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(preliminary version)
by

Florin BOCA and Viorel NI';ICK

Since Powers ([9]) proved that the reduced C*-algebra of
the free group on two generators C;(Fz) is simplé with unique
trace, several other classes consisting of discrete groups G
such that C;(G) is simple with unique trace have been produced
(see e.g. [1]1, [4]).

There are two types of combinatorial conditions which imply
the simplicity of C;(G) and the uniqueness of its trace.
Examples of such groups were given by Akemann and Lee - the
groups which contain a free normal subgroup, with trivial

centralizer and by P. de la Harpe = the groups which satisfy

" a certain combinatorial property, called Powers property. More-—

over, in [3] we have introduced a weaker combinatorial condition,
called weak Powers property and we showed that for a given
exact sequence of groups 1-er1——>G->G2—“>1 with G1 and'Gz_
weak Powers groups, it fbllowsvthat C;(G) is simple with
unique trace, although the group G may be not weak Powers
group.

In this paper, we prove that the above assertion is still

true in the four cases when G1 and G2 satisfy either the



Akemann-Lee condition or the weak Powers property.

Let G be a discrete group with unit 1, let 12(G) be the
Hilbert space of the square summable complex funci;ions on G.
Denote by €G] the grdup algebra of G, viewed as an operator

algebra on 12(G) . The elements of €{G) are finite sums

>

gu(g), with l.gedl, u(g)€ 3(12(G)) unitaries
geG

(u(g)f) (s)=3(g's), for 7 e 15(8),  oec.
] [

The uniform closure C*(G) of t{G) in 3(12(G)) coincides
with the C*-algebra generated by the unitaries ul(q), geéG. The
norm on B(lZ(G)) is denoted by |l‘ll and the canonical trace

on C;(G) is the unique extension of the positive functional

g:clel—e , T A ulg)=A, .
geG

When Y=Z A u(g)eclc], we denote supp Y=-{gl}l. #0}.
S ¢ g

For g,I pheisie ,gneG one defines the unital complete positive

map

: | n
¢ :cx(6) —>cx (), Cb(a)=-:1-j;u(gi)au(gi)* :

4

Such maps are called ([1]) averaging processes. Clearly,
1if Cb and "P are averaging processes, then @"‘P is still an
averaging process. In particular, for g€G, neN*, consider the.

following averaging process:

1 & ; o
BmiCiiGimmctie), B (2l > vio) anla)Ts

A subset X of a group G is called free if X is a basis



for a subgroup.of G. Recall the following important result ([2])

: n
(1) For any free subset {x1,...,xn} of G, llz u(xi)“ =2Vn—1
: i=1

i *
in Cr(G).
Recall alsQ the following basic lemma (see e.g. [5, Propo-

sition L9]).

‘(2) Let X be a subset of a group G. Then X is free if and only

iif X(\X-1#¢ and no product w=x

nl, x1,...,xﬂCX%4

"EEEE is trivial, where
and all xixi+1#1 A

We shall use two simple consequences of (2).

-

(3) Let G be a group, H a normal subgroup of G, G/H the quotient

map and Y={y.} a free subset of G/H. If x,€G and all

i€T
T(x;)=y;, then X={xi}i€I is a free subset of G.

() {a,b} is a free subset in G, then {anbn}n»1 is also

free. Note that (4) is exercise 12 in {6, page 51).

Using (3) and ideas from [1], we get the following lemma

(for H=%1} , this lemma is just theorem 3 in [1]}).

LEMMA. Let G be a discrete group and let H be a normal
subgroup of G such that G/H contains a free normal subgroup F,
with trivial centralizer in G/H. Then there exists a sequence

{eh}n31 of averaging processes on G such that

1im B4 (o =0 , ¥ geG\H .
n-yeo 1 ' :

Proof. Assume first that {y1,.}.,yk} is g basis for the

free gfoup F. Let xi€1T—1(yi), 120,00 k- and set



-0—n=-9';§1n°6'xkn° &Xk-ﬂ o ..'.°'6'x1n : ' : (5)

Clearly, -Gn are averaging processes on G.

Let geG\H ahd set w= T (g)eG/HN{T(1)} . In view of the
assumption that the centralizer of F in G/H is trivial, there
exists 16{1,...,k} such that_w_Tyiw#yi . Choose p be the first
such index and denoté either g=p+l, for plk or g-1 for p=k.

