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In this paper we shal l  gj-ve a t ime dependent proof of the .asymptot ic com-

p le teness  o f  wave opera fors  in  cond i t j -ons  wh ich  are  c lose  to  those in  [ t ]  .

We sha l l  denote  w i th  p  a  rea l  func t ion  be long ing  to  C@(nt ) .  Th is  func t ion

aird'  i ts der ivat ives have a polynomial growth. We suppose that there exist  two

open cones ' f ) . ,  and , f t rr ,  Q1 U () .2 = gn*.foland

( r )  ( 3 )  8 : o ,  ( 3 ) R o  7  o ,  ( 3 ) c  >  o ,  ( 3 ) u " . >  0  ( l q , l > . 2 )  s u c h  t h a t

. t l( i i )  l r t l ) l - - *  w h e n  l T f * " ' ,  \ . 0 2 .

W e  a l s o  a s s u m e  t h a t  i f  c . , ,  =  
[ l ( 5  

) ;  P ' (  T  )  =  o J  ,  t h e n

( ,  i i i ;  d '  i s  a t  most  a  countab le  se t  .

(  f f r i s  cond i t ion  ensures  the  absence o f  s ingu la r  con t inuous  spec t ra  (  f " " )  o f  the

o p e r a t o r s  w e  s h a l l  c o n s i d e r  b e l o w . )

The unper tu rped (o r  f ree)  Harn i l ton ian  is  g j -ven  bJ  Ho -  -1 , ' -1P( .  )F ,  where  P( ' )

.  t  ^ .
i s  the  se l f -ad io in t  opera tor  o f  mu l t ip l i ca t ion  w i th  P(J  )  i -n  t ' (R I j )  and F  is  the

For r r ie r  t rans form

( r r r ) q 1  1  [ "  
i t r , ]  )  f ( x )  d x ,  f  €  g ( n n ) .

The onerator go is 'a- sel f-ad jolnt  opor: tor r i ,n 1,2(t ln) wit f rout s ingr lar.  cont inuous

spec t r t rm.

l r ' ( f t l  z . l I 1 0  l . , f t r r ,  l f l > o o ,

f n c " r (  I ) l  {  c o  t l r  1 l l  t f  l - B (  
1 ' ( 1  - ' , ,  

T  . . r L '  l }  l >  ^ o ,  l o * l 2 ,  2 ,

l

a ,

1



* ? _ *

Now let V be a symmetr ic H,. . ,  -compact

Then i t  i s  we l l  knor . rn  (  [ t t ]  I  tha t  H = . t i , . ,

2 .
l , - (R ' )  and h is  domain  o f  de f i .n i t ion  equa ls

V is a sirort  l ror l6e per-burbat ion of t . io :

t t  I  t l  1 .( i v ;  \ j t r r ^  +  i ) - '  v  & t . / " ) l l  e  j , ' ( H +
t l o r r

(and hence fo r  every )  func t ion  I  .  0* ( i t t

A ,
f ( x )  =  1  f o r  l x l  z 7  t .

nr"( rro )  is t t r .e orthogonal pro j  ect lon on the

(b)  Ra.n  V i "  =  \ l ,ac ( I l )  (Ran A denotes  the

( c )  q  ( H )  = f r ;
s c '

(d )  the  e is jenva lues  o f  H wt r i ch  a re .no t

they can accumulate only in the poi-nts of {

o p e r a t o r .  ( i . e .  v ( t i o  +  i ) - 1  i s  c o m p a c t )

+  V is  a  se l f -ad jo in t  ope: ra to r  j -n

c to rn( l r ^ ) .  I ie  r iuppose in  add i t ion  tha t\) ..,:

i  d r )

;  i R )  ,  $ ( * )  =  o  f o r  I r l

fo r  one

< 1 / 2 ,

W e  s h a l l  p r o v e  t l i e  n e x t  t h e o r e m :

l lheorem .  l f  the  assumpt ions  (  i ) - (  i v )  a re  sa t is f  i -ed ,  then:

(  a )  there  ex is t  the  wave opera tors  V /a  =  s - ] i6  e i t l i  
- i tHo

t --> *w

subspace

range o f

P a c ( f i o ) ,  w h e r e

of  abso lu te  cont j -nu i ty  o f  I {

t h e  o p e r a t o r  A ) ;

are of f in i te rnult ip l . ic i ty ernd

a

6 l

i n d

We sha l ]  s j -ve  a  t ime-dependent  p roo f  o f  th is  theorem.  fn  l | J ,  1 , .  l i 6 rman<1er

proved the  ex is tence and asympto t ic  compl -e teness  o f  the  wave opera tors  in  the  case

of  some shor t  range per tu rba t ions  o f  .a  d i f fe ren t ia l  operA&o. r  w i th  cons tan t  coe f -

f  i c  ien ts  wh ic l :  sa . t i s f  ies  :

( 1 )  1 i m ( l n t l l l  - l n ' (  y ) [  ) = 6 , w h e n  l l l - -

l p (
I

Hi j rmander  ca l led  these opera tors  s imp ly  charac ter is t i c .  Bu t  h is  J r roo f  was  based

on s ta t i -onary  ( t i -me- independent )  methods  .

The.  f i r s t  t in re -c rependent  p roo f  o f  the  asynrp to t i c  comple teness  is  due to  V .

r ,  /  f . . .  1  , ' )I r n s s  (  L i l  ) ,  f o r  r } : , e  c a s e l r o  =  - A  t i . e .  p ( I )  =  l f l r l .  s i m o n ,  i n  l r t l  , 6 e n e -

ralLzed. the resuf t  of  lnss to the case P( t  )-  oo wl;"en lTl-* *  .  fn f f i ]  anr i, )

[9J  iu t r t t t t r ramalJ .ng-am'prover l  the  asyrnp to t i c  comple tcness  by  a  t ime-dependent  rne thod

f o r  a  c l a s s  o f  s i m n l v  r : h a r a c t e r i s t i c  o p e r a t o r s  w i t h  s h o r t  r a n B e  1 o c a ]  p e r t u r t r a t i o n s



I I i s

o f a

l i k e

and

for

to

J,et us prove f irst the existence of the

are uni formly cont inuous wi th  respect  to  t ,

exlst the l imi ' i :s

. -  
!  

: ,

i  ' . , -  
.  i  , - 3 '  ,  . , .  

