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by

G.  GODINI

1 .  IN?RODUCTION

Tn /2/  we introd.uced the concept of  a norrned almost l - lnea.r
space wh lch  genera l i zes  the  concept  o f  a  normed.  r - inear  space.  An
example of  a normed almost l inear space rryhich is not a normed r inear

-space 
is  the  co l lec t ion  o f  a l l  nonempty ,  bound.ed  and convex  subsets

a f  a  n o n - t r i v i a l  n o r m e d  l i n e a r  s p a c e  ( s e e  E x a m p l e  6 , 1  i n  s e c t .  6 ) .
Rough ly  spea.k ing ,  a  normed.  a lmost  l inear  space x  sa t is f ies  sone
of  the  ax ioms o f  a  l i -near  space bu t ,  in  compensat ion ,  the  

" ; ;
s a t i s f i e s  b e s i d e s  a l l -  t h e  a x i o m s  o f  a n  u s u a l  n o r m  o n  a  l i n e a . r  s p a c e ,
a lso  an  add i t iona ]  one v r ' ' h ich  makes the  f ramevrork  p rod"uet ive .  A t
f i rs t  s igh t ,  i t  seems tha t  no  topo logy  on  x  ex j -s ts . ,  s ince  the  norn
d 'oes  no t  genera te  even a  semi -met r ic  on  x  i f  we s impr ; /  im i ta te  the
l i n e a r  c a s e .  '

The for lowing two subsets of  x play an important ror_e i  vx =
t  7  a  . 1

. = . L x e X i x + ( - 1 x ) = 0 J  a n d - , { X  = t  x € l { : * = _ t r J .  A m o n g  t h e  s i m p l e s t
c lasses  o f  normed a lmost  l inear  spaces  are  those o f  the  fo rm
x  =  v X  (  w h e n  w e  r e c o v e r  t h e  c l a s s  o f  n o r m e d  l i n e a r  s p a c e s ) ;  f l  =  . \ i l y

and x = T/*+v*.  l {ote that  the above example of  a.  normed al_rnost
l i n e a r  s p a c e  c l o e s  n o t  b e l o n g  t o  , n y  o f  t h e s e  c l a s s e s .

rn  /2 /  vse  have a l -so  in t roduced the  , rdua l , ,  $nace x f  o f  e
normed a lmost  l inea , r  spac€ x ,  where  the  func t iona ls  a re  no  lcnger
I inear but "alrnost l inear, , ,  , ,1 'h ich is also a norrned- al_most l inc.zr
space l  when x  i s  a  nor rned.  l . lnear  space then x*  d .e f i led  by  us  is  the
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usual  dual  space of  X.  Thoug!; : ; thb proof is very s imple,  i t  is  worth

to  ment ion  here  tha t  we a lways  have x r  =  w*r+-v r r  (see  Propos i t ion

3 . 3  i n  S e c t .  3 )  a n d  b y  P r o p o s i t i o n  3 . 1 5  o f  / j /  a n d ,  C o r o l l a r y  3 . 4

of 15/ we have Xx = VX* i f f  X iF a.  normed. l inear s 'pace.

The main  too l  fo r  the  theory  o f  normed a lmost  l inear  spaces

was given in /J/ where sie shorrued" that &ily n61*u6 almost l j .near space

-  X  c a n  b e ' r e m b e d d e d "  i n  a  n o r m e d  l i n e a r  s p a c e  E y  .  T h o u g h  t h e

embed.d ing  inapp ing  Qr ;X ._>B*  is  no t  i -n  genera l  one- to -onr ,  i t  has

enough proper t ies  to  permi t  us  the  use  o f  the  techn icues  o f  normed

l inear  spaces .  As  a  consequence v \ re  can de f ine  a  semi - rne t r i c  f  , .

^ r .  Y  u r ' ! r ' i a h  i g  a  m e t r j - C  e X a C t l ; , r  w h e n  U . r  L S  O f " e - t O - O n e .  T h U S  , "v l t  l \ t  Y l I I I v l a  I

topo log : {  on  X a} r ' , ra .ys  ex is ts  (wh ich  is  no t  i la .usdor f f  in  genera l )  and.

when x  i s  a  normed l inear  space then fy  i s  the  r ,e t r i c  generL ted

by  the  norn .

In /3/  r ,ve have begun the study of  the ahnost l inear spa.cesr )L

vuith bases, &*lr{,ld&{r$&.d,t s,yuw{r,lil,6uvMrdl/H{,rl,WWln&n@ fn corrtrast to the

l j -near  case t  & f l  a lmost  l inear  space can have no  bas is ,  even l . * rem

i t  i s  a  normed.  a l -most  l inear  space.  0n  the  o th rer  hand,  v rhen an

a lmost  l inea . r  space has  a  bas is r then i t  i s  a .  normed ahnost  l inea . r

s p a c e  f o r  e  c e r t a i n  n o r r n  ( / l / ) .

In th is peper r^/e fur ther our stud;,r  on normed a. lnost  l inel : . r

spacesr  espec i ,a l l y  wt ren  they  have bases .  For  a  nor rned a l -most  } inear

s p a c e  X  ( n o t  n . e c e s s a r i l y  w i t h  a  b a s i s )  y / e  s h o u r  ( T h e o r e m  3 . 5 )  i t i n t

Ex*  ( t t re  normed l j -near  space in  wh ich  rve  embed xx  )  i s  E f  eou ipped

in general  wi th another norm than tha-b of  A:  .
,A

i fvhen a normed almost l " inear space X has a basi-s,  i t  ha.s sof i te

re levant  p roper t ies .  For  such a  space X we prove tha t  @ 
*  

i s

o n e - t o - o n e r h e n c e  t h e  t o p o l o g y  g e n e r a t e d  b l r  f "  i s  n o v r  l { a u s d o r f f

( T h e o r e m  4 . I )  a n d .  t h a t  i t s  r a n g e  c r x ( x )  i - s  c l o s e d  i n  E . , .  ( T h e o r e m  4 . 6 )
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In  the  f ramework  o f  normed"  a lmost  l inear  spaces  X w i th  bases  we can

general ize some wel l -known resul ts f rom the theory of  l - inear or

normed l inear  spaces .  For  example ,  the  card lna l i t y  o f  two bases  o f

X  i s  t h e  s a m e ( C d r o l l a r y  4 , 4 )  r w e  g e n e r a l i z e  t h e  R i e s z ' s  T h e o r e n r

(Theorem 5 .1)  and we prove tha t  i f  d im X =  n  then d im Xs =  n

(Theorem 5 ,2) .  Coneern ing  the  las t  resu l t  y re  ment ion  here  Erample

6 .8 ,  w i re re  X  has  a  bas is  bu t  X i "  has  no  bas is  and a lso  the  fac t  tha 'b

the  assumpt ion  d im N.*<  & does  no t  imp ly  tha t  X  has  a  bas is .There

are  a lso  some o ther  d i f fe rences  be tvEeen the  " l i -near "  and "a lmost

l inear,  case .  For example,  when dirn x < @ ,  the embedding mapping

Q;X- ->  X**  can be  no t  on to  X* f , .  rn  th is  paper  we a .1so  g ive  su f f i c ien t

cond i t ions  in  o rd .e r  tha t  some resu l ts  f rom the  l inear  case ho ld  in

our more general  f ramer,vork.

T h i s  n a p e r  c o n t a i n s  6  s e c t i o n s  ( i n c l u d i n g  t h e  i n t r o d . u c t r o n ) .

I n  S e c t .  2 ,  b e s i d . e s  n o t a t i o n ,  v / e  g i v e  a l l  c l e f i n i t i o n s  a n d  r e s u l t s

f rom our  p rev ious  papersr  h€cessary  fo r  an  easy  unders tand ing  c f

th is  paper .  In  Sec t .  I  l ve  es tab l i sh  some nev i  resu l - ts  on  nor rned.

a lmost  l lnear  spaces  (no t  necessar i l y  w i th  bases)  l vh ich  lv i ]1  be  use6.

ln  th .u  subsequent  sec t ions .  Sec t lond 4  anc l  !  a re  devoted .  to  the

normed.  a lmost  l - inear  spaces  v r i th  ba .ses ,  the  la t te r  be ing  concerned

v i i t h  f i n i t e - d - i m e n s i o n a l  s p a c e $ .  I n  S e c t .  6  w e ' c o l l e c t  a l l  e x a m n l - e s

(counter -examples)  a t  v , 'h ich  v /e  sha l l -  re fe r  in  the  tex t ,

Final1y,  vre d.raw at tent ion that tn /Z/- /4/  vte herve ' rorked

with an equivalent def in i t lon of  the norm and in / l /  ana /4/  tne

las t  ax iom o f  the  norm j -s  super f luous .

2.  PRELI IT{ INARIES

Bes id"es  no ta t ion ,  in  th is  sec t j -on  v re  main ly  reca l l  some c le f i -
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n i t ions  and resu l ts  f rom our -prev ious  papers .  As  in  those papers t

we assume that al l  spaces a.re over the real  f ie ld R. vVe d"enote by

R *  t h e  s e t  {  X e n  i  \ r r , l t r p i i  o u  N  t h e  s e t  $ - t , r , 3 , . . . . 3  .

An almost ]inear =paG6i-* set X together r,nrith two mappings

s ; X x  X - > X  a n d  m i R  x X - - t X  s a t j , s f ; r i p g  ( I , f ) - ( L g )  b e l o w .  ' l f e . d e n o t e

s ( x , y )  b y  x + y  a n d  m ( , \ , x )  b y  \ r x  ( o r  t r * ) .  L e t  x t Y t z e X  a n d , ' \  r f e R . -

( f , f  )  x + ( y + z )  =  ( x + y ) + z  ;  ( L i l  x + y  -  y + x  ;  ( f : )  T h e r e .  e x j - s t s  a n

e l e m e n t  0 4 X  s u c h  t h a t  x + 0  =  r e  f o r  e a c h  x e  X ;  ( ! a )  l o x  -  x  i

( t f )  O o x = 0 ;  ( r o )  \ , ( x + y )  = t r . * * I , y  i  & 7 ) \ ' ( t o * ) = ( ) y ) ' x  t

( I , A )  ( t r * f ) , x  = t r " * * f u *  f o r  A , f  n  R *

L e t  V X  =  $ - * r X  1 x + ( - l , x ) : =  0 J  a n a  r , i / "  =  f .  " ,  
X :  x  =  - 1 ' x

T h e s e  a n  e  a l - m o s f , - l i n e a r  s u b s f ; a . c e s  o f  X  ( i . e . ,  c l o s e d - u n d e r  a C d i t

and  mu l t i p l i ca t i on  by  rea l s )  and  VX i s  a  l i nea r  space .  An  a . l u tos t

l i nea r  space  X  i s  a  l i nea r  snace  i f f  X  =  VX r  i f f  l /X  =  . l .  O  J '

In  an a lnost  l lnear  spa.ce X i ' re  sha. l l  a l .v ;a ;y 's  use the notat r

\ o "  ( i n  p a r t i c u l a r  - l o x )  t o r  m (  \  , x )  ( f o r  r n ( - l , x ) ) ,  t h e  n c t : ' - t i o

t r *  ( i n  pa r t i cu la r  - x )  be ing  used  on l : r  i n  a  l i nea r  soace .

A subset  J ]  o f  the  a lmost  l inear  space X is  ca l lec l  a  ba .s is -

o f  X  ( / l / ,  l e f i n i t i o n  2 . 1 )  i f  f o r  e a c l r  x  e X  f  f  O l  t h e r e  e x i s t

u n i g u e  s e t s  1 b r , . . . . r ' n r r l c  B ,  5 , \ r ' . . . . , A r r ]  c  n ' - l o J

(n  depend. ing  on  x )  such tha . t  x

- lo i f  v x  '

In  cont ras t  to  the  case o f  a  l inear  spa.ce ,  there  ex is t  a lmost

I l n e a r  s p a c e s  l v h i c h  h a v e  n o  b a s i s  ( s e e  e x a . m p l e s  i n  $ e c t .  6 ) .

I t rz tr t

i o n

o n

n

2 .L i lnLitARK.

bas is  33  .

( 1  )  T h e  s e t

a l s o  a  b a s i s  o f  X ,

( /_ \ / ) .  T . ,c t  x  be

{ r\0. b : b e 3 ,

an almost l lnea.r space ui i t i :  a

b  + v x 3  i s. \ o / a , t r o t o r o r
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( i i )

( i i i 1

x t y t z  € X " ,

:  *5-

T h e  s e t  3 A v . ,  f u  a
.l{.

X  s a t l s f i e s  t h e  l a w

x*17=:x47 iurply that y=2,

I

bas is  o f  V , ,  .
l \

o f  c a n c e l l a t i o n l  i .  € .  I  t h e  r e t  a . t i o r r s

a

2.2. THEOItEi ' t  .  ( /g/ ,  Theorem 2, 8 ) .  r f  }he akno st,  r i4ear grace

a basis of : , I i , .  .
A

f n d e e C ,  s i n c e

a.nd Rema.rlr

resu l t  i_s  no

T h e o r e m  2 . 2

a ryrm-gg-err'rout rirr"*" =gJ# an almost ri-near sDace x
t o g e t h e r  Y r i t h  a  n o r m  i l t , l l i  ;  X  * > R  s a t l s f y i n g  ( N f  ) _ ( N + )  b e l o . w .  l e t

x r y e x t  r r u e ' / f " a n < l  t r . n .  ( N l )  l l l x + y l r t < , r (  x r r t  + t u : r l l l  r  ( r f 2 )  i l l x r f J  = 0

i f f  x = 0  ;  ( i { 3 )  i l l  \ e  x l l {  =  l r \ l t t l  
" l l l  ;  ( r ' r + )  l l l x t l l  <  i l t x + . y i i t t  .  r ' t r o t e

tha t  l t l  x i l l  2n  o  fo r  each  x  cx .  i ye  deno te  uy  n " (0 , , I  )  t he  se t

$ x e x :  l l t x t l l  < l  3  ,  B x  =  B x ( 0 , 1 )  a n d  S *  =  7 * e X : , , f x , t l  -  r _ J .
As we have a l ready  no ted  in  the  in . t roduc t ion ,  when x  i s  an

a. lmost  l inear  space v r l th  a  ba ,s is ,  ther :e  ex is ; ts  a  nprm l i l  , l t l  on , - i

such  tha t  X  together  w i t l t  th is  norm is  a  normed EL lmost  l inear  space.

