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TTIE OSCILLATIONS OF BROWNIAN MOTION NEAR

A HYPERSURFACE

by

L. STOICA

INTRODUCTION

T h e r e a r e s e v e r a l m e t h o d s o f d e t e r m i n i n g t h e l o c a l t j . m e

o f t h e o n e - d i m e n s i o n a l B r o w n i a n m o t i o n . o n e o f t h e s e m e t h o d s ,

p r o p o s e d b y P . L e v y , i s b a s e d o n t h e a n a l y s i s o f t h e o s c i l l a t i o n s

o f t h e p a t h s n e a r t h e o r i g i n . B y t h i s m e b h o d o n e s h o u l d c o n s i d e r

the number of t imes Nf trrat tte Brownian path comes to 0 after

v is i ts outside the interval  l '€ '  +El  unt i l }  t ime t ;  I t  was

checked by  K. , I to  and H.p .Mc Kean 1s .ee  f r - r l )  tha t

( ,  -  -  - ^ - L  L  ^  d

I i m 9 N l { * ,  f o x  e a c h  t '  a ' s "

e , - + o  
e  e  

v '  - - - :

*.t" E is the rocal t ime of Browni-an motion'

)nd this result to the 'case
The aim of this Papqr is to exte

o f m u l t i d i m e n s i o n ' a l B r o w n i a n m o t i o n . S o l e t u s c o n s i d e r t h e

tion in nd as a standard process X and observe its

b e h a v i o u r n e a r a h y p e r p l a n e . T o f l x t h e n o t a t i o n w e c o n s i d e r

that  the hyperp lane is  6={x6ndrxd=o} .  Then the Brownian osc i } -

l a t i o n s n e a r K d e p e n d o n l y o n t h e c o m P o n e n t X * . L e t u s d e n o t e

S .  imes that  the:  path X(- )  h i ts  K af ter
Uy u! (o) t'he number of times tnaE Ene
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vis i ts outside the neighbourhood Dr={x€nd, l*dlog }  before t ime

t,  Then by the one dimensional  resul t  we immediately get

(0. 1 ) Iim 5 r.r!=e* (ur) '
Q.+ 0

where e= (At) is a continuous addit ive functional uniformly dis-

tr ibuted on K. In fact A is nbttt ing else but the local t ime at

o of the component Xd, considered' as addit ive functional with

respect  to  the mul t id imensional  process X '

W h a t w i l l h a p p e n i f j - n s t e a d o f a h y p e r p l a n e w e c o n s i d e r

a hypersur face? Then of  course,  w€ can t reat  th is  problem local ly '

I f  xo iS an arb i t rary  point  o f  the sur face,  we may f ind an open

neighbourhood of  xo ,  D and a d i f feomorphism F:D-?B,  which

maps D onto an open neighbourhood of  0 ,  B such that  F (xo)  =0 and

niaps the p iece of  sur face which is  in  O onto KnB'  So we reduce

t h e p r o b l e m o f a h y p e r s u r f a c e t o a h y p e r o l a n e , e x c e p t t h a t ,

t ranspor ted by F,  the Brownian mot ion becomes a d i f fus ion pro-

cess having as in f in i tes imal  generator  an e l l ip t ic  operator '

Th is  e l l ip t ic  operator  is  obta ined f rom 1/21] \  by the change of

variable x.->'F' (x) and it  j-s of the form

--f-

t  = f -  . t jo . ,  i * I -o to ,
i r j = 1  

- r  i = 1

S u r p r i s i n g } y w e f i n d i - n T h e o r e m 3 . l t h a t f o r t h e h y p e r p l a n e K

we can t reat  any d i f fus ion generated by an e l l ip t ic  operator  o f

this form almost as easy as brownian motion, provided that the

dr i f t  coef f ic ient  bd vanish (bd=O) '  However  i f  L  is  obta ined

from 1/2A by a d i f feomorphi -sm chosen" as above,  then the coef-

f ic ient  bd depends essent ia l ly  on the curVature of  the sur face

d



and i t  is  non-nul l  in  genera l .  In  Theorem 3.3 we t reat  the hyper-

p laen K wi th  a genera l  d i f fus ionrgenerated by an e l l ip t ic  opera-

tor of the above form (wit.h bd non-nulJ) . The proof is more

compl icated.  The d i f f icu l ty .  is  re la ted to  the L2 est j -mate.  Then

in Theorem 7.2 we treat the case of a compact hypersurface with

a genera l  d i f fus ion.  As a par t icu lar  coro l lary  we have the

fo l lowing resul t rwhich was our  in i t ia l  a im in  doing th is  work.

THEOREM. Let X be the Brownj-an motion in Rd with d)3 and

Iet K be a compact hyperqurface. For each € > 0 we denote by Vt

the neighbourhood of radius t of K and Uy N! (*r) the number of

t imes that the path X(*)  h i ts K af ter  v is i ts in RdrV[ before

time t. Then there exists a continuous additive functi-onal A such

that

(0.2 )  I im sup ie w!-a. f  =o ,  a- s -  ,
€.->0 r

( 0 . 3 )  r x l s u p l e  * i - o . 1 2 t 1 l 2 6 c  { / n  l n
t

" '

1 / t f / 4 ,  x 6 R d ,  € 6  ( o , t o l  i

where C and Lo are constants. The functional A is uniformly d^is-

t r ibuted on K,  j -n  the sense that  i ts  potent ia l  is  represented

wlth the "surface area" ; l  by the fol lowing formula

( 0 . 4 )  E x ( A J =  s  n ( x , y ) p ( d v ) ,  x € R d ,
K

where  g (x ry )=k l * -V l  
2 -d  i s  t he  Green  func t i on  o f  Rd .

A d i f ferent  approach of  the osc i l - la t ions of  Brownian mo-

t lon (or  o f  d i f fus ions)  near  a hypersuraface was proposed by

N.  Po r tenko  ( see  [e ]  and fP -Y ] ) .  We  use  the  app roach  o f  V '  se1 l y



[e,'1 and our work is more related to the papers I eZl] and f a S].
L I J

Our main too l  in  the proof  is  the Green funct ion.  Sect ion

1 of this paper is a long introductory section where we gather

together sbveral propert ies of Green function and of Green

potent ia ls .  In  genera l  these are more or  less known.  In  the

second sect ion we g ive a r igurous def in i t ion of  the funct ionals

numbering the displacements of the path and then study their

bas ic  proper t ies.  The th i rd  sect ion is  devoted to  the proof

of  Theorem 3.3 ment ioned above.  Then Sect j -ons 41 5 and 6 pre-

sent  the lemmas needed in  the proof  o f  Theorem 3.3.

The  ma i -n  resu l t  o f  Sec t i on  4  i s  Lemma 4 .2 .  f n  Sec t i on  5

Lemma 5.9 is  centra l ,  the others are needed to prove i t .  Lemma

6.1  o f  Sec t i on  6  i s  used  i n  the  p roo f  o f  Theorem 3 .3  wh i l e
.A)

Lemma 6 .2  i s  J$a  i n  the  p roo f  o f  Theorem 7 .2 .  The  l as t  sec t i on

is  devoted to  the proof  o f  Theorem 7.2 whLch is  the main resul t

o f  th is  paPer

NOTATION

The bal l  o f  center  x and  rad ius  r  i s  deno ted  bY  B(x r r )=

={yend: ix-y la rJ.  We caII  str ip a set  of  the form

J
t - i i

f  y€n* :Xy -x *e  (a rb ) ]  ,  where  xeRd ,  a rb6R,  a (b  a re  f i xed .  Some-
9 .

l - =  I

t imes the last  component  of  nd is  put  in  a specia l  pos i t ion,

and  then  we  wr i t e  a  po in t  x€nd  aS  x  = (x ' r *d ) ,  where  * ' €Rd-1  '  I f

D is  a  subset  o f  Rd and f  :D-gR r then we denote by supp f  the

c losu re  i n  D  o f  t he  se t  { x€D:  f  ( x )101 .  The  se t  supp  f  i s  ca l l ed

the support of f .  I f  D is an open set we say ttf lat P is a

measure in  D i f  i t  is  a  Radon measure in  D.  The space of  a l l

bounded Bore l  measurable funct ions in  D is  denoted by SO(D)
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and the family of all nonnegative Borel functions in D is denoted

by F+ (O).  The space of  cont inuous funct ions wi th compact support

in D is denoted by V" lOl  .  I f  f  (x, t )  is  a funct ion def ined in

and open subset of RdxR, we denote its partial derivatives as

follows

p . f = ) f =  ,  D . . r = ) ? t  " , t € - a fr  ) * ' '  
u L i ' - ) * F  '  D  t = F

'l

def ined in an open subset of  ndxndr 'w€ use the

notation

oir=F, olr=F, olit=#, ol:t=#fu

[ r ] ] ""n {  
*P:x 'Y6iA'  

xrY } '

I f  D is  open and f  possess f i rs  order  der ivat ives,  we put

r  d  . - a

[r]]=*u" [o, t]l ,- r i = 1

In the hope that a readJr with l i t t le knowledge may under-

s tand how we use some resul ts  of  par t ia l  d i f ferent ia l  equat ions,

! , re  reCal l  here the notat ion of  Hdlder  spaces of  funct ions to

he lp  h im .  Le t  D  be  any  se t  i n  Rd  and  o l€ (0 r1 ) .  I f  A  i s  an  a rb i t ra -

ry  subset  o f  D and f  :D-)R we Put

. i A  I  t -  . t  1  
-

L fJo=",rp {  i t tx f l  :xcA} 
}

s imi lar ly ,  i f  f  possess second order  der ivat ives



tr]}=.*l*,
L t ) = l

r - r A  
d  F

LtJi**= .. *?*. L
i r i = 1

We also write

I o,.: t]l

D .  .  f l A
l l J

|lf ti 3= [f]3, li e ll I r li 3. rtlt, ltr ll

i = A  1 1  , 2

=[t]?*o. , ll r

11ril f.rt l l

l l ,= ! t {

Now let us suppose tfrit a

we set

A-
2 -

A_
1 -

llr ll i.*=

I f  A=D we slmply write

t t lr=[tl? ,

lle it ,.; l{ r li

o I f]*=""pf a[

ii ' li f.t'Il** ,

D
i 'I tlr**

Moreover we write l l  f  l [  = l lr l l  o=ftJ".

i s  a  subset  o f  )  D.  Then for  each xeD

d--=inf t t"-v[ : y6-A ] , it AfO ,x

d*=f  i f  A=Q '

d x

and defi

A -
L

A * "
L

- -= in f  (d - - ,d - - )  ,y . n y

ne another series of seminorms and norms

f  J . ,==rn  t  d* lo r f  (x ) f  
: *eo ,  

i=1-  -  .d  )  ,

* ] r= " , r n {  d l lD i j f  ( x ) l  : xGD ,  i , ) =1 -  .  . d }  ,

l r  t * )  - r  (y )  |

I "-v t*
, x  r y e D l  ,
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^  -  -  - l

4 r 0 r  f  1 1 + o r l o i f ( x ) - D t f t v ) l  - . . . , , n  . : - . ,, l f j r * *= "op{  d ' *o  
f f i : x ry€D,  

i=1  . . .d }  ,

4 - "  n .  = s , , n  l  o z o , \ 3 i i f l * t - o i i f  
( y ) \ : x , y d D  

,  L , j = 1  . . . d 1  ,'L YJr',;suP t ui"*- 
[*-v l*

An \ \ $ t r  = l l  r t l o  ,
' l o v

A

" ul ll ., *, 
-o ll , rl ,*ofrJr*., , i=o , 1 ,

l_ '

A 
llf lr i*o.=o i i t I l  ,*A[t]r*.. , i=B ',1 '.2 :

o f  cou rse ,  L f  A=6r  w€  have ' l !  t  l l  , =  l l  r  l l  i ,  
0 t \  f  l f  i * *=  l l t l l  . * *

i =0 r1  12 .  We a l so  de f i ne  the  spaces  o f  f unc t i ons

€o tp)  = t r :D->R:  f  is  cont inuous and i l  f  l l  o(* ]  ,

€  1  
t o ) = { f  e € o  ( o ) : D r f  c € o  ( o )  ,  i = l . . . a }  ,

E 2 1 n ; = . | f e f 1  r o ) , D i j  t  e f o ( o ) ,  . i , J = 1 . . . d ' } ,

V L * * ( D ) = { f e E i ( o ) : l [  f l i  i * o . < - J ,  i - = 0 , 1  , 2  .

:rr{F

A function r e \f;To) admits a unique extention E:D -+ R such

thatf  E ]  u1*.  We use the notat ion Bf=E 
l )  or  and so we have

are€]191.  r f  the  bound.ary  a  D is  a  hypersur face  o f  c l -ass  €  ' * * ,

v re  can de f ine  the  H6]der  semi -norms and c lasses  € t r rD) ,  €  
t *o ( )o )

i=0r  112,  in  an  obv ious  manner .  we observe  tha t  B f  6€ t * ' t ro1  ,

p r o v i d e d  t e E  i * * ( o )  
,  f o r  L = 0 , 1  , 2 .

The let ter  C is designed for constants.  Though we wi l l  have

di f ferent constants,  in var ious places we wi l l  use the same



, , , .  ,  I

syrnbol c.

Concerning the Markov proiesses we use the t,erminology

and notat ion of  the book of  R.M. Blumenthal  and R.K. Getoor,
F - r

LB-GJ. For example,  i f  X is a standard process with state space

an open subset EcRd , then for each f e S*te) we may writ 'e

Ex ( f  (xT) )  =Ex ( f  (xTD,T<oolr  I

because f is automatically extended to Etr with f (.d 1 =9.



1. THE DIFFUSION GENERATED BY AN ELLIPTIC

DIFFERENTIAL OPERATOR

The mehhod we employ in this paper is essential ly related

to the Green funct ion.  The most  genera l  c lass of  d i f fus ions,

which we know to possess sat is factory proper t ies of  the Green

funct ions,  is  the c lass generated by e l l ip t ic  operators wi th

H6lder  coef f ic ients .  The construct ion of  these d i - f fus i -ons and

some of the propert ies we need may be founded in the book of

. t- '-r-8 .8 .  
Dynk in IoVJ .  However  fo r  t he  reader ' s  easy  we  b r i e f l y  re take

here these aspects.  We a lso add severa l  proper t ies of  the Green

funct ion that  wi l l  be of  specia l  in terest  to  our  approach.  We

begin by } is t ing a ser ies of  resul ts  f rom the theory of  par t ia l

d i f ferent ia l  equat i -ons,  which are at  the ground of  th is  mat ter .

L e t  . i j ,  i r j = 1 r . . . d ,  b i r i = 1  . . . d r c ,  b e  f u n c t i o n s  o f  H o l d e r

c lass €u(nd) ,  d) r2.  The index o< wi l l  be f ixed throught  the

paper  and  w111  be  supposed  to  sa t i s f y  0  <<<1 .  I t  w i l l  be  rese rved

to ind icate only  H61der  cont inu i - ty .  The coef f ic ients  
" i j  

are

s u p p o s e d . t o  b e  s y m m e t r j - c  ( i . e .  . i i = . 3 1 ,  i ,  j = 1  , . . . d )  a n d  t o

sat is fy  Lhe uni form e l l ip t ic i ty  condi t ion

d

( 1 . 1 )  : -  u i j
i t j = 1

where C +s a str ict ly posi t ive

order dj-fferentiaL operator as

R d ,

constant .  We def ine a second

fol lows

r " r l i ! j ) .151 '  ,  * , \E

d

(1  . z l  r ,=  f  u t  
j o ,  

i  * I  b iD  .  * c
i r j = 1  

- t  
i = 1

Whenever we wil l  say in this paper that an operator  L  is  o f  the
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form (1 .2 ' ,  i t s  coe f f i c ien ts  w i l l  imp l ic i te ly  be  assumed as  above.

For the next six theorems we,rconsider a fixed operator L of the
'  f o r m  1 1  . 2 7

THEOREM 1.1 .  There  ex is ts  a  cont i -nuous  func t i -on  p( t ,x ry )

--.:cra

def ineJon (0rE)xRdxRd wi th  the fo l rowing proper t ies

{1 .3 .0 )  p )0  and  possesses  de r i va t i ves  o f  second  o rde r  w i th

respect  to  x  and of  f i rs t  order  wi th  respect  to  Ei

the derivat ives ofn, oi ip, i , j (d, Dtp, are continuous

functions on (0 rs ) xRdxnd

( 1 . 3 . 1 )  f o r  e a c h  f i x e d  y e R d  t h e '  f u n c t i o n  p  ( .  , .  , y )  s a t i s f i e s

the equat ion (r ,*-ot lp=0

( 1 . 3 . i i )  f i m  ! p ( t , x , y ) f  ( y ) d y = f  1 1 1  ,  x e R d ,  f e [ o ( n d ) .
t+0

( 1 . : . i i i )  P ( t , x , y )  (  c , t - d / 2 " x p ( - C e  h - v l  
' / t ' ,

d + 2

I  o tn  ( t , x , y ) l<  c i t  7 . *o ( -c2  
l x -y l  

' / r l

d + 1

l o in ( t , x , v ) { (  c . , t  '  . *n  - c2 lx -v i2 / t t ,  i ( d

_  d + 2

l o i : n ( t , x , y 1 l  ( c r t  ' " * n ( - c 2  
l x - v l 2 / r t ,  i , j ( d

d-tC

( 1 . 3 . i v )  l p r t  t x r y  - p y ( r , * , y ) l (  c 1 r  T " * n ( - c r l x - v 1 2 / r l  
,

where

pg  ( t , x ,Y )  =  (4Tr t  f d / z  l a . t  " i  
j  (  

"7 \ - t  
1z

.exp ( - : .e i  j  ( "  )  ( * i -y t )  ( * j -v j  I  /  4r l  ;
i j
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T H E O R E M  1 . 2 .  L e t  T ) 0 ,

tr
u ( x , t l =  5  . n ( t , x , y ) h 1 y 1 d y -  S

Rcl

{ . i
6tl  (r)  are the etemenrs of the matr ix tur j l r ; ;  which is

the  lnverse  o f  ( . i j  ( r )  )

In the above estimates C"
I

constants. The function p with

fo r  x€Rd and t€ (OrTf .  Then u  is  bounded,  i t  can  be  ex tended as

a cont l -nuous funct ion on RdxfO,rJ and i ts der ivat ives Dto,

D i t ,  D . . u  a r e  c o n t i n u o u s  i n  n d x ( 0 r T l .  M o r e o v e r  u  s a t i s f i e s  t h e

fol lowing relat ions

( 1 . 4 )  ( L - D t ) u ( x r t ) = f  ( x , t )  ,  x G  R d ,  t C  ( 0 , r ]

t 1  . 5 1  u , ( X r 0 ) = h ( x ) ,  x 6 n d

v is bounded and continuous on RdxfO rt]

D , -V  a re  con t i nuous  i n  ndx (0 r r ' 1  andr-l

a n d  ( 1 . 5 ) ,  t h e n  t h i s  f u n c t i o n  c o i n -

THEOREM 1 .3 (Maximum pr inc ip le)  .  Suppose that  the coef f i -

c ient  c  of  L  sat j -s f ies condi t ion c(0.  Let  D be an open set  in

nd which is  incLuded in  a s t r ip  and Let  u :D--+R be a bounded

cont inuous funct ion such that  the der ivat ives Dj_* ,  Oi j * ,  i r j (d

are cont inuous in  D.  I f  u(0 on )  O and Lu)O j -n  D,  then u$0 in  D.