' l

eonstmctj-on of the operators which separate the outgoing andr incoming parts

state is  s imi tar  to  that  in  l t1u ' J

In th is  paper  we construct  these operators as pseudodi f ferent ia l  opei rators ,
. f - , 1in L?J .Our proof was also inspired by the papelrs of Iv iuthuramal insam lrol

L J

r r t imie [6 ]

wave opera tors .  s ince  e i t l " l  e - i t i l o

i t  j -s suff ic ient to prove that there

b e

l.im
t-r t oo

in  a  dense subset  o f

equal to

ei tH e- i t l io  f

f r^" (Ho) .  Accord ingty  to  the appendix we can take  th is  se t

Such a  func t ion  f  i s  : . in  dom( I io ) .

l x l  * v , t h e n

l l f  , - ' .1,u (.tr) ) e-ittt"t l l  = l l t , {v tu) )( rr +

converg 'es  to 'zero  un i fo rmly  w i th  respec t

theorem is  tn re  i f  there  ex ls t

) 1 .
*  + t  {  1 ,  , f } t f , )  =  1  f o r

+ i ) (no + i ) - ' l l  l l (no + i ) r l l

So the  f i rs t  asser t ion  o f  the

I r  e f  ; i e c -
o q' 1 )

t r

q".

(

r f

i r -111 l l tu

to  t  in  R. .

Ir ' ( l  )  #

c i  tnr

f , tn)  .
o that

dt <.

p t ion

r l
l l ( t io +

' / t a t 1

+ ens

econd

l im \l, (n; rittt
t + t o o  

I

for f  l ike before and for everlr  r{ l  e C

App ly ing  the  Cook ne thod we deduc

1' so

I  l l+(H)ve-i tH" t  l l
JU

trlow let S be er function like in assum

l l t  rr)ve-ittto r l l

-  l l t { i , ;v l [  l l t ,  sr
The proper t ies  o f  V  and the  cho ice  o f

is in 11 .  fn order to prove t l rat  the s

lowing  es t imat ion :

^ - i tHo
E f

i t  i s  su f f i c ien t  to prove that

@ .

(  i v ;  .  we have

i ) - 1  v  0 t ,  t t " * l ) l l

r t ^ - i t H o  
" l lt  t \ -  +  J l

ure that the f i rst

te rm j -s  in  L1  too ,

l l r l l  +

term in the sum

we use t t le fol-
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l-
for eve

i l  " t ( * ) ( r  
*  l ' l  +  l t t l - ' [ l  t , . l " l ' l r l l

here  d  i s  a  ne ighbourhoor t  o f  the  se t

[ r ' ' i ' 3 ) ;  g  e  " " n n  i ]

( J , e m m a  1 ,  p a g .  1 ? t 3 ,  [ t f J  ) .

l ience i f  we take a suf f ic ient ly  smal I ,

11 t ,  & t '  t ta t ; ; " - iu l "  r  l l  *  , t

and consequent ly  the  second te rm o f  the  sum is  in tegrab le .

We pass  now to  the  proo f  o f  the  o ther  s ta tements

gu ish  two cases ;  t l i e  case when I  *  & ,  and the  case

l . J c  c o n s i c l o r  f i r s t  t h e  c a s e  w l r e n  f  a  f l r .  L e t  u s

r , @  -  ( . . . .  D  r  r ) .  . -  : ^  n @  ( i )- b  
t " ' R ?  

J i ;  g  i s  C -  i n  l R  a r n d  t ; \ ' ) ) e  L * ,  (

and

t l ,; = 
laz 

n3n---> c,; a is cF in Rin anrr (t) o(, p,

such that  
Via laf ,  

^ t . ,  r ,  T) l  < c(  1 .  l l l

- I  U I 1 6 ,

m  € , N ;

P r o o f .  ( a )  S i n c e  x  €  S

to  es t imate  the  der iva t ives

of  th is  k ind  is  a  f in i te  sum

theorem .

u f r2 .

f  e  N t ,  ( g ) c  =  a 4 p , "

; - " P l o t l  ,  ( v ) x ,  y , 3  -  r , t ] .

I

Y ) l r ,  c  >  o ,  l * l  t  o .

l f  t  > /  1  )  ,  i t  is  suf f  ic ient

,. Ro. Bvery expresion

,  L4  d ,f ( x

r.y

- "  
q . e . d .

W e  d i s t i n -o f  the

when I

d eno't e

v) i l

l e m m a  1  .  I f  P :  0 .  -  ] t  s a t i s f i e s  (  i ) ,  t h e n

( a )  ( 1 )  e >  o ,  , p >  o  s u c h  t l i a t ' f o r  e v e r y  g  € c ; " ( I { ) , ' g ( f u )  =  o  f o r  ^ ,  i n

a neighbourhood of O anci for every funct ion K e C *(nt)  which is posi t ive homo-

g e n e o u s  o f  o r d e r  z e r o  ( f o r  l \ l > ,  1 )  a n d  w h o s e  s u p p o r t  i s  j . n c l u d e d  i n  , f ! 1  ( f o r

l T  I  7 7  1 )  w e  h a v e  t h a t  ( s o l p ' l ' ) "  e  s ]  ^ ;l ,  I  I  |  . { r o '

( b )  f o r  e v e r y  +  
.  C * ( n )  w e  h a v e t h a t

1 r o

a l 4  ru T '

and supp

r , - ,  t €  .g o l r ' l  /

te rns  as

( l '^d,K 
l r ' ' t

I '

k  <  l o ( l

, , .  l n ' (
(  fo r

o r  l T l

,  J  e . f l

*  -  A ' t

on O,,  r

fo ll-or,rs :

I  l [  * t r ' l t  l r , ' r  3  ) l t  ) ,

\";+t d#!Fr+ )l <c trl-$tot

A
\ ' a '  " " l r v l ^

, A
w n e r e  I ? ,  +  . . .

l l

. l . t ' ,  ;  .  , - ;

,1,lr,( J )le

.  Also i t  can be shown by i r lduct ion that
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n0,  s€' d i lP  ' (  
t  ) 1 .  i s  a  f i n i t e  su rn  o f  t e rms

J t
(r,,) (fJ

a  p  ( I ) . . . p  - ( T
"Yr '  

"  ' ,  f , l

whore  I  i s  t rn  evcn pos i t i ve :  nurnbcr ,  ? -

l i ke

r  l p , r  r  r \ e  - r
' 1 "  ' J ' l  '

*  1 * <  2 1 p \  .' t

T ) l  t t . =  r l r , ( r ) l  t

a
I

;  : . 1
l v , l  =  I p \- t + l" and

,  ) f -  J  n  / V l ;  o r r y .  q q q r r m n t i n n c
+  v  t  \  |  /  r .  v 4 r  v r v t r L,  r  Our assrumptions imply that

P(Y1)  (  \  )  . . .  n ( t t )  r  1 , |  ln ' r

1.

