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lnt rod.uct ion

The smash procuct,  a.ssocia. ted to a r ings'graded by a f in i t t

g r o u p r j , i s a v e r y p o r ' , " r e i ' f u - 1 . . ! o o l f o r s i u L l y i n g .

These ringsr. This Yfas slroyrn for the first t j-rne by iri.cohen and

S. i i iontgonery in El ,  Lately,  D. 'Juinn E"]  
proved that the constn' rc-

tion of the snash product nay be perfcr:ned' e'ren for rlngs grad"ed

by an inf ln i te 8ro!rp.  In th ls general lzed. fotr to the smash prcduct

lras used in Fl and t "l 
.

The a im o f  th is ;  paper  i s  to  Frcvsd ne t ' ,  p l ' s l l c r t i t rs  c f  '3 rac1ed r ings t

usin:l t l ie s;l ' l?sh Produc'1.

The -r i l rs l t  - , :ar t  of  ihe paner is C.enoted to t i re stuci ; r  of  the cntegcr l

Q '#  * * - r rod ,  wheru  f  ;  i  i s  the  s rna ,sh  prodr rc t  ( in  tne  sen ' *e  o f  D '

Quinn) associaied to the graced r_rne R =;g)G F6 ( t i re grcu'p G is

generally lnf j.nite ) .

Jn .  th r :  seconcr  par to  a  ser ies-c f  f in i tenes$.p l i cper t ies  o f  g rac ied

. . -  r lngs  are  g iven;  (T t reorems 2"1  and 2 .2) .The resu l ts  genera l i jae  'bhe

ones obtained in the seeond part  of  l -gJ . I*  t } : "e 1ast part  of  the

paper,  usinf  Theorerns 2.1 and, 2.2 we-show that i f  R =6) $i  is  a

i e  T

€tradecl rin3 of t;rpe 7, ar:C lr1 '=(g) t','li is a grilCed it-module, tiren

i t  v t
i u  p

\ ,
0"^tt i  )  \d.z/ o is an arbi irarry crdj-nr: l) is a gracled submod'ule f f f t '

i . e . t he  rad . . ' , en1  assoc ia tec l .  t o  t he  to rs ion  theo r ies  r l e f j - n j -ng  the

Gabriel dinrension is a graded sribmoc.u-Le (this j-s a nart j-6J a,vt5v*o1

to tbe general problern of decid' ing rruhethen' an elenetrt of the latt i

o f s u b n o o u 1 e s o f a g r a c 1 e d ' m o r 1 u 1 e , d e s c r i b e d 0 y s o m e t t f i g r a d e d
proper t i es  i s  a  g radec l  submodu l -e ) .
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0. Notatton and Prelini"nari-e-q

A1l" rings considerod i.n this paper wil, l" be unitary,

If R is a ring, by an it-module v,'e wiLl aean a left R-modr.l,Le,

an.il rve wi-1.1 cj"enote tbe category of R*modules by fi.-ffiod..

Iret G be e mul-tiplicative gg,ouB Y{ith identity elernent rf lrro A

6-graded l ing & is a r ing wi t i r  ident i ty I r  together wi th a

direct sun deconposition (as additive subgroups) R = (9 - Rr
a'e G

such that

( 1 )  R 6 .  R "  9 ^  B o .  f o r  a l - l  6 ,  a  e  G

" It is wel-llmoun lgl that Rt is a subring of R, and that

L €Rl.By a ( fet t )  S-graded. module we understand a lef t

R-moduLe hln plus a3,1 interne.L direct sua decompositicn

g[ = @ ]rlu- , rrhere L[o'A are subgroups of the additive group
6 e f i

of M, such that Ru. H. a 
- I ' loafor 

al l  6 r  6 G G. lTe denote by

R-gr the category of  G-$raded modules.  In th is category,

&1 r.;\
i f  l l i  = 

nYC li lo- and N = 
"X 

i{o are tvro objects then

, t -  .  ' " r l I )  denotes  the  se t  o f  rnorph isms in  the  ca i ;egory  R-grnomR_gr\r,:

f rom I t I  to  Nn j . .8 .

t t :  c  \  ^
*o*o_gr(lirtl) = 

i 
r: u ---r N I f is R-linear and

)
f ( i r t o - ) g  N o .  \ 6 e  G l  .

It is ,rellknown 
-1_Al 

tft"t R-gr is a Grothendieck category.

In part icular,  R-gr has enough inject ive objects

If  I{ i  R-grr we denote by gg(l f)  the inject ive envel-ope

of L{ in R-gr, and by n(ff)  the inject i-ve envel-ope of i l l  in F-"rncd'
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If M - 19" M1 j,s a grad.ed R-mo&.rle, and, 6e G,^ C -  t t  ' / r -  - - - - - - '

then M( 6 ) is the grad.ed moduLe obtained form M by putting

tri( < fr" = l{1c i the grad"ed mcdule I{( a ) is called the d *gggc

pgnsiqn of &1.

Let R be a G-grad.ed rlng. l{ow we present the constmetlon

of the smash Prod.uct associated t.o the ring R. lye follow the

constnlction glven by D.Quj.nn in the peper F"l .

l l le denote Uy ln*(R) the set of row and. column finite matrlces

over R, with the rons and columns indexed by the elements of, G.
r ( .

I {g(R) is the ideal  of  l rn(R) consistr lng of  those matr ices wi th

only f in i te ly Elany nonzero entr ies.  Note that  i f  G is f in i te,

then H;(  R) = r l i .  (  R) .

