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1. INTRODUCTION

It  is  wel l -known that  many d i f ferent ia l  equaLions sat is-

fy so-called minimum princ.iples, namely they lead to the problem

of f inding a minimum for a certain functional or a family of

funct ionals .

Let  us consider  X to  be a real  topologica l  l j -near  space,
q

x*  i t s  dua l  and  a  fam l l y  o f  f unc t i ona ls  (Fg )gex* , rF f  t x+ ( - - ,  + -J

which can be wr i t ten as

( 1 . 1 )  F f ( v ) = g ( v ) - ( f , v >

where g:X+(-o,  . {  is  a :proper  funct ion.  For  a g iven f€X* t 'he



mlnimum problem for F,

( 1  . 2 1

( 1 . 3 )

f ind  ueX such tha t  r r (u )<Fr (v )  fo r  a l l  veX is

equivalent with the nonlinear equation

f ind  uex  such tha t  feEg(u)

/

where  Eg (u )  = {he  X* /g  (v ) -g  (u }  }<hrv -u)

ferential of gi at u.

(v)  veXi is the subdi f -

I f  X is  a  ref lex ive real  Banach space and g is  a  convex '

coercive, lower semicontinuous function then F, is bounded

from below and i-t  exists a mj-nimum point for F, hence equation

(1 .3 )  has  a t  l eas t  a  so lu t i on  fo r  a l l  f €x * .  I f  X  i s -a  Banach

space and g is a convex, coercive functional which is not

l ower  semicon t i nuous  then  p rob lems  (1 .21  o r  (1 .3 )  may  no t  have

a solut ion.  But  i f  g  is  an uni fonn convex funct ional  then a l l

mln imiz lng sequences for  F,  have the same l imi t  which is  ca l led

the  Sobo lev  so lu t i on  o f  equa t i on  (1 .3 ) .  I n  t he  papers  o f  "

I onescu  [4 ] ,  r onescu ,  Rosca ,  so fonea  [6 ] ,  D inca ,  Ma teescu  t z ]

a var ia t ional  character izat ion for  the Sobolev so lut ion is .

g lven,  namely the i re ex is ts  i :X+1-- ,  +- - l  such that  E$ extends

E g  ( i . e .  o ( E g l c D ( a ; )  a 6 ( x )  = E g ( x )  f o r  a I I  x e D ( 0 g )  )  a n d  f o r  a l l

f € X *  u  i s  t h e  S o b o l e v  s o l u t i - o n  o f  e q u a t i o n  ( 1 . 3 )  i f f  f  €  a d t " t .

Let  A:D(A)CX+X* be a dense def ined,  symmetr ic  and posi t ive

de f i n i t e  l l nea r  ope ra to r .  I f  we  pu t  o  (g )=D (A ) . , 9  ( v )= ] .a r r r t ' '

Lhen A=89.  fn  the paper  of  lonescu,  Rosca fS]  i t  is  proved

that the Friedrichs extension t of A is exactly aA. By the

analogy with the l inear case we can consider Dg as the

Fr iedr i .chs extension'of  39 in the general  nonl inear case.

Thre object  of  th is pap€r is to study in a s imi lar  mode
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equat ion (1.3) when X ls a topological  l inear space and g may

not be a convex functional. For. this kind. of framework it is

necessary to extend the concept of Sobolev solution; more

precJ-sely we say that u is a generalized soluti-on for equation

(1.3) i f  there exists a minimizing sequence for F,  which is

converging to u. To be more specj-fic we consider a very simple

example with a non convex function g'

g:R+R be given bYE X A M P L E  1 . 1 .  L C t

( 1  . 4 ) sr*r=f "*:
fo r  xe  1- - ,  0  )

+1  fo r  x€  [0 ,  + - )

I t  is  easy to  see that  I  is  not  lower  semicont inuous in  x=0 '

D ( E g ) = ( - - r 0 ) U  I  r + - ) ,  3 9 ( x ) = { 2 x }  a n d  n ( E g ) = ( - - r O ) U f 2 , + * ) '  I f

f eR(Eg)  then  equa t ion  (1 .3 )  has  an  un ique  c lass i ca l  so lu t i on '

I f f e ( o , 2 | t h e n a l l m i n i m i z i n g s e q u e n c e s f o r F , h a v e x = 0 a S

a  l im f t ,  hence  x=0  i s  a  Sobo lev  so lu t i on  fo r  (1 .3 )  t hough

e q u a t i o n  ( 1 . 3 )  h a s  n o  c l a s s i c a l  s o l u t j - o n .  I f  f = 2  t h e n  f € 3 9 ( 1 )  I

that  is  x=1 is  a  c lass ica l  so lut ion but  x=1 is  not  a  sobolev

solut ion.  because Xr ,=-1/n is  a  min imLzing sequence for  F,  which

h a s n o t x = l a s a l i m l t . M o r e o v e r x = 0 i s a g e n e r a l i z e d s o l u t i o n

for  equat ion (3)  but  ne i ther  a c lass ica l  nor  a Sobolev so lut ion '

Let us consider !:R+R to be the lower semicontinuous envelope

of g given bY

2 fo r  xe( - - r i l

2 + 1  f o r  x 6 ( o ' + * )

We remark  tha t  D (a9)  =  ( - - r0 ]  U  [  ,+ - )  ,  AE(x)  =2x  fo r  x lO and '

aEfO)=fO,Z] .  t r {o reover  R(E! )=n  and fo r  a l l  f€R we have tha t

f€a ! (u )  i f f  u  i s  the  genera l i zed  so lu t ion  o f  equat ion  (1 '3 )

( 1 . 5 )  6 ( * ) =t:



I lence we have obtained a variat lonal characterization of the

generalized solutions. Let us remark that ag is not a maximal

monotone operator, hence we cannot construct a convex function

I  sucht  that  ag=a6 i .e .  we cannot ,  have a var ia t ional  characte-

rizatj-on of the general j-zed solutions with a convex funct, ion

when g is not convex.