\E l- t  A( ' f , r i -a )

l r t  y  ) \€

l \ l > ' t ,

t,

{ A r n
I '

l A , l  \ .  4' [ . r  / /  r .

p ' (  
I  )  has  po lynomia l  g rowth  ther .e  ex is t  I2  O and

t  l l ' .

l n ' t J  ) l ' * '  =

;P > 0 such

for  l5 l

idow

tha t

Thus

lrl

zz  Ro,

s i n c  e

-  S lo l '
I l r ' ( f  l l t n  c o n s t , .  l f f ' t P t

la i " t  l r ' (T ) l  ' ,1  = 0 lT l - / ( ! {3 ' ' l  
* " "* lFr ' l  )  = c  l1 l  

- / ' " '  ,  l I ) r ,  Ro
This  accompl ishes  the  proo f  o f  the  f i rs t  s ta tement  o f  the  lemma.

rhe proof of the sccond statement procecds analog'o.us13r,

q . . e . d .

I n  t h e  s e q u e l  w e  m u s t  s p l i t  e v e r y . s t a t e  o f  t h e  ( p h y s i c a l )  s y s t e m  i n  i t s  o u t - -

5oing and incoming parts.  l t r is pair t i t ion is perf 'ormed by rnearns of two pseudooif-

f e r e n t i a l  o p e r a t o r s ,  I n  o r d e r  t o  d e f i n e  t h e s e  o p e r a t o r s ,  f i r s t  w e  s h a l 1  c h o o s e
.

sorrre appropriate.;  functtons :

1 )  g € c o o ( f o , . o ) ) ,  o - < 8  { 1 ,  g ( X . )  =  l  f o r  A , . > ,

A '  <  c / 2 . ,  w h e : : e  c  >  O  i s  a  f i x e d  c o n s t a n t i

? )  O  e  c o ' ( R n ) ,  o  <  +  <  1 ,  S l * )  =  1  f o r  \ x l  7  z ,

3)  X  e  C* ( ' kn ) ,  pos i t i ve  homogencous  o f  o rde r  ze ro

supp x' < f,L -:

c ,  r g (  f o )  =  O  f o r

S ( * )  =

for  l I  I

o  f o r  | r l  <  1 ;

> /  1 ,

1 )

4 )  f * € o @ ( R ) , o < t t  < 1 ,  f + ( ) " )

f * t  t ;  =  1  fo r  t v  e  [oo ,  r l ,  t f  - t  f u ;  =

i s  f i xed  .

+  { _ r  X . )  -  1

1  f o r  l , e  f - t ,

f o r  X " e f - r ,  r ] ,

-  f oJ  ,  where  oo  €  (0 ,
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l ,e t  €  and f ,  be  l i ke  in  Lcmm& 1,  (a )  .  ! ' o r  r  V  1  we de f ine

u, , " (* ,T )  = x . ( \ , )e(  l r ' (y l l t  r  r | , r (  Tr i t f f \ -  )e( f )  t

s l -nce  f  -  E  ,  v re  deduce f rom Lemrna 1  tha t  a " .+  a  t? - , . , (Rn"p l ; ,  un i fo rmly  w i th
J  s v

resnec t  to  t :  7 /  1  .

We can now def ine  the  pseudod i f fe ren t ia l  opera tors inent ioned be fore :

P - ^  ,  r ( x )  =  ( 2 8 ) - n  [ [  " t t x - v ,  
! )  a  .  ( v .

r r t '  
J )  

o r , t ' v ' J  ) f ( r )  d Y  d T  '  f  e f  '

The in tegra l  i s  an  osc l l la to ry  in tegr :a i  and i t s  va lue  co inc ides  w i th  the  va lue

of  the  i te ra ted  in tegra l  -we i -n tegra te  f i rs t  w i th  respec t  to  y .  These opera tors

are  cont j -nuous  opera tors  oe f ined in  , f  ,  the  space o f  rap id ty  decreas ing  func t ions ,

with v.alues in , j f  ;  their  formal adjoints are

^ t  ^ t  r  f  I
P ^ o f ( x ) = ( z . E ) - n } \ " ' . x _ J ' T , o , , " ( x , 1 ) f ( v ) d y d 5 =

.  t  , L

=  Q v c ) - n  [ " i ( x , I )  a  . ( x . ? ) f t r l  d r\ * ' -  /  
J "  

. - T r L t - ' r  I  t L \  t  t  * ,

I t  i s  known tha t  P*  ,  can  t re  ex tended to  cont inuous  opera tors  tn  L? ' (Ht ) ,  and the i r
f ' !

' n o r m s  d e n e n d  o n  a  f i n i t e  n u m b e r  o f  d e r i v a t i v e s  o f  a  (  f r l  ) . "'  
" *  

* r t *  t  t '  J

' L&  
f  'e9  .  The f ree  evo lu t ion  o f  i t s  ou tgo ing  and incoming par ts  i s

f * ( t )  =  e - i t H o  , r , o t

where  e- i t i l o  i s  the  un ique cont inuous  ex tens ion  to  T ,2(1Rn)  o f  the  opera tor

e - i t H o  s ( * )  =  ( ? , r c ) - n  f  " i ( * , Y )  
-  i t r ' ( i /  0 t t l  d t  ,  8 €J  

_ r x , 3 )  -  r - ' o y ( f /  0 t 3 l  d I  , 8 € f

l ' f ,us ,  E" , t ( * )  =  o - i t i l o  Pr ra  t r "  con t inuous  opera to tg  in  t?  and

, r " , r ( t ) r ( x )  =  ( 2 c i r i - n  
J " i t " , x )  

-  i t ] r ( } )  
- Q t S l d f  =

=  ( z f r ) - n  
I " t , x , T  

)  -  i t l ' ( f  )  i  
J " - i t  

v , T  ) ' r . , * ( v ,  !  ) f ( v )  o y ) a y  =

=  ( ? t ) - n  
l ,  J o i ( x - y , !  