I f  c t€  Mc(R) ,  then rve  wr j - te  o<  (x ry )  fo r  the  en t ry  in  the

.  For o( ,  
P 

n ,k(n) ,  the matr ix  prociuet( x r y )  p o s i t i o n  o f  d

is  g iven  by i

( . { P ) ( x , y )  =  Z _ " < ( x , z )  P  ( r , v )
z  € G

rf  xrv  6G,  Then we 1et  
" * ry  

denote the na i ; r ix  i r i th  1  in  the

(* ry)  pos i t ion,  and.  zero eLsewhsre.

i ,et px = **r* .  Def ine , l  i  R ---at1^ (R) cy 
1 k) = V,

where f  =
x r y e G  x y - r  x r J '  g 6 G

f o r  a n y  g G G .

It  is easy to. see that *t  is a r ing monomorphism.
- t v . d *let R = rm( fr l),  ana R I { the subring of tr*(R} generated by ?

i l
and the set of orthogonal idernpotents 1n-- I x eGi . 

' i  
# c,"-  

l ' x l  )
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called the Srnaqb,.Eroduq! of R by G.

?he group G embeds in Hn(n) as permutat i .on matr icesl

e a c h  s ( . G  i s  s e n t  t o  [  =  
\ r * * r * y  

.  T h u s  F  =  
l =  |  u  .  n {

is a subgroup of the group of units of &t*(n),  isonorphlc to G.

l ? e  d e n o t e  o { * 1  =  ( n  =  c  )  G  =  ( n  -  c  )  s .L J g G v e -

fhe f ollowing properties of the ri.ng R # G*, given by D.Quinn
- 1 1

in LfoJ , r,ri l l be frecquently used. in the sequels

(a)f,et R be a G-graded r ing, with G inf ini te; Then

N $ ( r

R # o  = R @  ( o
x € ^ i n * )

t s  a  f r e e  R - m o d . u l e  w i t h  b a s i u l r J r l o . , ,  * e  , ; ?  .  w h e r e  I
L  )  l - r t -  \  '

is the identi ty natr lx of,  l , {G(R). 
'  )

I f  the group G is f ini te-,  then we have

R  #  c *  =  @  i p -
x € G  

4

and. in this 
"u"" 

fr + G* is exactly

defineil by M. Cohen a^nd S.l,tontgonery

( u )  r f  r r s  €R ,  t hen

l r y  \  / -  \  '
t r  p x l \ s  F y J  =  r  

" * r _ ,  
F y

the snash procluct

l n  l J  I  "l - J

In particuLar, if rr

- . t

Px f,e = f,S'

( c )  I f  g €  G  a n d  c ( €  ?  i

(A- lx  s ) ( * ,y )  =

In particul-ar, ?-1 tr"6 =

(O) I f i  G is an inf ini te

R l - 1  r .  i

L c J  
=  ( R  #  G

€ Ro , then rie have

P e -1*

r l n  +1^^F
*  t  u - r r : i  1 !

o( (xg-I,  yg-l)

Fxo
0

group, then

)E



is the

If  the

- 5 -

skew group ring of the group F o.r*" fi * ,i", and
(  ?   .o t*l = (@^ i' el cD lrf tirl

g 6 G  t .  
.group G is  f in i te ,  then n tn l  =  l r * (n) .

1.  t rre_Cqtesqru? # f  :  nod

let  R be a G-grad"ed. r ing. I f  i , Ie f i '*  G*_nnod, then

* 
n* I{ is *n ? f, G* - submcdule of IyI.

it is suffiebnt to prove that iu Ho€I{o, where
= t d < - <

B u t r u -  I { , Q Z - -  r o . p _ M =  Z _  p _ - _ r -  I { A 2 _  p
x € G  

v  ' i L  
x e  G ' 6 x "  x € G

f i o  - @
x €

Ind.eed,

ru6. R s- .

-  Hoe since -1 is a fc i .n i ly  of  or thogonal  idempotents.

the subclass of 3 # G* -morj. defined.

ln"\"*

p***.

at'

x e  G px

Plool i  r t  is obvious that f* is closed und.er quotient

Z:-
x e G

Iret us now d.enote by Y*

by tlre propertyl

\ D + \ - z r .  I( ,  = { I ' i € R  f r  0  - m - o d I  u  =

Srgposi t ion l . I .  t f  n 
is  a Local iz ing

i  t  i  -nod.  ( i .e.  V*r"  c16sed. und.er  subo jects,

ob jec ts ,  ex tens ions  and arb i t ra ry  d i rec t  sum) .

objects and arbitrary rl irect slltr lr
* i,, .l*

I re t  11  €V ,  and.  N4&I  an 'R p  f l  -sur_ ,modu1e.

I f  nCN,  then ne  i , {  =  (O px  Id ,  and there fore  l t  =
x g G  4

flhus F*r = p***, and thus n = Z- D rr so n6 g> p* N,

" . :  
- x  

x l s

h e n c e N =  O  p * N '  i . e N a 6 * .
x € G

TII

subeategory cf

q u o t i e n t



Consider now the exact

c  * tH ,  - ' ' ,  } 1

where  H ' rH"  e  Yn .

}et  rn N; then V(n) e

Thus there

Since Mt  €
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sequence of n
v r \
;) Mrt -el

Mrt = (D p* Htt .
x e - G  

A
thus v(n) * Zn *v(mx)=

p***  e Ker(v)  = Im(u).