2., 4.. LBt/i i [A . ( /3/),

J - e t  x r y  G X ,  w i e  i i i "  ,  V i

(i ) f i '  -.q+.,, yr-

X has a  b a s i s then there  ex i -s ts  a bas i  s
r72

J5 01 '  -X.  y ; i th  the nroner tv

that whenever U e  J3 \V. ,  then - ]cb  e € .

,  2.3,  i?El , lARK. r ,et  J3 be a basis of  the almost l - inear space

hav in -g  the  proper ty  f rom Theorem 2 .2 .

( i ) ( / z / ) .  r h e  s e t  {  o * ( - r , r )  ;  u  E  3 \ v x J  i s
( i i )  r f  x = v/x*vx t l .en 3 = (  tn r .ox)r/  ( f  ' ,vx)- .

fo r  U eB v ie  have b  =  w+v,  v , r  €  lVXr  v  eV,  ,  by  ( i )  above

2 . I  ( i : - ;  i t  f o l l o r , v s t h a t  e i t h e r  b  = .  v j  o r  b  =  V .  T h i s

l o n g e r , t r u e  i f  t h e  b a s i s  3  h a s  n o t  t h e  p r o p e r t y  f r c r n

( s e e  E x a m p l e  6 . j  ( i ) ) .

X b e  a nornred _al rnost  l ine: r r  sDacc nnr l

i = I  t 2 .  : ' i  e  have  I

Let_.

.- \;I- ' x
"lli l, i':

I

i .  t . l  ! ' r i .
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( i  )

( i i 1

x r Y  € V X

then

Il x*y eVx then

w1 = V/n a.nd. v. = V^I I I
ff q+vt = wz+vz

Let x be an almost ] j .near 
r"pp," , . .  A funct ional  f  ;x . : )R is

ca l led  an  a lm.gs t  l . lneqr -  func t io f f i?  f  i s 'ad .d i t i ve ,  pob i t i ve l -y

h o m o g e n e o u s  a n d  t h e  r e s t r i c t i o n  r l w x  7 z o .  L e t  x #  b e  t h e  s e t  o f

a l l  a lmost  l inear  func t io .na ls  on  X.  Def ine  the  add i t ion  tn  x#  by
( r t + r r ) ( x )  =  f r ( x )  +  f  , ( x ) ,  x  € x  a n d  t h e  r n u l t i p l i s a t i o n  b y  r e a t s

, \  a R  l y  (  \ r f  ) ( x )  =  f  ( l o  * ) ,  x 6 X .  T h e  e t e m e n t  o e x /  1 s  t h e

func t i -ona l  wh ichr  1s  0  a t  each x€X.  Then X# is .  an  a lmost  l inear

space.  ' r ' ' i hen  x  i s  a  normed.  a lmost  l - inear  space,  fo r  tex#  d .e f ine

l l l  f l l l  =  u , r p  f  l f ( x ) l  ;  x e B " ]  a n d  l e t  x *  =  { r r r r ,  l r t t r i l . M  } .
Then x*  1s a normed a lmost  l inear  spa.ce ( /z / )  car led the dual
s p a c e  o f  x .  T h e  d u a r  s p a c e  x x  -  i s  l  l o l  i f  x  / { a j  s i n c e  t h e
fol lovring general izatton of a corol lary of l lahn-Banach rheorern holcls:

2 . 5 .  T l t E O R E i l .  ( / 5 / ,  C o r r o l l a r y  3 . 4 ) 1 s  a .  n o r m e d  a l n c s t

f  (  Sv#  such  tha t
l\

l - i nea r  space ,  t hen_ fo r  each  x  €X  the re

.  r t x
ex i  s t  s

f  ( x )  =  / l l  x l l l  .

L e t  x r Y  b e  t w o  a h n o s t  r i n e a r  s p e c e s .  A  m a p p i n g  T r x  - ) y

is  ca . l lecL  a  l inear  op€Ia tor  i f  T (  t r . , r> : .  \  ,  \  t
r  . , 1 +  ̂  z o x z )  =  A  

f  T ( x r ) + A r o f ( x Z )
t -x t  e  r r  A 1  e  i t t  L = l . t Z .  \ i h e n  X  a n d  Y  a r e  n o r m e d "  a . l m o s t  l . i n e a r  s p a c e s ,

a 1 i n e a r o p e r a t o r I ' , . X - * - z Y i s c a ] 1 e d . a @ i f l / / T ( x ) | t | =

= l i [ x 1 1 {  f o r  e a c h  x 4 x '  l t e  d " r a w  a t t e n t i o n  t h a t  a  } i n e i ; L r  i s o m e t r y  i s
no t  a l ' , vays  one- to -ono.  For  A  c  x  v ' re  denote  by  [ (A)  the  se t
r  _ ,  ,  ?
I  t t  a )  i  a  

"  
A  5

2 ,6 , Rnl{AnK " ( /s /) . I f  T  i s  a  l inear  i somet r l r  o f  X  on to  , t
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i { ,  and the rest r ic t ion f l V *  i s  o n e - t o - o n e .

The main  too l  fo r  the

is  the  fo l lov r ing  resu l t l

theory  o f  normed a lmost  l inear  spaces

2 . 7 .  T i t E O R n t { .  ( / S / ,  T h e o r e r n  j . 2 ) .

l i ne?r  spacs  (x ,  r i r ' f t r  l  (Ex ,  i i ,  i l  F -_)"Xapd a [rapping * 
XrX. 

-+ EX p erti e s ;
( i )  E x

almost l inear
l _ t i p l i ca t i on  b

n x '
/ .  '  \( 1 1 /  I ' o r  z  € E _ o  v t e  h a v e

( 2 . r )  l i  z  l i "
"X Y l l l  ;  x t y  e  X t  z , =  c r " ( x ) -

g l g  ( @ x ( x ) , t t , l / E * )  
.

( i i i  )  c a ,  l s  a  t i n g a r  i s e m e t r ; /  o f  ( x ,  t l l , i i l  )  o . l g  ( r D * ( X ) ,
( iv;  Fgr IhS .dua. l  space Xr vre have

?- .8 .  RE} ' IARK.  I f  on E"  there ex is ts  another  norn l t " i lL  such,
t h a t  i l u x 1 x ) i l r  = r t l x l l l  f o r  e a c h  x € x  t h e n  f o r  e a c h  z , E x \ t q e  h a v e
t ,  

. " , , . r 4 1 1  
2 1 / E x .  r n d e e d ,  i f  z  =  - x ( x ) - o x ( y ) ,  x r y € x  t h e n  1 1  z l l y a .

< l l  c t r ( x ) l l 1  - r  { {  o ; r ( v ) i l r  =  i l r x r r (  + { r i  v / / l  ,  whence  by  (2 . r )  we  i " *
l l  z  1( . ,  I  l l  211o,  .

"X

2.9 .  COn0LARi ty .  (  / f  / ,  Coro l_1ar

l i n e a r  s p a . c g  ( x ,  t l t . i i l  )  t h e  f u n c t i o n

=inf fnt" Itl + tit

l V * u : { ,

d"( r )  J

l / , { l -  ) .-X

( z . z ) tu f  ,  T ldx1 , l r )  v  o ]

Jr 3 . 3 ) . Igi_nny_gglgg{_-q 1g9ff.

f  y ;x  x  x  * -+1t  dqf in-eg by



*B

( e . 3 ) fx(x,v) = l l  uj*(* )- at*(: tr1l 
nx ( x , y  6 X )

ls_-L_Fem1-rnetric on X and we have

( 2 , 4 )  I X ( - t , x , - 1 o y )  =  f x ( * , v ) ( x , y e  x )

,  
tn  a  nor rned.  a l rnos t  l lnear  space 'X  the  semi -met r ic  f1  genera tes

a topology on x (whlch is not Hausdorf f  1n general)  and in the sequel
'  any  topo log ica l  concept  w1 l l  be  und"ers tood.  f ,o r  th is  topo logy .  C lear ly

p  - -  i  s  a  met r ic  on  x  i f f  c . r : r .  i s  one- to_one.  Note  tha t  even when e  _ ,J  X  
* "  @  r r t e s r l v  \ - / l r  

] (  
- -

i s  no t  a  me t r i e  on  x  we  can  use  sequenees  ins tead .  o f  ne ts .  I i i o reover ,

for  uL,yZ4 V* vre have f  x (  u l ruz)  = l1 [  vr -v2 l l l  .

2.10 .  LEI t i i {A . ( /6 / ,  Lemma 6 . } ) .  A  norme4_g}4os t  l inea . r  spe .ee
( X , l l i ' l i l  )  i s  c o m p t e t e  i f f (E -n , l l ' / {  . , '  )  i s  a  Ba .na .ch  space  and  c t J__ ( r \

-,tt

1 s  n o r n - c l o s e d  i n  8 " .
A

The proo f  o f  the  fo l low ing  lennma is  conta ined.  in  the  proc f

o f  ( / 5 / ,  T h e o r e m  3 . 2  ( i v ; ,  f a c t  f ) .

2.11.  LEL, I I ,J IA.  Let .  (xr l l l , / l /  )

i tnd.  I 'e t  x ,y  e  x .  l f  aJ  x(x)  =  dx(y) ,  then for :  eash t  z  o  therr : *gr is r t
v  a  \ l  ^ . . ^ l ^  r ! ^ - rxE r l t_,u"L 6 X suclr  that  l l l  xel l (  + l t t  Vr l l l< t  ary l  x+y,  +u. = yt+xe4. j+t  .

Le t  K  be  the  fo l low ing  cone o f  E ;  ,

( z . j )  K =  f - T r e { : i t  u " ( , : , t ) v  o }

Except  fo r  ( i v )  be l -ow,  the  s ta tements  f rom the  nex t  coro l l .a ry  a re

p a r t i c u f a r  c a s e s  o f  s o m e  r e s u l t s  f r o m  ( 1 6 / ) .  T h e } l .  c a n  b e  a l s o  e a s i t v



proved us ing rwd@e Theorem 2.7 ( iv )  and the asser t ion ( iv ;  $ t r$ , t *

s l -nce  K is  w* -c losed in  8 . ,  .
.A

2.L2 .  COROLLARY

l e t  K  b e  t h e  c o n e  o f

@ x* f r o m  T h e o r e m  2 . 7

( i )  E"*  =  K-K

let  X Fe a nglped-.aUros! l inear j 'page-. ,a.nd.

nJ(ox dgf  iged ] f ,  (2 .5)  .  Then (E:*  ,  I l '  l ln . * r  )  A lg

fgr (x*, l t l  ' l t (  )  .arg-t l r .g fol lov*ins ;

.equipp'ed ry1th the nclm

l l  f l t lr*n = inr { tt irtrEt+ l l TzilnirE=;r-iz, ;y72€KJ

( i i )

f  =  f  ux  ,

d xn(x* ) =

f + i i \

(  i v )

Fcr  f

u lhere

K .

-9-

€  x I

f  i s

t tT lt^xox,
have

we have d  u ; +  ( t )

ob ta ined u s l n E

r F v  l t i € | i l -
4  e  r L t  t t t  r  , , {  -

( 2 . 2 ) ,  l Y e  a l s o

ancl

a J  o , t  i s/'\- o n e - t o - o n e .

u x*(x*  ) i s  c l o s e d  i n Ex* '

( 0 " ( " ) ) ( r )  =  r ( x ) ( r  e  x* )

I t  i s  s t ra igh t fo rward  to  show ( r i s ing  a lso  Theorem 2 .5)  tha t  r ,ve  have;

2 . 1 3 .  P R O P 0 S r T I O N .

ma.pping Q-r: X -) Xx* i s_a

tr'or_gny ncrged alrnost l. inear _snQ_c!:- Kr .!I_g

l inear  i sonet r r  o f  X  on . to  the  a l .nos t

As  y , /e  sha. l l  show in  Theorem 3 ,5 ,  v /e  have BX*  =  f f  in  ( i ) .

l ' /e  d raw a t ten t ion  tha t the  norm on E" r  g iven  in  ( i )  j . s  in  genera l

not equal vvi-bh the norn on

For a norn:ed almost

the  mapp ing  de f ined by

)(
E i  ( s e e  - E x a m p l e  6 . 3

l i n e a r  s p a c €  X ,  l e t

( i ) ) .

n  . a a - - > y x f  l . , n* , x , ^  / . r \ -  u Y

l i nea : :  subsnace r ; . . (X)  o f  Xnr :



w e  s h a l l  d " e n o t e  i l , l l n
"X

stancling. 'r i 'e 
shall also

' t n
- I V -

:

For a.  normed almost l lnear space X, in  the nextcBect ions

r'.ri l l- not lead to mis,.;Lnder_

nornt on the d"ual or

by l l ' l (  when t t t i s

d"enote  by  11  , ,1 i  the

bidual  space of  EX .