In .sect ion 2 the def in i t ion of  the genera l ized t -so lut ion

and  secven t l a l y  genera l i zed  T -so lu t i on  fo r  equa t i on  (1 '3 )  i n  a

l inear topological space X with the topology denoted by '( r are

introduced. Two functions ! and I are constructed in order to

give the variat i-onal characterization of the general ized

T-solut lons and secvent ia ly  genera l ized t -so lut ions respect i -

ve l y  (Theorems  2 .1  and  2 .21 . -The  l i nk  be tween  th i s  two  ex ten -

s ions is  g iven (Theorem 2.31.  A par t icu lar  but  usefu l  case in

which th is  two extent ions co inc ide is  g lven (Theorem 2.41.  The

lnf luence of  the topology t  in  th is  construct ion is  s tud ied

(Theorem 2.51.  In  the last  par t  o f  th is  sect ion the convex case

in a Banach space for the strong and the weak topology is con-

s idered .  (Theorem 2 -61 .

In Section 3 we introduce the V-cercj-vity cond'i t ion (a

possib le  extension in  a l inear  topologica l  space of  the coer-

clvity condj-t ion used in a normed space) in order to obtain

the ex is tence of  the (secvent la l )  genera l j -zed ' r -so lut ion i 'e '

t he  su r jec t i v i t y  o f  ag  (39  respec t ' i ve l y )  (Theorem 3 '1 ) '

In  sect ion 4 the sobolev t -so lut ions are s tudied in  a

loca1ly  convex space.  In  Order  to  obta in the ex is tence of  the . , , i i : ' r

sobolev r -so lut ion (Theorem 4.1 and 4-21 the t -un i form conve-

x i ty  condi t ion (which is  s imi lar  to  the usua]  one used in

normed space)  is  suPPosed.



In section 5 the K-variational problems are recalled from

Ionescu, Rosca, Sofonea [0] .  Since we consider that  i t  iS not

so evident how the main results from fe] "u" 
be obtained using

the theorems of the present paper we briefly ind.icate some

tr icks.

2. THE VARIATIONAI CHARACTERIZATION OF THE

Let  x  be a real  l inear  topologicat  space 'wi th  the topo-

logy denoted by t  which sat is f ies Hausdor f f 's  ax iom of  separa-

_ n

t ion and le t  X*  be i ts  dual .  I {e  consider  9:X+(-cor+oJa proper

f u n c t i o n a l  ( i . e .  D ( g ) = { x e x l  g ( x ) < + - } 1 0 )  w h i c h  i s  b o u n d e d  f r o m

bel low by an af ine funct ion { i .e .  there ex is ts  x*€X*,  a€R such

tha t  g (x ) )a+ (x * rx>  fo r  a l l .  x€X) .  Le t  us  cons t ruc t  t he  fam i l y

o f  f u n c t i o n a l s  ( F g ) g 6 y *  g i v e n  b y  ( 1 - 1 )  a n d  l e t  d : X * + f - - r + - )  b e

given by

1 2 . 1 1 d ( f  )  =; : i  r f  (v)

One can easely see that -d

g * .

t -so lut ion of  the equat ion

sequence (ucr,) 
oe a 

such that

l i )  We  saY  tha t  u  i s

T-solut ion of  the equat ion

fo r  a I I  f €X* "

the polar  o f  g  uselY denoted bY

f€ag  ( x )  i f f  t he re  ex i s t s  a  genera l i zed

u o + u  a n d  F f ( u o ) + d ( f )  .

a  secven t i a l  genera l i zed  ( s -g - )

f6ag (x )  i f f  t he re  ex i s t s  a  sequence

L s

W e  c a n  a l s o  r e m a r k  t h a t  f e E g ( u )  i f f  F f  ( u ) = 4  1 t r .

DEFIN I 'T ION 2 .1 .  i )  We  say  tha t  u  i s  a  genera l i zed  (9 . )

(un)ne t t  such tha t  t r r *o  and Fr (u r r )+d( f )
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REMARK 2.1.  Every s.gf .  r -solut ion is a g.  r -solut ion and

i f  T is metrizable then the two above definit lons are equtvalent.

However ,  i n  genera l r  d  9 .T -so lu t i on  i s  no t  a  s .g . r - so lu t i on

whlch can be see in the fol lowinq example

EXAI4PLE 2 .1 .  Le t  (X , l  |  |  l )  be  an  i n f i n i t e  d imens iona l

B a n a c h  s p a c e  a n d  r = o ( x r x * ) .  I f  w e  c o n s i d e r  g ( x ) = e x p ( - l  [ " ]  l )  o n e

can see. tha t  the  equat ion  0 ; *€Eg(x)  has  no  s .g . r -so lu t ions  bu t

a l l  ueX are  g . t -so lu t ions"

The followlng theorem states that if ! is the lower semi-

continuous envelope of g, then 0[ extends Dg such that all

g . r -so lu t ions  o f  equat ion  f€ag(x )  a re  c l -ass ica l  . so lu t ions  fo r

f€aA(x)  and converse ly .

