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of  the cross-product

" ! ,  by Vic tor  Nis tor

Introduction

In Lt] o.Connes introduced the "cycl ic cohorc,ology groups"

of  an a lgebra A over  C.  Connes or ig ina l  mot ivat ion was the ex is tence

o f  a  pa i r i ng  w i th  K - theo ry  tu ] rLu ]  .  r t  i s  c fea r  now tha t  cyc l i c

homology has important, applications also to other branches of

mathematlcs such as r ing theory and topology.

The purpose of this paper is to study the cyclfc cohomology

o f  t he  (a lgeb ra i c )  c ross -p roduc t  A  X  G  o f  a  un i ta l  assoc ia t i ve

algebra A (over  a f ie ld  of  character is t ic  zero)  y_ i t t r  a  d iscrete

group G.  Our  in terest  in  th is  problem is  due to  the fact  that  i t

may give hints for the computation of, the K-theory groups of

cros 's  -product  c*-a lgebras .

, Good results are obtained when the group G is torsion free

and the class gh of the extension 0 -+V/,h ---+ Gh* Nh * 0 in

"2{ l i r ,  
,V)  6  k  is  n i lpotent .  ( i tere we have denoted by Gn, for  h  € c

the centra l izer  o f  h  = the largest  subgroup of  G conta in ing h in '

i ts  center) .  The cyc l ic  homology groups of  A X Grdenoted by
I

HC'+(A. i< G) ,decompose natura ly  as a d i rect  sum of  two subgroupso

cal ted " the homogeneous"  and " the inhomogeneous"  par ts  of  HC.*(A Xl  G) .

The homogeneous par t  can be obta ined f rom a spectra l  sequence

)
E:  ^  = H, ,  (GrHc^ (A)  )  convergent  to  HC^-^ (A X G) .  The inhomogeneous

Y r Y  f  Y  Y r - g

par t  van ishes  a f te r  inver t ing  S.  These resu l ts  were  ob ta ined in  the

t o p o l o g i c a l  s i t u a t i o n r f o r  G  = t r - r b y  N e s t  [ t t ]

* - l



For general  G but,  A = k and tr i r " ia l  act ionrthus for group r lngs,

the computation of the cyclic homology groups of A X G = :. I C I

i s  due to  Bursherea [ :  ]  
.

The free groups sat, isfy our consi t j .ons.  (See 
[ t ]  for  other

classes of  groups sat, isfy ing th is condi t ion")  In th is case our

resul ts are compat ib le wi th the resul ts of  Pimsner and Voiculescu
i - ' r i - - |

I1OJ, [ tzJ and suggests that  for  a large class of  groups the;t  -part

of  r fP(E X c) is obtained from a convergent spectral  sequenqe

with 
"3rn 

= Hp (c,K;op (A) )  .  Here * t f ,n denote the topological  K-theory

functors, see [rJ and [T-E is the completion of A X G with respect

to a sui table i*-rro"*.  Kasparov succeeded to prove this for  groups
r44'l .

having a "specia l  mani fo ld"  as c lass i fy ing =p.c%lWe expect  that

ou r  spec t raL  sequence  w i l l  g j - ve  more  i ns igh t  i n  Xasparov ' s  spec t ra l

sequence .  We a l so  men t lon  tha t  resu l t s  o f  P imsner  l t t l  a l so  sugges t

connectj.ons between the homology of G and the K-theory of the

c ross -p roduc t .  I f  G  ac t  on  a  t ree  X  [ rO ]  w i th  a  t ree  as  fundamen ta l

doma in r then  the  pe r iod i c  cyc l i c  cohomo logy  o f  A  X  G  sa t l s f i es  a

s i x  t e rm exac t  sequence  ana logous  to  P imsner rs  exac t  sequence t

s e e  t f i e o r e m  2 . 7 ,

o
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In th is sect ion we shal l  recal l  some def in i t ions and redul ts

to be used in the sequel ,  We also f ix  our notat ions.

l . I  Recal l  that  in  [ -Z l  Cor , r r " "  has def ined the not ion of
L I  ,

. cyglic gPiegg, in a category rVL. A cycli.c oblc! is a simplicial

ob jec t  (X inV 
0  in  J lwLth  an  ex t ra  s t ruc tu re  g iven by  an  ac t ion .

ot4+L on the n-th conponent, .  I f  we denote by tn+l  a dist inguished

genera.tor of  %n+t then the fol lowing ident i t ies must hold for  t ,

the face and the degeneracy operators dr:Xrr+Xn-l  ,  s i rXrr*Xn+l

0  <  i  (  n ;  the  s imp l ic ia l  lden t i t i . "  f ra  ]  :

(c3) tl = -1-

One can immediate ly  see that  a  cyc l ic  ob ject  is  a  contravar j -ant

functor  A-+r( r t  The expl ic i t  def in i t ion of  A is  g iven in  Iz ]  .
@

Th is  ag rees  w i th  Connes 'de f i n i t i on  s ince  A  i "  i somorph ic  to

P due to [  77 , lemma I .noP
/ \  

t J u E  l - -  
|  

'  
I  t l - c l r u r l c l  r  '

I .