3 . JI]TSC JITIAT,IEOUS RESUI.,TS IIl };ORI/TIID ALt/iOST tIIitEAR SPAC.TS

rn  th is  sec t j -on  x  w i } l  s tand fo r  an  arb i t ra ry  normed a1most
l inear  space.  rn  the  sequer  (E 'x ,  r r , , l  )  and c ,o ,  a re  g iven by  Theor "em.lL I

2 , 7  .

3'1 '  PRoPosrTrol{ '  r f  @x @ :v- .  is  a.
. a

s u b s e t  o f  X .  C o n s e o u e n t l y . ,  . , . 1  
u l * ( X )  i s  l / . / / _ c l o s e d . 1 n  U X G )

PIfO0F. Let wn€, i l ,  t  r r  € N and x 6 X be such tha.t

l i m  Q  ( ' n ,  - \  -  n- - " ' n - ) e  J ; 4 \ Y v t t r r /  -  v

B y  ( 2 . 4 )  v r e  a l s o  h a v e

l l m r ,  
t v  f a ( w n , - l - o x )  =  o

C o r r = " q r r e n t l y ,  
f  X ( x ,  

- 1 o  x  )

f  o l l -o tvs  tha t  x=- lox ,  i .  e .

c l o  s e d

0 and s ince  a) ,  i s  one_.bo_one,

x6 i^/, .

i +
J - U

The assumpt ion  on  { ,< ) ,  to  be  one- to -one is  esse* t ia r  (see
t t

l l x a r n p l e  6 . 1 -  ( i ) ) .

3  .2  .  P I IOPO s I t Io l i . J,f r/

by

,r(x; rFi cr-ose.d li l ux lnef_ll}e f.i-nenr

Et = , , , t  cux(x)+vru"( ;<)  ) - (w; f  x l* \ (x)  I

c l o  s e d 'l 
1,1 g

subspace n.  of  S. . de f ined
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i s  c l o s e d  i n  8 , ,  .

\ 5 . 2 )

PROOF. Let i ,rr1 T=, 
- ur_ and z e\x such that limr, _r-tt z -zll=

n

,

.  .  : .  )
u n C

Since for each n€ N r zn=wn+o*-ilr, for some

v.. . . , " (x)  and z=xr-xz ,  *rn cr jx(x)  ,  i=rr2,  y/e

(3 . r )  .  l imrr - . ,o  l l  (wrr+vn+x2)- ( i l r r r+xa) l l  -  o

By (2.4)  i t  fo l lov , ,s  that

*rr ' frn€ lv. i ;r(x)

have

l im r1_>F l l  2qr+xr+(- toxr)- (2fr r r+xr+(-1,x1) ) l /  -  0

3 .  3 .  P I IOPOsIT r0N.

l inear  spac.eX .

J/' rVe have X"

l i * r r_+,r ,  l i  (wn-vn+ (- l .uxr)  )_(e*(_toxr)  )  i l  = o

B y  (  3 .  t  )  a n d  ( 3 . 2 )  r v e  g e t

( 3 . 3 )

L e t  w r = ( x r + ( - } o x .  ) ) / z  € ! v u ; r ( x )  ,  i = r 1 2 ,  B y  ( 3 . 3 )  w e  g e t
l i * r r - )  oo (* r - , - i r r )  =  f r r&r ,  whence us ing (3 . t )  i t  fo l tows that
l imrr-)ro vn = f fr- f fr*x 2-x1ev r.r"(X) ,  sinc n Y-X(X) is closed. in E,

al) . 
A)t ,etr v = wz-wl+x2-xl€ V_X(X) .  'J ' le get z=xr-xr=(ffr+v)-f fr€E,rwh.ich

comp le tes  the  p roo f .

E x a m p l e  6 , 4 ) .

spa.ce X9r has a part ic-r-r lar

s p a c e s .

lVhen Vc^r " (X)  i . s  no t  c lbsed in  E ,  ,  the  conc lus lon  o f  the
a b o v e  p r o p o s i t i o n  i s

The next resul t

fo rm 1n the  c lass  o f

no  longer  t rue  (see

shours that the du.a1

normed almost l inear

= Ir ' /or+V.r* 
, for &ny normed t l-rnost

% _



Then f  Lr f  2e X* .  Clear ly f te Vfr*  ,

Le t  us  no te  here  tha t  in

d e c o m p o s i t i o n  o f  f  a s  f  =  f r + f ,

-  I t  i s  immedia te  tha t  fo r

is not always true (see Example

' \ { .  :
: ' ,

( x e

( *  e

;  
" ' , , :  l

f  n&  V . . x  and .  r r ye  have  f  =  f .+ f ^ .
l L t /

v i e y r  o f  L e m m a  2 , 4  ( i i ) ,  t h i s

,E  a  ta l  -  t  a t

r  f l €  i l / r x  ,  f  Z€  VNx  i s  un ique .

X=W-, lve have -"+'
, I \  

J (  =  v I * x .  T h e  C O n V e 1 . S e

6 . 1  ( l i ;  ) ,  b u t  v { e  c a n  p r o v e  i

'"'-iz-

Pn00p. L e t  f e X * and def lne the fol lowing two funct ionals

o n X j

r r ( x )

r r ( x )
x )
X )

(r (x)+f  (  - rax) )  /2

( r ( x ) - f ( - 1 a x ) ) / 2

3 .4 .  PROPOSITTON.

X = W X

r f i s  one jg -one a4g*x then

f nr.'

exi. st s

P R O 0 F .  L , e t  x o €  X  \ V i X  .  T h e n  - * ( x o )  
{  c l x ( ' i l x ) )  ( t he

c l o s u r e  o f  d  
X ( f X )  i n  E g ) ,  s i n e e  o t h e r w i s e ,  b y Remark  2 .6  and

Propos i t ion  3"1 ,  -  
x (xo)  €  -  

x (wx)  ,  whence c , / * (xo  )  =  cur (wo )

some wo€ ! l i ,  .  By  the  assumpt ion  on  uX i t  fo l lows *o=*o  € ' \

a  cont rad , ic t j -on .  s ince  c l  ( * r ( l vx )  )  i s  a  c losed.  convex  cone

and -x ( *o)  {  c r  1 .u {v* )  ) ,  by  the  separa t ion  theorern ,  there
l v N

f  4  s u , r  s u c h  t h a t  t ( @ x ( x o ) )  <  r . n f  f ( c l  ( d r ( ' , ' t x ) )  =  o .  s i n c e
A J r  ' f  .  A '' i l *x (v /x )  

>  0 ,  by  Theorem 2 .?  ( i v ;  ,  f ' # *xc  sx*  and rve  have

f  ( x o )  =  f  ( " t  
* ( - x ) )  <  0 .  B y  h y p o t h e s i s ,  f  €  r v r x  ,  w h e n c e  r ( x o ) = f ( - 1 " " o

t ^ \ - . . , . . -L e t  i , r = x o + ( - l o x o )  6  r l / *  ,  l V e  h a v e : f  ( * )  =  2 f  ( x o )  1 0 ,  a  c o n t r a d . j . c t i o n .

Consequent ly  X  =  Y/X ,  wh ich  comple tes  the  proo f  .

F o r  t h e  d e f i n i t i o n  o f  K  i n  t h e  n e x t  r e s u l t ,  s e e  ( Z . j ) .

,

,

c l f



-rr'ffe havg K-K = E* ,

I (nBEi  is  w*-compact  1n E;  ,  by the separat ion theorem there
exists ze EX t  l l  z l l  = I  and .{  e R such that

sup t ?(i l :  !  n rn nu,, ! < o( < inr t |"( i l+?(i l^, V, x!

C l e a r l y r  w €  h a v e  0  <  o (  .  i o { r ) .  I f  z €  e L

exi-sts vr€ rv 'o ,  l l (  wt l {  = I  such that. i (

( * * ( ' \ ) )  t h e n  t h e r e

( 3 . 5 ) , l  z -  tu* (v , ) !J  <  ?o{ r ) -  <

By Theorem 2-5 there cx ls ts  f  e  s" r  such that  f  (w)  = I t lwr i l=  f  .  :
T h e n  b v  c o r o l l a r v  2 , r 2  ( i i ; ,  7  =  u x r ( f ) e  I { ,  i l { t l  =  t  a n d "  i f  * y ( v r ) )  =
=  r - .  B v  ( 3 . 5 )  * e  s e t  l v t " ) - r l .  i i r l - o  a n d  s o  T ( i l >  1 - i ^ i ) * * >
7z d  ,  wh ich  cont rad ic ts  the  ]e f t  hand inequa. l i t y  in  ( i .4 )  

" r r r .uN t

f  e K n B n i  '  c o n s e c l u e n t l y  z l c L  ( c ^ t - ( r v * ) ) .  B y  t h e  s e p a r a t i o n  t h e o r e r n- X  
N  J ( '  X  ' v q '  a  u r u r l  L ' r ! e [

t h e r e  e x j - s t s  f  €  S " 1  s u c h  t h a t  V G )  .  i n f  i ( " r _  ( o . s , . 1 , u  \ + \  n
* ,  o X  

N  
* ' " 1 , -  

d . ' ' u * ) l  /  =  u '  T n e n
' ' r  

l @ x ( t . f x )  7 .  o  a n d .  s o  
' i  

e N .  s i n c e  i ( r )  -  0 ,  t h i s  c o n t r a < r i c t s  t h e
r " i r " h t  ? l n n r l  ;  / r  a \  Pr  4e,r1u r !s!r .1,-  rneQuol i ty in (3 r  4 )  .  consequent ly Fo a r-r ,  vrhich.  coinpleter
t h e  p r o o f .  .

3 .6 .  P i i op0s IT I0N. I f  d in  [ . .  <  o,  and"  du iS one- to-one, l  r ; * -  *
.V r+

t h e n  X '  =  X #  .

THEOREM 3"5 .

equals Bf .
lL

' ' .a ,

-13-
,; , :.:;;,;

Ex*

and so

PROOF. Let  fo€  E i l  ( r -K) ,  t t fo / /  =  t .  Then Kn ( f l " * * lf
o

j . .

{  *n Bnj  3 n ( i+r)  = i l .  s ince K is  v, ,v-c losed in E^I
]L

= i l

and.

( 3 . q )

P n 0 0 F .  L e t  f  e X #  a n d .  f o r  z & 8 N . 2  z  =  - " ( * l ) _ - X ( x 2 ) ,



-r4-

x ,  e  X ,  i = I  t 2  t  d e f  i n e  , ?  G )

rep resen ta t i on  o f  z ,  s ince

=  f  ( x l ) - r ( x r ) .  Then  ?  ao . "  no t  depend  on  f {e

i f  z  ' -  *  
* ( * r ) -  * : rbz_ )  =  ux ( *3 ) -  cd* (x , " ) ,

b e

l\ r-l-1,

3 . 7  .

Q" :x  -2xx*

pRopOSITIOIV. The mappigs -X

i s  o n e - t o - o n e .

is  one- tg -ong - i { !

PIIO0F.  suppose au"  one- to-one and le t  xry  €-K such theLt

Q x ( x )  =  Q " ( r ) .  L e t  z  =  * x ( i l -  d x ( r ) e  n ,  .  ' , v e  c l a i m  t h a t

z  €  c l  (  * r ( x )  ) .  r n d e e d ,  i f  z  $  c L  ( , , ( x )  )  ,  b y  t h e  s e p a r a - b i o n  t h e o r e m
there  ex i s t s  f l a  su*  such  tha t  TG)  <  i n f  i ( . 1  ( * " ( x ) )  =  0 .  r '
pa r t i cu ta . r ,  i  l " , " t f i ,  ) )  >  0  whence  ? ,  r c .  By  co ro t l a ry  2 . r z  ( i i  ) ,

AJ

f  =  f  , r e x { '  a n r t  s o  w e  h a v e  i ( " )  =  } (  c r t " ( x ) ^ * * ( y ) )  =  f (  * x ( * ) ) _
- T ( u x ( l i ) )  =  f ( x ) - f ( y ) <  o ,  i . e . ,  Q " ( x )  /  a " ( y ) ,  a  c o n t r . a d i c t i o n .

consequent ly  z  & cL (*  
x(x)  )  anr l  so there ex is ts  a  sequence {  r r r l  a  

"such that l i*rr_> * l (  t^tr(xrr)-z i l  = g, Let frre S"r* ,  frr(xr.)  = l l {xn l /{  ,
n€N,  be  g i ven  b ; r  Theorem Z . j  and  1e t  F r , -  =  *x r ( f r r )  eX .  Then

f r ,  =  f r r -X  (by  Coro l l a ry  2 .12 .  ( i i ) ) .  By  QX(x )  =  Q* ( f ) ,  f o r  ea .ch
n c  N  r , v e  g e t  t h a t  f r r ( x )  =  f r r ( y ) ,  h e n c *  f r r r ( *  

" ( x ) )  

=  ? n ( -  x ( y ) ) ,
whence  f  n (z )  =  0 .  V /e  have

l t  dx(xrr)  l l  = l l lxnl l l  =frr(xrr)=irr(-  
x(x,r)  ) i r  *x(*r ,)-z )-< l l -x(xn) -zl l  * ;  a

x t  &x r  1€  i  g  4 ,  t hen  cu r (x t+xo )  =  u )  
x (x r+x r )  and  by  ou r  assumnt ion

? .n  
* x  we  ge t  *1n *4  =  x2+x3 '  l l ence  f ( x t )+ r ( x4 )  =  f ( " 2 )+ f ( x3 ) ,  i . e . e

' t (z )  -  f  (x l ) - f  (xz )  =  f  (x r ) - t ( * l  and .  so  f r  i=  u rer l -  le f ined .  us ing
t he  p roper t i es  o f  ou r ,  g i ven  by  Theorem 2 .7  t  i t  i s  easy  to  sho l

t h a t  ? n n { =  E f  .  c o n s e q u e n t l y  f o r  e a c h  x € x  w e  h a v e  \ r ( * ) l  =

= I f t - x (x ) ) I  -<  l l f l l  l i  c . - r r ( x ) l l  =  1 l  f t t  i l l x i / l  ,  wh ich  p roves  tha t  
' rexx .