T H E O R E M  2 . 1 .  I f  ! : X + ( - - , + - ] l  i s  g i v e n  b y

(2 ,2 )  9  ( x )  = I im  g  ( y )  =  s lp  i n f  g  ( v )
y*" ve{ (x) yev

then we have:

i )  E S g ,  D  ( g ) c D  ( 9 )  ,  D  ( 8 g ) c D  ( a q )  a n d  f o r  a I I  u e D  ( D g )

we have g  (u )  =E (u )  and 0g  (u )  =  aE (u )

-  i i )  f o r  a l l  f € X * ,  f € A E ( u )  i f f  u  i s  a  g . T - s o l u t i o n  o f  t h e

equat ion  f€Ag(x)  .

C9ROLLARY 2 .1 .  Le t  ueD(Eg) .  Then fo r  a l l  f€X*  u  i s  a

c l a s s i c a l  s o l u t j . o n  o f  t h e  e q u a t i o n  f € a g ( x )  ( i . e .  f e a g ( u )  )  i f f

u  l s  a  g . t -so lu t ion  o f  the  equat i -on  f€49(x )  -

For aI1 f€X* let us denote by. : l

(2 .  3  )  F t  (v )  =E tn l  - ( f  ,V> fo r  
'a l l  

veX



and Le t  d :X*+ f - - r+ - )  be

A ( f  )  = i n f
v€x

LEMI{A 2.1 .

sequence (vcr,) 
clea

i i )  fo r  a l l

d  ( f  )  = d  ( f  )

for  a l l  f€x*I1- f

given by

( v )  = - g : k  ( f  )( 2 . 4 1

The fol lowing lemma wi l l  be useful  in the proof of  Theorem 2'1 '

i )  For al l  vex ther.e exists a general ized

such tha t  ro*  r  and g tvo)*6(v ) .

f€x* we have

( 2 . 5 1

proof . t t  v/O lEl then g (,r) =g (v) =*oo EItd we can put vo=v

I t  i s  we l l  known  (see  fo r  i ns tance  Lau ren t  [Z ]p .332  o r  Ek land

remam f3 p. 1 0J ) that ep (g) =rpGf where sp (g) is the epigraph

o f  g  i . e .  E p ( g ) = { ( x , a l / g ( x ) S a } "  I f  v € D ( g )  t h e n  ( u , g ( u ) ) € E p ( g ) =

=EG) hence there ex i -s ts  (vorao) 'eAcEp(g)  such that  to* t  in  x

and  ao*6 tu )  i n  R .  F rom the  i nequa l i t i es  g ( to )Sg(vo )Sao  we  deduce

g t . r l  S l im 6 ( ro)  St im V (vo)  s f f i  9  (vo)  St im ao=E {v)  hence g ( to)  *g t " t  .

P r o o f  o f  T h e o r e m  2 - 1 -  i )  L e t  u € D ( 0 9 )  a n d  f e E g ( u ) '  F r o m

Lemma 2 .  1  we ge t  F ,  tu )  Sr f  (u ) ,  d  ( f  )  =d  ( t )  SFf  (u )  hence r t  (u )  =F,  (u )  =

= E t f l  i . e .  g ( u ) = 6 ( u )  a n d .  f e a E ( u ) .  W e  h a v e  j u s t  p r o v e d  t h a t

D ( a g l c p ( 4 9 )  a n d  f o r  a l l  u e D ( 3 g )  w e  h a v e  9 ( u ) = ! ( u ) ,  E g ( u ) C a E ( u ) '

In  o rder  to  p rove  tha t  a6(u)C3g(u)  fo r  ueD(Eg) .  le t  us  cons i 'der

h€aE (u)  .  F rom d  ( .h )  =d  ( f r )  =g  (u )  - (h ru>=g (u )  -<h 'u>  we ded 'uce

d (h )  =Fn (u l  hence h€ag (u )  .

i i )  Le t  ueO/38)  and f€Ag(u) .  F rom Lemma 2 .1  we deduce

that there exists (ucl) 
cr,ee 

a gleneralized sequence such that

S ( u o ) * d ' ( u )  a n d  r o * r .  H e n c e  w e  h a v e  n r ( v o ) * F f  ( u ) = d ( f ) = d ( f )  i . e '

u  j -s  a  g . . r -so lu t ion  o f  the  equat ion  fcag(x ) .  converse ly  le t
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The following theorem gives a variational characterj-zation

o f  s " g . r - s o l u t i o n s  s i m i l a r  t o  T h e o r e m  2 . 1 .

1

THEOREM 2 .2 .  The re  ex j - s t s  $ :X+( -o ,  + -Jsuch

i )  6Sg ,  D  (  Dg)cD (Eg)  and fo r  a l l  u€D (  ag)  we

and Eg (u )  =  Eg (u )  .

t i) For all f€X* we have

lutlon of the equati-on f €ag (x)

oo*o and' F r 
(uo) +d (f ) hence 9 (u

the lower semicontinuitY of 6

hence F ,  (u )  =d  (  r )  1 .  €n  f  €aE (u)  .

( 2 . 6 1  S = { u € X ,  l 7 l

Fl

and le t  9 :X+ ( -@r+co j

^ , ) . > d  ( f )  + < f  7 u > = E ( f )  + < f  , u > .  u s i n g
(.L

we get  g  t " t  51 im S (uo)  =A( f  )  + ( f  ro )

that

have g  (u )  =g  (u )

try

t h a t  f e a g ( u )  i f f  u  i s  a  s . g . r - s o -

u i - s a

( u ) )  i f f

COROLLARY 2 .2 .  Le t  u  DdEg) .  Then  fo r  a l l  f  X * r -

c lass l ca l  so lu t i on  o f  t he  equa t ion  f  3g (x )  ( i . e .  f  Eg

u  i q  a  s .g . t - so lu t i on  o f  t he  equa t ion  f  0 .9 (x )  '

lutLons

Proof o f  T h e o r e m  2 . 2 .  L e t  S  b e  t h e  s e t  o f  a l l  s . g . r - s o -

+u and

12.7',) n t 'r ={

f  X*,  (J)  (orr)rr .u iC X such that t '

r ,  (urr)  +d ( f  )  ]

be given bY

E'(")  i f  v€s

9 (v )  i f  v /s .