)  -  i t p (  l r , r , r . r ( y , y ) r ( v )  o v ) d l  ,  r e f ,

l , e m r n a  Z .  T h e  o p e r a t o r s  O r , * (  , ) ,  
. n r , *  

h e L v e  t h e  I ' o l l o w i n g  p r o p e r t i e s :

(  i ) '  s ' rn . l l t t . , * (  ,  ) l l  <-  @, ;
1 , > < O , r  2 ,  1 "  

r  ' :

( i i )  , r , *  *  , " , *  =  x ( D ) u (  \ r , ' ( D ) l €  )  O t . / r ) :

l l  g  r  - 1( i i i l  l ln",* - nI, . l l  < r; ' -1 ,  r  > I
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P r o o f  (  i )  i s  a  e o n s e q l r e n c e  o f  t h e
: _ _ : : : : : : .  \  r /

(  i i )  1 ' t . i s  fo rmrr l .a  i s  ob ta ined by  a

( i i j - )  l ' o r  f  in  f  ,  we have

*  * n  f (  i t t - - , '  v
{  P  -  P '  ) f  ( x )  =  ( z q i  ) - "  l l  e a \ ' ^ - J '  Ir * n  #  

- v  
* / * , .'  t -  - , -

We have

w h i c h  p r c c e d e  t h e  l e m m a .

cr l l .culat ion "

cons id erat ions

st: :aightforward

= - i (  z , r i  ) -n  JJ  " t t x -Y , I  
,  ( i :  ( (  a * .a \ ) ' " , o lbu  n  i , - " ) * ,  r  )  as ) t ' ( v )  dy  d f  , ;

At  the  las t  s tep  we have in tegr i ted  by  par ts  in  the  osc i l la to ry  in tegra l .  We must

es t imate  the  der iva t ives  o f  the  new ampl i tude '

' , u r , 2 ( v ,  
1  )  - '  u r , g ( x ,  

T  ) ) r ( v )  d y  d f

r ) 9

(2 ' i r ) *n  
t l  " t t x -v , f  

, )  (  f :  
- * ;  , " , " \sy  +  (  r -s ; ' ,  y  )  c is ) r (v )  dy  d !  =

( z n r ; - n  J J  " t t x - r , !  
)  ( y  *  

" , . ( l :  
' ( ? " a r . * ) ( s v  r -  ( r - s ) x , y y  a s ) r ( v )d V o l =

a  a .  ( x . v  )  =  r  
1  

t a - -  * ) (v x , - ' T . t ' " ' t  l '  j ( .
l_ l-

I
f\

* J  s t
l ^ l

on surrn O I

t l - t
l A  c  ( w  z  ) l  4 :  Q y
l - * - r , t " ' t  ) ' l

The o ther  der . i va t i ves  o f  a -^  ,  sa t i s fy  the  same es t im&te  ( the  cons tan t  C rnay  be
T r X

d i f f e r e n t ) .  T h e  C a l d e r o n - V a i l l a n c o u : : t  t h e o r e r n  a c c o m p l i s h e s  t h e  p r o o f  o f  t h e  l e m m a n

q . e . d .

L e r n m a l .  L e t  ?  b e  i n c f  ( R n ) ,  o - <  t p  {  1 ,  . f ( r , r  *  l  f o r  l x l < t / z - ,  q ( " )  - o ,

f * l  7 t  1 .  Then the : :e  ex is ts  a  cons tan t  b  (  wh ich  depends on  c  f ro in  the  de f in i t ion

o f  e )  such the i t  fo r  every  k  2  O,  there  ex is ts  C =  0(k )  )  O w i t i r

(  t t re  s ig ,n + corresponds to

' 
lroof . l{e shalL-"PPfY

L e t K b e a c o n t i n u o u s
L
I  l - . r  \ ls u p  [ [ f { . I , . y ) l  d x  € C ,  s u p

y x

t  >  0 . )

the fol lowing lemma

func tion d e f in ed iin

I t n , , . ,  v ) l  h v  <c .

(  be lons ing  to  Schur )  :

ltnrlin anri such that

Then the integral  oPerator with



- 8 -.

) n

kerne1 K ls .  a  cont lnuo l rs  opera tor  in  l ' (R" )  w i th  norm <  C.  l {e  want  to  es t imate

the  norm o f  the  in tegra l  o r re ra to r  w i th  kerne l -

. - n  (  : ( x * y , ? ) -  i t P ( { )  |  x  -  \ -  ( , ,  z \  A rK o ( x ,  v i  r ,  t )  = ( z q e )  "  j  e " " ' ' ' t r ) '  - - . ^ ' ) '  
Y (  t 6 r + - f f n / o " , * ( y ' 3 )  d J

;h g( 6G+1m ) rermits us to conside::  th is in-

' t egra l  
as  an  osc i l l -a to ry  in tegreL l ,  i f  b  i s  smal l  enoug l r ) .

We sha l l  cons ider  on}y  the  case o f  ' the  s ign  +  ,  t  >  0 .  On the  suppor t  o f ,  the

i  inte6rand we have

l v l z  r ,  l l t  j l l  z  ( c / z ) 1 / E  = r  " r )  o ,  y . l ' ( T ) z  - r o l r l  l r ' ( l ) l  . - - - *

Ihus

h e n c e ,  i f

\ u *

Since lx  I

b is smal l

t P , (  T  ) l

<  b ( r  +  t )

f v  *  t r ' ( y ) 1 2  z  ( r  ! r o ) ( 1 2  *  t z . l ) , ;

enough,

t .
1 l  l ; - u " -  ( r
v  ? .  ' ' +  c r t )  > . 2 b ( 1  +  r  +  t ) ,  T 2 1  1 '  t  z  O .

of the integrand, 
""  

htrr"  tht t

I

) l >  b ( 1  +  r  +  t )

n the suppoft

-  y  -  t P ' (  T

o

I
t
x

on  th is  supPor t .

l ,et  L le i f re folJ.owing

l r = - i

d i f f e ren t i a l  ope ra to r :

x  -  v  -  t P ' (  '  )  t - I

f f i 'wr
' Ihen

: , " i ( x - Y , T )  
-  i t r ( 5 )  =  

" i ( x - J , T )  

-

$o  we can de f ine  KU as  an  osc i l la to ry  in tegra l :

\ ( r ,  ] r ;  r ,  t )  =  ( ? T t u ' ) - "  
J  

u i ( * - y '  T  ' )  -  i t P ( t )

In  o rder  to  apn ly  the  lemma o f  Schur ' ,  we

l i t ies  a re  a lso  sa t is f ied  on  the  suppor t  o f  the

I. i u  *  t P ' (  X  ) l  > /  ( z a / c r ) ( t  .  t v l

l "  - ,  -  t P ' (  5  ) l  v  f t / c r ) ( r  +  l v l  +  t l r ' ( 3  ) l

? 7  ( b / ( 2 c , ,  ) ) ( r  +  l x l  +  l v l  +

i t t (3 )  .

.r(  mri-nn )t t l )N *",*(v, !  )  d5

remark that the fol lowing inequa-

int  egrand :

+  t l P ' ( f ) [ )  ,

) > ' ,

t \ r , ' ( t ) l ) >



- q - :

> . h n ( 1  +  [ * l  *  l y l  + t l l l 8 ) ,  ,. l

where  b , ,  i s  a  pos i t j -ve  cons tan t .  Tak ing  in to  accoun" t  these inequa l i t ies ,  t i i e  con-

r i i * inn  imnnsed on  P and the  fac t  tha t  a . - -  .  (y ,  I  )  e  S1 ^ ( f tn* ' [ tn )  we deduce tha t  fo r
u + v l v r r  1 '  r +  

-  ) .  f r O

every k t t rere exists l {  such that

7  t , t - r  
\ ,  o < ) ) N  , -  , ( v ,  y  ) l  <  c ( 1  *  l * l ) - t t - 1  ( r  +  l v l ) - " - 1  ( r  *  t ] l  ) - t - 1

[ ( " 1 ( x ,  y ,  s ,  - , r , ,  
r , * . . '  I J I  + u \ . r  +  I  

- v
a  

( 1  +  r  +  t ) - K  .

