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ON INVARIANT SUBSPACES OF SEVERAL

VARIABLE BERGMAN SPACES

Mihai PUTINAR

By using a natural  Local izat ion method, one descr lbes

the finite codimensionaL invariant subspaces of the Rergman

n-tuple of operators associated to some bounded pseudoconvex

domal-ns in on, wi th a suf f ic ient ly.nice bounffAry.

0.  INTRODUCTION. Some recent invest igat ions have been

concerned with the structure and classi f icat lon of  the idvb-

rLant subspaces of  the Bergrman n-tup1e of  operators,  cf  .

Axler-Bourdon Lzj , Bercovj-cl [r] , Doug]as [sJ. Due to the

r ichness of  th is lat t ice of  invar iant  subspaces, the addi t ional

assumption on finite codimension was naturally adopted by the

above mentioned authors as a first step towards a better

a understanding of  i ts  propert ies.

The present note arose from the observation that, when

: . 2
the Lz-bounded evaluation points of a pseudoconvex domain l ie

in the Fredholm resolvent set of the associated Bergi"man n-tuplet

then the descr ip t ion of  f in i te  codj -mensional  invar iant  subspaces

.  is ,  a t  1east  conceptual ly ,  a  fa i r ly  s imple a lgebra ic  mat ter .

Th i s  s lmp l i f i ca t l on  requ l res 'on1y  the  bas i c  p rope r t i es  o f
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the sheaf model for systems of commuting operators discussed

ln t l | .  In fact  the local- izat ion nethoC of Douglas t5 l  is  qui te

siml lar ,  but  in what concerns the part lcular quest ion t reated

ln thls note the category of Fr6chet modules seems to be more

appropr iate.  Of courbe, the uni tary c lassi f j -cat ion of  f in i te

codj.menslonal j.nvariant subspaces of the Bergman space requires

more elaborated. techniques of Hilbert modules

1. PSEUDOCOwVEX DOMAINS. Let 0 be a bounded pseudoconvex

.domaj-n ln Cn, D)1 r  and let  L l  tn)  denote the correspondlng
a

Bergnnan space, i .e.  the Hi lbert  space of  a l l  holomorphic and

square summable functions defined on fl. The n-tuple

l l ^ =  ( z n  , . . .  , z - l  o f  m u l t i p l i c a t i o n  o p e r a t o r s  o n  l 1  ( n )  b y  t h e
l t  t '  n '  a -

Jordinate funct ions is refer ied to as the Bergman n-tuple of

the domain A.

In th ls sect ion we isolate a c lass of  pseud.oconvex domains

whlch wi l l  be convenient for  our techniques. A simi lar  and deeper

ana lys is  l s  car r ied  ou t  in  l "ZJ ,  in  the  one complex  var iab le  case.

In the sequel  Q denotes the sheaf of  complex analyt ic

f unc t l ons  on  cn . '

tEMl,lA 1 . Let

Let l€ aCI

,ffi

o

t

n
be a bounded pseudoconvex d.omain in A'1 gg]

Apsume that 0 is a Stein compact and that Otnt  i .s  dense

)
l n  t :  ( 0 ) .  T h e n  t h e  f o l l o w 1 - n g  a s s e r t i o n 9  a r e  e q u i v a l e n t := ' r r - )

( 1 )  I h e  s u b s p a - c e  
. , 1 , ,  

( " ) - x j ) L ; ( A )  i s  d e n s e  i n  L :  ( a )  -
ct

J = l

( i i )  The re  i s  no  Pos i t i ve  cons tan t

l r r l )  l s c l l r l l r , n( 1 )

c t  such  tha t
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{qr. every function fs O.- (fr') .

Proof -  ( i )= ) ( i i1 .  Assume tha t  there  ex is ts  a  cons tan t  c>0,

so  tha t  the  es t imate  (1 )  ho lds .  Then r im f * ( ] )= : f  ( ) , )  ex is ts  fo r
n+co

every convergent sequence f*+f , fm€9 (R) , t€L:|i l  .

I f  assert , ion ( i )  would be true, then f  t l )=O for every
.)

element t€L;(i l, which is evidentry a contradiction.

(1 i ) :+  ( i ) .  Assume tha t  there  ex is ts  a func t ion  s rL : (n ) \ {0 } ,

orthogonal to the subspace E j-Itl r,] tnr .
n

:I,,
Let g*e 9tn) be a sequence which approximates g in the

t
nolrn of  r , l (s?).  rn v iew of  the hypothesis on d to possess a fun-

damental  system of open pseudoconvex neighbourhoods, every func-

tJ-on g' can be decomposed as follows z

e^lr)  =s,n t l )  * j l , '  , " r -^,)s f l t " t

i s  poss ib le  by a s tandard

:  . .  -rJ. ACCOTOI_ngfy

( 9 m r g t = 9 *  ( l )  < 1  , 9 >

r--t

whence we infer by passing to the

Let  f  €0(R) .  By  argu ing  as

where dn<On) ,  1  S j  5n,  1  sm.  This

appl lcat ion of Cartan's Theorem

l f ( l )  < 1 , e >  l = l . r , e > l s l  l r l  I ,  l  l g l  I  ,

whlch proves that assert ion'  ( i i )  j -s 'not  t rue.

