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ON THE GFNERAL STABLE ﬁANK FOR PAIRS
by
Gabriel NAGY
Recent works of M.A.Rieffel ({41,051} on the so-called "cance-
Tlation" property for projective modules over CF-slpebras give suffi-
cient motivation to consider his theory of stable renks as a frﬁitful

insirument in the non-gtable K-theory of C ~alpebr°“

For exa ample, in ordexr to g‘vc a sufficient coqdltlnn for a stabl

<

free module to be cctﬂcll free, Rieffel used the general stable ronk

(gsr) of a C*m&lgebra.

e

erient

(=13
~

But if one wants to study the behaviouvr of this n
extensionsWhe firdc bhat dhe inthﬂllty oo (A) & max{psr(d),gexr(a/J))"
does not hold in the pgeneral case {sec the exanmple given in the paper).

The situalion is the same if "gsr®" is replacsd by "sr! (stable rank)

7
but in this case Rieffe¢l proved the inequality
s1{A) < nax(sr{J),cr(A/J),cor(A/T)). .
T [5] we intreodueced the general stéble‘épnk of a pair ((01_(ﬂ>)
and proved ine.following inegualities
gsr(h) & max(gﬁf(J},geréA)) : i
sr(8) € max{sv(d),sr(4/J),a8r5(A)) (o
‘In this paper we give Foriher croperties for our invariont wbieh
show that it has a "sub-homological® behaviour.
17/
We berin by reqalling gome notations and definitions.
For’a rnital C-slgebra A snd an integer n one lske
Lg o) = {(31?""an)&ln/_3bl"°"bNGA S blﬁmf;..+hngn31}
Considering b?m(ﬂ) as @ get-of colufn vectors one has dn action of



the éroup GL (A) (invertible matrices of'Mn(A)) by left multiplication.

RieTfel's definition for the general stable rank of A is
gsr(A)zmin{meN / GLn(A) acts trans tively on Lg (A) for every z}x},
If the above set if empty one takes gsr(A)=co , and in the non-unital .
case one works in the algebra A obtained by adjoining a unit,
To show thet we cannot expect to have “gsr(h)<L may(gs (J),gsr(A/J})“

we give the following

w
e
jon

er J the Toeplitz C*-algebra and the 1dodl3icqy
21
of compact operators. One has CT[K = 0(T)"annd gor(K =gsr(ClT))=1

- EXANPLE Con
but gsr( T )=2 (gsr(7 ) cennot be I since T contains a non-unitary
isometry).

-

We now recall our definition for the "esrY of o peayr (with a
D

fintile chanpge of notatl iox)° :

irtrer m such that for every n7 m the se gwcCu (A/u) 4 8['] OB acts
transitively » Le (A/J). Again if no such m exists onc takes gsr(i,J)=e

. . QI N T ” - iy g
apd in the non-unital case ope procecds as before., 0:K-CA/J) —> . (1)
is the "index" homomorphism in K-theory ({41 ,[5]1). In fact our inve-
risnt gives some information about d namely we have

LEMMA T Suppose gsr(A,J)& n e . Then the nap

CLF o (A/d )a ww‘afx]clmé is onto.
(e : £
PRCOF. Take mpm —:t and yezGL (L/J). Ralke ym the last column of v,

~_ m » X X 2 ’ B
OFf course y e I_.gm((\/J} and since my gor{h,J), there exists TGGL%(;&/J)
il Pys

m

O - D e e - D , :
V‘]l'ﬁ}I O[T] = ‘J S el Ll’lc)i T‘\' = ’@5.).,1‘) (" W S anas for 1}'-{:;16131)086:{‘_

0
W) r 't" ~ f' ot Ty :;( 7 3 } ‘ T & v N
Ty will have the fe m,vE} ¢ ) Witk ae Plﬁm~ﬂ(f/') and 1GCLm~1(A/U),
t

s cllear thet dheve s o continvous path in GL, (n/J) Joinine Ty

-0 -
Wm“( . ) and so Y1y L (8/5)7 Ns (4/9) OF course d[x]= 3[ryj=
i

7+ 3ly] = 3lyl. Con couen{ly we found xg;CL L

BS
ot



d(y}= 9[x]. If we still have m~17n-1 we continue this procedure. After
m—n+l steps we obtain an element of GLH_ﬁA/J) with same index as y.