We denote by (ir) gU;* the following family of functional

( 2 . 8 ) for  a l l  veX

':,4
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and r le t  d :X*+ f - * r+- )  be  g iven by

(2.g1 d t r t  = inf  F,  t . r )  =-6* ( r )  for  a l r  fex*
veX

The proof of Theorem 2.2 follows the sane r^/ay as the proof of

Theorem 2.1 using instead of  Lemma 2.1 the fo l lowing lemma.

LEMMA 2.2.  i )  For al l  veX there exists a sequence (vn)neN

such tha t  r r r * t  and S(v r r ) *g (v ) .

i i )  F o r  a l l  f € x *  w e  h a v e  d ( f  ) = & ( f ) .

proof.  I f  v ls then we put 'u"Ft and i f  veS then there exists

fex* .r,U tr.r r,6N "r"h 
rrr*t and F, (vrr) *d (f ) hence g (irr) *d (f ) +<f ru)=

=d( f )+<f ,u> .  From the  inequa l i t j -es  i t " l  =E(u)  s l im E(vr r )  s l im g  (vn)  =

= d ( f ) + < f , u > S E ( u ) = i ( u )  w e  d e d u c e  g ( v r ) * 6 ( u )  .

The l ink  be tween 0g  and ag  ( i .e .  be tween the  s .g . ' r -so lu -

t ions and g. t -solut ion) is given in the fo l lowing theorem

T H E O R E M  2 . 3 .  E s g S g ,  D  ( a ; ) c o  1 3 n 1  a n c l  f o r  a l l  u e o  ( a i )  w e

have 6 t" l  =! (u) and a0' l .rr l  = 39 (u) .

coRoLLARY 2.3.  I f  u  is  a  g. t -so lut j -on of  the equat ion

fe1g (x )  and  i t  j - s  a l so  a  s .g . ' r - so lu t i on  o f  t he  equa t ion  heDg(x )

:  t h e n  u  i s  a  s . g . . r - s o l u t i o n  o f  t h e  e q u a t i o n  f € E g ( x ) .

Proof  o f  Theorem 2.3.  From Theorem 2.2 one can easi r lydeduce

tha t  S=D (ag lCO tag t  and fo r  a } l  ueD (Dg)  we have g  (u )  =9  (u )  '

a i  tu lcaE (u)  .  Le t  now f€ag (u )  fo r  ueD, (a6 t  .  F rom lemma 2 .  1  and '

2 . 2 .  w e ' d e d u c e  t h a t  i t r t = d ( t ) = F r ( u ) = F r ( , r )  i . e -  f € a ; ( u ) .
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REMARK 2.2.  I f  t  is  metr izabl -e.  one can deduce f rom

R e m a r k  2 . 1  a n d  T h e o r e m s  2 . 1 ,  2 . 2 ,  2 " 3  t h a t  E E = D g ,  b u t  i n  g e n e r a l

the equal i t .y  does not  ho ld (see for  instance Example 2.1 where

E=O and g=g) " However the fol lowing theorem gives suff icient

condi t ions ( in  a par t icu lar  choise of  t )  in  order  to  have the

equal i ty .

THEOREM 2.4.  Let  (X, I  I  I  I  I  be a ref lexive Banach space and

1 = g ( X ; X * )  b e  t h e  w e a k  t o p o l o g y  o f  X .  ' I f  l i m  g ( x ) = + -  f o r

I t " l  l + + -  t h . e n  a g = a g ,  e X * € R ( a g )  ( i - e -  f o r  a l l  f e x *

u  i s  a  g .o (X ;x * ) - so lu t i on  o f  t he  equa t ion  feag (x )

s .  g .  o  (X rx * )  - so lu t i on  o f  t he  equa t ion  f  ebg  ( x )  )  '

we have that

t : t u i s a

proof.  Let  us prove, for  the beglnning, that  for  a l }  vex

there exists (vn)nett  such that t r r* t  and 9(vrr) '6t t t l  '  r f  v/olUl

then g (u) =6 (u) -+- and we choose vn= v '  Let  v€D (E) '  r>0 and

f = (E (v)  - r ,  6 ( t )  +r)cR, B=XxIcXxR. Hav j -ng j -n mind that (v,6 (v)  )  e

gp (9t =EFl!) we deduce that (v,E (v) )e npGlhe. LeL us prove now

that Ep(g)og is bounded in XxR. Indeed i f  there exists

( w r r r b r r ) € E p ( g ) f \ B  s u c h  t h a t  l l * r r l l * + -  w e  d e d u c e  t h a t  g ( w n ) * + *

but g (wn) sbnsE (v)  +r<+- hence Ep (g)oB is bounded in xxR which is

ref lexive.  We can use a resul t  of  Browder f1,  P.  81] to deduce

that there exists (vrrrarr)6Ep(g)f \B such that , t r i t  and arr* !1v1 '

From the inequat i t ies E trr)  5 l im g ( t r r )  Sl im S (vrr)  Sm g (vn) SI im tr , .=

=E tn) we obtain g ( t r , )  +g (v)

Le t ,  cons ider  now ueO(36)  and f€Ag(u) .  F rom the  f i rs t  par t

of the proof we can const.ruct (orr) 
oeNcx 

such that *rr** and

g (u r r ) *E  (u )  .  s ince  F f  (un)  *F ,  (u )  =d  (51  =d ( f  )  we deduce tha t  u  i s

a  s . g . o ( X r ; * ; - s o l u t i o n  o f  t h e  e q u a t i o n  f € D g ( x ) .  I { e  c a n  u s e

Theorem 2.2 to obtaj-n that  ueo (ai)  -  Hence we get D (aE)cD (A;)  and
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f rom Theorem 2.3 we deduce 3!=Ag.