_ The assumption on U,,  to

above resu l t  (see  Examrr le  i . ,

one- to -one is  bssent ia l  in  the



converse ly ,  suppose Q"  one- to -one and 1e t  x ty  €  x  such tha t
c . , r ( x )  =  u y ( v ) .

and we have f (x)

Q" (x )  =  Qr ( r )  and

the  p roo f .

_15_

T h u s t l l z l l  =  f i r n  t l  a s - ( y  \ t /  n-*" 'n tO"r l  *  
X\nta/  t l  

=  U

t !  
,  t s  o n e - t o * o n e ,  w e  g e t  x = y o

and.  so  c . r , (x )  =  , r t  y (V) ,  S ince

tr j  f  6 X* and.-let T = o,tr*(f ) eK. Then f * Tot*
=  f (  u t " ( x ) )  = ' i (  - " ( r )  )  =  f ( y ) .  c o n s e q u e n t l y

s ince  QX is  on .e- to -one,  we ge t  x=yr  wh ich  compl -e tes

3 . B. rI{EoRL.l{. Let x = 
"Y", 

be such
. r L %

that * r ( X )  
.  i s  c l - o s e d  i n  E *

Tl l  an n
W a r

Jt
1 s  o n t o  X * * .

E"* r

T h e n

then

= A J

t w i c e  T h e o r e m

n  '  - ' ) l *  '  r  ^  \- r e - l .  \ l U l

8 . 5  w e  g e t  t h a t
N

a n d l e t F = u )

the l inea.r '  spa.ce

x { , , ( t ) e  i i { " \ { o ?  .

z  $  r " t r ( x )  1s  no t  poss ib le ,  r vh i ch  w i l l  comp le te  the

" &  a x ( x )  =  c t  ( - x ( x ) ) .  T h e n  t h e r e  e x :  
' ?  ' y

n ) - N

vo t r )  <  i n r  i o ( r r ( x )  )  =  0 .  s i nc .  E l r t ; , ; ,  ; : : t r )
f o  =  i "  - x € x n '  .  s u p p o s e  z  =  - x ( r ; -  c u " ( r )  f o : :  s o m e

0n the  o ther

C o n s e q u e n t l y ,

=  - x * ( ro ) { . , - ,

( i . 6 ) ,

I f  a l l  the  assumpt j .ons  in  Theorern  3 .8
then the  conc l -us ion  is  no t  a lways  t rue  (see

have r ( f  )

proof .  Sur ,pose

) u J  s u c h  t h a L

fol lov*s that

x r l / 6 X .  T h e n

ho1d, excent fo l :  X = IVX

E x a m p l e  6 . 5  ( i j . ) ) .

( i . 6  )  i o { " )  =  ; ;  ( - " ( x )  ) - i f  a  ye ) )  =  ro ( x )_ ro (y )  <  o

hand sLnc* * : .  O, t*  r  re€ have X* = l txx  and.  so foe, , fX*  c
0 5 i r ( r n )  = f r ( * L r ( r o ) )  =  * x n ( f ' o ) ( z )  =

x ( x  )  ) -  ' , - { *  ( f o  )  (  - * ( v )  )  =  f o  ( x  ) - f o  ( y )  ,  w h i c h  c o n t r a d i c t s

a q g  d i m  E x =  & .

PIt00F. Using
x - Y

equa ls  EX .  Le t
N

i r  =  F * X , a n d  F  -  Q u " ( z )  f o r -  s o m e  z  e  t J " \  { o J  .  r f  z €  o . ) X ( , r )
z  =  t /  

" ( x )

f  or  sorne X .  F o r each g r '
I Ci t '

X { ( r ) ( . - t ( x ) )  =  f  ( x ) ,  i . e . ,  F  =  Q r ( x ) .  1 , / e  s h o w  n o y y  t r r a t  t h e  c a s e

. . #
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4, NORMED AI,}',OST LINEiTR SPAOES iilTTH BASES

The normed'  a lmost l inear spaces X with bases have some
re l -evant  p roper t ies  and th is  sec t ion  1s  d .evo ted .  to  them.  rn  the
proofs  o f  Theorem 4 . r  and Lemma 4 .5  we sha l r  use  the  fo l low ins
nota t ion .  f f  X  has  a  bas is  B ,  fo r  xe  X and"  be  g  v , ,e  denote  b . , r
x (b )  the  e lenent  o f  x  d -e f ined as  fo l rov 's .  suppose t  =  z l - ' . ,  A*d  b .

r - l -  L  Ib i n $ \ t , * a l i '  0  f o r  b r {  v *  t e  t h e  u n i q u e  d e c o m p o s i t i o n  o f  i f  b '
the el-ements of  3 .  t /e set  I

r'

x(n) =t; l=,. \r 'ol '
i l i, o

C o n s e q u e n t l y ,  i f  b e 3 \ V . ,  t h e n.x_

"  J {  _b  + i  b l r . . . r b r r 3

i f  b = b .
1 o

x  =  , \ " n + x ( b ) ,  l  a  o
+

bas i  s

4 .1 . TI-IEOREI{. I€_jle_lormed afmost r l nea r  sna_ce  X  has  a
3 then drJ." i s g11e- to -one.

PR'OF.  Let  xr tx ,  €  X,  *1  y '  *Z =. . - , "h  tha. t  d  y(xr , l )  =  *  
r ( "2  )  .t

Then x ,

h a v e  b j  *  3 r  V "  ,  ( i j  ) . 0 ,  i = L t 2  a n d  f o r  k + l  <  j  <  n  w e  h a v e
o i n  € n v x  ,  d i j € R 1 i = r r | .  s i n c u  * t  / * z r  u K ( x r )  = L k ) x ( * z )  a n d
-x l vx  i "  one - to -one  (by  Remark  2 .6 ) ,  i t  r o , ' o * "  *n r . *  rn t "  ex j - s t s
a n i n d e x  i o ,  1 <  i o  s k  s u c h  t h a t  * r j ^ / a z :  .  w i t h o u t  r - o s s  o f
genera l i t y  we  ca .n  sup 'pose  jo= I  and"  o ( r r i  * r r " l  S inc  *  dx (x r )=
= .a  

x (x r ) ,  by  r ,e rnma 2 .1 r .  and  Remar "k  2 .L  ( i i _ i ) ,  f o r  each  neN
there exist Srrrurr 6 X such tltat .,



( 4 . 3 )  
f  n ,  d n -  n z r 2  o ( n e N )

f  n t t t  br* ( - r "b1)  t t t  4  f l t  f  no (br* ( - r ,nr )  )+yn(nr )+( - r ,yn(br ) )  i t {  =

d 
11" b1*"1(b, )+ , \  rr .  br+urr(br )  = d 

rrabr+x2 (bt )* frrubl*yrr(u, )

where \ 
,r, l.* d R* , and so

U s i n g  ( 4 , 2 )  w e  g e t

=  l l l  r r r + ( - l o y n ) l t l  1 *  ( n e N )

which  cont rad ic ts  (4 .3 )  s ince  b"  &  V_-  .  Consequent ly  xL=*Z ,  i , -h ic1 .I I  ? t

c o r n p l e t e s  t h e  p r o o f  .

An  immedia te  consequence o f  th is  resu l t  i s  the  fo r rowlng ;

'  4 - 2 .  R E I I A R K .  r f  x  h a s  a  b a s i s  3  t h e n  t 0 , , (  g )  = { r ,  / r . \ .  r ^  - a )\  w . /  = Z *  
X \ 0 / ;  n e $ J

T  i s  a  b a s i s  o f  t h e  a . r m o s t  r i n e a r  s p a c e  o " ( x ) .  r n  E x a m p l e  6 . 2  ( i ) ;
X  has  no  bas is  bu t  -X(X)  has  a  bas iso .oCl -ear1y ,  l vhen @. ,  i sr- '1L j(

'  one* to -one then x  has  a  bas is  i f f  ay (x )  has  a  bas is .

4 .3 .  LE i lT i l tA .  I ,e t  X  be  a  normed_a lmgst  l_ inear  soage._ f l  c .J . , (X)
ha,s a_ bagig 3,  t i reg E is .a_bglpis of  L)"  .

PROOF. lTe show that 3 is a r inearty i .nd"ependent systerrr  i .n

ix-,4 1"\3at
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E. ,  ,  whenee the  resu l t  fo l lows ,s ince  E, '=  @u(X) -  U. (X) .
1 L '  ; \  . A '  A '

,  @ ,  n  - t  - t  ^ r  ,  
- -  B

h  . h  P  J r  a n d  d . . . , . , d  e R  S U C h  t h a . t  2 " , ' . o { . b ,  =
" l r ' . . t u n .  I r - - . ,  n - - "  *  i = J  

' i " i

r
T I i  ,  ' r  z. i  < Tt,t l  

- L  
- J  * 2

and we must shovr that  both I t  and. 12 are empty.  Without
ts

genera. l i ty ,  we can suppose 11 /  i l .  I f  IZ  = i l '  then 2 '  u

) t u and c{/r(x)1 C : normed alrnost Iinea::

Iret

0 . L e t

4  i .  o J

l o s s  o f

t ,  *  i ' h i

r ? l r
x(*  /

=  Z  
iU  11  

* i b i  =  Q  ano"  s inc *  *X \n /  l - s  a  no rmeo  a rm-os r  ranear '

space ,  by  Lemma 2 .4  ( i )  v re  ge t  t ha t  f o r  i e  I ,  ' r e  have  b f reVuJ_ . (X )

whence {b i ;  i  6  I i  i s  a  l lnear ly  dependent  sys tem in  the  l rnear

s p a c e  V a r r ( X )  ,  w h l c h  c o n t r a c L i c t s  R e m a r k  2 . L  ( i i ) .  C o n s e o u e n t l y  . l

12 / f i and, so we have > 
i € I- 4 ibi. " - 1 ! ! 4 ! 4 2 -

2 " . ,  d . ' b .
l . e l f  1  I  l - e . L 2 '

re la t ion  shows tha . t  3  i s  no t  a  bas is  o f  cL)y (x ) .  Consequent l ; r

11  =  12  =  f i ,  wh j -ch  comple tes  the  proo f  .

4 . 4 .  C O R O L L A R Y .

ca.rd. 3 .-= card 3' ,

I f .B a.nd 8 '  n"""  turo ba,ses of  X,  then

'1..
'  l J .

l l _

,  
4 .5 .  I , l l I {MA.

such that Y ha,s a

! l?00F.  By  Remark  4 .2  and l remma 4 .3 ,  bo th  uX($  )  and

a r e  b a s e s  o f  t h e  l i n e a , r  s p a c u  E X . I { e n c e  ( / l / )  c a r d "  c D - " ( d 3 \
? t  1 , '

" *  c a r d "  u X ( A ' ) .  B y  T h e o r e m  4 . 1  t h e  c o n c l u s i o n  f o l l o w s "

(a

=

Yle shal l  prove novr a technical  }emma which vr i f ]  be used in

t h e  p r o o f  o f  T h e o r e m  4 . 6  a n d  P r o p o s l t i o n  4 , 8 .

L ,e t  Y  be_an a lmos l - . } i4ea ! .  subqpacg o f  uJX(X)

ba.s is  E.  Le!  { r r r3  ,  { * r . ,  3  , lv . ' . l  o"  uc;s lgsg

o f Y a q d _ } e t  x , y €
I

Y. I f  thdlgUo,{ ln$. ] 'el ,gt ions- hgld ' ,
I



( 4 . 4 )

( + . 5 )

'  
, ' .  ;  , , : - ,  

' . , . , '  
l * t ^ '  '
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un+vn+x = xn+x

ll xll + l[ v,",ll -> 0

(n  e  t r )

* v ,1xy) then x-y C. y.

2 z I r ' b l r l r i r b t o  €  8 \ V y  ,

1  < i  _< k ,  we have

I f  y4 vv

l  i  )  o ,

f  n i €  R *

o( ni 6 I?+

P  n t  ' R n

! ,  e  I t *

r  f }  € N

. ,  n 6 N

r  n € l {

z
] l  

o , r r u  ( b i * ( - r o t ,  )  ) * " n ( 1 ,  ) +  ( - r , x n ( b i  )  ) l i

f l  x r r+( - laxr , ) l l  *>  o

i t  f o l ] o w s  l i m
n * ) v  n l

I  t  r \
\ 4 . r i l  \ v e  g e t

o <  . +  9 .
IA-L  I

( n  e l l )

( r  <  i  <  k )

u .5  k ,

o .  B y

{ i (

t-  n i r ,

l imr.*)oo lu, , ,  = ! i -  t r r2-  o

consequen t l l r  
"  

=  Z f= l  / i ub r+x . ,  ,  , , vhe r .  / iZ  \ ,  )  0  fo r  1
and  x rG y .  Then  x -y  =  Z f= r - (  ! i -  ) r . ) . b r+x r_v  cy ,  s i -nce  , . .

