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b y

D a n  T I B A

l .  l n t r o d u c t i o n

a

w h e r e  Y  € H ' C L ) ,  ?  - (  0  o n  [ t  =  ] O  a n d  i n  [ . , u l  * [ o , r ]  .

L e t  u ( o ( ) €  K ( 0 0  b e  t h e  s o l u t i o n  o f  t h e  v a r i a t i o n a l

i n e q u a l i t y

. (
( l . t ) ^ . J  .  g r a d  r ( o < ) g r a d ( v - u ( x ) ) Z o ,  V u €  r ( o < )

O(*)
w h i c h  d e s c r i b e s  t h e  e q u i l  i b r i u m  p o s i t i o n  o f  t h e  m e m b r a n e  O ( o < )  l
i n  c o n t a c t  w i t h  t h e  o b s t a c l e  G  g i v e n  b y  y = ? ( x  

l r x Z )  a n d  c l a m p e d  i

on eO (o<) .

F o r m a l  l y ,  u ( x )  s a t i s f i e s :

d i s c u s s  t h e  a p p r o x i m a t i o n  o f  t h e

w h i c h  w a s  f  i r s t  s t u d i e d  i n  I Z ] .
F ' l F

o ,  u [ * J o , r [  ,  a  d o m a i n  i n  R 2 ,  a n d

s .  I ^ / e  d e f  i n e :

I n  t h i s  p a p e r  w e

o p t i m a l  p a c k a g i n g  p r o b l e m ,

l , l e  c o n s  i d " ,  f L  =  l

c ) 0 ,  0 f a ( b  a r e  r e a l  n u m b e r

u a d = t " a t l , € ( o , r ) ;  a ( * ( b ;  l J l  . .  . ) ,

-  O ( x ) = t ( * , , x r ) € O ;  * r e l o , l [ ,  0 ( x , ( . , ( r z ) ] ,

t a ( x ) =  
{ , * 1 , " 2 )  i  x t = d (  ̂z ) ,  x r e [ 0 , , ] ] ,

K  ( d ) = t u r H : 6 I ( o < ) ) ;  v )  ?  a , e .  i n / ' ) . ( * ) h
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-Au (or)70

u (x))Y

Au (x) ( u- Y) =o

u ( c ) = o

I n fl(or) ,

i n O(o<) ,

i n Ja(x) ,

i n30(o<) ,

( l . l  ) ,

l , l e  d e n o t e  b y  z

d e n c e  s e t  o f  ( l , J ) .

;  u ( x ) t h e  c o i n c i -( x ) = ? ( x ) )

T h e  o p t i r n a r  p a c k a g i n g  p r o b r e m  r r o m  I z ]  c d n s i s t s  i n

m i n i m i z i n g  t h e  a r e a  o r o ( o . )  s u c h  t h a t  t h e  c o n t a c t  r e g i o n  z ( * )

c o n t a l n s  a  f i x e d  s u b s e t  D .  t n  l r l  w e  u s e d  t h e  v a r i a t i o n a l

i n e q u a l  i  t y  t e c h n i q u e  f o r  t h e  n u m e r i c a l  s o l u t i o n  o f  t h  i s  p r o b l e m ,

H e r e  w e  p r o p o s e  a  d i f f e r e n t  a n d  s i m p l e r  m e t h o d ,  w h i c h  i s  t o  b e

h o p e d  t o  b e  a p p l  i c a b r e  i n  o t h e r  o p t i m a r  d e s i g n  , p r o b r e m s  t o o .

l { e  f i x  o u r  a t t e n t i o n  o n  t h e  s i m p r e r ,  b u t  i m p o r t a n t ,

p r o b l e m  o f  t h e  s e a r c h  o f  b n  a d m i s s i b l e  p a i r .  T h a t  i s r  w €  w a n t

t o  s o l v e

( t . z )  M i n i m i z e ( x ) -  p l 2

(*) = txeO(..)

Jt"
D

s u b j e c t  t o  ( t . t 1  a n d  f o r .  *  € U " d .

I  f  t h e  o p t  i  m a  I  p a c k a g  i  n g

o ( C u a d ,  u ( * )  g i v e n  b y  ( t . t l )  a n d

z ( u ( x ) ) f o ,  t h e n  t h e s e  a r e  o p t i m a l

t i m a l  v a l  u e  z e r o  a n d  c o n v e r s e l y .

d ,

c e

l e

T h e  i  d e a  o f  o u r  a p p r o a c h  h a s  a  g e o m e t r  i  c  n a t u r e .  r  f

i  i s  a n  o p t i m a f ;  p a l r  f o r  1 : . 2 ) ,  t h e n  w e  c o n s i d e r  t h e  s u r f  a -
- t  \y = [ ( x 1 r x Z )  a n d  w e  e x t e n d  i t  t o  t ( x ' x r l  O " f i n e d  o n  t h e  w h o -

n .
P

l r  u ,  u  a r e

t h e  s o l u t i o n  o f

d o m a i n  n

p r o b l e m  h a s  a d m i s s i b l e  p a i r s

s a t i s f y i n g  t h e  s t a t e  c o n s t r a i n t

f o r  t h e  p r o b l e m  ( t . Z )  w i t h  o p -

u  a s

f i x e d

s u f f i c i e n t l y  r e g u l a r  t h e n  m a y  s u p p o s e

a  s i m i l a r  v a r i a t i o n a l  i n e q u a l i t y  i n  t h e



i n  n

a n d  . 0 ) w l Y o n  I  r a f l ( & )  .  H e r e  B  i s  a  m a x i -
I

R x R  o f  t h e  f o r m

r ) 0 ,

r = 0 ,

o t h e r w i  s e .