THEOREM 1 .4  (Schauder  es t ima tes ) .  Le t  D  be  a  bounded  doma in

Ln nd whose boundary j -s  a hypersur f  ace of  c lass Y2**  ,  Ie t  A be

h € €

t (
o '*u

and CZ are strictly positive

the above properties is unique.

o ( * d ) ,  f € 8 1 * u * ( o , r ) )  a n d  p u r

p ( t -s  ,x ,y l  f  (y  ,  s  )  d .yds  ,

,
I f  another  funct ion

i t s  d e r i v a t i v e s  D t v ,  D . v ,- I

. s a t i s f i e s  r e l a t i o n s  ( 1  . 4  )

c ides wi th  u.
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a closed. subset of  )  D and set E= I  pra.  Then there exists a cons-

t ,ant  C>0 such that

A . r
l'l il i+ lt ̂  ( c (A lt r,r1--* 11 ,'ll o* lln" l1 l,*n Ii r  

2 + o c  o (  - ( r

for  any u€E'*u(r l .  The constant c depends onry on the fol lowing

objecrs D,A, l t  " t j l i  " ,  
,  i l  Ui  l lo . ,  i ,  j (d,  i l  c  l ( .1 and rhe el l ip-

t ic i ty  constant  appear ing in  condi t ion (1.  j  )  .

THEOREM 1.5. Let D be a bounded domain in nd whose boundarv

i s  a  h y p e r s u r f a c e  o f  c l a s s  Y 2 * 4 .  A s s u m e  t h a t  c ( 0 .  r f  r e t i d ( o )

and  h  eYr2* " (o ) ,  t hen  the re  ex i s t s  a  un ique  func t i on  ue6 t * * (o )

such that Bu=h and Lu=f in D

THEoREI4 1.6.  suppose that  u i l r '62*4 (nd) ,  u iEf l * t *d) ,
d d d

i , j ( d  a n d  s e t  b * i = - b i * z Z o n " i j ,  c * = c - f  o r u i + I  D r * . i j
j =1  J  i=1  r  T ; '=1  a l

Then the operator

d d
s-- i i t--

l * =  ) -  r t J D r  .  *  L  
g * r p .  + s ' t

i , j = 1  r ' J  F t  I

- , .
i s  o f  t h e  f o r m  1 1  . 2 1 .  L e t  p  ( t r x r y )  a n d  p *  ( t r x r y )  b e  t h e  f u n c t i o n s

a s s o c i a t e d  b y  T h e o r e m  1 . 1  t o  L  a n d  L * .  T h e n  p ( t r x r y ) = p * ( t r y i x ) .

Theorem 1.1.  was proved.  by W .  Pogorzelsk i  and Theorems 1.4

and 1.5 are f lo  to  J .  Schauder .  For  a systemat ic  Lreatment  of  a ] l -

the above resuLts the reader  is  re fered to  the books [nJ ana

F ' r

LL-S-U j .  The  func t i on  u  wh ich  sa t i s f i es  cond i t j - ons  (1 .4 )  and

(1 .5 )  i s  ca l l ed  so lu t i on  o f  t he  Cauchy  p rob lem.  The  func t j -on  u

f rom Theorem 1 .5  is  caI ]ed so lut i -on of  the Di r ichLet-Poisson



prob lem.  ( I f  fgo ,  we

Poisson problem).  An

r e m s  1 . 4  a n d  1 . 5  m a y

not di f f lcul t  to see

the case where D is a

comment.

in Theorem 1

ddnote  by  p+(x  ry )  =p  ( t , x ,y )

. 1

1 3

say Dir ichlet  problem. I f  h30, we cal l  i t

e legant and sel f -contained proof of  Theo-

also be found in the work t e-Ml. It is

that the proofs gi-ven there work also in

str ip.  We wi l l  use this fact  wi t ,h no other

L- DTFTUSIONS

From now on in this section we wi-t l  assume that L is a

fixed operator of the form 1

(;;;-roo .=0. we

LEI IMA 1 .7 .

( a )  ! n a  t * , y ) d y = 1 ,  x 6 R d ,  t ) 0  .

(b )  p t *  
"  

( x  ,  y )  =  $  na  (x  , z lp=  (z  , y l  dz  ,

( c )  l im  sup  a -1 f  p *  ( x ,  y )  dy=o  ,  r )  o
t+o xe Rd "l*-yl7 r

= - C A
( d )  l i m  \  p ,  ( x , y )  f  ( x )  d x = f  ( y )  ,  y € R * ,

t + 0 v L

Proof

.Fo r  (a )  and  (b )  i t  su f f i ces  to  use  the  un i c i t y  asse r t i on

f rom Theorem 1  .2 .  To  deduce  ( c )  one  app l i es  (1  .3 .  i i i )  and  (d )

foL lows  f rom (  1  .3 .  i v )  .

I ' rom (a) and (b) in the preceding lemma it fol lows that

pg (x ry l  i s  t he  dens i t y  (w i t . h  respec t  t o  Lebesgue  measure )  o f  a

x ,  Yc  Rd

the function qiven

,  t ) 0 ,  s ) 0 .

re ff tndl



Markov semlgroup. We denote by ( P r )  t h i s semr_group.

1 4

LEI{MA 1 .8.

P a f  ( x ) - f  ( x )  -

Proof

First  we take rcVz*t(*d) .  Then

the unj-c i ty assert lon of  Theorem 1.2.

x€Rd , E)to, rg€2 (nd)
? +

I  JP"  
(L f  )  ( x )  ds=0  r

the relati-on fol lows from

r f  t eV2  {nd ) ,  t hen  we  can

us the

["-'J)-

take a sequence (fn) of functj.ons in ft*d) which approximate f

nV 
2 (*d)  .  The re la t ion holds for  each f

i t  for  f .

The theory of  s tochast ic  d i f ferent ia l  equat ions suggests

fo l l ow ing  de f i n i t i on  ( see  P ropos i t i on  2 .1  o f  page  155  i n

DEFfN IT ION 1 .g .  Le t  E  be  an  open  se t  i n  nd  and  X=( . fL  nk , r l / r \

Xa,  Oarex)  a s tandard process wi th  cont inuous paths wi th  s tate

space E.  we say that  X ls  an L-d i f fus ion in  E prov ided that  the

process

ri {-( 1  . 7 1  r ( x r ) - 5 : " t ( X = ) d s ,  r €  f o , * )

i s  a  mart ingale wi th  respect  to  each measure P*,

t e Y c ( E ) n 6 2 t u t .

One can obvious ly  see that  the rest r ic t ion

in  E  to  an  open  se t  DCE i s  an  L -d i f f us ion  i n  D .

Now we reformul-ate a resul t  o f  Dynkin (see

T H E O R E M  1 . 1 0 .  T h e r e  e x i s t s  a n  L - d i f f u s i o n

s i t ion funct j -on is  g iven by the semigroup (Pt)  .

and,  as r r - )eo,  we get
n

x€E t for any

o f  an  L -d i f f us ion

I o v ] 1 .

in Rd whose tran-

Moreover for any
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f€82(*u)  the  process  (1 .7 )  i s  a  mar t inga le  w i th  respec t  to  each

measure Px.

Proof

The f i rs t  es t imate  in  (1 .3 .  i i i )  shows tha t  the  semigroup '

( P t )  m a p s  Y o t n d )  i n t o  i t s e l f  a n d  f r o m  ( 1 . 3 . - i i )  i t  f o l l o w s  t h a t

i t  is  cont inuous. Therefore there exists a Hunt Process whose

transition function is given by this semigroup. Because of Lemma

1,7  (c )  the  process  has  cont inuous  pa ths .  Now le t  teV2 ( *d) .  To

show that the process (1.7) is a mart ingale we have to prove

the following equality

(1  .  g )  Ex  ( f  (x t )  5 l " r  (x " )ds /4 ' )  = f  (X , r )

for u.<t. Thus we apply the Markov property and the left side

becomes

By  Lemma 1 .8  the  l as t  exp ress ion  equa ls  f ( * r r ) ,  p rov ing  the

e q u a l i t y  ( 1 . 8 ) .  T h e  p r o o f  i s  c o m p l e t e .

The fo l lowing proposi t ion g ives the probabi l is t j -c  in terpre-
.-.+'

ta t ion of  the Di r ich let -Poisson problem.

nxt (r (xt-u) - 5 l-""t (x") ds) =pr-,rf (xu) - 5 l-"n""f (x,r)ds

,{
P R O P O S I T I O N  f . i 1 .  L e t  E  b e  a n  o p e n  s e t  i n  R *  a n d  X  a n d

L-diffusion in E. Moreover let D be a bounded domain with boun-

dary of class t 'g 2+x

The the function

such rhar Dc n and te \61o) ,  hcV2**(ao) .

( 1 . 9 ) .  u ( x ) = E x ( h ( x r ) ) - E x (  5 3 t , x r ) d t ) ,  x € D ,
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with T=T is  the so lut ion of  the Di r ich let -po j -sson problem,
Ro\p
. , t

i . e .  u€Vz*n  (D) ,  Lu= f  i n  D  and  Bu=h .  Moreove r  fo r  each  xgD one

has Ex (T<oo ) =1 .

The statement  is  s t i l l  t rue i f  E=Rd and D is  a s t r ip .

Proof

Let us denote by v the solution of the Dirichlet-poi-sson

problem: v€8 '**  (o l  ,  Lu=f  j -n  D and Bv=h.  s ince the boundary is

o f  c lass f ,  2+a t ' r  
w€  can  ex tend  v  as  a  func t i on  o f  c lassH 2+x

in nd. Let w be such an extension which moreover has compact

support and supp wc E. We know that

w(x ,  ) -  f  l " ' ( x " )ds-  
E '  \ '  O  S '

is  a mart ingale.  stopping this mart ingare at  r  and taking expec-

tat ion we get

Now let us assume that h=1 and f=0. Then v=1 and for xCD, the

above re.Lation gives
---.'

1 =v (x) =rx (tArcT )

Since t  is  arb i t rary  in  th is  re la t ionr  w€ deduce t ( f  ,  pX-a.s .

On the other hand supposing h:0 and f=1 we get

For  s tJ  we have 1(X" )=1 .  (The usua l  convent lon  f rom the  theory

of standard processes is that  any funct ion 
Y 

,"-b R is extended

o n  E d  s u c h  t h a t f  ( d ) = 0 .  T h e r e f o r e  w e  h a v e  1 ( X " ) = 0  i f  = r r ' ! . 1
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Because v j -s  bounded the above re lat ion shows that  fx( f )<"- r .  In

p a r t i c u l a r  T  i s  f i n i t e ,  a n d  h e n c e  l i m  v ( X - ^ - ) = v ( X -
t*>o'V 

(*tnt) =v (X') '  Lett i-ng

t->oo in relation (*) we deduce that v coincides with function u

g i ven  by  (1 .9 ) .  The  p roo f  j - s  comp le te .

REMARK 1.12.  Let  E be an open set  in  nd and X a s tandard

process with continuous paths with state space EJ Suppose that

for any bounded d,omain D with boundary of class $ 
2+'x 

such that

D-cg ana for  any h GY2*n (eD),  te f t Io)  the so lu t ion u of  the

Di r i ch le t -Po isson  p rob lem sa t i s f y  re la t i - on  (1 .9 ) .  Then  X  i s  an

L-d i f fus i -on in  E.

We wi l l  not  use th is  character i -sat ion of  L-d i f fus ions and

therefore we do not  ins is t  on the proof .

PROPOSIT ION 1 .13 .  Le t  E  be  an  open  se t  i n  Rd  and  X ,  X  two

L-d i f fus ions in  E.  Then the t rans i t ion funct i -ons of  X and T

coinc ide.

Proof

Let us consid.er a bounded domain D with boundary of class

V 
2*4 such that  DCn.  we denote by (or )  ( resp ' .  (Or) )  the t rans i -

t ion funct ion of  the process X ( resp.  X)  rest r ic ted to  D:

ea (x ,A)  =EX (  1A (xr )  ,  t (T" .o  )  ,  x6b,  a  63to I  .

A s imi lar  formula expresse"  0t  (x ,A)  .  We wi l l  show f i rsL that

these t rans i t ion funct ions co i -nc ide.

This wiLl fol low once we have proved that the resolvents

(ua 
h> o and (Ta)r) o given bY

u^ =, f .-^teau. , E3= \ .-xt6aat 
n r.
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coincide. rn order to prove this we bake t  e Y\ot .  Then by re-

l a t i on  (1 .9 )  we  know tha t  uo f  and  Eo f  bo th  be long  aV ' * t ( r )  and

coinc ide wi th  the so lut ion of  the poisson problem. chosing fA

we observe that Uol=Eol is a bounded. function and so Uo=Eo may
r>

be viewed as a bounded operator on 'J)o 
to) . on the other hand the

resolvent  equat ion leads to  the fo l lowing re la t j -on

up =}, h -p) "ui.'

which ho l -ds prov ided that  tA-Pl  l lu r l /  <  l .  o f  course th is  re la t ion

holds aLso with respect to (Ep) . Thus from Uo=Eo we get Up =UF

f o r  
P . t i  

u o l i  
- ' .  

L e t  u s  p u t A  = { : . c - i f o , e 1 :  u ^ = E ^ .  R e a s o n i n g  a s

above we deduce that  A i=  an open set .  The cont inu j - ty  o f  the

resolvents shows that  A is  c losed,  and.  therefore A = lO ,  * )  .  T f r is

impl ies Qt=Ot.

Now le t  us choose a sequence (Dn)  of  bounded domains wi th

b o u n d . a r i e s  o f  c l a s s  V ' * d  s u c h  t h a t  D r , C  D n * 1  r  . D =  1 ' , 2 , . . .  a n d

E=UD - .  The  t rans i t i on  func t i ons  o f  t he  res t r i c t i ons  o f  X- n
n

to D-  co inc ide for  each ?t  and,  in  the l imi t r  w€ have thatn

t rans i t ion funct ions of  X and T co inc ide,  complet ing the
-:.r''

LEI4MA 1.14, t  Let  E be an open set  in  nd and X an L-d i f fus-

i on  i n  E .  Then  a .s .  t he  l e f t  l im i t  a t  t he  l i f e - t im"  
3  f  X? - (w)

Y .

exists in Rd and X.-( .* , )G )n provided that.  J ( ' .d)<.o.  I f  u=Rd,
t -

t h e n  J  =  , r o ,  d . S .

Proof

and X

the

^ - n n S
v r v v r .

Firs t  le t  us consider

we have Ex ( 'q  ) t )  =1 for  each

an L-d i f fus ion X in  Rd

xend,  whi -ch shows that

.  S i n c e  P a 1  = 1

T="o a.  s .
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Now 1et us suppose that E

denote by X, the restrict j-on of

rf X= (-e, ,rl(, ,u(lr,*r,4. , e* )

ls an open subset of Rd and

X  t o  E .

is our L-di f fusion in Rd, then

A

xi=( f , i  , , t r i  ,JLt ,x i . ,Si ,px) ,  where Xl  and.  -g i  are def ined by

xt &r) , if t(T o (r^r) ,
R*rnx i ( * f=

( 4* {'') '
I

91 er t= 1
I
L U , A  ,

,  i f  t l tT a (t t) , .
R-\E

if t(T o (rr)
R*\E

property

function

functlon

Then we

wn

i f  gr ^ (u,)
R*\E

T h e  l i f e - t i m e  
T ' o f  

X ' c o i n c i d e s  w i t h  t * u . " .  T h u s  x ,  h a s  t h e

asserted by the lemma. Further we. def j-ne the canonj-cal

space type process wi th  s tate space E.  F i rs t  for  a

w : [0 rt ]  -+ uA=u U{dJ r w€ p"t 
T 

(rr i  =inf {  te [O te I  zut ( t)  = ui l .

set

=tc.r 3[ 0,8) - EA J

.12"= t  u\d": i rJ (qr)<oo, thenu) 
5-) exists in Rd andrd (T-)C )"] ,

v a ( o ) = q ) ( t )  r  t 6 [ 0 r & ) ,  € 6  w n

( Y F
5 = r ( Y a t  t e L o , o a ) )

Now we def ine t,he map l]

T[ toot (t) =xi (ru)

:12 *r
F

WU as fol lows



Because a .s .  xb-€)E i f  {<ao ,  i t  foL lows tha t  px" 'T [ - l  i s
J '

carr ied byog. rf  T= (6 , i l  ,&r,Ta, da,F"l  is another L-dif fusion

in n, then we def in.T: -D- *> wE

T t*,r (r) { h,,)

The measures E*.T-t  and pxoTl-1 should coincide, because' .  on

account of  Lemma 1.13, they are determined by. the same transi-

t ion funct ion.  Thus ?*" 'R-1 is also carr ied uyQr.  The proof

i-s complete.

THE GREEN FUNCTION

rn th is sub-sect ion X wi l l  be a f ixed L-di f fusion in Rd.

I f  E  is  an  open se t  in  Rd such tha t  AEIO and f ln t -BU1!E) ,  then

we introduce the notat ion

r f  h ,  wou ld  be  d .e f i ned ; l . on  Rd ,  t hen  o f  cou rse  uEr r ( x )=P  d  h (x )
R*rE

for  x€E.

LEMI IA  1 .15 .  Le t  E  be  an  open  se t  such  tha t  da f1 '  I f

(n.
h€ DbbE) and B is  a bounded open set  such that  BCE, then

HEn€82* ( " )  and  LHEh=O in  E .  r f  E  i s  a  s t r i p  o r  a  bounded

domain wi th  boundary of  cras= p2+&,  then one has

( 1 . 1 0 )  t t l l n u r ' l l  
z + 6 $ c l l  r ' l t  ,  h e 9 n ( a E )

Moreover i f  h is cont inuous, then one has



( 1  . 1  1  )  r i m  H E h  ( y )  = h  ( x )  ,
)r>x
v€E

- . 2 1  -

x € ) n

Proof

I f  B is as in the statement we can chose an gpen set D

which is the union of a f inite number of bounded. domains with

.  boundary  o f  c lass  V ' *n  such  tha t  ECo  and  Dcu .  Pu t t i ng .u=HEh,

f rom the strong Markov property we get u(x)=HDu(x),  x€D. This

shows that we may suppose from the begining tha! E is a bounded

'doma ln  
w i th  boundary  o f  c lass  E2* * .  r f  he t2 * * (E ) ,  t hen  f rom

Proposi t  j -on 1 .1  1 we know that  t iEh is  the so lut ion of  a  Di r ich let

problem. On the other hand we have

l\nEi,[[ -< it h ll , ror each ft. . Bo ( ] E)

Therefore if h €Y(?E) we approxS-mate uniformly h by a sequence

(hrr) of functions i-n fl(an) . The preceding inequality shows that

F

" "n r . ,  
un i fo rm ly  app rox ima te  uEh  and  re la t i on  (1 .11 ) ,  wh ich  ho lds

fo r  t he  func t i ons  h '  i s  ob ta ined  a l so  fo r  h .  Re la t i on  (1 .10 )

fol lows Qy a monotone class argument.

