  ( * 1  ( y o + y ) , . . 0 . , * r ( y o * y ) , 0 , " o o , 0 ) T z

, . ( y t ( y o )  , " " " , 9 r ( v o )  , 0 , , , . , 0 I ,  -  H ,

i . € . ,  ( 2 " 3 g )  ( w i t f r  t h e "  s a m e  ( r , r )  a n d  y  ,  a s  i n  z o o ) .

2 t o = + 2 0 o .  r f  w e  h a v e  2 1 o ,  d e f i n e  i " j l i  u "  ( 2 . 4 r ) .  T h e n ,  b v  v e f l ( R n ) ,  { " j } ?  i s  a n

o r t h o n o r r n a l  b a s i s  o f  R n .  F i n a l  l y ,  b y  ( z . l g )  a n d  t h e  c o m p u t a t i o n s  o f  t h e  a b o v e  p r o o f  o f

t h e  . i m p l i c a t i o n  2 0 o + 2 1 o ,  w e  o b t a i n  ( 2 . 3 8 )  ( w i t h  t h e  s a m e  ( r . , e )  a n d  y o ,  a s  i n  Z t o ) .

T h u s ,  s i n c e  t h e  i m p l i c a t i o n s  i 4 o = + l 3 0  a n d  l B o = l t 7 o  a r "  o b v i o u s ,  w e  h a v d  p r o v e d  a l l

e q u i v a l e n c e s  s t a t e d  i n  t h e o r e m  2 " i "  L e t  u s  p r o v e  n o w  t h e  u n i q u e n e s s  s t a t e m e n t s  o f  t h e

t heo  rem.

U n i g u e n e s s  o f  ( r , c )  i n  l 7 0 ( g n d  h e n c e  l B o ) "  A s s u m e  t h a t  w e  h a v e  t w o f e p r e s e n t a t  i o n s

( 2 . 3 7 )  r  s a y  r

H = { y . R n l u ,  ( r ) r , * 1 } = {

u h e r e  ( r i ,  
" i ) € { 0 , 1 , . . . , r } X { r L  ,  < ; } ,

=  1 1 2 )  ,  a n d  l e t

. M ;  = { v e R n l u , ( y ) = x ; }  ( i = 1 , 2 ) .  ( 2 . 6 1 )

T h e n ,  s i n c e  r a n k  u 1 = r - 1 r  w €  h a v e  M , l 0  ( i = i , z ) .  l f  , v ,  i s  ( L  ,  t h e n ,  b y  p r o p o s i t i o n

2 . 3 ,  t h e r e  e x i s t s  n o  i  i n e a r  m a n i f o l d  N  s u c h  t h a t  H n N = g :  a n d  H \ J N  i s  c o n v e x ,  u n a  h e n c e ,

b y  M 2 * f i  a n d  p r o p o s i t i o n  2 , 2 ,  w e  o b t a i n  t h a t  z ,  i s  < L  ,  t o o .  H e n c e ,  b y  l { 1 1 0  a n d  p r o p o s i -

t i o n  2 . 1 ,  i t  f o l l o w s  t h a t  M r = M ,  a n d  t h e r e f o r e ,  s i n c e  b y  r a n k  u i = r i  w e  h a v e  r , = c o d i m  1 4 ,

( i = l , z ) ,  w e  o b t a i ' n  r , = r 2 ,  0 n  t h e  o t h e r  h a n d ,  i f  z ,  i s  . L  ,  t h e n  t h e  a r g u m e n t  i s  s i m i  l a r ,

u s i ' n g  p r o p o s i t i o n s  2 . 4 ,  2 . 1  a n d  2 . 2 .

U n i q u e n e s s  o f  x  a n d  u  i n  j S o o  A s s u m e  t h a t

w i t h  u , = ( m 1 , . . . , r r ) T r  1 2 = ( f t , , . . " , f r r ) T a i ( n n ,  n t )

. L  =  m i n { i < n l n i , * r , } . ( 2 . 6 2 )

0bserve  now tha t ,  uy  f lm2[= l l f rz i l= l  and n . . l f tg ,  we have the  s t r i c r  inequa l i t v  m]mr<

. 11 mlll l l f i i t l l= I , and hence we can def i ne

y,  Rn I  ur(y)c2*2),

x . € R  i  
" n d  

u , e f ; (
r  

( 2 . 6 0 )

n  r .
R " ,  g  ' ) ,  

w i  t h  r a n l <  u i = . i  ( i =

w e  h a v e  ( 2 " 6 0 ) ,  w i t h  T l = r . = r ,  x . e  R r  a n d

s a t i s f y i n g  u , u f = l  ( i = l , 2 ) ,  l f  u , # u r ,  l e t

. /
z t l , 4 t , . n ,
.  v  . / \
J r / /

r  , l' l  r t , ] -



I
I
I

I
I

. , 1

r Q-  l ( J  ' '

d = _-=;i*(mr_frr)e Rn.
,  l ,^ /  L L
l - m , n l  D

o r t h o n o r m " r f r i  o f  t h e  s e t s  o f  r o w s  o f  u .  ( i = 1 , 2 ) .  w e  h a v e
I

T
m l d  = 0  t '  '  "  I ' t

J  
\ J = t r o . o . | L - l ) ; . ,

-l- 
TI  r  .  N l  .

m r d = 1 ,  m r d = - )
. < . . < '

0 n  t h e  o t h e r  h a n d ,  b y  t h e  a b o v e  p r o o f  o f  t h e  u n i q u e n e s s  o f  ( r , r )  i n  l g o ,

.  {y .Rn lur  (v )=x .1}={ve  Rn lu ,  ( r )  =xr \ * f i .

t " r . y o  b e  a n y  e l e m e n r  o f  ( Z " 6 6 ) "  T h e n ,  b y  ( 2 , 6 \ )  a n d  e . e S ) |

u . ,  ( v o + d ) = u ,  ( y o ) . + u ( a ) = * l + ( 0 , . . . , 0 ,  1 , . " . ) T  r L  * 1 ,

u z  ( y o * d ) = u ,  ( y o ) + u  ( o ) = x r +  ( 0 , , . .  , 0 ,  - l  ,  "  o  " ) t  . , .  * r ,

u h e n c e ,  b y  ( 2 . 6 0 ) ,  w e  o b t a i n  t h a t  y o + d e f t  a n d  y o + d d H ,  w h i c h  i s  i m p o s s i b l e "  T h i s

t h a t  u 1 = u 2 r  w h e n c e  a i  s o  x 1 = u 1  ( y o ) = u ,  ( V o ) = * ,  o

U n i q u - e n e s s  o f  ( r , c r )  . l n  l 3 0 ' ( a n d  h e n c e  l 4 o )  ,  o f

Then ,  by  the

( 2 , 6 3 )

(2 . ,6 t+)

( 2 .  6 5 )

we have

( 2 . 6 6 )

p  roves

g N  { * ; } i  *  l 4 o .  T h e s e  f o l l o w  f r o m  t h e  a b o v e  p r o o f

p e c t i v e l y ,  l q o + 1 B o ) ,  u s i n g  t h e  u n i q u e n e s s  o f  ( r , r )

a n d  u  i n  l 8 o ) .

u n i q u . e n e s s . g l  ( r , c )  i n  l 9 0  ( a n d  h e n c g  2 0 o ) "  T h i s  f o l l o w s

t h e  i m p l  i c a t i o n  l 9 0 = + l 7 0 ;  , r i n g  t h e  u n i q u e n e s s  o f  ( r , r )  i n  l 7 0 .

u n l q u e n e s s  o f  { " j } i  a n a  { V .  ( v o ) } f  t l  z o o .  r h i s  f o l  l o w s  f r o m

i m p l  i c a t i o n  2 . 0 o + 1 4 0 ,  u s i n g  t h e  u n i q u e n e s s  o f  { m . } f  " n a  { 1 i ;  ' "

a n d  v = ( * l r ,  . , r n ) T ,  w e  h a v e

F  t ^ , t 2 0  . . L ^ -
5 r + l  - l l 1 l J  r  w h e n  r ( n ,  a n d  o f  z

o f  t h e  i ' m p l i c a t i o n  l 3 0 = r l 7 0  ( . r e s =

i n  l 7 0  ( r e s p e c t i v e l y ,  o f  ( r , r ) , x

f r o m  t h e  a b o v e  p r o o f  o f

the  above proo f  o f  the

, r Ol t + " .  I n d e e d ,  b y  ( 2 . 5 \ )

mTe 1= I
J )

( j = l r . . . r n ) , ( 2 . 6 7 )

( 2 . 6 8 )

s o  a r e  e ! . . . .  e , t  i n  2 l o .  F i -- l r . . .  r v r

I  l ^  F ^ \a r e ,  b y  \ 2 . 5 2 ) ,  t h e  n u m b e r s

c o o r d i ' n a t e s  o f

r ^ h i c h ,  s i n c e  l l m r l l = l l e j l l = l  ( 1 = 1 , . n n , r ) ,  i m p l  i e s  
.

( j = 1  , . o . , D ) ,

a n d  t h u s ,  s i n c e  m 1 , , . . , m r . a r e  u n i q u e l y  d e t e r m i n e d  i n  l 4 o ,

n a l l y ,  s i n c e  ! 1 r . " . , ( , .  
" r e  

u n i q u e l y  d e t e r m i n e d  i n  J 4 0 ,  s o

9 -  1 , ,  )  , t  r . ,  )  i n  2 0 o ., i \ I O l r . . ! r r f \ Y O /

U n i q u e n e s s  9 j  ( r , z ) ,  { u - l  ( " r ) } f  a n d  t h e  f i r s q  r
,  - 1 ,  , 1 n  n  A

t u - ' ( " i ) i l  9 J  R n ,  ! ! -  2 l o .  T h e s e  f o l l o w  f r o m  t h e  a b o v e

u s i n s , n "  u n i q u e n e s s  o f  ( r , z ) ,  { " 1 } i  a n d { ! ( v ^ ) } l  i n
J ' I  l J . , o . J I

2 . 1  i s  c o m p l e t e .

e  l = m .
t l

proo f  o f  t he

2 0 o .  T h u s ,  t h e

y o  i j r  t h e  b a s  i s

i m p l i c a t i o n  2 l o = + 2 0 o ,

p r o o f  o f  t h e o r e m

R e m a - r k  2 . 2 .  a )  T h e  e q u i v a l e n c e  l o . e 2 0 o ,  u r i t h o u t  t h e  u n i q u e n e s s . p r o p e r t i e s  i n  2 0 o ,

h a s  b e e n . a l s o  p r o v e d ,  w i t h  a  d i f f e r e n r  m e t h o d ,  b y  l l . L a s s a k  ( [ 9 ] ,  t h e o r e m  l ,  s t a t e m e n t
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l t ) ,  b u t  l r e  h a s  n o t  e x p r e s s e d  2 0 o  i n  t e r m s  o f  t h e  l e x i c o q T . a p h I c a l  p f d e f  o

r \b )  O n e  c a n  g i v e  s i m p l e r  p r o o f s  o f  s o m e  o f  t h e  i m p l l c a t i o n s  o f  t h e o r e m  Z - " ' l  ,  a n d  h e n -

c e  o f  t h e  w h o l e  c h a i n  o f  e q u i v a l e n c e s  ( e . q " ,  o n e  c a n  r e p l a c e  l 3 o = r l 7 0  a n d  2 i o = g 2 0 o  b y

t h e  o h v i o u s  i m p l i c a t i o n s  l 3 0 = r l o  a . ' , . 1  ? l o = = r t o \  h r r +, l l u  4 ,  4 t  )  1  u u u  t h e  p r o o f s  o f  t h e  i m p l i c a t i o n s  s e l e c -

t e d  a b o v e , a r e  a l s o  u s e d  i n  t h e  p r o o f s  o f  t h e  u n i q u e n e s s  s t a t e m e n t s  o f  t h e o r e m  2 . 1 .

c )  S t a t e m e n t  l 5 0  i s  t l r e  p a r t  i c , u l a r  c a s e  r = n  o f  ) 2 0  a n d  o f  l 5 0 ;  a l s o ,  l 5 0  s h o w s  t h a t
n

i n  2 "  ( o f  t h e o r e m  1 . 1 )  o n e  c a n  r e p l a c e  z e R n  b y  z e R n .  H o w e v e r ,  s i m i l a r l y  t o  r e m a r k  l , l  u ) ,

i n  t h e  r e p r e s e n t a r i o n  ( 2 " 3 5 )  ( e v e n  w i t h  t h e  s a m e  v e J - ( R n )  a n d  z e R n ) ,  o  i s  n o r  u n i q u e l y  d e -

t e r m i n e d ,  a s  s h o w n  e . g .  b y

H={v= (  11 ,  r [2 ) r .n2  |  ( ,? l  ,  0 )  T  . '  ( r  ,  I  )T1=

= t v = ( I t , , 1 2 ) T  e n t l  ( , i r ,  0 ) T ' < L  ( l , 1 ) T j "

F u r t h e r m o r e ,  i n  l l o  o f  t h e o r e m  1 " 2  o n e  c a n  r e p l " . u  x e R k  b v  x e R k ,  u s i n g ,

p r o o f ,  l 5 o  ( i n s t e a d  o f  Z o )  a n d  - l  a n d  I  i n s t e a d  o f  - o o  a n d  + o o ,  t i e s p e c t i v e l y "

r n r j r k s  ( w i t f r  o b v i o u s  c h a n q e s )  a l s o  f o r  < , -  r e o l a c e d  b y  ( , .  i n  ( i .  t 9 ) .

d )  l t  i s  w e l l - k n o w n  ( s e e  L Z J , l 3 ) , l 8 l )  t h a t  H  i s  a  s e m i - s p a c e  i f  a n d  o n l y  i f  w e  h a v e

2 1 "  w i t h  r = n  a n d  z =  < 1 .  ( a n d  h e n c e  w i t h  H o  o f  ( z . q o )  b e i n q  a  s e m i - s p a c e ) .  s i m i  l a r l y ,  i n

t h e  q e n e r a l  c a s e ,  c o n d i t i o n  2 l o  w i l l  t u r n  o u t  t o  b e  u s e f u l  i n  t h e  s e q u e l ,  s i n c e  i t  s a y s

t h a t ,  m o d u l o  a  t r a n s l a t i o n  a n d  a  I  i n e a r  i s o m e t r y r

h e m i - s p a c e  i n  R n .  I n  v i e w  o f  t h i s  s p e c i a l  r o l e  o f

( u n  i q u e )  u e  . t  ( R n  ,  R r )  a n d  x e  R r  o f  I  B o  a  r e

( 2 : 7 0 )

(z . z r )
.  N o t e  a l s o  t h a t  2 1 o  g i v e s ,  a l r e a d y  i n  R 3 r  E  s i m p l e  e x a m p l e  o f  a  h e m i - s p a c e  w h i c h  i s

n e i t h e r  R 3 ,  n o ' r  0 ,  n o r  a  c l o s e d  ( o p e n )  f , a t  f  - s p a c e ,  n o r  a  ( c o m p l e m e n t  o f  a )  s e m i - s p a c e ,

n a n r e l y ,  H o = t v  = 1 ' l j ) ? . * ' l ( l t , t l z ,  0 ) T z  0 ] ,  w i t h r e  { < 1  ,  ( s }  .

e )  I n  1 7 0  t i r - e  n a i r  ( r ,  x )  i s  u n i q u e  u p  t o  a  ( u n i q u e )  I e x i c o g r a p h i c a l  o r d e r  p r e s e r v -

i ! g  l i n e a r  i s o m o r p i r i s m  o f  R r  ( f o r  a  s t u d y  o f  l e x i c o g r a p h i c a l  o r d e r  p r e s e r v i n g  l i n e a r

o p e r a t o r s ,  s e e  [ 1 3 ] ) ,  
'  

. e . . " t  t h e  e q u a l  i t y

( 2 . 7 2 ){ y e n n  l  u ,  ( y ) r * r } = { y e R n l  u ,  ( y ) r 1 2 } :

'  w i t h  u e - { < r , < a } ,  u , e  
f ( 1 n ,  

R r ) ,  r a n k  , i = r ,  x , e  R r  ( i = 1 , 2 ) ,  h o l d s  i f  a n d  o n l y  i f  t h e r e  e x i s t s

a  ( u n i q u e )  l e x i c o g r a p h i c a l  o r d e l p r e s e r v i n g  I i n e a r  i s o m o r p h i s m  t e U ( R r )  s u c h  t h a t

( 2  . 7  3 )

1 r  ( o \
\ L .  v )  l

i n  t h e

I n t s  p r o o f

H
o

ut ' o  t

o f  ( 2 " 4 0 )  i s  t h e  g e n e r a l  f o r m  o f  a

l e t  u s  o b s e r v e  t h a t  f o r  H = H  .  t h eo '

x=0 .

g 2 = t u 1  '  x r = / . ( x 1 ) .
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I n d e e d ;  a s s u m e  t h a t  f o r  t €  { < ;  r  < 1 }  a n d  ( u ; . ,  x i  )  (  i = l  ,  z )  t h b r e  e x l s t s  Z . i i ( n t )

p r e s e r v i n q  t h e  l e x i c o g r a p h i c a l  o r d q r . ' r e l a t i o n  < , .  a n d  s a t i s f y i n g  ( 2 , 7 i l , ' T h e n ,  t h e  r e l a -
- t lt i o n s  y € R ' ,  u 1  ( y ) c x ,  i m p l y

.  u o  \ y / = & r u ,  r v )  ) t Z ( x ,  ) = x ^'  L  I  .  .  l '  I

l - : . -  ,  I  o  n , ' l ^ F r  D  -  -( s i n c e ,  b y  t e  ( l ( R ' ) ,  {  p r e s e r v e s  < r  i f  a n d  o n l y  i f  i t  p r e s e n v e s  < ,|  _  _ L  _ . , _  _ , , . /  
L

n - l  , , t ^ ( t{  
' e u ( R ' )  

p r e s c r v e s  t h e  l e x i c o q r a p h i c a r  o r d e r ,  t h e  r e l a t i o n s  y e R n ,

I

t h e  u n  i q u e n e s s  o f  ( r , c )  i n

) i  s i m i l a r l y ,  s i n c e

u r ( y ) c x ,  i m p l y

u ,  ( y ) e x , ,  s o  ( 2 . 7 2 )  h o l d s

.  C o n v e r s e l y ,  i f  ( Z . l Z )  h o l d t ,  t h e n ,  b y  t h e  a b o v e  p . r o o f  o f

. - o1 7 " ,  w e  h a v e

{ y r n n l u ,  ( y ) = x , } = { y € R n l u 2  Q ) = x r l t f l  ( z . l t + )

u h e n c e  K e r .  u , = K e r  u r .  H e n c e ,  s i n c e  r a n k  u , ,  = r ,  t h e r e  e x i s t s  a n u n i q u e , Z e U ( R r )  s u c h  t h a t

h l = u Z .  T a k e  a n y  y o  i n  ( 2 . 7 q .  T h e n ,

. ^ r= l r ( vo )=Z(u t  ( yo )  )=2 (x1 )  , '  ( 2 .75 )

s o  ( 2 , 7 3 )  h o l d s .  F i . n a l l y ,  t a k e  a n y  x e R r  s u c h  t h a t  x  . r  o .  T h e n ,  b y  r a n k  o l = r ,  t h e r e  e x i s t s
- n

y e R "  s u c h  t h a t

1 
(y)=x+u. ,  (yo)  . t  u . ,  (yo)=x1 ,

u f , rence ,  by  (2 ,72 ) ,  u r ( v )  (L  *2 "  Henc€  ,  by  (2 .75 )  ,

L ( x ) = z ( u ,  ( v - v o )  ) = u ,  ( y )  - 2 ( u t  ( v o )  ) = u ,  ( v ) - * ,  ( L  0 ,

u h i c h  p r o v e s  t h a t  Z  p r e s e r v e s  t h e  l e x i c o g r a p h i c a l  o r d e r  < L  .  @
L e t  u s  a l s o  o b s e r v e  t h a t ,  b y  c o m p u t i n g  e x p l i c i t l y  t h e  u n i q u e  Z e U j R t )  