THEOREM 2.5.  Let  us consider  two topologies on X denoted

by t ,  and ,2  such that  r rSr ,  and X*=* t . ,=* t ,

L=1 t2 the functions constructed in theorems

T=Ti .  Then we have

i )  E1 sE2, D (aE2)cp (aE1 )  ,  aE1 (o)  =aE2 ( , r )  for  a l l  ueo (aE2)

i i )  i t  t i '  ,  D Q;2)cD (  a iz l  ,  a i1 to l  =a62 ( , r )  for  a l l  ueD (a621

coRoLLARv 2.4.  i )  r f u  i s  a  g . t r - s o l u t l o n  ( s . g . t r - s o l u t i o n )

(s .  g.  t . ,  -solut ion) of  the eguat ionthen u  is  a  9 . t . , -so lu t ion

f  € E g  ( x )  .

l i )  I f  u  i s  d  9 ,  t . , - so lu t i on  ( s .  g .  t , ,  - so lu t i on )  o f  t he

equat ion fedgt* l f fP i "  a lso a g. r2-so lu t ion (s .g . ' r r -so lu t ion)

o f  t he  equa t ion  heag(x )  then  u  i s  a  9 .T r -so lu t i on  ( s .g . t r - so lu t i on )

of the equation f  €ag (x) .

REMARK 2 .3 . rn gener  ̂t  El :62 and D $Ezl D (ag1 ) .  This can

be  seen  i n  examp le  2 .1  fo r  t . l =o (X rX* )  and  r2=norm topo logy  i n

which we have 61 =o ,  42 =grD (461 )  =  {  o* i  and '  D $Q21=6 -

- 1  - )
Proof  of  Theorrem 2.1.  g 'Sg-  by construct ion and s ince

S 2 c S t  ( S i  i s  g i v e n  b y  ( 2 . 6 1  b y  r e p l a c j - n g  t  w i t h  T r r  L = 1  , 2 1  w e

get ;1 s62. From Corol lary 2.4 i )  which is obvious and theorem

2.1  we deduce thb t  D(ag2)cD(a6 '1  )  and fo r  a l l  uEo(a6 '2 )  we have

a62 (u lcag l  ( r r l  .  Le t  now u6D (ag2 l  ,heaE1 (u) f lag2  (u )  and f<ag1 ( , r )

Us ing  lemma 2 .1  i i )  we ge t  g '1  (o l  =d  (h )  + (hr . , r= [2  to )  and s ince

6 ' 1  ( o )  = d  ( f  )  + < f  , u >  w e  o b t a i n  E ' 2  ( , r )  = d  ( f  )  + < f  , u >  i . e .  r e  a g 2  ( u )  .  r n

order to prouve (i i) the same technique can be used.

.  we denote uv 6i ,  4i ,

2 . 1  a n d  2 . 2  f o r



L e t  ( x r l l  l l t  b e  a  B a n a c h  s p a c e  a n d w e  d e n o t e  b y  s  t h e

norm topology and by w the weak, o(XrX*),  topology of  X.  Let

6", is arra E , i* u. the function constructed above for r=s

and T=vr respectively. Then we have the following theorem

THEOREM 2 .6 .  I f g is convex then

i )  E =g", 6t=6" and !s is convex

l i)  a6t=aE==ai"=alw is a maximal monotone operator.

Proof.  i )  Since g is convex we deduce that Ep (g) is a

convex set hence rp(6s)=E}-Gfs=El@fw=np(gw) i .e.  gs=gw is

convex .  Le t  S"  and S,  be  g iven by  (2 .61  fo r . r=s  ur r i r=w res-

pectively. rt is obvious that sscsw and j-n order to prove that

sfs" one can use the Mazur lemma and the convexi ty of  Ff .

Si .nce S,,=S- f rom 12.71 we deduce that i t=6".W S

i l )  us ing  remark  2 .2  we ge t  a is=ags  and f rom theorems 2 .3

and 2.5 we have 36"=a6"  a ; t  Egw=ag=.

REuARK 2 .3 .  The  fac r  rha r  ag*=ag !a i "=a6 t  ( i . e .  rhe  ( s .  )g .

st rong and weak sorut ions co inc ides)  is  impor tant  in  appl ica-

t ions.  Indeed the V-coerc iv i ty  condi t ion (see the next  sect ion)

wi t ,h  v  a precompact  set  which assures the ex is tence of  the

generar ized so lut ion is  work ing in  the weak toporogy (s ince

B(0 r1 )  i s  co rnpac t  f o r  X  a  re f l ex i ve  space ) .  F rom the  above

equal i t i€s we have that  i f  a  g.  weak so lut ion ex is ts  then i t  is

a s t rong onerhence we have st rongly  converg ing min lmiz ing se-

quences. In the next we give an example in which g is not

convex.but however the above equali t ies hold ,

1 2
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EXAI IPLE 2 .2 .  Le t  CI=(0 ,T l r  X=n l tn t  and g3X- |R be  g iven by

-t.t -G , ?

so dl f  f icul t  to prove that 9* (v)  =9" (v)  =J I  Vv |  
-  (x)  dx+J 0 tv (x)  )  dx

where  d  i=  g iven  by  (1 .4 ) .  Us ing  theorem 2 .4  we ge t  tha t

aE*= a it= aEs = a is .