A

DEFINITION 1.16.  Let  E be an open set  in  R* and u a func-

t ion that  possesses cont inuous second order  der ivat ives.  We say

that  u  is  L-harmonic  in  E Lf  Lu=0 in  E.

/ h ^

LEMMA 1.17.  Let  u€ I  (E)  be such that  ib  is  bounded on

each compact  subset  o f  E.

(a )  I f  (D i ) i g f  i s  an  open  cove r j -ng  o f  E  such  tha t  D rcn

and
D .

r  H  a u  ( x )  = u  ( x )  ,  x € D *  ,



has the express ion

The f i rs t  est imat ion

In  the  case  d=2  th i s

assuming d)3 in  the

together  some basic

u is L-harmonic ln

t-harmonic in E and

i n  ( i . 3  i i i )  s h o w s  t h a t  g ( x , y ) ( o c '  i f  x l y .

is not true. Here is the reason we are

rest of this paper. The next lemma gathers

proper t ies of  Greenrs funct i -on.

2 2

for each i€r ,  then

( b )  r f  u  i s

E .

i f D is a bounded open set

1 1  . 1 2 1

such that DCe, then og€2**(o) and one has

t lDu (x)  =u (x)  ,  x€D.

Proof

(a) From the preceding lemma we know that u is L-harmonic

in  each of  the sets  Di  ,  therefore i t  is  L-harmonic  in  E.

(b) We may conj-sder that D is included 1n a bounded domain

B wi th  boundary of  c l .ass g 2+a'  
such that  Dc e and Ecg;  Then

the funct ion

v  ( x )  = u  ( x )  - H B u  ( x )  ,  x € B  r

is L-harmonic in B and vanishes on the boundary. The maximum

pr inc lp le  impl les v : iO r  which proves (1 .12)  wi th  B.  Then the

s t . rong  l 4a rkov  p rope r t y  l eads  to  (1  .12 )  w i th  D .  F rom (1 .10 )  we

ge t  ueE2** (o ) .

From now on we assume that the dimension of the space

sat is f ies -gE.  Then the Green funct ion associated to  L on Rd

joo

s ( x , y ) =  5 ; n ( t , x , Y ) d t ,  x , Y €  R d



LEMMA 1 .1 8.

(a) There exist C>0 and r)0 such that

(1  .  1  3)  9  (x ,y) (  c  l * -y  l ' -d  ,  x ly  ,

( 1 . 1 4 )  c = l  l * - v l  
' - t n ( x , y ) ,  x f y r  l x - y l  ( r .

rl
(b)  One has g(xrx)=oo for  each x€R* and g is  cont inuous

A A
on R*xR*.

tA

(c)  For each ydRq the funct ion 9( ' ry)  is  L-harmonic in

-  
ndrty] .  Moreover there exists a constant C >o such that

( 1 . 1 5 )  l o f s ( x , y ) l { c \ * - y l  
1 - d  ,

t o f :e (x ,v ) l<c l " - v [ -d  ,  x *y  .

(d )  For  each y€Rd)  9  ( '  , y )  i s  excess  j . ve .

Proof

(a )  Re la t ion  (1 .13)  fo l lows f rom the  f l rs t  inegua l i t y  in

( 1 . 3  i i i ) .  T o  p r o v e  ( 1 . 1 4 )  w e  u s e  ( i . 3  i v )  a n d  f i r s t  o b t a i n

ico
\  g  r * ,Y) -  F ,  ( t ,x ,v)d t f4  c lx -v l  2+*-d '

An examinat ion of  the express j -on of  pz( t rxrY)  shows that

^  * - d / 2  ' 2 r * r . n  t +  v  r r l- 1  -  e x p  ( - C 2  I x - Y l  
- / t ) (  

P z l t . , x r Y )  ,

wh ich  leads ' to

) -A loo
c  l x -y [  

'  
_?  ]op "  

( t , x , y )d t

From these est imates one easi ly deduces the existence of  r )0

s u c h  t h a t  ( 1 . 1 4 )  h o l d s .
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(b) As in the preceding si tuat ion we use (1.3 iv)  to obtain

an estimate of the form

_ d-,s
F {d /z '  2
_ 1  _  - c t  -  

( p ( t r x r x ) ,

which shows that g(xrx)=oo. The cont inui ty of  g on the diagonal

:  fc i l - lows from est imate (1.14).  The cont inui ty outside the diagonal

.  
t "  a consequence of  est j -mate (1.3 i i i )  and of  the fact  that

P( t rx rY)  i s  con t inuous ,

.  (c)  The est imates f rom (1.3 i i i )  show that we may inter-

change derivation with the integral so that

o f s ( x , y ) =  I i f r ( t , x , y ) d t ,  x f Y ,

o i , s ( x , y ) =  S l o i : p ( t , * , y ) a . ,  x l y ,

and these immediate ly  lead to  (1.15) .  On the other  hand for  x ly

we have

S i n c e  l i m  p ( t r x r y ) = I i m p ( t r x r Y )  = 0  w e  o b s e r v e  t h a t  t h e  l a s t  t e r m
t+0 t '+oo

i s  nu l ,  p rov ing  tha t  g ( ' rY )  i s  L -ha rmon ic .

(d) We have

A F

P t g  ( '  , y )  ( x )  =  )  a e  l s  , x  r Y )  d s  ,

which uf fo t$?o deduce that  9( ' rY)  is  excessive.  The lemma is

. proved

We wi l l  denote by V the potent ia l  kernel  o f  the Process

X.  I t  is  expressed bY, l i



z )

=S*as (x,v)  f  (y ldy, ta$* (*u)  ,

( 1  . 1 6 )  v f  ( x ) = E x t  
[ t ( x . ) d t ) =

x€Rd.

L E M M A  1 . 1 9 .

I
contlnuous function and is L-harmonic in R*rsupp f.

(a) rf re$otndt has compact support, then vf i-s a bounded

(b) re r e 84(nd) has compact supportr then vf has conti-

nuous second order derivatives and LVf=-f.

Proof

(a )  From the  es t imate  (1 .13)  we deduce tha t  the  func t ions

f g (x r . ) ,  *end1  a re  un i fo rm ly  i n teg rab le  on  any  compac t  K .  Tak ing

K=supp f we deduce that, Vf is bounded and continuous. Then in

order to prove L-harmonici ty we are going to use Lemma 1.17.

So let B be any open ball such that E 0x=0 and put T=T a .. F'or
R*rB

x€B we have

nBvf  (x)  =Ex (v f  (xT)  )  = ls*  (g  (xr ,y)  )  f  (y )dy=

=SsBg ( .  , y )  ( x )  f  ( y )  ay=Jg  (x , y )  r  ( y )  dy

The last  equal i ty  hoIds because 9( ' rY)  is  L-harmonic  in  RnrK i f

y€K.  Thus Vf  sat is f ies the condi t ion f rom Lemma 1.17 (a)  and

hence it  is L-harmoni-c in Rdr x.

( b )  W e  w r i t e  V f  ( x ) = u ( x r t ) + v ( x r t )  r  w i t h  t > 0  a n d  u ,  v  g i v e n

by
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u (x , t t =  t l n " f  ( x )ds  ,

v (x, t  )  = ! i " f  (x)  ds=P.Vf (x)  .

By Theorem 1.2 we know that u and v possess continuous second

order der ivat ives wi th respect to x,  f i rst  order wi th respect

to t and

( r -P t )  u  ( x ' t )  = - f  ( x )  '  
,

( L -D t )v  ( x r t )  =0  .

As  one  can  eas i l y  see  O tu  ( x , t )  =Pa f  ( x )  and  D tv  ( x r t )  = -Pa f  ( x )  .

These  re la t i ons  l ead  to  L (u+v )= - f ,  wh ich  comp le tes  the  p roo f .

LEMMA 1.20.  Let  D be a s t r j -p  or  a  bounded domain wi th

boundary of  c lass Y 
2*e 

.  Then any point  x€ )  o  is  regular  for

Rdro

Proof

Let fes ' tnd) be such that supp f  is  compact.  Then the

function u defi ned by

-rirlf

f  
v f  ( x ) ,  i f  x  Rd r  D ,

u ( x ) = . 1

| 
"ovr 

1*y , i f  x€D ,

i s  con t i nuous ,  on  accoun t  o f  re la t i on  (1 .11 ) .  The  func t i on

/1

V=p  . r  V f  i s  excess i ve  and  u=v  i n  R* rOO.  S ince  ?  O  i s  neg l i -
R*\D

gible with respect to Lebesgfue measure we have Pru=Pav for

each  t>0 .  By  (1 .3  i i )  we  have  } im  P*u=u  and  s ince  v  1s  excess i ve
t+0

We also have l im P*v=v.  Therefore we g let  u=v.  For  x€ )D we may
t+0
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write

wlth T=RdtD, whi-ch shows that

e" t  SI t  t " r)  dt)  =o

The function f is arbitrary and so we may choose it  so that f>0

in a neighbourhood of x. Then the preceding relatj-on implies

p x ( r > O ) = 0 ,  c o m p l e t i n g  t h e  p r o o f .

Now we introduce some notation reLated to an arbitrary open

set  Ecnd.  The potent ia l  kernel  o f  an L-d i f fus ion in  E co inc ides

wi th the potent ia l  kernel  o f  the rest r ic t ion of  X t .o  E.  We denote

Ex(  I i , * . )d t1  =vs (x)  =prvr (x)  =Ex,  I ; t (xL)dt ) ,

with T=T ,
R*\E

i t  by vE. r t  is  g iven by

1 1  . 1 7 )  v E f ( x ) = n x ( 5 3 t ( x r ) d t ) ,  f € S + ( E ) ,  x € 8 ,

a ; r A
.  I f  f  € '5b(R*)  has compact  suppor t ,  then

( 1  . 1 8 )  v E f  ( x )  = V f  ( x )  - P  
u  

" u t  

( * )  r  x € E

e denote by gE the Green function in E. It  is defined by

( 1 . 1 9 )  g E  { x , y )  = 9 ( x r y ) - h ( x , y )  ,  x , y € E  ,

where h is given bY

h  (x  r y )  =Ex  (9  ( x r , v )  )  .

From re la t i on  (1 .18 )  we  immed ia te l y  ge t

( 1 .20 )  vE f  ( x )  =  J rn t  ( x , y )  f  ( v )dv  ,  f e  9 *  ( n )  ,  x€E

w.--{
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The main proper t ies of  Green!s funct ion in  E are L is ted in

the fol lowing lemma. The proof ls omitted because is easy.

LEI4MA 1.21

a
(a) The functlon h is f inite and continuous in ExE. For each

f l xed  y€8 ,  t he  func t i on  h ( ' rY )  i s  L -ha rmon ic  - i n  E .

(b)  The funct ion gE is  cont- inuous in  ExE and for  each Y€Er

g( t  ry)  is  excess ive in  E and L-harmonic  in  Er{  V} .  l loreover  one has

g E ( * r y ) ( g ( x r y ) ,  x , y 6  E

(q) For each compact set  KcE, there exists r>0 and C)0

such that

- 1  , 2 - d ,  E ,c  '  
l * -y l  

' - k  g"  (x ,y )  ,  x€E,  Y€K,  l * -y l<  t

(d) Assume that E is a str ip or a bounded domain with

boundary of class 
t6 2+ol 

.  Then for each f ixed !€Er the function

gE(. ry)  can be extended to E as a cont inuous funct ion

vanish ing on ? n.

:-ita



i
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) q.  e J

Green potentials
-

There are several approaches to Green/ s function ancl Green

potentials in the axiomatic potential theory as well as in

probabi l is t ic  potent ia l  theory.chapg,er vr  of  the book Ia-c]  ana

t l re book [M] are most fami l iar  to probabiLists.We wi l l  prefer the

approach presented. in Iu]  uecause t [e hypotheses K-w(ot Kuni ta-

Watanabe) are very easy to check in our case.

' .  L e n m a  , L . 2 2

- Let E be a:l- oper set in Rd. Then the semi.group of an L-diffussior

in  E sat is f ies the hypotheses K-W wi th Lebgsgue measure as dual i ty

nea$usg.  For  each x € E the f r rnct ion gE(* ,  ) is  coexcessive and t l :e

dual  potent ia l  kernel  is  g iven by

A
U  ( a x r y )  =  g E ( x r y ) d x ,  y  €  E .

Proof .

- In the case r: =Rd we can write expliciteJ-y the dual semigrcup
 
:\
Y  g ( C x r Y )  =  

P  ( t r x r Y ) d x .  
i .

Tne rrypotheses K-w can l;e easily checked on account of Lemma !_,7,

e s t i m a t i o n ( 1 . I 3 ) a n d  u s i n g  t h e  c o n t i n u i t y  
" f  

p ( t , x r y ) ,

Now l-et  E be an arbi t rary open set.we wir l  work wi th a process x

whi-ch is an L-di f fusj-on in nd.t ts restr ict ion to E, which is an L-

di f fusion in E, has the fol lowincr resolvent

r { r c " l  =  E x ( 5 3  e - ^ t  f  ( x r ) d r ) .  t  u 8 * ( n ) , x  €  E ,

,  X , Y  €  R d ,

)  O r x r y  € .  E

- Then we introduce

e^(x,v) = Jl"-^tp
hn(x rY)  =  Ex (e . - rT

gP, (x ry )  =  9^ (x ,y ;

wj- 'bnT =Iu.".Denoting by(Va) the resoLvent of X we can wri te

Vo"t (x) ={r (x) -ex r.-lrVrt (xr ) ) .

. the notation

( t r x r y ) d t  2 7 7 1  o

g^  (X ryy )  )  ,
/t

-  h ^  ( x r y )  ,  2 '
T
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Thus '..re deduce

Now

o f

For

- 3 0

"-ttP.r-f 
-Jo.-*"p, 

r"_ :r ) f _ ds , r€82 (*d)

ls analogous to that in Lemma 1.8.The operator L-l should be us'g'<l

lne t 'eaa bf . rr. The martingale from ( 1 .7 ) should be replased by

exp( - r t ) r (X t ) -  5 :  exp ( -as )  (L - l ) f  f r " )as .

-  Formula(1 .9)  i s  genera l i sed  so  tha t

* a  ( x ) = s x ( e x p ( - a R ) h ( X R ) - E (  ( $ :  e x p ( - o ! ) f  ( X r ) d t ) , x e  D t

with R=T*da.O, is the solut ion of the Dir ichlet-Pcisson problem.

wl th  respect  to  L- i [  ,1 ; . , .  (L-a)uA= f  ln  D,  and u l  = .h  On dD.  11\({_#l
We eonclude that h,r(xry) is continuous,wh*clr 1ead,s to the cottl'iit{ql

Further to verify the hypotheses K-W everything is obvious exeept j-

the following relation

n ! !1 . ^5 "  
r ( x )  s f , ( * , v1  dx=r (v ) , raK  (e ) ,  

u€ t '
Thls relation wil l  be provefl once we have establi :hed the fol lowing

( x )  I im .1  S" t t * ,  h^ (x ,y )  dx=o
A-->oo

Frcm the  f i rs t  es t imat ion  in  (1 .3 . i i i )  we have
- floo -x.r -*z -( ) it

a 9 ^ ( x r Y ) (  C t  J " ^ t '  
-  t  e  

e g ' - / a  d ' t ' '

J
provided that lx-y lT.  t  Putt ing tvt(r)=sSP.{ t -3re (-c2r2/ i l  we get

t g ^ ( * r y )  (  c l M ( r ) . r h e n  f o r  a  f i x e d  y  6  S  w e  p u t  r = d ( y ,  ? E ) a n d

obtain

F C r l / A

:  f  ( x ) =  ) o  s i ( x , y ) f  ( y ) d y ,  x  €  E ,  f c  ) J + ( E ) .
? . ' 1

we assert tirat Sf is contihuous on E x E for

course for l=o we have ,3=n" and we know it, is

i  )  o we should repeat the reasoning.Firstrthe

each A),  o,

cont inuous.

relat ion

-^T) 
.From this relation we easil-y

ver i f icat ion of  the hypotheses K- l i :

we have

gE ( *  ,v )  9^ ( "  ; ] ' )  dz ,

a h r ( x r y )  (  c r  M ( r ) r x ( e

get relation (rr-) , comPleting the

Now from the resolvent equation

gE (* ,v)  =s{ (x ,y i  *  ̂  5"



T ,

From estlmate
Er

um g i ( x , y )  =
l-+oo fv

!{e deduce that

Remark.

3 1

( 1 . 3 . 1 1 1 )  w e  d e d u c e  l l m  g -  ( x r y )  =  0 r d n d  h e n c e
L'>oo 

-fl

0.Therefore letting l-D-o in the preceding relation
Ea

g" (x ,  )  i s  co -excess i ve rcomp le t l ng  the  p roo f .

The. dual  semigroup t f r ) i "  not  sub-Markov in general .More

precisely under the hypotheses of Theorem r.6 the semigroup
A \.r

(Pt) is sub-Markov if  and onLy if  the coeficient cifrappearing therr
-v-

sat isf ies iK 0.Therefore we could not use direct ly the resul ts

of  Chapter Vr in [a-c] ,

rf f" is a Radon measure in E we introduce the notatj-on
t n F -

" " f ( * )=Jn  
so (x , y )  f  

( dy )  , x  €  E .

Thls funct ion is cal1ed the Green potent ia l  in E of  measur:e1v.
F

S i n c e  9 " ( " r y )  i s  e x c e s s i v e  i n  E  f o r  e a c h  1 t €  E r o n e  e a s i l y

ded,uces that CE .re in E for e-anh ta.-As e neY
T 

t=  excess ive  in  E  fo r  each 
/u .A"  

a  par t i cu la r

case of Theorem T9 from page 65 in I ul we have the forlowing

r e s u l t .

T h e o r e n  1 . 2 3

Let E be an open set in Rd and u an excessive function in E.

Suppose that there exists f  e 3l* tu)  such that,V"f  is  f in i te and

u.(  VEf .Then there exists a unique Radon measure 1.  such that
E

o=GI.Let M be a c losed set in E such that,  pru=urwhere p,  is

considered with respect to an L-di f fusion in E.Then suppAclvt .

The next lemma gather together some properties of Green

poten t ia ls .

L e m m a  I . 2 4 .

Let  X be an L-d i f fus ion in  an open set  E C Rd.

(a) If  D is an open set such that D C E and I is a Rad,on

measure such that suppf c Drthen PD

(2.2r1 cf"t" l=elt" l*pu.D clf  x) ,  x € D.
(b) tutW" such that CI i"  bounded.Then 

# 
t" L-harmonic in

F F

Y-7 and

E\supppJf efl is L-harmonic in an open set D c Erthen supppr,fl O=fl.
' l l
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Proof .