u _ r l 2

( t . 3 )

w h e r e  w = 0  o n

m a  I  m o n o t o n e

( 1 . 4 )  p ( r ) =

s u b j  e c t  t o

- 3

- A r  + p 1 f - r ) ? o
d ,

u ' F  =  w

rn an.(;)
g r a p h  i n

I o
{ l - * ,  o }

[ ,

l , l e  a l s o  r e m a r k  t h a t  t h e  s o l u t i o n  o f  ( 1 , 1 )  s a t i s f  i e s

u ( * ) 2 0  a , e .  i n O ( x )  ( t h i s  m a y  b e  o b t a i n e d  b y  t a k i n g  u = u * ( < )  i n

( t . t ) ) .  T h e r e f o r e ,  f o r  a n y  x € U " 6 ,  w e  h a v e  u ( o < ) l j  o . € .  i n

E = f 0 , " l l  
" [ o , t l  .  T h i s  p r o p e r r y  i s  n o t  n e c e s s a r i r y  s a t i s f  i e d  b y

t h e  s o l u t i o n  o f  ( t . 3 )  a n d  w e  h a v e  t o  i m p o s e  i t  s e p a r a t e l y .

C o n v e r s e l  y  ,  i f  i Z O  i n  E  a n  d  i /  
f  

= w r  s  i n c e  w . ( 0  o n

b  
"  [ 0 , ] ,  t h e n  t ( x . , , x r ) = 0  d e f  i n e s  s o m e t t u r u " t f  A  i n  [ " , u ]  x

" [ o , r ]  
a n d  w e  o b t a i n  a  d o m a i n E c O o n  w h i c r r  ! = f , / r  s a t i s f  i e s

( t . t )  a n d  i / r ,  = 0 .  H o w e v e r ,  i t  i s  p o s s i b l e  t h a t  f  q  u " d .

B u t ,  l t  i s  w e l l k n o w n  t h a t  t h i s  d e f i n i t i o n  o f  U " d  i s

r e q u  i  r e d  i  n  o r d e r  t o  h a v e  e n o u g h  c o m p a c t n e s s  t o  g e t  
" *  

i ;  a " n " "

i n  t h e  p r o b l e m  ( t . 2 1 .  S o ,  i t  i s  n o t  p r o m p t e d  b y  a  p h y s i c a l  a r -

g u m e n t  i  n v o  I  v e d  i  n  t h e  p r o b l  e m  a n d  w e  r e n o u n c e  i  t .

T h e  a b o v e  d  i  s c u s s  i o n  m o t  i v a t e s  t h e  i  n t r o d u c t  i  o n  o f

t h e  f o l  l o w i  n g  b o u n d a r y  c o n t r o  I  p r o b l  e m :

I r
D

( P )  M i n i m i z e

i n  O  ,- A u + p ( u - ? ) )  o( t . 3 )
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2 ,  E x  i  s  t e n c e  f o r  ( p )

.  O u e  t o  t h e  l o w  r e g u l a r i t y  p r o p e r t i e s  o f  w € 1 2 ( F ) ,  w e

d e f i n e  a  s o l u t i o n  o f  ( t . 3 ) - ( t . 5 )  l V  t r a n s p o s i t i o n ,  a s  i n  L i o n ! -
. .  ?  1  1  I t
I t l a g e n e s  L 5 J  ,  C h . l l .  l . / e  s a y  t h a t  u € H ' " ( f l )  i s  a  s o l u t i o n  o f

t h e  v a r i a t i o n a l  i n e q u a l i t y  ( t . 3 ) - ( t . 5 )  i r  t h e r e  i s  r  €  L ' ( n ) ,
o

f  € n ( u -  Y )  a . e . O ,  s u c h  t h a tr l

( t . 5 )  u l f  =  w ,

( t . 6 )  u ) o  6 , € ,  i n  E ,

( t . 7 )  w 6 w , = { u e u 2 ( f ' ) ;  v = g  o n  l ' l l a E ,

0 ) . v ) . {  o n  ] J t  r  a r } .