Z p-mx = u(mf )
x € G  ^

, and thus

px  u (n rx ) .  Hence

+f
A G ]\ . 1
0

-modules

= Z v(p- t * ) ,  and therefore m
x e 1  

4
€./
x e G

is ts idt e M' such that mex

-f*

m  =  t  p  ( r *  *  u ( m ' * ) ) ,  i . e .
x  ( . G  

- x

a local iz ing subeategor l r

Let now M 6 R-gr. Then I'1 has a

lf we put for all i e fi' ancl x e G

H a €" .  fhere f  o re  Y* r "

natural strLreture of R 7 G*nodule

'rra = rmr and. p*m = ilx, l"lhere

rn €M and m = t R* (rn*€ M" are the homogeneous conponents
x Q G  

r L  ^  &

of rc)

I f  r rs ( .  R  and x ry  6G,  then we habe

( ip* ) ( (E  t * )n )  =  ( i  p* ) (3  n ru)  =  r ' (s  mu)* r  where  (s ) x  i s

the honogeneous cornponrnt of d.egree x of the eLement 
"*y'

s ince  
"  

oy  =  (4  s * )mu =
"**y 

,  then (s mr)* =

= s - l  B\r '  0n the other hand't
xy

(  ( i  px)  (6 pv)  )m = (; 6', -lpy)* = (" u*rn-n)*u 
"(u*r'-tmu) "l f  lr

=

*y

t
x e G

, then mr = 2- P*mtx
x €  G  

' x

- -A  F** *=u(AF** ' * )  =*T

I t rence ( ( i  p* ; (F  pv) ) * ( i  p*(  (6 pr)*)  "
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has a natural structure of an i'

denote the modr.l le I,!, considered"

*
f  S -module.

vrith this structure,

I{enee lt{

ttle wil].

by M*.

i{ow if
F,

also a.n R

therefore

f : R - g r  - ; - >  R  #  G - n o d

f(11) = Ivl* for al l  t [€ R-gr, and f( f)  = f  for al l

g e Hom*_*"(tnrn) , l , lrN e R-gr.

Itl { T
x € G

/
c(M I r(rn) -- ;)  Fr ( Ir i ) ,  td 

r, ,(m) 
= (mx)x 

e 0 where

f f ix, m* € lol*r i .€" 
I 

*., x es1 are the hornogoneous
I

I t  is  obviouslv that  { , "  i 's  in ject ive and

-Linear.  In case O is a f in i te sroupr 
' then

cornposants of

i t  i s  a lso  R

P  =  F r .

f i Ie

, J I
# G
It

MIN 6, R-grr and f €Hornu-*"(ntntl)ntheh f : I*il ---7 5* i 's

^ .  ^ *
# G -ftOfPlr. lll.

v{e obtain the exact functor

l f le remark thai if i ,I € R-gr, then ii1*e 6* and therefore F
1-

can be considered as a f 'nctor ! '  i  R-gr ---€'  .

,fte can d.efine ano'bher functor F: R-gr t i' * d -*od if we
---..-.*

put  fo r  L {  =  @ _  i [ * r  t {€R-gr ,  F t ( i ' i )  =  I  I  t r { * r  where  ? t ( l i )  has

x Z c  x '  x € G
a') 

'l - t:

the following structure of an R f c -nnodule: if rs € ;tt T6.4 K"

c 
-il-

x€Gl  and 6  =  (m*)x€G 
* ta 'n  

t t * ,  t l ren  ro -  'E  -  n t  v rhere

f r  =  (n r )  y€G'  *y  = f6 .  * " -1y  and prp-=  f r ' t ,  where  f r r  =  ( * tu )uoo

-rT

*;, = o for y I xn and m| = ox. rt is easy to see that 
*': L 

t**

' ) 1

is  *n n f  C:-roodule.  I t  is  obvlous that Fr is an exact funetor"

f '{e remark that F is a Subfun'ctor of Ft ' Inrleed if I '{ G-R-grs we

define the roap
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rret noly M € il f e* -r'od. yf e have seen that I,r ," >-
I 

tr \t -Iil9u. Y urrdr,r, r,r' - 
ft_f 

p* M iS

an tl f ti -submodule CIf Ii{. I{o has a naturaL strueture of a

Sraded R-nodule of type G, if rve put(fio)* = px i,, i  and vee consider

M o a s a n R . m o ' l u ] . e v 1 a t h o m o r p h i s n r , I i R - - - - - . - r ? , r d . 1 t i s

easy to see that the ma.p M -l l,[,. a*rilus an exact funetoro

H :  f r  F  i  - m o d  - > R - g r

Bfogo_s-it!gg_k?,. ?/ith the above notation !,tre have !

The functor F is a left  adjoint of the functor H;

fhe frurctor Fi is a r igbt adjolnt of the functor H.

Proof !

a) lTe d.efine the functrisial norphismsl

Hon6

f o11o?rs I

p G' -mou(r(-) , ( -) 
i  

n.*o-*"(-, l I  (-) )

a )

t r )

as

i f l i I  €R-gr ,  N € f i ' ' *
*

tt -modn then

d(r'c,tt) I  Hori6 
I G" _mou(r(r,;) ru) -.+ l lomu_*r(u,rH(N) )

is defined by d-

x€  i r { .  S ince  F( i { )

u(x) ,  where u!  F( I , r l )

I i i ,  'bhen u(i ' i )  = *(*S F* ir ,)  =

= t D
x € G  

' x

We d,efine

u ( M )  *

( u r t q )  ( u )  ( x )  g

d

= i i =  @  p . ,
x e  G  A

H ( I'{ )..

f 
(ili ti'i ) ( v)

i s  the

l B  
= x

€r.s fol loyrs: i f

where i :  I {{ t i )

I t  is obvious

a Left ad.Joint

b)  see l r l  . ,
L J

I 
tm "N) 

! no*o_*"(trpll(n) ) -+ Homg.=*" *oa(F(H) ,N)

(-' i'i

tha t  do

o f  H .

a a .

incLusion.

=  ] .  p  V r

I

v € i iorn*_gr( idr ' i i (r \)  ) ,  t l ren

and ptN = lJ .  Consei luent lyo F is
/
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If M = 
^9, 

*,t ls an obiect of R-grr w8 deflne the sqppgfg
6e Li

o f M b y

supp( r i )  =  I rn  G I  * .1  
"1{ l )

We renark that is ls"pp{rnl\ 
u"o t then r(r,r) = Fr(i, t).

