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EXTENSIONS OF GROUPS AND SIMPLE C*-ALGEBRAS

(preliminary version)

by

Florin BOCA and Viorel NITICA

. Since Powers ( [9] ) proved that the reduced C*-algebra of

the f ree group on two generators C;(F2)  is  s imple wi th  unique

trace,  severa l  o ther  c lasses consis t ing of  d iscrete groups G

such that  Ci (G) is  s imple wi th  unique t race have been produced

( s e e  e . s .  l i l ,  C a ] l

.  There are two types of combinator ial  condit ions which imply

-
the s impl ic i ty of  Cl(c)  and the uniqueness of  i ts  t race f

Examples of such groups were givert by Akemann and. Lee - the '

groups which contain a free normal subgroup, with trivial

central izer and by P. de la Harpe -  the groups which sat isfy
. ----1rt'1 -- 

a certain combinatorial property, catled Powe.rs property. More-

over ,  in  I  g ]  we have in t roduced a weaker  combinator ia l  condi t ion,

called weak Powers property and we showed that for a given

exac t  sequence  o f  g roups  1?Gt *G.+GZ+ 1  w i th  G . ,  and  Gz

weak Powers groups,  i t  fo l lows that  C* (G)  is  s imple wi th
Y

unlque trace, although the group G may be not weak Powers

group.

In th is paperr  w€ prove that the above assert ion is st i l l

.  t rue in the four cases when G' and GZ sat isfy ei ther the

/
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Akemann-Lee condition or the.weak powers property.

Let G be a discrete group with uni t  1,  let  t2 (c)  be the

HiLbert space of the square summabl-e complex functions on G.

Denote by o[e] trre group algebra of G, viewed as an operator

algebra on r2 (e).  The elements of  o[GJ are f in i te sums
F

L l^ , t  (g)  ,  w i rh  }^ea,  u  (9)  e  Bt r2  (c)  )  un i tar ies
g € G Y e

( u ( s ) ! )  l s )=7  (g -1 " ) ,  f o r  I  e .  r 2  ( c ) ,  sec .
0

The uni form c losure c l (c)  o f  c tc l  in  3( r j  (c )  )  co inc ides

with the c*-algebra generated by the unitaries u(g) , g€G. The

norm on 3 tr2 te t I is denored by l l . l l  and rhe canonical trace

on c|(c)  is  the unique extension of  the posi t ive funct ional

E : a [ e l - - > c  ,  6 ( : ,  ) . n " , n ,  ) = 1 r
geG

lF-

when y=L 1^r (g)ac[cJr  w€ denore s i rpp v={g I  fn*o} .
g e G Y g

For  9 . ,  , . . . r gn€G one  de f i nes  the  un i ta l  comp le te  pos i t i ve

map

0 ," i  (c) --+ ci (c) ,  {  t" f  =}t,  (ei )  au 1ei ) *
f _ =  |

4

such  maps  a re  ca l l ed  ( t1 l )  ave rag ing  p rocesses .  c lea r l y ,

i f  S  ana  V  a re  ave rag ing  p rocesses ,  t hen  0 .V  l "  s t i l l  an

averaging process.  rn  par t icu lar ,  for  g€G, n€N*,  consider  the.

fo l lowing averaging process:

Snrrt ci (G)->c* (c) , 4" , . )  
=*  

* ,  "  
(s )  ia , ,  (g) - i

A subset  X of  a  group G is  ca1led f ree i f  X is  a  bas j .s



3 .

for  a subgroup of  G. Recal l  the fo l lowing important resul t  ( t2J )

r . n
(1 )  Fo r  any  f ree  subse t  { " t , . . . , xn }  o f  G ,  l l  E ru tx r ) f l  =2 f f i

" i = 1  r

i n  C *  ( G )  .
t -

Reca l l  a l so  the  fo l l ow ing  bas i c  l emma (see  e .g .  [ 5 ,  P ropo -

sit ion 1.gl ) .

'  
12)  Let  X be a subset  o f  a  group G.  Then X 1s f ree i f  and only

i f  Xf" tx-1 l0  and,  no product  w=x. ,  . . .x '  is  t i lv ia l ,  where

n)1 ,  *1 , .  .  .  ,xo,€x*4and a l l  x rx ,  * i1

We sha l l  use  two  s imp le  consequences  o f  (21 .

(3)  Let  G be a group,  H a normal  subgroup of  G,  G/H the quot lent

map and Y={Vi }  i61 a f ree subset  o f  G/H.  I f  x r€G and aI }

.  
l r ( x i )=y i ,  t hen  x= { * i l  i e r  

i s  a  f ree  subse t  o f  G .

(4 )  r f  t a ,b l  i s  a  f ree  subse t  i n  G ,  t hen  { . t b t l r rZ t  i s  
l t so

f r e e .  N o t e  t h a t  ( 4 )  i s  e x e r c i s e  1 2  i n  [ 6 ,  p a g e  5 1 J .