(a) The f i rst  assert ion fo l lows from Theorem T6 of  page 65 in

fmZl .Re la t ion  (L .2 I ) i s  a  consequence o f  the  fo l low ing  equa l i t y

g E ( * r y )  =  g D ( x r y ) + e x , ( s E { x r r y )  ) ,  x  €  D  t  y  €  D ,  T = T " . o  r

Whie f i  resu l ts  d i rec t l y  f rom (1 .19) .

(b) The f i rst ,  assert ion fo lLows from Lemma 1.15.Now 1et us

suppose that supp JL(ID#. Then we take *o€ supp/nD and choose

t- R-
O < ) -  <  d ( x o r . C D ) .  T h e n  t h e  s e t  B = B ( x o r b  ) s a t i s f i e s  B  C  D .  F r o m

I remma I  .2L.  <*\

and r € (o,E1 such that(c) rtre get C ) O

c-1 lxo-v l t -d

Since *o  6  =uppf  ,  i t  fo l lows tha t  ' -he  measure?= lA txo  
, r ) ' t  

L t

non-null .  Thus from the preceding estimate we have

^ B '  J >  c - l r 2 - d t ( r ) > o .o)rt *o

and us ing  re la t ion  (1 .2 I )we obLa in

(te) 
"1r,"o)-PerB 

cErtxo) > o.

pu t  Z  = . t ' u .  S ince

get

us

we

GE i s  L -ha rmon ic  i n  D ,  f rom Lemma r -17 -
r

"? 
* GEr, = 

+= tr.."ai = pE.B cE" +e"."eEr.
--.{F 

Tr F:

On the other hand. the function= G"tr and G] are excessive' and so

4 t' n"..""1'
GEo ) t".."o"y.

These inequallt ies and the preceding equality shows that

cX = t"o"3, which is in contradiction with the relation ('X) '

l lherefore our suPPosi t ion fa i lsrand hence sunP/ 4 P4.The proof

ls compl-ete.

Iret

( b )
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Lemma I .25

Let E be an open set in nd andf ,fn, n ( N Racon measures in E

such that

(1 )  I I rn  
fn@ 

=,p( r ) ,  reVn{ i l ,

(1r)  
Hl  

t r f  rn ,&lon(a,r)  l l=o,"  € E,

( l i i )  
$ } l l " } . . ru , ' l l l  r  d€  E ,

wherer l t r ,  (arr)  = Ie ( .  , i l 'h ,  f  
(arr)  = rg (a , r f l t  .

( a )  T h e n  f o r  e a c h  t  € € c ( E ) , f  Z  o  o n e  h a s

um [cE- ,. - cE- .lpo
n 

-t.l"n -t.f,

(b) i4oreover i f  there exists g e3* (E) such t l rat  the funct ion

,, = ,Ft i" finite urrd G:., cl < rt , n G N, then for any compact
1  I n

K c .E  one has

um /{ cf -"", i/ * =e
n  f n f

Proof .

( a )  L e t  t a Y " ( E ) , f  )  o  u e  f i x e d .  t r r e  c h o o s e  a  
" . * n " S ? s u c h  

r h a t
o

supp f  C  M.  Cond i t ions( i i ;4 .6  t ( i i i ) toge ther  w i th  a  compac i ty

argument show that for  each f ixed t>0 there exists r  > O.such that

t l$ ta , r ) l /  < t '  and  l l " | " , " , r ) l l  <  €

for each a € M provided n is large enough. Further we choose

Y e V(nxs ) such rhar 0 -< t'

V (x ry )  =  1  i f  l " -V t )  r .  Then the  fu i rc t ions ' in  the  fami ly

t V ( " r .  ) g E ( x r , i t ( "  j : x  e  u l a r e  e q u a i - L u n i f o r m  c o n t i n u o u s .  T h e r e f o r e

the rneasures/{rn converge to4 uniform wittr respect to t^his family

of functions. Thus we have

$) I  J  v  &,y)gE (x,y)  t  ( i l fn(dv)  - !  t i r t * ,y)sE (x,y l  r (v f ;n {av) f< f . ,
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for each x e M, provided, n ls large enough. On the other hand slnc

O  S  I -  l ,  ( x r .  )  (  1 B ( x r r ) r w e  h a v e

o ( tgE (x,y) r(y ) fntai l - ly (x,v) eE (*,Y) r  tv)fr  tav)

GEr. r, , because M
, - f n

preceding est imate

PE.Brrr (x) =sx t I i"t (xr) dt) ,

with Trr=TE.Brr.Since l im trr{ r w€

- - "  - :  
-  - I i m . P g . B  v ( x ) = Q t  x  €  E '  I

" - n  -  - n

Slnce PE.B v is L-harmonic in Brrr it follows that the preceding

n
llmlt relation ho.lds uniformly on each compact set. Now let K be

.99
a fixed compactY-and t>0. we choose k so that Bk ? K and

ll "".". 
lrilK< g .

k

Then we choose fe 8"tn) such that 0 ( f  < I ln E and f=l pn a

x  6  E ,

get

for each x € U and n large. A simil"ar estimate hold.s with 
f 

Lnstea

otfn These est imat€S'- 'and (x)  lead to

lS  g"  (x ,v)  r (v )A (av)  -  SgE (* ,v )  r (v ) f (av l l<  E (2  l f r t l+1) ,

for each x € M and n large. With our notation this can be written

as

| . ' 'E 
n,*, 

-oL.y tx)15 g(2ltffi r x ci M.

By Lemm )"rt"'{n'' ,^r".'nu,r. ,r.?fi i#{n*"?1r,=

has been choosen so that supP f C M. Thus the

lead,s to

i l  c?,fr ,  
"?.Al l  <t (2rt f l+r),

whl,ch completes the Proof of (a) .

(b) we choose a sequence of bound.ed. open sets such that
4

E, C Bn+I ,  and 
"=9 "rr .  

Working with a process X which is an
n

L-diffusion in E we can write



35

nelghbourhood of q.. rf we denote by h=l-f, we can write supp

h ( lE*=f i .  Apply ing Lemma L.zA (a) we get

tf;r* =B"i"o"fi,'1 ',( t"'*t.l ( Pu*o' ,
and similarly cE ? Dnn.1,tr, ( n".."nt' rt follows

1icf;,rll 2r ' ilnf;./"ll * <t-
combining these estimates wtth ;:. ' ,t- '  dss€rtion (a) we obtain:the

desslred coyrclusion, complet5-ng the proof .

Lemma L .25

Let E be an open set and 
/ a Rad.on neasure such that c! i=

bounded. Suppose that a € E is such that

(1.22) t im t l  "3 l l  =0 ,
r+0 

'' 
ft

whererAr=lB(arr)) .A,Then tJre funct ion cE^:-"  cont lnuous at  a.

Proo f .

we putf ' r=f-fr .  
The funct i .on 

"u' ,  
is L-harmonic in B(arr).1in

lat
part icular continuous.Since t

llS- "/1,n = ll $,lt r
re la t ion  ( r .22) imp l ies  the  cont inu i ty  o t  

" ; .
Remark

' - - 'qv '  Rerat ion (L.22)  character ises the cont inu i ty  r i .e .  i r  cE-  i "r
con t i nuous  i n  a r then  re la t i on  (L .22 )  ho lds .

Lemma_l . 2 7

Assume that  the coef ic ients 'o f  L  sat is f ies the condi t ions

" t  
je  

Yz*n(*d)  una n ie  8t** (*d)  ,  i ,  j  €  d  so rhat  the ad jo inr

operator L* h""  coef f ic ients of  crass E*(nd) .  Then for each x € Rd

the funct ion g(xr .  )  possesses cont indous second.  order  der ivat ives
A

ln R*\{xJ.Moreover there exists C > 0 such thaL
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'  
I  1 l  -  - .  r

l { .  s t x , v ) l  (  c l * - v l t - u  r x t y ,6nd  t f y

r t Y  , - d  A
l r r j  9 ( x r y 1  1  <  c l * - y f  

- *  
r x t y c R c t , x * y .

P-roof .

I t  fo lLows f rom The0rem 1.6 and Lemma I . lg . (C) .

Lemma I .28

Assume the hypotheses of the preceding lemma.Let D be a bounded

d o m a i n w i t h b o u n d a r y o f c 1 a s s f , 2 * * . I f ) i s a R a d . o n m e a s u r e s u c h

that c! rs bounded aira rre E 2 toltlE"tol l rhen one has

I  h(x) !  (dx)=- S cf  rx l r rxr , : t* ldx.  ,
b b v

Pr-oof .

I f  r  e  F ip )  n€c  (D) ,  re ta t i on  ( r .9 )  ensu res  us  tha r

f=-LVDf

Then by the Greeni s formula we have

S hr = -S rr"uo, = - S t"*r,) vDr
D D

We put

a

v ( y )  =  )  r , x r r ( x ) g D ( x r y ) d x ,  . y  €  D .
D

The propertles of gD allow us to deduce that rr is a conti-nuous

function. The preceding id.entity may be written as

\nt = -Jor.

since f is arbitrary, it follows h = -v. rntegrating this egua,lity

wlth )r.(.dy). we get the relation in the statement.
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2. Fun'ctl.,ona1s which Number the Crossin
In th ls sei t ion L wi l l  be an operator of i " ; the form(I .2)wi th c *

and E an open set in Rc.x wil l be an L-diffusion in E and K a closr

subset  o f  E .For  each €)  O we.put

v €  =  { .  t e u : d ( x r K ) < e  }  .

Then we deflne the following stopping times

T  =  T K ,  S =  T E . v r ,

T t = S +  T  o  g S ,

Ttr*r = Tr, * T, o tr ' r i l  =1 ,2" '

Of course these stopping times depend on € .for t c fp ,.,,o) we put

( 2 . t 1  o i  = , 1 .
{r,., ( r}.

€

t
n=I

For each,s€JI ,  the number of  d ist inct  d isplacemens of  the path

from the exterior of vt to K unti l the time t equals the quantity

g-r  a l tor l  .The process A€ = (A:)  is  adapted.,  nondecreas1ng,

right-continuous and of pure jumps.The jumps accur only at, the

t lmes Tr r r r l  =L t2 . . .  r  and are  o f  cons tan t  leng th  .Now le t  us  look  a t

the moments

", n* ( Trr+r.

The fol lowing statements hold almost surely:

l f  Tn(,r)(*  r then Xrrr( ,u)  G K and i f  (Tr,  + Sogrrr)

1 ( Tn' + S" grrr ) (uo) €

should have 1im Tr.
n

t (co .1gg set A1- =

a! =  0 a .  s . W e  n o t e

nVlOn account  o f  Lemma t .14

=€a.s .Therefore at i  is  f i l i - le

- l t_L.ot.one obviously has Tr)
t ->dt

that

e b  ^ e
J 0  l n . r ( X t ) d # t  =  0  ,  a . s .

The process AE looks very much like an additive functional supportei

(6J) <,rlo , then

we deduce that one

a.s .  I? :  : l :h
0 a . s .  , a n d  h e n c e
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K.Th is  fea ture  is  s t ressed by  Lemma 2 .3  f rom be low.

Lemma 2. I

Le t  t €  f0 r . , o lu t t6

a

, A nt ='1, r,, s

,(", = trr,.

Slnce the incLusiorr,,Cti" obvious we haye to

, ,Cl '  .Thus ret us consider .r and n =ff innu,

rf Tn+t (t.r) - t4, thenq; * t nr. rf Tn+r h:) ( *,

I f  besides we suppose that t = Trr(cu) rthen t

and  so  x ( t+  So  9 t )  (w )  6 l  E \ve .Th is  imp t ies  t

and hence cu e A ,rt

p u t  T O  -  0  d n d r  f o r  n  =  0 r l r 2 . . . ,

t (  t  + S o o t a  r n + r . . " o ) ,

t  (  rn+r (  t+s.e] ,

set

d ,rt = {T' s L, Tn+r = *},

A, =FoA 
".,4'. :g/,. , l(, =*Jud'".

Then the setsA r , t rArra,  A ' r ra ,  n  = 0r 'L12. . .  are.mutual ly  d is jo in t

and Ja =A 
aU rV aLl n'ta almost surely.

Proo f .

Since l im Tr, = oo d.. S. r we have
n

@

'r)- = 
r.-90 {r,., ( t ( rrr+rJ u'"'

We assert  that  for  each n

o.) trr,( t ( rn+r]=A'tU N ntU(r,t.

prove only the inclusj-c

S t ( trr*, (,.ru) .

r then Xrrr*l (tr-') c K,

+ $ a ea Gr) < Tn+l (trr) (oo

+ $o$a(cu)  (  T r r * r ( ru ) ,

Now let us suppose that Tn(i.r)< tj Tn+f (ro)<.,o .Suppose

Uesia$?.,9a(ce,)  =,ro.Then clear ly , .uc. / \nt . I t  So0t(ur)  (o.e i  then

X(t  + $oea) (co) = xso0a(r , . l )  e E\vt .Therefore t  + S, gt( t r ' )  t '  Tn+t ( .^r)

and we conclude that ei ther weArrrot  w"A'"arwhj-ch completes

the proof of (-$ . The reminder proof is obvious.
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Lemma 2 .2

Assume the notation of the preceding Lemma.rf u)a /\r.g,

then one has

( 2 . 2 )  T r r + k @ )  =  t  +  T k  o t @ ) 7 l t , = r , 2 , . . .

r f. w € drrt, then one has

( 1 . 3 )  T n + k + I ( u J )  =  t  +  T n o  g a ( * ) k = l  , 2 . . .

.//
r f  u re  A  n t ' then  Tro  e t ( . , )  =o  r i .n  par t i cu la r  re la t ion  (2 .2 )  ho lds .

Proof .

First we assert that the inequality rr, (*r ) s t lmplies

(2 .41  T r r+ r ( r )  (  t  +  T roo t (q " . )

To check this we use the following general relation

( 2 , 5 )  u  +  r ; 0 , ,  =  i n f  { s  !  u : x " €  M } ,  M € 3 ( E ) r u €  t 0 , * ) .

Thls relat ion gives f i rst

l t r l  
+  g r , , ( e r ) (  t + $ o g . ( u r ) r

and  then  us ing  i t  aga in  we  ge t  i nequa l i t y  (2 .4 ) .

Now le t  us suppose that  , r ,eA/r r t .Frpm inequal i ty  (2 .4)  we

ob ta in  f ro9 r (cu )  =@,  wh ich  imp l i es  re la t i on  (2 .2 ) .Then  le t  us

suppose that Lu C hrra.Since in this case *rrr*, (ru) e K, from

relat ion (2.5)  anf lg lequar i ty  t  +  Soor(cu)  < t r . * ,  (eu)  we deduce
q3t

t  +  Sogt (o )  +  Tc 'g ( t  +So0a)  (o )  (  T r r * ,  ( r r , r ) .

The lef t  s ide of  th is inequal iar \? *  Tr.ga(.-) .Therefore we geL

t  *  T rc  ea(co)  =  Tn+I  ( r , . , r )  rbecause o f  (2 .4 ) .Re la t ion  (2 .21  fgL lows

by lnduc t ion .Fur ther  le t  us  cons ider  the  case Ur€A; t .Us ing

again relat lon (2.5) 7 f rom the inequal i ty t  {  Trr+r(*)  we obtain

t + TloOt(t r) S Tn+2 0u) .
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s-lmtlarly from the inequaltty Tn+r(ro) < t +so Oa(w) we obtain
Tn+t( (u)  * to** r r* , , - ,  *  t  +SoOa(tc)  and a lso Tn+2(u)  S t *Troet (qr ) .
Relat ion(2.3Jfol lows by induction.The lemma is proved.

Lg,lmma 2.J.

Assume the not,at, ion of Lemma 2.f  . I f  t  O, )  and s 0, , then

( 2 . 6 )  A t * " (  )  =  A a (  )  *  A "  o t (  l ,

p r o v i d e d L h a t  
t  a a n d

provided that 
t,

Proo f .

R e l a t i o n  ( 2 . 6 )  f o l l o w s  f r o m  ( 2 . 2 )  a n d  r e l a t i o n  ( 2 . 7 )  f r o m  ( 2 . 3 ) . T h e

proof is complete.

Le t ' I  be  y  Bore l  subset  o f  K  and pu t

( 2 . 8 )  u r ( x )  =  E x (  o  ( x t ) d A t ) ,  x  E .

obviously we have u*(x)  = Ex(A ) .we wi l l  s imply wr i te u = uK,

Lem.{na -2,,-4
'  For each r  (K) the funct ion u,  is  excessi-ve.one has ur prut  +

and Pou, = ulptovided that D is an open set such that v D.

Proof .

We treat the case r  = K onlyrbecause the general  case is s imi lar .From

t h e  r e l a t i o n s  ( 2 . 6 ) a n d ( 2 . 7 )  w e  o b t a i n

E * ( , r ( x t ) )  =  E x ( A  e t )  E x ( A  )  =  u ( x ) ,  x  E .

Now we are  go ing  to  p rove tha t  l im nx(u(xa) )  =  u (x )  fo r  each x  E .
t 0

F l rs t  f rom re la t ion  (2 .5 )  we observe  tha t  s  t  imp l ies

s +  e "  t +  g a . T h e r e f o r e t h e s e t s  
t =  t +  e t  T t r t  0 r )

satisfy the relation 
t, s provided that s t.Then we remark that

l l m t +  S s =  , a n d h e n c e
t 0  -

t o  E =  s  T I
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Since t S < tt] =fS<.o) we d,educe that

(l ar UtS =-J = J)- .
t>0

By Lernm a 2.3 we have

c 9 G
ai(ut) = Ai(.-u) + f;0.(cu) r

provided that rrr efraU { S =.tt.Since 
}i*t+0

a l  = Q
E,

we obtain

E - l ' t' i  A i o r ' { r r t u { S = d \ /  t 1  a . b t

Taktng the expect,ation we get

llm nx tt tr r0 t U t S =oo]) =e* (el) r
t*0

whlch in turn impl ies l im trx tdo e* )  = l lm Ex (u (X* )  )  =u (x)  .  rhus
tro - tro

u is  excessive.Now le t  us check that  u  5 P*u *€ .?h is  fo l lows once

we have proved that

(x) o '*S€ + a|* 'e,q, tK

we have TxS T l . r f  Tx(ar )  <  Tr ( ,e r ) r then {_ - f . . ; l  
-  0  though i f

TK (t.;) = T1 (.r..,) , then .,i.'C- A ,- 
l'' K' 

'K

- * { - )U ' 'A  r *Gr , r  'There fore  we ge t  re la t ion

(X) applYing Lemma 2.3.