T h i s  a p p r o a c h  i n  o p t i n a l  d e s i g n  p r o b l e m s  i s  d i f f e r e n t

f r o m  t h o s e  c o n s i d e r e d ,  f o r  i n s t a n c e ,  i n  [ 6 ]  a n a  i t  h a s  t h e  a d -

v a n t a g e  o f  s i m p l  i c i t y .  B o u n d a r y  c o n t r o l  p r o b l e m s  v i a  D i r i c h l e t

c o n d  i  t  i o n s  w i  t h o u t  s t a t e  c o n s t r a  i  n t s  a r e  s t u d  i  e d  i  n  [ t ]  u n d e r

a d d i t i o n a l  c o m p a c t n e s s  a s s u m p t i o n s  o n  t /  a n d  i n  t , r J  f o r  a  d i f -

f e r e n t  t y p e  o f  n o n l  i n e a r  t e r m  i n  t h e  s t a t e  e q u a t i o n ,

l n  
. t h e  

s e q u e l  w e  i n v e s t i q a t e  t h e  p r o b l e m  ( p )  a n d , i t s

s o l u t i o n  w i l  I  b e  i n t e r p r e t e d  a s  a  m i n i m i z e r  i n  a  c e r t a i n  c l a s s

f o r  t h e  p r o b l e m  ( 1 . 2 ) . r

( 2 . r )  -  
! , a y + l f r -  -  

I - H  ,o r 1  F
n

f o r  a l l  Y € H ' ( O ,  Y = 0  o n  f  .

W e  h a v e

T h e o r e m  2 , 7 ,  l f  w € L 2 ( f ) .  t h e n  t h e r e  i s  a  u n i o u e

u e u l / 2 ( t t )  s o l u t i o n  o f  ( t . 3 ) - ( t , 5 )  i n  t h e  s e n s e  o f  ( 2 . 1 ) .
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P r o o f

A s s u m e  f i r s t  e x i s t e n c e  a n d  p r o v e  u n i q u e n e s s r  L e t
7 I t

u l  , r  z e  H "  "  ( f l J  b e  r w o  s o l  u t  i o n s  o f  ( 1 . 3 )  -  ( 1 . 5 )  a n d  f 1 e p t u . ,  -  ? ) ,

Yze F(ur-  P )  ,  Yt ,  Yz€12 ( r1)  .  I^ /e  have

I tfr-y)Y = o.
ft

Y o s i d a  a p p r o x i m a t i o n  o f  f t .  0 b v i o u s l y  F 6 ( r n - f ) € H l t f l l  b e c a u s e

w n > . Y .  M u l  t  i p l y  i n g  ( t  . 3 )  b y  p t ( u n - t )  ,  i n t e g r a t  i n g  b y  p a r t s  a n d

u s l n g  t h e  m o n o t o n i c i t y  o f  ( t {  w €  s e e  t h a t  
{ f r r r u n - Y ) }  

i s . b o u n -

d e d  i n  L 2 ( f ) )  U y  a  c o n s t a n t  i n d e p e n d e n t  o f  f  a n d  n .  L e t t i n g

t { 0  w e  h a v e  
{ p t r n - f ) }  

b o u n d e d  i n  L 2 ( t 1 ) .  T h e  p r o p e r t i e s  o f

t h e  D l r i c h l e t  m a p  g i v e  
t " . )  b o u n d e d  i n  H l 1 2 n ) .  L / e  m a y  p a s s

( z . z )  -  
I  t u l - u 2 ) a Y +

T h e n  v = u l - u 2  i s  a  s o l u t i o n  b y  t r a n s p o s i t i o n  o f

-Ao :y'z-fi in f,I 1

v  =  0  i n  f

a n d  s i n c e  { z -  { t € 1 2 ( O r  
w €  s e t  , i l H | ( f l ) n t : ( J ) ) .  t ^ l i t h  V = u  i n

( 2 . 2 ) ,  b y  t h e  m o n o t o n i c i t y  o f  f t  ,  w €  i n f e r  v = 0 .

T h e  e x i s t e n c e  m a y  b e  o b t a i n e d  a s  f o l l o w s :  l e t

w n € t t 3 / ' f f ) ,  w n *  w  i n  L 2 ( f ) .  T h e n  ( t . 3 ) - ( t . 5 )  h a s  a  u n i q u e  s o -

l u t i o n  u n € H 2 ( f D ,  c o r r e s p o n d i n g  t o  w n ,  b y  T h . 2 . 5 ,  K i n d e r l e h r e r

a n d  S t a m p a c c h i a  [ : ] ,  p . l l 3 .  A s  w ) . 9 / ,  w e  m a y  a s s u m e  t h a t

w n )  f / p  ,  0 t h e r w i s e ,  l e t  { n  €  H 2 ( t 1 )  b e  s u c h  t h a t  $ n / f  
=  w n .

T h e n  € n = r u p  ( t n , Y ) € H l  ( n J ,  0 n  ) Y  ! n d  w e  r n a y  s u p p o s e  I  n e n 2  t n )  ,

g n l t  b y  u s i n g  a  m o l l i f  i e r .  B y  t h e  D r o p e r t i e s  o f  t h e  s u p ( . , . ) ,

g n  i s  b o u n d e d  . i n  H l  ( I )  a n d  8 n l n +  w  s r r o n g i  y  i  n  L 2  ( f )  .

N o w ,  a s s u m e  t h a t  i n  ( :  . 3 )  p  i s  r e p l a c e d  b V  ( l t  ,  t h g
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-n

t o  t h e  I  l m i t  i n  ( Z . t )  a n d  f i n i s h  t h e  p r o o f .