3" THE EXISTENCE OT THE GENERALIZED SOLUTIONS

In reflexive Banach spaces the usual coeicivity condit ion

I l m  g ( x ) / l [ x l  l = + -  f e s  I l x l l * -  a s s u r e s  t h e  e x i s t e n c e  o f  t h e

s .g .o (X rX* ) . - so lu t j - ons .  I n  t h i s  sec t i on  we  g i ve  a  poss ib le

generalizatlon of this condit j-on in a l j-near topological space

in order  to  obta in the ex is tence of  the g.  t -so lut j -ons

(s .g . r - so lu t i ons )  ( i . e .  t he  su r jec t i v i t y  o f  t he  ex tens ion

aE la i t  I  .

Let x be a real l inear topological sPace with the topology

denoted by t  which sat is f ies Hausdor f f rs  ax lom of  separat ionrX*

i ts  dual  and le t  V be a subset  o f  X.

DEFIN IT ION 3 .1 .  We say  tha t  g  i s  V -coe rc j - ve  i f  D  (g l cLJ  tV
n 2 0

o and l im in f  g(v)  fn=+* where Wrr=(n+1)V\nV and Wo=V.
vewn

: ,  REI IARK 3.1.  I t  is  easy to  see that  i f  X is  a  normed space

a n d  g ( x )  t l l " l  l + + -  g e s  l l " l  l + + o o  f t r s n  g  i s  B ( 0 , 1 ) - c o e r c i v e .

( B ( 0 , 1  )  = { " /  l l x l  I  s t  } )  .

The main result of this sect, ion j-s the fol lowj-ng theorem

.'

9(v )  =J  lVv - l ' dx * lO  t "  ( x )  )dx  where  0  i s  g i ven  by  (1  .4 )  .  r t  i s  no t
n ^ C I

THEOREM 3.1.  Let  g  be a V-coerc ive funct ion.
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i) If V is a precompact set then for all fCX* there exists

a t  L e a s t  o n e  g . t - s o l u t i o n  o f  t h e  e q u a t i o n  f e a g ( x )  1 . e .  R ( A g ) = X * .

i i) If V is a secvential precompact set then for all fex*

there  ex is ts  a t  leas t  one s .g . r -so lu t ion  o f  the  equat j -on  feag(x )

j . . e .  n ( E g ) = R ( E g ) = X * .

COROLLARY 3 .1 .  Le t  {x , l  I  I  l t  be  a  Bana ih  space and

l i m  s ( x l / l  l x l l = + -  w h e n  l l x l l * * .

i )  I f  X is  a  ref lex ive space then for  aL l  fGX* there

e x i s t s  a t  l e a s t  o n e  s . g . o ( x , ) g ' t ; - s o l u t i o n  ( i . e .  R ( a i ) = n ( a E ) = x * ) .

i i )  I f  X  i s  t he  dua l  o f  a  no rmed  space  Z  and  ' r=o (X ,Z l  t s

the topology on X then for al l  feX*=Z there exj-sts at least one

g .  t - so lu t i on  o f  t he  equa t  j - on  f  €ag  ( x )  ( i .  e .  R  (ag )  =X*  )  .  Moreove r

i f  Z is  separable then for  a l l  fQX*=Z there ex is ts  at  least  one

s . 9 . t - s o l u t i o n  o f  t h e  e q u a t i o n  f  € a g ( x )  ( i . e .  R ( a d )  = X * )  .

In order to prove theorem 3.1 the fol lowing lemma wil l

be an usefu l  too l .

LEMMA 3.1.  Let ,  g  be a V-coerc ive funct i -on and fex* .  I f

sup lc t rv> l<+-  then fo r  aLL aeR there  ex is ts  keN such tha t
v€V r-

r ;  ( a )= { x /F t ( x )  sa }  cLJw ,

Proof. Let us suppose. that for al l  k€N there exists

vnerf ta) such that "drt"r. 
slnce nf f atcD (e)clJ^w,, there

exis ts  nUlk such that  tOa*rO hence vO= (nO+1 )wO wi th wUeV. I f

we denote by or=ii$ I .f ,,tt I tnen we have a2F, (vn) >9 (tt) - (no+1 ) Af l

:r, ,-f inf s (v) /ny tr 
f t laf 

ana passing to the l imit we obtain
^Lv€ wrtn 

^ "k !-

a)+o ,  con t rad i c t i on .
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P r o o f  o f  T h e o r e m  3 . 1 . i) Let f€X* and let (rrr) 
rr>0

minimizing sequence for Fr.  I f  we put a>d(f)  then there

no such that (un)n=nf,r f  tat .  Using now lemma 3.1 we get

(rrr) 
rr:rro belongs to a precompact set hence there exists

nerallzed subsequence (oo) 
oea 

of (trr) 
rr>rro and u€x such

oo*r  j - .e .  u  i s  E t  9 . t -so lu t j -on  o f  the  equat ion  feEg(x) .

l i t  can be proved in a s imi lar  manner.

b e a

exis ts

that

a 9e-

that

4. SOBOLEV T-SOLUTIONS

In th is  sect j -on X wi l l  be a local ly  convex,  sCcvent ia ly

complete space with the topology t generated by t 'he fanily

of  seminorms (po)  
oao.

DEFrNrr roN 4 '1  '  we say  tha t  u  i s  a  sobo lev  (s '  )  t -so lu t ion

of  the equat ion feEg(x)  i f  a l l  min lmj-z ing sequences for  F,

converge to u.

