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1. IHTR'JDUCTTON

The ain of this paoer is to give a- short easy proof of

Pontryaginf s Mininun Prineiple for a fixed-tine optinal eontrol

problen without end-point constraints ueing a Dynanic Programo-

ing approaeh.

!'lre proof ln this paper is eonaiderably sirnoler and shorter

than the proofs in tf] and tZ] replaeing the result whieh statee

tbat the value funetion is a (eontinuous) vieeosity eubsolution

of the Harnilton-Jaeobi-3ellnan equation by tvro other results:

the firet one is well hlown and etates that the vslue funetion

la nondeereasing along adnissible trajeetories ([4] r  lgl l  and the

other, an ea6y eorollary of the first one r is one of the d'if,fe-

rent ial  inequal i t ies in [ t t ] .  (see al.so LZ]l  expressed in terrus

of the extreme eontingential derivatives of the value funetion.

As shorm in AL7 and [Z], these diff erential inequalities

imply the fact that the value function is a opecial type of

viseosity eoLution whenever i t  is eontinuous and imply also

some other dif ferential  pronert ies taken recently as general i-

zat ions of elassieal solut ions of the Hani l ton-,Tacobi-Belknan

equation. Moreover, the differentiaf inequalities in t[t] and

tZl :nay provide suff ieient opt imal i ty cond.i t ions t [ t€]) exten-

dlng the so cal led "veri f ieat ion theorem" ([6]) tc problens
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for whieh the value ft r$,ion is not differentiable.

For the sake of eonpleteness ne prove all the statements

ve need with the exception of the elassical theoren on diff€r€tr-

, tiability of solutions of Carathdodory tlifferential equations

vith reepect to initial data (which may be found in [A]l and

the result eoncerning the monotonieity of the value funetion

along adnissible trajeetories (whieh nay be found in [4] ana[Ol).

To simplify the proof we consider only Ulayer optinal eontrol.

problene; for a BolzE. problen it is more convenient to wrj.te it

aa a Mayer  prob len t t : l r [+ ] r [e l ,  e tc . )  and to  der ive the tJ in{ -

nun Principle from that of the later problen

Sinee the results concerning the monotonicity of the vaLue

function along admissibLe trajectories and the dif ferential

inequalities verified by thc value funetion remain valid in

infinit-dinensional epaces, the proof in this paper may be carr-

ied out for any control system on a Banaeh space for which a

tbeorem on dif ferentiabi l i ty of sol-ut ione of tbe correponding

dif ferential  equations with respeet to ini t ial  data may be esta-

bl ished; this is eertainl-y the ease' for the optimal eontrol

problern in [r].

As a byproduet of our proof we obtain an irnproved variant
'o f  

the reeul te  in  [ f+ ]  and [ fJ  t "p lac ing Clarkees genera l ized

gradient by tfre frdenet superdifferential of the value funetion

in the ease the data of the problen are dif ferentiabLe.

A very interest ing open problenc is to obtain a simllnr

proof of Pontryagi ir 's l i i in imun Prineiple for opt irnal control

problens with end-point eonstrainta; such a result  wi l l  cover

most of the theory of neeessary optimal i ty eondit ions in eontroL

theory.
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tse eonsid,er the problen of minj,nizing the functional

e ( . )  de f i ned  by :

C ( u ( . ) ) = g ( x ( T ; u ( . ) ) )  r  u (  . ) e ' l h t o r x o )

l l '
over a get l l ( torx) of aduiesible eontrols which is a

f ied elass of measurabLe nappinge u(. ) :  l torr]  * Uc IRn

rh ieh the absolute ly  cont inuous so lu t , ionr  x( . iu( . ) ) ,  o f

initial value problen:

8 t= f ( t r x ru ( t )  )  r  x ( to )=xo ( 2 . ? )

is def ined on the interval f*-orTJ.