T h e o  r e m 2 r 2 ,  T E r e  i s  a t J g j s l  o ? g o g l i _ I g ! . p a _ i t

[ u * ,  * * ] e H t / 2 U \ ) *  r - 2 ( n )  o r  ( p ) ,

P r o o f
'  

L e t  w n € } J  b e  a  m i n i m i z i n g  s e q u e n c e . ' c r e a r r y  { w n }  i s

b o u n d e d  i n  L 2  ( f  )  a n d  l " r )  i s  b o u n d e d  i  n  t t l  / 2  ( f D  .  s o  u n  - l  u

s t r o n g l y  i n  t - 2 ( n J ,  w n  - *  w  w e a k l y  i n  L 2 ( f )  ,  p  ( u n - y )  *  
f t ( u -  

y )
a

w e a k l y  i n  L ' ( o )  a n d  w e  m a y  p a s s  t o  t h e  l i m i t  i n  ( Z . t ) .

T h e  p a i r I  u , * l  s a t i s f  i e s  u ] 0  o . € .  i n  E ,  w 6 t /  a n d  i r  i s

a d m i s s i b l e  f o r  ( p ) ,  s o  i t  i s  o p t i m a l .  W e  d . e n o t e  i t  f  , * , r * ] ,

3 .  ! e n a l  i z a t i o n  a n d  r e g u l a r i z a t i o n  o f  ( p ).

E  t n

q u  i r e

^L. '+
e

t e t  X  a n d  !

J ^ L  a n d  X e , .  \ f  b e

t h a t  t * r ) ,  t q r l
* , { r * q  r t r o n s

l J e  d e n o t e  [ g

b e  t h e  c h a r a c t e r i s t i c  f u n c t i o n s  o f  D ,

t h e i r  C " ( n )  a p p r o x i m a t i o n .  V J e  m a y  r e -

a r e  b o u n d e d  i n  L F ( l l l J ,  X r > 0 ,  \ r > . 0 ,

l y  i n  L P ( / ) ,  l . ( D S o e .

)  0  s u c h  t h a t

f o r [ -'r i  z e d  o  r o  b  l . e m

I  \ r ( u - ) 2 a *  '
n

{ r t=  I  t lo -  ! l  
2a*  +  o

n
0  a n d  w e  d e f  i  n e  t h e  p e n a  I

!{*r'"-v12a* 
. 

i
( r r )  M i n i m i z e

s u b j e c t  t o  ( t . 3 ) ,  ( 1 . 5 ) ,

T h e  e x i s t e n c e  o f

m a y  b e  e s t a b l  i  s h e d  a s  i  n  ̂

( 1 . 7 ) .

o p t  i  m a  I  p a  i  r r  
[ u t ,

s e c t i o n  2 .

* f J  f o r  ( e r )
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I

T h e o r e r n  3 . J .  W e . . h i v e

( 3 . 1 )  * r * f f  w e a k l l j l  L 2 ( n ) ,

3 . 2 )  u , * t  : : r o n s l v J g  L 2 ( f D ,

yh e r g lfr,frJ i"f-q.ggp*igl r*:egf JSi (p ) .

P r o o f

0 b v i o u s l y  t - r )  i s  b o u n d e d  i n  L 2 ( f )  a n d ,  o n  a  s u b s e -

q u e n c e ,  w e  m a y  a s s u n e  t h a t  * t * f r  w e a k l y  I n  L 2 ( f ' ) ,  f i e w .

H u l  t i p l y i n s  ( 1  . 3 )  b y  / C e ( u e , - Y ) e  t l ( f I ) ,  i n t e s r a t i n g  b y

p a r t s  a n d  u s  i  n g  t h e  i  n e q u a  I  i  t y

w e  g e t

! s r ^d (u r -? ) s rad  p . ( re  -Y )  *  I l , r r ( u . - f ) 2 . ' (  
- l o . f  p " f u r  -Y ) .

. n t L n

T h e n  { p . ( u r - Y ) }  , ,  b o u n d e d  i n  1 2 ( f D  a n d  a r s u i n s

a s  I n  t h e  p r o o f  o f  T h . 2 . l ,  w e  s e e  t h a t  
t p  t " € - f ) )  i s  b o u n d e d

i n  L 2 U I )  a n d  t r r !  i s  b o u n d e d  i n  , l / 2 ( n ) ,  u r  - +  i  s t r o n g l y  ' "

r - 2 ( 1 r u .  P a s s i n g  t o  t h e  l i m i t  i n  ( 2 . 1 ) ,  w e  g e t  t h a t  t  i s  t h e  s o -

I  u t  i o n  o f  ( l  , 3 )  ,  ( t  . 5 )  c o r r e s p o n d  i  n g  t o  f r

L e t  I r , u , ]  b e  a n y  a d m i s s i b l e  o a i r  f o r  t h e  p r o b l e m  ( p ) .