Le t  D be  an  open se t  such tha t f  C  D. I f  x  e  Dt  the  re la t ion

e o u ( x )  =  u ( r )  i s  o b v i o u s . I f  x  e  E \ D r t h e n  x ( T D ) €  )  o r P x - a ' . s , ,

a r rd  hence S o  gr_  =  0  ,Px-a .  s .  s ince  a t  { ro )  =0 ,  re la t ion  (2 .6 )  g ives  us

e1* = al^c 9. ni3urs.Therefore Pou (x) = u (x) l compreting tlre proof .oo €o ,D

l fhe aim of this paper is to prove that in the case when K is a

hypersurface the functionals A€ converge (as€.l0) to a continuous i

addi t ive funct ional  suppor ted by K.The bastc  est imate in  prov ing

the convergence is the fol lowing lemma which is a version of a

resul t  o f  B&111r  (see Lemma I  o f  [B l l  )  .We omi t  the proof  because i t ,  i

s imi lar  to  the or ig ina l



Lemma 2.5

Let A =(A*) be an lncreasing process which is r lght  cont inuous.

adapted and such that AO =O.Assume that Aoo= J-im A, is px-
_ t->q

J.ntegrable for each x e E and set u (x) = Ex (Aoa) .Moreover suppose

that :the"re are ,,two- const,ants A.and [- such that

A t  - A t _ { A ,  t >  o ,  :

I r  A t -  A . r f  t a  l ( f  r t  )  o .l^rc 
-

r ,et  /ue a cAF and u/  (x)  = EX AL) i ts potent iaL.Then one has

sx (sup lo. - o' ,1zl/e <r +flu -u/il +

+2{7(u(x) +u/ (  * l lLt f  + A + t l  , ,  - . { i l  , f t .
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3.. _.rLg,.!gSS o fJ-Evpg relelg

In th is sect , ion L is an operator of  the form (L.2) in nd(a >/  3)

w i t h  c  E  0 . F o r  p )  0  w e  p u t  D p  =  { *  €  R d ,  l * d l .  P l  a n d

( = {x € ndrxd = O}.We retake the frame of  the preceding sect ion

with respect to the set E -  DI.Sp X is an L-di f fusion in DI.

The set Vt col-ncides with Dn.For t  4 (0. l )we preserve the notat ion

TrSrTn and e l  w i l l  be  de f ined by  Q.L) .The Lebesgue measure  in  K

will be denoted by 
f 

(Since K is isomorphic to Rd-l we may conside

t j r is  measure).We denote by A the me+sure'Zad4p.rwhere..dd i " . '
/

'  
the coef ic ient  appear ing in the expression of  L.The integral  of  a

function f € 3*(nd)*itf, respect to .a, can be written as follows

n G t l

5 f  (x )  r .  (dx )  = .Lu- ,  r ( /  ,0 )2"dd  ( {  ,o )dx / .

T. f  xc  Rd we wr i te  x  -  ( * / rxd) rw i th  *za  *d-1 ,  xd6  R ' l l .Now we s ta te

ttre result of convergence of a€ in the case when the coeficient

bd appear lng in the expression of  L is nul l .

T h e o r e m  3 . 1

Assume that  Ud= 0.Then there ex is ts  a CAFrArsuch that

( 3 . r 1  1 i m  s u p l a t  - A . - l  -  0 '  a . s .
t + o  t  

'  s  ^ . /
( 3 .2 . )  

" " i = " l t o t  
-  A r  i ' r " ' <  cE ,x  G  Dr .

t

The functional A is determined by the fol loping relation

( 3 . 3 )  E x ( A " " )  =  s  9 1  ( * r y )  1  ( d y )  , x  6  D 1  r
K

where gr  = gDj [  is  the Green funct ion assoclated wi th  L in  Dr-

P roo  f .

First we are going to prove the fol lowing relation

0 A )  n x ( t < 1 1  . =  r  - l " d l  ,  x e D r .
(&-)

We observe thatE-unction appearing in the right side of this

equal t ty is L-harmonic in DlK. (Here we use the fact ,  that  UtO. l

This funct ion is the solut ion of  the Dir ichlet  problem in Dl \  K
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wlt t r  the fo l lowlng boundary condi t ions: I  on K and, 0 on ?Dl.

Since our process X may be viewed. as the restriction to DI

of  an t , -d i f fusion in Rdrwe apply formula (1. f i )  to obtain relat j -on

(*)  wi th x € Dl \K.Furtherra point  x € K is regular for  the set

tx  €  ndrxd2 0)  and fo r  the  se t  {x  e  nd ,xds  0J ,  on  account  o f

Lemma I .20.A l i t t le anaLisys of  the t ra jector ies shows that x

should be regular for  Krwhlch impl ies relat ion(1e).Simi lar ly we

have

E x ( S l o o  )  =  I r  x  6  D ,

Further we are going to prove the following relation

/  u  A .
( 3 . J )  

" ^ ( T r z - a t )  
=  ( 1 - € ) A ( 1 - l * * l  )  r  x G D r .

By the strong Markov property we have

nx {rr 4c,o ) = Ex (nxS (t 4oo 1 , $ <-o ) .

r f  x  €  q  r t h e n  * S U  t D t ,  P x - a . s . ,  a n d  h e n c e

E X S ( 1  < o o  )  -  t - € ,  p x - a . s .

I f  x  €  o i E  r t h e n  X S  =  * ,  P x - a . s ' ,  a n d '  h e n c e

# ( T t  . ' o  )  =  E x ( T  ( . o  )  =  r -  f x d t ,

wh lch  proves(3 .J ) .comput ing  fu r ther  we ge t

Ex(Tn+r  4eo )  =  Ex(eXrn( r ,  < 'a  ) ;Tn  < ' 'o  )  =

= ( t - € ) E x ( T r ,  < . r  1  =  ( r - e ) t n x t T ,  ( o o  )  ,

because almost surely Trr(r ':)<'o implies x*rr(t 'u)G K'

Now we can obtain an expl ic i te e><pression for u(x) = gx(a:o)

u ( x )  = € P  E x { T , . < c r )  =  ( 1 - € )  n  t r - l x d [ ) '
n=I

Let  us  pu t  u tx )  =  f - l *d l .By  Lemma 3 .2  f rom be low we know tha t

o/  L" a regular potent ia l .Hencerthere exists a cAF A such that

u ' ( * )  =  Ex(A- ) .The fo rmula  proved in  Lemma 3 .2  g ives  re la t i -on  (3 .3 )
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Est imat lon (3.2;  foLlows from Lemma 2.5 and the folLowing easl ly

observed relatlons

li u-u/ li = E

a! - Ai_-< € , r ) o

o < { -  ^ i  -^:"o.St , t}  o.

The last, estimate is obtained from Lernma 2.3.It remains to prove

r e L a t i o n  ( 3 . r 1 . T h e n  w e  s e t g g  =  k - 2  a n d  a k  =  A € k .

A Borel-Cantel l i  argument together wi th est j -mate (3.2) leads to

(x* )  l im sup lo l  -  Ar l  =o ,a .s .
k t

On the other hand, putting Trrf = T' and looking at-the definit ion

we observe that Trr(  *  {  provided aSI .Therefore we have

I 
-1 oI . .-t A?.

Now for t  such that t f* f  (  e (  Ek r^re obt,ain

v2 L-L el 5 a€. ( (k+r )2 t 
-tot*t 

,

and further

l o i - o . l  * ( # )  
' l o t - o . t  . i + ) ' [ o t * ' - o . l  * * o . .

This est , imate together  wi th  k .$ leads to  re la t j -on (3. f ) rwhic f r

completes the proof of the theorem.

Lemma 3 .2

Under  the condi t ion bd = 0,  the funct ion utx)  = r -  *d is

a regular  potent ia l  in  DI . I I  can be represented.  as a Green

potent ia l  o f  measure A :

o / ( * )  =  5  g r ( * , y )  a  ( d y ) , '  x  €  D r  .
K

Proo f .

Let  U be the potent ia l .kernel  o f  Brownian mot ion in  the

in te rva l  ( - l r l ) .The  Green  fonc t i on  I  co r respond ing  toU  has
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the expression(see page 25g of  tOol  )

f

a  ( s , t )  = J t t - " ) ( t + r )  ' s  \ t L '
t .

we choose a funct ion te  B*(n)  such that  supp f  C (_t r l ) , f  ) .  0
ana Jr  =  t .Then we put  fn( t )  =  n f  (n t ) ,  n  €  N.Then the funct ions

( r l r r t t l  f 1 ,  6 ( t , s ) r n ( s ) d s  t  n €  N ,

are of  c lassF*(-1rt)  and alr .  vanis l  at  the boundary points.

A strightforward computation shows that

' r 'Vtlu 
fn (t) = -2fn (r) .'qt rr r l

Further a change of vari-abr.e d.n the inegral shows that

U rn( r )  = f_1 6( t ,u /n)  r (u)du.

Slce  6  i "  un i f# fy  cont j -nuou-s  on  ( - r r r )  X  ( - l , I )  rwe deduce f rom

this formula that t / f '  converges uni f ,or inry to 6(,  r0) . l t row vre put

urr(x)  =U tr . (*d) for  eacir  x € Dr.Then u. , ,  e 6*{nr)  and

urr(x ' r r r )  = urr(x/11; -  o for  e a. '  x/  € Rd-1.appiv i . ,<r  r ,  we obtain

Lur,  (x)  = -2. ,dC 1y) fn (*C) ,

Here  we 'have usec  the  fac t  tha t  b ' -1  =  O.By fo r rnu la ( l .9 )  we ceduce . :_

tha t  u r ,  -  vDthr r rwhere  hr r (x )  =  zudd ly ) fn ( *d) ,  x  €  Dr .Then we can

write

n
ur ,  ( x )  =  

)  g l  ( * , y )hn  (v )  dy ,  x  €  p r .

s ince 6{" ,0 ;  =  , l i= l  , i t  fo t lows that  un converges un i for rn ly  to  u / .
The funct ions u* are regular potent ia lsranc hence the l imi  t  u l  is

arso a regular potent ia l .on the other hand the measures hr.(v)dv

converge Lo  the  measure  i \  (dy )so  tha t  cond i t ion( i )  o f  Lemma I .25  is

sa t ' l s f ied .  us ing  es t imate  (1 .13)  one can eas i l y  see  tha t  cond i r - ions

( i i )ana ( i i i )o f  tha t  lemma are  ver i f iec l  too .Moreover  choos inq  a
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nuriber a > 0 i .arge enough,the potential  aul wirr sat isfy

un (  
"Sl  

for  each n € N.Thus assert ion (b) of  Lemma t ,Z5 impl ies

l im u- (x) = c?r (x) ,
n t r l

completing the proof.

In the next theorem we treat the same problem as in Theorem 3.1

fO-n the general  case when bd is nonnul l . r f  one wants to general ise

only relat ion (3.1)r  th is can be easi ly done using the Carneron-

- I t {ar t in-Girsanov formula.However relat ion (3.2) seems to be much

more di f f icul t  to general ise by th is meUrod.rn fact  we are not

ab le  to  ob ta in  i t  bu t  a  weaker  vers i -on  (see re la t ion(3 .5)  f rom

be low)us ing  a  d i f fe ren t  method o f  ana ly t i ca l  fea tu . re .The proc f  i s

based on several  lemmas which have their  own interest .Since they

are also lengthy we present- them in the next three sect ions.

Theorem 3 .3

'Assume that  bd is  non-nul l .Then there.  ex is ts  a cAFrArsush that

l i m  s u p  l o .  -  O t l  =  0 ,  a . s .
€ - * 0  t  

'  I '  r ' I

n x ( s u p , t A t  -  o . l  2 ) L / 2 < .  c ( € 1 n  t / s ) L / 4 ,  x  €  D r  , € c  ( 0 , r " )
t

constant independent of  x,The fonct ional  A is

rt
nx (a , J  =  

f ,  n t  ( x , y ) l  ( dy )  , x  €  D t .

Ploof ,-

First we remark thut#Iatement wi1l holcl true once we are able

to prohre i t  for  a  process t ransformeci  by a nr i ld  randomgime change.

Bo th  re la t i ons  (3 .4 )and (3 .5 ) rema in  unmod i f i ed  a f te r  a  ranc lom t ime
change .Fo r  re la t i on  (3 .6 )we  shou td  obse rve  the  fo l l ow ing  fac ts .

Le t  f ,  =  dL ,  where  og tn (Rd) .Then  the  Green  func t i on  d r  assoc ia ted
t { t

with L in Dt is reLated to g '  by

( 3 . 4 )

( 3 . 5 )

where fu ls a

determined by

( 3 . 6 )
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^.rl r -tg - *  ( x r y I  =  g ' ( x r y )  a - ' ( y )

and the measure t correspond,ing to i is related to a bV X = a,A.

So relat ion (3.6) holds for  L once i t  was establ ished for f .

We use this remark choosing a = (zadd) -r  
rso that  the coeff ic ient

- - a  I

Eod cotresponding to f  i "  6dd = t /2.Thus in the rest  of  th is proof

we wi l l  assume that udd = L/2.ThLs assumptj-on wl l l  a l low us to use

Lemmer 5.9 at the proper time

As ln  the  proo f  o f  Theorem 3 . l r re la t ion  (3 .4 )  fo l lows f rom

re la t ion  (3 '5 ) .A lso  inequa l i t y  (3 .s1  fo l lows f rom Lemma z .s  once

we are able to est imat, :  
n 

:e . r (* i  :  nx(nr  11  u-c j l l l i v rhere  u(x )  
-  

e ] (a f , ) ,x  €  Dr . rh is

I's diff icult point now and the reminder proof is clevoted to obtain

such an est imate. t rnder the hypothesis we have just  macle the

measures l  and y coincide.Besides t  we wi l l  use a second parameter

P wh-ich wil l be srnaLl-.lr le wil l see that the optimal choi-ce is

something l ike P 
=gp.However unti l the proper time we only suppose

t h a t  0  <  €  <  p  (  l . W e  s e t  *  =  t ' . a ' ^ . S i n c e  S o O R  =  0  a . s . ,  w e  d e d u c e
r P

.  f rom re la t j .on  (2 .6 )  tha t

A: = al  +f ;e* a.s.

Sett ing v(x)  = EX(af,)we obtain

- - i . - . , :  G . 7 )  u { x )  =  v ( x )  *  n o r . D , . u ( x ) ,  x  G  D p .
, .  r l ,

Now we are going to study function F :
o<3

V ( x )  = € . q  n x { r n g  R )  ,  x G D p ,

We know from Proposi t ion l ,1 l  that  px(n 4. ,o )  = 1 for  each x ( .  
"p.

on the other hand we have {.Trr ( ro ! c{ tr, ( *.r*i} drs r ,becarrse

Tr  )  0  a .s .There fore  the  fo l low ing  equa l i t ies  ho ld  px-a .s .  fo r

e a c h  x  €  D - ,' p '

t rrr+r S nj ={Tn *TrotrrrS R;Tr, ( ,  R} ={ rrotrr.* *r**rr;Trr< Rl



Furhter we have RcO- = 0 4.s.  because Dr\D. is regular.This i lead.s
l ( r E

I

# n

Ex(Tronrr r (  *onrr r ;  Tn = R)  . (  Ex(TrogTn (  0)  =  0,

which in turn impi-ies

ux{rr*,  (  R) = Ex(rto orr,  {  *otrrrr trr-(  R) =

=Ex (ExTn (Tr ( e) ; Tn ( R) ,

Now we d,efine an operaaor orr8' top; by

M f  ( x )  =  E X ( f  ( x r ,  ) ; T r  <  n )  ,  x t  D p .
' 1

i ,This operator is in fact  a kernel  supported by K.With th is notat io

we can repeat the above reasoning to obtain

Ex( f  ( *T r r * r ) ;Tn+r  - (  R )  =  Ex (nxTn( f  ( xT I ) ;T {  S  R)  rTn  s  n )  =

=  Ex (Mf  ( xTn ) ;T r ,  (  R )  =  I t l i l * r f  ( x ) .

We deduce the follovring expresslon for rr
. < J o

(3 .7 '  t  l r  = t  Z .  un l .
n=l

Further l-et us look at the operator l ' i .Because t.P we have

R  =  S  +  R g 0 - o . . s , ,  a n d  t h e r e f c r e
-

r , r f  (x)  = Ex(nxs 1f  (xn,) ; r  < R) )  j
=_j .

The probabi l is t ic  interpretat ion of  the Dir ichlet  problem shovrs

that the function

h ( x )  = E X ( f ( x r ) ; T (  R )  i  x 6  D O ,

is L-harmonic in De\K,Moreover if f is continuous then h can be

extended as a continuous function on To such t 'hat h (x) = 0

fo r  x  e lD l t  and"h(x )  =  f  (x )  i f  x  €  K .s imi ta r ly  the  func t ion
l"

L ( x )  =  E X ( h ( x e ) ) ,  x €  D 6 '
) E

is L-harnonic in D, and can be extendec as a continuous function
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9n Fe such that  1(x)  =  h(x)  for  x  e  )Da .The fast  express ion of

Mf shows tha t  Mf  (x )  =  h (x )  i f  x  e  op toa  and Mf  (x )  =  1 (x )  i f

x € Da.In particular Mf is continuous provided f: 'Ls continuous -

Furtherrfrom Lemrna 4.3 and. the maximum princip}e'we deduce that

.  - l
Mt <  I - f ,ep- I ,w i th  a  cons tan t  t€  (0 , IJ .There fore  l lM l l  <  I  and '  we

may consider the series i l f lrwhich defines a bounded operator
n=I

sat is fy ing
oo

( 3 . 8 ) l l  z  l f l t l <  P / f z .
n=l

F r o m r e ] . a t i o n ( 3 . 7 / ) w e d e d u c e t h a t v . i S a b o r r r r d ' e d c o n t i n u o u s

f r r n c t i o n . T a k l n g p = l w e h a v e u = v a n d s o w e f i n d t h a t u i s a l s o

bounded and cont inuous,From Lemrnas 2.4 and 5.12 we deduce that u j

a regular Potent- ia l .

Now we associate to L another operator defined by

= - d r iu  =  F  a * J D * . . .
'  i ' j = l  

- J

We denote by T an L-diffusj-on process in D1 and tr?,i l wil-l

be  ob jec ts  s imi la r  to  u rVrM assoc ia ted  w i th  resPect  to  T .As  we

have seen in the proof of  Theorem 3.. l r i t  is  qui te easy to work

with such a process.For example the expression of  I f  can be

expl ic i te ly compuLed and simi lar  to relat ion (3.3/  )  we obtain

f r r ( x )  =  ( r - l * d l  p - l l n  ( r - s p - l  ) , x €  
? .