REVARKS Since KO({O )={0%we have &s sr(A)=gsr (A,50} ). Also one
easily gets

gesr(A/J) L gsr(A,J) (3). ;
To prove one of the main results we have to reczll one fact from[3]
THEOREY 1 Suppose x € GL (A/J) and ny gsr(J)-1l. Ther the following
onéitions are equivalent: ' |

(i) thefe_gxisis 8 lifting XeaGLn(A) for x

@i )0 =l=0.

Now we caﬁ prove -thst in eqt@litics (1) and (3) hold in 2 more
geﬁeral setting, namely

T BT

THEOREL 2 Suppose K and J erc ideals of A such that KeJe Thnep

s s - 0 i e

PROOF,. There is no diffieulty to siow that we can suppose A unital.

In the following diagram of C -algebrag and *-homomorphisms

5.7 i
0 > K & S T == J/K —5 0
-
il 1
{ i? jy o v 4
O B S p K iz )
il .
Ly ] 7. l“4
0 > J G 4 2= A/ - 0
. l )?T J
' L 14 4 2 . 5
O S J/}I:. 5 i A/Ir -—*'Mu—-—) 11 (.J & o O

the four rows are exact =nd all the squares are conmatative. If wo

index" homomorphisms co reu‘nr(ipg o
¢ by nalurality of the exact sequence of K—theory (Fi].061 0,
each Tow, by . 3 :

we obtain the following diagram of groups and homouor Yilems in

which esach square is novrubdtive:



iy e e e L

,.“ .

Lo e
K (J/K) —=> K (A/K) K (L) ==—— K& (L0

d 9

X 2 5 4
l Ine =

R e o £ e o L_ ™~
KO(.K), = lxo(,h) mm-—a»IO(J) --—-—-} > Ky (J/K )

To prove (1) take r:;gsr(A,,J)_ and Qal,“.,,aa)el-g, ((4/F )/(J/I’))«mg \u/J)
From the def r‘itién there e‘ci.sts SeGLn(A/J)‘, such that a ] 0 and
3(81,...,3 )i O«M.,,O) But 84[;‘:‘]:‘3”(1%_093{_’5]:-0,w‘hich shows that
{SQGI_}H(A/J) A 84[8'}:0} acts tranmsitively on Le, _(A/J) and S0 we
 obtaire (i),; To prove (ii) let ny max(gsr(4,J).gsr(J, :{) and
('fzal,,,.gan)éﬂgl _(\A/K)’,'. Consider bz(ﬂ4(al),... (u )) e CUloariy
bele, (A/J) end, since rr7/ sr{A,J), there exists TGGLn(A,/J) such that
3[_‘1‘ =0 and Th=(L O,...,O)t. Again we have 84[1’]:() and, since

ny ear(Jd,K) 7 ger(d/K), by Pheorem I there exists SeGL (L2100 ~such

3
O
ct
e
o
&)
_J}
(©]
7
(o=
{¥2]

that J ’W (3)=T (for & ¥-homomorphism we keep the same

. Y & D S a4 ‘t; - \
extension to mairives). But lhis means that T A{"'\“’!\E;l"‘“”{:r) )=(J.;()“90)
: _

: T
2R S S e B «
l-(.i Y\TG Ob L-L-ll.l. (81 geoe o g C)'n) é

I )
[sl=0.c7 51=d

w

OW the other hand .L~ 08 ,),-r"j."}:‘:(h Exactiress of the

2
o o0 S 20 ) ol e . e
sequenice of r\-d:m-ory Tor the frrst row gives © [_bjt.i\.{;‘f’ll.u_-.uﬂ&l

(Oj“*] (u/w e KO(K)),. Since inzepsr(J,K

mq(:_\_

‘s - $ T : 5 e i e
HGGLF‘\U/:{».) suen that &[R_{ ~d [S]. Take V=R 'S, Sinee W = GLn(J/r\.)