]1

w 1

th.e+ jhe elernent x-y € IX letg4gs , !o y.

PR00F.  C lear ly ,  i f  y  €  Vv  (
I

t h e n  . r = F I  \  ^ '
v  A r=1  A io  b i+v  where  k

1 <  i  <  k  a n d .  v 6 V v  .  F o r  e a c h  i ,

un = 
lo nf br+urr(bi ) ,

X n  =  d n i ' b i * " r r ( l r ) ,

Y r t =  1 3 n o b i + J ' n ( b 1 ) ,

x  =  J io  b i+x  (n t  )

U s i n g  ( q . ,  w e  g e t

< r,i-Il bi* (-1, bi ) l i

whence ,  s ince  b i4  Vy ,  L  <  I

Sinri lar ly l inrrrJ 
oo pni =

f ni+ Fni* I i

and so
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L 4 i j k a n d v € V r .

4.6,  TI . IEOIIEI; I .

a. _laFig ) then cry (X )

dy ( : [ . )  has .  a  bas_ i . s_ ( i n  pa r t i cu la r ,  i f ,  X  he r , s

l iolrn*clgsed ip 11" .

P R 0 0 F .  L e t  5  u  7 u  _  c  c i l  ( y \  q n A  o  2 , . j ,

# t [€  c , ro (x )  ,  ; ; ; n t *# * t  " i ] :  
* { , t n '  and  zeE*  '  s ' - v '  z  =  x -Y t

: ' . i . " :  -  - ' l . i - i i  t  suc l l '  tna t  r l -mn** , ,  un- r  l l  =  l imn _r * l l  un+y-x l l  =  c .
B y  T h e o r e n n  2 . 7  r  f o r  e a c h  n e  N  t h e r e  e x l s t  x n r y n  c  c o x ( x )  s * c h  t h a t

un+y_x = xn_yn

11 xrrll + ll Yntt < * + fi urr+y-x ry

T.tr
I I

i a

(n  e  l t )

(n e l ',I)

. ,13y Lemma. 4.5 i t  fo l lov,rs thgt

p r o o f  o

=  X - y €  * r ( t ) , r r ih ich cor,rpletes the

4,7 .  C0 i tO l l ,A i l y .  Le t  X  be  r r r iornred a.1.1ost  1 i  ne. : r sDacc t t , i th
a , b a s i s .  T h e n  ) {  i s  c o m p } e t e  1 f f  E , . r s  3  _ B a n a c h - s p a c g .

P l i O O F .  U s e  L e m u i a  2 , I O  a n d  T h e o r e m  4 . 6 :

In  v ieyy  o f  T 'eorems 4 .1  and 4 .6 ,  one ca ,n  a .s l r  l " , , ,he ther  the
cond i t ions  ux  one- to -one and uxT)  norm-c losed in  E"  a re  su f f i c ien t
for  l {  to have a basis.  The a.ns!" ier  is  in the negat ive (see CIxample
6 . 6  ( i  )  ) :

As  fo l lo , ,ss  by  propos i t ion  3 .1 ,  t l re  se t  lV-ar__(xy  io  a lways
*lr \ ;t

norm-c losed in  cux(x ) .  Ekampre  6 .3  ( i i  )  sho i , , rs  t t ra t  i r  ,u  1y \  i s  no .b
alr ,vaysr- ; ,1 c losed i+ EX .  ! , ie have ,"  X\r t l

4 .  8 .  P . i iOPOSTTION.

z

Iq ",V uX([., has ? b-gsis. r.ti]re{r l/ rrr*(X)
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is_norm-c l -ose.d ig  BX .

PIIOOF. Let  i  - "3T=a -  ; {  c^)x(x)  and z -  x- t /c  Ex r  xr .ye co"(x)

be such tha t  t l * r r - r *  l l  q r+y-x l [  =  0 .  By  Theorem 2 .7 t  fo r  each ne  N
there exist  xnryn 6 cr- l*(X) such that

( 4 . 6 )  w + v + v  = Y + . ! .. .n+y+yn =  x+xn (n  eN)
(4'7) lgrrl l  + l l  rn u 3 ttwrr+y-x if  + * (n e r,r)

B y  ( 4 . 6 )  w e  g e t

( 4 ' 9 )  2 w r r + ) ' * ( - f o y ) + y n + ( - 1 ' y n )  =  * * ( - 1 . x ) + x r r + ( - r , x n )  ( ' c h r )

Let  us put

( 4 . 8 )  * r r + ( - l a r ) + (  - 1 o y n )  =  - L ,  x + ( - t o * r r )

I f  r / e  a d d  t h e  r e l a t l o n s  ( q . A )  a . n d  ( 4 . 8 )  r v e  g e t

T h e n  b y  ( 4 . 9 )  w e  h a v e

( n e l l )

( n  e  l { ) .

( n  e  N )

(4 . to ;  v , , - -+w"+f i  =  r ,u |+ i l-  
n  " n  ' r  ' r ' n ( n e w )



2 2 -.  
- e a -

a n d  b y  ( 4 . 7  )  * "  g e t

' (4 .11)  
t r  f r r r t t  +  I r i ,  11  < i l xn l l  + i {  yn t t  <  i lwr r+y_x f l  +  *  (nc} r )

B y  ( 4 . t 0 )  a n d  ( 4 . t t )  u s i h g  L e m m a  4 . 5  w e  g e t  w r - r n r r r  € r N . . ,  / v \  .  u s i n gP r r \ A )  -  - - - - - r :

a g a j n  ( n - l O \  q n . l  l t t  r r \  ^ l - r . . i - . .  / ra 3 a L L L  \  + .  r \ /  /  * _ . *  \ . r .  r r  7  v v €  O b t a i f f

z = l inn*rco *n = wt-wtt€ wc. l , , (x)
L

wh ich  comple tes  the  proo f .

4 ,9 ,  PRoPosr r r0N.  r !  wor " (x )

'  v t r x (x )+v -x (x )  i - e  l l ' l l e r -g fosed  in  the  sg t  E ,  =

t , n= , * r " ( x ) * v  .  x ( x i  
) - ( ' i  c t  

" ( K ) * v d x ( x y  
) .

pR00F.  iVe  sha l l  deno te  as  usua . r  i l . / r . ' ,  bv  r r , r i  . Le t. I J x

( . - .  r  €  
A

z% t  n=t  c ' / f  
c , ' " (x)  '  { t r .13 T=r.  v r , , t r (x) , ""u zG\L t  say,  z=, , - r+v- f r r

wh ere w ,ir e ,\ ,,, i/ rr \ and v rr.r nh *.t.a .r-ivc,:"(x) and v e v ut 
*(x) 

,  such that

(.! 
-'t') 

rior, 
* ll rq+vrr- z ll = limr, -) oo l/ v/n+vn+i,,-v.,,-v Il = o

By Coro l lary  2 .9 we a lso have

(4.:"3) rr*rr_roo l l  wr.-vrr+f i-w+vlf  = o

By (4. t2)  and (4. t3)  we get  l imrr* )  ao f t  w ' ,+ f r -wl l  =  0 ,  whence by
Proposi t ion 4.  B i t  for 'ows that  rn ; - f r  6  w-_(x)  .  conseouen* l l r
% = w-6+v nt!{  ' ,  w(x)*V-.,(X) ,  vrhich 

"o*pl-t tu, the proof ., . \  ^ '
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C l e a r l y ,  i n  v i e w  o f  R e m a r k  2 . 3  ( i )  a n d .  R e m a r k  4 , 2 t  t l i e

conc lus ions  o f  Propos i t ions  4 .8  and-  4 ,9  a re  a lways  t rue  in  a

normed a lmost  l inear  space X w i th  a  bas is .

A n  i m r n e d i a t e  c o n s e q u e n c e  o f  ? r o p o s i t i o n s  3 . 2  a n d  4 . 9  i s

the fol lowing i

4.10. COROILAIIY. iT 
' i lasX(X) hag-a !?sis an9 Vr, . , " (X) is

^  c roped ! l  E*  ,  then * r r (x ) *vo t r (x )  i s  c loge$ iJ r  E"  .

In  par t i cu la r ,  the  conc lus ion  o f  the  above coro l la ry  ho ld"s

when X has  a  bas ls  and V. .  i s  comple te .

It is well- knov;n( /L/) -lthat t ' ' ihen x is a l inear space, Y a'

l inear  subspace o f  X  and 3  
o  a  bas is  o f  Y ,  then there  ex is ts  a  ' i

4

b a s i s  3  o f  X  s u e h  t h a t  3 ^  C . 6 .  T h i s  r e s u l t  i s  n o  l o n g e r  t r u - e
o

i f  we rep lace  t ' l i near "  by  "a lmost  l inear "  even 'ohen X is  a .  normed.

a lmost  l inear  snace v r i th  a  bas is  (see Example  6 .5  ( i i i  )  )  .  i r  Sene-

ra l i  za t lon  o f  the  above resu l t  i s  g iven  in  the  nex t  rema- rk .

4 .11 .  REI , iARK.  suppose x  has  a  bas is  3  '  r f  Y  i s  a  l inear

s u b s p a c e  o f  V *  a n d  3 o  i s  a  b a s i s  o f  Y  ,  t h e n  t h e r t :  e x i s t s  p .

. . b a s i s  g t  o f  X  s u c h  t h a t  3  o C  
,  .  T h e  p r o o f  i s  o b v i o u s  s i n c e

{ 8 ,  =  ( f , 3 r ,  V X ) ' J 3 }  ,  w h e r e  3 1  i s  a  b a s i s  o f  V X  s u c h  t h . a t  B n . J 3 l

4. i t2.  i tEi ' ,4ARK. Suppose X has a basis 8.

( i )  I f  .Y  i s  an  a lmost  l inear  subspace o f  X  then Y has  no t

necessar l l y  a  bas is .  Th is  ma.y  hapnen even i i ' hen  Y is  c l -osed-  in  X

( s e e  l l x a n r p l - e  6 , 6  ( i ) )

( i i )  I f  - 6 l  i s  a  s u b s e t  o f  . 6  t h e n  3 1  i s  n o t  n e c c r s s l r i l t i

a  bas is  o f  the  a l inos t  l inea , r  su l rspace o f  X  genera ted  by  G. r  (see

E x a m p l e  6 . 5  (  i v )  )  .
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As in the case of  a l inear space, i {hen x is *  normed. i r . - 'most
l i -near  space w i th  a  bas is  E  the*  card . f i  i s  ca l led  the  d imcns ion
o f  X  a n d  d e n o t e d  b y  d i m  X .  I n  v i e i n r  o f  C o r o l l a r y  4 , 4  t h i s  i s
welr  def ined. \ r f r ren dim x < oo then x has some relevant i l ropert ies
as we sharr  see berolr , .  } r i rstry v/c shovr that  .Lhe folrovr lng
.genera . l  i za . t lon  o f  R iesz  ,  s  Theorcm ho1ds.

, ,  5.1.  Tl lEOIlEIt{ .  Suppose. X }ras.  g
. : . c . '  nr _ r r  u t s  t s  c o m o a . c t .

ba.si s . ',',re- hav e dim X <. fu

Pn00F.  Suppose

i t  fo l ]o rvs  tha t  d im E

d im X  *  &  
. .  B ; l  Remark  4 ,2  and  Len ima-  4 .3

<  4  .  I l ence  ] i - -  i  s  n^ rnn r^+  D , .  r nL- 8 . ,  r s  c o m p a c t .  B y  i l h e o r . e n  4 . 6

" . 1  
|  \t - r ( X " -  

) -  W r , ( "  \  z r 7  |  \ ' t t
{ !  , . .1 r1 .  , ,  ' * l  )  +  *  

F- \x  ,  )  l l  5
II

: i t ' l )  ' ' '  
r ( : , i ; . . . - , . . ) * .  . , ( . , , , , .

! =

i t  f o l l o l v s  t h a t  B c . . , r " ( x )  i s  c o m p a c t ,  u , h e n c e  l 4 r  T h e o r e m  4 , \ , 8 "  i . s
compact

converse ly ,  suppose Bx  compact .  r f  l ve  show tha t  B-  i sox
compact then dim E" < oo and, s i -nce x has a basis;  by Rerna.rk 4.2
and Lemna 4. .3 i t  for- 'ov,rs that  d inr x = dim ,T,  <, ,  oa .  T,et  zyte: : , . , r  ,

there 
""i- 

=ito
*l-rr '*2nnx sueh that zy, = * 

,(xt 'r) - ux(*rrr) and 1li  >:1nri l  + i l lx.2,ni lr S
(  1 +  t  .  s i n c e  B x ( o  , L + { .  )  i s  c o m p a . c t ,  t h e r e  e x i s t  s u b s e q * e n c e  s

{ * inu} Tr=-t c t*in!i=, and xr. n Bx(o,t+ e ) such that

t t *u - ro .  f  ; i ( x inu , * i )  =  0 ,  { ,= I ,2 .  Le t  z  =  uy( * , r )_  * r r (x r )  e  i r ,_ .
,Ve have

l l  z n  - z l l
l{

1 l  t . t  I
=  l l L /  l y  I

^ '  I n ,  '
K

i  1 '  \' ' ' l ' i '  j  v . r
. -tt



- ) q *

1 Iloux(rrrru) - wx(xr.) l l + tl -r( *rnu)' dx(*2) ll =

* .f x(*t*u, *1) n- -f x( trnu,*2) -) o a s  k * > @ ,

and so  l l  zn .  -z  l l  - )  O and.  l l z l l  4 I ,  wh. ich  conrp le tes  the  proo f  .
'-k

The assumpt ion  on  X to  ha lve  a  bas ls  i s  essent j -a l  fo r  the

imp l ica t ion  Br .  compact  =+ d- im l {  <  &  (see Example  6 ,6  ( i i )  1  no te

tha t  in  th is  example  dX iu  one- to -one anrL  c l " (X)  i s  c losed.  in  EX) , .