" b o u u ,  
w e  o b -

t a i n  t h a t  ( Z , l Z )  n o l a s  i f  a n d  o n l y  i f

( i )  K e r  u , =  K e r  u 2 r

/ r r \  i ' ( ' r  J ( t - l( 1 1 , 1  u r u , ( u , u l ' )  p r e s e r v e s  t h e  l e x i c o g r a p h i c a l  o r d e r ,

/ : : r \  .  X 7 . . . * t - l l  \( t r  r /  u 2 u 1  \ u 1 u ' | /  ( x l r = x 2 .

t n d e e d ,  t f  ( 2 " 7 2 )  h o l d s ,  t h e n  w e  h a v e  ( i )  a n a  t h e  u n i q u e  Z e i i ( n r ) ,  s a t i s f y i n g

Iu ;u2 ' ,  i s

z=rruf  ( r . ,  uf  )  
- l  

,  (2.76)

u f f e n c e ,  s i n c e  Z  p r e s e r v e s  t h e  l e x i c o g r a p h i c a t  o r o e r  a n d  s a t i s f  i e s  x r = , ( . ( ^ 1 ) ,  * e  o b t a l n

( i i )  a n O  ( i i i ) ,  l n  o r d e r  t l  l e e  t h a r  {  o f  ( 2 . 7 6 )  s a t i s f i e s  { u 1 = u 2 r  n o r e  r h a t  Z u , r f = r r u f ,

= u ^ l  * - r ^ r r  :  a l s c  I  t ' \  D  |  - n - . .  |  |  - ^  or ^ h e n c e . 0 u , l  * r ^ F r' n ' p " v u : " t t u i ( R , )  z r u , t x " l  ) '  D Y  \ r r , , { u l l K e r  u . , : u = u r l K " ,  u r = u 2 l K " r  r l  ,  r o  { u l

c o i n c i d e s  w i t h  
l ?  

o n  u f  ( n K ) + x e r  u i = ( K e r . u 1 ) -  *  K u r  u , = R n .  C o n v e p s e l y ,  i f  w e  h a v e  ( i ) - ( i i i ) ,

d e f  i n e - 4  t y -  ( 2 , , 7 6 ) . .  T r r e n ,  n y  ( i ) ;  
" "  

h a v e  K e r  {  ' { 0 } , s o  { e u ( R r ) :  f o r ,  i f  x e R r ,  z ( x ) = 0 ,
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! L . , -  , .  r . . x ( , ,  . . * r - l / . . \ \ - n  , . k ^ ^ ^ ^  . . - . .  r . . l t r  f r - l r  r rt h e n  u 2  ( u ' i ( u 1  , i ' )  '  ( x )  ) = 6 ,  w h e n c e  x = u 1  ( u i ( u . 1  u i )  '  ( x )  ) = 0 .  F i n a l  l y ,  u v  ( i  i )  a n d  ( i  i  i )  ,

z  p r e s e r v e s  r h e  l e x i c o g r a p h i c a l  o r d e r  a n d  s a t i s f i e s  L ( x r ) - x r "  f f i

f )  U s i n g  s i m i l a r  a r g u m e n t s ,  o n e  c a n  p r o v e  t h a t  i n  l 3 0 ,  w i t h  v = ( r n 1 , . , . , r n ) t  ( r o s p e c -

t i v e l y ,  i n  1 9 0 )  ,  t h e  p a i r  ( ( r .  . .  .  -  . m  ) T  1 1  '  r r  /( n r 1 , .  o . , m r ) ' '  (  ( ; ) f  )  ( r e s p e c t i v e l y ,  t h e  p a i r  ( { 9 . 1 r  . [ +  / . ,  t l f ' r \I t  ' , ' . j r l  , ( ' j , t 6 t J 1 t /

a r e  u n i q u e  u p  t o  a  l e x i , c o g r a p h i c a l  o r d e f  p r e s e r v i n g  l i n e a r  i s o m o r p h i s m  o f  R r ,  W e  o m i t

t h e  d e t a i  l s .

c o n v e x  s e t 5  b y  h e m i - s p a c e s  ( s e e  r e m a r k  
, | " 1  

b ) ) ,  c o m b i n e d  w i t h  t h e  r e p r e s e n t a t i o n  t h e o r e m

2 ' 1  f o r  h e m i - s p a c e s  ( v r h i c h ,  i n  t u r n ,  h a s  b e e n  o b t a i n e d ,  u l t i m a t e l y ,  b y  
" p p l y i n g  

t h e  l e -

x i c o g r a p h i c a l  s e p a r a t i o n  t h e o r e m  0 , 1 ) ,  w i l l  b e  a  m o r e  p o w e r f u l  t o o ' l  t h a n  a  d i r e c t  a p p l  i -

c a t i o n  o f  t h e  l e x i c o g r a p h i c a r  s e p a r a t i o n  t h e o r e m  0 " 1 .

.  D e f i n i t i o n - 2 . . l .  F o r  a n y  h e m i * s p a c e  H  i n  R n r  r e p r e s e n t e d  i n  o n e  o f  t h e  f o r m s  1 7 o - z l o

o f  t h e o r e m  2 . 1 ,  w e  s h a l l  c a l l  t h e  ( u n i q u e )  r € { 0 , 1 , " " r , n }  a n d  r € { . 1 , < L }  c i I  t h e  r e p r e -

s e n t a t i o n ,  t h e  r a n k  a n d  t h e  t y p e  o f  t h e  h e m i - s p a c e  H ,  r e s p e c t i v e l y .  W e  s h a l l  a l s o . u s e ,

.  
v J r e n  n e c e s s a r y ,  t h e  n o t a t  i o n s

r = r  ( H )  ,  t = r ( H )  ,

.  W h e n  r = c ( H )  i s  < , -  ( r " s p e c t i v e l y ,  < L  ) ,  w e  s h a l l  s a y

( r ' ' ( - r e s p e c t i v e l y ,  o f  t y p e  < L ) .

S g g l k  1 . 3 . -  o )  F r o m  t h e  u n i q u e n e s s  o f  ( ' r , t )  , u  a n d  x  i n  l 8 o  o f  t h e o r e m  2 . . |  ,  i t  f o l -

l o w s  t h a t  a . h e m i - s p a c e  H  i s  o f  j y p e  < , _  i f  a n d  o n l y  i l  i t  t s  n o t  o l j y p g  < t  ( i . e . ,  t h e

t y p e s  ( , _  a n d  ( , .  a r e  m u t u a l l y  e x c l u s i v e )  .

b )  H e R n  i s  a  h e m i - s p a c e  o f  l y p u _ .  < ,  i f  a n d  o n J y
L

. .  ^ n r , ,  .
t f  R  \ h l  i s  a  h e m i - s p a c e  o f  t y p e

. L .  I n d e e d ,  v r e  h a v e  H = { y e . R n l u ( y )  < ,  x }  ( w h e r e  u e ^ t  ( R n ,  R r ) ,  x e  q r )  i f  a n d  o n l y  i f

snqH={yeRn  |  ( - r )  ( v )  <L  - x } .

c )  B y  d e f i n i t i o n  2 . 1 ,  e v e r y  h e m i - s p a c e  o f  t y p e  < , .  i s  a

e v e r ,  t h e  c o n v e r s e  i s  n o t  t r u e r  a s  s h o w n  e . g .  b y  t l r e  g e n e r a l

H={y=( ' t '  tz ) t . * ' l  ( ,L l , , tz ) t  . . -  (0 ,  +*1T}=

{ Y = ( t l  ' 1 2 ) r e  n 2  |  r r  < o } ;  (  2 . 7 8 )

i n d e e d ,  t h e  l a s t  t e r m  o f  ( 2 , 1 8 ) " i s  a  r e p r e s e n t a t i o n  o f  H  a s  i n  l 7 0  o f  t h e o r e m  2 , 1 ,  w i t h

u e g  ( R 2  ,  n 1  )  d e f  i  n e d  b y

u ( y ) = 1 r  ( y = ( 1 r , 1 2 ) e n 2 ) ,

s o  H  i s  a  h e m i - s p a c e  o f  t y p e  S ;  r  w h e n c e  n o t  o f  t y p e  < L .

( 2 . 7 7 )

t h a t  H  i s  a  h e m i - s p a c e  o f  t y p e

gene ra  I  i  zed  ha  I  f -space.  How-

i  z e d  h a  t  f - s p a c e
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d )  C l e a r l y ,  H  i s  a  s e m i - s p a c e ' i fa n d  o n l y  i f  i t  i s  a  h e r n i  - s p a c e  o f  t <g and o_f

r a n k  r ( H ; = n .  T h i s  f a c i ,  t o g e t h e n  w i  t h

p l e m e n t  o f  a  h e m i - s p a c e  o f  t y p e  < ,  i ,
L

v e  p r o v i d e s  a  c o u n t e r - e x a r p l e .

l v e  h a v e  t h e  f o l  I o w i n q  m i n  i m a  I  i  t y  p r o p e r t v  o f  t h e  r a n k  r ,  ( H )  :

P . r o b o s i - t i o n  2 J "  L e t  l l s R n  b e  a  h e r n i - s p a c e .  T h e n ,  f o r . a n y  r e p r e s e n t a t i o n  ( 2 . 3 7 )  o t_4

H ,  w i t h  u e t . ( R n ,  R r )  a n d  x e F t ,  w e  h a v e

r2 ra r ; r k  u2 r  (H )

P r o o f  "  c l e a r ' l  y ,  w e  h a v e  t o  p r o v e  o n l y  t h e  s e c o n d ' i n e q u a l i t y .  w e  m a y

c i n g  H ,  i f  n e c e s s a r y ,  u y  n n \ u ) ,  t h a t  H  i s  o f  t y p e  < L  .  T h e n ,  b y ,  t h e o r e m

l o . + 1 7 0 ,  t h e r e  e x i s t  u t < g ( R n ,  o t 1  H ) ) ,  r , t h  r a n k  u r = r ( H ) ,  a n d  * r . R f  
( H )  

,

H  = { v e  n n  l r 1 ( y )  <  I  * , } ;
-  / " )

a l s o ,  b y  r a n k  u t = r ( H )  a n d  x 1 6 p r  \ n / ,  t h e r e  e x i s t s -  y o e R n  s u c h  t h a t
' u ' ( ' Y o ) =  

X r o

L e t  d e K e r  u .  T h e n  u ( y o t d ) = u ( y o ) 1 u ( d ) = u ( y o ) ,  w h e n c e ,  b y  y o e R n \ H  a n d

Y o t d e R " \ H .  C o n s e q u e n t l  y ,

* '  = L  u '  ( y o t d ) = u ,  ( y o ) 1 u /  ( d ) = x t * u t  ( A ; ,

u f , r e n c e  + u / ( d )  > '  0 ,  w h i c h  i s  e q u i v a l e n t  t o  u ' ( o ) = 0 .  T h u s ,  w e  h a v e  p r o v e d  t h a t  K e r  u e K e r u !. L

tnhence

r a n k  y = n - d i m  K e r  u 2 n * d i m  K e r  u / = r a n k  u r = r ( H ) .  m [

c o r o l l a r y  2 . 1 .  L e t  H g R n  b e  a  h e m i - s p a c e "  T h e n ,  r o r  a n y  r e p r e s e n t a t i o n  ( 2 , 3 i l  o f

H,  w. i  th  ue  J . ' (Rn,  g r  (u )  
)  9nd r , . *

'  Proof  .  By propos, . i l  , . r  t , " , .n1611),  " ,u nuu" , .unt  "=r  r r ; " " . " ,  .  i  .0, .  (H) 
,

t h e n ,  b y  ( Z . l l )  a n d  t h e  u n i q u e n e s s  o f  r ( H ) , '  w e  o b t a i n  ? = z ( H ) ,  T h " r e f o r e ,  l e t  u s  p r o v e
. l r u l

t h a t  x € R r ( n / .  l f  r ( H ) = 0 ,  t h i s  i s  o b v i o u s  ( s i n c e  R o = t o ] ) ,  s o  l s 1  a = ( f -  E  .  .  ) TL " ) r ,  , e L   _ \ ) l , r . " r 5 r ( H ) /  
,

r ( H ) Z l ;  a l s o ,  a s ' i n  t h e  p r o o f  o f  p r o p o s i t i o n  2 . 5 ,  a s s u m e  t h a t  H  i s  o f  t y p e  < r  a n d  c h o o -
' ' l  ^  - / u \ -

s e  u ' e J " ( R n ,  R r ( H l )  w i t n  r a n k  u ' = r ( H ) ,  x ' € R t ( H )  
" n d  

y o e R n  s a t i s f y i n g  ( 2 . 8 0 )  a n d  ( z . B t ) .

T h e n ,  b y  t h e  p r o o f  o f  p r o p o s i t i o n  2 . 5 ,  w e  h a v e  K e r .  u g K e r  u r ,  w h e n c e ,  s i n c e  ( b y  o u r

a s s u m p t i o n s  o n  t h e  r a n k s  o f  u  a n d  u t )

t. K e r  
u = n - r a n k  u = n - r ( H ) = n - r a n k  u r = d i m  K e r  u r ,

K e r u = K e r u r . ( 2 . 8 2 )

t h e o r e m  1 . 1 ,

n o t  a  g e n e r a l

s u g g e s t s  t o  c o n j e c t u r e  t h a t  t h e  c o m _

i z e d  h a l f - s p a c e ;  h o w e v e r ,  ( 2 . 7 8 )  a b o -

. ( 2 . 7 e )

a s s u m e  (  r e p l  a -

2 . 1 ,  i m p l  i c a t i o n .

s u c h  t h a t

( 2 . 8 0 )

( 2 . 8 1 )

( 2 . 3 7 ) ,  w e  o b t a i n

rae  ob ta  i n
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L e t  i e { t , . . , , r ( H ) } ,  l e t  e ;  d e n o t e  t h e  i - t h  u n i t  v e c t o r  o f  R r ( l ' , ,  a n d  b y  r a n k  u =

:  = r  ( H )  ,  c h o o s e

e f  e u - '  ( " , ) .

T h e n ,  s i n c e  e ! $ . R e r  u = K e r  u , ,  w e  h a v e  u r ( e , ) l O ,  w h e n c e

s , u t ( e i )  < t  o ,

- l ] .  H e n c e ,  b y  ( 2 . 8 1 ) ,

u /  ( y o + s , e f  ) = u t  ( y o ) + s , u ,  ( e l ) = x t + s i u ,  ( e i )  . t _  ̂ r ,

( 2 .  B 3 )

( 2 .  B 4 )

e  R n ,  t h e  f o l  l o w i  n q  s t a t e m e n t s  a r e  e q u i  v a -

t o r  s o m e  s i ( 1 t ,

a n d  t h u s ,  b y  ( 2 . 8 0 ) r  y o * s . e i e H .  T h e r e f o r e ,  b y  ( 2 . 9 3 )  a n d  ( 2 . 3 7 ) ,  w e  o b t a i n  u ( y o ) +

, * t i " i = u ( y o + s i " i )  
< 1 -  x . ' H e n c e ,  i f  \ i = 1 - ,  t h e n  , ( y o )  . L  * ,  a n d  t h u s ,  b v  Q . 3 7 ) ,  y o € H ;  b u t

t h e n ,  b y  ( 2 . 8 1 )  a n d  ( 2 . 8 0 )  ,  x t = t ) ,  ( y o )  < L  X , ,  w h i c h  i s  i m p o s s i b l e "  T h i s  p r o v e s  t h a t  ! , e R r

u t r e n c e ,  s i n c e i . { 1  , * r 1 F ( H ) } , " " s  a r b i t r a r y ,  l e R r ( H ) .  W

l . e m a r k  2 { .  F r o m  c o r o l  l a r y  2 . 1  t h e r e  f o l l o w s  a g a i n  t h e o r e m  . 1 . 1 .  I n d e e c j ,  i f  H  i s

t h e  c o m p l e m e n t  o f  a  s e m i - s p a c e ,  t h e n  g = { y e R n l v ( y )  < , -  z }  f o r  s o m e  o u i l ( R n ) ,  z l e  R n ,  s o  r ( g ) =

= n . a n d  c ( H )  i s  ( 1 .  .  H e n c e ,  i f  H  i s  a l s o  a  g e n e r a l i z e d  h a l f - s p a c e ,  s a y ,  6 = { y e  R n l r ( v )  - < f -  4

u h e r e  u u i ( n n ) ,  x € R n ,  t h e n ,  b y  c o r o l l a r y  2 . 1 ,  w e  o b t a i n  r a n k  u = r ( H ) = n  ( s o  u e u ( n n ) ) ,  * e n n

a n d  < L  = r ( H ) ,  i n  c o n t r a d i c t i o n  w i t h  t h e  a b o v e  o b s e r v a t i o n  t h a t  z ( H )  ' s  
< L  "  f f i t

F r o m  t h e o r e m  2 . 1  i t  f o l  t o w s  t h a t  t h e  p a i r s  ( r ( f r ) ,  e ( . H ) )  y i e l d  a  m e t r i c - a f  f  i n e  c l a s -

s i f i ' c a t i o n  o f  h e m i - s p a c e s .  I n d e e d ,  w e  h a v e

T h e o r e m ' 2 . 2 .  F o r  t w o  h e m i - s p a c e s  H , ,  H z

l e n t :

1o .  l , /e  have

( r ( H , ) ,  e ( . H 1 ) ) = ( r  } t r ) ,  r ( H r ) ) ,

2 o - 3 o .  T h e r e  e x i s t  v e t t ( n n ) ,  v € f l ( R n )  ,  r e s p e c t i v e l y ,  a n - d  y u R n ,  s u c h  t h a t
. - l  .

H ,  =  V  +  v  ' ( H l ) .

P r o o f .  l o = + 3 o .  B y  t h e o r e m  2 . 1 ,  i m o l i c a t i o n  1 o + Z I o ,  t h e r e  e x i s t  y f ,  V r j e n n

v r c d ( n n ) ,  s u c h  t h a t

w i  t h  H o  o f  ( 2 . 4 0 )  ,

a n d  H r ) .  H e n c e ,

uhence

P .  8 5 )

( 2 .  B 6 )

a n d  v , ;  r

( 2 .  B 7 )

b o t h  H ,

H, =vf+v,  I  1uo) ,  Hr=vt!+v) l  (no) ,

w h e r e  r = r ( H . , ) = r ( t t r ) , , r  = r ( H . , ) = r ( H z )  ( t h u s ,  H o  i s  t h e  s a m e  f o r

, 2 ( r r - r ' ; , ,v ,  (H,  -v j )  =Ho=v 
2$2-y ' : )

H z = r ) l u ,  ( H r  ) - u z l u ,  ( v j )  * y ' J  ,
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! / \  ' -  , .  - l  - li . e ,  w e  h a v e  ( 2 . 8 6 ) -  w i t h  ! = y { - v ] ' u ,  ( u r )  a n d  u = u l l.  , o  / .  l ' , o .  . l

T h e  i m p l  i c a t i o n  3 o = + 2 0  i s  o b v i o u s .

2 0 = + l o .  r f  z o  h o r d s  a n d  H ,  i s  r e p r e s e n t e d  i n  t h e  f o r m  ( 2 . 8 7 ) ,  t h e r r

Hr= ! - rv  I  (v ; * " ; l  {Ho) )= t+v  '  
{ r ; ) *u - lu l l  {Ho)  ,

*  H 2  s a t i s f  i e s  ( 2 " 8 1 )  w i t h  y t = y * u - l { r ; )  ,  u 2 = u , ' v  a n d  w i t h  t h e  s a m e  H o ,  w h e n c e  w e

I o .