Ag usual in the proof of pontryaginf s t,inimun principle

t [ : l r [4 ]  r [O] ,  e te . )  we assume that  the d,ata of  the oroblen

oatisfy the fol lorving:

HrPorllEsrs 2.1. the functicn g,d-*n is of elass cI, D

i ir  l :an open subset of kBl,  f :DxU -rnn is continuous, for

a n y  u G U ,  t e p r r l = f t e , u t : ;  ( a )  x e R n :  ( t , x ) e o f  t n e  n a p p i n g
f  ( t r .  ru)  is  d i f ferent iab le  and ( t rxru)  r - -+  D2f  ( t rxru)  is

eontinuousi we assune elso that TeprtD and (torxole D are

taken such that to ( T.

one of  the sets  kr t tor*o) r  p  G[r roo] ,  o f  measurable roappings

u ( . ) r [ t o r r ] - - - + u  . f o r  w h i c h  t h e  s o r u t i c n  x ( . ; u ( . ) )  o f  ( z . z ]

ex i s t s  on  [ to r t ]  and  the  de r i va t i ve  .  t  { - ->  x ,  ( t ; u ( .  )  )= f  ( t ,

x ( t ; u ( . ) ) r u ( t ) )  b e l o n g s  t o  t i (  [ t o r t ] ; n n ) ,  e i t h e r  t h e  s e t

f r { * { ror*o)  o f  regulated adniss i i : }e  eont ro le  ( i .e .  u(  "  }  has

one-sided l i rai?s at eaeh point hence & countable nurnber sf

( 2 . 1 )

spec i -

for

the

diseont inu i t iee,  a l l  o f  the f i rs t  k ind)  or  the set

of pieeewiee eontinuous ad.njssible cori trols"

k"p ( to rxo )
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As pointed out in t+l,i$ and elsewhere, the infingn of the

f i rnet ional  e( . )  in  (z .L)  nay depend eosent . ia l ly  on the e less

of adnissible eontrols but the results to foLlow renain valicl

for aoy eueh elasso

To ineure the exietence of 1ocal Carath6odory solut ions of

the problems in (2.2) one nay require that for any admissible

eon t ro l r  u (  . )  e  U( to rxo )  t f re  vee to r  f i . e ld  fo ( .  
)  

( t r x )= f  ( t r x ru ( t )  )
is 1oeal ly integrably bounded but our proof require this eondi- '

tion only along the optinal tr4jectory.

Ae it is well hnown, the Dynarnie progranaing method eonsiets

oroblen,ln using the value fune_tio! of the optinal eontrol

def ined by:

(2 .5 ' )

o i= { ( t , x ) eD ;  . . r l  ,  D r= [ t . , " 1  6p ,  .  < r l
to  ob ta in  e i ther  neeesBary  o r  su f f i c ien t  op t ina l i t y  cond i t ions

(s {4  i f  t= t r  (T ,x )  e  D
v( t ' " '= t r r , ,  

{ . (u ( . ) )  ;  u ( . )  €  l t ( t , x ) }  i r  ( tox )  €  D i

( for  every ( t rx1 € Di  the set  l l f t r t )  of  adnissib le eontro ls
ie def ined in the sane way as 

' / l t isrxo)).

The first prelininary result we need is the following:

PRoPosr r roN z .z  f [+ ] ,  p rooos i t i on  4 "J . i ; [ e ]o  theone .n  r v . ] . 1 )

rf (sry) € of; and u(. ) e ?LtsrY) thsr t_he funeillgg

t  , -+  v ( t , x ( t ; u ( .  )  )  i s  noqdeereas ing  gn  the  in tg rvg l  [ " r r ] .

The other prelininary result vre need is a eorollar";r of, the

elassieal theorern on dif ferentiabi l i ty of solut ione of Carath6o-

dory d i f ferent ia l  equat ions wi th  resoeet  to  in i t ia l  data.

A napping F(. r .  ) :T - ' -rnl  d.ef ined on the open subset Tc

cRx[?n is said to be a -carath6odory-cl  veetor f ield i f  i t  has

the following propert,ies i

( i )  There exiets a nul l  eubset ;ocnr4$' such that F(tr .  )  is
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orft t, . ) ie continuous for any t e prr$ \ Jo;
,tt ,\a

?{ . r *1 ,  l rF t . r x )  a re  &easurab le  fo r  any  xe  n rp i

DJ( . r . )  are loca l ly  in tegrably  bounded in  the

(sry) e 5 there exiet r  )0 and the integra-

) ,  M ( . )  e u e h  t h a t :
( 2 . 4 )

n ( t ) ,  l l D z f ( t r x ) U  < M ( t )  ( Y )  ( t , x ) Q  B . r ( s , y ) c S

rhere l. I is a norm (usua11y the Euelidian one) on nl, tl.X is

the eoryes-londing operatorial norni on the sDace of l inear mappings

l (nPrnn)  and Br (s ry )  i s  the  ba l l  o f  rad ius  r  eentered  a t  (soy) "