The above lemma.was intended to br ing forward the fol lowinq

two classes of  examples

,t

l im l t  m-+co  tha t  <1  ,g> f1 .

above we obtain
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ExAl' lPLE 1. A boundary point of a strictly pseudoconvex

domain with smooth bound.ary sati.sfies condition (i i1 above.

Let 0 be a strictly pseud.oconvex domain with smooth boun-

dary and let l€ aCI be fixed. Assume that there exist,s a coristant

c)0,  such that the est imate (1 )  holds for  l .  Then repeat ing

an argument given in the previous proof,

f  {D=* ] :  f * ( } }

exlsts whenever f=lim f* in l] rszl and frr€(n) . Moreover, in

th is  case re la t ion  (1 )  ho lds  fo r  t .

By  Theorem 3 .4 .9  o f  LAJ,  the  a lgebra  €  tn t  i s  -dense in
?

r ; (0 ) .  rn  pa r t i cu ta r  any  e lemen t  o f  A - (C I )=  O(0 )  ng - (n )  i s

approximable in the r ,2 (o)-norm by funct ions belonging to O tat .

s lnce  ) ,  i . s  a  peak  po in t  fo r  the  a lgebra  A- (CI ) ,  see  fo r

ins tance (q ) ,  there  ex is ts  hea- (CI )  w i th  the  proper t ies  h ( l )=1
-  a n d  I t r ( " ) I . t  f o r  z e h ' r { I } .  T h e n

l s c l l r r * l  l z , n

for  every.  naturat -  m,  u"u 
* i :  

l lh* l l2 , r ,=0.  Th is  conrrad icrs  our

assumptLon  and  thus  cond i t i on  ( i i )  i s , ve r i f i ed .

Ex&uPLE 2. Let 0=01x.. .xCIr ,  be a polydomain whose factors

!r satlsfy the following requirement: no connected component' - J

of  aQi  i s  reduced to  a  po in t ,  1s jsn .  Then every  po in t  ) ,€aCI
J

ver i f ies  cond i t j -on  ( i i ) .

In order to prQve this fact  we need the ident i f icat ion
)  - 2  )  -

t ; (s?)=L; (41  )  s  e  t ; (0 r r )  i  where  u6"  denores  rhe  h l lber r ian

tensor product
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: , : _ 3 : :

rn virtue of.srJeorem 5 of r2J, the subspace (z-r-ru)r,? (n..)
-  

: C l  : - .  .  
J  J  < r  J

ls  adi ise in l ]  (0 i . ) .  for  every l i  in D0+.c t  J , t : . . .  : - . ; ,  -  
I  l

Fix a point  l€a_Q. Sj .nce one of  i ts  entr les l*  belongs to'  - J
A ^dlh ; we get

J

- - : :  _ -  _

_ By an inspe_ct1on of the proof of the previous lemma it

fo l lows that the impricat ion ( i )  + ( i i )  remains t rue without

any addi t ional  assumption on e.  Therefore condi t i -on ( i i1 is

Ver l f ied  fo r  the  po in t , ) ,e  00 .

DEFrNr r roN 1 .  Le tQ dent te  the  c lass  o f  those bounded

pseudoconvex domains 0_. in cn,  which fu l f i l  the fo l lowing condi-

t lon :  fo r  every  po in t  I  in  a0  there  is  no .cons tan t  c>0 w i th  the

property:

l t : u ,  l s . l l r l l z , g  ,  r € o ( R )

. _ ' -
The preceding examples provide elements ot g. arso it is

worth to ment ion that the c lass 9i"  Olosed under cartesj_an

products and analytic isomorphisms which extend. to the

'boundary.

: - :  _ : :

2. THE MAIN REsuLT. rn complete analogy with the f i rst

part  of  tZJ we can state the next.

THEOREM 1. Let 0 be a domain belonqing to the c lass ?.  Alr

M,.r- invar iant  subspace s of  f in i te codimension in r ,1 ln)  has the

r]-*
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l there Pj are Polvnomials having a finite numbe.r of comrnon zeroes.,

al l  contained in f l .

Proof. Consider an invariant

k
s = l

j = 1

ment and denote g=1,!m tr.  Instead

commutlng operatorsr w€ adopt the

CIc") -modules.