L e t  u s  s h o w  n o w  h o w  t h e  r e p r e s e n t a t i o n s  o f  h e m i - s p a c e s ,  g i v e n  i n  l 2 0 - 1 4 0  o f

r e m  2 . ) ,  c a n  b e  a l s o  d e d u c e d  d i r e c t l y  f r o m  t h e  r e p r e s e n t a t i o n s  5 0 -  7 0  o f  t h e . r e m

s i n c e  t h i s  m a y  p r e s e n t - s o m e  i n t e r e s t  f o r  o t h e r  a p p l i c a t i o n s  a s  w e l l .  T o  t h i s  e n d ,
' f i  r s t  p r o v e

L e m m a  2 . 3 .  F o r  a n  e l e m e n t  t = ( 5 i ) T r o n ,  t h e  f o l l o w i n o
- , J

ur.ff-{on) .

o b t a  i  n

ffil

theo-

1 . 1  ,

l e t  u s

s t a t e m e n t s  a r e  e q u  i v a l  e n t  :

l o .  T h e r e  e x i s t s  a  s u b s e t  G  o f  R n ,  s u c h  t h a t  v r e  h a v e ( 1 . 1 ) .

2 0 .  - T h e r e  e x i s t s  r e  { o , l  r . . .  1 D }  s u c h  t h a t  ( l  , . . . ,  ( r e  R  a n d
'  z = ( ( t  , . , . , ( r r ! a ,  + u r o . . ,  + . )  T .

p r o o f .  l o = ) 2 o ,  A s s u m e  l o ,  a n d  l e t  r 6 { 0 , . | , . . .  r n }  b e

k y r + 2  w e  h a v e  k - l 7 r + 1 ,  w h e n c e ,  b y  l e m m a  1 . 1  a n d  g e R n ,  w e

( p = i n f  { r p l s = ( 7 r ) l e c ,  T j = \ j  ( i = 1 , . . . , k - l ) } = i n f  g

= + 1 . o .  A s s u m e  t h a t . = t ( i ) f e R n  s a t i s f i e s  2 0 .

l f  ( n * l = - * ,  l e t

o = { ( ( '  , . . . ,  ( r , \ , 0 , . . . , 0 ) l  X e  n } ( g  R n )  .

T h e n ,  b y  l e m m a  1 . 1 ,  t h e  l e x i c o g r a p h i c a l  i n f i m u m

z ,= { ( i i l  =  i n f ,  G
L U  J  I  L

e x i s t s ,  a n d  i t  i s  g i v e n  O ,  
\ j = l :  

( j = t , . . , F ) ,  
l j n f  

= j n f  \ = - o o ,

s a  z t = , ,  w h i c h  p r o v e s  ( 1 . . | ) ,  
' \ e R

b )  | f  
! r * t = * o o  a n d  r = 0 ,  t h e n  w e  h a v e

2= (+oo, . .,. , +6) l=+6= 
i n f ,_ 0,

i . o . ,  ( t . t )  f o r  G = g

c )  l f  
\ r * , , = + o o  a n d  r € 1 1 , . . . , n ] ,  l e t

G = t ( ( r , . .  . , \ r - 1 , t r , 0 , . . . , 0 ) t l f : 1 .  ]  { c  n n ) .
T h e n ,  b y  l e m m a  1 . 1 ,  t h e  l e x i c o g r a p h i c a r  i n f i m u m  ( 2 . 9 0 )  e x i s t s

t j = l :  ( j = 1 , . . . , r - l ) ,  ( l = i i f  ^ = 1 , .  ,  S i r = i n f  
g = + o o  ( k = r + I , . . . 1 n ) ,  s o

, r " \  

.

(r  .  r  )  .

s u c h  t h a t

o b t a  i  n

= *e,

, ( 2 . 8 8 )

5 r+  I  € r ( \K .  I  hen  ,  t o  r

(  2  "8e)

(z .go )

f l=+a (k=r+2,  ,  . .  ,  n )  ,

( 2 .  9 l  )

a n d  i t  i s  g i v e n  b y

z t = 2 ,  w h i c h  p r o v e s

@

, ,  ? o

a )

\ f ,= inr

N o w ,  a s  a n n o u n c e d  b e f o r e  l e m m a  2 . ] ,  l e t  u s  g i v e  t h e



! -ecpnd proof  o f  theorem 2.1 ,  impl

1 . 1 ,  i m p l  i c a t i o n  l o = + 7 o ,  a n d  l e m m a  2 . 1

a s  i n  l 4 0  ( i n d e e d ,  i f  r e { 0 1 1 ; o r o , n - l } ,

( 1 .  1  5 )  ,  w e  h a v e  ( 2 , 3 6 )  w i  t h  o -  b e  i  n g  . L

c r  b e i n g  t h e  s a m e  a s  i  n  ( 1  , g )  o r  ( t  .  t  O )

*  2 q  -

A ^

i c a t i o n  l " = t r 1 4 t .  l f  w e  h a v e  l o

( w i t r r  c = v  ( n n \ H )  E  R n )  ,  t h e r e

t h e n  z  o f  ( 2 . 8 8 )  b e l o n q s  t o

,  w h i l e  i f  r = . n ,  t h e n  z e R n ; ,

,  r e s p e c t i v e ) y .

,  then,  by.  theorem

e x i s t  ( r r a )  , z  a n d  v

i iflr ^fln  \ K  ,  w n e n c e ,  b y

s o  w e  h a v e  ( 2 . 3 5 )  w i t h

ffi

$ 1 .  l y t f r e r  g e o m e t r i c  r e s u l t s  o n  h e r n i - s p a c e s

I n  a d d i t i o n  t o  t h e  q e o m e t r i c  r e s u l t s  o f  $ 1 ,  w e  s h a l l  d e d u c e  n o w ,  f r o m  t h e  p r e c e d i n g

r e p r e s e n t a t i o n  t h e i o r e m s ,  s o m e  f u r , n u l -  g e o m e t r i c  r e s u l t s  o n  h e m i - s p a c e s .

T h e o r e m  3 . 1 . - F o r  a  s e t  H c  R n ,  t h e  f o l  l o w i n c !  s t a t e m e n t sa r e  e q u i v a l e n t :

l o .  H  i s  a  h e m i - s p a c e .

2 o ,  H  *  { o , y } =  g u ( H + y )  i s  c o n v e x ,  f o r e a c h  y e R n .

3 0 ,  H  +  C  i s  a  h e m i - s p a c e ,  f o r  e a c h  s s t  C g  R n .

4 o ,  H  * * . C  i s  a  h e m  i - s p a c e ;  f  o r  e a c h  s e t  C  E  R n  .

P r o o f  .  l o . + 3 o .  L e t  H  b e  r e p r e s e n t e d  a s  i n  l 5 0  o f

( 2 . 3 6 ) ,  w e  h a ' v e

H + C = { v + c e R n l  y e H ,  c e C } = { y + c e n n l  u  ( y ) o = ,  c e C } =

= { y ' e n n l 3 c e c ,  v  ( y ,  ) a  z + v  ( c ) } ,

l e t  c e  R n .  t n e n ,

D e f  i  n e

z (  =  z  +  s u D .  v ( C ) -- - r L  '  \ - /  t

. t

t h e o r e m  2 . 1 ,  a n d

by

6 t i

V / e  s h a l l  s h o w  t h

,  i f  o  '  r  ( t  a n d  s u p , -  v  ( c ) e v  ( c )

o t h e r w i  s e .

( 3 . 1 )

( t . z )

( : . : )

( 3 . 5 )

we have

t h e n  v ( . ) . 1  r u p L v ( C ) ,  w h e n -

(-',
r { '

/<'

H  +  c  = { y r e  n n l u ( y , ) o , . . t f  ,  ( 1 . 4 )

r ^ ' t r i c h ,  b y  t h e o r e m  1 . 1 , .  i m p l  i c a t i o n  2 0 + 1 o ,  w i l l  p r o v e  t h a t  F l  +  C  i s  a  h e m i - s p a c e .  l f

y ' e  H + C ,  t h e n ,  b y  ( 3 .  t  )  ,  t h e r e  e x i  s t s  c e C  s u c h  t h a t

v  ( y / ) o z + v  ( c )  .

H e n c e ,  i f  o - i s ( ,  a n d  s r p l  ( C ) e v ( C ) ,  t h e n ,  b y  ( 1 , 2 1 ,

u  ( y ' ) { t _  z + v  ( c ) 6 , -  z + s u p L  v  ( C ) = 2 ,

u h e n c e ,  b y  ( 3 . 3 ) ,  v ( y t ) v t z t ,  l f  o ' i s  ( ,  a n d  s u p ,  v ( C ) + v ( C )  ,

c € ,  b y  ( 3 . 2 ) ,

v ( y / ) ( '  z + v ( . ) < . -  1 4 s u p L  v ( C ) = 7 r ,

a n d  h e n c e  v ( y ' )  r L . '  j  t h u s ,  b y  ( i , 3 ) ,  v ( y r )  o , r ,  ,  F i n a ) l y ,  i f o i s  ( L  ,  t h e n ,  b y  ( 3 . 2 ) ,
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' ,  ( ' , 1 \  ?  n l , , l  - \  t  / a \  ,  :
.  v \ y ' l  a  L  z + v  ( c )  ( U  z + s u p L  v ( C ) = 7 r  ,

u h e n c e  v ( v ' )  < '  z t  i  t h u s ,  f o r  a n y  o ' e {  { ; . r ( L }  r  w e  h a v e  a q a i n  v ( y ,  ) o o z r ,  w h i c h  p r o v e sL

t h e  i n c l u s i o n  €  i n  ( 3 . 4 ) .

c o n v e r s e l y ,  i f  y t e R n ,  v ( y ' )  < L t t ,  t h e n  t h e r e  e x i s t s  c e c  s u c h  t h a t  v ( y r )  < l  z + v ( c ) ;

i n d e e d ,  o t h e r w i s e v ( y r ) 7 t z + v ( c )  ( c c C ) ,  w h e n c e  v ( y t ) - 2 7 ,  s u p ,  v ( ^ \  -  t , \ .'  / L  ' - Y L  '  ' u /  r  s o  v \ Y ' ) ) r . z +

o t u P l  v ( c ) = 7 r ,  i n  c o p 4 : r a d i c t i o n  w i t h  o u r  a s s u m p t i o n  o n  y r .  H e n c e ,  v ( y  t ) a z + v ( c ) ,  a n d  t h u s ,

b y  ( 3 . t ) ,  y / e H + C ,  0 n  t h e  o t h e r  h a n d ,  i f  y t e R n  s a t i s f i e s  v ( y r )  = z t = z + s u p , -  v ( C )  a n d  c r ,  i s

( L  ,  t h e n ,  b y  ( 3 " 3 ) ,  , g  i s  ( t .  a n d  s u p l  ( c ) e v ( c ) ,  w h e n c e  t h e r e  e x i s t s  c e c  s u c h  t h a t

v ( y t ) = z + v ( c )  ,  s o  v ( y / ) a z + v ( c )  ;  t h u s ,  b y  ( 3 , t ) ,  w e  h a v e  a g a i n  y r e H + c ,  w h i c h  p r o v e s  ( l . r + ) .

T h e  i m p l i c a t i o n  3 o = + 2 0  i s  o b v i o u s , .

2 o = + l o .  A r r u * "  2 0 ,  T h e n ,  b y  2 o  f o r  y = g ,  H  i s  c o n v e x .

n n f l  i  s  n o t  c o n v e x ,  i , c o ,  t h e r e  e x i  s t  y 1  , y r e R n \ H  a n d  0 < I < l

I n e n ,

.  H  * { 0 ,  v ; y z I ) ( l - A ) y , + . \ y r + o = y t * l ( y z - y r ) ,

H  +  {  o ,  y i - y 2 } t ( r - L ; r l + x y z + ( y t - y z ) = r l * ( r - t r )  ( v  f y z ) ,
w h e n c e ,  b y  2 0 ,

H+{0,y ;y 2I3 ( l  - l ) [v. ,*\  (v z-v, )J +,\ [vt* (r  - tr)  {v1 -v2)l  =v1 .
' H e n o e ,  

e i t h e r  H r y l . ,  o r  H + ( y t - y Z ) r y t ,  i n  w h i c h  c a s e  H . _ y r : 0 ,

w i  t h  o u r  a s s u m p t i o n  t h a t  y 1 , y 2 e R n \ H .  T h i  s  p r o v e s  t h a t  R n \ H

h e m i  - s p a c e .

1 o = + 4 o .  L e t  H  b e  r e p r e s e n t e d  a . s  i n  l 5 0  o f  t h e o r e m  2 . 1  a n d  l e t

( 0 . 6 )  ,  w e  h a v e

Hrc=n(H-c)  =  / l  {y -ceRn I  ye  H}=  O {v - . .nn  I  v  (y )oz}=
c e C  c e C  

' '  '  
c € c

= { y ' e  n n  I v  1 r r  ) a z - v ( c ) - - -  ( c e c )  ] .

D e f  i  n e

t i  on

i s a

A s s u m e  n o w ,  a  c o n t r a r i o ,  t h a t

s u c h  t h a t  ( t - X 1 t , + , \ y r e H .

y 2 € H ,  i n  c o n t r a d i c -

c o n v e x ,  a n d  h e n c e  H

C  g  R n  .  T h e n  ,  b y  ( 2 . $ )

( i .  o )

3 . 7 )

( r .  a)

( 3 . 9 )

so

i s

and

T h e n ,

a n d  h e n c e ,

F i n a l

z t=Z.  -  s

c r ,  i s

s i m i  l a r l y  t o  t h e

H x C =

b y  t h e o r e m  1 .  i  ,

l y ,  t h e  i m p l i c a t i

u p , _  v  ( C )  ,

[ . '  ,  i  f  c r  i s  < ,  a n d  s u p L  v  ( C ) e  v  ( c )
l * L

I a ,  o t h e r w i  s e .
L '
a b o v e  p r o o f  o f  t h e  i m p l  i c a t i o n  l o * 3 n ;  * "

{ y ' e  n n  I  u  ( y '  )  o t  . '  ) ,

i m p l  i c a t i o n  2 o = . ) l o ,  H  2 ! . C  i s  a  h e m i * s p a c e .

on  40=) lo  fo l l ows  f  rom 11=11* {0 } .

o b t a i n

ffi
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i n  R " ,  r e p r e s e n t e d  ( u n i q u e l y )a s  i n  l 8 o  o f

t h e o r e m  2 , 1 ,  t h e  s e t

u = M  ( H )  =  
{ v e  R n  |  ,  ( y )  = ^ } * O

w i l l  b e  c a l l e d  t h e  l i n _ e a r _ m a n i f o l d . a s s o c i a t e d  t o  H .

! ] e 1 g L l ] , 1 ,  a )  B y  r e m a  r k  2 . 3  d )  ,  w e  s e e  t h a t H  i s  a  s e m i - s p a c e  o r  t h e  c o m p l e . m e n t  o f

a  s e m i - s p a c e  i f  a n d  o n l y  i f  M ( H ) . c o n s i s t s  o f  o n e p o i n t  ( n " * " t y ,  M ( H ) = { u - l  ( * ) } ) .

( i .  r  z )

D e f i n i t i o n  3 . 1 .  F o r  a n y  h e m i - s p a c eH

b )  F r o m  t h e  u n i q u e n e s s  o f  ( r , r ) ; x  a n d ' u  i n  l B o  o f  t h e o r b m  2 . l  i t  f o l l o w s  t h a t  f o r  H

r e p r e s e n t e d  a s  i n  l 9 0  ( o r ,  i n  p a r t i c u l a r ,  2 0 o )  o f  t h e o r e m  2 . ) ,  w e  h a v e ,  b y  ( 2 . 3 8 ) r

(y )=  ( * ,  (v )  ,  .  o .  , * .  (v ) ) r .  = f  
1  t r l " ,  (ye  Rn)  ,  (3 .  1  1 )

: - l  - t
J -  |

Y l l|  , ) .

t h a t  t h e  I  i  n e a r  m a n  i  f o l  d

( 3 , 1 0 )

( i .  r  l )

a s s o c i a t e d  t o  t h e  i r e -

( H ) = { v e n n l  v ,  ( v ) = g j  ( r o )  ( 1 = l  , . . . ,

A l s o ,  f r o m  r e m a r k  2 , 2  d )  i t  f o l l o w s

m i - s p a c e  H = H o  o f  ( 2 . 4 0 )  i s

M ( H o ) = { y = ( 1 ) i  l t r = o  ( i = t , . , , , r ) 1 "

. .  .  c )  F o r  a n y  h e m i  - s p a c e  H  i n .  R n  ,  w e  h a v e

M ( R n \ H ) = M ( H ) .

I n d e e d ,  b y  ( 2 . 3 7 ) ,  R n \ H = { y e n n l ( - u ) ( y ) c / ( - * ) } ,  w h e r e  u ,  i s  t h e  u n i q u e  e l e m e n t  o f

{ . '  ,  < r } \ { r } ,  w h e n c e  N ( R n \ H ) = { y e  R n  l ( - r )  ( v ) = - * } = u { H i .  t

* * - d )  F o r  a n y  h e m i - s p a c e  H ,  w i t h  a s s o c i a t e d  l i n e a r  m a n i f o l d  M = M ( H ) ,  t h e  s e t s

H U M , H \ M  a n d  H - M  a r d  h e m i - s p a c e s ,  n a m e l y ,  r e p r e s e n t i n q  H  a s  i n  l B o  o f  t h e o r e m  2 . 1 ,  w e

have

s s v = { y e n n l u ( y )  ( , -  * } ,  H \ m = { y e R n i u ( y ) . 1  * } ,

p - s = { y e n n  l ,  ( y ) c ( H )  o } ,

w i t h  e ( H )  o f  d e t ' i - n i t i o n  2 . 1 .  I n d e e d ,  ( 3 .  t 6 )  i s  o b v i o u s .  F u r t h e r m o r e ,  i f  y = y r - y t r ,  w h e r e

u ( y ' ) ' u ( H ) ^ ,  u ( y t ' ) = x ,  t h e n . u ( y ) = u ( y ' ) - , , , ( y " ) = u ( y ' ) - x e ( H ) o ;  c o n v e r s e l y ,  i f  y e R n ,  u ( y ) r ( H ) 0 ,

t h e n ,  t a k i n g  a n y  y o e M ,  w e  h a v e  y = ( y + y o ) - y o ,  w h e r e  u ( y + y o ) = u ( y ) + x c ( H ) x ,  i . € . r  y + y o € H ,

a n d  t h u s  y € H - M .

I , / h e n  z  o f  ( 2 , 3 7 - ) '  ' s  
< L  ,  p r o p o s i t i o n s  2 . 1  a n d  2 . 3 ,  r e s p e c t i v e l y ,  w h e n  c  i s  ( .  ,

p r o p o s t , t o l t - . 2 , 2  a n d  2 , 4 ,  o i v e  g e o m e t r i c  c h a r a c t e r i z a t i o n s  o f  M ,  w h i c h  d o  n o t  d e p e n d  o n

u  o r  x - - o f  - t h e  r e p r e s e n t a t i o n  ( 2 , 3 7 )  o i  t l r e  h e m i - s p a c e  H .  L e t  u s  g i v e  n o w  a  f u r t h e . r  g e o -

n e t r i c  c h a r a c t e r i z a t i o n  o f  f l ,  n o t  d e p e n d i n c l  o n  r  e i t h e r .  T o  t h i s  e n d .  w e  s h a l I  n e e d '

( : .  t  l r )

( 3 . 1 5 )

( 3 .  t  5 ;

( 3 .  r  7 )
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L e m r i r a  1 , 1 .  F o r  H  a n d  M  a s  i n  ( 2 , 3 7 )  a n a  ( 3 , t 0 )  ,-:-

, o ( ( t , . . . , ( r ) e R r ,  . a n d  ( r , r ) e t o ,  l , . . . , F l X { . ' _ ,  ( ; } ,

A ( y ) = { a e  n n l y + \ u e  H ,  y - X d d H  ( l > 0 ) }  ( y e  R n ) .