( s r )  d rd j  =  d j _ rd i  - '  i  <  j

( s 2 )  
" i " j  

=  = i + r = i  1  < i

fn : - ld i  
i  <  j

( S 3 )  d i  s +  = {  t  i  =  j , i  =  j + I
'  

f i d i - r  
i 2 j + r

and the cycl ic ident, i t ies [ t l  t

(c r1 d,  t^ - . ,  ={€"ut - '  
r  (  i  - (  n

4  r ' r  
L  

d '  j - : =  o

f t r + z s i - r  t ( i ( n(cz1 sirn+r =lr i l ;  
";-" I  = o

L n + z  n
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L.2,  The main exampLe_ ls . the cycl tc ob ject  A{ associated

to a unital associat,ive algebra A over a commutative ring O [tl.

I t  I s  de f i ned  by  An  =  g@n+ l  (@ =  6 f . )  and

d , ( a g . r , . .  r E r )  =  
{  : " t r " '  

r . d i d i + l f  " '  r E t " )

L 
( " r ruO,  d I  ,  .  .  .  ,  a r ._1)

0 ( i

i = r l

0  < i

(  n - l

" i ( u 0 1 . . .  
r 4 r r )  =  ( a g r  " .  .  l E i r l r u i * 1 r  r  r  e  r d r r ) ( n

t n + I ( a 0 r . . .  r € t r )  =  ( a r r r a 0  t . . .  r a n - t )

( w e  h a v e  d e n o t e d  u 0 6 1 1 6 . . . @ a '  b y  ( a O r a r r r . . r r a r r ) ) .

The ident i t ies  S1-C3 are  ease ly  ver i f ied .

1 . 3 .  I f  X  =  ( x n ) n  
7  o  

i s  a  c y c l i c  o b j e c t  i n  a n  a b e l i a n

category i ts  Hochschi ld  and cyc l " ic  homolog 'y  are def ined as fo l lows.

. \  A l -g : t '?-'l

r , e t  3 r  O ' t X r , ^ * X n _ , ,  b e  g i v e n  b y A =  E  
( - r ) a d i  a n d a ' =  Z  ( - t ) a d i .

l = o  
-  

i = o
Then HH., . (X)  r the Hochschi ld  horuology of  Xr ls  the homology of  the

c o m p r e x  ( x n , a )  .  L e t  g =  r - ( - r ) n t r " r + r ,  N  =  > a , r - r ) t i t i + r .

Def ine then as in  [ l

f f : c r ,  ( x )  =  X j  ,  L , J  7

]  *d [tr] the ao'rutJcomprex

o 4 q
a

l a  J . -a '  f .a
t V V c Y N V

" lL 
czn, l  , * , t  . rn*r  ,3 (x)A czp+2,  j  (x)  <g

l a  l . - a '  l a
- N  n  v  . - : . € -  v  t u  {  - €

*  czp , j - r  (x )€czp+1,  j  - r  (x ) tczp+ 2  , i (x )  
+

l a  | - a '  l , a
The cyc l ic  homology of  Xrdenoted HCrs(X)  r is  the homotrogy of

the total complex rot I Ltl, Ltt]
Suppbse that  k  is  a  commutat ive r ing ande, l { is  the abel ian

category of  k-module i .  Tf  M is  an objbct  ing, . { r fwe shal l  denote by

M*  =  Hon \ .  (M .k )
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The Hochschild cohomol"ogy and cycl ic cohomoJ.ogy of a cycl ic

X in  . l lare def ined by uH*1x;  = the Hochschi ld  cohomologyob j ect,

o f X =

o f X =

HHn (Aq

ae*t

,f, A*, ; scf(x) = the cyclic cohomology
,*

the cohomology of  (xf  ,  D )  ;  Hc'o(x) =

the cohomotosy of rotC[o], ir l , lrul ..  We shal l  denote

1 .4 .  Conven t ion .  F rom now on k. wil l  denote a commutative

{ ie fa of  character is t ic  0  and a l l  cyc l ic  ob jects  wj - l l  be k-vector

s p a c e s .

t . 5 .  Fo r  a  sma l t  ca regoryEr "  sha t l  denore  by  k tE ]  rhe

f ree k-module generated by Hom(X) wi th  the obvious k-a lgebra

s t ruc tu re  (w i thou t  un i t  i n  genera l )  (ag )  (ug )  = (ab )  f og  i f  f og  makes

s e n s e ,  0  0 t h e r w i s e ,  f o r  a n y  a r b  Q  k ,  f  r g  Q  H o m ( | ) .  w e  d e n o t e r a s

usual - ,byA the s impl ic ia l  category [ , ]+J " "a  
recat t  rhat  AcA [ t l .