Using (3)  and j -deas f rom [ tJ ,  we get  the fo l lowing lemma

( f o r  H = { 1 } ,  t h i s  l e m m a  i s  j u s t  t h e o r e m  3  i n  t 1 l ) .

LEIvIMA. L..t G be a discrete group and let H be a normal

subgroup of G such that G/H contains a free normal subgroup F,

wi th  t r iv ia l  centra l izer  in  G/H.  Then there ex is ts  a sequence

l A  7  -  -  - - r  - ^  - ^  - - - - L  ! L - !
l0rrl rrTrl or averaging processes on G such that

r im l l4 tu (g) ) [  =Q ,  v seG\H
n-f oo

P r o o f  .  A s s u m e  f i r s t  t h a t  { O . ,  , . . . , y k !  i "  a  b a s i s  f o r  t h e

f r e e  g r o u p  F .  L e t  x r € f - 1  t V . r ) ,  i = 1  r . . . r k  a n d  s e t
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o r r =  * I r . o S * o r o  f * n - . , r o  " ' '  o * * r r ' ( s )

Clearly, S' are aver4glng* processes on G.

Let  g€G\H and ser  w= V(g)ec /n l { f f ( t l }  .  rn  v iew o f  the

assumpt j -on that the central izer of  F in G/H is t r iv ia l ,  there

e x i s t s  i e { f r . . . r k l  s u c h  t h a t  * - l y i r l y i  .  C h o o s e  p  b e  t h e  f i r s t

such ind.ex and denote ei ther g=p+1, for  p(k or q-1 for  p=1.

When {  i l t tp " , "n }  i s  f ree  in  G/H,  (3 )  and (4 }  re l1  us  rhar

{ tn-t  xn$) t"nt}rr . ,  is free in G r so ( 1 ) appl ies and

[+" (u(g)  ) l l  
"  

lu*nr , (u(g)  ) I  =  l \ " (g)*qnr , (u(g)  ) l l  =

=* ll tr u ( (g 1*nv) t*nt,[l =' F

When t  ' . ' -1 r '  r . '  r '  t  , -=  noL f ree  i r  
-1

lw 
'ynwrynt i "  not  f ree i -n G/H, w 'y 'w . j -s a generator

of  F which commutes with ynr hence r-1vnr={1 .  ,a fo l lows that

*-1ynr=y-1 and w- ' r l *o i= l r (1 ) .  rh is impl ies that  v-1"fs" i=h,  € H,

for any i,  and so

S*^ro +*^r (u (g) | =\ 
* * " txlxivxni*;j t =

" - d  
q  P  n  a = l  J = l

. n , n
+ E, t " (x]sh, *^2i*- j 1 '  ( 6 )

n -  i = 1  J = 1  
Y  r  l /  Y

F o r  e v e r y  f  G t l  , . . .  r n l  o n e  o b t a i n s

n * u (xlshrxn"*n') ll = tlF, t*lir,rl*lsr.r*n

= llF,, ,, t t*f ir,, 1 s- 1 *nsr,,.*;'i r : *1r [l '

"";" ll =

t 7 l
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The element t3t*-tontr;".F commutes with yn exactly

when v2i\^r-  
1v -) :  o 

"r ,  
i  nt-eoer .q-p -q*yp 

*=y; ,  for  an integer s and this is the case

f o r  a t  m o s t ,  o n e  1 €  1 1 1 . . .  r r r | .  . L e t  i o  b e  s u c h  a n  i n d e x .  U s i n g

(3)  and.  (4  )  i t  fo r rows thar  {  t *2 i t - r :1o-1 ,  -  '  -2 i '  - i  - i  t
a .  p  r  -  * q g h i x p - - ) ' * n ' l j r r ,  i s

f ree in G ,  for  i l io.  Now, (1 )  and (7) imply

h

ll E " txlvnrxn"*n' ) ll =2 F] ,
j = 1

and  so r  by  (5 )  :

IS , r t " ( g )  t [  ( l l+* ,,o t* ,,(o(s) ) l l <
g

t t
lY i l  i>t  is  a basj-s for  F,  take

. . .  l $ . -  a  .  T h e  s a m e  p r o o f  i sx 1  1

, N ,  ) f k

. Using the previous

the main resul t  in th is

lemma and

paper .

< ! lt Fiu(xlshrx;'*"uj,ll 
.?' z r/Fr(*-? ' 2 {fr

Final ly,  in the case when

- 1  ^ A axrG lr- '  {vr)  ,  0r={"f  t , r- . , r , -r

s t i l l  va l i d  f o r  n )q=p+1 .

fA( lA=0, for  a l l  f€F and

g j B n  g k B = $ ,  ' f o r  j , k = 1 , . . .