Corollaqr I.!o fhe fol loning assertions hol_d!
1)  I f  IuI  e R-gr is  prc ject ive,  then M*= F(u) ls  a project ive
? * d -raoctulc.

2) If  l$ ( R-gr, with 
lsupp(u I a ' .  i .s gr-1n je ctive ( i .e , i t  is

an in ject ive object  of  1?-gr)  .bhen l r t*  = F(hi)  is  an in ject ive
*

R 1 G. -rnodule.

Proof l  1 )  s ince  F  1s  a  re f t  ad . jo in t  o f  En and I {  i s

an exact functor, it is wellkncwn frcm the theory of adjoint

functors Fal that M* = F(i i) is projective in ? # i-ncti"

2)  s ince  F f  i s  a  r igh t  ad jc in t  o f  H ,  and I I  i s  an  exac t

func tor ,  $ 'e  deduce aga in  (see 
L t t ]  I  tha t  F ' ( i r )  i=  in jec t i ve

in  i 'y  C-moa. Sinee 
l r*no1l i1\a* '  r  then tn*= p( td)  = Fr( i ; ) ,  and

the assert ion fo l lor ;sr

.  ^ *
Now since Y is  a loeal iz ing subca. tegory of  X + i  -nob,  then,
fol lciving Gabriel Fl (see arso Ftl) vie can forn t i te quotient

a category ?' f Gn -ruod /w* .

Corol lar{ L.2. l?&th the above notat ion, the fol lowing

asser t ions ho ld l

1) fhe cateqcr ies R-gr and fn n *  isoncrphic v la the f r , rnctcrs

F a n d H

2) rf  the ,group G is i .nf ini te, then t l : .e quotient category
, +

n # C -nod./yx is isomorphic to the category i t-mcd.
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proof: 1) From the construct ion of the

1*rs see that i{ o F = ln_g" . $ow if LT eY" n then

, where Hr d.enotes the

functors F and H,

( r  "  g ) (m)  =L ts  and

restr ict ion of thet h e r e f o r e  F o H ,  -  4 l o r
v

functor  H to Yn .

H €  R

o f M

_t-

2) Since € is a local izing subcategoryr for any
l( - (v aA-

f G -rnod we let t* (}{) denote the largest R f, 0-suumodule

such that t # (M) eYo . viu remark that t.. (l i l) = Z p-- ltt. If
x e  G  

- x

t* ($) = o, Tre say that iv l  is V* torsion free.

fhus, i f  M tu €*-torsion freer w€ have that p* I , I  = o for any

x €G. Tbus, I I i  = o, where I  is the tr , ,rc-sided :-AeJf Z^ f i 'p*.
x € G  ^

* N '

f he re fo re ,  i f  M  i "  K  - to rs ion  f ree ,  L .  i s  a  tn  *  i  / l ) -noc ,u le ,
1

Since F .  k  *  f i :R ,  then l rT  i s  an  R-modute .

Let noiv
r\-/ ,.* Y.-, *
R f, 0 -mocl

^ne the canonicaL functors (see &J "n 
III). I t  is welt lrnown Fl

that  U is an exact functor,  and V is a r ight  adjoint  of  U.

l y ' t  z f t
rf + : u D 'f -.-)'/!il. tr ( -nod /g* inc "'ir: 1,;o,"{ _,nod 

-_-''' 
{,u

&re the natural transformations of functors, tnen 
f 

is &rt

isoiorphism. Furthbi:moro, if I{e ; * Gn-mod, then we have t}re

exact sequence
Vf ra)

0 ---> Ker J (ru) --> M 
'\ : (V " U) (iu) *----) Colcer y (i*) .**' 0

where rer \  ( l i ' i )  and Coicer Y( i ; i )  belong to f  
* .  

In pl . r t icu1a..r ' ,  i f
t  r r {

iv l  is  I  
- 'borsionfreen we have the exact sequence

vf nn)
0 ----+ Iil ::-*, (y ' U) (t':) *:> Cokcr V (i'i) '**-+ 0

s inee (v  "  u )  i s  a lso  Y"  - to rs ion  f reer  wo have tha t  r ( f  o  u ) (m) )

= O and. therefore I  Coke,r  Y ( i , r )  = co s ince Cokerf  ( i r r )ef"othen
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tehr i  f  Coker  Y ( t l t )  =  Coker  y  (m)o so Coker  y  (ml  = 0,

Thus j- f  11 is Y* -torsion freer y ( l t )  is an isomorphism..

It follows that the eategor1 K. # G*-mod. /V* is i.somorphic to

the catbgory i-moa. since fi*rnod is i*o*orf,rri" to n-*oa, our:
resu l t  fc l lows.

Seqarks' l )From cor<!. lary L.2, i t  fol lows that i f  the
group G is  in f in i te ,  then i ' f  n* -nod.  i - . r  an, fexter rs ion of  the I

$eategory a-gr by R-modff ,  i . .e.  we have the exact seque!:ree of  I

.  eategor ies,

0 ----r R-g r ---+ ?' # o" -mod --: R-mod -u 0

2) I = Z Rp- ts a trvo-sidecl id.enpotent ideal of
x e G  / \

t i re  r ing i  +  c* .  L to reov*" r  - f r  
l td t t  s i  sn  ( t r ru  g roup G is

i n f in i te  )  .

S ince  I  i s  r in  id ,e r :po ten t  idea l ,  the  c lbss

\.t+tf [ - * r ?.
G  = t * € R # G  - n o d  

J r t ' t = o J
is a Locallzing subcategory or ? f G*-*od. !!e renark that in

''"x ti

fact,  f"  i"  equivaLent to the ea,t ,eEro;r i -*od.
J T

Since R and. fi *"u isonrorphic rings, then Y'"t* equivalent

to the eategory R-nod.