Recal l  a lso that  there ex is t  nat ,ura l  isomorphi -sms

, ge!0i- -

)  =  H H n ( A ) r . . . r H c n ( A ( )  i H c t ( e )  i f  a  i s  a s  j - n  L , z .

(x) . .  rorf  t^ l  (x,kk*),HCr(x) . r  ror l tn,  ,* ,k{*)
(x)  r /  nx t f  

[o ]  
( * ,kh) ,HCn(x]  g  rx t l ;n3 (x , r { ,  [ r_ l

HH
l l

HHN

natura l  t rans format ions  denoted  by  r :HHn(x) *>Hcn(x)  ,

-  :  Hcn(x )  - -z i tu t (x ) .  They  co inc i -de  w i th  the  t rans . fo rmat ions  ob ta i -ned

.  id .en t i f y ing  the  f i rs t  co loumn o f  8  w i th  {x r r ,E) ,

Hc' ' ' f (k)  = n*t f ;nU {Lb,tq1 is a r lng isomorphic ro kfcr l  ,

The morphism k[A]+ r[nJ gives, usin-g the above isomorphisms,

the'pol inomial  r ing ln a generator of  degree ,  l r7,
We shal l  denote by S:HCr,  (x)  - -?Hcrr_Z (x)  (ncn (x)  *+ Hcn+2

+ h a  n r n . i " ^ !  l ^ rr r re  prec lucc py cr  us ing the wel l  knoln pai r ing to l^ .S Extx- ' ; '

and Ext 'F6 nxf  . -9 ,nxf  
[ rn ] .  

( f t re  second pai r ing is  the yoneda

( x )  )
T n r-  - - ' f t

product . )
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I . .U .  S  may be  ob ta ined, f rom the  per iod ic t ty  o f  the  b icomplex

B and it f i ts into a Gysin type exact sequence due to Connes [Ul t
w

( see  a tso  [ t ] , [ t ] ,  L t r ]  )  .

I f  XrY are f i t tered. modules 
#o*n," 

= 
Pro"n,

*HHrr tx l -J*  I {cn (x)*€+ HCn-2 (x)  9e HHn-t  (x) - - - - }

<-HHn (x lc l -  Hcn (x)aL -s.n-z 1;1 J*HHt- l  (x)

L,7,  We shal l  need also the fol lowing lemma of homological
^  n  , u e

algebra ,4!'%s the analoflof the cartan-Leray spectral sequence
phcpte.tt ,

relating the homorogy of x/c to the homology of 'X t"ts?ffi G space.

Xt C Xk*t ,  Yk C Yk*t  and f  :X ->Y is  a morphism of  f i l t ,ered modules

( f  (xn)  c  Yn)  r then we sha1 l  denote  by  f - i  =  
9 . ' t " , fn :Xn+t  

/xn-+Yn+t /Yn

We shal l  ca l l  l - f  the graded mqrphism associated to  f  ,

lggsg Let M = (Mnrd)n> 
0 b.  a complex and G a group operat j -ng

on the r ight  on M such that each M' is a f lat  G-module o I - f  M/G

d.enotes the complex (M.rEc Y,,d 8)L) then there exists a homology

spec t ra l  sequence w i th  
"3 rn  

=  Hp(c f  Hq(M)  )  cc invergent  to  np*q(M/G) .

I f  N  =  (Nn 'd )  
n  7 .  O  i s  an  o the r  such  comp lex  and

f :M .?N i s  a  morph ism o f  comp lexes rcommut ing  w i th  the  ac t i on  o f  G '

then f  def ines a morphj -sm of  spectra l  seguences such that  nn lnt f l

i s  t h e  g r a d e d  o p e r a t o r  a s s o c i a t e d  t o  
" p * q ( f ) : H p + q ( M / c )  

*  n p * q ( N / G ) .

A s lmi lar  resul t  ho lds for  cohomology"

A proof is s iven in l rJ .

l .  8,  For l -ater use denote bV Fr,  
(c)  the f  reef , i " -module

genera ted  by  symbof "  
fO '  t . . .  tg r r l  w i th  g i  G c .

L e t  d ,  f  n o ,  . .  . , e ' l  =  [ n 0 , . . . , e .  |  . .  . , s , r l r " i l g o , . . , s n l = [ n o , . . . , e i f r .  . ,

t , ' . t 9 " 1  ' P r r " )  i s  a  f r e e  l e f t  G - m o d u l e  i f  w e  l e t



r

( r l - r '
n lno r . . . rg , r J  =  

Lnno t . . . ' nn "J .  ,P "J (c ) ra )  l s  the  s tandard  reso lu t i on

of the trivial G-module Z Lt|J' , we have adopted the convention that
.1 - .  , ' : .