Cons equent l l r

|  . l  - t  ,  , . - n - 1  t .  ' ' - n - 1  ' '

i \ t * , u t r ,  t ) l  < c ( 1  * l * l ) - " - ' ( t * l v l ) "  ( 1  + r + t )  .

Now j :r  order to accomplish the proof i t  ls suff ic ient to apply the lenma of Schur '

'q 
'e 'd

'Lemma-  
4  .  Le t  g ,  $  and X be  as  be fore .  Then ,

'  t l  ,  . .  . . t ( \  r  / , - \  . ,  /  c \  /  r " r , .  L t I l  -  t l  n
. , l i n r  * t p  i l ( r  -  ' , v * r i l r ; )  

{ . ' ( r i )  
x ( D ) e (  [ r ' t n ) [ t ;  0 (  ]  ; " - i t ] l  1 [ l  =  o

T - r @  t ?  o

for every * "  
t l  { 'k 'Crr l  )  and for every f  in I?

l roo f .  Accord ing ly  to  Lemma 2 ,  we have t l ia t

x ( D ) s (  l r ' ( u ) l t  )  4 <  i  ) " - t t n ,  =  o r , * e - i t i 1  t  *  n r , - u - i t H  f  .

( 1 )

and that

( 2 )

{ 7 )

So i t  i s  su f f i c ien t  to  Prove tha t

t t  X .  - i t } ]  l l

I im  1 .1n^  [ l  t  t  -  w tw t )  { tH l t r , * " ' - " "  f  l l  =  0
f --r oo T, ZU

o .

o n  ( 1 )  w i l l  h o l d  i f

-  t im sup l l t  ' '  -  wtwl)  {{r i , r" ,  "- t* t  t l l  
=

T - + 6  t  i o  
r r

*  (Here  t  2  O cor responds to  W*  and t  <  0  to  tv , I - . )

W e  s h a l l  c o n s i d e r  o n l y  t h e  c a s c  t  >  O .  T h e  r e l e r t i

l j . rn l l t ' ,  -  \ i+urT) f  i , , l rr ,* l l  = o.
f  +oo  

l l

r i r s t  ' e t  u s  n " " ' : , : t ' ;  

o ( ] r ) (  1  -  u , ,  ) p  ,  =  o .'L r 'm l l  Y \  +  n '+ r l
f  . too

'  ( 4 )



B e c a u s c  d o m ( i t )  =  t i o m ( H o )  =  d o m ( V )  a n d  V  i s  a  s h o r t  r a n g e  p o t e n t i a l  w e  h a v e

f 0 0 , , , ' d  r - , i t H  ^ - i t h o ' r  n *  f @  i t l j '  r r ( i i ) V e - i t l t o  d t, / \ ? \ /  \  -  l - -  r l , ( t ' \  a  { e * " "  e  
* - ' - o )  d t  =  - I  I  e  . y . ' ,

{ / ( H ) ( 1  -  v \ | . )  I  t l \ } r /  i T  \ c  e  t  u u
r '  + '  J o  T ' - ' '  d t

( t he  i n teg ra l  i s  s t rong l y  conve rBen t ) .  
' I he re fo re

,  100  . .  {  + l r  r t

\ 1 q ( r i ) (  I  -  w  ) P  l [ ' ' €  t  l l q ' ( t r ) v e - ' t r r r o  ] )  l l  ' r t
1 1  , \ J t / \  

t  -  n + / t r , + l l  *  
J o  l l  Y ' " ' ' "  

- r , + l l

B u t  e  * - - - .  y - ,  =  i l . ^  , ( t )  .  I - l e n c e  i t  i s  s u f f i c i e n t  t o  p r o v e  u '
l ' r i  T r *

'  f e  , . , f 1
r i m  { - -  l l  o ( i t t u r t  . t t ) t t  d x = o  ( 5 )

l .  l l  I  f r *  r t
r-t ao J0

I f  g and b are l ike in lemma l , t lnen

1 l { r , l u o ' , * ( , ) l l . | | { t u l t H o + i ) } | | | r n " - ' l - , V ( 1

+ 11yrHrvll |\..e( ff i-f l  )0,.,", '(t) i l  , ,,

The opera tors  IJ r , * ( t )  a re  un i fo rmly  boundec l  w i th  respec t  to  t  and

[* 11,H^ + i)-1 v(1 - , f  (  6r*-TT )) l l  dt = 
I ;  [{r io * i)-1 v(1 v( f  l l l l '

J6 l l  o

' b - 1  d t  o

- 1 0 -

to  the  assumpt ion  ( i v ) .  The es t imat ion  o f  the  second te rm

we obta in  t l re  re la t ion  (5 )  and.  consequent ly  the  re l r r t ion

when r - )  @ ,accord ing lY

f  o l lows f rom Lernm,a '3  ,  So

(  4 )  .

In  o : r t le r  to  p rove  (3 )  we remark . tha t  s ince  t f  (H)w*  =  v [+ t { . , ( l1o)  the  fo l low ing

equa l  i t ies  ho ld  z  ,

e =  l i m  l l  r L ( u ) P  - W  + ( H o ) P -  l l  =
l l  Y " " ' ' t , +  " 4  |  r ' + l l

r-t oo 

rr r tt
= l im \ l t . . t l  t (H,Pr.* -  t* t lw* +(n, ) t  r ,* l l

r - + @  
l l  t  r  I  t '

= l im I  w wr  { ( r l )P-  ,  -  \ { *  t l ' t t r^1r"  . ,  l l z  "
'  r - - ' o o  l l  

" * " +  T ' ' - ' - T ' +  " " u - 1  ' - - o ' - T ' + 1 2

u,  .  , .  , , ,4 \  . , , (H)p*  l l  -  r im l l  9 tHl r " , *  
-  w*  t | ( , to) t r , * l l  =

7 7  l i m  l l ( 1  
-  W * * * J  f r " " r , n l l  

" ; ;.  t - + e

= l i r r i  I  t  
' '  -  t* t l )  +(H)Pr,+ l l  '

, : *

A t  ihe  th i rd  s tep  we l i z rve  used the  fac t  tha t  l te rn  
t ( f io )  1Xu" ($o)  

=  R i :un  4 t * '