A weak Powers group is a group $ having the fol lowing

property: given any non-empty f inite subset F of c\t1f which is

inc luded in to a conjugacy c lassr  and any in teger  N)1,  there

ex i s t  a  pa r t i t i on  G=ALLB and  e lemen ts  g1 r . . . r 9N  in  G  such  tha t

techniques from I  fJ,  we prove
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THEOREM. Let 1 ---lrc1 --+ G nGz+ 1 be an exact sequence of

dj-screte groups such that one of the fol lowing condit ions is

f u l f i ] ] e d :

i) Gt and G, are weak Powers groups;

i i)  G., is weak Powers group and GZ contains a free normal

subgroup wi th  t r iv ia l  centra l i  zer i

i i i )  G. contains a free normal subgroup with tr ivial cen-
I

tral izer and G, is weak Powers i

iv) eny Gi contains a free normal subgroup with tr ivial

cen t ra l i  ze r .

Then  C i (G)  i s  s imp le ,  w i th  un ique  t race .

Froof.  Gt is ident i f ied wi th a normal subgroup of  G, GZ '

w i th  the  quot ien t  g roup e /c l  and T I :Gr .4e /Gl  i s  the  quot ien t

maP.

From a  s tandard  t r i -ck  (see e .g .  [  4 ,  Prooos i t ion  :J  ) ,  i t .

is enough to show that for any y ,= yLCLGll 6 (Y) = 0 and for

a n y  6 ) 0 r t h e r e  e x i s t  9 1  , . . .  , g N  e  G  s u c h  t h a t

l l *  5u(ek)Yu(sk) .  [ l  .  t  {8 )
4

r t  i s  c lea r  tha t  
"= i l - , u (g i ) . I i u (g i ) * ,  

where  g i f l  ,
t ; l r  r  r  J  J

)=1  , . . .  , r .  We  may  assume w i thou t  l oss  o f  genera l i t y  t ha t

9 1 , - . - r 9 n € G . ,  a n d  9 p * 1  , - - - ' g r € G \ G 1  .  S z e t Y = " . , + - . - + Y p

when G. ,  is  a  weak Powers group,  Iemma 2.2 in  [3 ]  appl ies

in a par t icu lar  case (A=0,  the 2-cocyc le c  and the act j -on o(

are t r iv ia l ,  hence } {nr"

such that

c=c |  { c )  )  and  we  f i nd  h1  , .  .  .  , hn  €  G1
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n
l l  *  Iu (hn)Yu(h*) . l l  (  F' "  

f t = 1  ' - ( e )

rf G1 contains a free normal subgroup with trivlat cen-

tral j -zer,  the previous lemma in th is paper appl ied ror u={1]

( theorem 3 in t f ] t  impl ies the same fact .

For G/G, wehk Powers group, the statement folrows as in
-^ r  t  1  =g  -

[9 ,  Propos i t ion  2 .1  0 ]  .  Take'  
"p* t  

= ;  
hu  

(ho) "n* ,  u (h :<)  * rsupp fp* t

is clearly j-ncluded in G\G1 . since G,/G1 is a weak powers group,

l t  is  not  hard to observe (see the second case in the proof of

proposi t ion 1.5 in [ : ] )  t t rat  for  any f in i te set  ] , tCG and for

any  in teger  no) l  ,  there  ex is t  G=Al lB  and Y. r , . .  -  ,  tn€G such
t  t to

that

f a O A = 0 ,  f o r  a n y  f e  t 9 9 p + t n - t l g c u l  a n d

f . g O t . B = 0 ,  f o r  j r k = ' l  , . . . r n o r  J f k
I  K  '  - - ' - - o ' J ' -

As  in  the  f i r s t  pa r t  o f  t he  p roo f  o f  l emma 2 .2  i n  t 3 ]

w e  f i n d .  9 1 , 1 r . . .  , g . l r . , a G  w i t h

l f  h ' * ]u (e i  r ,  )?e*r  u(er u. ,  )*  l l  d:  ,  (1oy'  k1  =

Put t ing th is  together  wi th  (9)  we see that

l l  #  *  # . , u ( s10 . , ) * (h r )  
( i +vp+1 )u (h r ) *u (n ,o , ) . l l  d

^ 1  - r  I

* ll * * " (h, )?u (hi ) * ll . ll h,l. u(e1kn fin*,u(erkr ).ll(lE!-q' 1  k 1  = 1  ' o 1



By an easy  induc t lon  argument ,  we f ind  g1r . . . rgN€G such

t h a t  ( 8 )  i s  f u l f i l l e d .