9i  means that ,  g i  1g omi t ted.  )  p .  ,  (C)  has an obvious act ion of
-  l  r .J

V z  +  I - ^  ^ ' l  - f -  
- l  

- - r - i - -  e  r A \  -  - ^ r - r i iU" \ ,  ,  t n+ t  
Lno ' . . . r 9 r r J  

=  
L  n r r ,  So , . . . r 9 r r - t  l  

mak ing  p - t e l  a  r i gh t
,  r . . r  L  "  "  "  : l  I  7 r
k LAJ module.
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In th is sect ion we compute the homogeneous part  of  the cycl ic

homology of the cross-product and give a simple proof for the

ni lpotency of  s on the inhomogeneous partsrunder the hypothesis

that the normal iser has f in i te homorogical  d j -mension over k.

2 .1 .  Le t  A  be  a  un i ta l  assoc ia t i ve  a lgebra  over  a  f ie ld  k

of  character ist ic 0.  Suppose that we are given a discrete gro'up G

act ing on A by unj . t  preserving automorphi-sms ( :G .->Aut(A).

we sha l l  denote  by  e  =  AX G =  the  a lgebra ic  c ross-produc t  o f  A  by  G-

f t  consits of f inite sums Z.n un and (aun) (burr) = . Urtnl j"nn

f o r  a n y  a r b  G  A r g r h  € C .

2 . 2 .  I f  h  Q  G ,  d e n o t e  b y  G h  =  
l g  € :  G , g h  -  h g l  =  t h e  c e n t r a l i s e r

of  h in  G and G6/Zh = Nh = the normal isep of  h .  Let  (e)denote the

se t  o f  con jugacy  c lasses  o f  G .  .

2 . 3 .  r f  x  €  G  ,  d e f i n e  L ( A r G r x )  b y  L ( A r G r x ) n  =  t h e

k - s ' u b m o d . u l e  o f  B r ,  g e n e r a t e d  b y  t h o s e  t r o r . ,  t . . . , a n r g 0 r 9 1 ,  . .  r g r r )

2 ,

. s - u c h  t h a t  g O g t . . . 9 r ,  €  r ( .  H e r e  ( a O r a ,  | . . . , a n r 9 0  t g 1 r . . .  r g n )  . S f e n l , A  
{ O ,

.  aougo 6 aruvr@ "  '@anugn'

Ler runa L(ArGrx)  i s  a  r [A l  submodu le  o f  ehand ghy(E r , (A ,Grx) .
x€<G>

Proo f ,  Obv ious ,

We obtain the fol lowing theorem:
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2 . 4 ,  T h e o r e m  H C r c ( B ) , : /  
Q _ , n a * ( L ( A r G r x ) )  r-r x <c)

H c * ( s l  o  T [  * . * ( L ( A , G , x )  ) ,
xe(c)

Proof .  Obvious.

I  rne=nart corresponding to x = {e } wi l l  be calIed , , , the homogeneous'.-- *-) L J

part" ,  the oLher part  wi l l  be cal led " the inhomogeneous part" .

2 .5 .  F ix  xc (c )  and h  6  x .  .  we de f ine  now uo" i *p tv  connected

cover ing"  o f  L (ArGrx) ,cor respond ing  to  the  cover ing  EG - ->  BG.

For  A  =  k  and x  =  
{ " }  ia  * .s  due to  Karoubt  

[ ro ] .  ro r  A  =  k  and

general  x i t ,  is  .an "algebraic" al ternat, ive to the topological

reason ing  used by  Burghe lea  [ t ] .
I\, N

f , e t  f , ( A r c r h )  b e  d e f i n e d  U y  T ( a r G r h ) n  =  B @ t , * I  .

The  cove r ing  p : f l (A rGrh ) . : )  L (A rGrx )  j - s  de f i ned  on  genera to rs  by

P ( a o , . . . r 9 r r )  =  t x f  t . o ) , o n o t ( a r ) , . . . , 4 ; _ r . ( r r r ) , n r r 1  6 9 0 , n J n r , . . , s l 1 r v , r )

Def ine  o r  f l ( a rGrh )  t he  ope ra to rs  d0  r "0  rTn+ I  by

d O  ( a O 7 . . . 1 g r r )  =  ( a g o / n ( a 1 )  r  d 2 , , . .  r & n r g 1 r . , .  r 9 r )

s O ( a O r . . .  r 9 r r )  =  ( a O r 1 , d L r . . .  r d r r r g g r g g  r g 1 r . . .  r g n )

i  T r r + r  ( a 6 r . . ,  r g r r )  =  t a r r r c { f r  ( a g )  r u r r . . ,  r & n _ 1 r h  t n r r r n o  
t . , . , g n _ r )