T I I IJORBI I I '5 .2 .  I f  d i r . r  X  =  n  then d im X# =  n .

p i tggF.  I ,e t  3  be  a  bas is  o f  X ,  card  3  =  I I .  By  Theorem ? . ,2

y i e  c a y L  s u p o o s e  t h a t  f o r  U e  8 \ V -  w e  h . a v e  - l o b  e  8 .  F o r  e a c h  t e €

v,/e s l ia l l  c lef ine a funct ional  fb 6X'  ancl  v, 'e shal ]  show that

(  r  ,  . n  2  f > ) .  -  1 -  -  - . :  ^  ^ r .  , t *  n : r  T h r : n r o n r  L - 1
Z  - h ,  . ,  -  J 3  j  i s  a ,  b a s i s  o f  X "  B y  T h e o r e n t  4 . 1 ,  R e m a r k  r r . 2  r : n c ' l

.  Lemma 4 .3  vJe  know tha t  - l {  iu  one- to -one anc l -  d im EX -  t , ' , ' , ' hence

by  Propos i t ion  3 .6  i t  1s  enough to  de f ine  f ,L  on  €  in  such a 'y " /ay
D

t ha t  f o ( i+ ( - r r i ) )  > ,  o  fo r  each  a  e . f i r  v ,  ( s ince  then  by  l t e rna r l<  2 .3

t { f  l ,  f b l n r T  0 ) .  F o r  b 6 - 6  v u e  d e f i n e  f b € X n  i n  t } , u  f o l l o w i r i g  ! ' / a y '

r f  b  d  G n  ( w x u , / x )  a n d  b  e ( 3  ,  d c f i n c

rf .t3 r "[ i'l* u v, i
1 < j - 1 k  d e f i n e

( r  i f  b = b
) f ,

f ' ' ^ (b)  =  1- D '  
L o  i r i e  " B r { u J

( r  i r  b-b i  or  l=- l .ob i
f h  ( b )  = 7- b ' ' - '  

( o  i r E e  g t { b i , - r " b i 3

=  {  o a , - l o b ' , . . .  r b k ,  t o b g 3  ,  k  } .  r ,  t } r e n  f o r
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and.

/  I  i f  b  -  b .\ r .
r : r . . o r ( i ,  = / - t  r r  

:  
*  - r o b i

t  o  i f  b e  G \ J  b , , - t a h . ?\ -  ' ?  - I  '  " i J

C t e a r l y ,  f o r  e a c h  A  e 3  w e  h i r v e  f o ( f , * ( * r o r r ) )  > .  O  f o r  l e . B l y , .  .

* i  =  ( r { u r ) + f ( - r ,  b ' ) ) / z

P o  =  r ( b )

Y1 '  =  ( f  { l t  ) - r ( - r ,n t ) ) / z
. t l  =  f  ( b )

,  No te  tha t  fo r  b  e  tb f  , . . . rbk3  u  (6n  r t r )  we  have  foe  ' i i r " x  and"  fo r

b u { - 1 " b } r o . . r - r " n n 3 u  ( . B n v x )  w e  h a v e  f o e  v " x  .  ! ' / e  s h o w ' o r , i ,

t ha t  I tO :  r re  3 l  i s ' a  ba .s i s  o f  X*  .  , l i e  su t rpose  tha t  k  Z  l , ,
gn Wx /  f l  a"ne 6ot / "  /  g ,  tk re other  eases be ing s impler .  Let

f  e X* anrl  let us put

1 < i < k

T) 1 1i1,i'lx

1 - 4 i - < k

O 6 GOV;t

s i n c e  f  | x x  v / e  h a v e  a i |  0 ,  f  - { 1 <  k  a . n d  p , o Z  0  f o r  y , e g n i { x  c
I t  i  s  easy to  show thar t

-  * s K t  \ -  t \  = . - Kf  = 2 i .=Lqiu fbr* ),  * €n iu"Fo, ru*fr lr f l r ,  f-rrbr->0. anvri ,ofb

and tha t  th is  represen.be l t ion . is  un ic lue .  Th j -s  conrp le tes  the  proo f
|  .  r r )s ince  card .  I  fU  ' ,  b  e  S i  =  n .

l ihe  fo l lo rv in f i  more  genera l  ques t ion  rvhethe : :  the  conc l l t ion

X has a basis i rnpl ies that  ' r ' ' (  'ha.s a.  ba.s ls h.aE; in p;enerr-1l  a nege.t ive

ansv ' /e r  (see  Example  6 .S) .  r ino ther  c iues t lon  is  r ruhether  the  corvers€

in Theorem 5.2 is t rue.  Even lvhen ){  = !V" the ansr/vel :  is  in t } re
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n e g a t i v e  a . s  s h o v , , n  b y  i i x a m p l e s  6 . 2  ( i i ;  a n d  6 . 3  ( i i i  ) .  r n  t h c s e

exa.mpres  we har re  e i ther  *x  j . s i  no t  one l * to - .one or  a )x (x )  i s  no t

c l o s e d  i n  t J "  ,  l v h i c h  b y  T h e o r e m s  4 . 1  a n d  4 . 6  a r e  n e c e s s a . r y  c o n d i t i o n .

f o r X t o h a v e a b a s i s . S o , t } r e r r e x t q u e s . b 1 o n i s v r r l r e t h . e r t h e c o n d - i *

t i o n s  d . i m  X +  *  n ,  * X  o n e * t o - o n e  a n d  u u ( X i  c l o s e d  1 n  E r ' i m p l y

tha t  d im X =  r l .  The answer  i s  n lso  in  the  nega 'b ive  (see Hxa.mnle  6 .7 )

I t  is  in the af f i rmat ive when X = W* as we sh.a. l l -  see belonr.  For the

proof  o f  th is  resu l t  we neec  the  fo l lo l . . , inq  remark-

r \ {
/ r J .

R e m a r k  4 . 2

3 . 5  v / e  g e t

Rlll"lAllK.

and. Lemma

dim lii =

5 . 4 .  P I i O P C S I T I

i .  s  c l o  s e d  i n

I f  d im X# = n then dim E* = rr .  Incleed.,  b. . /

4 . .3  i t  fo l . l_ov , rs  d im EX*  =  hr  whence by  Theorern

Tr ,  l vhence th .e  conc lus ion  fo l lov rs .

-r Ix)
nhT

tll-X

T l i  Y  l i '
r i  l t  t t r r

A

and dinn X* =
i s  such  tha " t  Gr i s  o n e  -  L o . - o r i e  "

n Llrqn c1i-m X = n.

Pl tO0F. s ince x = i " i , ,  rve h;- : .ve x**= i , ' / "xx.  R)r  the as, . :unr; i i_on

d im Xx  =  i l  a . r l d  ' I heo rem 5 .2  we  have  c l j -m  X l ' *=  n "  Le t .  i T.il' l -  t

be a  bas is  o f  x* * .  By  r ie raark  5 .1  i t  fo l loy , rs  thar t  d im E

'E 'Z
a  a  a  a l  I\

a 1  *

= tl - lrr-lt or.] r' o. . ,

b y  T h e o r e m  l . B  w e  g e t  t h a t  Q X  i s  o n t o  X Y ' x .  L e t  { b f  , . . . , b n }  c  X  =

=  v ' / "  b e  s u c h  * ; h a t  F i  =  Q . n ( b i ) ,  i = r , . . . , n .  \ y e  s h c v r  t h . a . t  {  b r , . .  r b n  3
. i - s  a  b a s i s  o f  X .  L e t  x 4 , y .  T h e n , ) " ( x )  =  5 f = r l i o l o i  ,  A r r ,  O o  ; e n c l

s o  b ] '  P r o p o s i t i o n  A . y j  w e  h a . v e  Q . r ( x )  =  Q X ( Z | = ' , \  r o b r ) .  B y

P r o p o s i t i o n  3 , 7 ,  Q x l  1 s  o n e - t o - o n e  e . n d  s o  x  =  : " 1 = r _  I  i o b i  ,  A ,  b  o ,

1-< i  < rr .  Suppose no\ iv that  x = Xl=,  l , i .obi

1 {  i  5n .  T lhen Q"(x )  =  Z  f= r  t r1o1o i
1 <  i  < , n ,  i . e . ,  t  o r _  , . . .  r b '  J  i s  a .  b a s i . s  o f  x .

"Ve 
conclude thi . ' i  $ect ion.  lv i th t l :e f  o l . l -ov.r inf l  gen.ert l iz : r . -b i  on

of  the  we l l  l cnown resu l t  f rom the  theory  o f  norme<l  1 inear  sna.ces
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that  arry f in i te dimensional normed" linear s p a c e  i s  c o m p l e t e "

5.5 ,  P l?OPosr r r0N.I f d i m X = n t h e n  X  i s  c o m p l e t e .

Then "{

A 1  ( i . "

f  5  * 1  '

t h  t h i s

pRoOF.  By  Remark  4 .2  and Le tnma 4 .3  we ge t  d im Ex =  h t

whence the  conc lus ion  fo l lows by  Coro l l -a ty  4 '7 '

6, EXAIITPLES

6.1.  EXAI ' IPLE' Let M be e

t h e  c o l l e g t i o n  o f  a l l  n o n e m n t Y ,

normed l inea.r  space and let  , t  he

bounded and convex subsets A of  I ' i I .

. t

)
x e ilvit .- J

norm

F o r  A 1 , A 2 €  X  a n d  X  e  n  d e f i n e  A t + A ,  =  {  a t + a r i  a t e  i l 1 ,  a r e  L 2  t

a n d  \ o A t  =  {  , \ o r ;  o . t u  A 1 3  L e t  0  e  x  b e  t h e  s e t  f  o 3  '

a . n  a h , r o s t  f i h e a r  s p a c e  a n d -  r v e ' h a v e  \ Y X  =  L A € X : A  
-  - | c

A is  symmet r ic  w i th  respec t  to  the  or ig in  o f  i i l )  and-  VX=

F o r  A ' 6 X ' d . e f i n e  i i l  A l l t . =  s r f , p o  c  n  l l a l l  .  T h e n  X  t o g e t h e r  w i
a e I l

i  s I a norryred, al-mo st l inear spac e .

' ) . ( \
v -  I  r - \  t r ) , ( - \ , \ l  , ( - , \ ; I l , [ - \ , , \ l :  X > o 3 u { o ] .I  =  1 L _ / . t

Then Y is a.n almost l inear subspace of  l { .  ! ' r 'e ha.ve Ey = I l  etrui2ped"

\ _
,w i th  the  usua l  norm and fo r  )  >O ]e t  A1 be  any  o f  the  in te : :va ls

n

n  \  \  \  r ,  r  \ \  z  \  f  \  I  ?  '  |  \

L - A t t \ . r , , - \ , \ ]  ,  ( - ) ' , \  ) '  L - I , r \ J  '  T h e n  * y ( A X )  =  A  a n d

C . l . " (  J 0 3  )  =  O .  C l e a r l y ,  U y  i s  n o t  o n e - t o - o n e .  1 , e t  f o r  n d  l T '
I r . e  :

.  1  1 .  |  ^  . - - l
,n,r, = (-r+fr,1- fr) atvt an6 x = (-1'1-l 6 Y\ ' l^/y . 'rYe have

l im r r * )oo  f (w r , r x )  
-  l im r r - )Do t t  *y(* r r ) -  c r " (x) t l  -  l imr ,  )  @ \  t -  *  

-1 [  =c

( i i )  L e t  Y  b e  t h e  n o r m e d

I te have' wr = t (- 7\ , , \  ),  [  - , \

Since cur (Y)  =  iVr r r r (y )  we have

a, lmost  l inear  space o"escr ibe ;cJ  in  t i f  :

, l  ]  i  A >  o J r { o ? ,  h e n c e  Y  /  ; i r '

Y {  =  W y x  .  l { e r e  * \  i s  n o t  o n e - t o - o n i
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6 . 2 .  E X A I I I P L E .  I , e t  [  =  $ ( u r p ) e R 2 :  p > o - l  u { { o , o y 3  !

Def ine  the  ad .d i t ion  as  in  f t2  and"  fo r  x  F  (x  rp  ) ,  X  and I  e  n

d e f i n e  t r r *  =  (  l l l 4 , t | l P  ) ,  T h e n  X  i s  a n  a t m o s t  l i n e a r  s p a c e

s u c h  t h a t  X  =  l V X  .  F o r  ( d ,  p  )  e X  d e f i n e  l l l  Q , ( 3  ) l l t  =  
1 5  .  T h e n

X is a normed" almost l - inear space. iVe have rX = R equipped 1v| th

t h e  u s u a l  n o r m ,  d x ( ( a  ,  p ) )  =  
P  ,  ( *  , (  ) a  X  a n d  c , t * ( x )  =  R *  .

l ie re  @X rs  no t  one- to -one bu t  cdXG)  is  c losed in  EX .