.  T h e n  i  t  i  s  a l  s o  a d m i  s s  i  b l  e  f o r  ( n r )  a n d  w e  h a v e

(3 .3 )  lX , l " r - y l2 *  +  I ^4 rn ; t z  ( { x .1 , -  r l 2 *
n  

L  s  d O  J l - B  "  n t

* J  [ t ( , - ) 2  1 . .  ( t t - { ) ( u - ) 2 ,.  + .  I_ \ r ru-)  
2= 

[* r tu-  v l2+ Z h. r ,  t ,  
, -

s t t l t  J l  '  . - '

I ptu ,- Y) p ,(r r-t) >. I prtu.- Y) 2

n O



B y  t h e  S o b o  I  e v

u€r4  (o ) ,  u -e  r -4  (J 'L )  and

- 8

i m b e d d i n g  t h e o r e m ,

( r -  )  
2 e 1 2  ( c )  .  T h e n

t

I  t t  - t )z ) r  (
o 

't r

€ - , 0
. 4 U

a s  f 1 . c R 2 ,  w e  i n f e r

I

( u - )  a ) Z

t h e  p r o b l  e m

\<t
.o

- t ) ( r - , t ,  
t ,

J  t " -  ) \ ) t  / 2
t\

it;,'
$ tl '"

s oT h e n  ( 3 . 3 )  i m p  I  i  e s ( u r ) 2  i s  b o u n d e d ,

i s  t h b r e f o r e  a d m i s s i b l e  f o r

i m i t  i n  ( 3 . 3 ) ,  w e  g e r

tha t  
ib '

Jt ; -v l l  s  Jru- r t '
D D

t r ( u i ) 2  =  o .

l
I

J  r ; - )2=r  i '  J
E t'+o O

T h e  p a  i  r .  [ ; , ;

p a s s i n g  t o  t h e( P )  a n d

a n y  o t h e r  a d m i s s i b l e  p a i r  
[ u , * 1 .  T h i s  s h o w s  t h a t  [ t , ; l  i s

o p t i m a l  p a i r  a n d  f i n i s h e s  t h e  p r o o f .

I n  o r d e r  t o  g e t  b e t t e r  d i f f e r e n t i a b i l i t y  p r o p e r t i e s ,

i n t r o d u c e  t h e  r e g u l a r i z a t i o n  o f '  t h e  p r o b l e m  ( n r )  w i  t h  p a r a m e -

f o r

a n

we

t e r l ) 0 :

l r ( ' - )  
2t r I  I  M i n i m i z e

s u b j e c t  t o

( 3 , 4 )  - A u + F ^ ( r - y ) = 0  i n , n  ,

{[x,tu-v12+ t L

a n d  ( 1 , 5 ) ,  ( 1 . 7 ) .
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A b o v e  F f  l r  t h e  Y o s i d a  a p p r o x i m a t i o n  o f  p .  l n  a p p l i -

c a t  i o n s ,  w e  s h a  I  I  a  I  s o  t a k e  a  s m o o t h  i n g  o f  A - ,t - \

P r o p o s i t i o n  3 . 2 ,  L e t# _ ; _
\

( P i ) .  T h e n .  a s  t r - t 0 .  w e  h a v e
G 

- +

[ r t ,  
w ] ]  b e . a n  p p t i m r l _ _ p e . i  I  f o r

( 3 . 5 )

( 3 . 6 )

P r o o f

( 3 . 7 )

* l *
" l t

w .  w e g ! ! y  i n  t - 2 ( f ) ,

u ,  s  t r o n g  I  y  i n  L 2  n )
c E -

whe-rg 
[rr ,  

,r ]  is gn -gpt imal .p-a i  r- ioj  (e, )  .

a

a s

t s

( 3 . 5 )  ,

t i m a l ,

o r  { r l  }  
i s  b o u n d e d  i n  r - 2 ( f )  w e  m a y  a s s u m e  ( 3 . 5 )  o n

s u b s e q u e n c e  a g a i ' n  d e n o t e d  
" l  

( €  i s  f  i x e d  h e r e ) .  W e  m b y  p r o v e ,

b e f  o r e ,  t h a t  
{ " }  }  

i s  6 o u n d e d  i n  n t  / ' ( ( l )  a n d

b o u n d e d  i n  L 2 ( r ) J  w i t h  r e s p e c t  t o  X > O  a n d  w e

F o r  t h e  m o m e n t ,  t h e  p a i r  [ r r ,  " r J  
w h i c h

( 3 . 6 )  i s  o n l y  a d m i s s l b l e  f o r  ( e r ) .  T o  s e e

w e  r e m a r k  t h a t

I  prt,)-t ,  )
s e t  ( 3 . 5 )

a p p e a r s  i n

t h a t  i t  i s  o p -

i n f e r  t h a t  u l  . f  u

( t . 3 ) ,  ( t . 5 )  c o r r e s -

I
o

* r l , ) -  r12*

+
i lrr(") 

-r 2 < [x,l u]- ?t'*

i"Ii,"^ -)''''
( 3 . 4 ) ,  ( 1 . 5 ) ,  c o r r e s p o n d i n g  t o

\
w h e r e  u  ̂  i  s  t h e  s o l  u t  i o n  o f

:{
s o m e  f  i x e d  w  € 1 , /  r

s t r o n g l y

p o n d  i n g

B y  t h e  s a m e  a r g u m e n t  a s  u s u a l ,  w e

i n  L ' ( ) ,  w i t h  u  t h e  s o l u t i o n  o f

t o  w € W .