When'{W1ypw,yp} is free in G/H, (3) and (4) tell us that

{(g X g) X l}1>1 is free in G, so (1) applies and

14 @@l £ Mxpnmg))\\ =\\u(g)*&xpn(u(g))ﬂ -
1 s -1, i -ift _2Vn-1
= “ J?;u((g xpg) = )n =

When {w—1ypw,yp} is not free in G/H, w-1ypw is a generator

o +1
of F which commutes with yp, hence w 1ypw=y’§ . It follows that

-1 =i =i s : ; < : =t '
\4 w= d w W T(1). This implies that x_=h, € H
Yoy« 2 ypy (1) s imp o =0 L e
for any i, and so
b oo L s 5
° (ulg))=— 2_ ulx-x gx =
N . sl S Tw b i
4
n n : :
L B B utdenth? -
= , ulx-gh.x ST2h) . (6)
2 i K

For every i€il,...,n} one obtains

“;::u(x gh, x J)“ “izlu(x h gh x ])"

= “;i%u((x;ih;1g—1xqghix;21)jxé)“- (7)



The element yg W 1y wy = eF commutes with yq exactly

qg P
when yglw_1yq y;21=y3, for an integer s and this is the case
for at most one i€ l1,...,n}.~Let io be such an index. Using

' : : 2i -1 -1 -2i.5 =3 .
(3) and (4) it follows that {(xp hi g quhixp ) xq }j&1 is

free in G, for i#io. Now, (1) and (7) imply

llzu(x o Sl e

and so, by (5):

Hn(u(g))ﬂ S I¢ ot _wenl*
g p

412“2:u(x ghx 3)[[ n—1s1nn c2yn=1 .

Finally, in the case when {yi}iz1 is a basis for F, take

o _ . .
ﬂgw (ﬁ),e{ﬁ%ﬁegrﬁr1.“ &%1.fMeswepnmf1s

still valid for ndg=p+l. 0O

A weak Powers group is a group G having the following
property: given any non-empty finite subset F of G\{1} which is
included into a conjugacy class, and any integer N1, there

exist a partition G=AllLB and elements Jqree-19y in G such that

fAfR=-0, for all felF and

ngf]ng=¢, For kel .0 N, dEke .

Using the previous lemma and techniques from [3]), we prove

the main result in this paper.



THEOREM. Let 1-—>G1-—)G—-—>G2-—>1 be an exact sequence of

discrete groups such that one of the following conditions is
fulfilled: - |
i) G1 and G2 are weak Powers groups;
ii) G1»is weak Powers group and G, contains a free normal
subgroup with trivial centralizer;
ii1) G1 contains a free normal subgroup with trivial cen-
tralizer and G2 is weak Powers;
iv) Any Gi contains a free normal subgroup with trivial
centralizer.
Thep C;(G) is simple, with unique trace.

Proof. G1 is identified with a normal subgroup of G, G

2

with the quotient group G/G1 and T :G -—’G/G1 is the quotient

1
map.

From a standard trick (see e.g. [ 4, Proposition 3]), it
: : % :
is enough to show that for any Y_z'yyeq:[G])'a(Y) = 0 and for
any €0,there exist gl,...,gNeG such that

“lN :£1u(gk)Yu(gk)* e . (&)

4

r -
It is clear that Y=§::2”u(g.)+2“u(g.)*, where g.#1,
3=1 J J J J J
j=1,-e0,. We may. assume without less of generality that
g1,...,gp€G1 and g

Lol
7 © o o ,greG\G ° Slet Y=Y + e o o +Yp °

p+1 T 1

When G1 is a weak Powers group, lemma 2.2 in [3] applies
in a particular case (A=C, the 2—éocycle c and the action &

0 . = = * 2 s
are trivial, hence A}G«’cG Cr(G)) and we find h1,...,hn€G1

such ﬁhat



“1 . u(hy ) Yu (h )*IRPE - A (9)

If G1 contains a free normal subgroup with trivial cen-—
tralizer, the previous lemma in this paper applied for H={1}
(theorem 3 in [1]) implies the same fact.