. ] . s g 50 oy A
snid .g(fl,,“;c ) (Lf' J/n), we conclude that ::.'(':-:1,..,,8 ) elg Qo)

~

From nyger(J,K) w ne existence of ZeCL, (J/”) such that %1['/.[ =@

e &
: : tol = e : SR allieg - s
and QY(::'-:] Lo ) = ‘PO ,{f'r i u’; have B?[ ZJ»- o([" 5 »3001/;,__,f’1, jv
... =, {2y fz =1 =
-_—h(},)oi, [ RY +c uﬁ t] Z - \:j -d,(s5]=0.1Z2}=0. This shows that the set
2

{XEL;L \A/ YLy [ X u} acts 'Lre'nsl?,l\:féi?i.y on L{:YI(A/K), which proves (1i).

For tne following result we iniroduce. the next

e

DEFINITION Suppose J is an ideal in A and B ds aniiden) in B Do

f N
& ¥=houomorp! 1ism of pairs \p: (A,d) —> (B/K) we mean & ¥--homomorphlsr

A ——— B such that Wp(J)c K. Given two ¥-homomorphisms of pairs



! o i i

Pl (A,J) —> (B,K}), we say that they are ho~otoozc if there exists

S et

@:[O,i}%A ~—> B such %hat‘%(o,o)i?g @(l,o)é‘yand

(i) for every te[0,1] @(%9,):(A,J) —> (B,K) is & %=homomoy pﬁljm

2
s

of peirs

> 3

: ‘. .. G i v = / e s r ‘.’
i VY8 & may &) £ i .8 1 .
(ii) for every a A the map @k.,ﬁ) [O,T]-mmy~B 1g continuous

The pairs (A,J) and (B,K) &re homotopicaly equivalent if there exist

'~ two x~homomorphisms of pairs \p:(4,d) —>= (B,;K) and V:(B,K) —~—> (4,d).

such that po end Td,

3

The following result shows the homoiopy invariance for "gsr"

TAROREM % If the pairs (4,J) end (B,K) are homotopicaly:

equivalent then gsr(A,J)=gsr(B,K).

Nl S 4 8 4 = T 5 e >
PROOF., Coviously we cs8n suvposce A and Boupital and &lso that

5

the ¥-nomomorphiems \fend y in the definition are unit-preserving.

fices to prove cnly the ineqguality psr(h,])L ger (B

n *

) Sy T Y b i s O o S ) YRy T G Y TR Y Y T T T
WE Nave & ¢onmmy tetive dia Sire DENORE SR s ChURORE S RE RG] homomdy P EImS

e SR AT
L:ll’:.:‘(l:':}" wWe gel

7 =\ SO
:r \A,/u ) such Elhine
}

2 ~ ~ JLI» =y o .y O e 3 ASPRETN L T
(@oﬁ%:nf),¢.ay{m;?(zgl)) :((iﬁ.""?£§1) . (Gl3l(g) stands for the

connected compoment of the idenmiity in CL_(.)). Tn particular we

\ ST o S5 ca R Eire N e e SR AT |
.gygﬁgpslg (B/%). Since n7oor (B, K) thers smicts Tebbngw
.