L e t t i n g  I  +  0  i n  ( 3 . 7 )  w e  e n d  t h e  p r o o f .



. . ,  I  -  l 0

R e m a r k . .  T h e  s a m e  s t a t e m e n t  i s  v a l  i d  w h e n f t x i s  r e p l a -

c e d  b y  d  ,  i  t s  r e g u l a r i z a t i o n ,  d e f i n e d  a s  f o l  l o w s

pI(  t )  =

w h e r e  1

4 .  A n  a l q o r i t h m
.---..,:-:4--..--,..:;;;-

W e  u s e  a  g r a d i e n t  a l g o r i t h m  t o  s o l v e  t h e  p r o b l e m  ( {  ) .
. t a

L e t  0 : L z ( [ r )  - > L L  ( O ) O e n o t e  t h e  c o r r e s p o n d e n c e  w ; ) u  d e -

f  i n e d  b y  ( 3 , r + ) ,  ( l , 5 )  a n d  u = 9 ( w ) ,  u , ^ = 0 ( w +  p v ) ,  v € 1 2 ( F ) .
r

P l o p o s i g i o n  4 . 1 .  T h e  m a p p i n g  I i s  G a t e a u x  d i f f e r e n t i a -

i s  a  F r i e

e €

I  f r ( ' - I d t ( r )a r ,
' o o

d r i c h s  m o l l i f  i e r .

r = V 9 ( w ) v  s a t i l l j J :

( 4 .  I  )

( 4 , 2 )

-Ar+ vA r-f) r=o i n  f a ,

, / f  =  v .

P  r o o f

W e  h a v e

- au+  p t ( u -  Y  )=0 ,

-Eun+ 
itr,. y) = o ,

u /n =w , u 
r/p=w+pv 

r

w h l c h  s h o u l d

L e t

b e  u n d e r s  t o o d

v n 6 H 3 { ' t n )  ,  o

t h e  s e n s e  o f  ( 2 . . | ) .

v  s t r o n g l y  i n  t - 2 ( n )  a n d

i n

- 1
l l

u[=a(w+pun) ,  , f=  
$J  

.  rhen

=fav*lryr-J".#-I
o

b l e  a n d

( 4 . 3 )



f o r  a n y

l e h r e r

Y C

I  r l ,

-  l t

H 2 ( o ) n  t :  ( n ) .  B y  T h . 2 . 5  o f  s t a m p a c c h i a  a n d  K i n d e r -
a 0 '

p . 1 1 3 ,  z l ' C t t - ' ( . ( } )  a n d  s a t i s f  i e s
l*
I

h/e

a n d

d e n o t e  b y

t [ - . f -sn.

(  4.4 )  -at f*

a , l  . t ' j ; L t !A@=o
.I,r, = Vn.

s  € H 2n

T h e n

pt($

( f , 1 )  t h e  s o l u t i o n  o f  - A  s n = 0 ,

. [ e H 2 ( n ) n  n ] t n l  a n d  w e  h a v er (
-Y) - pt"-r i

i n J l ,

= 0

t n l r =un

l

W e  m u l t i p l y  ( 4 . 4 )  U y  t [ ,  i n t e g r a t e

t h e  f a c t  t h a t  A r  i s  L i o s c h i t z i a n  o f  c o n s t a n t
l

( s  rad  . l )  t M

b y

I
I

p a r t s  a n d  u s e

a - n d  m o n o t o n e :

I
rL

n=r.=

n

L I A

=i 'Mt) ,
L F

T h e n

I 'l,l l: *.' il'll,-, ,r,,ll 
'nl ,.r (n ) \<

ll .l l,., tol

s i n c e  { t " }

i s  b o u n d e d  i n  * : ( f D

t o n a n d p . W e c a n

o b t a i n  1 4 . t ) ,  ( 4 . 2 ) .

t n l r ,

h a v e  r € H t / ' ( ( L ) .

t h e  a d j o i n t  s t a t e  n l e n 2 C f f . l n  r - r ]  ( o )

.  l 2- n ' r - 2 ( f D

H l l 2  ( r 1 )  ,  w e  s e t  t h a t  t . L  )
b o u n d e d  i  n  ^ 1  / 2  ( n )  w  i  t h  r e s p e c t

i m i t  i n  ( 4 . 3 )  
. n - ) o o ,  F + 0  a n d

* f l
({1) .\

i  s  b o u n d e d  i

t  n ' l
a n d  t = i ; J  i s

p a s . s  t o  t h e .

R e m a r k .  W e-

I ' l e  d e f  i n e b y
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o r

:y  ot  o l

'  t h e  p r o b

t'. iht'
' f (* l -")  t

;  t h e n  r  w €

o r

Yl

I -w'
t

0

i t

) r

v l\ l

),. -
L

;

=
I

+

u

I

;t

T h e  e x i s t e n c e ,  u n i q u e n e s s  a n d  r e

w e  I  I  k n o w n .