T h e n ,  w e  h a v e

n ( y ) = { d e  n n  |  { r . , 1 . . .  r r . o ( v ) ) T a  . r -  0 }

where

d g f  i I e

( y e n n ) ,

u= (ml I  .  n.  ern, . ) t* t '$,*n,R r ) ,

u,h e re

( 3 .  1 B )

( 3 .  1 e )

( r .  zo)n (v)= 'u* [ i iE  r lm]v= ( . ;  *  ( j=r

H e n c e ,  i n  p a r t i c u l a r ,

.  n lq l r ; = { a e R " l u ( a )  . l  0 }

, i l] u{o}] ,

( ye  M)  .

b y  ( 3 . 1 8 )  a n a  ( 2 , 3 7 ) ,  w e  h a v e

( l > o ) ,

( 3 . 2 r )

P r o o f .  L e t  y € R n  a n d  d e A ( y ) .  T h e n ,

u ( y + t r d ) r x r ' u ( y - \ a ) 3.zz)

u h e r e  ? ,  i s  t h e  o n l y  e l e m e n t  i n  { < l  ,  ( g } \ { r } .

N o w ,  i f . p ( y ) = 0 ,  t h e n  m l y * \ 1 ,  w h e n c e  e i t h e r  u ( y t f d )  . t * ,  f o r  s u f f i c i e n t l y  s m a l l

T . T
\  > o  ( i t  r l v . ( t )  o r  u ( y 1 l d )  t , .  x  f o r  s u f f  i c i e n t l y  s m a l  I  , \ > 0  ( i f  t i v t { r )  ,  * h i c h  c o n t r a -

d i c t s  ( 3 , 2 ? ) . ;  t h u s r  l ( . p ( y ) < r .  T h e n ,  b y  t h e  f  i r s t  i n e q u a l i t y  i n  ( 3 . 2 2 )  w e  h a v e ,  i n  p a r t i -

c u l a r ,

l f  l <  p  ( y )  = r  a n d

( m 1  , . . . , r o t r ) ) t o = 9

t h e n ,  b y  ( 3 . 2 0 ) ,  w e  o b t a i n

u ( y + , \ d ) = u ( y ) + , \ u ( d ) = x + 1 . 0 = x .  ( t r  e  R )  1

i n  c o n t r a d i c t i o n  w i t h  ( 3 , 2 2 ) ,  t f  ( 3 , 2 4 )  h o l d s  w i t h  l g p ( y ) < r d  n o t e  t h a t ,

,  T  ' c  -  , - T  , ch a v e  m ' ( y ) * t y l l p ( v ) * . 1  .  A s s u m e  t h a t  m T ( v ) + l y < l p ( y ) + t  ,  a n d  l e t

l ' 1 , . , t . 'Y - ( '  Io.xo=l:!H!p.Hl {=**, i r mr (y)*rd=0) ."  
I  

' *o( ' )* to t
T h e n ,

T  ,  \  , \  T  .  T
*p  ( v ) * . t  ( v t l oa )  = tp  ( y )  * l  Y t t ro tp  ( y )+ t  d  <

T ,  - t + ( f  - - t T , . - v ) = f , , , . ,  3 . 2 6 )
"b  ( y ) * t  v *  ( (p  ( v ) *  r  

- ' f  ( y ) *  t  v )  =  (p  ( y )+  I

H e n c e ,  b y  ( 3 . 2 0 )  a n d  ( 3 . 2 4 ) ,  w e  o b t a i n  u ( y t t r o a )  o t  x ,  w h e n c e ,  u y ' ( 2 . 3 7 ) ,  Y t l o d e H ,

( \ > o ) ,

3 .23)

3 . 2 \ )

b y  ( 3 , 2 0 ) ,  w e

3.25)



. t a } r i c h , b y ( 3 . 1 8 ) , c o n t 1 a d i c t s t h e a s s u m p t i o n d e A ( y ) . 0 n t h e o t h e r . h a n d , i f m I ( y ) + t y >

> t p ( y ) * t  ,  t h e n ,  f o r  . \ o  o f  ( 3 " 2 5 ) ,  w e  o b t a i n ,  s i m i  l a r l y ,  t h a t  u ( v  t ) o u )  ) L  x ,  w h e n c e ,

h /  Q , 3 7 ) ,  y t A o d f H ,  w h i c h ,  a g a i n ,  c o n t r a d i c t s  d e A ( y )  .  B y  ( l , Z l  a n d  s i n c e  d e A ( v )  w u ,

a r b i t r a r y ,  t h i s  p r o v e s  t h e  i n c l u s i o n  e  i n  ( 3 . t 9 1 ,

.  
c o n v e r s e l y ,  a s s u m e  n o i ^ /  t h a t  y , d e  R n  a n d  ( m , , . . . , r p ( y ) ) T d  < , -  0 .  r f  p ( y ) = 0 ,  t h e n  t h i s

a s s u m p t i o n  m e a n s  t h a t  0 d  a L  0 ,  r v h i c h  i s  i m p o s s i b l e ;  t h u s ,  l < p ( y ) ( r " .  T h e n ,  b y  ( S . z o )  ,  * " .

have

( m 1 , . . . , r p ( y ;  ) T ( v * r a ) = ( ( t , .  " . ,  ( p 1 r ;  ) T * A ( r ,  r . . . . , r r o ( u )  ) t o

' L  1 ( t  '  " l o ( o ) ) t  ( \ ' o ;  ,  ( 3 - 2 7 )

'  u l r e n c e  u ( y + t r d )  < t .  x  ( l r o ) ,  a n d  h e n c e ,  b y  ( 2 , 3 i l ,  y + , \ d e  H  ( r z 0 ) .  S i m i l a r l y ,  w e  a l s o  o b t a i n

u ( y - t r 0 )  2 t -  x  ( t r > o ; ,  w h e n c e ,  b y  ( z , l l ) ,  y - , \ a 6 u  ( I > 0 ) ,  H e n c e ,  b y  ( l . r g ) ,  d e A ( y ) .

F i n a l _ l y ,  i f  y e M ,  t h e n ,  b y  ( 3 . . l 0 )  a n d  ( 3 , 2 0 ) ,  w e  h a v e  p ( y ) = r ,  , o  ( r l  , .  . , r p ( y ) ) T = r ,

w h i c h ,  b y  ( 3 . 1 9 ) ,  y i e l d s  ( 3 , 2 1 )  
f f i

F r o m  l e m m a  l o 1  w e  s e e  t h a t ,  a m o n g  t h e  s e t s  A ( y )  ( y e n n )  t h e r e  a r e  a t  m o s t  r + l  d i s -

t i n c t  o n e s ,  a n d  t h a t  a l l  s e t s  A ( y )  ( y e M )  c o i n c i d e .  M o r e o v e r ,  f r o m  l e m m a  3 . 1  w e  o b t a i n

t h e  f o l  l o w i n g  c h a r a c t e r i z a t i o n  o f  M :

P r o p o s i t i o n  J . 1 .  F o r  H  a n d  M  a s  i n  ( 2 , 3 7 )  a n d

( r , t ) e  { 0 , . ] , . , . n } X { < l  ,  ( r - }  ,  w e  h a v e

N = { y e n n l A ( y )  i s  t h e  l a r g e s t  s e t  o f  t h e  f o r m ( 3 .  l B ) ] . f f i  (3 .28)

L e t  u s  g i v e  n o w ,  u s i n g  t h e  r e p r e s e n t a t i o n s

- s p a c e s  o f  t y p e s  < . .  a n d  < L  r e s p e c t i v e l y ,  r e l a t e d

T h e o r e m  3 . 2 ,  A  s e t  H * c R n  i s  a  h e m i - s D a c e  o f type  < ' -  i f

l i n e a r  m a n i f o l d  M  i n  R n  s u c h  t h a t  H  i s  a  m a x i m a l  c o n v e x  s e t  n o t i  n t e r s e c t  i  n g  M .  I  n  t h  i  s

( l . t o ) ,  w h e r e  u e l . ( R n , R r ) ,  x e R r  a n d

( 2 . 3 7 )  a n a

t o  t heo rem

( 3 .  1  0 )  ,  s o m e  r e s u ' l  t s  o n  h e m i -

l l r. a , a

a n d  o n l y  i  f  t h e r e  e x i s t s  a

c a s e ,  t l = U ( t J ) r  l h e  l i n e a r  m a n i f o l d  a s s o c i a t e d  t o u

P r g o l .  L e t  H  b e  a  h e m i - s p a c e  o f  t y p e  < .  a n d  M = M ( H ) .  T h e n

H = { y e  R n l u  ( y )  < t  * } ,  u = l r ( H ) = { v e  n n l  u  ( y ) = x } , 3.ze)
u , t r e r e  u e $ ( R n ,  R t )  a n x  x e  R r  a r e  a s  i n  l B o  o f  t h e o r e m  2 . . | .  T h e n ,  c l e a r l y ,  H n M = g "  A s s u m e

r D w ,  a  c o n t r a r i o ,  t h a t  t h e r e  e x i s t s  a  c o n v e x  s e t  C c R n  s u c h  t h a t  H c C ,  H # C ,  a n d  C A M = f l r

a n d  l e t  y e  c \ H .  T h e n ,  b y  y d H ,  w e  h a v e  u ( y )  u r L  * ,  w h e n c e ,  b y  y e  c  a n d  c n M = g ,  w e  o b t a i n

u ( y )  > . .  x ,  T a k e  a n y  y o e M  a n d  l u i  y l = z y o - y .  T h e n

u ( y t ) = 2 u ( v o ) - r ( y )  < , .  2 x - x = x ,

u h e n c e  y 1 € H c  c .  H e n c e ,  s i n c e  c  i s  c o n v e x  a n d  y e  c ,  w e  o b t a i n  y o =  j t t . , * t 1 € c ,  s o  y o  €  c n M ,

i n  c o n t r a d i  c t  i o n  w i  t h  c n  M l g .  T h i  s  D r o v e s  t h a t  H  i  s  m a x i m a  l  .



b D u l d

#fi,
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C o n v e r s e l y , . l e t  H  b e  a  m a x i m a l  c o n v e x  s e t  n o t  i n t e r s e c t i n g  a ' l i n e a r

T h e n ,  b y  t h e o r e m  1 . 4 ,  H  i s  a  h e m i - s p a c e ,  a n d  h e n c e

s  = fyeRn lu (y ) rx ] ,

u / r e r e  u e l ( R n ,  R t )  ,  x e  R r  a n d  r e I < t ,  < L l  a r e  a s  i n  l 8 o  o f  t h e o r e m  2 ' 1 '  l f

t h e n  t l r e r e  e x i s t s  y e  M  s u c h  t h a t  u ( y )  < f -  x ,  w h i c h ,  b y  ( ; . l O )  '  c o n t r a d i c t s

H n M = [ "  0 n  t h e  o t h e r  h a n d ,  i f  w e  h a d  i n f ,  u ( t ' t )  > ,  x ,  t h e n

f i  = { y e R n l u ( v )  . L  i n r . .  u ( m ) }  ( 3 ' 3 1 )

b e  a  c o n v e x  s e r  ( i n  f a c t ,  a  h e m i - s p a c e )  n o t  i n t e r s e c t i n g  M  a n d  s u c h  t h a t  H C f r ,

i n  c o n t r a c l  i c t i o n  y i t h  t h e  m a x i m a l i . t y  o f  H .  H e n c e '  w e  m u s t  h a v e

i n f ,  u ( M )  =  X . . 3 . 3 2 )

W e  c l a i m  t h a t

, (n)= l *1 .

l n d e e d ,  b y  3 " 3 2 ) ,  i t  i s  e n o u g h  t o  s h o w  t h a t  u ( M )  i s  a  s . i n g l e t o n ,  i

c o n s t a n t  o n  M .  l f  u = ( m r r . . . r t r ) T  i s  n o t  c o n s t a n t  o n  l ' 1  ,  l e t

i  = m i  n  { i < r l  t J  i  s  n o t  c o n s t a n t  o n  M } ,
L  '  t  

,  T  . .

a n d  I  e t  y t  ,  y ' t e l 4  b e  s u c h  t h a t  m l  y t t * i  y " .  T h e n
o  

t o

\ r ' f  , r+( t -X) ' l  y"=tr(* l  v ' - 'T v")n ' l  v"  -+-oo as \ -+-oo '
l o '  r o '  ' o  ' o  ' o  

r i f o l d )  '  a n d  s i n c e
u h 6 n c e ,  s i n c e  t r y r * ( l - t r ) y r r e M  f o r  a l l  X e R  ( b e c a u s e  M  i s  a  l i n e a r  m a r

u ( t r y , + ( t - t r ) y , , ) = ( . \ m T y t + ( r - I ) m l v " ) f  { , l e  n ) ,  f  r o m  ( 3 . 3 2 )  a n d  l e m m a  1 . 1  w e  o b t a i n ,  d e n o t i n s

>o ( (  
i  )  i ,  tha t

T  c  t .  r  !  , \ J* i Y = 5 i  . ,  ( t = l r . . ' ' l o - l / J = - o o '

T h i  s  p r o v e s  t h e  c l a i m  ( 3 . 3 3 )  ,  w h e n c e

r  l l l  ,  \  )
M  c  l y e R " I  u ( y J = x J .

F r o m t e { < f -  ,  ( g } ,  ( 3 . 3 0 )  a n d  ( i . 3 t r )  i t  f o l l o w s  t h a t  c  i s  ( , -  I  w h e n c e '

( 1 .  i s )H  = { y e R n l u ( v )  < L  x } .

N o w  l e t  y o e R n  b e  s u c h  t h a r  u ( y o ) = x .  T h e n ,  b y  ( 3 . 3 5 ) ,  l t u { y o }  i s  a  c o n v e x  s e t '

H c H V { y o }  a r r d  H I H U { v o } .  H e n c e ,  t h e  m a x i m a l  i t y  o f  H  i m p l  i e s  t h a t  ( H U { y o } ) n M l O ,  w h i c h ,

b y  H n  l 4 ^ f r ,  i s  e q u i v a l e n t  t o  y o e M .  T h u s ,  w e  h a v e  t l r e  o p p o s i t e  i n c l u s i o n  t o  ( 3 . 3 4 )  ,  w h e n c e

t h e  e q u a l  i  t y

a n d  h e n c e ,  b y  d e f i n i t i o n

C o r o l l a r y  3 . 1 .  A  s e t

M={y .  nn  I  u  (y )  =x} ,

3 , t ,  t ' t = M ( H )  ,  t h e  l i n e a r  m a n i f o l d  a s s o c i a t e d  t o

m a n i f o l d  M .

(3 .  3c l )

i n f ,  u ( M )  < ,  x ,
L L

t h e  a s s u m p t  i  o n

( t . : l )

. u . :  t h a t  u  i s

l

( 3 . 3 4 )

( 3 .  3 5 )

M . f f i

i f  a n d  o n l y ,  i f  t h e r e  e x i s t s

c  . .  r T  I  . ,
l i  = i n f  

t m i  v l v c t l ,
o o

i n  c o n t r a d i c t i o n  w i  t h  x e R r .

H g R n  i s  a  h e m i - s p a c e  o f  t Y P e  ( r



a  l i n e a .  r u n i f o l d  1 4  i n  R n  s u c h  t h a t  R n \ H

F roof .  As's ume

m a x i m a l  c o n v e x  s e t  n o t  i n t e r s o c t i n g  M .  l n

t h i s  c a s e ;  M = M ( f i ) "

P r o o f "  T h i s  f o l l o w s  f r o m  t h e o r e m  3 , 2 , ' u s i n q  r e m a r k s  2 . 3  b )  a n d  3 . 1  c ) . ffi
R e m a r l <  3 " 2 ,  P " C " H a m m e r  f  4 ]  n t t  c a l l e d  a  s e t  H  i n  a  I i n e a r  s p a c e  E  a  d e m i s D a c e  a t

a  I  i n e a r  m a l l g l S  M c E ,  M l E ,  p r o v i d e d  H  i s  a  m a x i m a l  c o n v e x  s e t  n o t  i n t e r s e c t i n g  M ,  a n d

h e  h a s  c a l l e d  E \ H  a  c o d e r n i s p a c e  a t  t ' l  .  F u r t h e r m o r e ,  b e  h a s  m e n t i o n e d ,  w i t h o u t  p r o o f  ,  t h a t

e v e r y  d e m i s p a c e  H  a t  M  i s  a  h e m i - s p a c e  a n d  t h e n  e v e r y  p o i n t  o f  M  i s  a  v e r t e x  o f  t h e  c o -

n e  H  ( [ 4 ] , .  t h e o r e m  l ,  p a r t  1 )  a n d ,  i n  E = R ; ,  e x a c t l y  o n e  o f  e a c h  p a i r  o f  n o n - e m p t y  c o m p l e -

n e n t a r y  c o n v e x  s e t s  H  a n d  R n \ H  i s  a  d e m i s p a c e  a t  s o m e  l i n e a r  m a n i f o l d  M  o f  d i m e n s i o n  j ,
1

u h e r e  0 g j ( n - l  ( 1 4 ] ,  t h e o r e m  J ,  p a r t  2 ) ,  A l s o ,  M n L a s s a k  ( l g ] ,  r h e o r e m  l ,  p a r f ^ ' 6 ) " - h a s  s h o w n

t h a t  a  s e t  H  g R n  i s  a  h e m i - s p a c e  i f  a n d  o n l y  i f  o n e  o f  t h e  s e t s  H ,  R n \ H  i s  a  m . l x i m a l

c o n v e x  s e t  n o t  i n t e r s e c t i n q  a  l i n e a r  m a n i f o l d  1 4  a n d ,  i n  t h i s  c a s e ,  M  i s  t h e  s e t  o f  a l l

v e r t i c e s  o f  t h e  c o n e  H ;  f o r  s o m e  r e l a t e d  r e s u l t s ,  s e e  a l s o  [ C 0 J .  T h e o r e m  3 . 2  a b o v e  s h o . w s ,

i n  a d d i t i o n  t o  t h e  a b o v e  r e s u l t s ,  t h a t  t h e  " d e m i s D a c e s "  i n  R n  a r e  e x a c t l v  t h o s e  h e m i -

- s p a c e s  w h i c h  a d m i t  t h e  r e p r e s e n t a t i o n  ( 3 , 3 5 ) ,  i , € . ,  t h e  h e m i - s p a c e s  o f  t y p e  ( l .  .

U s i n g  t h e o r e n  3 . 2 ,  w e  o b t a i n ,  f o r  h e r n i - s p a c e s  H  o f  t y p e  < ,  ,  t h e  f o l  l o w i n g  c h a r a c -

t e r i z a t i o n  o f  t h e  a s s o c i a t e d  l i n e a r  m a n i f o i d  i . 4 ( H ) :

T h e o r e m  3 " 3 ,  I  f  H  i  s  
' a  

h e m i  - s p a c e  o f  t y p e  < ,  ,  t h e n
L -

t  1s )= {ve  nn rH  I  H  v t y }  i  s  convex  } .  ( l  . l l )

t h a t  w e  h a v e  ( 3 , 2 9 ) ,  w i t h  u  a n d  x  a s  i n  l B o  o f  t h e o r e m  2 . 1 .  T h e n ,

c l e a r l y ,  M c R n \ H .  F u r t h e r m o r e ,  i f  y e M ,  y , ' e  H  a n d  0 < \ < 1 ,  t h e n ,  b y  ( 3 , 2 5 ) ,

u ( ( t - X ) y + \ y ' ) = ( t - \ )  u  ( y ) + t r u ( y , )  . r  ( l - . \ ) x + t r x = x ,

-  3 l

i s  a

u h e n c e  ( l - A ) y + \ y ' e H ,  w h i c h  p r o v e s  t h a t  H V i V ]  i s  c o n v e x  ( s i n c e  H  i s

w  t h e  i n c l u s i o n  A  i n  ( l . l l ) .