PEMARK 4 .1 .  I t  i s  easy  to  see  tha t  i f  u  i s  a  S . t ; so lu t i on

then  u  i s  a  s .g .T -so lu t i on  and  i t  i s  un ique  (no  o the r  g . t - so lu -

t i on  ex i s t s ) .  As  we  can  see  i n  Examp le  1 .1  the  conve rse  i s  f a1se .

The fol lowing example points out the inf luence of the

choise of  the topology t  in  the def  j -n i t ion of  S.1-so1u1i j -on

EXAI , IPLE 4 .1 .  Le t

w h e r e  h ( v ) = s  i f  l l v l l s t

prove that o=0* is the

x=r .2 ;  g :x+R g iven by  g(v )=  i  + " :+h(v )
, r 3 1 t  t

a n d  h ( v ) = l l " l l 2 - r  i f  l l " l l t t .  o n e  c a n

S . o  ( X , X * ) - s o l u t i o n  o f  t h e  e q u a t i o n

ox*€Eg(x)  but  i t  is  not  a  Sobolev s t rong so lut ion ( the sequence

* r r= (61) r -=1  is  a  min imiz ing  one bu t ,  s ince  I  [ " r r l l=1  '  xn  conv : rges

n o t  t o  g X ) .
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If X is a normed space then lt is known that the coercivity

and the unlform convexity of g are sufficient conditions for

the exlstence of the Sobolev solutions in the nolln topology

(see Vainberg [9] ,  ronescu, Rosca, Sofone. f6 l ,  Dinca, Mateescu

CZll " In order to gi-ve sufficient condj-tions for the existence

of Sobolev t-solut,ions we give the following definit ion of the

unj-forrn convexity in a loca1y convex space, similar to the

usua l  one in  a  normed.  space (see Za l inescu f lO] t .

D E F I N I T I O N  4 . 2 .  W E say that

i f  fo r  a l l

g is a 'r-uniformly convex

function on the set BcX

such that for  a l }  u 'v€B

< 6 f  ( 1 - I )  t h e n  P o ( u - v )  < g .

EXA1{pLE 4.2.  Let  us consider  X=9,21 g:X+R given by

'l 't

9(v)=  I  * " i .  One can prove tha t  g  i s  o (X,19*1-un i fo rmly  convex
n = 1 "  "

on all bounded sets but as can be seen in Vainberg [S] g is

not uniformly convex in the nol:m topology-

REMARK 4.2.  The t -un i form convexi ty  of  I  on a

a n d  l € ( 0 , 1  )

crGA, e '>0,  there ex is ts  6>0

i f  r g ( u ) +  ( 1 - t r ) g ( v ) - g ( I u +  ( 1 - I ) v )

in Def in i t ion 4.2 is equivalent wi th the fo l lowing

al l  cr€A there exists ^1r ' l l={m:R*+R*/ m is increasing

semicont inuous  w i th  m(0)=91 such tha t

set  B g iven

one :  f o r

and lower

( 4 . 1 ) f g  ( u )  +  ( 1 - ) , )  g  ( v ) - g  ( t r u +  ( 1 - f ) v )  > I  ( 1 - f ) m o  ( P o  ( u - v 1  ;

I€(0r1)  and urveB.  In  order  to  prove th is  s tatement  one

the same techniques as in  Rosca fA]  or  in  Zal inescu f fOl .

T H E O R E M  4 . 1 .  I f  g  i s "r-uniformlY convex on X then

convex on X and aE is one to one

for  a l }

can use

i )  E  f "  t -un i fo rmly
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'  (1 .  e .  ag (x t  )nAg .xr l  =Q for  x . ,  l * )

, i i )  I f  d t f )> - -  t hen  the re  ex i s t s  an  un ique  S . t - so lu t i on  o f

the  equa t ion  f€ag (x ) .

COROLLARY 4.1.  I f  g  is  t -un i formly convex on X then for  a l l

f€X* we have that  u  is  a  S.r -so lut ion of  the equat ion feag(x)

i f f  u  i s  &  s . g . r - s o l u t j - o n  i f f  u  i s  d  9 . t - s o l u t . i o n  i f f  f € A E ( u ) .

P roo f  o f  Theorem 4 .1 .  ( i )  Le t  u rv6X  and .  ( vo )  
. , ee ,  

( vg )  geo

. s u c h  
t h a t  o o * o ,  t g * t  a n d  g t v o ) * S ( u ) ,  V ( v ' ) * g ( n ) ' ( s e e  L e m m a  2 . 1 1 .

we cons ider F=cxD with y1 = (  o.1 t  811 s\  z= lar ,  9r l  for  4. ,  So,,  and g1sg2-

Let (uf) yer and (ri) 
v. ' 

be two subsequences of (to) 
oeA 

.td

(vB)  
B€D 

respec t ive ly  g iven  by  u lo ,  
B)  

=uo,  t  
io ,  g )  = tB '  Pass  j 'ng  to

the l imit ln the inequalitY

r g  ( u i )+  ( 1 - r ) s  ( v f  )  : g  ( ^ " ; *  ( 1 - I ) v '  )  + ) ,  ( 1 . - I )mo  (Po  t u i - v i )  )

a n d  h a v i n g  i n  m i n d  t h a t  ] i *  g ( ) , v ' + ( 1 - I ) v ; ) > S ( t r u + ( 1 - l ) v )  w e  g e t

4. '1 .  The in ject iv i ty of  SE is a direct  concequence of  the str ict

convexity of E.

i i )  Le t  (un)neN b"  a  min imiz lng  seguence fo r  Fr .  F rom 4 .1

we have

ho (no (urr-u*) ) slr, (urr) *]r, (u*) -F, (] (u,r+v*) ) s

s | rc  r (u r r )  
-d  ( r )  )  * *  (Fr  (um)  -d  ( r )  )

and s lnce r r (ur . )+d( f  )  we deduce that  ( t . r ) r r :1  i "  a  Cauchy sequence

hence there exists uGX such that urr*u. Let now (tr,)rr:1 b" another

min i -mj-z ing sequence for  Fr .  Using the same technique one can

prove that there exists vex such that '  tn*t '  rn this $tay we obtain

f ,' u, ,'lt '? .L'l'4 V 0
./\rtt
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that  u and v are s.gf  . t -solut ions of  the equat ion fe8g(x) hence

feaE(u) and fe8E(v).-  But ag is one to one hence u=v is the

unlque Sobolev'r-solut j -on.