'  
L e t  u s  o b t a i n  t h e  m a x i m u m  p r i n c i

t
( P . n ) .  I , l e  h a v e :

(r.z) JXrl,)-v12* t, #,tu|-) ' f
w h e r e  u r r  i s  t h e  s o l  u t  i o n  o f  ( 3 , 4 )  w i t h  u

r-
a n y  v € W ,  p ) 0 .

W e  d i v i d e  b y  p r  i n  ( 4 . 7 )  a n d  l e t

f e r

a r

p

x

rl,

r n -

(4.5) -ael*  or i , ) - r l f i=21(,1-?) -  
f rnrul- ,

(4 .6 )  o l rn  =  o .

(4.8) !  t rxS")-r l  -  +q , ) - )ve (  w t ,  , ' - " )  )  0
n  { r "

f o r  a l  I  v € W .

W e  n o t  i c e  t h a t  t h e  a d j o  i  n t  o P e r a t o r  r e  ( w ) ) x  t

, . ,
t - ' ( D - + u t ( f n )  i s  g i v e n  b y

( 4 , e ) v e t ' , ) ) n ( r ) = -  * *  ,

w h e r e  p  i s  t h e  s o l u t i o n  o f  ( 4 , 5 ) ,  ( 4 . 6 )  w i t h  t h e  r i g h t - h a n d  s i -

d e  e q u a l  t o  f G L 2 ( f l ) .  T h i s  m a y  b e  s e e n  b y  m u l t i p l y i n g  i n  ( 4 . 5 )

w i t h  . = o e ( 4 ) l  , L e r - 2 ( t t ) .  B y  ( 4 . 1 )  a n d  1 z . t ) ,  w €  h a v e

(ve(w))xr ,4) .2,- ,=(r,vet*))0),2,-,=- I  'o*J"d(4-9'p=- J '3* ,
1 l.(1") - L.trD iL .fr., n

s i n c e  p € H t ( ? ) n  n l t . n l .  T h i s  y i e l d s  ( 4 . 9 ) .
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I
t

'i
_  l 3

\ ^ I"  (4 . r0 )J# , ' " 1  -u ) )o  f v€ \ . / .
FI
l -

0 b v i o u E l y ,  ( 4 . ' t  O )  i s  a  d i r e c t  c o n s e q u e n c e  o f  ( 4 . 8 )

a n d  ( q . 9 ) .  l t  m a y  b e  e q u i v a l e n t l y  r e w r i t t e n  a s

) ,  Proposj t i .gr  t - . ! .  l [e_ jg t imal i , !J  c_on9j_! igns Jor  3he
\

p r . o b l e m  ( n i )  a r e - g i v e n  b I  ( 3 . 4 ) ,  ( 1 . 5 ) ,  ( 4 . 5 ) ,  ( 4 . 6 )  a n d
. 

c

( q . u )  *  r e r  ( r t ) ,

I  n  o r d e r  t o  a p p l  y  a  u s u a l  g r a d  i  e n t  a l  g o r  i  t h m ,  w €  p e n a -

I  l z e  t h e  c o n t r o l  c o n s t r a i n t s  w € W  b y  a d d i n g  t o  t h e  c o s t  f u n c t i o -
\

n a l  o f  ( p i )  a  t e r m  o f  t h e  f o r m  l .  ( w ) ,  a  s m o o t h  r e g u l a r i z a t i o n
L L

o f  t ( w )  ( t t r i s  m a y  b e  e a s i l y  d o n e  d u e  t o  t h e  p o i n t w i s e  d e f  i n i t i o n

o f  W ) .

l , l e  d e n o t e  t h i s  n e w  p r o b l e m  a g a i n  b y  ( P ) )  a n d  w e  o r e s e r -

v e  a l l  t h e  o t h e r  n o t a t i o n s .  A l l  t h e  a b o v e  r e s u l t s  m a y  b e  r e o b -

t a i n e d  i n  t h e  s a m e  
" 1 y  

w i t h  t h e  o n l y  m o d i f i c a t i o n  t h a t  ( 4 . . | 1 )

b e  c o m e  s

a p )( \ . tD  "#  =v t€  t r ) )  .

T h e  a l g o r i t h m  i s  a s  f o l l o w s :

w h e r e  t : f - 2 ( n ) * J - * , * * ]  i s  t h e  i n d i c a t o r  f ' u n c t i o n  o f  l . l  i n

L2 ( r )  .

S t e p  l .  L e t  * o  b e  g i v e n  a n d  s e t  n : = 0 .

S t e p  ? ,  C o m p u t e  u n  f r o m  ( : , 4 ) ,  ( 1 . 5 ) .

S t e p  3 .  T e s t  i f  t h e  p a i r  I r n , * n l  i s  s a t i s f a c t o r y .

l f  Y E S ,  t h e n  S T O P ,  o t h e r w i s e  G 0  T 0  s t e p  4 .
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S t e p  4 .  C o m p u t e  p n  f r o m  ( 4 . 5 ) ,  ( l { . 6 )

S t e p  5 ,  C o m p u t ?  w - , r  b Y
n + l

( 4 . 1 3 )  * n * l = w n - q , ( o l ,  ( w n r -  
* l  .