C o n v e r s e l y ,  1 e t  y e R n \ H  b e  s u c h  t h a t  H U { y }  i s  c o n v e x .  l f  y $ M ,  t h e n

s o  H  i s  n o t  a  m a k i m a l  c o n v e x  s e t  s a t i s f y i n g  H A M = O ,  w h i c h  c o n t r a d i c t s

w e  m u s t  h a v e  y e M ,  w h i c h  p r o v e s  t h e  i n c i u s i o n  ?  i n  ( l , l l )  a n d  h e n c e  t h e

C o r o l l a r y  3 . . 2 .  . ! {  H  i s  a  h e m i - s p a c e  o f  t y p e  ( L  ,  t h e n

M ( H ) = { y e H  |  ( R n \ H ) u { v }  i s  c o n ) z e x } .

P r o o f . .  T h i s  f o l  l o w s  f  r o m  t h e o r e m  3 . 3 ,  u s  i n g  r e m a r k s  2 . 3  b )  a n d  l .

c o n v e x ) .  T h u s ,  w e  h a -

(H u{v})  er t4=9,

t h e o r e m  1 . . 2 .  T h u s  ,

e q u a l  i  t y  ( 3 . 3 7 ) . f f i

( 3 . 3 8 )

I c). ffiil

W e  c a n  u s e  t h e , s e t  M  t o  e x p r e s s  H I H ,  a s  f o l l o w s :

l r o p o s ! t ! 9 n  ] . 2 .  L e t  H  b e  a  h e m i - s p a c e ,  w i t h  q r s g c r ! l q - d - l j n e a r  m a n i f o l d  M .  I t r e ! ,
u,e have
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'  11 # r l  = /r.r  t  tr ,r \  -Mr r  $  t t  -  
\ t t  v t t /  - t ' t .

r e p r e s e n t e d  ( u n i q u e l y )  a s  i n

a n d  ( 1 , 1 7 1  ( a n d  s i n c e

.  
( H u M ) - u s H * H .

T o  p r o v e  t h e  o p p o s i  t e  i n c l u s i o n ,  a s s u m e ,  a

y e  ( H e H ) \ ( ( H u m ) - M )  ,  w h e n c e ,  b y  1 3 . a 0 ) ,  , ( V )  > 1 .

* ' r  I  , - . t.  y = u  ( x  -  
z u \ y /  

j .

- M )  , 1 3 . 4 1 )

c o n t r a r i o ,  t h a t  t h e r e  e x i s t s  a n  e l e m e n t

0 .  L e t

3. r+z)

( 3 . 4 3 )

w
o r i g i n )  o f  t h e

( l . t + 4 )

P roo f  .  Le t  l l  be I  B o  o f  t h e o r e m  2 ,  I  .

(3 .3e )

T h e n ,  b y  ( 3 .  t  6 )

r ( H u H )  i s  ( ,  ) ;  w e  h a v e

(HuM)-y=" fyenn I  u  (y )

) ,  w e  o b t a i n  r

!+ye  Rn I  u  (y )cx ]={y , .1  I  u  (y , )zx+u (V) i  s

y ' €  R n l  ,  ( y ' ) e x J = s  ( V 6 ( H L / M )

t

u h e n c e ,  b y  ( 2 . 3 7

(
v + H = {

- fL - 1- t

w i t  i  ch  p  roves  tha

- ' L  o ] ' ( 3 . 4 0 ;

( 3 .  q 5 )

f f i  13.a6)

l l=M(H) .  T [ " rL

3 . t + 7 7

L e m m a  3 . 2 "  L e t  H q R n  b e  a  h e m i - s p a c e ,  w i t h  a s s o c i a t e {  1 _ r n e a r  m a n i f o l d

(yoet't) .

P r o o f .  L e t  y o e M ,  T h e n ,  b y  ( Z , l l ) ,  ( 3 . t 0 )  a n d  ( l . l l ) ,  w e  h a v e  ,

H - v  = { v - v  ^ f l t  /  \  )  (  - ^ l l r  /  \  /  \ ' )  f f i. . , o  r , , o € R " l u ( v ) t * l = t y - y o € R " l u ( y ) c u ( v . ) j = { v ' e R n l u ( y , ) c o } = H - m .  W 8

t o r o l l a r y  3 . 4 .  F o r ,  H  a n d  M  a s  a b o v g ,  r v e  h a v e

( H  5 H ) \ D  ( m ) =  ( H - u ) \ D  ( M ) =  ( H t m )  - m .

1 1 .  a 5 )  a n d  ( l , t + 7 1  w e  o b t a  i n  ,  f  o r  a n y  y o € M ,

T h e n ,  s i n c e  u u x = I  ( n y  l B o  o f  t h e o r e n  2 , 1 ) , . w "  o b t a i n

,  u (y)=uuo (*  -  j ,  tv l  )=*-  |u (v)  . ,  x ,
.  u , f r e n c e  ,  b y  ( 2 . 3 7 ) , ' y e H .  B u r ,  b y  ( 3 , \ ,  a n d  ( 3 " 4 0 ) ,  w e  h a v e

u ( f+y)=,  (y)**  -  
lu  (V)=*{u (V)  >, -  * ,

r n t r i c h  ,  A y  ( 2 , 3 7 ) ,  i m p l i e s  t h a t  ! + y y '  H ,  c o n t r a d i c t i n g  V € H * H .

h / e  s h a l l  d e n o t e  b y  D ( m )  t h e  d i i e c t i o n  ( i . e . ,  t h e  t r a n s l a t e  t o  t h e

l i n e a r  m a n i f o i d  M  a s s o c i a t e d  t o  a  h e m i - s p a c e  H e R n ;  t h u s ,

F f o l  l a r y  3 " 3 ,  F o r  H  a n d  M  a s  a b o v e ,  w e  h a v e

H 3 H = ( H - m ) u D ( M ) ,

P r o o f .  T h i s  f o l  l o w s  f r o m  ( 3 . 3 9 )  a n d  t h e  o b v i o u s  e q u a l  i t i e s

(H  un )  -u=  (H- l l )  u  (u - l l )=  (H -n )u  D  (M)  .

P i o o f .  F r o m

( 3 .  4 B )



^ 3 3 -

"  (H tH ) \u ( l l ) = [ {H -u )uo (N f r ,  o (n )= (H -m) ro (m)=
= (H- l '1 ) \ (m-m)= (H-yo) \ (x -yo)=  lu ru  )  _yo= ( r r \n )  _1 . r .

R u T g t k - 3 _ . 1 "  l f  H  i s  r e p r e s e n t e d  a s  i n  l B o  o f  t h e o r e m  2 . . l ,

f f i  (3.qe)
t h e n ,  b y  t h e  a b o v e ,  w e

have

( H A H ) \ D  ( u ) = { v u n , , 1 ,  ( y )  
" l  

o } .

91t" ]L" j I_: .5. .  - l9r  H an<J M as in lemma 1.2,  H_M 
@late of

( : .  i o )

H  w h o s e
a s s o c i a t e d  ' r  i n e a * r  m a n i f o r d  i s  a  r i n e a r  s u b s p a c e  o I  R n  ( n a m e r y ,  o ( u ) ) .

S r t i I '  L e t  y o ( M .  T h e n  t h e  r  i n e a r  m a n  i  f o  r d  a s s o c  i a t e d  t o  H - M = H - y o  i s  M - y , r = o  ( M )  .
c o n v e r s e l y '  i f  H - y ,  i s  a  t r a n s l a t e  o f  H ,  w h o s e  a s s o c i a t e d  l i n e a r  m a n i f o l d  M - y , |  i s

a  l i n e a r  s u b s p a c e  o f  R n ,  t h e n  y l ( M ,  w h e n c e ,  b y  ( 3 . t + i l ,  H - y l = H _ ! , 4 .  
* - * . f f i

R e m a r k  3 ' 4 '  F r o m  ( 3 . 2 i l ,  ( 1 . 5 0 )  a n d  c o r o l l a r y  3 . 5 ,  i t  f o l l o w s  t h a t ,  f o r  H  a n d  M
a s  a b o v e '  H r H  ( r e s p e c t i v e l y ,  ( H  x  H ) \ o ( m ) )  i s  t h e  u n i q u e  r r a n s r a t e  o f  H U M  ( r e s p e c t i v e -

\ r  v J l r v v

l y ,  o f  H \ M ) ,  w h o s e  a s s o c i a t e d  l i n e a r  m a n i f o l d  i s  a  l i n e a r  6 u b s p a c e  ( n a m e l y ,  O ( m ) ,  i n  b o t h
cas es )

C o r o l  l a r y  3 . 5 .  L e :  t  H  a n d  M  b e  a s  i n  l e m m a  3 . 2 .  F o r a  s e t  H ' c R n ,  t h e  f o l I  o w i  n g  s  t a -
tements  a  re  equ i  va  I  en t  :

1  o .  
H ' = H  *  g .

2 0 .  H ,  i s  a  h e m i - s p _ a c e  w i t h M  ( H /  ) = O  ( t t )  ,  a n d  H , i s  a  t r a n s l a t e o f L ] I  , M

of

H t
" I H , \ M ( H ' )

l a s t

ffi

3 0 '  H t  i s -  a  h e m i - s p a c e  o f  t y p e  E l -  ,  w i t h  M ( H ' ) = D ( M ) ,  a n d  H r \ m ( g r ;  i s  a  t r a n s r a t e
H \ n .

P r o o f  '  T h e  e q u i v a l e n c e  l o c + 2 0  a n d  t l - r e  i m p l i c a t i o n  , | o = + 3 o  
f o l l o w  f  r o m  r e m a r k  3 . 4

a n d  ( 3 . 3 9 )  ,  ( 3 . 4 0 ;  ( b y  w h i c h  H  x  H  i s  o f  t y p e  < r  ) .

3 o = + l o .  l f  3 0  h o l d s ,  t h e n ,  s i n c e  H ,  i s  o f .  a r p u  a ,  ,  w e  h a v e  1 ( H r ) s

i s  a  h e m i - s p a c e  o f  t y p e  ( l .  ,  w i t h  M ( H t \ m ( H ' ) ) = t t ( H r ) = o ( m )  ( U y  l o ) ,  H e n c e ,

P r o p e r t y  i n  3 0  a n d  b y  r e m a r k  1 . 4 ,  w e  h a v e

-  H , t n  ( , 1 , ) =  ( H  E  H ) \ D  ( M )  ,

v h e n c e ,  b y  D ( m ) = u ( H ' 1 .  g '  a n d  D ( M ) g  H t H  ( s e e  ( 3 . u 5 y ) ,  * "  o b r a i n

H , =  ( p r 1 s  ( H ,  )  )  v M  ( H ,  ) =  (  ( H r  H ) r , o  ( m )  ) u  o  ( | 4 ) = H  x .  H

L e t  u s  a l s o  g i v e

P r o p o s i t i o n  3 " 3 .  l f ,  H g R n r s  a

S O

t h e

then

! g q l - s p a c e ,  w i t h  a s s o c i a t e d  I  i n e a r m a n i  f o l d  M ,



n i t i o n  ( 3 " 1 0 )  b f  1 4 ,  w e  h a v e  D ( M ) = 6 " r  r ,

N o w ,  , i f  c ) e K e r  u ,  w e  n a v e

u ( y  + \ d ) = u ( y ) z *

t ^  ^ - \w h e n c e ,  b y  \ 2 . 3 7 ) ,  w e  o b t a i n

Y  +  \  d e  H

r ^ h i c h  p r o v e s  t h e  i n c l u s i o n  q  i n . t h e  f  i r s t  p a r t  o f

$ , 5 2 ) ,  t h e n ,  b y  ( 3 .  t o ; ,  w e  h a v e

u  ( y + l d ) r x = u  ( y )

h h e n c e ,  b y z e { < ,  ,  < ,  } ,  w e  o b t a i nr  L  
'  - L - ' ,

X u ( d ) = u ( I d )  _ < , -  o

' 3 4 '

O ( t ' , t ) = { a e  R n l y + X d e  H  ( y e  H .  X e  R ) } =,  \ , t /  L _ * . ,  r ,  _  - . . s * _ \ /  _ . . :  
r

= { . . l e n n l , , + I . t r R f l \ u  .  ( y e  R n \ H ,  X e  n ) } .L - - "  |  / ' : " u

f l g g j .  l f  H  i s  ( u n i q u e l y )  r e p r e s e n t e d  a s  i n  l B o  o f t  heo rem 2 , 1  ,  t h e n ,  b y

( r .  s t )
t h e  d e f  i  -

( y e H ,  X  e  R ) ,

( y e H ,  \ e  R ) ,  ( l . S z )

( 3 . 5 1 ) .  0 o n v e r s e l y ,  i f  d e R n  s a t i s f i e s

( y e M ,  \ e R )  ,

( \ e R ) ,

v h i c h  i m p l  i e s  u ( a ) = 0 ,  i . e  . ,  d e K e r  u .  F i n a l 1 y ,  t h e  s e c o n d  r e p r e s e n t a t i o n  o f  o ( m ) i n  ( l . S f ;

f o l l o w s  f r o m  t h e  f i r s t  o n e ,  r e p l a c i n g  H  b y  n n \ H  a n d  u s i n g  r e m a r k  3 " 1  c ) .  f f i

0 u r  m a i n  r e s u l t  i n  t h i s

T h e o r e m  3 . 4 ,  A  s e t  l l g R n

S e c t i o n  i s  t h e  f o l  l o w i n g  " d e c o m p o s i t i o n  t h e o r e m r r :

M o r e o v e r ,  i n  t h i  s  c a s e ,  M  a n d  S  a r e  u n i q u e , '  n a m e ] y ,  | , 4

c i a t e d  t o  H  a n d  S

g = (r-r - r't) n o (m)r. (3. 54)

P r o o f  .  A s s u m e  t h a t  w e  h a v e  ( 1 . 5 i l ,  w i t h  M  a  l i n e a r  m a n i f o l d  a n d  S  e i t h e r  a  s e m i - s p a -

c e  a t  0 ,  o r  t h e  c o m p l e m e n to f  a  s e m i - s p a c e  a t  0 ,  i n  U  ( t , t ) r ,  a n d  l e t

r  =  cod im D ( t , t )  .

I

f o l . 9  M  a n d  a  s e t  S e  ( D ( u ) ) *  ( w h e r e  D ( M )  i s  t h e  d i r e c t i o n  o f  M )  w h i c h  ! s  e i t h e r  a  s e m i -

- s p a c e  a t  0  i n  D ( N ) I  o ,  t h "  g o m p i e m e n t  o f  a  s e m i - s p a c e  a t  0  i n  O ( n ) I ,  s u c h  t h a t

H  =  M  +  S . ( : .  s i )

i s  t h e  l i n e a r  m a n i f o l d  a s s o -

i s  t h e  p r o j e c t i o n  o f  H - M  o n t o  D ( M ) *  g ] g p ,  D ( M ) ,  w h e n c e

i s  a  h e m i - s p a c e  i f  a n d  o n l v  i f  t h e r e  e x i s t  a  I  i n e a r

l e m m a  . 1  . 1 ,  t h e r e  e x i s t s  a  I i n e a r  i s o m o r p h i s n r

( i .  ss )
I

w  o f  D ( M ) -  o n t o  R r ,

. t .
S  = { v e o ( m ) l l * ( y )  r o } ,  ( 3 . 5 6 )

i s  a  s e m i - s p a c e ,  a n d  v  i s  < L  ,  i f  S  i s  t h e  c o m p l e m e n t  o f  a  s e -

R ' )  b y

i f  y e o ( l l ) r

i f  y e D ( M )  ,

T h e n ,  b y  L r l ]  ,

s u c h  t h a t

u h e r e  T  i s
.  L  '  - .

m i - s p a c e .  D e f  i  n e  u e L  ( R n ,

u  (y )=1wtv ) '  
- '

Lo
3 .s t )



-  1 (  */ )

- - . I  r ^ L  - -  -  
' -  

, ^R n 4 , . . , , . . , * , - t € t  y . . € H  b e  a r b i t r a r y .  T h e n ,  b y  ( 3 . 4 4 )  a n d  ( 3 , 5 7 ) ,  w e  h a v e  u ( y _ y ^ ) = 6  ( V e 1 ' 1 ) .
. U

c o n v e r s e l y ,  i f  y e R n  s a t . i s f  i e s  u ( y - y o ) = 0 ,  t h e n ,  b v  . ( :  , 5 7 ) ,  ( l . l + l + ) ,  a n d  s i n c e  w  i s  a n  i s o -

n ' o r p h i s m ,  w e  h a v e  y - y o e  H - y o ,  s o  y e M .  T h u s ,

r r  t  - ^ l l t  /  \  /  \ 1r " t  
, = l ye  R  I  u  ( yJ  =u  ( yo )J .  (3 .  58 )

. -n  rF u r t h e r m o r e ,  l e t  y € R " .  T h e n , ' t h e r e  e x i s t  u n i q u e  y . , e o ( t 4 )  a n d  y . e  o ( i . t ) r ,  s u c h  t h a t.  |  , z

v - v  = v - + \ / -  R r ^  c D f  M )  r n r l  / a  c r \  w e  h a v e  u ( y . ,  ) = 0 ,  A I s o ,  b y  ( : " 5 : )  a n d  s  q  o ( n ) r ,  v / e  h a -t  r o  r 1 ' t 2 .  I l \ v \ r r l  o r r v  \ ) c ) l ) 1 . .  . ,  
I ,

v e  y - y o € H - y o = ( H - y o ) + S = D ( M ) + S  i F  a n d  o n l y  i f  y r e S ,  t h a t  i s ,  b y  ( i . l e ) ,  w ( y r ) r 0 ,  w h i c h ,  b y

3 , S l )  a n d  y r e  s s o ( M ) r ,  i s  e q u i v a l e n t  r o  u i v 2 ) " 0 .  H e n c e ,  s i n c e  u ( y ) = u ( y o ) + u ( v , ) + r ( y 2 ) ,  w "

H - m = ( m - m ) + s = D ( M ) + S c D ( m ) o D ( M ) r = R n , .  1 3 . 5 0 )

a n d  h e n c e  S  i s  t h e  p r o j e c t i o n  o f  H - y o  o n r o  D ( M ) I  a l o n g  O ( m ) .  H e n c e ,  s i n c e  O e D ( M ) ,  w e

obta  i  n

'  
s e ( o ( m ) + s ) n ( o ( n ) ; r = 1 H - m ) n o ( r l ) r .  ( 3 . 6 1 )

0 n  t h e  o t h e r  h a n d ,  i f  y e ( H - M ) n D ( M ) r = ( o ( u ) + S ) n O ( l * 4 ) I ,  s a y ,  y = y  f y 2 € o ( N ) r ,  w h e r e

Y 1 e  D ( y ; ,  Y 2 6 S g  o ( m ) r ,  t h e n  y t + ( y z - y ) = 0 ,  w h e r e  y 2 - y e o ( t t ) r ,  a n d  h e n c e ,  b y  R n = D ( t . l )  o  o ( x ) r ,

u e  o b t a i n  y , = 0  a n d  y = y r € S .  T h u s ,  ( n - l - , t ) n O ( m ) a s S ,  w h i c h ,  t o g e t h e r  w i t h  ( 3 . 6 1 ) ,  p r o v e s

0 . 5 4 )

C o n v e r s e l y ,  i f  H  i s  a  h e m i - s p a c e r  r e p r e s e n t e d  ( u n i q u e l y )  a s  i n  l B o  o f  t h e o r e m

2 , 1 ,  d e f i n e  M  b y  ( 1 .  f O )  a n d  S  b y

ob ta  i  n

r r  (  - ^ l ' l t  I  t  r  r ?
.  n  = t y e r {  l u \ y /  c  u ( y o l } r

a n d  t h u s  H  i s  a  l r e m i - s p a c e "  H o r e o v e r ,  f r o m  p r o . p o s i t i o n s  2 , 1 - 2 . \  i

l i n e a r  m a n i f o l d  a s s o c i a t e d  t o  H .  F i n a l l y ,  b y  ( 3 . 5 3 )  a n d  S c o ( N ) r ,

s  ={y .o  ( l t ) r l  u  (y ) ro } .