( i )  The normed"  a lmost  l inear  space ux$- )  nas  a  bas is  bu t

X  h a s  n o  b a s i s .

( i i )  l , r e  h a , v e  x # =  $ \ " f o :  \ e R 3 ,  v , , h e r e  r o ( ( - r  , e ) )  =  p ,
( a  ,  p )  e x .  C l e a r l y  {  f o  3  i "  a  b a s i s  o f  X x  a n d  s o  d i m  l { F  =  1

but  X  has  no  bas is .

( i - i i )  r . , e t  y  =  € ( o , (  ) e  x  ;  d Z o ? .  T h e n  y  i s  a n , a t m o s t

l inear subspace of  the normed &.1nobi  :L inear space x.  Let  f  :y --z R

b e  d . e f i n e d  b ; r  f ( ( . <  r p ) )  =  4 * P ,  ( u  r p  ) e y  .  i V e  h a v e  f c Y # r  y t 6 .

5 .3 .  EXAn, lP lE .  Lo t  x  =  f -  t "  , p  )  eRz . ,  *  >  O ,  ( )  >

! ' {e organlze X as an almost l inear space as in Example 6.

w e  h a v e  X = W X .  F o r  x . =  ( 4 r 0 ) e X  w e  d e f i n e ! ) l  x i ( (  = ^ ^ * {

Then X is  a  normed a l -most  l inear  spe.ce .

o ' 3  r { 1 0 , 0 ) J
2 and so ,.

d , , 0 1  .

( i )  { {e have EX=R2 ,  the uni t  bal l  of  E,  is  the hexagol  r -* i - i -ch

i s  t h e  c o n v e x  h u l l  o f  t h e  s e t  {  f : - , O ) , ( r , 1 ) , ( 0 , } ) , ( - r , 0 ) , ( * 1 , - 1 ) ,

( 0 , - 1 ) J  a n d  c , z * ( (  ^ , p ) )  =  ( 4 , p  ) ,  ( < , p  ) a x .  f i e  h a v e

x x =  w x * =  t f  U ' , [ ) e n ? ;  Y , l ' r n * 3  a n d  f o r  f  =  ( y , f  ) e x ^
we have  l i i f  i i t  =  (+ / .  i t e re  I I r x  =  t t 2  and  l l (  f  , f  ) i l l i t - -  =  (  + f  .

, .rx

Consequent ly  the un.1t  ba l l  o f  Ev*  is  a  square v , 'h i le  the uni t  ba l1-

o f  E X  i s  a  h e x a . g o n ,  i . e .  ,  [ ] ,  l l  E X *  I  l t  , i / U ;

( i i )  T h e  s e t  d X ( , V r ) ( = c u " ( x ) )  1 s  n c t  c l o s e d  i n  E X  .  i r e r e

o )  
*  1 s  o n e - t o - o n e .



( i i i  )
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ly ,  X="/ i ' - ,  has no basis.  0n the other hand a ba.sis
..t

5  t r , O ) ,  ( 0 , 1 ) i  ,  i . e . ,  c . i m  x x  =  2 .  A s  w e  h a v e

t u X  i "  o n e - t o - o n e  b u t  U X G )  i s  n o t  c l o s e c l  i n  8 " .

6.4.  EXAI, I?IE.  Let  f ,  = $.  t*  )e lL I  d r  )
&  ^ )  1

r = z  i a l  -  0 J .  D e f l n e  t h e  a d . d . i t i o n  a s  i n  l -

o l U { f * ) e g 1  o r = 0 ,

a n 6  f o r  x  =  ( o i )  e  X

a l m o s t  l i n e a r  s p a c e  a n d .  w e  h a v e  T f X  =  {  (  I  r o r 0 r 0  , . . , . )  t  . \ e  n *  (
.  (  - l  = o -  ,  - i  ^ )a n d  V X  =  J  ( ' t i ) e  t - ;  4  L = O ,  2 l = Z  i * i = O  J  .  F o r  x  =  ( { i ) e x . ,

de f ine  111 x l l l  =  Z , |d lo . i l  .  Then X is  a  normed,  a - ]most  l inear  space.

01ear1;r ,  y/e have Ex = l1 ,  @x(x) = xr  xe X and. v i ,e show that t l  . l l i__
-X

g i v e n b y  ( 2 . I )  i s  I l  , t l g l  .  I n d e e d ,  l e t  z =  ( Y r ) e i r .  B y

i temark  2 .8  r ' ;e  have t t  z l t t l  4 l t  z t (  FX.  For  the  o ther  rner iua l i t :1  we

f i r s t  o b s e r v e  t h a t  i f  (  f  )  O - t h e n  z  t X  a n d  s o  f [  z f ( , _ .  = l l l r , i t l  - *  l ( z r t g

I f  V t . 0 ,  l e t  t > O a n d c . e f i n e x = ( . ( i ) ,  i t = t p , i r , o  d . . = € |

d i =  Y i , 2 < L z a o ,  F t = t * K t ,  P ,  
- c ,  ?  s L < D a , . r e

have x t i t  €X anc l  z  =  X-y .  Th  en  I l  r ,11 ,1 . .  -<  111x  l l l  +  l t l : i  l i ^ (  =  ZL :L{  < i l  *

= aO c-  = 'Do* Z r ] r l p r l  =  z t - Y f  Z f f  l y . t  =  z L  -  2 f r r l f ' l  =  z L + t r r , t r g ) -  .
Since t>  O r r /as  a rb i t ra : :y ,  i t  fo l lows 'bhat  l l z l lU- - t  l (uUAL-X

C o n s e o u e n t l  v  l l  z l (  g r  =  l l  z l l t l

For  ne  l l ,  le t  r r ,  =  (Or r r )  e  V*  Ue de f ine t l  b : ;  4  n?  
=  I /2  ,

q r r rn t "2  =  -L / (n+2)  and o1 , " i  =  0  fo r  i  y '  2 ,  n+2 and le t

z  =  ( O r t / Z r o i 0 r o r . . . . )  e l l r \ V ,  .  n ' l e  h a . v e  t t * r . , . _  
* l l v n - z { l  

=  O ,  i . e , ,

a n d .  X  g n  d e f i n e  t r r *  =  ( 1 . U . (  
L ,  ^ d 2 r . . ,  ) d r t r . . . ) .  T h e n  x  i s  a n

A tr, -i,ra A irr-fJ T. 
-il

v  a  J  a  l J t i L r , J .  ! ! a

V . .  ( = V . , r  / y \ )  i s  n o t  c l o s c d .  i n  E v .  S i n c e  
" 4  

I ' - ,  ( s e e  P r o p o s i t i o n  3 . 2
/ !  ( , , t / y \ . \ J  L  ,  I

for  t l re  d"ef in i t ion of  : l r )  and"  vn6.Ul  v ie  havc th .at  [ ,  is  r io i  c- l -csct ] -

i n  U"  .  J ,e t  us  n .o te  tha , t  s i nc  u  r .  
{X ,  

by  t } reo r "em 4 ,6 ,  X  ha .s  nc  bas i s .

r t , 2 ) -L e . b  i {  =  t  \ * , f  ) C P " -  ;  f  )  O J .  D e f i n e  t } r c



t
add i t ion  as  in  R '  and fo r  x

= t  t r "c ,  l l lp  ; .  Then x is  arL
,  ( , c .  .  t  -  )

V X =  / ( A ' 0 ) i A c R . t  a n d

F o r  x = ( " { , F  )  e  X  d , e f i n e  l l (  x

l inear  space.  A bas is  o f  ; {
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= i ' ( d t F ) e x ,  ) e n  d e f i n e  l o * =

alrnost l inear space and. we have
( l r -

wx = I  (o , i \  ) ' ,  le  R*3,  hence x=, / 'k - rvx

I t l  =  lq l  +P .  Then X is  a  normed-  a lmost' l

i s  I  =  t (1 ,0 ) ,  (o , r ) -1  .  l ,Ve  have  } i J . ,  =  112  ,
trl.

t t z i l = l f l * 1 4 .
the  cond. l i ion  f rom

e have I  n ' t t "  = {a l

, * ( * )  =  * ,  t . 4  X  a n d  f o r  n = ( X  , [  ) e  u "  w e  h a v e

i  cr f i r

r i l

( i )  A  b a s i s  o f  X  i r y h i c h  d o e s  n o t  s a t

T h e o r . e m  2 . 2  i s  t h e  s e t  J j  =  t  ( l - , 0 ) ,  ( r , t )  j

a n d  3 o ' / x = { f r , o l J  .
( i i )  L e t  

" = {  
( 1 , p ) € x  t  ( t Z t a

l inear subspace of X vqhere Yiy = {i, and Vy
)

u y  =  u '  a n d  , y ( x )  =  y r  y e Y ,  T h e  u n i t  b a l

wh ich  is  the  convex  hu l l -  o f  the  se t  {  Q/Z

( - t / 2 , - t / z ) ,  ( 0 , - 1 ) ,  ( t / z - , - L / ? ) I  . ' i ; t e  h a v e  y

T / c = l ( 0 , t r ) ;  \ r . o l ,  v y  =  t  ( , \ , 0 ; ;  I
= l l . t i  

U*  f  Vr  .  S t ra igh t fo rv rard  (o r  us ing  The

Jj

en Y is  an a lmost

o ) J  i l e  h a v e

,  is  the hexagon

( o , r ) , ( - t / z , L / z ) ,
a

, a , P  ) 6 R ' ' :  l l Z o
and, ltl ' l i l.gx =

- \
. ) ) t  1 1  1 O t " r - O | i S

l l .  rh
(  r ^=  7  \ u r .

l o f E

r  / o \
t L / L l t

* (= 1 _

)€ R  f
or r r i l  1

l { ' l l _ #
.trY

J t

_ *tha t  Ey*  =  E ;  and we a l -so  have l i , l l  E_ , r  
=

T
The space

Y ' ( x  *  { t o , p ) e  n 2  i  p 7  o ?  /  Q y ( y ) .
( i i i )  f ,e t  X and Y be as above.  A bas is  o f  the a lmost  l inear  :

s u b s p a c c  Y  o f '  X  i s  $ o  =  {  t t , t ) , ( - ' r , } ) j  b u t  n o  b a s i s  3  o f  X

q n f i c r f i a c  q  ?
, : _ * r - D r i ( ' o  $ / O  ( _  ! J  r  .

( i v1  I ,e t  Y  be  the  normed a lmost  l inear  space d-e f ined in  ( i i )
a ) ? . . i

and.  le t  .6  1  
=  I  (1 r1)J  .  The a lmost  l inear  subspace o f  Y  genera ted

. a O
b y  . 1 5 1  i s  Y  a n d ' a l  i s  n o t  a  b a s i s  o f  Y .

6.6.  EXAI/ IPI I .  Let  f ,  =

d .e f ine  the  add i t lon  as  in  n3

w e  d e f l n e  t r r *  =  ( l t r l d , l l J /

space such that X = !V,. . Ior

t t o , p , f , ) e  n 3 : d , p , { e  H + ? .  ! ' / e

a n d  f o r  x  =  ( < , p , d ) 6 X  a n d  , \ e n

, l \ l  Y  ) .  Then  X  i s  an  a t -mos t  l i ncs . r

x  =  ( d , P , K  ) e  x  d e f i n e  l l J  x j l l  =
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, o 4 1 l o
= ( .<z*  p ' *N ' ) t / '  .  Then  X  j - s  a  no rmed  a , lmos t  l i nea r  space .  J t  bas i s

. \
-  - ' )

o f  x  i s  t h e  s e t  3  =  {  ( 1 , 0 , 0 ) , ( 0 , } , 0 ) ' ( 0 , 0 , 1 ) J '  i . 0 . ,  d i m  x  =  3 '

/ . \  ' r  r  |  ,  \  n l  I  r \ 2 , t n  r \ 2 * ( v - l \ 2 - l / q 7( i )  L e t  A  = ,  \ d , P , f ,  ) e  i t " :  ( < - I l  + \ P - r /  + \ { - ' t ' <  * z - J
L l

( l
.  T h e n  A  c x  a n d  v , = ) A  ( * , p , [  ) ,  ( * , P  , b  ) d A ,  , \  e n o l  i s  a n

. L r
?

almost l lnear subspa.ce of X. ' f /e have Ey = * '  and *"fu) = Vr yd Y.
. 1

nf  R ' i  q  the convex hul ] -  in  RJ of  the setTne  un1  I  oa I I  u I  - r r y  r s  u t r c  uu r r vs ra  r r t  r r

d fV i  y  e Y,  I l t  y t l t= 13 .  Here i ly  ts  one-to-one ana Uy(Y) is  c lo 'ed

in E, .  Clear ly Y has no basis,  though i t  is  a el-osed alrnost l inear

: '  subspace o f  X  wh ich  has  a  bas is .

( i i )  te t  y  be  the  nor rned.  a lmost  l inear  space g iven in  ( i ) .