For  any  (s ry )g5  l re  deno te  by  =o ( . i s ry ) r r ( s ry ) -+ lRn  the

Don-eort inuable Carath6odory (absolutely eontinuous) solut ion

of the initial Yalr:e problea:

differentiable and

(ii) the mappings

( i i i l  ? t . r . )  a n d

sense that for any

bLe funetions m(.

f f ( t , x ) f  €

the  va l ia t iona l  equat ion :

$? = l r f lc t ,x f , ( t ;s ,Y) )z

sat is fv ins  the  in i t ia l  eond i t ion :

$t  =  ?( t ,x ) ,  x (s)=v

where  f ( s ry )CR l s  the  open  in te rva l  on  wh ich  x l { ( . i s r } )  i s

defined; the napping xtr( . i . r . ) is said to be tl9-aaf-1pgl-fu-f$t

o f  t h e  v e c t o r  f i e l d  ? t .  r . ) .

T I InORAM 2. '  t  [A]  ,  Ch.  L3,  Remark 18.4.16)  r f  xx( .  i  "  r  .  )

the maximal f low of  the carath6odorv-el  veetor f i e . f 9  f ( . r . )

( 2 . 5 )

t"s

t hen  fo r  an f  ( s ry )  e i ,  t  e r ( s ry ) r  $g -sePp i rg -  * * ( t i s , l " )  i s .

f ferentia-bfg- aL yr D't*(.  1.,  .  )  is eonl iqgous -ar€. t  r-*>! 'x
3 " * ( t ; s r y .dif f  erent i  abl-e at

ie the unicue absolutely eontinuous raatrix-valueQ qglution of

nrxx(s isr.y)=Irr= the identi ty matr ix

need the fol lowing corol lary

z  i n  [ 2 ]  ) :

( 2 . 6 )

(  2 . ' l  )

of this theorenTfe aetual ly

(eee a lso  Lemma
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COROILARI 2.4. If the Errpotheges of Theoreg_2.5_are satis-
- -

f i e d .  ( t  - x  ) a T -  f  6 T ( r .  - v  \  +  ? r F  a n r l  ? t - t = o s / .  r i .  . r r  )- r  -  
O ,  O . e u t  

r  s r ' \ r ' O t ^ O / t  u O - t  3 : 5  ^ \ . i r - I  \ . i L O r X O l

then.the nappins t  t- .-r  D,"*(f  i t r?(t)  )  is t4e unioue absolutely

eontinuous matr ix-valued solut icn of the oroblern:

# =-r-oltt,?(t) ) , z (T )= In  ( z ( t o )=Drx t (T ; t o r ro )  )  ( 2 . g )

and i f  JtC [to,tJ is the nu1l subset sueh thst:

then

? ' ( t ) = i ( t , ? ( t )  )

* * ( T ; . r i { t ) )

( r )  t  e  [ to, r ] \Jr

is. diffgrgntiable at

( 2 . 9 ,

t c [to, r-] \ ;, and :

D2=*(r ;  t r?( t  )  )  =-D5x*(t  ;  t ,  i ( t )  )  . f (  t ,?{t)  )  (v) te [ to,  rJ\  . r ,  (2.  r0)

Morgover. for any t e [to, r] \J' the rnapping 
- 

*fi(. I . )=

=x=(Tf  .1  .  )  is  d i f ferent iab- le  a t  ( t r3( t )  )  ( i ts  der ivat ive be ing

g iven  by :  ox f i t t r f ( t ) )= (n rx r (T ; t r? ( t )  ) ,D3* * (T ; t rT ( t ) )  )  ) .

Proof .  From the uniqueness of the solut ions **(.  isr.y) we

l n f e r  t h a t t  x * ( s i t r " * ( t i s r y )  ) = y  ( V )  ( e r y )  e  5 ,  t  e  f ( u r y )  h e n e e

tak ing  ( " r y )= (T r3 ( f ) )  u re  ob ta in :

r * ( T i t r i ( t )  ) = g ( r ) ,  
' D r * * ( r ; t r ! ( t )  

) = ( D 5 r t ( t ; T , ! ( t )  )  ) - 1  ( 2 . 1 1 )

snd therefore, since at any point t e [torf-) at which

orxx( .  ; r r i ( r )  )  is  d i f ferent iab le  one has:  fu for** ( t ;Tr?( t )  )  ) -1=

=-(D5xx(t ; r , ! ( r )  )  ) -1 hor**( t  i r , i ( r )  )  .  (orxx( t ; r r i ( r )  )  ) - r  o f rom