F o r  a n y  y o € M  w e  h a v e  u ( V o ) = * ,  w h e n c e  ( 3 . 5 8 ) ,

y l € D ( M ) - 1 - y o  a n d  y r . o  ( N ) I ,  s u c h  t h a r  y - y o = y l + y 2 .

u ( y ' ) = 0 .  H e n c e * * b y  ( 3 . 5 B ) ,  ( 3 . 5 9 )  a n d  G , e z )  ,  w e

.  
y€H,  then,  s  ince yo*y I  eM ,  , ,  ,  . *ure

i f  y = y ' + y ,  w h e r .  y L e M ,  y r e S ,  t h e n  y r = y o * ( y l - y o ) ,

a b o v e  ( w i t h  y _ 1 = y j - V o ) ,  w e  o b t a : n  
I . t ,  

T h i s  p r o v e s

F i n a l  l y ,  s i n c e

3 .sg )

t  f o l  l o w s  t h a t  M  i s  t h e

we have

13.62)

3 . 5 i l .  G i v e n  y € R n , . t h e r e  e x i s t  u n i q u e

T h e n  ,  s  i  n c e  y  1  € M - y o ,  w e  h a v e ,  b y  ( 3 .  t  O ;  ,

h a v e  y e H  i  f  a n d  o n  l y  ' 1  y 2 e S .  T h u s ,  i f

h a v e  y = ( y o * y , ) + y r e t t  +  S .  C o n v e r s e l y ,

w h e r e  y f - V o e N - y o = D ( p t ) ,  w h e n c e ,  b y  t h e

\ J . t J t .

o ( n . )  ( 3 . 5 3 )

,  w e  h a v e  r ( o ( N ) r ) = u u * ( n r 1 = q r ,  w h e n c e ,  b y

t l

D (n)*= (r<er u)*=u

-  r  - t  . , F \  *  -w l  t n  K  /  a n d  S t n c e  u u  = l( i d e n t i f y _ i n g  ( n t ) *

0 .  r 0 ) ; -  -
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I
d i m  u  ( D ( H ) r ) = r = c o d  i m  D ( n ) = d  i r n  D  ( M ) - 1 ,

a n d  h e n c e  u l ^ r , , r r  i s  a n  i s o m o r p h i s m  o f  U ( N ) r  o n t o  R r .  C o n s e q u e n t l y ,  n y  I f  I ]  ,  l e m n u  l " l ,r u \ m /

S  i s  e i t h e r  a  s e m i - s P a c e  d t  0  i n  o ( l l ) 4 ,  o r  t h e  c o m p l e m e n t  o f  a  s e m i - s p a c e  a t  0  i n  o ( H ) r . g

t . * . " r t  3 . 1 "  a )  A s  s h o w n  b y  t h e  a b o v e  p r o o f ,  S  i s  a  s e m i * s o a c e  ( r e s p e c t i v e l y ,  t h e

c o m p l e m e n t  o f  a  s e m i - s p a c e )  a t  o ,  i n  o ( t ' 4 ) l ,  i f  a n d  o n l y  i f  . r  o f  l B o  o f  t h e o r e m  2 . 1  i s
-  t  .  -  '  \  - . .t L  \ r e s p e c t l v e l y ,  ( 1  ) .  T h e r e f o r e ,  b y . t h e o r e m  2 . 2 ,  t h e  e q u i v a l e n c e  c l a s s  ( r ( H )  ,  r ( H ) )

o f  a  h e m i - s p a c e .  H  i s  u n i q u e l y  d e t e r m i n e c l  b y  d i m  D ( M )  ( = n - r ( H ) )  a n d  t h e  t y p e  o f  S ,  o r ,

e q u i v a l e n t l y ,  b y  d i m  g ( = ; ( H ) )  a n A  t h e  t y p e ' o f  S ,

b )  I n  t h e  s i t u a t i o n  o f  t h e o r e m  1 , 4 ,  w e  h a v e

. 1 1  =  M  @  S ,

i . e . ,  e a c h  y e  H  a d m i t s  a n u n i q u e  d e c o m p o s i t i o n  y = . n + r ,  w i t h  m e l 4 ,  s c S ; .  i n d e e d ,

m 1 , m 2 € M ,  s 1  r s 2 € S ,  T l + s  l = ^ Z + s 2  i m p l y  m l  - m 2 = s 2 - s , e O ( m ) n S g  D ( M ) f \  D ( M ) r = 1 0 ] .

c )  T h e o r e m  3 . 4  r e m a i n s  v a l i d  i f  w e  r e p l a c e -  O ( u ) r  b y  a n y  l i n e a r  s u b s p a c e  E  o j  R n

s u c h  t h a t  O ( m )  g  E = R l .  I n d e e d ,  w e  h a v e  u s e d  E = D ( M ) I  o n t y  i n  B . e r ,  b u t  t h a t  p a r t  c a n  b e

r e p l a c e d  b y  t h e  f o l  I o w i n g  a r g u m e n t :  b y  ( l , S l )  ( w i t t r  o  ( N ) I  r e p l  a c e d  b y  E )  ,  w e  h a v e  u  ( E ) =

' + v ( E ) = q r ,  w h e n c e ,  b y  ( : ,  r  o )  ,

d i m  u ( E ) = r = c o d i m  D ( N ) = d i m  E ,

a n d  h e n c e  u l ,  i s  a n  i s o m o r p h i s m  o f  E  o n t o  R r .' . t w
H ' ' = M , + S 1 r

T h e o r e m  3 . 5 .  L e t  H ,  a n d  H ,  b g  t w o  h e m i - s p a c e s ,  w i t h  ( u n ig u e )  d e c o m p o s i  t i o n s

r e s p e c t i v e l y .  H ^ = M r + S ,  ( o f  t h e o r e m  3 . 4 ) .  T h e  f o l  I  l <

' oI  .  ) l = . 5 2 .

P r o o f .  l o ' + 2 o .  l f  l o  h o l d s ,  t h e n ,  s i n c e  s , ' i s  e i t h e r  a  s e m i - s p a c e  a t  0  i n  o ( n i ) I ,

o r  t h e  c o m p l e m e n t  o f  a  s e m i - s p a c e  a t  0  i n  o ( n , ) r  ( i = r , z ) ,  w e  h a v e
I

D (N, )*=sr u { -s, }u{o}=s,  ut-sz}  u{0}= o (mz)r ,  (3.65)
uhence

D (M 
I ) 

- 9 (m 
r )r 

t= D (r'r, )ar- o (tr, ; .

T h e r e f o r e ,  t h e r e  e x i s t s  ! e R n  s u c h

H Z = M Z * 5 2 = V

2o'* lo .  I  f  Hr=V+H1=V+ ( t , t ,+s,  )=(V+t- , t . ,

n e n i f o l d  a n d  S t E  D ( M , ) t = o ( y o N . , ) r ,  f r o m

u e  o b t a i n  S - , = S ,  ( a n d  !  +  M , = M r ) .

( l . e q )

t h e  r e l a t i o n s

^ ot  .  H ,  i s  a  t r a n s l a t e  o f  H , ,  .

( l ' ee )
' t h a t  y  *  M l . = M Z ,  w h e n c e ,  a g a i n  b y  l o ,  w e  o b t a i n

+  M l  +  S l  =  I  +  H l .

) * S t  f o r  s o m e  V . R n ,  t h e n ,  s i n c e  ! + M ,  i s  a  I  i n e a r

H r = M r + S ,  a n d  t h e  u n i q u e n e s s  o a r t  o f  t h e o r e m  1 . 4

a n d  H ^
- .  I

ffi
i  n o a r  m a n  i  f o l  d sT h e o r i m  3 . 6 .  L e t  H , b e  t w o  h e m i  - s p 3 s s s  ,  w i  t h  a s s o c  i  a  t e d  I



l : ' . . .

d n d '

t o
7 o

Hl l4t lgsp.e_cf ive Iy. Jhe fol s ta temen ts  a re  e u i v a l e n t :

,  o(u j ,=o(Mzl .
- 3 0 .  T h e r e  e x i s t s u r D I n n ) ,  s u c h  t h a t

l a

veUf  n " )  , .  r esp -ec t  i ve ]y

v ( o ( u . , ) ) = o ( n , ) ,
3 .67 )

( r .es)
l . O  , . o  - . ,  n .. r  . - )  .  I  n e r e  e X  r  s t s  v g t ( ( R " )  ,

/ \v  \ y /  = ,

P r o o f .  l o = + 5 0 .  A s s u m e  l o ,  a r

n= 
n, ,

l n

LR' \H,
t h a t  i s ,  t h e  u n i q u e  e l e m e n t  o f  t l

' i

u s  d e f i n e  v e g ( R n )  b y

.  ( v ,
/ \  t

\  
u tY '=1  

, , * , ,
.  Lulu"

w h e r e  u r  , u c €  l , ( n n ,  R t )  ( w i  t h  r = c ct '  L

t h a t  u .  u T = I  ( i = l  , Z )  ,  c o r r e s p o n d i n g

t h e r e  h o l d s  ( 3 . 5 9 ) ,  a n d ,  b y  ( 3 , G 3 )
*ulu, (o tu,  )r)  =ulur uf tn ')  =ul  (Rr

From (3 .72 )  and  (1 ,13 ) ,  i t  f o

f
* t  l (

v" (e) (v)  = "p (u (v)  )  ={

I,rt
v*ren ce

R.l )

(Y)

o
. t

H2

n\

o f

:
I
I
I
i

B y  ( 3 . 7 t r )  a n d  ( 3 . 6 9 )  ,  w e  h a v e

t  , .
0n the  o ther  hand, ,  i  f  yeD {m,  ) t=u f  (n t )  ,  then

,  r e s p e c t i v e l y  v e O ( R n )  ,  s a t i  s f y i n g  ( 3 . 6 g )  u n A _

= y :  ( y e o  ( N , 1 1 .  (  3 , 6 9 )
a n d  l e t  ( u / i  t h  e . ( H ,  )  o f  d e f  i n  i t  i o n  2 .  I  )

:  
i f  z ( r r , )= r (Hr )

H2 '  i f  z (H ,  ) * r (n ) ,  
3 ' l a )  

.
t h e  d o u b l e r o n  ' 1 H 2 ,  

R n \ H r )  ,  , u t i s i y i n g

z ( H ) : s 1 t , r . '  ( 3 . 1 1 )

i r  y e o ( n , )

t ( y ) ,  i r y e o ( u , ) r ,  $ ' l z )

: od im  o (m, )=cod im o ( | . 1 r ) ,  by  l o )  a re  the  ope ra to rs  such

r g . t o  H '  a n d  H  r e s o e c t i v e l y ,  b y  l g o  o f  t h e o r e m  2 . 1 .  T h e n ,
* \  t  -  r  n

, )  ( f o r  u , ,  u r )  a n d  l o ,  w e  h a v e
r .  - l  I

t '  )=D (Mz) -=D (Ml  ) * .  (  i .73)
l o l  l o w s  t h a t

{ e ( y )  
i i  y , * . p ( M r )

l . - t  * .  /  \ r  . i

[ ? t , u r u l  
( Y J ) = 0 = 9 ( y ) .  i f  y e D ( H l ) - ,  9 e  D ( y . , )

' 9 ( y ) = o = e 1 u f r ,  
( v ) )  i f  y e o ( m , ) ,  e e o ( N , ) a

. ^ t  * .  /  \ \  *

. f (u iu r  
(v ) )=uTuz(e)  (v )  i f  y , reo( r ' r l ) r ,

e e D ( M , )

, r ro  ( l '1 t ) r .

( y e o ( N , ; ; .

t h e r e  e x i s t s  x e R r  s u c h

v (H1- f , t 1 )=H- t i 2  f o r  sgme He{H ,  Rn \H2} .

i f

, ( v )  i r".t-,=t-r, $ . l t + )

8 . 7 5 )

y=uf (*) ,l h a  t



.  - 3 8 -
' *

v*u(y)=ufr2u|r ,  (u ' f  (*))=rf  (urufu.,r f  {*))=uf {*)=v,

r ^ h i c h ,  t o g e t h e r  w i t h  3 , 7 5 ) ,  p r o v e s  t h a t  v * v = l r  i . " .  u e  5 ' ( R n ) .

F u r t h e r m o r e ,  b y  ( 1 . e 9 1  a n d  l o ,  w e  h a v e

u 2 u ( o ( m '  ) ) * r ,  ( u ( N ,  ) ) = u ,  ( o ( u r )  ) = u ,  ( K e r  u r ) = { 0 } =

= u . '  ( K e r  u , ) = u ,  ( o ( l , t . , ) ) ,

uhen ce

urv (v  )=0=u t  
(y  )  (ye o ( |a . ,  )  )  ;

on  i r , e  o the r  hand ,  by  (3 ,72 )  and  u ru |=1 ,  we  have

u r v  ( v ) = r r u | r ,  ( v ) = u 1  ( v )  ( y e  o  ( n l  ) r )  ,

r ^ h i c h ,  t o q e t h e r  w i t h  ( 3 . 7 7 ) ,  y i e l d s

3 . t s )

3 . n )

(1 .  ze)

2 V  
=  U l c  i

H e n c e ,  b y  ( 3 . 1 i l  ( f o r  H , ,  M l ,  u . ,  a n d  H , M ,  u r )  a n d  ( 3 . 7 t ) ,  w e  o b r a i n

v ( H . , - l l r ) = { u ( v ) l  u 1 ( v ) r ( H , ) o } = { v ( v ) l  u . ,  ( v ) " ( H ) o } = , ,

= ly t  enn l  u tu - l  { v ,  ) c (H)  o }= {v ,e  Rn  I  u rvv - '  { r ,  ) " [ r1  o1=

\ .  
'  ={y 'eRn |  ,z  (y ,  )c(H)o}=n-mr.

T h e  i m p l i c a t i o n s  5 d = + 4 0 + 2 o  a n d  5 o = r 3 o + 2 o  a r e  o b v i o u s .

2 0 + l o .  T h "  I  i n e a r  m a n i f o l d s  a s s o c i a t e d  t o  v ( H . , - l l . , )  a n d  H - M 2 ,  w h e r e  H e  { H ,  R n \ H r } ,

a r e  v ( O ( } 4 . , ) )  a n d  D ( I 2 ) ,  r e s p e c t i v e l y .  H e n c e  ,  i f  2 0  h o l d s ,  t h e n  D ( M l ) = u ( O ( M l ) ) = O ( 1 ' 4 r ) .  @

R e m a r k  3 . 5 .  a )  F o r m u l a  ( 1 . 6 g )  m e a n s  r h a t  e i t h e r  v ( H , - M , ) = H r - M  2  o r  v ( H , - 1 , t , ) =
t l L L t l

= ( n n \ H r ) - M r .  N o t e  t h a t ,  s i n c e  ( b y  r e r a r k  3 . 1  d ) , c ) )  r ( H r - N r ) = r ( H r ) l a ( n n \ H r ) = . r ( ( R n \ H z ) -

- M 2 ) ,  f r o m  t h e o r e m  2 . 2  i t  f o l l o w s  t h a t  t h e r e  c a n n o t  e x i s t  u . ,  , ' u r . i l 1 n n 1  s a t i s f y i n g

v ,  ( H . , - l l , ) = H r - M ,  a n d  v r ( H r - m , ) = ( n n \ H r ) - M z .

b )  l f  v  i s  a s  i n  3 0  o f  t h e o r e m  3 . 5 ,  t h e n

v (s . ,  )=s,  G.  go)

u h e r e  H , = 1 " 1 , + S ,  a n d  H = M 2 + S 2  a r e  t h e  d e c o m p o s i t i o n s  g i v e n  b y  t h e o r e m  3 . 4 .  f n d e e d ,  b y

1 3 . 5 0 )  ,  ( 3 , 6 7 )  a n d  l o ,  w e  h a v e

v ( H , - l t , ) = v ( o ( m , ) + s , ) = v ( o ( u , ) ) + v ( s , ) = o ( l l , ) + v ( s ' ) ,  ( 3 . 8 1 )

H-Mr=g (Mr)+Sr=D ( l l , )+s ,  ,  3 .gz)

r n h e r e  v ( s , ) e v ( o ( N , ) r ) = o ( m , ) r  ( u y  ( 3 , 7 2 ) ,  ( , 1 , 1 ) )  a n d  s ,  < o ( m r ) a = D ( M l ) r ,  w h e n c e ,  b y

0 . e 4 1  a n d  t h e  u n i q u e n e s s  D a r t  o f  t h e o r e m  3 . 4 ,  w e  o b t a i n  ( 3 . 8 0 ) .  e

c )  I n  3 0  o f  a h . " o r e m  1 . 6 ,  V l o ( m , ) r  r a n d  h e n c e ,  i n  5 0 ,  V ,  o r e  u n i q u e l y  d e t e r m i n e d "

I n d e e e d ,  i f  v . e d ( R n ) ,  v i ( H , - t l , ) = H - N j  ( i = l , z ) ,  w i t h  H e { H r ,  R n \ H r } ,  t h e n  u i l u t ( H , - l l , ) =

3 . tg )



= v ; l  ( H - M 2 ) = H I " M l ,  w h e n c e ,  b y

i . € . r  V t  ( y ) = u z ( y )  ( y e o ( m . , ) r )

o r t h o g o n a l  t r a n s f o r m a t i o n  o f

i m p l y  v  ( H l - f 4 1 ) = H - M ,  w h e n c e ,

u s i n g  ( t h e  p r o o f  o f )  t h e o r e m

s a t i s f y  ( 3 . 6 7 ) ,  t h e n  t h e  f o t

4 . 4  b e l o w  a n d  t h e o r e m  1 . 4 ,  o n e  c a n

l o w i n g  s t a t e m e n t s  a r e  e e u i v a l e n t :

p r o v e  t h a t  i f  u ,  ,  u r o , 4 { n n )

- 3 9 -

c o r o l  l a r y  4 . 1  a n d  t h e o r e m  4 " 3  b e l o u r ,  v i l u ,  { r ) = ,  ( y e  o ( m , ) r ) ,

.  M o r e o v e r ,  i f  l o  h o l d s ,  t h e n  V l ^ , . ,  , r  a b o v e  i s  t h e  u n i q u e
u il4.)*- '  ' t '

D ( M r ) *  o n t o  i t s e l f ,  s a t i s f y i n g  ( i . a o ) ;  i n d e e d ,  ( 3 . 8 0 ) - ( : . g z )

b y  t h e  a b o v e ,  v l * , . .  .  i  i s  u n i q u e l y  d e t e r m i n e d .  S i m i l a r l y ,
.  D ( l , l r )_

1 o .  v ,  ( H , - M , ) = v r ( H , - m , ) .