0n the other hand., it is sho!'rn r" [rl thart the quotj-ent
a J +

categroy n f  C -mod/gxx is equivalent to the category R-gr2vl i r
b

the funetors Ff  and H.

fhu.sr tve ha'le an exact sequenee of categroirls

0 #+ R-rno6 #) ? + **-mod, -*-> R-gr ---5 0
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3) If the group- ls finite ttren $n = i' * s&_nod and
therefore the assert ion I )  of  corol lar l f  l .Z.give that the
eategor ies R-gr and. [  + C*-mod are isomorphic,  rvhich is a
weLlknovue result t3l .

$. Finilqre ss "Qqr: di_tj._q59_for l{otlules

Let R = 
E ^8o- bo a G-graded ring arld i,{ g R_gr. I,et N

be a (not nece""*&n $ graded) R-submodur.e: l , /e denote by (N)e

(resp. (N)g)  the greatest  graded submodule of  s i  conta ined in  N
(resp. t i re srsalLest graded submoclule of Ir i  containing N). f l rus
(t ' t1",  = Z-p, where p runs through al l  gra, iea submodules of &i13 :;-

)

such th.at pgN, and. (N)g = f lO where a ru.ns through aLl
\r(

graded submodules of  l r j ,  such thg N < Q.

As we have seen in sect ion l ,  eech i i l  GR-4r ean ue considered
' a - ) X

as an R * G -mod'ule. ' rJe have d.enotec th is niocLule . 'y  i , l+.  In t i r is
case, N vri1l be a subset of &i weach tirrr.t t{ is ,r* i-**bmodu_r-e

o f  i t l  by  res t r i c t ion  o f  sca la rs  ( f  iu  a  sur r ing  or  ? '  f  G*  ) .

lemma 2.1.  t { i th  the above notat ion,  sre l iave

l )  ( i i ) , '  =  /  \ ( t i  !  p - )
x e G  r L

z )  ( r v ) $ = t n ' + d l N =  ( D p * N
x g G  / ' :

Proo f l 1) is obvious
_

D L n C e f  p _ _ = D
c  

- r !  -  
f

r y ' 1
i f  =f i i  -submodule ,:f

e M* , and tirerefore 11 =

, lve have thert

. - r  r i 'here n--  c  L i^ - X X

n
P x r s 0

2 )

aT7

r
@ i r

* e U  P x  I i  i s

I f  n € t { ,  then n

- t  o

-<-^

X  € G

for any x CG. Thus p*n = rr*r and. therefore n = z
X  € C
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( rq )sg  @
x e G

P < ill is a graderl

* G*-sucmod"ule of

n N o' x

subnodule sueh that
4

ill , and. thus (D
x € s

( t l ) g  =  @ -  p x  N .
x  e G

Conversely,

then P is an

i f

R

N  ( P r

p x  N g P "

f h e r e f o r e ,  O  p - N q ( N ) 9 ,  o r
x  g G  ^

I f  l$ l  €R-noclp t t ,€ denote'oy ColO(l ,T) the set of  colu ' -mn matr ices

over M with eLements j"ndexed by Gr and rvith finitely man"y non-.

zerc entr ies.  Since the elemente of  i ' i . (R) are both row and coluran

n lcf*odul
cot^ ( r , t )  is

If t{ R-grr

is oinorphi srn

H*)

< l/l is arr arbi'trar.v

and nx

ar:.iJ.

is  thn

col umn iraving on

m nodulo the submodu

f in i te ,  Cotn( in)  is  a  Lef t  x1c(R)- -nodule and hence a Lef t
. Y ' * )

€ r  S i n c e  n  f  c "  i s  a  s u b r i n g  o f  n  { C (  ,  t h e n

r - - " 4 " r " . * L r
a l e f t R f G

r ' l
then by temna 1"3 of  12 J ive have the canonical

r 7
o f  R \ G \ - r l o d . u l e s

L l

t ^ 1  @ " rcol^(M) = R \n\ Fo n, 
rr l

(so cols(;n) is the * 
L*1 

-moduls induced oy

Assune now thet }I is a graded R-nioil 'ule, a,nd i '{

R-subgiodule of i'{.

l ' /e clefine the mapsl
*

o( I Corn(:u) --> td

./--. <- .!f 
. -J

by o(  (n )  =
x € , ;  ^

elenent of  the column ;  in the posi t io i l  xr

i3. : hi ---- c o1* ( i'ili{)
i l :  \

by  p  ( r r )  =  { f "  )  -  x ,  i "e  P ( ,n )  i s  thc
I  \ - i  I  t

the posi t ion x the c lass of  the element px

IYI r
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- c\,/ .*
f ) a( is an R * g" -norphism, and Im c< *

-nor$hism, and. Ker 13 
* (N)e.

l
'e must prove that x t[fi) = 4 ,( (;) for

G" and o(  ( f *  i )  =  px  d  ( ; ) .  Inc teed,  i f

1 o  \
( v  ' l l  I

w e h a v e p * t = { " % \  - * ,  a n d

\ t I
\ o l

X r ' S - r r= Px rr^ = n*(o?? nu i ) = Pxd (i).

a\r ^/ -<-- -

; t h e n f , = r (  =  
( * r s  " u y r y  

=

r*
= nr,  then nr is the colurnn rnatr ix wi th

he x  pos i t ion ,  where

f,gryqrg_2.2.

- C ' " / ' J
2 )  { b i " a n R { c ",

,

Pro€l  t )  s

a n y  r . € - R o -  r  6 €

1 i  \
f i =  I p Y l  - y  ,l :  I

t i  I
\ '  I

therefore o{ (r* i )

I r e t n o w r = r U €  R o

<_
= f ^ , /  g- c  

f  . c ,  
-  sYrY  '

If we d,enote Fu. ?

component Etx on t

n r x  =

We have o< (;, ;)

' /  r -  ( * ru)
u € G  \

t= L- P-, (r-
x e  G  ^  s

o - 1  * .
n

r ? ...tt ")
rtr P*l"s r

_ l l

. -  6 2 (
=  T - Z - - P  n  =' x e G  

e ' t x

.  6 t x
)n = Z--

x € s

u
n  =  f 6

, r ' '  
* )  

=

- l

6 " t
YT

s - l x "
r D

-morphism. It is obvious that
*

i s a n R f , 0

= Zr(n*i
= t'"CI((X) .