This formula leads to
lF

i F (x )  =€  z - f rn r (x )  =  tp - l "d l  I  n  (p - r )  ,
n= l

l lfr ll = r-EP -r 
,

ao

l l=.f i"11 < (r-eprrpze .
n= l

Further we apply Lemma 4.2 and obtain the fol lowing estimate

(3 .9 )  l r ' r r ( * )  - f r f  t x ) f  (  cE( r  +  tnp / t ) f l f  l l  , x  €  D6 ,
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wh lch .  ho lds  p rov lded  tha t  

P<Porwhere  po  e  (0 r r l  t s  a  cons tan t  .
.Then we are going to prove the following inequality

( 3 , 1 0 )  l v ( x ) - ? t x l l g  . p t  l n t p / e 1 , x €  D 6  r
whlch  ho lds  prov ided.  tha t  F< FO and t6  (Orp) .To  th is  a im we beg in

wlth t 'he followlng ldent,ity which can be checked by a strightforwari

'computation
, o o o o o o c -

Z- t3 -Z U =(X un) tufrl tZ- frt).
It=} n=I n=0 n=0

Applying the above operators to functi.on lrwe get

v-V = (g ut) (rqfr) (V+6).
n=0

Slnce 1l ?+eil=F , relation ( 3 .9 ) implies
l * l

I  (M-M)  (V+g)  (x ) l (  c€F(L+rnp/L)  ,xe  D.  .
l r a

Flna l l y  es t imate  (3 . r0 )  fo l lows f rom th is  inequa l i t y  and re la t ion(3 .g)

. No!,r we fix some notation,For each B \^/e denote by gf the Green
I

funct ion associated, to L in $.The Green potent ia l  6f  *u"ure 7 in Dr o - f
wil l  be denoted by c i .s imi lar ly -g-pand 

c!  wi t l  indicare anarogous-  
c  

_ _ 1  J r  - - _ _ _  
6

objects  associated wi th  i .gy Lemma 3.2 we have

F a a

Et"=B- l*df  ,
V  I  t " l '

which leads to

( 3 .1 r t  l \ v  -  eP lF  6 .
ll ,r 

tt

At thls moment we apply Lemma 5.9 with respect, to L and then with

respect to f, obtainig

(3.r2)  l l  Gf ,  AJi l<.pr .
T h i s  i n e q u a l i t y  t o g e t h e r  w i t h  ( 3 . t 0 ) a n d ( 3 . 1 1 ) s h o w  t h a t ,

l v ( x '  
s '  |  -  

t -  e y 2 l n 8 / a  v  c r - tr ' " ' )  St")  l (  e + c1zune./ t ,x € DE.
Since the function$ appearing in this inequality are continuous near

the boundary Jot we observe that the inequality holds even for

x€ )D..on the other hand the expression of  EP al lows us to deduceL
^  _ B  . *

P  
- g  

, (  c i ( x )  r f o r  e a c h  x €  D a . T h e n  b y ( g . r Z )  w e  o b t a i nr
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o

I  /2  <  e  l ( * )  , *e  8 , ,
r  

-  E '
provJ.ded thatt<f / I  andp is smal l  enough.Thj-s lnequal i ty and

ttre preced.ing one inply

I  r r rx )  -  c i rx l l (  c (€p- l  + f  r .n (p / i l ) . | r " r ,xe  6e  .

We lntend, to. aPply Lemma 5.l.Therefore we look at the function G|.
r

By Lemma L.26 we d,educe that 
"i 

t= a contlnuous functlon and from

(3.12) wi th 
P 

= l rwe see l t  is  bounded.Then we ded.r , rce i r r . t  cf  is

a regular potent j -a l ,  on account of  Lemma 5. l2.r inal ly we app/y

- Lemrna 6 .l and f rom the above i'nequality we get

l u  -  . i l  <  c (ep- l  +  ph  V/€ . , , *
Since C] is bounded this implies/{

J

l l "  -  
t l l  <c(rp- l  +-prn(p/e)) .

Now we ovserve that the sharpegt estimate !{e may obtain from this

inequallty is when p is choosen to be 
t 

={t /{ffi.Namely we get

( 3 . t 3 ) l l  
"  

- c i l l 5 . c t l e r n r p ,  r o r  s m a l r E  j

As we have. already mentioned the reminder proof is siruilar to that

o f  T h e o r e m  3 . I .
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4. Application of the Shauder Estimates

In this section B is a parameter belonging to (0,11 and we put

Dp  =dx  eRd ,  l *d l  ap ] ,  D 'p  = {xe  Rd ,  o  <  *d  < .p }  .  we  suppose  tha t  L  i s  an  opera to r

of the form (1.2) with c = 0. With the coeff ic ients at j  of  L we def ine another operator

d
.  L  = 2 _  d ' D ; i .

FI 'J

Lemma,4 .  l .

For tgF'(nd- l )  und Pc 
(0,11, we denote by u thef  -harrnonic funct ion in Di

p
- which is the solution of the following Dirichlet problem

A I

u(x',O) = f(x'), u(x',p ) = 0, x' 6 R' '.

Then, for € € (0,P ), we denote by v the I-ha.*onic function in D, which is the

solution of the Dirichlet problem

r . l
v(x ' ,  €) = u(x ' ,  € )r  v(x ' ,  -  t  )  = 0, x '€ R'

There exists a constant C independent of f ,  p and € such that

(+.r)  Atul i  
s c l t f  l l ,

w i t h A = l  x e  R d , * d = o ) ( c ) D !  ) a n d
I

(a.2) [vi, s c t' 
- lll rll .

Proof

' For any t > 0 we define the map Fr(x) = tx, F, : Rd -z Rd. This map is a

dif leomorphism and, for 
Pe 

(0,11, we have Fp (Dr) = DU . One can easily see that i f

h C €"{oO ), then h" 
? 

U€ 
u{or) and the following relations hold

(4 .3 )  [heF  ] "=Pu [h ]a ,

(?,r) Atr, F l"=A;rr1u' .
d . .

Let us put L, ,  =.E,aUo o^ Di l  and observe that l lut$ [" .Si{" tJ l lo.  ,  fo,  anvl3ei  (0.1] .  Then
f  i , j= l  l ,  

L t  
I
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Theorm 1.4 gives us a constant c ) 0, independent of p, such that

(4.5) [ hllz*oc s c(l lr 'nl l".* l lhl lo + l lenll2*o.),
.  r  A ,  ^ . A . , -  , ,  F([-i l  " l lhl lz*uc S c(^lltpnll.,* i ihl lo * ff anl[ 7.*a-),

for any h€Yl2*o((Dr), with E ={xGRd, *d = I} . If the function f in the statement is in

V 
z**(nd- l), ,h"n ug€2*&(Dl\ ) and, as one can easiry see, we have L ., (u o F^ ) = 0. ThenP  - p ' - - ' F '

from (4.5') we get

A" l luo  
T l [  , .nS c l l  uoFp i l  =  c l l f  i l .

The same inequali ty holds for f€Ho(*o-l),  on account of an approximation argument. Using

the equali ty (4.4) we get (4.1). Further, from the preceding inequali ty we have

[u(. ,  g)Jo * €[u(. ,  €) i ,  + €.2[u(.,  oJr+ z2*' i [u(.r t) ]r* *< cl l f l l .  .

Then, relation (4.3) allows us to transform this inequality into

l i  ueF, (.,1)l l2*"( < cilt l l .

Applying relation (4.5) to u of ,  we get

l lv o Frll ,*o. < c(l lvoF ll o * l lu o F. C,r)l lz-J S cilf1| .

Then, using relation (4.3), we get the estimate (4.2). The proof is complete.

Lemma 4. 2.

It  teE'(no-t), t" denote by u the L-harmonic function in Dp\t*d = 0] which is the

solution of the boundary problem

u(x ' ,O)  =  f ( x ' ) ,  u (x ' , p  )  =  u (x ' , - p )  =  0 ,  * ,C .Rd-1 .

Then,  for€e (0,p) ,  we denote by v  the funct ion which is  L-harmonic  in  D,  and sat is f ies

v (x ' , €  )  =  u (x ' , €  ) ,  v ( x ' , - g  )  =  u (x ' , -  € ) ,  x ' €  Rd-1 .

Similarly, we define the function I to be f-hurrnonic in Dp\{*d = o} satisfying the

conditions

[ (x ' ,0) = f(x ') ,  [(x ' ,p ) = f(x ' ,- f  )  = 0, x '  GRd-l
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and the function V to be f-h"rronic in D 6 satisfying

i(x ' ,  €)  = [ (x l ,€ ) ,  V(x ' , -  € )  = [ (x ' , -  €) ,  x,G Rd-I .

There exists a constant C > 0 and po6(0,11such that

(4.6) l tv - V l l  Sc €(l + tnf/ '€.) l lr l l ,

f o r a n y t e  F ' t n d - l ) a n d o < € ,  a p  a p ,  .

Proof

First we note that I satisfies the estimate (4.1). Also V may be written as T = vr + vt 2 '

with v1r v1 both l-harmonic in D. satisfying the condit ionsl ' z z

A I

v r ( x ' , 6 )  =  [ ( x ' , 6 ) ,  v r ( x ' , - € )  =  0 ,  x ' €  R q - t ,

vU(x'rE ) = 0, vr(x',- g ) = [(x',- €. ), x' G Rd- l.

Therefore i satisfies the estimate (4.2). Our next aim is to prove the following

inequality

(4.2) I u(x) - [rx)l ! c i*dl rnt f/l*di )trtfr

From (4.1) we have

l *d l  tD,[(x) i  Scl t  r11 .

and this allows us to obtain

I rlk) i=lTbiDi[tx)l 5 c't1tY/*d1.

Let us put l(x) = xdln tp/"d1, *€DF . This function vanishes on the boundary of DU .

. Applying L we get

Ll(x) = -udd{*) /*d * ud(*Xtn(prl*d)-l).

Choosing f3" to be small enough we wil l  have Ll(x) ( -C"/*d, for any x€D'o prov, ' ided-  
l -  l .

q < P a F o . N o w l e t k b e a p o s i t i v e c o n s t a n t a n d n c i t e w = k l l f i t  l + u - u . T h i s f u : n c t i o n

also vanishes on the boundary of D'o and applying L we get
r

Lw(x) S (c; - kc,,) llf lllxd.
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Therefore we choose k so that C' < kC'' and consequently Lw ( 0 in D'^ . The maximum
F

principle (Theorem 1.3) gives w ) 0, which, written in a different form, is

'  u - [ < t < 1 1 t ; i t .

Repeating the above reasoning with w = kl l f  l l l  -  [* u we wil l  get

u - r s k l l f l l l .

A
These estimates together lead to the inequality (4.7), for x' € (0, 

F ). Similarly one gets the
A

inequali ty for x"6 (- p ,O).

Further.we introduce the function I which is L-harmonic in D,. and satisf ies the

boundary conditions 
E

?x', t ) = il(x', d ), 7x', - E) = [(x',- €), x'e Rd- l.

We are now going to show that

r  F  - l  1  A )(4.8)  I  V(x)  -  V(x) l  S c€- ' (€ '  -  (x ' ) 'y1i i1{ .

From (4.2) we have

l . - l  r ^ .  i  - ,  - l

Ir-" |  - l?b'Dit l< c'  € 
- ' l l  r t [ .

I

Then we take l(x) = g2 - (*d)2. tt p o is smalr enough, we wil l get Lr < _c,, in D, , provided
t *

0 < € <9 <Fo, where C" is a constant.  This t ime we put w = k C- ' l l t l l t  + v -  Tand again w
I  l -

vanish on the boundary (of D, ). Inside D, we have

t

Lw (  (C '  -  kC ' ' )  e - ' l l f  l l .

Choosing k such that C' < kC" we get Lw ( 0. On account of the maximum prnciple we get

- w ) 0, which can be written as

I

t _  t s  k  r - , ( t f l l l .

Similarly we get

t - 7S r s- l i lrtf r,

completing the proof of the estimate (4.8).

Now from the maximum principle we have



I

i . .

i

i

s7

i l" -  r=l,S supl lu(x) - [(x) l  :  x€ )De ],
The right side can be estimated from (4.2) op13i.nin,

l f  - .  3 r , . -  -  - ;
tf v _ vilj c €ln (p /t)ilf lf ^r -  - l ' - ' ' . - r l  r

This inequality together with (4.g) lead to (4.O. Tne lemma is proved.

Lemma 4.3.

i

Let u be the L-harmonic function in olt*o = 0] which satisfies the boundaryr
- conditions

_u(x' ,0) 
= l ,  u(x' ,p ) = u(x'r-p ) = O, x, eRd- l .

Then there exist a constant ;J- 6 (0,11 such that

u ( x ) (  I  - t p  - t l * o l  
, x c D p , p € ( o , r l .

Proof

We define f(t) = ("b - tx"b - expbt) unA *(*) = f(p-l lxdl), *itf, b a constant to beI  r .
choosen. We see that

w(x ' ,O) = l ,  w(x ' ,p)  = w(x, , -p)  = 0 and
I

Lw(x)  = -bp- t ( "0  -  l )exp(bp- l i *d lxuddl* ;6p- t  *  ud(* ) ) .

choosing b large. 
"""qh 

we have budd>bd, and hence L*So in D^\t*d=0) for each
/ ' 3 \ J

pG (0,11. The maximum principle implies u ( w in D,, .t ' l s

on the other hand the derivative of the function h(t) = f(t) - l * (eb - t)- lut satisfies

- n/(t) S o, for tC [o,oo). Therefore we have

.  f ( t ) S l - ( " b - r ) - l u t .
D

This implies u(x) ( w(x) a.l - ("u - t)-lui*dl , completing the proof.

In the first part of this section we are assuming that L = * A and X is the Brownian
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moiion in Rd,d ) 3. The Green function is known to be

(5 .1 )  g (x ,y )  =  k l *  -  y l2 -d ,

with k  a constant  which depends on the d imension d.  We put  D{  ={  x6Rd:  l *d l  <  f } .

Lemma 5 .1 .

The Green function for D, has the following expression

gl(*,y) =>- (- l ) ig(x,(y ' ,2i  * (- t) iyd)),  x,y€Dr.
i ez

Proof

In order to check that the function g{ giu"n by the above formula is the Green
t

function, one should prove that g(',y) - g{{',r) is harmonic in Do and g{(x,y) = 0 for any

xe)D4, ye D,t (see relation (1.19)).

First we write

t

gt(x,y) = g(x,y) + h'(x,y) + h"(x,y),

h'(x,y) =i t- l)ig(x,(y',2i * (-r)iyd)),
i = l

h"(x,y) =f (- t) ig(x,(y,,2i + (- l) iyd1;.
i=-  I

The general term which appears in the above series 1g(x,y',Zi* (-{) iyd),decreases to zero

provided i*ot or i*>-err and x,y GDnere f ixed. Thus the series are convergent because of

the factor (-{) i  wfrich makes them alternating. If  i  10, the function g(., (y,,2i * (-{) iyd)) i ,

harmonic in D4, and hence h'and h" are both harmonic in Dr. Further, for x '-  (xr,{), we have

g(x,(y' ,2i  * (-{) iyd)) = g(x,(y ' ,2(- i  +,1) * i - l )- i* tro)),

.  wh ich  shows  tnu ,  g { { * , r )=0 .S im i la r l y  we  gu t  g { ( * , y )=O fo r  any  x€ }D .1 ,  comp le t i ng  the

proof.

We will denote by U the potential kernel of Brownian motion in DO. It can be expressed

as

c(5 '2)  ur(x '=J,y, - ,vx(v)dv,  te 9*(Dd),  x€D{ '

D{
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' Lemma 
5 .2 .

a) There exists a constant C ) 0, such that

l l  url,  S ctrl l  ,  t€Vo{or).' t -

b) If f€tittor), then DrUf = ubif for any i < a - r.

Proof

Let y€D, be fixed. The function g(.,(y,,- rd-Z))is harmonic in Dn and, on the boundary.

we have

g(x,(y',-yd-z)) = g(x'y), if xd = -,1

tk,( ,t,-rd-z)) < g(x,y), if xd = .1.

From the maximum principle we get

g(x,(y ' , -yd-2))  (  g(x,y)  -  g l {* ,y) ,  x€Dt.

Now we introduce the functions

^  l ^  . \  r -

l(u,s,t) = k(u2 + (s - t)\Q-d)12,

m(u,s, t )  =Z (- l ) i l (u,s,2i  *  ( - l ) i t ) ,
iez

so that  g(x ,y)  = l ( lx ,  -  y , I ,  *d ,  yd)  und g{{* ,y1 = m( lx '  -  y , l ,  *d ,  yd) .

The preceding inequality can be written as

. m(urs,t) ( l(u,s,t) - l(u,s, - 1 - 2),

for s,t (-{, ,1), u€ R*. Then, from the identity

n (5.3) a-Plz

. we deduce

- o-plz = (b - axb* * 
"*l-t l i  " i/20(p-i- 

L)lzru-vlzb-plz,
i=0

(5.4) m(u,s,t) ( l6k(d - z)u2-d(uZ * L6)-1.

The expression of Uf can be transformed by a change of variable in the integral.

obtaining



(i.j) uf(x, ={ 
t 

f m( ly'l ,*d,yd)I(*' * y',yd)dy'dyd.

Then using the estimate (5.4) we get

J : S, ,mfi y,l ,*d,yd)dy'dyd < rzr{a - ,)J. . ly,it-1tly,l 
2 + l6)-{6y, 1o6.-  : 1  p o - l  R d - {

This estimate and relation (5.5) imply both a) and b) in the statement, completing the proof.

For the next lemmas we need some more notation. Let h : R-+p be so that

(i.6) he €Tnl, supp h c (-i,t), h > o, Jn = t.

For a function t, nd-1-> n and n€N we define another functiarr Jnf : Rd-+R by
s A

J"f(x) = nf(x')h(nxs).

Lemma 5.3.

There exists a constant C > 0 such that

l lurnr l  Sci l f l | ,  retstnd-l) ,  n€N.

proof

Using relation (5.5) and estimate (5.4) we get

lurntt*)l s cttrggJ{ nntnyo)oro = ciirif ,

which proves the lemma

The potential kernel of Brownian motion on the whole space Rd will be denoted by N.

It can be expressed with the Green function given by (5.1) as

Nf(x) = ( g(x,yX(y)dy, x€ Rd,

with f e $otnd) such that suppf is compact. It is known that Nf is bounded and continuous.

Lemma 5.4.

There exists a constant C > O such that

l l  rur l r l i  5crgf l t  ,  n€N,



f o rany reE  t nd - { ) * , r r , supp f  4  B ' ( r )=  [ x€Rd - { : 1x l  < r } .

Proof

Estimating tk,y) j klr, _ v,12-a we get

lNrnrr*ll s cllrf _J . lv,l 2-doy, 
fnn(nro)oro,

B(r)

which leads to the inequality in the statement

Lemma 5.5.

t '  T h e r e i s  a c o n s t a n t C  ) 0 s u c h t h a t

lfoox:nr ll < cilrli, tets ,*a-{), n6 N.

Proof

The function Jnf has compact support 
"no 

porr"Qs a bounded derivative with respect
to xd' Therefore DdNJnf exists. In order to estimate it we first write

NJnf(x',s) = r.ff tt '* y,)nh(nydXly,lt * l, - ydiz)(z-o)/ror,oro.

we have to evaruate NJnf(x',s) - NJnf(x',t). Then f rom the identity (i.3) we deduce
.  I  )  ^  f ^  . \ r ^

Q v , | z * l , - y d | 2 ) ( 2 - d ) | , . ( | , , l 2 * | t - , d 1 2 1 Q . i l / 2 ,

S(d-2)  l ,  - , l . l s  +  t  -  zyd i . i r , f  t -o( lv , l  2  +  u2; t ,

with u = ls - ydl Vit - ydl . The integral
.  t t  1 A  .  . rI  = 5 .r :  

t -ot  
ly, lz *  l ) -{dy,

il,0-r

^ is finite and we have.

0
.  )  l v ' l  

2 -d ( l v ' l  2 *uz ) - l dy ' =u - l l .

Since I s * t - ,rdl ( 2u, from the above considerations we get

lNJnf(x',s) - NJnf(x',t l i1zta - 2)ls _ t!t  (! t ! !  ,

This inequalitv leads to loonirntfs zto - z)rrril, completing the proof.
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Lemma 5. 6.