THEOREM 4.2.  I f  g  is  T-uni formly convex on a l l  bounded

sets and g is V-coercive with V a bounded set then for a]l

fex* the equati-on f€ag(x) has a unj-que Sobol-ev 'r-solution

( i . e .  R ( a g ) = n ( a i ) = X * ) .

Proof. Let ("rl).rr>1 b" a minimizing sequence for Ff . Since

g ls V-coercive with V a bounded set we can use Lemma 3.1 in

order to prove that (trr)rr>., belongs to a bounded set. We can

use now the same technj .que l ike in the proof of  t f reJem 4.1 i i )

to deduce that (*rr)rr :1 i= a Cauchy sequence hence there exists

u€X such that un+u. Let now (trr)rr:1 be another minimizl-ng

sequence for Fr.  From the f i rst  part  of  the proof we obtain

that there exists v€X such that vn-)v. We consider (trr)rr>1 given

by wrrr=urrr  *2rr*1=vn. Since ( t r r ) r r>1 is st i I I  a minimizLng sequence

for F, we deduce that (t.r)r,:1 ls Cauchy,hence u=v is the unique

Sobolev t -solut ion of  the equat ion f€3g (x)  .

5. K-VARIATIONAL PROBLEMS

( x , l l  l l l  b e  a  r e a l  B a n a c h  s p a c e  a n d  K : D ( k ) c , X + x  b e  a

i  
l lnear c losed operator.  Let  9:X+(--r** ] l  be a proper funct ion

L *

wl th  D(g )CD(K)  and  P :D(P ICX*2"  be  a  mu l t i va lued  non l i nea r  ope -

rator .  We recal l  f rom lonescu,  Rosca,  Sofonea fO]  t f te  fo l lowing

de f in l t i on .

DEFIN ITJON 5 .1 .  The  pa i r  (P r9 )  i s  ca l l ed  a  K -va r ia t j - ona1

problem (K-v.p. )  i f  for  a l l  fGX* we have u<o(P)  and fePu i f f
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Gr(u)  sGU(v)  fo r  a l l  v€Xr  where

c f  ( v )  = g  ( v )  - < f  , K v > for  a l l  veX"( 5 . 1  )

rct (2, I I I I I lf be D (K) endowed with the graph norm of K

( i . e .  l t l " l  [ [ 2 = l t " l l 2 * l l x o l l 2 t  w h i c h  i s  a  B a n a c h  s p a c e .  s i n c e

K:Z+X is  bounded we can consider  K* 'X?t+Z?t  the adjo in t  o f  K.  One

can  ease ly  remark  tha t  (P ,g )  i s  a  K -v .p .  i f f  D (P)= {u€X/

(3)  fe . ; : *  such that  K* f€Eg(u) ]  and.  P=K*-13g where the subgradient

in  consid.ered Ln Z and K*-1 is .a  mul t iva lued operator .  Let  now

construct  g  and d 'u"  in  sect ion 2 for  t= lhe norm topology in  Z '

tc _,1

Since 3E=ag extends ag we have that F=K 'Dg extends P and

(FrE) ls a K-v.p. Tf we examine now the K-unifor* 
"Jrrt.xity

imposed on g i" f6] we see that it is exactly the uniform con-

vexi ty of  g wi th respect to Z.  Hence from Theorem 4.1 i )  we get

that E i= also K-uniformly convex. If we use the same argument

a s  i n  L e m m a  7  o f  [ e ]  w "  d e d u c e  t h a t  i f  l i m  g ( x ) / l  l x x l  l = + -

w h e n  l l r " l  l * + -  t h e n  f o r  a l l  f g X *  w e  h a v e  i n f  G o ( x ) = i n f  r * t ( v ) =
v € X  '  v € z  " '

=d(K* f )>- - .  We can use now Theorem 4 .1  i i )  to  ob ta in  tha t  
l t t

minimizing sequence for Gr=FK*f are convergent in z at the same

limlt. called in fO] tfte K-generalized solution of the equation

fepx which is the Sobolev strong ( in Z) soLut ion of  the

equat ion  K* f€Eg (x )  -

we have just proved the following theorem which is the

main resul t  ot  f  O]-

T H E O R E M  5 . 1 . Le t  (P rg )  be  a  k -v .p .  w i th  g  a  K -un i fo rm ly

1 i m  g t x ) / l  l r " l  l = + c o  w h e n  I  l x " [  [ * + * .  T h e n

anofher K-v.P. with ! a K-uniformly convex

convex function and

there exists (F,E)

function such that
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i) P extends P

i i )  for  a l l  f€X* u is the K-general ized solut ion of  the

equation f6Px iff u D (F) and feFu

i i i )  for  a l l  feK* there exists an uniqus K-general ized

so lu t lon  ( i .e .  F  i s  one to  one and R(F)=x* )

2 0

[1]

12l

[e]

[al

f5l

t6l

[z]
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