(2 .U)  and  theorem 2 .5  i t  f o l l ov re  tha t  t t+  D , * * ( f  ; t r i ( t ) )  i s

the unique absolutely eontinuous solut ion of (?.8).

to  p rove  tha t  * * (T ; . r? ( t ) )  i s  d i f f e ren t iab le  a t  t e  [ t o r r ] \ J r

w e  n o t e  t h a t  f r o n  ( 2 . 1 1 )  i t  f o l l o r / s ;  * * ( T ; t + r , i ( t + r )  ) = x x ( t ; t r i ( t ) ) =

= i ( t )  ( s )  t r t+ r  e l ( t o r *o ) ,  f rom (z .g )  i t  f o l l ows  tha t :

( i ( t " r ) -? t t l  ) / r  +  F { t r t t t )  I  as  r+  o  and  the re fo re ,  s inee

o r t * t .  i . 1 . )  i s  c o n t i n u o u s ,  w e  h a v e ,  ( x * ( r ; t + r r f ( t ) ) - x ' r ( ? ; t r ?  ( i l ) j / r

=- (xx( r  ;  t+r r I  (  t+r )  )  -x= ( r  ;  t+r r i (  t  )  )  ) , / r=
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staternent is a well

is di f ferentiable

as r -> 0 and (2.10)  is  proved.

known result  aecording to

a t  ( t r i ( t ) )  i f  t he  pa r t i a l

derivat ives

exiets in a

( t , ; ( t )  ) .

which is of

ingent eone

x+s*y*€ X

Drr i l ( t ,1( t)  ) ,  nrxf i ( t , i ( t )  )  exist  anc Deof i (" ,v)

(2 . t2)

(  2 . 1 5  )

The dif ferential  inequal i t ies in l t l }  and tf ]  involve also

the other  ext rene eont ingent ia l  der ivet ivee of  I ' ( . )  a t  x :

f rorn (2.L2) i t  fo l1ows, i l r (x ; i )=-Qo (Y) i  e n3\r lx .

( x i I ) =  l i m  i n f  ( F ( x + s Y ) - r r ( x \ ) / s'  
( s r Y ) - + ( o + r T )
x+sy 6 X

D[rtx ;i)=-o]'(xi-i), g;r(x ;i) =--llr (x'; -f,)

whieh e:rtend to funetions of veetor variables the well known

Din i  der iva t ives  and are  na t r r ra l  genera l i za t ions  o f  the  c lass-

iea l  (Frde t re t )  der ive t ive  s inee 3( . )  i s  d i f fe ren t i * rb l -e  a t  s

poiht x €rnt dorn F(.)  i f f  r l tx;T)=Flr ' (x; i )=! . lcF(x; i )  a R

?  e f snd  r l ( x ; . )  i s  l i nea r ;  f o r  o the r

+
D ; F
-fL

exists for  et iy

proper t ies  o f

t a-l Fr cil

4  , r r ' t * ( t ; t , 1 ( t )  ) . i ( t r r ( t )  )

The last

whieh 
"f i{ . ,  

.  )

neighbourhooil of ( t r ; (  t )  )  and ig  cont inuous  a t

The differential inequality we shall prove in the next

seetion invoLves the uoper-r ight contingential  derivat ive of a

funetion F (. ) :X CRn"+R= L-*, +m] at a point x in the eff ee-
-

t ive donaain,  dom F(.  )=Jx eX; } .  (x)  € Rl  ,  in  a d i rect ion ie 'Rn:

b ln (x ;? )  =  l im suD (F(x+sY)  - r  (x ) )  / s- K -  -  
( s r y )  + ( 0 + r I )

x+sy 5, X

interest only at direet ions ? in the r ight-cont-

at  x  o f  x  def ined by:  dx=f fer f ; (3)  
(su, ls )  -+(0+,1

(V)  k€ lNl  s inee us ing the eonvent ion sup 0 =-crc ,

these genera l i zed  der ivq t ives  we re fe r  to  [ f3J ,



- B -

J , trIE PR00F oF PoNTRYACIT.; tS },1rNrMUM_PlIlgrPLE

l le take the fol lowing coroLlary of Proposit ion 2.2 as part

of our proof of Pontryaginrs Minimun Frinciple:

LEMI,{A 5.1 t  [ t l ] ,  f?l  )  .  Tf v(. ,  .  )  tDf --E

fu4St io4 in  (2 .7)  o f '  the problem (2.1) - (2 .2)  then i td  uppe,r

rieht conti t i a l  d e r i v a t i v e s  s a t i s the  ineoua l i t v :

n i V t ( t r x ) ; ( 1 r f ( t r x r u ) ) ) ) 0  ( : t )  u e U ,  ( t r x ) e o $ f l d o u  V ( . r . )  ( 3 . 1 )

g@. te t  ( torxo)  €  Din don Y( .  r .  )  hence such that  to  (T,

( t o r r o ) e p  a n d  V ( t o r x o ) e R n  l e t  u o e U  a n d  l e t  x o ( , ) : t t o r t l ] - t d

t1(f ,  be the unique C1-solut ion of the ini t iai  value problem;

r t = f  ( t r x r o o ) ,  x ( t o ) = " o  i  s i n e e  ( t o ( t o + s ) - t o )  / e  - r x i ( t o ) =

= f  ( to rxo ruo )  aB  g+  O* ,  f rom (2 .121  i t  f o lLos rs :

Divt  ( torro) ;  (1r f  ( torxo,oo) ) )  >-  
ta i l t (v( to+s,"o( to+s)  

) -v(  Norxd)/s
( r . 2 )

Qbviously only one of the foll-owing two possibilit ies nay

oeeur :  1 )  
' i l f t r "o ( t )  

)=0  (y )  t  €  ( to ,  t f  ;  2 )  t he re  ex ie ts  . , t a  c

€(tortJ eueh that l l 'Lt trrxo(tr)) / fr .  In the f i ret caee from

(2 . .5 )  i t  f o l l ows  tha t  V ( t r xo ( t ) )=+oo  (V )  t  € ( to r t J  and  the re fo re ,

f ron  ( r .2 )  i t  f o l l ows  tha t  S iV t  ( to rxo )  ;  (1 r f ( t o rxo ruo )  )  )a+oo

and  (3 .L )  i s  ve r i f i ed .

Irn the second ease there exists an adroissible control. ,

is the val,ue

.1 .

ur ( .  )e ' k ( t z r *o ( t2 ) )  wh ich  we  use  to  de f ine  an  admiss ib le  con t ro l

with respeet to ( t o r x o )  a e  f o l l o w s :

u ( t )  =
e lto, tg)

t e [ta, r1

i .  t he  adn iss ib le  t ra jee to ry  x ( . i u ( . ) )  eo r respond ing  to  u ( . )

i s  obv i cus l y  g i ven  by :  x ( t ; u ( . ) )=xo ( t )  i f  t  e  t t o ,  
"+ ' ]  

and

r ( t i u ( .  )  )= r ( t ; u r ( .  )  )  i f  t  e [ tg rT ] ;  on  the  o the r  hand ,  f rom

Proposi t ion 2.2 i t  fo l lows that  the fune0ion t  F->V( t 'x ( t ;u( .  )  )  )

{"o 
i f  t

l u r ( t )  i f
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ia  noncleereasing hence v( t rxo(t )  )  >V(torxo) ( l i )  t  e [ tor tz]

and therefore from (3.2) i t  fol lows (1.1) and Lenma 7.L is proved

THEOREI {  5 .2 .  Le t  t he  0e !a  g ( . ) r  f ( . s .1 . )  o f  t he  p rob len

(2 .1 ) - (2 .2 )  sa t i e f y  l l ypo tbes is  ? .L .  l e t  ( t o rxo )  €  D , ! ,  l e t

f r ( . )  eW(torxo)  be an opt i roa l  cont ro l  such that  the vector
d

f ieLd f  ( .  ,  .  )  def  ined b. ' r  I

? { t r x ) = f ( t r x , t ( t ) ) ,  ( t r x ; €  D r = { t t r r )  € D i  t < T l  t 5 . 5 )

hae the proDelt lsE-ig (2.4) a! gaeh point (ury)6 D,p
I

and let

?( . )=x( . ; f r ( .  ) )  be- ,  tb .e  eorresponcl ing ont imar .  tTa ieetory .