'  Def ine also a r ight  act ion of  Gn by

9 ( a 0 r . . . , 9 n )  = , ,  o ; ( a o ) , . . .  r  r ( ; ( a r r ) , n - t n o  t . . .  t o - r s r r )

L (ArGrh)  becomes a  f ree  Gh modu le .
;Let d, = r f  d0 r* i ,  ,  s i  = * i* ,  "0 r" i ,  ,  t  (  i {  n.
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The expllcit formulae -are

d t  ( a O 1 . . . 7 g r r )  =  ( a 0 r . . .  r a i " i + t  , . . .  t g p r g g r r 9 i r  .

b )  t l = n ,

' ' 9 n ) r { i ( ,  n- l

=  S 1 9 r 9 T '

=  s1P ' rPT '

=  T n 9 r

= trrP I

g i v e  a n  t s o m o r p h i s m ' i l ( A , c  , h )  / G , - + L ( e r c r x )  . .
t\

tha t  f , (a ,Gre)  j . s  a  r igh t

L ( A r c r e ) n  =  A r ,  @ p -  ( c )
r r  I  r  r . - - ,

are those comming from

c )

d )

e )

with
) 'Eci ,e

which

Theorem There ex is t  homotogy (cohomology)  spectra l  sequences
, .

E - ( E r ) - t e r m s  g i v e n  b y  E u j  _  =  H l . ( G r H H ^ ( A )  ) ,. z '  
P r Q  f  q ' - " r

= * f  ( c ,Hcq  (A )  )  . nH ! '9  =  HP (c .usq  (A )  )  ,  Ec t ' q  =  HP (c rgcq  (A )  )  r

converge to  
" " f { "  

(A ,  G,1eJ  )  ) ,

( i , e .  g i  i s  o m i t t e d r s e e  a l s o  1 . 8 , )

d r r ( a O r . . .  r g n )  =  ( ? r r u O  t . . .  t a n - I  r g g r . . .  r g r r - 1 )

" i ( u O  
2 . . .  r g n )  =  ( a 6 r . . .  r d i . l r a i + l  , . r .  r a n r 9 0  r . . .  r 9 i r g 1  , . " .  r g r r )

One eas i l y  ver i f ies

Lemma a )  f he  ope ra to r "  d i r s i rTn  sa t l s f y  (S t )  t o  (C21 ,

g d i  =  d i g r g s i

Pd i  =  d iP  rPs i

p factors to

2 .6 .  The  p rev j .ous  d i scuss ion  shows

k[A]  module.  (e  is  t f r "  un i t  o f  G) .  Moreover

and the facerdegeneracy and cyc l ic  act ions

factors.  This  g ives the fo l lowing

"aF?,"  
(A,  G, [  .3  )  ) ,HHP' t r ,  (ArG,{  e l  ) ,HC?r ,  (ArG, !  e i  )  )  . ru-a, :a<t ; "<t6
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The morphismsl and S {ef ine morphisms Ef -  ( I )  :Egr --> Eer

a n d  E r  f s r : t r r ' f  -  - - s  E C f  

-  p r Q '  ' - - - - P r Q  -  - - p ' q

-  - p r g  * - r  - - - p r g  *  
" a | r n - ,  

r  =  0 r  r r . . .  ,  c o

s u c h  t h a t  E  @  ( I )  a n d  R  r c  f s )  r r. - - - -  -p re  . -  /  j nq  op rq  ( "  )  a re  the  g raded  ope ra to rs  de f i ned  by  I

and  s  o f  t he  connes r  exac t  sequence  o f  L (A rGr te ] ) .  A  s im i l a r

statement holds for the cohomology.

Proof .  Everyth ing wi l l  fo l low f rom lemma L.7.  appl ied to

L ( A r G r e ) n  g i v e s  G - j - s o m o r p h i s m s  H H r i ( A )  *  H H r c t t t a r G r e )  )  r , . .  r H c * ( A )  * +

H C ^  ( L ( A , G r e ) ) .  
h o o n o t o p y

consider the fol lowinlto'nmrutative diagram: *

^ l  -  t  
, L ( A , G , e ) n

\v /,\  / r\ _  v
@ A+ @ l l *  ( c )

i + j = n  
r  t  J

Here f  is  the Alexander-Whitney morphism 
[" tn l  and

t , u 0 7 . . .  r d r r )  =  ( a s , . . .  r d , . )  e  f . ]  €  o l Q 4 p o r " )

The  augmen ta t i on  t  t  
P  o (G \  

-+ 'Z -  ,E [g ]  =  I  g i ves  an  i somorph ism

Hg(p* (c ) ) yZ  , . t he  o the r  homo logy  g roups  van ish .  r t  i s  easy  to  see

that {, irrdrr"." i-n homorogy the product with the generator of
| - J J l - - - s \ . v V v r r v J

H0(&(c t r )  andrs i -nce  k  j -s  a  f ie ld .  g ives  an  lsomorph ism in

homotogy  
[ tn l  .  s ince  t  g ives  a  quas i i somorph j - " *  

f ra ]  
( i .e .  an

lsomorph ism in  homology  ) ,  i t  fo l lows tha t  
F  

tu  a rso  a

quasi isomorphism. This quasi isomorphism commutes with the act ion

o f  G  s i n c e  t h e  c l a s s  o f  ( a 6 r . . . r a n  r g g r . . . r g n )  l n  H H ^ - ( i ( A . G r e ) )

d e p e n d s  o n l y  o n  ( a 0  r . . .  , r r ) .