Therefore O(

ftn o(= (lt) 8.

2) lTe must
h  t r !  r  Y

P 
( "u  m)  =  16  p(m)

I n d e e d ,  , p ( t *  n )  3
, l

px 
/9 

(ffi)

r o €  R n  .

f 
tml

t  p(n*m) =
y x eC' and

_ x  = p x

show tha

for an
t A

/ " \
l ^ l

lp - rn  I
l ^ l
t l
l ( ? l
\ :  I
\ 0 1

and



Now

6  p ( n ) r

ism. Now p

therefore m
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l i , \
/ ' \

l.:--._ \
l n * * "  * l  - x
\ l l
\ '  , l
\ ,\
- x = ? 6

"rr?X 
c* -raorphi

'  al. l x 6 Gr and t

n ,
l ^ ) 1
v

I
I

I
I
I

{
I
\
\

forer

px

) = C i f a r t

A , *  :  p o
x E  G

P  - r v
€ ^

I
!

( m ) = C

t {  \
x e  G

* x

th

. i f

!'
6'

re I
only

= (N)  ̂ ,  henee Ker  $  =  (N)  o . .'  ' 8 '  
I

If i l i  is an R-ruoduler we d,encte by K'dim*(},:) tfre Krul-L d'iroension

of id over the ring R, and by G.diro'(t '{) the Gabriel clinenslon

of nr over the ring R ( see #ordon and Robson ttl , V1 ) .

I f  t {  e R-gr an6 i ,1 is a rrout"ur j .an (resp.art i -n ian,  semlsirnplerete

object  ip-bhe eategory R-gr,  then v ' /e say thai  ' ' l l  is  gr-noet i :er ian

( resp . i j r -a r t in ia .n ,  g r -sern ls i r rp le  e tc ) .  Ana.Logcus ly  we say 'bhat

!1 has gr-Knrt l  d imension (resp.gr.Galr i -e1 Cimension) i f  i t l  as

Kru11 (resp.Gabriel)  d lnrension in the cAte€ofrr  R-$r.

theorern 2. ! .  I 'e t  n = O Ru. be a" graded' ring, G a finite
e e G

group.. let 11 e R-gr, and N ( l, i  an R-subrlcciule of i"i. Then i;he

fol lowing assert ions ho1d.

L) I f  N ls no6i ;her ian (resp.art in ian) t f ren ( f t )g 1s noether ian

( resp.art in ian) .

Z) If i{ has a Kru1l dimerision, therr ( ' i)9 tr ':rs ri l i 'ul l Clni*rsion'

Idoreover ,  K .d im ' ( I ' l )  =  K .d i rno(N)g)  '

3)  I f  i {  has a Grrbr ie l  d inension, then ( i l )S nr is ra Gabriel  i l imens

sion .  i ' j ioreovern 0.di$R(i ' l )  *  G"d' i rnn( (Ng) '

4)  I f  N is s inple,  then ( t l )g is gr-senis inple cf  f in i te Length'
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Progfi  sinee Ms(R) * R lni ,  tr ,*, In" R { * i  _suhnodutes
L  J  A  L - \

or Goln(N) ar8 of the form col*( lr t)n vrhere Nt is an R-sutrrnodule
o f  N .

We prove the  asser t ions  l ) ,  Z )  and 3) ,  I f  N  is  noether ian  s imp le
(r 'esp-art in ian,  has Krul l  d inension, has G*br ie l  d. imension),  then
c61c( i f )  is  an u l*1-mooule wir lch is  noether ian (resp.a.r t in lan,

L J

$ow since

d  r - ' n
r{y - u,

Yre obtain

dimensionn

has Krul l  d lnension, has Gabriel  d i rnensi-on sinple).
r )

* 
t* 1 

t" the sroup ring or i f G{ b;, 1y1s finite sroup
then b i '  Theorems I  8"1o,  I . i l .12 and.  f  .g .14 of  [ r l  )
that  co lo(N)  1s noether ia .n  ( resp,ar t in ian,  has Krur l
has Gabriel  d. imension) as ,r  !J # , j*  -nodule.

Nov; oy lerc ' r ra z.z assert ion 1),  and. corol lary 1.2 assert ion 1)
we obtain that  ( t ; )g i*  gr-noot i r .er . ian (res-r . i .gr-art in ian,  has
gr -K 'u1 l  d . inens ion ,  has  gr -Gabr ie l  J incns ion) .

Iv loreover,  Fre have in tne ease th:r t  i , l  has l in iL l  ( resp"Gabriel)

d i m e n s i o n  ,  t h a t  g r - K . d i r n  ( U ) S )  -  K . , - J i n  y  *  t  ( ( i l ) r l )  - <  K . d i m ;  i  n ,4 . t l . u I f # \ ,

(co ls ( t l )  )  =  K .d imo 
to  J  

(co1* ( i ' r ) )  =  K .o . : .n* ( i { )  (anarogous ly ,  fo r

Gabriel d.imension, rve have ,r;hat gr-G. dim( ( H) g) 
1 G .oimn( $) ) .

on  the  o ther  hand,  by  coror la : " ies  Tr .  -1 ,3  a r rd  r r .  i .21  c f  e  I
we have tha t  ( l [ )g  i s  noethr r ian  ( resp .ar t l : r ian ,  i ras  Knr l r

rL i rnens ion ,  h .as  Gabr ie l  C lnens ion) .  : . lo re  cver ,  g r . i ( . t r i i l (  ( f t )g )

=  K . d i m ( ( N ) g )  ( r e s p . g r . G . d . i m (  ( N ) g )  =  G . d i m ( ( N ) g ) .  H e n c e

K . d i m r . ( N ) s )  (  K . d l m " ( r { )  
"

S ince  r \ i  !  (N)8 ,  then we a lso  have K"Ci r . i . . ( i t r )

there fore  K.e  ino(  t { )  =  K .d i ian(  (N)g)  
"  Ana lcgo*s1y ,  f , c r  the  ease

of i labr ie l  d. inension, vre obtaj .n that  s. ,J. i r i rn(  (n)g) = G.dlr l* i . i .