Lhen there exists an absolutely eontinuous napoing

p(. ), Ltorf] ---rtr l  gatigfvine the fol l .ovrins eondit ions:

p ' ( t )  = - t ) 2 H ( t r i ( t )  r f i ( t ) r p ( t ) )  & . € .  o n  I t o r T J ( r . 4 )

where the i{aniltonian H is defined b.rr:

H ( t r x r t r r p ) = < p r f ( t r x r u ) )  ,  ( t r x ) € D ,  u e U ,  p € n l  ( 3 . r )

p (r )  =Ds( i (  r )  ) ( 3 . 6 )

H ( t r i t t l  r d t t )  r p ( t )  )  = l  ( t , i ( t )  r p ( t )  ) :  n i n  I { ( t , i ( t )  , u ,  p ( t )  )  s .  e .
.  u e U

('  '7]

Pfoqf . t9e note first that choosing an arbitrary uo e U
. L -

and\6ufficiently srnall r> 0 we xray extend the veetor field

i { . r , )  i n  ( 5 . r )  t o  a n  o D e n  s u b s e t  i = { ( t r x ) c  D ;  t  c ( t o - " r r * r ) }

of ExRn as foilows:

't

so  tha t  F ( . r . )  i s  a  Cara th6odo4v -Cr  vee to r  f i e ld  sa t i s f y tng  the

hypctheses of  Thecret  2 .J .

Following i,tre idea of the proof in fal we eonsider t]re

n a x i n a l  f 1 o w ,  x i l ( . i . r . ) ,  o f  t h e  v e e t o r  f i e l c l  i ( . r . )  i n  ( r . 8 )

r y .  r f  ( t , x r f r { t ) , )  i f  ( t , x )  €  Dr  (5 .8 )
f  ( t . x ) =  J

t f ( t , x r u o )  i r '  ( t r x )  e D ,  t € ( t o - " r t o ) w ( f r T + r )
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,  

t '  

" :- 1 0 -

f t t , f t t l ) =e ( i ( r ) )=v ( t , r ( t ) )  ( s )  t  e [ t o , r J

fr t",  y) >.Y(.",y) (v) (s,y)e fr*n of,

where V( . , ,  )  is  the va lue f t rnet ion in  (2 .5) .

ancl sinee accordiag to Corollary 2.4 the napping

is  abso lu te ly  eont inuous ,  the  napp ing  p( . )  de f ined

( 5 . 1 0 )

Sinee g(, )  is assumed to be continuousl.y di f f  enentiable

( 5 - t t 1

fo l lows

1 g

0

and define the funetion ?( ' '  '  )  : i*  >E as fol louto:

T(s , y )=s (x * (T ; s , y )  )  I  ( e r y )  * ! r= { ( " , v1e5 ;  [ " , t ]  c  r ( s r ] ) f  t 5 .9 )

fr(. )l 1", rl is
point  ( " ,y )

r*( .  isr ] ' ) l  L"rr ]  )  f roro (2- ,1)  i t  fo l lows:

p ( t )=Drv ( t r i t t )  ) =Dg ( ; (T )  ) .D rxx (T ; t , ? ( t )  ) ,  t  €  [ t o ,TJ

is  absolutel-y eont inuous and moreover,

that  at  any point  t  e [ to,  fJ at  whieh

di f ferent i  a l : le  we have :  p '  (  t  )  =Dg(3(  t )  )  .  (  -Drxx(T ;  t  r?  (  t  )  )  .Oz? (1, ,  i (  t )  )  )

= - D z H ( t , i ( t ) , d ( t )  r p ( t )  )  a n d

and (5.11)  i t  fo l lows that

proved,

to prove (3.7) we note f i rst.  that frorn the defini t ion in

(2.1,21 of the upper-r ight contingentiai  derivet ive and fron the

re la t i ons  i n  (5 . lC )  i t  f o l l ows :

5i?t (t ,g( t)  )  ;  t?, i l  t  > i ivr (t ,?( t)  )  ;  t i , i l  )  (s) te l to, rJ, { i , i )  e rf tdRn

where f (ery)  ie  the open in terva l  on whieh 
"* ( . is ry)  

is  def ined.

Fron the theorems on eontinuity of eoLutions with respeet

to  in i t ia l  data (see [e ] ,  Ch.12 and Renark 18.4.15)  i t  fo ] lows

tha t  ( t , i ( t )  )  €  rn t  f r *  (Y )  t  e  [ t o , t1  and  s ince  x * ( .  l t o rxo )=

=i(.)  t tre relat ions in (2.U) hold; moreoverr sinee for any

(ery) u 5r noi ( for whieh s eftorr) )  the restr iet ion map

an admissible control with reepect to the ini t ial

( tne coueeponding admissible trajeetory being

t  r+Drx* ( I r t r i ( t ) )

by :

f ron  (2 .8 )  i t

(5 .4)  ie  proved;  f rora (2 .  B)

p ( T ) = l e ( f ( t ) )  a n d  ( , . 6 )  i s  a l s o

D r * " ( r ; .  r ? ( .  )  )