(L (A, c re )  ,  E) or Lo g(t  (A,  G re )  )  provided that we prove that
h + t

9 r A ' - +  t J ( A r G r e )  A e f i n e d  b y  A r ,  ?  ( A g  r . . .  r & r r )  - _ * "  1 u 0  r . . .  r a n  1 e  1 , , .  r e )  G
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This j -s  enough to conclude that ,  HCn(cp)  is  an lsomorphism

si-ncerdue to the spectra l  sequence of  Loday and 0ui11en re lat ing

HH* to  Hc/ .  
l t t l  r  any morphism of  cyc l ic  modules which g ives

isomorphism for  HH* g ives isomorphism also for  HC-4.

unforrunarfelv rhis gives no 
e:.:#r:,:r;?:"tr 

abour

HC". (gi)g gHC *(gr)  ,  1t  g ives only 
--" ' - ' * - '  

i tS- gi iaded operator' 4 . l  
I

However  th is  argument  suf f ices to  show that

i.r
j n : k f i  3  1 - - - > ( g , g t . . . t g ) € P  n ( c )  g i v e  i s o m o r p h i s m s  i n d e p e n d e n t

of g g G. Observe that we have to prove that
h  -  r u  ' .

T g r A ;  
>  ( a 0 r , . . r d r r )  - + ( a g , . . .  r a i l , g t . . . , g )  €  t n ( A r G r e )  s a t i s f i e s

HCx(Pg)  =  HCru( f l ) .  We sha l l  use  here  a  theorem o f

Theorem 2 .4 ,Denote  by  f l  tne  co tensor  p roduc t  over

HC)6(k) = tc[u]  wi th commult ip l icat ion u-+ u E 1 +

with induced

isomorphism

o .-* cotorft"l

(Cotor ,  is  the f i rs t  der j -ved functor  o f  E l )  see a lso [n ]  ,

we i :se th is  exact  sequence , for  Ak,ah,kk,  o l  =  AX *D o l  anr l

f  (o ,G ,e ) , i t ,  Po (c ) :  
' t ( a , c ,e )n  =  A l@ Fn(c ) .  

rn  fac r  we  n r , ; * x t | ;  L r , su

i t s  na tu ra l i t y  fo r  ( i d ,  j n ) :  (eh .ah )  * * (oo ,  
& (c )  ) .  we  ob ta in rs ince

HCi+( jg)  does not  depend on g and the Cotor-group vanishesr that  a lso

t '  \  Hcs(fs) = id O 
"kl i*]_,uo"" 

not depend on s.

For cohornology wA- i*  
-un iversal  

coef ic ient  t ,heorem.

Denote ny Mfr the complex (Mf,)r, =

r " lg . 1 1 4 s s e 1  1 1 2 1 ,
L  ) t

the coalgebra

r € ) L1 . K a s s e l /  s

"r, 
E t.,

na tu ra l

theorem shows that  i f  X,Y,Z are cyc l ic  modules and X'

d iagonal  k  [A]  s t ructure then there ex is ts  a

(HC. -  (Y)  ,HCx - r (z )  )  . - r  HC^(x)  - ->HC*(y )  [ f  HC4 (  z )  *2  0

2 .7 .  Le t  us  tu rn  now to  the  case h  t a

f . \  n J - ' l

a r + r  " ' '  w i t h  d i f  f e r e n t i a l

a  =  a ' o - d t * . , . + ( - r ) n d n ,  d 6 ( . 0 r . . .  r a r r )  =  ( u o % ( a r ) ,  a 2 , . . .  r % ) .
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one can prove as  ln  theorem 2 ,6 ,  tha t  HH$( f l (ArG:h) )q*x (Mr , ) .

r f  h  ac ts  t r i v ia r  one canproceed fu r ther  as  i -n  theorem 2 ,6 ,
' n .

r t  seemsr in  genera l ,  tha t  there  is  no  connect ion  be tween Hc. * t f l ta ,Grh) )
atnd l€*(A)"However  one has ' the fo l lowing 1emrna.

L e m m a .  T h e  i n c l u s i o n  L ( A r c " , l h ( )  _ + L ( A r G r x )  i n d u c e s
L L  

"  !

isomorphisms for both Hochschi ld and cycl ic homology.