S t e p  6 .  n : = n + l  a n d  G 0

T h e  t e s t  i n v o l v e d  i n

v e  i t e r a t i o n s  a n d  A -  f r o m  s t e p
n

v i a  a  l i n e  s e a r c h .

T 0  s t e p  2 .

s t e p  3  m a y  d o m p P ' r e  t w o  c o n s e c u t  i -

5  i s  a  r e a l  p a r a m e t e r  o b t a i n e d

t h a  t

t h e

) P n

) n

R e m a r k , l f  w n € H 3 / ' $ t ) ,  t h e n  w e  h a v e

u n € H 2 ( J a ) .  s o  t h e  r i g h t - h a n d  s i d e  i n  ( 4 '

r e g u l a r i t y  r e s u l t s  f o r  ( 4 . 5 ) ,  ( 4 . 6 )  g i v e

a  I  r e a d y

5 )  i s  i n

p n€+t3 
(rt)

m e n  t  i  o n e d

H l  ( f } )  and

.  T h e n

T h e  r e f o  r e ,

i t e r a t i o n  w o ,  t h i s

r a t i o n s .  S o  u n  i s  a

d e r  i t s  r e s t r i c t i o n

t h e  o p t i m a l  d e s i g n

e n 3 / 2  $ ' )  a n d ,  b y  ( 4 . ' t  3 ) ,  w n +  f r 3 /  
' ( r ' ) .

i f  w e  s t a r t  t h e  a l g o r i t h m  w i  t h  a  r e g u l a r

r e g u l a r i t y  p r e s e r v e d  d u r i n g  a l  I  t h e  i t e -

s t r o n g  s o l u t i o n  o f  ( 3 . 4 )  a n d  w e  m a l  c o n s i -

t o  a  s u b d o m a i n  t o  o b t a i n  t h e  s o l u t i o n  o f

p r o b e m  a s  e x p l a i n e d  i n  s e c t i o n  l .

R e m a r k . l n  o u r  s i m p l e

o v e r  a  v a r i a b l e  d o m a i n  ( w h i c h  i s

p r o b l e m  o v e r  a  f i x e d  d o m a i n  i n  a

s u p p ' l  e m e n t a r y  c o m P l  i c a t i o n s .

R e f e r e n c e s

a p o r o a c h  w e  r e P l  a c e  a  P r o b l . e m

i  t s  g r e a t e s t  d  i  f f  i  c u l  t Y )  b Y  a

d i r e c t  m a n n e r '  w i t h o u t  a n Y

v a r i a t l o n a l  i n e q u a l  i t i e s " ,

1 0 0 ,  P i t m a n ,  L o n d o n  ( t 9 8 4 ) .

Z o l e s i o  -  " S h a p e  o P t i m i z a -

,  L e c t u r e  N o t e s  i  n  C o n t  r o l

1 . V . B a r b u  =  " 0 p t i m a l  c o n t r o I  o f

R e s e a r c h  N o ' t e s  i n  M a t h e m a t i c s

B . B e n e d i c t ,  J . S o k o ' l o w s k i ,  J . P .

t i o n  f o r  t h e  c o n t a c t  P r o b l  e m s "

2 .
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a n d  f n f o r m a t i o n  S c i e n c e s  5 9 ,  p . 7 8 9 - 7 9 9 ,  S p r i n g e r - V e r l a g ,

H e  i  d e l  b e r g  ( 1 9 8 4 ) - .

D , K i n d e r l e h r e r ,  G , s t a m p a c c h i a  -  " A n  i n t r o d u c t i o n  t o  v a -

r i a t i o n a l  i n e q u a l  i t i e s  a n d  t h e i r  a p p l  i c a t i o n s " ,  A c a d e m i c

P r e s s ,  N e w  Y o r k  ( 1 9 8 0 ) .

J . L . L r i o n s  -  r r C o n t r 6 l e  d e s  s y s t E m e s  d i s t r i b u € s  s " i n g u l  i e r s r r ,

D u n o d ,  P a r i s ' ( 1 9 8 3 ) .

J . L . l - i o n s  -  E . M a g e n e s  -  t ' P r o b l B m e s  a u x  I  i m i t e s  n o n  h o m o -

g E n e s " ,  v o l . l ,  D u n o d ,  P a r i s  ( 1 9 5 8 ) .

0 .  P i r o n n e a u  -  t l O p t i m a l  s h a p e  d e s i g n  f o r  e l l i p t i c  s y s t e m s "

S p r i n g e r - V e r l a g ,  B e r l  i n  ( t 9 8 4 ) .

D , T i b a ,  P . N e i t t a a n m a k i ,  R . M a k i n e n  -  t ' A  v a r i a t i o n a l  i n e -

q u a l  i t y  a p p r o a c h  t o  t h e  o r o b l e m  o f  t h e  d e J i g n  o f  t h e  o p t i -

m a l  c o v e r i n g  o f  a n  o b s t a c l e r r ,  P r e p r i n t  7 8 ,  U n i v ' J y v a s k y l a ,

F l n l a n d  ( n o v . 1 9 8 7 ) .
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