Let E = x€Rd, lx' l < lr lxdl < l].There exists a constant c > 0 such that

[oout* )  [  Sc[ "1 ] ,  X6E,  l * ' i  <  * ,  *d€(- l , t ) ,

for any function u€Y 
2(E) which is harmonic in E and satisfies the conditions

u(x' ,{)  = u(x' ,-{)  = 0 i f  Ix ' l  < l .

Proof.

*..  define a function v, which extends u to the set E'= t*6Rd: 1x, I  < t,  *dg G3J)'!  ,
as follows

v(x ' ,xd;  = u(x , ,xd) ,  i t  xd6 [ - l , l ] ,

v(x',xd) = -u(x,,2 - *d), i f  xd6: (1,3)

. A . A A
v(x ' ,xd)  = -u(x , ,  -Z -  xd) ,  i t  xd5(-3, - l ) .

Obviously v is continuous and computing left and right derivatives at a point (x' , i)  we see

that  DOv ex is ts  and is  cont inuous in  E ' .  S inc€ u = 0 on the set f  x€Rd,  l * ' l  (  l ,  xd = l ]  ,  we

have Dru = 0, Drru = 0 on this set, for i , j  S d - l .  This shows that the derivatives Dru, Dr.u

exist and are continuous in E', for i , j  S d -1. Then we see that DOD.v is also continuos in E,.

From the relationAu = 0 we deduce DOOu(x',I) = 0, which leads to the existence and

continuity of DOOv in E'. We conclude that v eY216'). Now we choose a domain D with

boundary of class!f  z*dsuch that {xeRd, l*, lS +, l*dl  S l}c Dc E,.

The inequali ty from the statement of the lemma fol lows from the estimate (1.10) applied ro

D. The lemma is proved .

The last three lemmas are needed in proving the following result, which will be

essentiai in the future.

a

Lemma 5.7.

There exists a constant C > 0 such that

i loaurnr l l  Sc{t f r t ,  re?o(Rd- i ) ,  n€N.
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Proof

We choose a  func t ion  ye f r tAd- { )  ru .h  tha t  
f  

(x ' )= ,1  i f  l x ' iS {  andy(x ' )=0  i f

l* ' l  :2. Then for a given point x6Dt we write x = (x,,xd) and define l(y') = 
f 

(y,- x,),

y'€ Rd-'l. For a given t6[ otnd-{) *" huu"

The funct ion ln(({  -  lX) vanishes in the set t f  eOr:  ix , -  y, l  <, t } ,  and hence UJnff i  -  lX)

is harmonic in this set. Applying Lemma 5.5 we get

' 
I oourn({ - r)tXx)l S c tl urn(r - lX)1S c lirll ,

with a constant C which do not depend on x.

In order to estimate the derivative of UJn(lf ) we extend this function ro

o' = [v bed , lvd I . r]. ruamety we put

u(y) = uJn0fxy), i i yd€ [-.1,{],

u(y) - -uJn(lf xy' ,2 - yd), if yd 6(1,3),

u(y) = -uJn(lfxy,,-2 - yd), if yd€ (-1,-l).

The function h in the definit ion of Jn is such that F = d(supp h, R\ (-. i ,{)) ) 0. Therefore

UJn(lf) is harmonic near the boundary of Dr. As in the proof of Lemma 5.6 we deduce that u

is  harmonic  in  the set  fye nd,  lyd l€ ( '1  -E ,  . l  +5 ) ] .  On the other  hand NJn( l f )  -  UJn(u)

is harmonic in D{, and hence NJn(lf) - u is harmonic in the set
. A

Dt*E-  = {  y€Rd,  iyd l< I . t } .  From the est imate (1 .10) ,  appl ied wi th  respect  to  the set

Dt*tr- ,  we get

I ootr.un(ff) - uxx)[ s cilNln(lr) - ul[< [ Nrn(lr)il + llurn(u)lts citrq.
o

The last ineqffity f rom above follows f rom Lemma 5.4 and Lemm a 5.3. Moreover applying

Lemma 5.5 we gel i lDdNJnt t t )1  Sct l f  l ,  which combined wi th  the preceding est iamte g ives

Iurn(rrXx)l s c1t1.

The constant C obtained here do not depend on x. Thus the proof is complete.
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For t ) 0 we denotg by Ft the map F,(x) = tx. So for p 6 (0.l lrthe map F^ applies

diffeomorphically D, on DU . We are going to prove the following relation

(* )  uPr = p2tu{ t r .Fp ) ) .  
?_r , reV"(op 

) .  
.  _N

Obviously it suffices to prove this relation with teftOp ). For such a function f we put

u = UF f. We know that ueY2**{n' ), u vanishes on the boundary and *Au = -f. Then

u " b 
eY z*n(o 

l), this function vanishes on the boundary of D{ and

*d (uoFp )  =-p2f oFf.  .The unic i ty of  the Poisson problem impl ies uoop = p2ul{ toFp ) ,

' which proves relation (*).

I f  f  eE tnd- l )  and n > { /p , then suppJnf c Dr.  .  Apply ing relat ion (x)  we get
I

( * * )  uP Jn f  =  B  
2u l ( ( ln t ) "  F^  ) . ,  F -  , .,  r  P - r

We observe that

--..fint) 
o F,, (x) = f (p x')n n(np xd) = p 

- lJ'n{f c, Fp XxL

where J,n is def ined similar to Jn., Namely the f unctff h'(t) = 
P 

h( ,n t) has the prop.erties

listed at (5.6) and J'n is defi.ned with respect to this function. Now we should note that in the

preceding lemmas the constants obtained in the estimates do not depend on the function h.

Therefore we can apply Lemma 5.3 and obtain

Now let us put Dp ={x€ndt l*d[ <p] and denote by UP the potential kernel of

Brownian motion in DU . From the last lemma we deduce the following corollary.

Corollary 5.8

There exists a constant C such that

f luP rnrt! s c 1l ft l ,

lf DauP :n[ls c[ r4,

Proof

ll u{(r'n(t "n,, llir < ct/r oFptt = cllrl/,
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which implies the first inequality asserted by the corollaryron account of (**). Then from

Lemma 5.7 we have

ff oou{t:'n(r c F, ))il 5 c1; ry.
r

Since in generalt we have Do(uoFB -t) = p-ltoou) "Fo ; 
from this inequality and (**) we

get the secopnd inequality of the cSroUary. The proof is complete. ,

*

*

Now we are going to state the main result of this section. First we fix some notation.

Assume that  L  is  an operator  o f  the form (1.2)  such that  c=0 and udd= L lZ.  l tPe (O, t l

we denote uy sP the Green funct ion associated wi th  L in  Do ={  xeRd:  l *d l  <p l  .
l"

Besides we denote T = *A and iF wil l  be the Green function associated with i  in D," ' " P '
Green potentials associated with gP tresp.fi'P ) will be noted c f, (resp. 6f l. Identif ying the

) ) d-,1
hyperplane {x 6 R' :  x" = Q} with R"-. '  we have a Lebesgue measure (d-4 dimensional) in

this hyperplane, which will be denoted by u. Any function feQ(nd-l) r"y be viewed as a

function in this hyperplane so that the measure f.p is well  defined. The main result of this

section is the fol lowing lemma.

Lemma 5.9.

There exists a constant C > 0 such that

l"rl, - erlu I s.p2t iltl { * pltrllz),

for any te Y2(nd-{) und p e (o,r l .

Proof

We denote by V P the potential kernel of an L-diffusion in Dp.lt is given by the

following relation

vP fk) = S BF(x,yX(y)dy, *€ Dp
oP t'

for f €'3.{D,. ); Let h be a function satisfying the conditions (5.5) and fef,2(*o-{). rn"n' r



rnt eS 2(nd) and if n ) p
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t -- t we have supp Jnf C Do . By Lemma 5.10 from below we have
lJ

vPr l t  -  uP  ln t  =  vP( l  -DuF :n r .

- t

Since rntef, z{oU 
), the function uF lnt belongs at least to the classf 2{o* 

) and the
I'

following relations hold

Di uP lnt = uF JnD,f, o,,uP tnt = uP JnD,,f,

for each irj < d - l. Therefore we can write

vP lnt -  uP Jnt -  vP {un + vn),

where

u^ = F ("ij - t 'f iluF Jnoiir *7 uiu F lno.fn i , i<d-r tJ 
@-r

vn = .  _r{" id
* udi)DduJnorf * bdoouPtni.

We have used here the fact that add = l l2.Applying Corollary 5.8 we get

l i  unl l  <cP[ f l lz '

l ivnllS c llri l1.

Further, using Lemma 5.l l  from below, we obtain

l lvF lnr - u{ ' lnr i l5 cF 2(i l1( 
,  + p l l r l l2).

Now, in order to prove the deired inequality, it suffices to check that

--'TP 
rnt(*) -"crfuul and UF lnr(*) --- Arftut*l

as n.:.oo, for each xe Dp. This can be done applying Lemma 1.25, the hypotheses of which

are verif ied by a straightforward computation based on the estimate (1.13). The proof is

complete.

Lemma 5 .10

If V P and UP are the kernels appearing the proof of the preceding lemma, then the
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following equality holds

v P r - U F r = v P ( l - t ) u P r ,
' rO(

f o r a n y f e V ( D o ) .
I

Proof

First we observe that u P t eV2* 
* 

und hence the operator L - i.un be applied to this

function. The right hand side of the equality in the statement may be written as

,  v P l u P t - v P i u P t .

Since UP is the solution of the Poisson probelm, we havetUP t = -f and so we can see that

the last term in the above expression becomes VP f. Now let us denote by u the f irst term,

i.e. u = VPtUPt. fni,  function also may be viewed as the solution of the Poisson problem,

so that Lu = -LUPf. The function u * UPf vanishes on the boundary of Dp and is

L-harmonic. The maximum principle implies u + UPt = 0, which shows that

vP luP f  =  -uP  t .  The  p roo f  i s  comp le te .

L e m m a  5 . 1 1 .

There existJa constant C > 0 such that

H uPllS cp',  l lv Pl l  S cp' ,  F*(o,r l .

Proof

Let u(x) = €xp u*d * 
"*p{-u*d). 

We have

Lu(x) = o.(a udd(*) * ud(*)) 
"*pu*d 

* u(uudd(*) - ud(x))e*p(-u*d).

We choose the  cons tan t  a  so  tha t  a>  t iUd l l  / in t /add(x ) :  xdRd] .Then there  is  a  cons tan t

k > 0 such that Lu(x) ) k, for any x eDr. Further, for a given F €. (0,11, we put

v ( x ) = u " F  * e - a P - u ( x ) .  O b v i o u s l y  v ( x ) = 0 ,  i f  x i ) D . .  a n d  t h e  f u n c t i o n  f ( x ) = - L v ( x )

sat isf ies f  2k.From relat ion ( i .9)  we get v = VPf.  Th"" J"  can wri te

v P l S t - l v P f = k - l v .
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. .

An elementary estimate shows that v(x) ! uuP * u-uP - 2 SCf?, with a constant

independent of p . Therefore we have lf Vpt={V'p.tl l  5Ck.{pt. 'Tn" inequality with Uf} is- l l

simiiar.The proof is complete.

Lemma 5 .12

Let p : Dr-> R* be an excessive function with respect to an L-diffusion in D4.

_ 
Suppose that p is bounded and tO, O =-p, for some €. e(0,1). Then there exists tgftOrl,

f ) 0 such that v{f is bounded uno i< v{t.

- The function v defined in the proof of the preceding lemma, in the case f{, = l, can be

w r i t t e n d s v = v { t . o n t h e o t h e r h a n d i t i s e a s y t o s e e t h a t v ( x ) ) e a * e - a - e a €  - e - a t  ) 0 ,

f ro any x€ Dr, . If we choose a constant b such that bv ) p on the set Da we will have bv ) p

in Dq. Thus the function bf wil l  possess the required propert ies.



6 9

6 .  S e t s

Lenl$a g.-L .,

r.,et x be a standard proeess with state space E.
Let A= (At) be an additive functional such that i_ts poten_
t ia l  u(x)=nx(AJ 1s f in i te for  each xEE. suppose that K
is a c l0sed set which supports A 1n the sense that Ar=0,
€r ' s .  w i th  T=tK.  Assume tha t  D is  an  open se t  such tha t  KCo
and p is an excessj_ve function such that

u (x)-pE.Dr (x)  +eu.op (x) .4p (x)  ,

for  each xeK. Then the fol lowing inequal j_ty holds

u ( x ) . < p ( x ) ,  x € E .

85.
We lntrocluce the stopping times ,=TK, S=TE'D ,

=-].'I'

Rl=T  +  SogT ,  Rn+ l=Rf+Rr ro€n j  r=1 r  2p . . .  r t  i s  easy  to  see

that Rn+l=Rn**roSRn, and hence

Rn(Rn+L+TooR.{ Rn+l .
n

. Fnom the equality X (Rn+f"Oi: ) =X*o.6'* , it followsr' .tn 
nthat  x(Rrr+Toe*rr , t *  i f  Rn+To%f ' . .  s lmi lar ly  x(Rrr )e,uro i f

R r ro *  .  These  show tha t  l im  Rr r7T .  The re fo re  u (x )= I im  e t (a (Rn)  )  ,n n
because o =ot-  by def in i t ion of  an addi t ive funct ional  o f  X.

Thus the lemma fol lows once we have proved that



(5 .  1) E* te {nrr) ) .<p (x) ,  x€E.

Now we are going to prove this relation bv induc-

tion. Let us suppose lt is true with n. fn order to check it

with n*lr we first write

gx (e (Rrr)oer) =Ex (nxs (a (Rrr) )-<ex (p (x (s ) ) ) =pu*p (x) .

'On 
the other hand we have nx{ar)=q(x)-Paou(x),  and hence

!.te can deduce

Since XT€K if T<.o r w€ can use the inequali ty j-n

the hypothesis of the lemma and deduce that the last term j-s

dominated by e* (p (xT) )\<p (x) ' because p is excessive - so we

haye proved relat ion (6.1) wi th n*I ,  complet i .ng the proof .

temnta !_. 2.-
A

Let  L  be  an  opera tor  o f ' the  fo rm (1 .2 )  in  R* ,

d)r3rsuch that c30. Then there exist C)1 and rl0 such that

A ( Rrr+t ) =e ( nr, ) o **, *o ( n, ) = ( A ( Rn ) oes+As ) o €T .

Then,  us ing  (5 . f )  w i th  n ,  we ob ta in

u( ( r -c28d-2) - rpu-P*d \s (a , r ) r  i l  ,  
'



A 2
fo r  each a€Rq,  0< t<r r0<t<  C-A: ry  and u  o f  the  fo rm u(x )=

rupported by E'ffi1 in

the sense that AT=0, a.s. for f=t;ff i

r (We remark that t< f , because
z

-. -F:F
a l -  )

C s  - ( I  
,  and  hence  B  (a r f  t )  C  B  (a ,  t )  )  .

Proof

We take C)l  and l r>0 so that the inequal i t ies (1. f3)

and (1 .14)  a re  sa t is f ied .  Now le t  a€nd be  f i xed  and pu t  U( t )=

={xeRd:g  (x ra) )  t }  .  F rom ( t .  13)  we deduce tha t  u  (c t2 -d)CB (a ,  t )

f o r  a n y  t ) 0  a n d  f r o m  ( 1 . 1 4 )  w e  o b t a l n  B ( a r t )  <  U ( c - 1 t 2 - d )  i f

t<r. Therefore we have

B ( a r f , r )  c  u ( c - 1  ( u t )  2 - d )  c  u ( c t 2 - d ) a  
" ( a , r ) ,

provided t2-d'>c2 and t<r. Then we put

q (x) =9 (x, a)Ac-] ( tr t)  2-d

--{r,'.. so that we have

- ]  i - F  -
( 6 . 2 )  c  * ( T t ) -  

3 e ( x ) ,  x 6 B ( a , f , t ) ,

(6 .3 )  q  (x )g  c t2 -d  ,  xendr ,B  (a ,  t )  .

We inted to apply the preceding lemma and therefore denote

D=B (a , t) and x=FGF) . From relation ( 6. 3 ) we have
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Thus, Lf  u ls as in the statement,  we can wri te

) -a
P A q<Ct- ,

R*\D - .  
i , i , - , : r - r ,

which leads to

2-d' ^. . z-'al
q  ( x )  - p  

A  e  ( x ) )  ( c - t f  
- u J  E  

I
R*rD

r 2-d.
for*:each x€K. The number b=C-"8 -C is strictJ-y positive.

d -2 .  - r' 
Putting P=t* 

-b -92*" have

p (x ) -n*u.on k) >/, x€K .

u (x )  -P  A u  (x )o l  l [u -n  A  u l f  (p  (x )  -P  ^  p  (x )  )
R*r,D R*rD R*rD

for each xeK. Now we may apply Lemma 6.1 alrd get

I  u ( l l u - P  d  u l t P .
R*rD

. 2-d
S ince q  =c-1 t2-d t2-dr  w€ ge t  l tp l l=  c - l  i  

-b -1-

2 -d-2. -1---r,..!.' - = (f -C- 6 , ano rhe preceding inequalitlz leads to the ine'-

quality asserted by the lemma
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7 ,

To treat the case.of  a hypersurface we shar l  t ransform
a nelghbourhood of a piece of surface by a diffeomorphism into
a neighbourhood of a piece of a hyperplane. so rocalrlr we reduce
the problem to that  studied in sect ion 3.  Therefore i f  one wants
only loca1 resur-ts the surface may be arbitrary. However we in-
tend to prove global  resul ts,  part icular l l l r  an L2_est imate ana_
logous to  (3 .2 )  and (3 .5 ) .  For  th is  reason we res t r i c t  our  a t ten-
t ion to the case of  a compact hvpersurface. Flrst  we recal-r  some
elementary facts from differential geometry

r ,e t  te t ' * * (Rd- l )  and se t  6={x€Rdr*d=f  (x , ) } .  we de f ine
A - r  A

H: R* 
*xR-+R*by

( 7 . f )

where n (y)  is  the

the point  (y,  f  (y)  )

H (y ,  t )  =  ( y ,  f  ( y ) { tn  ( y )  ,

upper normal vector

. This normal vector

to  the h ipersur face K at

is  expressed by

na (y) =-orf (y)

A  d - l
n* (y)  = (L+ =-

j = l

d-r
( r +  -

J=J

(o ,  r  1v1

(or f  (v)

) 2 ) - t / 2

) 2 ) ' 7 / 2 ,  i \ < d - r  /

The map H j_s of classf 2+o{. 
The

geometers. Though we are unable

we omit the proof.

following lemma is known b1z

to g ive a prec ise reference,

temm-a ,7*!

Let |- be a constant such that
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d-1
-:

l r i = 1
or j r tvtli l j {f t}f , y, ! e Rd-l .

Then the fol lowing relations hold

( 7  . 2 1

( 7 . 3 )

l n ( v , t ) - s ( y , o ) I = l t I

f  
n tv,  r)  -H (z ,  o) l)  t ,

,  y€Rd- l ,  t cR

y, :e€Rd-l ,yfz, l t  l<t-1 .