19

LE)=0 end BilGle ) 0. Cla ) :(E,Og.,,gO)t. By naturaliity

I

‘are homwotopic and also Yoy 2nd.Id, are homotcpiec.
: u e -

X
/



n
M(T ,,a.,o) which means thsat %/kCL (a/3) /8 [7] Cﬁ acts transitively

have [R]p (A/J) =0. So we get Blfsi] a 5] +3 XH] =) and SR(al,..,a )»

on L" (A/J)a-

For metrix &lgebras we have

\
‘.-.J

PROPSITION 1 sr(ﬁ‘(é) e J))< {—~ 24 }+1 ({t} stends for the

Jeast integer greater than %)a

aw il A 3
PROCF, Take { *(A” ) }+1; ther is kn-nt+l ) gsr(4, J)a Let

-

bQLgk(Mn(A)/M (J ))uLLk(L A/J)) condeercd ag a-left-invertible ]
koxn matrixz. Of course (’r‘a-}_l,.b21,;n.,bkn 1)6Lr CA/TY (it isvthe Tirst
columm of b). Since kn Jger(4,J)+n-17 gsr(A,J) there exishs T8, 00

seeh that BETi:O and T, (a yt=(1 O,.".,O). Let ¢

11’ ”l""’ B,
a=T;b el ;*k. ‘([‘/J))g. end ce ki o

- P T
0 1

(A/J) & left inverse fior a, that is

of ¢). Since the firet column of a is (1,0,.,°,O)t we have ¢y =L end
so Sy € CL‘ \A/J/, Of course {S ]y v 77y =0e On the other hand since
1 } L\l(}i/d )

& £ - ~ Py -I 1 [ e Y = N
+ b @ for every b Tocafwe et £y55 Ty, we

y & & & e
“11%1p
~ - ) 5 < N &, Q 1 E 2 LS Nl
have dLX£X~ O and  X,b = ( g owith be a deft-inventiblelm-1ph 1

matrix. If we still have kn-1 7 gsr(4,J) we continue this procedure
7 {1 0

5 0 suchithat X2b = \ '2 with
0 b

x(n-2) matrix, and so on, After n steps

: 0 :

!

end find X €GL, 5 (4/7) with 3

g left-invertible (kn-

e =Y i j
: o i 2kl }
if we take X :Y'( °-,“( we obtain [i}zﬂ and

1y
n L oA e e sl e T . 2
X b= ( ) which ends the proof since CI (; (A/J> Cu (A/u) and the

- "index" homomorphism for the pair (M (A),J (J)) is uxactly 3.

TANCREM 4 Sunpose A=limd end J=lim J . where A ch .4, J=TN0A
- and Jn e an Gdeal of Anlfqr every n. Tnen gsr(4,J)& lim inf EST{ﬁnan)r
PROOF. We may sunpose 1A§An for every n. Tate k¥ L int gsr(hn,Jn),
Chooseing a subsequence we restrict to the situation »»& 1(A n)

Hor cvonvym o letllag denote by e v i i L Ly e e



g ‘ , o

induced by the embeddings (A s ) —= (A,J) and‘by in:Jn-e>J.“Take

(a19¢‘.,ak?€Lg,(A/J). Since \J TTOA /d,) is dense in A/J there exists

some 1 and (Dl,o..,u )&Lv U' A./J )) close enough to (nl’°""})

Mww”

’.o,u N
2

such th t there exists ReG L (A/U) for which (ul,..,a (
Under the assﬁmotioﬁs about J)T% will be injective—and 80 there
eAlsts (Ylg..&,x,)‘ubk(A /J } such that (bl,a.;u Y= (u (x )ya., (x ))
{naquality k7>rs“(A ,J ) gives the cx1“t£nce 6f on vaerulblc Xe&G Lk(An/Jn)
with ,L (]=0 such that X(Alt...,hk}t— ’,O,..G,O). Take T 4Jl(v)“1,

The comuu ut“VLby T the following diagram
: T nx
L /d il ]
Ky (o /d.) (1/ )

an\(, g
e 1 .
KO(,()__.> e — I O(J)

e
=4

g

oS

& t T 4 t S 0%
shows that af ']=0. Since (81,..,a%) =T(1,0,..,0) we copclude that
§TeGLp(A/J) /’B[T}zo} gcts transitively on Lg \A/J) which ends the

procf.
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