R t-J
4) rf  N is a simple R-nod.u1e, then cok(tr l )  i ,s a si-nrple

-nodu le ;  and l i y  P lepos i t ion  I .7 .g  o f  fO]  *u  ob ta in
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i J *

that Col*(N) is a sernlsrl.mple R f G.-nodule of finite length
d L

By f,emma 2,2e (tq)6 ls a sernisimple R { G -module of f ini te length

Now by Coro l lary  1 .2n ( t t )g  is  gr -semis imple '

C.qrol_1--a,ry Z.]. Fl . Assume that the group G is fini1e,

Then the foLlcwing assert j .ons hold .

l )  I f  ld R*mod is noether ian (resp.art in ian) then l r t  is  isontorphic

to a subnoclule ot' a noetherian (resp.artiniarr) grade I W *J*'!O

Z) If l11 R-nod has Kr.gll dinrension (resp.Gi;. i:r iel dinnension)then

M is isonorpbic to a submooule of a graded R=module havlngl t lre

sane Krul l  ( resp.Gabri .eI)  d imension.

3) If M is a sirnpl"e R-mod.ule, therr. I{ is isornorphie to a submodule

of a gr-s i iople noduie.

I

1
;
t
l

Proc f :  I f  l4

J
\ f

I
L

other

onica

€ I iom'r lRri ' i ) r ( R z )  - -  c v Z
- ,  ?  ,

f s J ( s e e )

via

obtain the

ringr u,'here

z l l i s r r

b1
l { rof

tt

I ' T r  = H o m p  (  n  R p  ,^ t l  "1  ^-1

H k  =

0n the

the can

o(uut*)t")  = am. lTe can apply now Theorem 2.L.

Using Coro l lary  1 .2 an6 l rernma 2.2,  asser t ion 2) ,  
" te

f  o l lo iv ing l

SLeo.reg - 2.?r- rtet, lt = CD - Ro he a G-grad'tc
c e G

is a finite group. If i ,I is a grad.ed R-mod'ule and li

submorlul-e,  then the fol lo lv ing a$sert ions hol t l .

hancl, M is isomorphic to an R-submodule

L R-monomorphisrn

D(m I ttt Hom*- (Rr li l)
"1

E-mod, vre.  considcr the coi l rduced- R'-module

H) r v,'hich h.as the 3ra,Cin.l

lt ,,t{ 7U g6 {
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1) I f  ! i /N ls noetherlan (resp.art inian), then so is t{ t /  (N)g '

2) If M/N has KrulL d'trnension, then so cl'oes M/(rn)e ' and

K.dirn*(M/n) = K.oinu(m/(br) 
")

3)  I f  i l /N has Gaor ie l  d imension,  then sd does v(N)e,  and

c.oim*(st/N) = G.atrnu([Y(N)g)

4) ff b'y'N is a si-rnpLe R-rnodule, then m/(u)-
a . '  ,  g

is gr-seurisimPle

of f in i te length.

i l e g i v e n o w s r b n e a p p l i e a t i o n s o f t h e c r e m s 2 . L a n d - 2 . 2 .

le t  R  =  @ R6 be a  graded r ing  o f  type  0 '  I f  l I< ;  i s  a  nor rnaL

e e ,i

s u b g : . c r r p o f G , t h e n R h a s , i n n a t r r r a l m a y a g r a d u a t i o n o f t y p e

Uig :  i f  C  =  s  H =  H6 is  an  e lenent  o f  G/ "  '  then  we pu t

r)ttc
, r ?n  

R  ch="? t  Hh"

0 l r v i o u s l Y r s =  @  I
C e f,/"

Bc,  and Rg Rgr  I  Rccr  for  anY c rc t  eG/n

(seepl )-  Ana,logouslyr i f  i {  = 
u?n 

**tR*gr '  v ' l ia can consio'er

on 1{ a grarl 'nation of t1'pe C'/n constnicbe d as above'

Now i f  Id R-modut has Krul l  ( resp.Sg:]13iel)  d inension then for

any ordinal d y' 0 there exist a largest submodule an3l) of ifi'

h .n ' ' r ing Knr l l  ( recp.Gabriel- )  d inrensi 'on Less then or equal  to d

-  r  1  -  f . -1  \(see  L5J  and Lb l  ) .

9c,igllary 2.?. Ler R = 

"g 

T?o. he a G-gradecl rilrgt G a

f i lr i te 8rcup. I,et sI € R-gr, and assurne t}rat iJ has a Kru].}

( resp.Gabriel)  d imension'  then for r lny ord' tnaL dV O' 7*(U) is

a gradeil subraodule of 1{,



Corqllglv ?rf:. let R = .9- ot
'  L e ? /  '

Iret M € R-gr and assu-qe that I'il has Krull

t l ren for any ordinal &7t C. Tn(n) is a

_ 1 9 _

PLo-q.!. By theo"u* 2.1 , Z^(*l) = ( Z*(lr) )g , and

therefore (m) is a gSnded su-trrnodule of i'rI,

be & W-irad.ed ring.