For G/G weak Powers group, the statement follows as in

I3, Prop051tlon 2. 10] Take Yp+1 = :E:llﬂl )Y, qu(hy)* supp Yp+1

is clearly included in G\G1. Since G/G1 is a weak Powers group,
it is not hard to observe (see the second case in the proof of
proposition 1.5 in [3)) that for any finite set MCG and for
any integer n 31, there exist G=AllB and YH,...,J:lec;such

o)
that

YANa=¢, for any Ve {ggp+1g_1]ch} and

Yjan‘kB=¢, fior | dple=t,icun i 3k

As in the first part of the proof of lemma 2.2 in [3]

we £ind gii..-.,9, €6 with
1

” Z:u(gr1k p+1u(g1k1)*"§%

. _ (10)

Putting this togethér with (9) we see that

n 1 =
“}1‘1171‘ 12;1 Z (g1k Ju(h,) (Y+Yp+1)u(hi)*u(g1k1)* " <

1

é“ Zu(h )Yu (h, )*“ “._ i U(g1k1)~p+1u(g1k )*”S (p+1)E




By an easy induction argumeht, we find g1,...,gNeG such
that (8) is fulfilled.

Assume finally that G/G1 contains a free normal subgroup
] : et -
with trivial centralizer. Note that supp Zu(hk) (Y—Y)u(hk)tG\G1.
k=1

The lemma applies and there exist (eh)n71 averaging processes
4

on G such that

1in JI6 u(h ) (x=-Drum)t ] =0,
k—veo =

from which we find ¥ ,..., ¥ €G with
1 m

—

" = iZ_;1u(Yi) i Z;u(hk) (Y-Y)u(hk)*)u(fi)*“g__;?._ -
From (9) and (11) we see that

| = 7-% il—:u(rihk)yu(‘rihk)*“ s

=1 k=
<z ]:;u(hk)?{u(hk)*“ +

o2 Zu(r L Z‘_ a(n) (t-Dum)Huup || €

¢BE ., lzpif _

15

Letting N=nm, one obtains (8). Ej

REMARK. The previous theorem is still true if in ii, iii

or iv we assume only that Gi contains a set of non-abelian, free,



normal subgroups{Fj} (I countable), with f)f%={1}, where

j€J jed
Hj is the centralizer of Fj in Gi (using same arguments and

corolary 5 from [1]).

The two types of combinatorial properties of groups con-
sidered above are very useful in studying groups G with C;(G)
-simple'with unique trace. In several concrete cases it is easy
to show that the group satisfy one of this conditions, but it

is more difficult to decide the validity of the other.

EXAMPLES. 1) Consider the non-trivial automorphism @ of

Z, of order 2, the action & :F.—> Aut (z3), '<S=id, < =0

3 2 t

(s,t are the generators of F2) and let G be the semi-direct

product of 2, by F, relative to o .

3 2
It is obvious that F2 is a free subgroup of G with trivial

centralizer, of finite index ([G:F2]=3), but C;(G) is not

simple and has at least two traces because Z., is normal in G

3
and amenable (see [8, Proposition 1.6]). This shows us that in
theorem 3 from [1], the normality condition is essential. Also,
questions (1) and (3) in [4, page 234, respectively page 239]

f‘
remains open only for normal subgroups.

2) The direct product F, x F2 is clearly a weak Powers
group ([3, Proposition 1.4) which is not free ([5, Observation
at page 177]), but it is not clear if F2 X F2 contains or not

a free normal subgroup with trivial centralizer.

152

Powers groups is a weak Powers group (see e.g. [ 3, Proposition

3) The infinite product G=G,xG,X... , where Gi are weak

1.4 and Lemma 3.1]) which is weak commutative (for every finite



set FeG\M1} , there exists an geG\{1} such that gf=fg,, ¥ feF),
hence it is inner amenable ({7, Lemma 6.1.1]),bbut it is not

obvious whether G satisfies the Akemann-Lee conditions.

' 4) Consider the automorphism € of F. defined by

2

and every other

G-l By phen '9'3=idF
' 2

element of order 3 in Aut (F2) is conjugate to f}(compare
with [5, Proposition 4.6]). If G is the semi-direct product

of F, by Z, relative to*&, then it is clear that F, is a normal

2 3 2

subgroup of G with trivial centralizer, but it seems to be dif-
ficult to test whether G has the weak Powers property.

5) Let F, be the free group on countable many generators

Z

indexed by Z, ¥ be the automorphism of F_, that shifts the gene-

Z

rators by one and G be the semi-direct product of F, by Z

Z

" relative to € . Then FZ is a free normal subgroup of G with

trivial centralizer, hence C;(G) is simple with unique trace,

but it is not clear whether G has the weak Powers property.
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