2o.  T-here ex i  s  ts  { .e t l (D {n. ,  ) r )  
'such 

r 'ha t

bas i s t"j] i of D (M 
I )r glg .t(

, v , l  . = l r  . v  I  I
D ( 1 . 4 1 ) r  l r  D ( M r ) a  D ( M l l r z l  D ( U . , ) r

T h e o r e m  3 . 7 .  L e t  H ' ,  a n d  H , ,  b e  t w o  h e m i - s c e s  ,  w i  t h  a s s o c  i  a t e d  I

! ! !  Mz, r e s p e c t  i v e l y .  T h e  f o l  l o w i  n g  s t a t e m e n t sa r e  e q u i v a l e n t :

e x i  s t  v e L l ( R l{ ( R ' l ) ,  r e s p e c t i v e l y  v e d - ( R n ) ,  a n d s u c h  t h a t  w e  h a v e

Z  p r e s e r v e s  t h e ' l e x i . c o g r a p h i c a l  o r d e r  i n  t h e

1 o .  M ,  = M r .

2o - jo .  The re Yl uMr

(3.67) con

r .O  -O&r  - )  .

v ( H , - V 1 ) : H - v 1  f o r  s o m e  u e { H ,  n n \ H r }

T h e r e  e x i s t  v e U ( n n ) ,  . r e s p e c t i v e l y ,  v e  d ( n n ) ,  a n d  y l € M 1 " ,

( 3  . 8 3 )

s a t i s f y i n g  ( 3 . 5 9 )  a n d

(3 .  83)  .

6 o - l o ,  T h e r e  e x i s t s

( 3 . 8 3 )  f o r  a l  I  y , € M . , .
t l

B o - 9 o .  T h e r e  e x i s t s

r e s p e c t i v e l y ,  v e 0 ( R n ) ,s u c h  t h a t  w e  h a v e  ( 3 . 5 7 )  a n d,veU(Rn)  ,

v e U ( R n ) ,

0 . g l )  f o r  a l  I  y , € M ,  .
t l

P * r o o f .  l o + 9 0 .  A s s u m e  l o ,  a n d  l e t  y , e M . , = l , l '

3 . 6 ,  i m p l  i c a t  i o n  l o = + 5 0 ,  t h e r e  e x i s t s  v < d ( p . n )  s a t

3 . \ 7 ) ,

u  ( H t  - y 1 ) = v  ( H 1 : M . , ) = H r M r - H - y l  ,  f o r .  s o m e  H  e { H z ,  R n \ H r } .

S i n c e  M i f r , . t h e  i m p l  i c a t i o n s  9 0 = l 8 o + 5 o + 2 o ,  9 o + 7 o *  3 o 4 2 o  a n d  9 0 = + 5 o = ; 4 o = r 2 o  
" r u

obv  i  ous

2 0 = l l o .  T h "  I  i n e a r  m a n i  f o l d s  a s s o c i a t e d  t o  v ( H , - V , )

u ( M t - y . ) = v ( o ( m , ) )  a n d  M r - y 1  ,  r e s p e c t i v e l y .  H e n c e ,  i f  2 0

=*12-Y 
1  r  whence M2=y ,  

+D (U,  )= l l  ,  .

I n  t h e o r e m  J . / ,  o n e  c a n n o t  r u O , " . "  H , - y 1  a n d  H - y . ,  b y

r e s p e c t i v e l y ,  u . d ( R n ) ,  s u c h  t h a t  w e  h a v e  ( 3 . 6 9 )  a n d

Then ,  D  (Ml  )  =o  (Mz)  ,  whence,  by  theo rem

i  s f y i  n g  ( 3 , 6 9 )  a n d  ( 3 , 5 8 )  .  H e n c e ,  b y

a n d  H - y 1 r  w h e r e  y 1 € l i l  
1 , a r e

h o l d s ,  t h e n  D ( M l ) = v ( o ( t ' t , ) ) =

' @

t t ] i l t  a n d . H - M l  r e s p e c t i v e l y

( w h e r e  H < { H z ,  R n \ H 2 } ) ,  a s  s h o w n  b y



-  t r 0  _

S191plS_]J. Let
(  t  T  ' '  ) ''  H l = { y = ( T 1 ,  1 2 ) r e n ' l q , < o } ,  H r = { v e R z l y  - < L  0 } . ( 3 . 8 4 )

T h e n ,  M l = t y = ( r ? t  ,  1 z ) t u * ' l l t = 0 1 ,  w h e n c e  H t - M t = H . , = H r - M 1 r  a n d  h e n c e  v = I e , { ( R n )  , " -

t i s f  i e s  ( 1 , 6 5 )  a n d  v ( H , - l l . , ) = H r - i ' , t ,  ,  b u t  M Z = { 0 } l M l

4

$ 4 .  A l ' f i n e  t r a n s l ' o r m a t i o n s  p r e s e r v i n q  a  h e m i - s p a c e

i
;  L e t  u s  f  i r s t  c o n s i d e r  t r a n s l a t i o n s  y * ! + y  ( y t R n ) ,  w h e r e  y e g n

T h e o r e m  4 . 1  .  L e t  H  b e  a  h e r n i - s p a c e ,  w i  t h  a s s o c i a t e d  I  i n e a r  m a n i f o l d  M .  F o r  a n  e l e -

n
-  f l E n t  ! e  R " ,  t h e  f o l l o w i n g  s t a t e n l e n t s  a r e  e q u i v a l e n t :

l o r V + H = H .

2 o ,  t  +  M  =  M .

3 0 .  t  +  M €  M ,

40.  ye o (m) .

P r o o f  .  l o + 2 o .  T h i s  f o l  l 6 w s  f  r o m  t h e  a b o v e  p r o o f  o f  t h & r e m  3 , 5 ,  i m p l  i c a t i o n

2 o  + 1 0  ( a p p l  i e d  t o  H . , = H , = H ) .

2 o = + 1 o .  l f  
' 2 0  

n o f  a # ( l . i : )  i s  t h e  d e c o m o o s i t i o n  o f  H ,  g i v e n  b y  t h e o r e m  3 . 4 ,  t h e n

t  +  H = Y  + ( n + S ) = 1 y + U ) + S = M + S - H .

. F i n a l l y ,  t h e  e q u i v a l e n c e s  2 o * + 3 o + + 4 0  h o l d  f o r  a n y  l i n e a r  m a n i f o l d  M .  I n d e e d ,  t h e

i m p l  i c a t i o n s  2 o = r 3 o = + 4 0  d r e  o b v i o u s .  F i n a l  l y ,  i f  4 0  h o ' l d s ,  t h e n  ! e M - m  ( m e  M ) ,  w h e n c e

F M c M .  A l s o ,  s i n c e  D ( M )  i s  a  l i n e a r  s u b s p a c e ,  l r o  i m p l i e s  - y e O ( M ) = M - m  ( m e M ) ,  r v h e n c e  m e ! + M

( m e M ) ,  t h a t  i s ,  M c ! + M i  t h u s , A o + 2 o .  @

l e m a r k  4 . 1 .  a )  l t  i s  a l s o  e a s y  t o  d e d u c e  t h e  i m n l i c a t i o n  4 o r + l o  a b o v e ,  f r o m  p r o o o -

s i t i o n  3 . 3 .  I n d e e d ;  i f  4 o  h o l d s ,  t h e n ,  b y  t h e  f  i r s t  p a r t  o f  ( 3 , 5 t ) ,  w i 1 1 " '  6 = y  a n d  t r = 1 ,

v , e  h a v e  y  +  l e H  ( y e H ) ,  s o  !  +  H ( H ;  s i m i  l a r l y , .  b y  t h e  f i r s t  D a r t  o f  ( f  , l f  ) ,  w i t h  6 = y  a n d

\ = - 1 ,  w e  h a v e  y - y € H  ( y e H ) ,  s o  H G y + H ,  w h e n c e  ! + H = H .  E l

b )  O n e  c a n  a l s o  w r i t e  t h e  a b o v e  e q u i v a l e n c e s  a s  f o r m u l a s  f o r  O ( m ) ;  e . 9 . r  o n e  c a n

w r i t e  t h e  e q u i v d l e n c e  l o e 4 o  i n  t h e  f o r m

o ( m ) = { a e n n l a + H = H } .  ( 4 .  l )

l n  p a r t i c u l a r ,  f o r  d e m i s p a c e s ,  i . € .  ( s e e  r e m a r k  3 . 2 ) ,  f o r  h e m i - s p a c e s  o f  t y n e  . L ,

f o r m u l a  ( 4 . 1 )  h a s  b e e n  g i v e n ,  w i  t h b u t  p r o o f  ,  b y  P . C . H a m m e r  ( [ t { ] ,  t h e o r e m  l ,  p a r t  l ) .  N o -

t e  t h a t  t h i s  a l s o  y i e l d s  ( l { . 1 )  i n  t h e  g e n e r a l  c a s e ,  s i n c e  i f  H  i s  a ' h e m i - s D a c e  o f  t y p e

n .
( L  ,  t h e n  R n \ H  i s  o f  t y p e  < L  ,  w h e n c e ,  b y  ( 3 . 1 5 )  a n d  ( 4 . 1 )  f o r  R n \ H ,  w e  o b t a i n
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,  n r  ,  n  .  n -  .  r  r | r  t
o (M) = ldeR" I  a+ (R"\H) =R"\Hl  =1deR" I  a+H=H j .

C o r o l  l a r y  4 .  l .  L e t  H G  R n  b e  a  h e m i  - s p a c e ,  w i  t h  a s s o c i  a t e d  I  i  n e a r

l e t  y € R " .  T h e n ,  Y  +  H  i s  t h e  u n i q u e  t r a n s l a t e  o f  H ,  w h o s e  a s s o c i a t e d  l i n e a r  m a n i f o l d  i s

Y +  M .

P r o o f .  C l e a r l y , w e  h a v e  t o  p r o v e  o n l y  t h e  u n i q u e n e s s  s t a t e m e n t .  l f  |  +  H ,  ! . ,  +  H

a r e  t r a n s l a t e s  o f  H ,  b o t h  w i t h  t h e  s a m e  a s s o c i a t e d  I  i n e a r  m a n i f o l d  !  +  M ,  t h e n  ! + M = Y , + M ,

r n h e n c e  V - Y ' | o r ' t - 1 4 = D ( M )  ,  a n d  h e n c e ,  b y  t h e o r e m  ! . 1  ,  i m p l  i c a t i o n  4 0 = + l o ,  y - y , + H = H ;  t h u s ,

!+H=!,+H. ff i' l

R e m a r k  4 . 2 .  I n  o t h e r  w o r d s ,  c o r o l l a r y  4 . 1  m e a n s  t h a t  a n y  t r a n s l a t e  o f  a  h e m i - s p a c e

i s  u n i q u e l y  d e t e r m i n e d  b y  i  t s  a s s o c i a t e d  I  i  n e a r  m a n i  f o l d

C o r o l  l a r y  4 . 2 .  L e t  H  g R n  b e  a  h e m i - s p a c e ,  w i t h  a s s o c i a t e d  l i n e a r  m a n i f o l d  M .  . F o r

?  s g t  C c  R n ,  ! ! "  f " l  ] o * i n g  r t " t " *  '

1 o .  H  a  C = H - C

.  z o ,  c - c € D ( M ) .

P r o o f  ,  S i n c e  H ' ( C = n ( H - c )  a n d  H - C = L J ( H - c ) ,  l o  i s  e q u i v a l e n t  t o  H - c . , = H - c ,  ( c 1 , c r e  C ) ,
c e C  c e C

i . e . ,  t o  c 2 - c , + H = H  ( c , , c r e C ) ,  w h i c h ,  b y  t h e o r e m  4 , 1 ,  e q u i v a l e n c e  l o c + 4 0 ,  i s  e q u i v a l e n t

' t o  2 0 .  I

' '  '  
L e t " u s  c o n s i d e r  n o w  a f f i n e  t r a n s f o r m a t i o n s  o f  t h e  f o r m

y - - +  y  +  u ( y )  ( y e  n n ) ,  ( 4 . 2 )

w h e r e  l e R n  a n d  v e i l ( n n ) ,  o r  v e d ( R n ) ;  n o t e  t h a t  s u c h  t r a n s f o r m a t i o n s  ( w i t h  v  r e p l a c e d  b y

u - l ) ,  h a v e  b e e n  u s e d  i ' n  2 l o  o f  t h e o r e m  2 . 1  a n d  i n  t h e o r e m  2 , 2 .  V e  s h a l  I  g i v e  s o m e  n e c e s -

s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  i n  o r d e r  t h a t  ( \ , 2 )  s h o u l d  p r e s e r v e  a  h e m i - s o a c e  H .

T h e o r e m  4 . 2 .  L e t  H g R n  b e  a  h e m i - s p a c e ,  w i t h  a s s o c i a t e d  l i . n e a r  m a n i f o l d  M .  F o r

y.n" 3n9 veU(R"), !!r *..,
t - '  

- "

a . f o l  l o w i n g  s t a t e m e n t s  a r e  e q u i v a l e n t :

1 o .  t  +  v ( P t ) = P 1 .

2 o ,  9  +  v ( n ) = M  q n d  v ( g - m ) = H - M .

P r o o f .  l o = + 2 o ,  F o r  a n y  y < R n  a n d  v e l l ( n n ) ,  t h e  l i n e a r m a n i f o l d  a s s o c i a t e d  t o  t h e  h e m i -

H e n c e ,  i f  l o  h o l d s ,  t h e n  ! + v ( M ) = M .s p a c e  y - + v ( H )  i s  ! + v ( M )  ( e . g . ,  ? y  p . o p o s i t i o n s  2 . 1 - 2 . 4 ) .

T h u s ,  f i x i n g  a n y  y o e M ,  w e  h a v e  ! + v ( y o ) < M ,  w h e n c e

g+v (vo)  -yoeM-yo=D (M) ,

a n d  h e n c e ,  b y  t h e o r e m  ! . 1 ,  i m p l  i c a t i o n  4 o , + l o ,

m a n i  f o l d  M ,  a n d

( t r . 3 )
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V + v ( y o ) - y o + H  =  H . .  .  ,  , ' ,  ,  r ,

H e n c e ,  b y  l e m m a  1 . 2  a n d  l o ,  w e  o b t a i n

v  (  H -M)  =v  (H-yo )  =u  (H)  - v  ( yo )  = - !+H-v  ( yo )

=-y+ ( !+v (vo)  -yo+H) -u (yo)  =H-yo=H-M
( , ( J

2 o + l o .  A s s u m e  2 0  a n d  l e t  y ^ e M .  T h e n ,  b y  t h e  f  i r s t  p a r r ,  o r  t  ,  w e  n a v e  ! + v ( y ^ ) g M ,' o  ' ' o '

u f i e n c e ,  a s  i n  t h e  a b o v e  p r o o f  o f  t h e  i m p l i c a t i o n  l o = + 2 0 ,  w e  o b t a i n  ( 4 . 4 ) .  B u t ,  b y ' l e m m a

*  3 . 2  a n d  t h e  s e c o n d  p a r t  o f  2 0 ,  w e  h a v e

.  v ( H ) - v ( v  ) = v ( H - v  ) = v ( t - t - t , t ) = H - M = H - v- . r o , .  ' . " , o ,  "  "  "  , o ,
t

u h e n c e ,  b y  ( 4 . 4 )  ,  v r e  p b t a  i  n

y+v (H) =Y+v (yo) -yo*H=H. w
Thggrs l t l .  !g_ t  Hs  Rn be  a .  hemi  -space,  w i th  assoc ig ted  I  inear  man l fo lg  M.  [g I  yenn

a n d  v e d ( R " ) ,  t h e  f o l  l o w i n g  s t a t e m e n t s  a r e  e q u i v a l e n t :
'  

. O  / . , \'  1 " .  ! + v ( H ) = H ,

^o
.  2 - . t + H = H = v ( H ) .

^ O  -  ^ / . , \  ,  / . . \
3 " .  ! e D ( M )  a n a  v ( H ) = 9 .

. l
, P r o o f .  l o = + 2 0 .  A s s u m e  l o  a n d  l e t  H  b e  r e p r e s e n t e d  ( u n i q u e l y )  a s  i n  l B o  o f  t h e o r e m

2 . 1 .  T h e n ,  b y  ( 7 , 3 7 ) ,  w e  h a v e

. . y + v  ( H )  = { y + v  ( y ) e  R n  l ,  ( y ) r x i = { y ,  e  R n  l  r u -  I  ( y ,  - - y )  r x } =

={y  f  e  Rn  I  uv - l  { y ,  ) r * *uu - l  t y l } .

s i n c e  u - l a O ( n n ) ,  w e  h a v e  u - l  ( u - l ) 4 = 1 ,  w h e n c e ,  b y  u u * = l ,  w e  o b t a i n

'  ( uu -  I  )  ( ru -  I  ) *=uu - l  (u -  I  ) *u *=uu*= l  .
' H e n c e ,  

b y  i o ,  ( 4 . 6 ) ;  ( z , l l )  a n d  t h e  u n i q u e n e s s  o f  u  i n  l 8 0  o f  t h e o r e m  2 . 1 ,  w e  o b t a i n

u  =  , u - 1 .  ( 4 . 8 )

C o n s e q u e n t l y ,  b y  ( 2 . 3 7 ) ,

v  (H )  = {v  ( y )e  nn  I  u  ( y ) r x ]= {y , .  Rn  I  uu - l  ( y '  ) r x }=

{Y 'e  nn  I  u  (Y '  ) t  * }=  H  '

and  hence ,  by  l o ,

!  +  H = y +  v ( H )  =  p .

20 "+ lo .  l f  2o  ho l  ds ,  rhen  !+v  (H )= !+H=H.

F i n a l  l y ,  t h e  e q u i v a l e n c e  i o o 3 o  i s  a n  i m m e d i a t e  c o n s e q u e n c e  o f  t h e o r e m  4 . 1 ,  e q u i -  -

va I  ence lo(+4o.  6

l n  c o n n e c t i o n  w i t h  2 0  o f  t h e o r e m  4 . 3 ,  l e t  u s  g i v e  n o w  s o m e  n e c e s s a r y ,  a n d  s u f f i c i e n t

c o n d i t i o n s  i n  o r d e r  t h a t  a n  o p e r a t o r  v e U ( R r r )  ,  r e s p e c t i v e l y ,  u . d i n n )  ,  s h o u l d  p r e s e r v e  a

( 4 .  5 )

( 4 .  6 )

( 4 .  7 )
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.  n r'  I h e o r e m  4 . 4 ,  L e t - H e  R "  b e  - a  h e m i - s p g j e , .  w i - t h  q s s o c i a t s d  l i n e a r ' m a h l f o l d -  M . '

l i n e a r  i s o m o r p h i s m  u . U ( n n ) , '  t h e  f o j j o w i n g  s t l t e m e n t s  a r . e  e { u i v q l e l t :
r' :-

.  I o .  v ( H ) = ; 1 .

i o ;  u ( M ) = l " |  ? n d  n  ,  v l  , .  . p r e s e f v e s  t h e  l e x i c o q r a p h i c a l  o r d e r  i n  t h e  o r t h o n o r m a l

po, i ,  {" i } i  or  o(u)r ,DS$t[ .r  J r r  _  , , 0 ( u ) r :

pro je-c t  ion operator  f  r :om Rn gnto U (n)r .