(  resp.Gabr ie l )  d imension

graded su:nod.ule of i'd.

n > l - ,  1 e t  % n =  ? '  /  n Q i

7 / .
L A

' fde cenote Ay( 7^(l , t ; ;S'n

which contain ] ,nt i l )  when

grad.u*tion of tYPe %n

= (7*Gi t ) )g ' t  fc r r  any n > Lby Coroll irry 2.2, t 've have Zt}r:)

tet now x € T*(l;,^\ r w€ can rvrite

*  =  x - s  +  * - ( * - t )  
*  * o n " " f x - " o  t ' { h e r e  * - g t o " t ) t " l r " r x t

axe the hornogeneous components of x in the init iai gr"ariuation

o f  i d l  i {  =  @  I t i i .  l T e  r e n a r k  t h a t  f o r  a n y  o 7  s + L t  x - s t ' l ' u * o t * '

l e z

also the homogeneous components of x if i ' l l  is

Z ;Erad.ed  uodu le"  S ince  in  th is  c rse  Z*  t i ' ' ;  =

Erog{: If n is a natural numbert

ancl eonsider R witl: a graduaticn of tylre

the snzLlest graded subnod.ule of ir ' ;

R and l '1 ceing considereci T lth the

c . .  r  X t ,  f e $ a i n

cons idered as  a

=  ( 7 * ( t , t 1  1 a ' n  ,  t h e n  x - s r . e  . ?  * t €  ( Z ^ ( l [ ) ) s t t  a n d  t h e r e f o r e

x_sr. . . rx* € T^ (v,) .  Thus Tnt l i t )  is  a gi 'aded, submoduLe of  i { .

tror to "gi-ve 
another appllcation we recall the ti"ef:-nit ion of the

, 'Ga,; ; r i ,e l  f i l t r : i , t ion" cn tbe caie€;ory r i -mod ( to sec t6 l  r  F: iS*3) '

Consicler the 1-ocaLizii:g s,rbcategories A* of R-niod and -bire

canonicalL functors 'Io( I R-rnoo -:-4 ll-nod iln d'ei'ined recursiv*'

. / L ) )
as fo l lowsl l '  3  

l t1  '  To = ideni ; i ty  functor  on R-nod '  r f  o<

is not a l ini t  ordinal ,  j^ru the snraLl-est local izing subcatege

containingn all R-modules til, such that 1.( -l(hi) trres finite lengti
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If l- is a Ltmit ordinaL Ao is the snallest locallzing subcate-J

sory containing \) Ah.
P l o  

t

r f  a module i i t | .Anfo,  sone & r  w€ recal l  that  we say tha.t  i , {

has 0abrleL dlmension and on this case OabrieL diruension of H,

G-dirn M, is the l-east sueh d .

$ ie denote b) '  F^ the Ga,br ie l  iopclogy associated to the

l-ocal iz ing subcate SorV l i  i ,€.

nit € '4"1

Corollarv t R = @l^ Ro- is a G-grad.ed
fe t '

ring v,ihere G is a finite groupe

I f  I e  L  then  ( r ) *e  r *  i . o .  F^  has  a  co f i na l  s ; r s te rn  o f

Left  grad.ed. ideals.

P r o o f .  S i n c e  I

4

I
F ,  =  1 I  l e f t  i d e a l  o fo ( t

I
I

11 I
I

tha2.4.  Assume

Y / e  h a v e  G . d i m  * /  
G ) *  

=

G . o i m  R / I l d  .  3 y  t h e o r e m  2 . 2

a n d  t h c r e f o r e  ( f  ) . - g  I :  .
6 6 { .

t F^- then

G., t inn R/,

2 . 4Renarl( .  1)  r f '  the grcLr.p G is in: f in i te the corcl lary

j -s not t r , :e.  rnd.eed we consir l .cr  the gr i ld.e: .  r ing cf  type zn
r_- __-r I

r,et R = K [Jr x-* J be a r,aurent po].ynornials ring where K is

f ie ld (aeg l '  = 1) wi ih the gracl ing

F I
Rr,  = 

i  "* t  la  ex for  any ne zJ

rt is obviously that i l  has tvro grailetl. ir lc.:. is { r } a.ra n.
L '

0n the other hand, R ls rro"lLh"rian l.rit lr the Krull- t l imension

K.cl ln R = 1 ( ] rence R has a.Lso ?abr ie l  r i inension an,J G.d. i ro R

Yrle observe tha.t i:r t i : ie case we hi:.-re

1 \ 2
I " 1  =  { I  i d e a i l  o f  H  I  G . d i n  R / T  I  1 1  =

, ' \ t r l
\ -  r  )  I=  1 I  idea l "  o f  R  I  K .d iu r  R/ ,  =  01  =  

1 I  idea l  o f  R  n / t
L " J \

has . the finite lengi;h.l
I

=  2 ) ,



:1$,

2 L -

rf  1c F1 t iren (r)e = 
loJ and j , t  is obviousr.v that l  r \4u.,.

\ t, l I

2 )  A s s u m e  t h a t R =  @  R i . i s a  f r * g r a d . e d r i n g a n c l M =  € )  M ,Le z 'L 
j-?"z "'i

is a gracled R-rsodule of f ini te su.pport i .e, supp(*:) = ] i  €n\
1 L '

n n  /  a \s r i  F  U  \ i s  a  f i n i t e  s e t .J \)

Tiren the asserbions froin lheorems 2.L and, z.z renain bolds for
a submoelule N of ii{.

rncieed there exi,st a naturaL n<imbre n 21 such that a nonuero7 -

homogeneous composants of DI remain homogeneous eonposants

of x{ w}ren consider M a*d fr. are co'sici_ered as grardec rings
of type Zn = Z/n 

Z

$
'8.
us
*

fi
.lix
tx
lh
lifl
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