It was proved in (1, as a byproduct of H6rmanderrs

L2-est imates for  the T--operator,  that  r , ] tn)  is  a module wi th

proper ty  (g ) .  Rough ly  speak ing ,  tha t  means tha t  t lm is  su i t -

able for  local izat ion in the category of  r rdchet g(c")  -modules .

s ince  d im 9<- ,  the  modu le  e  has  a lso  proper ty  (B) .  F rom the

exact sequence

'  O + g * 11 (nl + e - '  0.  a ' - '

one deduces that S has the same property,  too.  Let
, ^ P

-y, j and Q the corresponding Fr6chet quas j_-coherent

Tn.,  
. t .  I r . ted by a s lmi lar  exact sequence:

o ') V -> { * Q * " 0

subspace S-' as in the state-

of working with n-tuples of

equivalent point of vj_ew of

a

denote by
2\

U -modul-es.

*-<t

.4

Recal l  that  U tvas cal led in

of operators Mft

tZ] the sheaf model

Among other things, it was proved

that there exists an exact sequence of

'der ived from t .he Dolbeau1t complex:

1
* K ( '  - ) . . o

of the system

in  Sec t ion  rv  o f  [7 ]

Fr6chet O -modules,

o  +  S  *00 t0 n
+ftt{ ' + 0 ,



wlth 4 i  t  g ,  {0, r ,  ln  ,  QSr
The last isomorphism

computation on the Koszul

5n. Consequently .f ln= O1

" : : : , : : " : : ' ;^ ' : 'b 'eained
- M

q'
by a direct

where P .  are polynomia ls .  Moreover  r  p , ,  ( ) . )  = .  .  .  =pk (  t r )  =0 i f  and

on ly  i f  t re  suppQ.

since the sheaf- f ; t "  lsomorphic to g in a neighbourhood

of Supp Q, one finds g *AV :Q and rornl6.i,-,(-t =O for p>0.

Accordingly. the 
""qo"rrJ 

el remains exact after tensor mu.r-

t lp l icat ion wi th  9 :

0  * $ t
(P1  , .  .  .  ,P j . )  

, '

( 2 1

But

to  g loba1

* A t  * . . , -> ok + . Q  I

@ + Q

9 * 9

g *+ . . .  - '  $ k

h,

the  sheaf  J

sect ions one

i s  acyc l ic  o i r  Cn,  so that  by pass ing

f ina l ly  obta ins the exact  sequence:

Let l€Supp Q.ana denote by S,^ the ideal of gerrns of

analytic functi-ons vanishing at ]. Because g/yx is a quotient

rnodule of Q, at the level of globat section" tr,Jt" exists a
n

cont inuous 9{C";  - I inear map:

t
91 : t l ( ! )  - )  c

wi th  the  proper ty  e^ ( f )= f  ( l )  fo r  every  func t ion  f  €e(n)  .  By

taking into account the hypothesis ee€ one gets -f 
€ Supp O. fn

conclusion we have proved the inclus j-on Supp etC n

As a f in i te length module,  e is even a module over the

algebra of  polynomials.  Hence by Hi lbert 's  syzygles Theorem

it  admits a f in i te resolut ion of  the form:

( P 1  , . . . r P k )



[r,] tnr]k  
( P 1  , .  .  .  , P O ) )

L ; ( 0 )  + Q  r O  .

Thls completes the proof of Theorem 1,

The same lines of the preceding proof can be used. in ord.er

to obtain the next result

PROPOSITION 1. Let T be a commutative n-tuple of operators

gLth property (B) act ing on the Banach space X. Assume Lhat for
n

everv  le  o (T)  ,  e i ther  I  f ' * - t r * )X  is  dense in  x  o r....................- 
+lr J J
J - .

n
d lm  ( x /  . 1 .  ( r i - ^  j  )  x )  =1

j = 1  J

Then every T- invar iant  subspace S of  f in i te  codimension

1n X has the form

k
g =  [  n r t r ) x  ,

i = 1

where P, are polynomials having only a f in i te number of  zeroes,

aL l  l y ing  in  o  (T) \o r " " "  (T)  .

3. REMARKS. Theorem 1 establishds a one to one correspon-

dence between the M -j-nvariant subspaces S of f inite codimensj-on

? -
l n  t : ( C I )  a n d  t h e  i d e a l s  r c a l r l , . . . , r n 7 ,  w i t h  t h e  p r o p e r t y  t h a t

the natural restriction maP

Pt"r  ' .  .  -  'znl  / r  '  L?u(o) /s

ls  an isomorphism.
o l z n  2 . . . 2 ' - ^ l

T h u s  t h e  l n t e g e r s  a n ( l ) = l e n g t h  T o r n  I  t '  ( r r t r l ) r k € N ,

l e  O ,  E ^ = C l r l , . . .  r " n l / g f  ,  a r e  i n v a r i a n t s  f o r  t h e  c l a s s  o f  i s o m o r -



phlsm of the subspace S, up to s imi lar i ty.  For n=1 these lntegers

classi fy completely S. fn the mult ld imensional"  case, however,  i t

Ls l ikely that they not suffice for determi-ning S up to simila-

rLty.

It was pointed out in [2J, and t,he same conclusion remains
n

valid for any D)1 , t,hat there exist domains !tA" not belonging

to the class f, , such that Theorem 1 falls to be true.
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