Th j -s  ends  the  proo f  o f  the  re la t ion  (J )  '

We tu rn  now to  the  proo f  o f  the  re la t ion ' (2 )  '  I ' t  i s  su f f i c ien t  to  show tha t



l int
r -+  @

Let us rernark first that

1 im
T--" @

4 4
t l

l l  p  e - i t l l r \ \  - o .
l l  

- v  
- -  l l

"  I t

to the Lernma J .:

. *  - 1 - e l t  n
\ \ n ; ; , " ( t )  < x >  I l  = '
l t  r ' -
l l  - t

sup
t > 0

due

sup
t < o

t

$ l
and there fore

l l  ; * .  . - i t i {o f  \ l  = o (6)
]im suP ll r- -" '  l l

r - - r @  t < O  
r r  3 t

for  every f  e  c lorn(  <*> 1*€ ) ,  h" r , "e  for  f  in  a  dense subset  o f  #(Rn)  '  
" - l ] -

p* 
"- i th; 

is a family of unlform continuous operators '  t 'hus the relation ( 6)

T t '  
2 ,  n .

wil l  hold for everY f  in 1" (Ef ' )  '

i {ow le t  < (  be  in  i tn ' ) .  I  
the  proo f  o f  re la t ion  (+ ]  we have used on ly  tha t

I a C;" (ft i . ' So it can be shown in a similar way that

l im sup [ l  v ( r r l t t  -  
" i tH  

e- i tL lo  )Pr , -  \  
=  o  '

r ' - - )  00  t<o

per fo rming  the  subs t l tu t ion  t  -e  - t  and pass ing  to  the  con jugate  ope 'a to rs  we ob-

tain that

o  -  1 im sup \ \ t ; . -  
.g ( l i )  -  P : , - " - i tHo Y( r i )e r tH l \  

=

'  T ' - r o o  t > 0
.  i + r r  l f

= tim sup l\of -"-**H g(u) - P;,-e-Ir"o cr(l{) l l

T + @  t > 0  l l  - '

Us ing  the  re la t ion  (  6 )  we have tha t

\ \ o *  o - * I r  . o  t u l r l l  =  o ,  ( v )  t  e  # ( n n )  .
l im suP l l  t r .  - '  r  , '

, ^ 1 . o  
J t o  

"  '  

l l - -  . p :  1 1  * c " - 1  ( L e m m a 2 )  t h e p r o o f
S ince  g  e  

"o ' t t t t  
)  i s  a rb i t ra ry  and l l t t , -  

-  - r ' -  l l

i s  c o m P l e t e .

,  ^6 , (R-Ci . ) ,  f  j -n  XQt t t l
lemma, tr . I,et {r ' Y, ou in uo

, H )  r (  D )  v 2 ( F l ) e - i t H  
f

1 i m  T l
T*loo r0

Before s tar t lng the proof  wc s tate two resul ts  whi

.  Then

r t - .
l l  d t =
l l

ch w i l l

o .

be used in  th is

proof

Le lrna 6 . (Rlru tt  theorern )

C a comPact  operator  '  Then

f . in 78. ( A') ano
.  J ,e t  A  be  a  se l - f -ad io in t  opera tor '



"riUir."#"il

, ' .  .  1 z -  :

-' f t  
l  l l

r i m  I  I  f \ c " - i t A t [  < l t = 0 .
T-roo 

' 
J-T (

r. ̂ 1
(A proof  o f  th is  resul t  can be found in  Vz)  ' )  i

\

'  
Lenrn € "l  - I f  <g is i1 cf trHn) and rro is the sbLf-ad joint operator correspon-
3Y:::.:1=d.L' -- 

I 
- e .

d ing  to  the  convo lu t j -on  operaoor  l ' (D) ,  where  P:  [ tn - -+  [ i  sa t i s f ies  the  assumpt ions

(  i )  and (  i i )  ,  then  9( '  )  (  t i +  i ) -1  i s  a  co lnPact  oPera tor ' .
v

?foo f .  The proo f  o f  th is  lemma can be  der ived  f rom f2 l  .  In  tha t  paper  i t

- -yaq  proved tha t  i f  h :  f in  - - ->  i I7  i s  a  cvas i -d ivergent  func t ion ,  then f ( ' ) (h (D)  
+  i ) -1

is a compact orrerator.  A funct ion h is said to be evasj-dj-vergent i f  for every m'

t i n r  l a o  n  , * \  =  o ,  w h e r e  , *  =  
[ * ,  I n l " l l  <  

4  
a n d  c ,  i s  t h e  u n i t  c u b e  c e n t r e d

Y- too  
|  '  I I i  I  l

i n  y  e  f .  We have denoted  here  v r i th  \ t l  the  l ,ebesSl re  meas l r re  o f  the  measurab lb

-  ? ^ 1  - - ^ r  + L - +  4 g  V ,  -  

' )  -

ser lvt .  rn l / . )  i t  was also proved that i f  h e C' ' (R^' ; :  R) is such that

. l i ' t  5 l l  * \n 
'( 5 )l* * when lI l--- -

and

c ( 1  *  l n t i ) l  
t  *  l n ' ( T ) \ ? ) 1 / ?

ry o( with to{ l  = 2, then h j -s cvasidj-vergent.  That proof

i f  we cover Rn with eventual ly snal1-er cubes d'  with the

f,or everY j

i s  f i t  fo r  t

t l

\?"h(  r  ) l

and fo r  eve

Lr is  case too

0
o

: 8-\

q  . e , . d  .

in r  f lp ' (  !  ) l€  ;  P(  f  )  €  supp r f " f  ana* ' - t l -  ) ' l  '  ' )  ' 1 )

c , ' u ( f u )  =  o  f o r  1 - <  c / 2 .  S i n c e

e( \ r  
' (  D) le )  { , r t  Hl  .

+  i ) - t  -  ( t i o  +  i ) - 1  i s  a

' ^ '  d  .a  n t  func t ion  and con-property that Cr,  .  &., '  or Cu c' ,5L, i tence P is a cvasidiverge

s e q u e n t l y  $ ( ' ) ( r ; +  i ) - 1  i s  a  c o m p a c t  o P e r a t o r .

P{gof-of lemrna 5. let c 'be equal to

b e  i n  c o a ( [ 0 ,  o o ) ) ,  e ( t " ) =  r  f o r  L ) .