( 5 .12 )
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henee fron Lenna 3.1 it foll"owsi
. . :

E l  ? t t t , ,  ( t ) )  ;  ( t , f ( t , i ( t ) , u ) ) ) >  o  ( v )  u € u ,  t  e [ t o , r )  ( 3 . r 3 )

On the other hand, frora Corol iary 2.4 and froin (5.9) i t

fol lows that i f  JtC[torf l  is the nu1l eubset at whieh (Z.g]

is  ver i f ied then fcr  any te  [ tor t ] \ ; ,  tbe funet ion f r ( . r i ( t ) )

is  d i . f ferent iab le  ar rd f rcm (2.1C) ,  ( j . I l )  and (5. j )  i t  fo l lows:
_ -  _ ,

tY t t r r { t )  )= : l s ( i (T )  ) .D rxx ( f  i t , g ( t )  )= -og ( i , ( r )  ) .o rx * ( r ; t n r ( t )  ) .  :  ' :  : ; , . r - , . i
. ^ -

. f ( t r f t t ) )= -H( t r i ( t ) r f r ( t )1p( t ) l  ( ' r )  t  e  [ to , t ]  \ * I1 .  i , lo reover ,

, :  e inee g( . )  i s  aseumed tc  be  o f  e lass  C lo  the  par t ia l  der iva t ive
,\. 'l,,

D 2 V ( . r . )  i s  e o n t i n u o u s  h e n e e  V ( . r . )  i $  d i f f e r e n t i a b l e  a t

( i r ; tar l  for eny t  e [ to,r ]  \ .1,  and i ts der ivat ive is given by:

o ? t t , ? ( t ) ) = ( - H ( t , f ( t ) , i l ( r ) , p ( t ) ) , p ( t ) )  ( $ )  t  e  f t o , r ] \ . r ,  ( 3 . t 4 )

sinee fron the defini t ion in (z.Lz) of the uDper\-r ight

coatingential  , ler ivat ive i t  folLorvs that at any sueh point

( t , ? ( t )  )  ;  ( i , i )  ) = D t ' ( t , I ( t )  ) .  ( i , ; ) = - H G , i ( t ) , f i t t )  r p ( t )  ) . 1 +D K v

+ (p( t )  r f  >  (v)  t  e [ tor rJ  \  t l l r  (1 , r ; )  €rRxnn,  f rorn (g . t i l  ne

o b t a i r r :  - t t ( t r x ( t ) , u { t )  r p ( t )  ) +  < p ( t )  r f  ( t r x ( t )  r u ) >  ) - e  ( V )  u  e U ,

t e[tor!) \Jf and the theorem is connl.etely proved.

R' i i l l iAnK 3. r . l ' Ie  reeal l  that  the v iscos i ty  so lu t ions of

Han i l t on -Jecob i  equar ions  tL t ] , [ z ] , [ r ] ,  h { ,  t '  .  e ra )  a re' v

def ined in terms of  the Fr6ehet sennidi f ferent ia le of  real-valued

funetions F(. )  :xc El-+ [ t  <ief inea as fol lows:

?r t * )={oe  Bn '  
i_ , , rms3p(F(x+n) -F(x ) -  

<p ,h  }  )  /  Vn< 0}
(3 .L5y

7r{*r={n e0tnt  
l 'T j -3r(F( : r+h)-r (x)-  

<p,h> } . / thr  , .  o l

i ' ], i1\"!. 'ry!;:"r"i '-r..r-,, ' i.;t 
i i pidn;ii '*i;*oTfr];, t#5u;i*,5la,.tire Frdehet senidiffe-

rent ial-s E:ay eqrr ivalent l} '  be defined uoing the extrene eontin-

gent ia l  der ivat ives in  (2 .14)  anc (2 , ] l :3)  as fo l lows;



5r(* l={pnn";  DF(x;?)(  Jp, i> - .9F(x;?)  (v)  : .  r r l  I ( r . 16 )

2rt" l=[pe nn; i [ f t* ; i l  (  <p, i t  <Ulr(x; i )  (Y) ;  enl I

On the other hand, a large number of interesti.ng results

have been obtained latelg using ClgrBef g ggqegaligecl &radje-nt

in problens invol,vin$ loca1ly t ipschitz funetions:

?rtt*)={p ernl i  (p,?> < ol.(x;E) (v} re#l ( r .1?)