Assume finally that 6/Gl contains a free normal subgroup

wlth trivial centraU- zer. Note that supp *t,q., 
(Y-?)u(\)tc\ct.

k = 1

The lemma applies and there exist (q^)*-,,  averaqing processes
Tr 'Y l7 t l  '

on G such that

if11flq,* F, 
u (h*) (Y-?) u (hn) * ) [ =Q ,

f r o m  w h j . c h  w e  f i n d  Y a , . . . ,  f , * € G  w i t h

l l  *  *u( ! ' r )  
( *  

Eu(h* t  
tv -?ru(hn)* )u t r r ) * l l  <$e)g (1r1

From (9 )  and  (11 )  v /e  see  tha t

ll k E F, " 
(rihk) Yu (f,rhn). fl .

< ll* g " (hu)?u tr'o). fl *

. l l  *  *" t f r r  
r {  f  utr ,o)  tv-?tu(hn)*)u(r i ) .  f l  -<

(  Pg *  ( t -P)t  = e- r  r

Le t t l ng  N=nm,  one  ob ta ins  (8 ) .

REMARK. The prev ious theorem is  s t i l l  t rue i f  in  i i ,  i i i

o r  iv  we assume only  that  G,  conta ins a set  o f  non-abel ian,  f ree,
l-
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normal subgroups{r i l  
i " ,r  

( t  countable) ,  with ,0**.,={t} ,  where
j € J  J

H{ is  the centra l izer  o f  F_.
J J

co ro la ry  5  f rom [ t J l .

Gi (using same arguments and

The two types of combinatoriar propert j-es of griCIups con-

sidered above are very useful in studying groups G with cl (G)

s imple wi th  unique t race.  rn  severa l  concrete cases i t  is  easy

to show that  the group sat is fy  one of  th is  condi t j -ons,  but  i t .

is  more d i f f icu l t  to  dec ide the va l id i ty  o f  the other .

EXAMPLES. 1 ) consider the non-triviar automorphism O of

Z ,  o f  o r d e r  2 ,  t h e  a c t l o n  I  z F r - ? A u t  ( Z l  r  o ( " = i d ,  n r = 4

{s r t  are the generators of  Pzl  and Let G be the semi-direct

product of  23 Uy FZ relat ive to I

r t  ls  obvious that Ez is a f ree subgroup of  G with t r iv iar

c e n t r a l i z e r ,  o f  f i n i t e  i n d e x  1 [ e : r r ) = 3 ) ,  b u t  c i ( c )  i s  n o t .

s imple and has at  least  two traces because z3 is normar in G

and amenpb le  (see [8 ,  p ropos i t ion  1 .6J) .  Th is  shows us  tha t  in

theorem 3  f rom I r ] ,  the  normar l ty  cond i t ion  is  essent ia l .  Arso ,

ques t ions  (1 )  and (3 )  in  [ .4 ,  page , t : ,  respec t ive ly  page 2397

remains open only for normal_ subgroups.

2 l  The d i rect  product  EZ *  F2 is  c lear ly  a weak powers

g roup  ( [3 ,  P ropos i t i on  1 .4 ]  wh ich  i s  no t  f ree  ( [S ,  obse rva t i on

at  page 177J1,  but  i t  ls  not  c lear  i f  F2 *  F2 conta ins or  not

a f ree normal  subgroup wi th  t r iv ia l  centra l i  zer .

3 )  The  i n f i n i t e  p roduc t  G=G1xGrx . . .  ,  where  G i  a re  weak

Powers groups is  a  weak Powers group (see e.g.  [  3 ,  proposi t ion

1.4 and T, ,emma 3. fJ  t  which is  weak commutat ive ( for  every f in i te

I N
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set FEGf{t l  ,  there exists an geC\{ l f  such that gf=fg,  r  V fer) ,

hence i t  is  j -nner amenable l l7 ,  Lemma 6.1 . t ]  )  ,  i ,but  i t  is  not

obvious whether G satisfies the Akemann-Lee conditions.

'4)  Consider the automorphj-sm & of  E,  def ined by

S(" )=g-1" -1a2 ,  Qf t )  = t -1" -1a .  Then *3= id . "^  and every  o ther- 2

element of  order 3 in Aut (rZ) ls conjugate to S(.o*p"r .

w i t r r f s , P r o p o s i t i o n 4 . 6 J ) . I f G i s t h e s e m i - d i r e c t p r o d u c t

o f  Erby  Z ,  re la t i ve  toO,  then i t  i s  c lear  tha t  FZ is  a  normaL

subgroup of  G with t r iv ia l  central j -  zer,  but  i t  seems to be di f -

f icult to test whether G has the weak Powers property.

5) Let tZ be the free group on countable many generators

indexed by z, * be the automorphism of TZ that shifts the gene-

rators by one and G be the Semi-direct product of FZ by Z

relative to S . Then F, is a free normal subgroup of G with

tr iv ia l  central izer,  hence Ci(G) is s imple wi th unique trace,

but it is not clear whether G has the weak Powers property.

t.
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