\ r ' ( n ) ! e  )  * z (  t l o )  =  r | l r t n o )  w e  h a v e  t h a t

l e t

v r ( n )  =  1 , i  -  e ( l r ' ( u ) l  t ) ) (  
{ r ( r r l  { " { t i o ) )  n

. -  . t  / r . \  r l 'I row,  yz  \  * i  { ,  (  t to  )  i s  a  cornpac t -  opera tor  s ince  ( } i

compact one. Accordingly to RA6Li theorem,

Thus



ir.1 |'  I  1 4  I . l

f i  I  \ r -  Y l
r l

J 0

) e

Sr

' ' i  
, . , . .  , : . ' , .  r . :

-  +2(i .ro))e-i t l t r

'  ,r ':,

r t .
f l l  d t  =

othe:r hand rwe can wri te

, l l  Y . ( f i )  xc ( l )e (  l r ' ( .D) l  
e  

I  Vz( t i )s - i t l i  1  =

= f r ,  
t r  r n f 2 r * ,  r

By vir tue of  l ,emma 4, l l t , , ,  t ,  , i l  -  o v ' ihen r- t  oo '  The second term can

tably est imated i f  we remark that

( r  g (  
F  ) ) t i l z ( H )  =  ( 1

i s a c o m p a c t o p e r a t o r ( s i n c e r p , t u ) 9 , { r i o ) ) ' a n d ( 1

compact ones) ancl i f  we apply again the RAGU theofem. Adding together

facts  we obta i -n  the conclus ion of  the lemma.

l i m
T-roo

(.rn the

( t  -  v ' ' ,
f

'We 
cons ider  now the  case \  t 'QZ and

of L€mfia 5 rerirains true in this case too.

0 and Lf+ be l ike j .n the case \ e fut, s

Y-  e c  - ( l tn  \s)  .  T l ren we Put
o

- i tH t f  r tH ) r  n

t | , r { r r ; u * i t i l  1 =
i  t l

be sui-

i )  a r e

al l  thr lse

we shal l  prove that the conclusion

F i rs t  we in t roduce some nota t ions .  Le t

-  r r - 1 ( n  t  -  f v  r  ? ' ( Y )  =  o 1 .=  r  r - v ,  -  
L r  

r  -  .  ! ,  
-  - ) ,

o",r(x,3 ) = Y( T) **( 1qTt& )+( ;  )  ,
I

Q " , * f ( x )  =  ( z w ) - n  
[ f  " t t x - v '  

5 '  o " , " t v , T  ) r ( v )  d v  d !  '  r  e t  )

- n  ( (  i ( x - y , 3 )  -  j - t P ( 5 )  
o r , * ( v ,  !  ) f ( v )  c l y  d I  ,  f  e {  .

E r , t ( t ) f ( x )  =  ( z u t l  "  
I  

e

laking into account the fact t l rat  f  has compact support  we can see that the con-

clusions of fenunas 2 and I  remain true i f  l t r ,+(t)  1s subst i tuted bJ tsr, t ( t )  '

Hence the next resul ' t  is t rue (anzitoSous to ' j 'emrna 4)

l e m m a  4 r . l , e t  r { r b e  i n  c f , t n ' q r / ,  * a n d  f  l i k e  b e f o r e '  T h e n

r im sgp l l , , r  -  l , , tv, , f )  { , (ul  vo) gt i  )e- i t t i  r \ l  '  (u r  e #(rs) '
y- ->oo t?O l l

In order to make su:re that lemna 5 renains va' l - id in the case of a f 'unct ion



- 1 4 -

X with the supnort  inc1udecl in ,(L, ,  ,  i t  is srt f l . f ic. i -ent to replace the operator

r v l T r \ . " /  l p r ( n \ l €&\ . , r i r i \  l r  \ ! / r  )  in  t t re  p roo fo f  th is  le rn rna  r^ r i th  the  opera tor  
' t " ( l )  =  f  (D)  9 ( I lo ) t

w h e r e  1 1 l  c  C :  ( H - e . . ) ,  c p (  1 , )  =  1  f o r  L  i n  a  n e i g ; h b o u : : h o o d  o f  s u p p  * r .  f n "  u u -
a  O  V '  I  c

s r r m n ] : i n n  f  ;  i  )  r s i ; u r e s  t f t a t  ! ' i s  i n  C ] i n t n : . : S ) .  t S e n  t h e  p r o o f  o f  L e u m a  5  i s , r e *u 4 l r P u r v r r  \ r r l  
o  i

p e a t e o  w o r d  f o r  w o r d .

i lovr let  'X, and X2 b" tv io srnooth funct ions which are posit ive homogeneous

o f  o r d e r  z e r o  f o r  l \ l - r ,  1  a n d  s u c h  t h a t  s u p p  X .  c  ' Q , t  f o r  1 3  I  > , '  1 i  a l s o

X 1 ( J  )  +  X Z \ s )  =  1 ,  !  e  r i t ' , .  A p p l y i n g  L e r n m e i  5  t o  X i  a n d * r a ' n d  r e t n a r k i n g

t h a t  * r ,  9 Z  
n  C f , t H .  q )  e L r e  a r b i t r a r y  w e  o b t a i n  t h a t

n  ( t r  u .  q t ,  - i t f r  l l
;  t i m  * l  \ l ( 1 - \ ' r + w ; ) s - r r ' t 1  { ( l i l r 1 1  d t = o  ( ' i )

t l'l' -+ oo )A

f o r  eve r . v  f  i n  78 . (u )  and .  evc ry  
{ l  

i n  c f  (R \E ) .

Bnd of  the p: roof  of_1i i_q lbepf-e-p-  l , /e  shal l  consider  aga. . i -n  only  the case of

the sign + .  I t  is known that Ran \^J+ c } [ac(11) .  So i f  we prove that 9{"( i t )  c Ran V/n,

then Ran W = Vno" { t i !  and  F4" " ( l )  =  [o ] .  the  se t  o f  those func t ions  t  tn  X$" ( I t )

w h i c h  s a t i d f y  
! r ( i i ) f  

=  f  f o r  a  f u n c t i o n  
. f  

i n  C f l ( ' H t C v )  i s  a  c i e n s e  s e t  j n  7 t , c ( 1 1 ) .