)

Pro?.{ .  we observe f i rst  that  there exists an inclusion
.+)

L ( A r G h r h ) ' - + r , ( A r G r h )  w h i c h  i n d u c e s  i s o m o r : p h i s m  o n  H o c h s c h i l d

homology  s ince  HH*( r - , (ArGhrh)  )  : : *  H* ( *h)  = j  HHx. t ' i l ta rGrh) ) .  Then ,
'  u s i n g  l e m m a  r . 7 .  w e  o b t a j - n  t h a t  H r I t ' ( L ( A r G h , l h j  )  )  . 3  H H . x ( L ( A , G , x )  )  .

The other  j -somorphj -sms fo l low f rom the spectra l  sequence connect ing

Hochsch i l d  t o  cyc l i c  homo losv  
[ r s ]  

and  f rom the  un i ve rsa l  coe f i c i en t

theorem.

Suppose that  G acts  on a t ree X wi thout  invers ion such that

i t  has a t ree as fundamenta l  domain 
[ ro ] .  

Let  y  = 
G\x.  

Denote by

Gn and G,  the s tabi l isers of  the ver tex p G x0 and of  the edge

y  G  x l ,  r d e n t i f y  y  w i t h  a  s u b t r e e  o f  x  
[ z o ] .  T h e n  t h e r e  e x i s r s  a

s i x - te rm exac t  sequencg  connec t i ng  the  pe r iod i c  cyc l i c  cohomo- iogy

or B , denoreu nn.iE ,#':l 'y#l$lrr.ur. cyclic cohomorosy or
a >( Gp and A >{ 

% 
with n C IO ry € yl. Our notations are taken from 

[iO-l

Theorem a)  There ex ls ts  an exact  sequence

O pHceven (A x cy) . l Spscutu* (a x cp) 4--pncevur (a x c)
y e Y r + l  p c y o  Y  

f
+ c l

pHcodd(A >("c,-"nponrrcodd(A xi 
"n,5"g*i".ouu(A 

x cy)



L 4

b) There exists a subgroup e' q Hcr, (A >d c) such that

yo HCr,  (A X Gp)*> err*

G)  .  (He re  y t+  i s  t he  se t

G p * A , > 4  G  t

i f  P  =  0 ( y )  a s in  
[zo]

9u Cn" (A' G' x)

( M n ,  d )  i s  a s

Qn + ker s = HCn (A x G).rs0nG Qn-z and'  an exact sequence

ri\
$ Qr,+r*rp* r+ HCr, (A X Gy)"-> p

A dual  s tatement  holds for  HCn (a

o f  pos i t i ve  o r i en ted  a r rows  o f  y ) .

The morphisms are induced o,o4?".rusiorf,-a N

A X Gy- . )  A X G" i f  p  = t (y)  and by the opposi te

0
e

X

Proo f .  Le t  h  G  c . suppose  tha t  Gn  con ta ins .  no  con juga te  o f  an

e i l emen t  i n  Gnrp  G  yo . rhen  Gn  ac ts  f ree  on  X  and  hence  i s  a  f ree

group 
Fol .s ince h is  cenrrar  *  e  in  ch i t  fo t tows rhar  GnyZ

f t  f o l l o w s  t h a t  L ( A r G . , ( h ) )  e  k e r  S  ( l e m m a  2 . g . ) . < D  s t a n d s  f o r  t h e

con jugacy  c lass  o f  h  in  G.

r f  ggpg- l  c Gn,-and 9p G Gp i t  fo l rows that gn commutes with

g - r r , g  a n d  h e n c e  g - l h g  €  G p  t f z o l  , 4 . 5 .  t h e o r e m  9 ) . r n i - s  s h o w s  t h a t

we may suppose r t  G Gp.Let yh be the subtre 'e consist ing of  those

P G Y 0  a n d y G  Y l  s u c h  t h a t  h G G p  a n d  h € " O . T h e n  * " , h  =  r c r ) , n / Z t ^

and NOrh = rcy)h/2ft,define a graph of groups and Nn = 
"n/Zl" 

i"

easely seen to be isomorphic to the fundamental  group of  th is

sraph [ ro ] .

Define Qr, = 
*

C la im  I f  M  = in lemma I .7  .  then there ex is ts

an exact  seguence

Hn+r @/G) *rP"t* H' uq/Gy' *np"o lln w/Gi '** un (prlc) --i

Proof  of  the c la im:  The t ree X has an obvious s impl ic ia l

s t ruc ture : i t  i s  a  CI ' {  complex  o f  d imens ion  l . I t s  homology  is  computed

as  the  homology  o f  the  comptex  0  * rCtX)  - -1c0* l  ->  0"c l (x )  i s  rhe

free abel ian group on xl+ ana c0 (x)  is  i l re f ree abel ian
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n
group on x" .  The t ree is  acyc l ic  and hence we obta in an exact

sequence

o *+ cr (x) .3, co (x) -+'Z -:r o

s ince each M_ is  pro jec l ive as G-module we obta in an exactn

seguence of  complexes:

0 -+ M QO^cl  (x)  *+ M @^ c0 (x)  + M c3^ Z-+0
L r ( : - G

The lemma is nothi-ng but the long homorogy exact seguence

of  th is  shor t  exact  sequence of  complexes

'End  o f  t he  p roo f  o f  t he  th .eo rem:  Le t  h  €  
"o .  