P r o o f .  N o t e  f i r s t  t h a t ,  b y  r e m a r k  3 . t  
' b ) ,  

w e  h a v e ,  f o r  t " i i ?  a n d { g . } ?  u ,  i n  2 0 o  o ft  J r t  ,  J t l

theorem 2 .  I  ,

(4 .  e)

( 4 .  1  o )

_  . l t  _

b y  ( 4 . 1 2 )  ,  w e

,  we may (and

-  . , - , , raa*-. , f" ; , ,

For a

o  (m)= {ve  nn lv ,  ( v )=0  ( j= t  , :  .  .  ,  r ) }= l  i n  {e l }n * ,  ,

o ( m ) r = { y e R n l * ,  { y ) = o  ( j = r + 1 , , . . , n ) } = t , "  
{ " ; } i ,

*  { " j } i  i s  i n d e e d  a n  o r t h o n o r m a l  b a s i s  o r  o ( m ) r .

A s s u m e  n o w  t h a t  H  i s  a l s o  r e D r e s e n t e d  i n  t h e  f o r m  l 8 o  o f  t h e o r e m  2 . 1 .

(2 .37 ) ,  we  have

r n h e r e ,  s i n c e  v e U ( n n )  ,  v ( n )  i s  a  h e m i - s p a c e ,  t o o ,  w i t h  a s s o c i a t e d  I  i n e a r  m a n i f o l d

M ( v . ( H ) ) = { v , e  R n l u v - l { r , ) = * 1  -  { u ( v ) l y . n n ,  u ( y ) = { = v ( i * { ) .  ( 4 . r 2 )

H e n c e ,  b y  r e m a r k  2 , 2  e ) ,  w g  h a v e  l o  i f  a n d  o n l y  i f  t h e r e  e x i s t s  a  ( u n i q u e )  l e x i c o -

g r a p h i  c a l  o r d e r  p r e s e r v i  n q ,  { e U ( n r ) .  s u c h  t h a t

.  I-ru- I =r,

{ ( x )  =x .

N o t e  a l s o  t h a t ,  i f  l o  h o l d s ,  t h . e n ,

f o r  t h e  p r o o f  o f  t h e  e q u i v a l e n c e  l o e + 2 o

tha t

v ( H )  =  M .

W e  c l a i m  t h a t

T h e n ,  b y

( 4 . 1 3 )

( 4 . 1 4 )

have v  (M)  =}4  (v  (H)  )  =m (H)  =14.  Thus  ,

i t  w i l l  b e  c o n v e n i e n t  t o )  a s s u m e

Z=uuu*

i s  t h e  u n i q u e  o p e r a t o r  i n  ' t { ( R r ) ,  
s a t i s f y i n g  ( 4 . 1 3 ) .  I n d e e d ,  t h e

Z  o f  ( 4 . 1 5 )  s a t i s f i e s  ( 4 .  l 3 )  a n d  Z e t t ( R t ) ,  i ,  s i m i  l a r  t o  t h a t  o f

ren t  in  rema rk  2 ,2  e ) l  us  ing  the  decompos i  t  ion  Rn=D (M) I  o  D (M)

( 4 . 1 5 )

( t t . 1 6 )

p r o o f  o f  t h e  f a c t  t h a t

t h e  c o r r e s o o n d i n g  s t a t e -

a n d  t h e  e q u a l i t i e s

( t r . l 7 )

I

x
U  U = l Y .  r = f f  r  .

( rer  u)*  D(M)*
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*
l n  o r d e r  t o  s e e  ( 4 . 1 7 ) ,  n o t e  t h a t ,  b y  u u ^ = 1 ,  w e  h a v e

u * u  ( r x  ( x ' ) ) = u x  ( u r *  ( x t  ) ) = r x  ( * ' )  ( u x  ( *  t 1 e  u ^ ( R t ) =  ( t < " , -  u ) r )  ;

a l s o ,  c l e a r ' l y ,  u n l r l r ( r )  = r * r l K " ,  
, = 0 ,  

w h i c h  p r o v e s  ( q ' 1 7 ) .  N o w ,  t o  s e e  t h a t  l '  o f  ( 4 ' 1 6 )

l l .  r  r \
s a r t s r t e s  \ . r ' .  r ) / ,  o r ,  e Q U i v a l e n t l y t

Zu=uv '
rL

n o t e  t h a t  b y  ( l l  .  1  7 )  w e  h a v e  Z u  |  . l  = u v u ^
In /  u\*- r , i )

a n d  ( 4 .  1  5 )  ,  w e  h a v e

' lo 
(*) '= 'u lo tnl ' "

( 4 .  I  8 )

0 n  t h e  o t h e r  h a n d ,  b y  1 3 . a 4 )

(4 .  zo)

,  we  have

( 4 .  2 l  )

we obta i  n

v  ( o  ( l l )  ) = v  ( M - M ) = v  ( m )  - u  ( m ) = p t - l l = D  ( M )  ;
( 4 .  1 e )

b u t ,  ( 4 . 1 9 )  i m p l i e s  v ( y ) e  D ( M ) = K e r  u  ( y e D ( i " t ) ) ,  w h e n c e  ' L u ( y ) = 0 = u v ( v )  ( v e o ( m ) ) ,  a n d  t h u s ,

f i n a l l y ,  ( l ' . 1 8 ) .  L e t  u s  a l s o  s h o w  t h a t  { . e U ( R t ) ,  o r ,  e Q U i v a l e n t l y ,  r " r .  Z = { 0 } ' .  l f  * ' e R t ,

{ ( x , ) * 0 ,  t h e n  t h e r e  e x i s t s  y e  o ( m ) I  s u c h  t h a t  u ( y ) = x / ,  w h e n c e ,  b y  ( 4 . 1 8 ) ,  u ( v ( y ) ) = Z ( u ( y ) ) =

= ! , ( x , ) = 0 . . T h e r e f o r e ,  v ( y ) e  K e r  u = D ( M )  ,  w h e n c e ,  b y  ( 4 . 1 9 ) r  y 6 v  I  ( o ( r n ) ) = u - l  ( v ( o ( m ) ) ) = 9 ( n ) =

= K e r  u .  T h u s ;  x ' = u ( y ) = o  ( m o r e o v e r ,  y ( D ( H ) r n  o ( n ) = t o } ) .  r i n a f  l y ,  i f  L l ,  L r e l t ( R r  ) ,  Z , u =

= u v = L z u .  t h e n  L f L l u u * = Z r u r *  = L z ,  T h i s  p r o v e s  t h e  a b o v e  c l a i m  o n  ( 4 '  1 5 ) '  ' : : t ' t " : : " ' : '

t a k i n g  a n y  y o € M ,  b y  ( 4 . r 5 ) ,  ( 4 . 1 2 ) ,  ( 4 . 1 3 )  a n d  ( 3 . 1 0 )  w e  o b t a i n  { ( x ) = Z ( u v  
l ( y o ) ) = u ( y o ) = x ,

a n d  t h u s  Z  s a t i s f i e s  a l s o .  ( 4 . 1 4 ) .  C o n s e q u e n t l y ,  w e  h a v e  l o  i f  a n d  o n l y  i f  v ( M ) = M  a n d

* u n  p r " r . r v e s  t h e  l e x i c o g r a p h i c a l  o r d e r .

F i n a l  l y ,  l e t  u s  s h o w  t h a ,  n o ( n ) r u l o ( M 1 r  R r s t . r v e s  t h e  l e x i c o g r a p h i c a l  o r d e r  i n  t h e

{ o { } f  i f  a n d  o n l y  i f  u v u *  p r e s e r v e s  t h e  l e x i c o o r a p h i c a l  o r d e r '  B y  t h e  b i o r t h o g o n a -
I  J  J J

o f  { " 1  ,  v , } l  w e  o b t a i n ,  t a k i n o  y = u i  ( i = 1 , . ' . , r )  i n  ( 3 ' 1 1 ) ,  t h a t
t  J  ) ' l

b a s i s

l i t y

r
( i = 1 , . . . , r ) .

0 n  t h e  o t h e r  h a n d ,  b y  1 r + . 1 0 i  ,  ( 4 . 9 )  ,  a n d  t h e  d e f  i n i t i o n  o f  { e l  
" l j } l

r
ro ( * ) ru (u - l ' ( v ) )=no(m, r (v )= fY ,  ( v )u r l  ( venn) '

H e n c e ,  F e p t a c i n g  y  b y  v ( y )  a n d  u s i n g  ( q . 2 0 ) ,  ( 3 . t 1 )  a n d  ( 4 . 1 3 ) ,  ( 4 . t 6 ) ,

u ( r  . , , v ( y ) ) = i Y ,  ( v ( v ) ) u ( e j ) = * 9 ,  ( v ( v ) ) e r =
D ( M ) *  j = l  ' t  '  - i = l  

. ,

= u i u ( v ) ) = z u v - l  ( u ( y ) ) = { u ( v ) = u u u * ( u ( v ) ) ,  ( v e R n ) .

0 b s e r v e  n o w  t h a t ,  b y  ( f  .  f  f  ) ,  y = I Y ;  ( V ) " 1 e  O ( t , r ) I  s a t i s f  i e s  y  < L  0  i n  t h e

t " i l i  o r  o ( l r ) r  r r * r y  i r  u ( y )  ( r  r  1 ; :  , n "  r ; i t  v e c t o r  b a s i s  i " . i l i  o r  R r ) ;

, u - *n ,  * "  have  F  
(n ) ru (v )  

<L  0  i "  t " j i i  i f  and  on lv  i f  u (no ( * ) ru (v ) )  ( r -  0 '

b y  U t , z z )  a n d  ( 4 ' 2 0 ) ,  t h e  i m p l  i c a t i o n

y e  o ( m ) r ,  y  ( , -  0  i n  t " j ] ;  + T Y ^ , . , r v ( v )  ( l  0  ' "  { " j } ;
D (M) *

' ' . .  (e,u (*r, 
, . ,r v (y) ) < L o)

( \ . 2 2 )

b a s i s

h e n c e ,  f o r

C o n s e q u e n t l Y '
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h o l d s  i f  a n d  o n l y  l f  u , u  h a v e  t h e  i r i p l i c a t i o n
|  .  . . 1 .

y e  o ( m ) r ,  u ( y l e q r = r ( o ( m ) r )  ,  u ( y )  ( '  0 = + u v u * ( r ( y ) )  ( i  0 .  '  f f i

T h e o r g m  1 . 5 .  ! " j  H e  R n  b e  a  
' h e m i - s p a c e ,  

w i t h -  a s g o c i a t e d  I  i n e a r  m a n i f o l d -  M .  F o :

v e 0 ( R n ) ,  t h e  f o l  l o w i n g  s t a t e m e n t s  a r e  o q u i v a l e n t :',,: -
. O .  / . . \1 . - .  v ( f l , l = 9 .

2 0  .  v  ( n ) = N  a n d  v  ( y ) = ,  ( y e o  ( m ) l  )  .

n n n
P r o o f .  l ' = ) 2 ' ,  l f  l "  h o l d s ,  t h e n ,  b y  t h e o r e m  4 . 4 ,  w e  h a v e  v ( l l ) = M "  F u r t h e r m o r e ,  i f  H

i s  r e p r e s e n t e d  ( u n i q u e l y )  a s  i n  l B o  o f

4 . 1 ,  w e  h a v e  ( 4 , 7 ) .  H e n c e ,  b y  l o . , -  ( 4 .

2 . 1 , .  w e  o b t a i n  ( 4 . 8 )  ,  t h a t  i s ,  . .

r ^ r l r e n c e  u u u * = I .  T h e l e f o r e ,  b y  ( \ , z z )  ,

t h e o r e m  2 , ' l  ,  t h e n ,

l l ) ,  ( z . l l )  a n d  t h e

u v  =  u ,

by  the  above proo f  o f  theorem

u n i q u e s s  o f  u  i n  l 8 0  o f  t h e o r e m

( t+ .23)

( \ .25)

by ved(R" )  ,

( t t .26)

( \ . 2 7 )

u  ( n  ,  v  ( y )  ) = u  ( y )  ( y < n n )  ,
D  (M)*

a n d  h e n c e ,  s i n c e  , l o ( l r ) , . i s  a n  i s o m o r p h i s m ,  w e  o b t a i n

T( ,  v (y) =y (ye o ( t , t )a) ... o (lt)*
'  0 n  t h e  o t h e r  h a n d ,  b y  ( l . l t + )  a n d  v ( m ) = m ,  w e  h a v e  ( t t , l 9 ) ,  w h e n c e ,

v  (o  (m) i )=D  (M)4 ,

a n d  h e n c e ,  s i n c e  1 I  -  .  r  ( y ) = y  ( v e o ( N * ) ,  * e  o b t a i n
D (M)-  |

T o ( m ) r  v ( Y ) = n o ( M ) t ( u ( v ) ) = v ( v )  ( v e  o ( M ) - )  '

Thus ,  by  ( l { . 25 )  and  ( t+ .27 ) ,  we  have  v (y )=y  ( ye  O(n ) l ) .

2 0 = + 1 o . .  t f  2 0  h o l d s ,  t h e n  r o  
1 , 1 r u l o  ( N ) a  

= n n ( M ) J _  
l o  ( r ) r = 1 ,  

w h i c h  p r e s e r v e s  t h e  l e x i -

c o g r a p h i c a l  o r d e r  i n  t h e  b a s i s  t " j i i  o f  D ( m ) J .  H e n c e ,  b y  v ( M ) = | . , | .  a n d  t h e o r e m . 4 . 4 ,  w e

o b t a i n  v ( 6 ) = 6 .  W

R e m a r k  4 . 3 .  T h e o r e m  4 . 5  c a n  b e  a l s o  d e d u c e d  f r o m  t h e o r e m  4 . 4 ,  u s i n g  a  r e s u l t  o f

[ 1 3 ] .  l n d e e d ,  b y  ( 3 . 4 4 )  a n d  v ( M ) = M  w e  o b t a  i n ,  a s  a b o v e  ,  ( l + , 2 7 ) ,  t h a t  i s .  n  ,  v  |  . . 1 ='  
D  ( M ) *  ' D  ( M ) *

= V l ^ , . . , 1 -  . T h u s ,  t h e o r e m  4 . 5  f o l l o w s  f r o m  t h e o r e m  4 . 4  a n d  t h e  f a c t  [ 1 3 ]  t h a t  a  l i n e a
,D ( t4 ) -

i s o m e t r y  p r e s e r v e s  t h e  l e x i c o g r a p h i c a l  o r d e r  i n  s o m e  b a s i s  i f  a n d  o n l y  i f  i t  i s  t h e  i d e n -

t i  ty .  *n

I 5 .  A r r p e n d  i  x
v +

A )  S e p a r a t  i o n  o _ f  p  s e t s .  b y  h e m i  - s D a c e s .

L e t  u s  g i v e  n b w - t h e  s e p a r a t i o n  t h e o r e m ,  a n n o u n c e d  i n  r e m a r k  1 . 1  c ) .

T h e o r e m - 5 . 1 .  F o r  a n y s e t s  G . , r . . . f G ^ c R n ,
. r P

t h e  f o l  l o w i n g  s t a t e m e n t s  a r e  e q u i v a l e n t :



l i=fi'
e x i  s t  p  h e m i  - s p a c e s

c ,  c  H .' t l

p :
t  - t I-  |  t  l l r - P r

i = l
n n

P r o o f  . .  1  * l  .  l t  p =  1  ,  o n . e  c a n

Now,  le t  p72,  and as iume tha t

n

H , r . . . , H , .  i n  R " ,  s u c h  t h a t
I K

C .  €  H
l t

. l

r o
I

,^o
L

p
. f \ c o

i = l
.  I  n e r e

- 4 6 -

H 1 r . , . r H O  i n  R n

( i = l r , " , r p ) ,

t a k e  H ,

fo r  Some

. . -, .,d*iE ; *a .. d

( 5 .  t )

$ . 2 )

t h e r e  e x i s t  k  h e m i - s p a c e s

,  such  tha t

=o=c 
l '

k € t o , l 1 . . . r p - l l

( i = ]  , . , . , k ) , ( s . l )

$. t { )
p

(n Hi )^ ( /- \  co c .}o;
i  = l  i  = k + l

r o t e  t h a t ,  f o r  k = 0 ,  t h i s  a s s u m p t i o n  i s  v a c u o u s l y  s a t i s f i e d  ( U y  t q ) . T h e n ,  b y  ( 5 . 1 1 ) ,

t h e  c o n v e x  s e t s  c o  C r * ,  a n d  t A n , ) n ( A  c o  C , )  a r e  d i s j o i n t , ' a n d  h e n c e ,  b y  t h e  s e p a -
K r r  

i = l  
'  

i = k + z  . .  
'

r a t i o n  t h e o r e m  f o r  t w o  s e t s  ( s e e  r e m a r k  l . l  b ) i ,  t h e r e  e x i s t s  a  h e m i - s p a c e  H U * '  i n  R n ,

such tha t

C k * l  € . o  C k * l  €  H k * l  ,  ( S .  S )

k+ l  p
( ( J  n , )n t r - l  co  c , )=0 .

i = l  i  = k + 2

T h u s , . b y  i n d u c t i o n ,  w e  a r r i v e  ( f o r  k = p - l )  a t  ( 5 . t )  a n d

.  2 o = + l o .  l f  Z o  h o l d s ,  t h e n ,  - b y .  ( 5 . 1 )  a n d  t h e  c o n v e x i t y

( i - 1 , . . . , p )  ,  w h e n c e ,  b y  ( 5 . 2 ) ,  w 0  o b t a i n  l o .

B )  0 n ' a  t h e o r e m  o f  V ,  K l e e

V e  h a v e  t h e  f o l l o w i n g  r e s u l t s ,  w h i c h ,  i l  * n ,  e x t e n d  a

f o r  s e m i - s p a c e s  o f  I i n e a r  s p a c e s  ( 1 5 ] ,  t h e o r e m  2 . 2 ) z

T h e o r e m  5 . 2 ,  a )  F o r  a  s u b s e t  H  a n d  a  l i n e a r  s u b s p a c e

n e n t s  a r e  e q u i v a l e n t :

t h e o r e m  g i v e n b y  V .  K l  e e

M ,  o f  R n ,  t h e  f o l l o w i n g  s t a t e -

( 5 . 7 )

t h e  f o l l o w i n g  s t a t e m e n t s  a r e

( 5 . 5 )

( 5 , 2 )  .

o f  H ,  w e  h a v e c o  C , 9  H ,

@

l o .

2 0 ,

b )  F o r  a  I  i n e a r  s u b s p a c e  V

H  i  s  a  h e m i  - s o a c e  o f  t v p e  < ,
I

H  i s  c o n v e x  a n d

,  ' 4 i t h  M ( H ) = l ' 1 ,

H  u  ( - H )  = R n \ M .

o f  R n  a n d .  a  s u b s e t ' H_: o f  V ,

e q u i v a l e n t :

i o .  H  i s  a  h e - m i - s p a c e  i n  V . '  .  :

20.  f i= f rnv,  @fr  in  nn.



.  
' 1 ' r  -

. ^ n
c )  l f  Q  i j s  one  o f  t he  j : pen  ha l f - spaces  bounde@ P in  R" t  Sn -d

a  hemi -space  i n  P ,  t hen  HUQ l :_u_ ! " * i : : -E tu jn  Rn ;  co i v -e rs -e l y ,  evg ry .hemi -sp . : ce

R n ,  w i t h  g l H , l R n ,  i s  o f  t h e  f o r m  H U q ,  f o r ' s u i t a b l e  Q  a n d  H  a s  a b o v e .

W e  s h a l l  g i v e  t h e  p r o o f s  e l s e w l r e r e  ( i n  p r e p a r a t i o n )

j { e m a r k  5 . 1 .  A  r e s u l t  r e l a t e d  t o  t h e o r e m  5 . 2  b )  h a s  b e e n  a n n o u n c e d ,  w i t l r o u t  p r o o f o

i n  l l 0 ]  ( s e e  [ 1 0 ] ,  p , 1 9 6 ,  € g u i v a l e n c e  5 o e + t z o ) .

H i :

Hr  i ' n

2

\
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