I t  i s  su f f i c ien t  to  p rove  tha t  these func t ions  are  j -n  Ran W*.  l ' rom the  re la t ion

(?)  resu l ts  t l .a t  there  ex j -s ts  a  sequenee tu -+oo such tha t

t c ,  - i i ; .  I t  . . l l  1
) e  * " k ' ^  f l t  <

+ ' "  
- l l  

k

r t  -  i  t l i
S ince t rJ  W e

+ . +

I t , '  
-  t * t

= e-itH w*l^I* we

- W V J
+

ain that

1

l -
-r!

o b t

Irll
for everlr  k.  Tirus

The las t  asse

is  a  compact  oPera

1 - \ ^ J \ r t f , = 1 - W W. + +

e i g e n v e c t o r s  o f  | 1 .

l ,e t  X ,  ano X? be

ted  above and le t  f  , '  be

for every 1, in iR. 'Jhen

f and consec{uent l .1r f  e Ran lV+.

the  theorem resr r . l - t s  f rom the  fac t

everv  O e  0a(H rd* - )  .  f t cmark  tha t- - - - r  
I  o  V '

or tho6ona l  p ro jec t ion  on  t l ie  c losed

l l r  rr l '

f = ' , . / \ l f- + +

r t lon  o f

to r  fo r

, f  , ,
= tr,tl€

that (r  -  w*wf)

we have proved

t inear huf l"  of

q / ( l l )

that

tne

two hotnoE,eneous funct ions which have the propert ies l is*

a  func t i on  i n  c f ,  ( k \ [ v )  suc ] r  t ] r a t  t , , ( t  )  t | (  L )  =  \ ' (  X ' )
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t  .  1 ,  , , . f \  ,  /1 . \  /  a  , . ,  , , J f  )  { , ,  
(U)  r l r t f  t )  =

( 1  -  W * W * )  $ t l r /  
=  \  I  -  v r +

( 1  -  ' o + w # )  { . ( j 1 ) (  
a 1 ( D )  *  x z ( D ) ) $ ' ( } 1 o )  -  \ ' / + w l )  * . G i ) (  + ( i l )  

-  { t H o ) ) '

.  
" + " + '  l 1 '

.  ,  The las t  te rm o f  the  sum is  a  compact  opera tor  because { tH l  * (Ho)  
i s  so  '

i - . " - -
? ;' I '\rrther we have

( r  -  vv*v r f )  Y . (H)  x1(D)  {c ro)  =  (1 ' -  v r+ , , . r | )  $ . (n ;  xJD)s( l r ' (D) le )  + ( } {o )  =
' f T r l

;  =  ( 1  -  ! { + ! 1 / l )  S , l ( u ;  X , f i i ) s (  l ? ' ( i r ; 1 e ) (  O (  i  )  +  ( 1  S (  i  ) ) ) t f ( u o )  =

for a sui tdbly choosen funct ion g. But frorn the proof of l 'emma 4 r^ ie have that

.  i l  * .  . .  t l
r im l l  t .1 -  wrwi) q,n l i )P",r  l l  = o.

T-+  N

f \ z

On the  o ther  hand we know tha t  (  1  r r \  
;  )  f  

(Ho)  i s  a  compact  opera tor '  Thus

,+, ^n,.?At. . , ' .  Analogouslv i t  can b
(1  : -  .Y \ I+ t { l+ t  

{ r (  l I )  x1(D)  t l (Ho)  i s  a  compact  opera tor .  Ana logous ly  i t  can  be  shown

t h a t  ( l  -  v t + u l )  f . t r r l  X r r t : )  t f  t t t o J  i s  a  c o m p a c t  o p e r a t o r  '

T I re  p roo f  o f  the  theoren is  now comple te

R e r u a r k . . I f , P i s a p o l y n o m i a l f u n c t i o n , t h e n r r s i n g l , , t h e S e i d e n b e r g - T a r s k i

theorem we can see that the assumption (  i )  is ecluivarent with the fol lowing con- '

-  * r ^ ^ +  1  
^

.  d i t ions  \we suppose tha t  O.  =  n" l [O] :

l im 
l t ' (  J ) l  = oo ,  when l ! [  ->"o '

p ( o ( ;
1im 

iT-r f+ 
= o '  when l l l - - -  -  ' (v)or  wi th lq l> 2 '

A po l ; rnomia l  wh ich  is  o f  p r inc ipa l  t vpe  sa t is f ies  
. the  

assumpt ion  (  i )  in  Rn '
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of  l i  S ince I i -  is
o -  ( )

P (  f ) )  i t  i s  s u f :

j-s known that t- ( P )

no ta t i ons :

In

unitarY
f

f lc ient

1 6  -

Annend ix

th is  apnend ix  we sha l l  b r ie f l y  descr ibe  the  spec t rum

equ iva len t  to  P  ( the  opera tor  o f  mu l t ip l i ca t ion  w i th

to  cons i t ie r  the  spec t rum o f  th is  second opera tor  '  I t

[n, tc*
-----------;= 

lso use the following
) ;  1 

u *t t l .  I \ r ther we shal l  a

Onn(n)  -  the set  o f  e igenvalues of  P;

-  ?M(p)  -  the  spec t ra l  p ro jec t lon  assoc iaL ted  to  a  measurab le  se t  l v i  c  F . i

-  r  =  7 ( P ) . q r .

A real nurnber A" is in ooo(t) iff 
i tt 

P( ! ) = XJ has nonz'ero I 'ebesgue

measure. This is natural because Pf,t l  is equal to the operator of mult ipl ication

with. the characterlst ic function of thc set P-1( tf l  )  .  I , te pvove now that i f  E

. is  a t  most  countable then Po(P)  = P""(P)  and f r " " (P)  = 6 '  Let  us f i rs t  show that

-p (p ' t  <-  ?  (P) .  This  s tatement  is  a  consequence of  the fact  that  i f  lv i  is  a  measu-
r A \ r  /  -  ' a e

' rab le  
se t  con ta ined j -n  A  and has  lebesgue measure  z 'e ro '  then P=1(M)  has  Lebesgue

measure  v .e ro  .  Bu t  ? -1(wt )  nas  lebesgr re  measure  zero  L f  f  every  po in t  3 ,  *  P-1(P i )

rrhnnrl  TI srrch that U n P-1( l t r)  t ras lebesgue neasure zeto '  Supposing
has a neighbourhood I I  such th

t h a t ( " P / a 5 , , ) ( r o ) t o i t i s s u f f i c i e n t t o c h o o s e U s u c h t h a t t h e m a p

u a J  - 2  ( P ( f  ) ,  3 2 , , . . ,  T r r )

i s  a  d i f feornor f i sm on i t s  range '  There fore  PO(P)  c  Pac(P)  '

l , i o w  i f  f  € E e , c ( P )  t h e n  ( P e - , ( P ) f '  f )  =  o '  b e c a u s e  {  
i s  a t  m b s t  c o u n t a b l e '

T h u s P ' ^ ( P ) t i ; ( l ) = o a n d P a c ( P ) c . P o ( y ) . W e h a v e a l s o t h a t P ( P ) c . P ? r - ( P ) a n dsc tv
q w  . , V

p (p)pr , - ( r )  =  o.  This  impr j -es that  P"" (P)  = o ar ld  consecluent ly  f rsc( ] )  =  { '
sc r.,

A consequence

( o

t'

i s  a  d e n s e  s e t  i n

of these remarks is the fact

e f  i  i e c i ( t I  , P ' ( t ) f

74^"Gto) ,

that

.l )J
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