-  - :  -  A  ^

The uhi t  ba l l  8 . .  is  compaet  anc l  Y has no basls .  As we observed

n *  r i i ) .  d r . r . ,  i s  o n e - t o - o n e  a n d  U u ( \ )  i s  c l o s e d  i n  E v  ..  d / u  \  r  
/ r r v  

Y ' - '  
-  

I

6 . 7 .  E X A , I I P L , E .  L e t  x i 6  n 3  ,  L  5  i  <  4 ,  w h e r e  
" 1 = ( - 1 r 1 r 2 ) t

* 2 = ( - 1 , 1 , 1 ) ,  
" 3 = ( L , r 1 2 ) ,  

* 4 = ( 1 r 1 ' 1 )  a n d  l e t

x  = f 1 t = r t r i x i i  t r i u R *  ,  L - z t 4  4 1  '  D e f i n e  t h e  a d ' d i t i o n  i n x

a s  i n  R 3  a n d .  f o r  x  =  ( a r f  r y ) e X  a n d  I e n  d e f i n e  \ o *  =

= ( ld ,  t j lP  , l l l t r  ) .  S inp le  computat ions shovt  that  ' i f  x  =  Z?=r-1r" ,  ,

\ ,  )  o ,  t h e n

i . € . ,  t r ,  X  € X .  T h e n  X  i s  a n  a l m o s t  l i n e a r  S p a c e .  N o t e  t l i a , t

r  r . \  r  r  1  t  (  -  ?  -  (  )
x  c t ( a 1 , l e , t r l ) e  n r " ,  \ z ,  I 3 . R * 5 .  c l e a r l v ,  v x  = i  o (  a n d

we shovt that lve have

I .

( 5 . t )  i l x  =  [  t Q , f  , v  )  e n 3 ' , 0  <  / '  <  Y  l r f  j

Le t  we \T *  .  Then  *  =  Z f= f  \ i * l  f o r  some  A  i  e  0 '  1  <  L  <  4 '

J.r .:j 
't r..t. ; : ' :': t.'b



Let  us put
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' \ r * ' ' \ : n  l+
t r .*  X-r . J

T h . e n  , = f  n r < r f  a n d  s j m n l e  c o m p u t a t i o n s  s h o w t h a t

v r r =  ( - I r - r \ r * , \ 3 * l + , f  , p ) .  s i n c e  - f e w  =  ( \ r *  ^ z - l  , -  I O  r f  , y  )
a n d  \ , v  = - I o w r  i t  f o l l o , s s  t h a t  - . \ 1 -  t r r n  f  : n  

A q  -  O ,  i . e , 1

w=(O, f  , y ) ,  O  t f  .  y  I  2 f  ,  v , rh j - ch  p roves  the  inc l -us i -on  C  in

( 6 . 1 ) .  T o  s h o w  t h e  o t h e r  i n c l u s i o n  i n  ( 6 . 1 ) ,  l e t  ( 0 , f  ,  y  ) a t t 3

s u c h t h a , t  O  t f  < v  <  2 f  . I f  ( 0 , t , y ) e X ,  t h e n  - 1 o ( O , f  , y )  =

=  ( O r f  , t  ) ,  i . e . ,  ( 0  r f  , ,  )  e W ,  .  S o  i t  r e m a i _ n s  t o  - s h o w  t h a t

1 9 , t , > ) e X i f  O < y < y s Z f  .

C a s e L . ( 3 J L / 2 ) -  Y  <  a .  L e t ) r  =  y  -3JL /2 ,  . \  2  =  , - l ^  - ,  ,
( 0 , ) r , p  )  =  Z f ; = a \  r x r a  x  r : i n c e

t  =  \ r *
Y = f '

). 1 
= 

lL /2

\ i  >  o ,  I

C a s e

a,nd- ,\ 
4 

=

z  i  9 4 .

2 . ( 3 /  / 2 ) -

0.  l?e have

and t r4  =  (Zy  /z ) -  y  ,

t r ,  )  o ,  r  < i  1 4 .
Consequent l ; r r  we have the ect rua l i t i r  in  (6 .1) .

F o r  x  =  ( q , p , K ) e x  c l c f i n c  l l t x l i l = l q l  " f  
, y . , u h e n x i s

' l ' .

a normed almost f j_near space. i fe have E" = U,,  equi"pped with the

n o r m  g i v e n  b y  ( 2 . 1 )  w h e r e  a , , " ( x )  =  x r  x  6 x .  c o n s e q u e n t l y  * x  i s

one- to -one and N X( l { )  
(=X)  i s  c losed 1n  E,  ,

s i n c e  v x  =  { o ?  a n d  f o r  l . <  i  < 4  n o  * i  i s  a  - $ o s l t i r r e  l - i n e a r :

cornb lna . t ion  o f '  the  e lements  {  " ,  t  i / i ,  I  <  i  <  43  i t  fo t to ivs  i l ra -h

X tro"u no basi  s.

If nr,' 
-l 4 ;r  - . -  J t  . l - . c u be the funct j -onals  der f incc l  by

v >  0 .  L e t  l r  =  0 r  \  2  =  y / ? - ,  A : - . U - y
i [ e  have  (o , f  , y  )  =  2 l= ,  }  , x rex  s i nce

4

T
"l

- P *V ( ( * , f  , N ) a x )



f z ( ( d  ' F  '

f j (  (  4  ,  p  ,
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- r

- l "  
l l v

r 
i / \ 

j- -

4 . )

(  ( . (

( ( 4

Y  ) )  =  2 P

f  ) )  =  4
, P , Y
, P , {

) e x )

) e x )

Then f ,  are add. i t ive and posi t ively homogeneous a.ncl  for  we \1, ,*  ,
l n  =  ( 0 , f  , l ) ,  O  g f  < v s  z y  v { e  h a v e  f r ( r v )  =  * ; + t t  7 o ,  

r L

f r ( t r u )  =  2 l  -  i  > .  0  a . n d .  f r ( w )  =  0 .  C o n s e q u e n t l y  f , e  N # ,  1  <  i  _ 4  3 ,
and clearly f ,e xx . ' ; ' le have f1rf2 e "ffKla an.d, -fre vrie . 1,ye cra,ini

t h a ' t  {  f 1 , f 2 , t r i  i s  a -  b a s i s  o f  x #  .  L ' e t  f  c N . v  a n d .  l e t  u s  p u t

tr z= f Gr+xl/2
)  3=  11(x3) - r (  x t ) ) /2

U s l n g  ( 6 , f  )  * e  g e t  t h a . t  x l _ * * 3 6  , , ' / ,  a n d  * 2 * * 4 €  1 : ; - ,  h e n c .  t r  f  ,  \  
Z  n R *

,'/e first shorv that

( 6 . 2 ) ^  - < - 1  rt = Z i = t A l ' f i

For  th is  i t  i s  enough to  show t i ra t

( d . : )  r ( " j )  =  ( f i = r _\ ,
l-

\  1 -  S - l
t  \ -  L  ;  _ 1 l r t i ( x , ) ) L _ .  j <  4

Si i lce x l+ x4 = z2+ x3 r . io , ,e  get

\ 3  =  1 1 ( x 3 , - r ( x r  ) ) / 2  =  ( r ( x + ) - r ( * z  ) ) / Z

simple cor.rputet ; ions shor. , '  th.at  lve h.nve fr  ("1) =f  
t  

(x,  )  =f  
,  

(xr)  =f  
, (xo )  =

=f j  (x, )=f ,  (x,1. )=1, f ,  (x.,  )=f :-  (*, ,  )  =f Z(r. . ,  )  =r, { ,r ,  )  =,r-orr i  ,r?r,r l-r .  ?*r l=-, ,
r n , h e n c e  ( 6 . 3 )  f o l t o r n r s  t a l r i n g  f o r  j = . i . , 3 ,  A  3  

:  ( f  ( x : r - f  ( x f  ) ) / ? _  r n r l

f o r  i = 2 r 4 ,  t r 3  =  ( f ( x a ) - r ( x r ) ) / p .  C o n s e q u e n t l y  v , r e  h a v e  ( 6 , 2 ) .



' \_

Suppose now that f =
' f  o r  i = l r  2 .  Then  (  Z i= ,
whence i t  fo l lov,rs that

. ( ?

t h a t  I  f ' f 2 , f , I  i s  a

fn conclusion vye
*  

* ( * )  i s  c l o s e d  i n  E "

*15*

< 1  r
Z i _., ,I .r 0"f..

, . - r  r  L . I

I  . - .  \ / - -  \/ \ . v r . . ;  l \ X a /
J

1
o l ' =  

) ' . - ,
b a s i s  o f  X *

have dim X#

but X has no

s iZ i = r l e 1 " f .  ,  w h e r e  I
, - 1
\ Z i = t f i " t i ) ( x 3 ) ,  L  5

i = f  r  2  r 3 .  T h i s  c o m p l e t e s

, ,  P . 6  Rr ) L +

i - / A
d :  . ! t

t n e  p r o o f

3 ,  - X  i u  o n e - t o - o n e  a n d

bas i -  s .

6 . 8 :  E t * A i l p t E .  r , e t x =  $  ( - < . . ) n n r

card { i  r  o 1) ; l  - ' ; ' I  .  i " i ," :  
' : :" ;r ; ; . ' ;=' ; : ' 'u, "*: ,u

f o r  x  =  ( * , ) e : {  a n a  z \ e  n ,  d e f l n e  )
- r  : o *  

=  ( l i l < i ) e  x .  T h e n  i l  i s
an  a lmost  l_ inear  

-space 
sueh tha . t  X  =  . j ,X  .  I ro r  J6  _  (q  , )  eN

def ine l i tx i t f  = zrTr* ,  .  rhen x is  o , ro l* .u arrno"t  rL:" ; "" ; - " . .
i i ' e h a v e E x = L t u i ) e * : c a . r d  

l i ,  o i  / o I z M  3  ,  c , s r ' ( x ) = x r
x a X a n d  v i e s h o w i l : a t f o r  z  = ( d i ) 5 f x  \ r r e h a v e  r ( z t t  -  z r ' , r r r * r t  ,w h e r e  l t  z t l  1 s  g i v e '  b 1 ,  ( e . f  ) .  B y  l i e n a r k  2 . 8 , , " j e  b , a  \ _  €

1 l i  z  l l  .  For  t .e  o ther  inecuat i t . , r  de f ine  (  A  i r ,  , " I ^ f , ; l j "  ;  , ;
the fol lovrirrg tryay 1 f or i  e N vrhere o/ .

and  ro r  i 6  N  where  * , . : " J ; : " r ,  : :  : " j " t ;  , f= t_ * : :  ; : ,K ,  
=  o

( "<  r )  =  (  f  t l - (  F i )  anc l  by  (z . t )  ,  I l  z ,  <  t t t (  p . ,  , , , ,  .  n f i  y ,_ ) t i l =s o o r .=  2 i = 1 l * i l  ,  r v h i c h  p r o v e s  t h a t  l t  z  
\  c o '  ,

6  -  r  F  \ o o  . .  
( [  =  z i = r l  { i l  '  } ' o r  n d i ' ] ,  l e t

. = n =  r o r r j r j = l _ ,  w l r e r e  J r r j  = 1 f o r n = j a . n d .  , l  .  = e f o r n / j .
T h e n  e n c  X  a n d  { . " r r ;  n e r r T J  l s  a  b a s i _ s  o f  X  ( r i j  _  =  ; ;  . " ' u

B l r T h e o r e n : 2 . 7  ( i . r )  l v e  h a v e  X x =  ( ,  .  \ _  , *  
j  o i . o j  a n o ,

since K -  vr . ,  we set  x*  = ' * r r  .  rye cr-a im 
t#t ; :  t ; rno 

basis. ,I.

f n C e e d r  s u p p o s e  t h a t  X *  h a s  a  b a . s i s  j 3 .  C l e a r l y ,  f o r  e a c h  n € l i ,
e '  e  K*  ,  and we show tha t  there  ex is ts  I r - ,  ,  0  su .ch  tL ra t  \ r ro  e  E  6 .
l te  p rove  th is  on ly  fo r  n= I r  the  proo f  . fo r  

n  >  I  be ing  s i rn i la r . ,
S i n c e  e r €  X r  ,  t h e r e  e x j . s t  u n i o u e  b . g .
1 - < i . < k g u c h t i r a " t € 1 = ' ' i = ; T , ] ; , i ; " ; ; " : . , : : " l - ] , , i , ' ,
v"here  * , -  j  2 -  o ,  i=arz , . . .  r  r r .u . ,  I  , -a  u .  Then we i " , ru

4 ; -
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spii .c e s ,

o f  t h e

.=-k i ,'
Z  i = L  A i o i t  =  l

f= r t r i .d i j  =  o

s l n c e  \ i > 0 ,  L < i l  k a n d  a i i z  0 ,  1 < i s k ,  j s N ,  i t  f o l l o w s
t h a t  * r j  =  0 r , t . a  i  - <  k ,  i  =  2 1 J 7 . . . .  ,  w h e n c e  k = l  a n d .  b ,  =  l r o  u '  .
By  Remark  2 . I  ( i )  ! . re  ean  suppose  eneg  ,  n6 l l .

L b t  y  =  ( 1 r 1 r . . . , 1 1 . .  . )  e  x v  . n " n  t h e r e  e x i s t  u n i q u e  b r e  , f r  ,
1 < i 1 k ,  I r t  o ,  l 5 i 5 k  s u c h t h a t  y = z f = r - \ i r b i  i , " t
n o 6 N  s u c h  t h a t  € " ,  &  { b . , , . . . , b k 1  a n d  l e t  y o . =  ( p r ; r X *  b e
def ined by P i  

=  ; :  i io  ^nap r ,  =  0 .  Then y  i  . . , *uo and"
l  . " o  t r (

s i ' n c e  v o  = ] Z f = r -  
l i o b i  ,  b i . . B  ,  f  i >  0  a n d  . r o u  s r  {  b 1 , . . , b t 3

i t  fo l lows tha t  y  has  no  un ique representa . t ion ,  a  cont ra -c l i c t ion

which  proves  tha t  { (  has  no  bas is .
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