{ r f  x  i I )  i snhere Clarkef s general ized dircet ional  c ler ivat ive,

def ined as fo l lows:

{rt"; i)=("}}Tjru,r*; (r (z+sf)-r( 2,1) /s

I t  is  easy to  see that  i f  F( . )

x e rnt (X) then one has t [f f] I :

5pt" l  c  ?rr {x) , ! r t* l  c  Qrt" t
The nain resul t  in  [ f?J s te tes,  essent ia l }y , that  i f  g( . )

a n d  f ( . r . r . )  d e f i n i n g  t h e  p r o b l e n  ( 2 . 1 ) - ( 2 . 2 )  a r e  1 o c a l l y

Lipsehfitz, uc RIn is comoaet and fr(. ) e U(torxo) is opti inal

then there exists an absolutely cont inuous r t repoi l ig p(.)  eat is-

fy ing . (7.7 )  and eertain inelusions replecing the egual i t ies in

( r .4)  and (5.6)  and sat is fy ing a lso the re la t ionr

t - f r t t r i ( t ) , p ( t ) ) , p ( t )  )  e ) r v ( t , ? ( t ) )  ( s )  t  e [ t o , r J

(  3 .  2 1 )

i s  1oea1 ly  i , ipseh i tz  a t

( 5 . 1 8 )

(7 . r9 )

( 3 . 2 O )

I n  t h e  e a s e  g ( . )  a n C  f ( . r . r . )  s a t i s f y  ! f i r p o t n e s i s  2 . ) - ,

f ron  the  re ls t ions  (3 , I2 )  and (7 ,L4)  in  tee  proo f  o f  lheorem

2.,  and fror,r  (1,16) i t  fo l lows that t i re aapping p(.  )  in Theoren

2.7  ea l i s f ies  the  eond i t io i i r
i -

q ; i i t t , f ( t ) ,F ( t ) )  rB , l t ) )  eT  v ( t , ; ( t )  )  8 .€ .  o r  [ t o , t ' J

i lore.over, proceeding l ike in the proof of Corol lery 2.4 i t

ie eesy to see that i f  Ucnn is eonpaet then the extreme contln-

gent ia l  c ler ivat ivee of  the funet ions f i ( . r . )  aad v( . r . )  aat ie fy
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the re lat ionu,  i lv t ( t r I ( t )  ) ;_(1,1)  )  <Di f f ( ( t ,x( t ) ) ;  ( i , f l ) - (  , '

- f i t t , i ( t )  r  p(r . )  )  .T+ 1p ( t ) , ;> < { f t  1 t ,  i ( t )  )  ;  (T, t )  )  <t [v t  (  t ,3( t )  )  ;  (T, i1

( v ) ( i , i ) € t t r b d n ' , t e [ t o , t J h e n e e f r o m ( 5 . 1 6 ) i t f o 1 1 o w s :

a t - F

( - f i ( t , i ( r ) , p ( t )  )  r p ( t )  )  6  ? v ( t , i ( t )  )  ( Y )  t  e  [ t o r t l  ( r . 2 2 ,

whieh ianpl ies the relat ion (5,2A) obtained in F l  since in t tr is

case +,he va lue fu t rc t iog,  g( . r . ) ,  is  loca11y L ipschi tz .

Sirni lar ly, relat ions 13.10) and ( i . l t )  inply t l re faet that

the absolutely eontinuous mapfing p(.)  in Theoren 2.3 veri f ies:

p ( t ) E 7 v t t , . ) ( ? ( t ) )  ( v l  t e [ t o , r 1  ( 7 . 2 7 )

whieh is stronger than the reietion;

z1

p( t )  eT  rv ( t , . I t f ( t ) )  B .o .  on  [ to , : r : ]  (7 .24 )

obta ined in  t l ]  ,  i *  the easp V( t r .  )  is  loca l l .y  L ioscni tz .

We note houever  that  (5 .22)  and (3.2r )  have been obte ined

in the ease g( .  )  and f  ( t r .  ru)  are of  e lass Cl  vrh i le  the

eorrespondi .ng re la t ions,  (3  .2a)  and (5.24)  ,  in  [ id  and [ f  ] ,

r e s p e e t i v e l y  h a v e  b e e n  o b t a i n e d  i n  t h e  e a s e  g ( . )  a n d  f ( . r . r . )

are only l-oeal1y l , ipschitz.

An interest ing open problera is to obtein results analqgous

to those in bi l  and [ l ]  excreesed in terrre of the Fr$ehet

sen id i f f e rn t i g le  i n  ( i . 15 )  .
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