Now let us compute the differential of H:

dH=

I+tN nl
:

r  d  )  a  
' d ,

f + t o r n * , . . . , D d _ l f + t D d = l n ,  n -{ "

where the matr ix N has the components DirJ,  i r j (d- I .  r t  fo l -

. lows that we can choose p > 0 such that dH(yrt)  is  non-singular
A - 1

for  each y€R*- ' ,  provj-ded that l t l<p.

From the above lemma we deduce that H is injective

on the  s t r ip  Rd-1* { - r - r r l - - I ) .  Th . re fo re  i f  we suppose tha t  the
'  

.  - 1
number p is choosen such that PS f- 

' , then H is a diffeomor-

phism from D^ =Rd-l*(- ' l r1 i , )  onto the open set E=H(O").  Moreover
f  r r  r

we have

( 7 , 4 )  { x € E : d ( x r K ) = € }  = H ( { x e R d , l x d l  = €  }  ) ,  O .  t .  
f

Let  us denote by F=H-I :E-+D .  We may consider  that

F is  o f  c lass€ 
2+d' ,  eventual ly  chanqeing p to  be smal ler .

.  S ince  rdoH(y r t )= t ,  t he  pa r t i a l  de r i va t i ves  o f  t he  l e f t  s i de

te rm a t  the  po in t  (y r0 )  w i l l  be



- l J .

o f d - l
)  

u  tx |+ f  ax)  =J6_1 u  (y ,  f  (y )  )  ( r+ ! -  (o r r  e )  )2 )L /2ay  .

K t s

Further we are goin51 to describe the transport of

an L-diffusion by a diffeomorphism. Le.t us suppose that L i-s an
---r=

operator  o f  the form ( f  .2)  wi th  cSO'  in  Rt(d73) .  Suppose that  E

and D are open sets  in  nd and F:E-+D is  a d i f feomorphism onto

D of  c1ass8.2*ot .  Let  u :D-+R possess second order  der ivat ives.

Then one has

(7  . t 1  L  (uoF)  =  ( f ; u )oF ,

{ o r r d ) o H  ( y , 0 ) +  ( D d F d ) o H ( y r 0 ) D i f  ( y ) = 0 ,  i . 1 d - 1 ,

d
-  ( o r r d l o  H ( y ,  o ) n i  ( y ) = 1 .
i = l  

4

From these re la t ions i t  fo l lows

( 7 . 5 1  { o r r d ) o H ( y r 0 ) = n l ( y ) ,  i = l r . . . 7 d ,

Now let us recall the formula of the "area" on the hypersurface

K. It is a measure supoorted by K wich we wil l denote by f .

I f  uc&(K),  then the integral  wi th respect Lo f  ls  known to

be

Denoti-ng by JH the determinant of the matrix dH we may

wtite

? r
Q . e 1  \ u ( x ) f ( d x ) = )  u o H ( y r o ) f  J n ( v , 0 ) l  d v .u / 

;d-I

where
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a . d
?= d, 6ijo. .** * tto. ,

i r j = l  r - l  
G f  

- i  r

A

ei  j= 
*  {apqonr ionuj  )o F-r ,

P r 9 = 1

t l= (r ,r i )  or-1

that L is defined only in the set D should not produce any trou-

b le.  For  example,  i f  D has boundary of  c lass y2+o4 we can extenc

L ln a neighbourhood of F Uy symmetry with respect to the boun_

dary. Then an extension to nd may obviously be done such that L

i .s  o f  the form 1f  . :2) .  f f  D has not  a  smooth boundarv we may

rest r ic t  our  at tent ion to  a smal ler  set  wi th  boundarv of  des i - red

type.

Let  us consider-a process x-Ft  ro i l r ,J i r rx t re t rpx)  which is

an L-d i f fus ion in  E.  Then we can construct  another  process

*- ,^  t / .  h  4 Aw
X= (&.t '4r 'r,LtrXt rgtrp^) as fol lows

( 7 . 8 )  
' \  

r z . r ' \xa=n"xa ,  F*=pF 
- , * ) ,  

x€D

r t  is  easy to see that I  i= . r ,  t -a iefusion in D. r f  vE is the

potenti-al kernel of X ana ?D j-s the potential kernel ot 
/ i,

then for each ue$tol  we have

The coeff ic j -ents ei j ,  t i  . r .  of  c lass V*(D), .  The fact

iJ,

(uor)  = 10Du1o r .( 7 .  9 )

The corresponding Green functions gE  - N Dand g- are related bv the

fo l lowing formula,  which fo l lows f rom the preceding one

(7 . r0 ;  6o  t * , y )  =eE ( r -1  ( x )  ,  F -1  rv )  l f  J r - t i v l f  ,  x , vcD.
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Now we state the main resul t  of  th is paper.

I

Theorem 7 .2

Le t  L  be  an  ope ra to r  o f  t he  fo rm ( I . 2 )  i n  nd (d ,3 )  such

t h a t  ^ ' j e V ' * * ( R d ) r r t * ? l * * ( n d ) ,  i r i = r 7 . . . . 7 d 1  a n d  c = . 0 .  L e t  K  b e

a compact hypersurface of  c lassV3*- in Rd and set

d
a  ( x )  = 2 =  . t J  ( * )  n i  ( x )  n l  ( x )  ,  x € K ,

i t i = 1

1

w h e r e  n - ( x ) ,  i = l r . , . r d  a r e  t h e  c o m p o n e n t s  o f  a  u n i t  v e c t o r  n o r -

mal to the surface K at the point x. LeL 
/1, 

be the measure "sur-

face area"  on K and set  2 ,  =u. l r .  Assurne that  X is  an L-d. i f fus ion

in  Rd  and  A€  i s  t he  func t i ona l  de f i ned .  bv  (2 .1 )  f o r  each  E>  o .

Then there ex is ts  a CAFTA, such that

( 7 . r r )  l i m  s u p  l o € * - o * l = 0 ,  a . s . ,
f + 0 t e u -

(7 . tu  Ex , " ln lon  -o . t  2 ) r /2<cer /a  f tn  L /e )L /2 ,  x€Rd,€€  (0 ,€o )  ,

where €o is  a  constant  independent  o. f  x .  The funct ional  a  is

determined by the fol lowins relation

( 7 . 1 3 )  n * ( e . J =  S n , * , y ) I ( d y ) r  x € R d .

K

The proof  o f  th is  theorem wi l l  be s imi lar  to  that  o f

Theorem 3,  I  once we have .ggaf  l , ished an est imate for  f1u-c^ l f  ,

w h e r e  u ( x ) = u * ( e l  ) .  A s  i n  t h e  c a s e  o f  T h e o r e m  3 . 3 ,  t h e  d i f f  i -

cu l t  po int  is  just  th is  est imate.  The est imate wi l l  be obta i -ned

by several lemmas and, at a certaj-n point, we use the analogous

est imate obta ined in  the proof  o f  Theorem 3.3.
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Now let xo

ln the f i rst  part  of

open neighbourhood, B
A . A

bal l  3={x€R* t  lx k p}
I

be an arbltrary point of K.

this section shows that we

of x^ and a diffeomorphismo

such tha t  F  (To)  =0 ,  F  (K  n  B)

The discussion

may choose an
A

F : B € B  o n t o  a
^ A A= l x € B : x * = 0  J  a n d

F ( [ x e s : d ( x , K ) =  E ] 1 = [ x 6 8 , l * d l  = A ]  ,  t <  p  .
I

The last  re la t j -on fo l lows f rom (7.4) .  I {e  denote Uy f

the operator d.efined by (7.11 i.n f.  we f ir an L-diffusion i-n
a

R* and denote by x the restr iciton of X to B. Then we transport

T ly  F accord ing to  formul-a (7.8) ,  obta in ing in  f  
"  

process

which we denote uv ?. r f  t<T d (c.r),  the funcrienar off* l  coj_n-

clde with the correspondins i l : : . r"""r t :  considered wirh res-
. r \ z t . z t n

pect to X relat ive to 6=fxcB:x*=03. rn the proof of  Theorem

3.3  we observed tha t  the  po ten t ia l  u  i s  bounded ( in  a  s t r ip ) .

Thus we conclude that the function

s" ta€( T  o  ) ) ,  x € B
R*tB

( 7  . r 4 )

i s  bounded.  This  a l lows us to  a deduce the, for lowi-ncr  lemma.

Lgmma. J.3

f f  Z  is  smal l ,  the funct ion u is  bounded.

er09,L.
,\

For  a point  xo€K we choos€ BrF and B

we take r)0 such that FGillc B. rn the proof' o

we saw tha t  there  ex is t  Ig  (O, f )  and a  bounded

tion p such that

as above.  Then

o f  Lemma 6 .2

excessive func-
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P (x1-Pod-  
o  , . ,  - ,  n  (xp l '  x€B (xo16r )  '

r( \IJ txo, fJ

we set K' =K rJ ilfirr I and ag= Sro, .f ,., (x. ) uf. . s ince xo is
arbi-trary a compacity argument reduces the boundedness of u
to  the  boundedness  o f  the  func t j_on u ,  de f ined by  u ,  (x )=Ex(At ) ,

A
x€R*. To prove that u, is bounded we first remark that the func-
tion v defined bv

v (x) =nx (ai)  ,  xeB (xo, r)  ,

'nflt R=r *d - , is bound,ed, because it is dominated bv theR * \ B  ( r o t r )

f unc t i on  o f  (7 .L4 ) .  Fu r the r  we  w i l l  ob ta i -n  tha t  u r  i s  bounded

by the same method as in  the proof  o f  Lemma 6.r .  so we put

Q = T K r ,  R I = Q + R  o  
% ,  

R n + l = R l * R r r " % . r .

Then we have Rr ,  /ao d.s .  IVe choose a constant  c>0 such that

v+26.4c(p-Pnp)  on  K '  and asser t  tha t  u r<cp.  Th is  ]as t  es t imate

follows from

( 7 . 1 5 )  e * ( A ' ( R n )  ) q c p ( x )  r  x e R d ,  D = 1 ,  2 , . . .

Now we are going to  prove re la t ion (7. I5)  by induct ion.  From

Lemma 2.3 we get

g r  ( R n + l ) E a ' ( n , r ) o O ( R t ) + A ,  ( R t ) +  E  ,  € r . s .

S ince  g- (Rf  )=O(R)oe(e)  and A,  (Rr )_<a '  (R)oe(e)+  €  ,  we deduce

a '  (R11+1) {a ,  (n r r )oe i " *o*o ,  (R)os(Q)  +2Lr  a .  s . ,
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If  we suppose that relat ion (7.

"* (o ,  
(Rrr* t )  ) -<rx(sx(0)  (A,  (Rn)og{n)+A,  (R)  )+2t )  .

duce

Ex(A,  (Rn)o .e(R)  )qce*p  (x )  ,  xeRd.

Combining this with the preceding relation we obtain

E* (A' (Rn+l) )  gnx (cpRp (xn) +v (xo) +28) <

which  is  re la t ion  (7 .L5)  fo r  n*L .  The lemma is  p roved.

,  N o w  w e .  c h o o s e  a  n u m b e r  t e ( 0 r p )  a n d  s e t ' A =

= { x e R d :  l x l c J ' t ,  O = F  1 ( 6 )  
.  t r V e  h a v e  6 . t  a n d  o c a .  T h e  n e x t

step in the proof of  Theorem 7.2 is the fo l lowing lemma.

15)  holds wi th  n,  we de-

L e m m a  7 . 4 .

There exi-st c>0 and to)O such that

ll u-P*a.o"-{K"

ee5
Let R=T o and set

R*r O

u-€(v*P*u(u,  which impl ies

€  e  ( 0 , € o )  .

v (x) =s" ( fo)

fu-P*u-v l< t

.  BV Lemma 2.3 we have
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A      Now with respect to the process x in 
-B 

we set 
' l iJ5r6 

|
f t"l =t'x tf;e (f;) ) . rhen obviously Ot*l qr (r-r (x) ) ro, 

"].r, 
xeo.

Obviously we may assume p< l  so that  
^cDl

we also assume trrat t is extended to an operator of

the form (1.2) in Rd with c=0. .r.{e denote by -4 .r t-Urrr,rsion

in D, ana Uy f t€ the funct ional  g iven by (2.L) relat ive to f
./l

with respecr .o f l*€Rd:xd=o]. Further we ="t f;r*t $",4L, ,
_ A .  A - _ J A - < r  , \  4 Ax6D,  and ?(x)=Ext i le(Ql l ,  x66,  iv i th  f f= f i^ . ,6 .  Then we have, I

lf-$fi0-4 I -. e

Since the restr ict ion o. t  *  ao f  , ,u"  thq same transi t ign
\

funct ion 
"= 

i ,  they have ident ical  h i t t ing distr ibut ions.  The

funct ions t  ana 4 Ooan .r"  represented in termsof hi t t ing distr i -

but ions by means of  a for f r ru la analogous to (3.7 ' ) .  Therefore
.  , r 4

$re have y4, and hence

( 7  , 1 6  ) I u-r*u-

t f
where f  ta*l  =z*dd (*,

ted wlth the Green

From this

( 7  . 7 7  )

(f-$A{)o rf .<2 L .

Further we app ly  es t ima t j -bn  (3 .13 )  and  m qe t

f o r  €  e  ( 0 , t o ) ,

A.
,0)  dx '  ,  ana 

'c ] ,  
ls  the Green potent ia l  associa-

l.

funct ion 
' j r  

or f  in D,

inequality rve lmmediately get

3i l<.

'\
a

l{-f$ afl.."GilQ

Let us look now at the

re la t ion  (7 .5 )  we havet i a l .  B y

measure and its Green poten-
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-t' '\.1A q 
-r

ioo (y,  0)  = 5-  .Pg (r - r  (y,  0)  )  np,r-1 {v,  0 )  )  n9 1p-r  {v,  0)  )  =L /2.a ( r - r  (yr0)  ) ,- - 1
l, r Y-r

where €t is the function defined in the statement of the theorem.

Using re la t lon (  7 .  t  0  )  and then (7 , .6)  we get

.,\

Alr (x) 1= .\  ̂ a6,uax) ,zri(azr =
a " d

a6
= $ not*rr- t  (yro) )  |  m,-I  (y,  0) l  a (r-r(r , ,0) lqr=cot I  .

From th is  re la t ion  and the  es t in ra tes  (7 ,16)  and (7 .L7)

we get the inequalit lz asserted by the lemma.

Now let us look at the function u. By Lemma 2.4 we

know that POu=u for each open set D such that TfC o. Since u

is bounded we can f ind a funct ion fe8*tndl  wi th compact sup-

port  such that Yf)ru.  rn part icular u is a natural  potent ia l .

By Theorem 1.23 we have a measureg supported uy Vt such that

o = G l r .  W e  s e t  !  ( * r r ) = 1 " ( * r r ) . !

Lsmma 7. 5

There  ex i s t  C )0  and  F  €  (Or f )  such  tha t

*n{ * , r ) (c ( r * \ j !G?t ,  te  (o , to ) ,

fo : r  each x€0,  and r )0  such tha t 'B(x rE-1r )CO,  w i th  €o  g iven by

the precefiaing lemma

Proof.

Let  F Ue g i .ven by Lenrna 6.2 and set  E=B(xrE' - l r ) .  By

the 'prece{d ing lemma we get
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I o-n*u.,""-"| lg c,fG-rZ

Obviously we have c*( c,
l _  , E . l  .

t lon  based on  es t imat ion  (1 .13)

is bounded by Cr, where C)0 1s

f,. Thus we get

Then a strightforward computa-

shows that the last potential

a constant independent of x and

o)0 such that

t / t ) 3 / 2 ,  €  G ( o r € o ) .

show that for

f  co and 0{ f<1,

each funct ion r€ts-(od)

there ex is t  C and €owlth

such

_--!ir

(7 . r8 )  l a r .n - " r . ^ l  (  c r }E -  en  L / i l 3 /2 ,  €€ (0 ,so ) .

Once we have proved. this estimate, the lemma wil l  fol low using

a f in i te  farn i ly  t t r l ra ,  o f  funct ions of  th is  Lype such rhat

)  =E  f * 'V  and  l=Z  f . . e  .  The  ex i s tence  o f  such  a  f i n i t e  f am i - I v
1c r  r '  

f f r  i -

ls ensured by the fact that both y and a have compact supports

and the point xo and. i ts neighbourhood o are arbj:trarv.

l'-n*\"ul(c (r+ VffiT ) .

on the other hand we have r-n*\"r=cl ) G3(",r). Apptyir.rg Lemma

6.2 we obta in the desi red est imate. The lemma is proved.

M.
There ex is t  C)0 and €

l r - ce14cF  t rn

Pggq5

We are going to

the properties supp

that
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Now let us prove rel-at ion (7.1g). For each x€Rd

G f  
. ,  1 x ) - c g . 1 ( * ) = 9 ( x , y ) f  ( y )  ( ! - e 1  ( d y ) .

r t  suff ices to est imate the above expression on a compact set
M such that supp f cf i ,  (en account of Lemma r.24(a) ) .  t r{e f ix
such a compact  M,  which a lso is  inc luded in  10.  Let  r "=d (M'CO)

c
and S furnj-shed by Lemma 7.5. t f  r(Ero we have

have

As we have

lemma) we

t

already

have

5

t
{ (*,r; e (x, Y)V (dv).< c (r+ ffG-![ I .

ment ioned ( in  the proof  o f  the

B (x ,  r )
9  (x ,  y )? ,  (dy)E c r .

preceding

Now we choose a function 9,

E < L / 2 ,  a n d  f  { t 1 = 1  i f  t ) I .

funct ion wi l l  sat isfy

a E*-fn)such that o (  f  i r ,  f  ( t )  =o i r
I V e  s e t  l r ( y ) = 8 ( r  l * - y l  )  a n d  r h i s

--irF

o (  1 -3 r (  l s ( x , r )  
:

By the preceeding estj_mates we get

I  S 
(1-lr  (v) ) g (x,y) r (y) (v-r) (dri) l(  c (r+, v o

This irnpties
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. - -

where h (q) =f  (y)  g (xry)  f  (y)  ,  "The funct ion- r

B(x r r /2 )  and ou ts ide  M.  Bv  Lemma L .27  we
Lemma 1.28 impl ies

(av)f ,

h vanish in

have neVz @l

the ball

. Then

$o n trr

By Lemma 7 .4 we have il c9_c9;|-clit<c VT" y6Ln I/e . on the other

1"

hand, a strightforward computatlon together
f o r  g ( x , y )  ,  o ! r ( x , y )  a n d  o { r 9 ( x , y )  t e a d  t o

wit,h the estimates

[ " *n rv ) lscnr t l  z  l * -y l  
-d ,

provided that lx-y l l t r /2.  r t  fo l lows that

dy g c1n I / r ,

and hence

l a

|  )d(y)  (y- r )  (dv) [s  c fEI iZ  ( rn  L / r ) .

we ge t ,  es t ima te  (7 .1g ) ,  wh ich  comp le tes  thb  p roo f

Solr*r, rvrl

Putting r= f

of the lemmar
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