The  i nc lus ion

L (ArGprh )  g  L (A rGrh )  g i ves  i somorph ism fo r  Hochsch i - l d  homo logy  as

fo l l ows  f rom the  d i scuss ion  i n  t he  beg inn ing  o f  t h i s  sec t i on .

r t  f o l l ows  tha t  t he  i nc lus ion  o f  cyc l i c  ob jec ts

L (A '  cn 'Yr) /6  
h-+ 

L (A,  G ,hY 6 n 
-aIso 

g ives isomorphism for  Hochschi t -d

homology and hence a lso for  cyc l ic  homology (use the spectra1

sequence re lat ing i lc .d to FIH*) .Using the same argument  i t  fo l lovrs

Lha t  L  (A ,Gp ,  (h , \  )  . :  ( "  (A ,Gp  ,h ) iZp /wp&* ( " (a , c  ,h ) /Z { " / *n  
,n  

e i ves
'  isomorphism for  cyc l ic  homology.Then use the c la im for  Nn act ing on

-  
,  o f  L  (A ,c ,h ) l  pond . i ng  l ong  exac tZ ,  t he  Conne lcome lex  o f  L  (A ,c ,h ) f  

n .The  i o r res

sequences  fo r  a l l  x  G(C)  con ta in ing  a t  i eas t  one  h  G  Gp  fo r  some

:  P G x0 bui ld  up the exact  sequence of  the theoremrpar t  br in  v iew of

'  the preceding isomorphisms.

Par t  a)  fo l lows f rom par t  b)  us ing the exactness o6 l im.

2 .B .As  an t i c j -pa ted  i n  t he  p roo f  o f  t heo rem 2 .7 .  i t  may  happen

t h a t  S  i s  n i l p o t e n t  o n  c e r t a j - n  c o r n p o n e n t s  H C { - ( L ( A , G r x )  ) r x  G ( C } ,

The next  sect ion conta ins a more deta i led analys is  of  th is  phenomenor

Here we content  ourselves to  g ive a shor t  proof  to  a par t icu l .ar

case  o f  t heo rem 3 .
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Proposi t ion Suppose that h € x is

Nh has f in i t ,e homological  d imension over
I I

o f  t he  Connes  exac t  sequence  o f  L (A rc rx )
qt*'{A +q (. it'l +^cl, 6tt S h - .f ) ,

'  L e m m a  t f  G  = 2 ,  h =  I  t h e n  S  =  0 .

torsion free and that

k.  Then the S operator

is ni lpotent ( d- e '#,.e,*n

Hcre(L  (A , 'Z ,  t r1  )  )  .

r i ' i  a n r : m

Proof of the lemma Consider the bicomplex

The homology of the tot,al complex is

fol lows that there exists a commutat ive

/' a)
H H n  ( L  ( A  , 4  t )  )

-? ' , -  -b '  -a '
<-Ll ro,u.r  r )n+ 

" ,1,  
"Z , r ) r . f f

l t -  t - t )nrn+r J, r -  ( - r ) t * ' t r , * ,
r t r l  r ' r  Y

. ! i  t 'e ,z^ , ,  )#g ? to ,v ,  1  ) , r f

I I

H H n  ( L  ( A , 7 2 , t 1 1  )  )

\n
T \- : - -+Hcn (L (A,T*1[r l  )  )

q being obta ined by ident i fy ing th6 Hochschi ld  complex of
11)

L(A tZ ' t I )  w i th  the  bo t tom l i ne  o f  t he  p rev ious  b i comp lex ,  r t  f o l l ows

that  q  is  an isomorphlsm s j -nce the top l ine is  acyc l ic .  This  shows

that ,  I  is  onto and hence S vanishes

Proof  o f  the  propos i t ion .  As  in  lemma 2 .7 . I

L (Af r , l )  -+  L  (Ar  
" ,nyz . r .  

induces  isomorph isms in  bo th  Hochsch i rd

and cyc l i c  homology .  Th is  shows tha t  s  =  Q on HCo(L(a ,c ,hyza) .

Note  tha t  f (o ,  G,h) / r , .1 , i s  $ndeed a  cyc l i c  ob- jec t .  s ince
lv

L  ( A , G , x )  3  ( L ( A r G , h ) / a i l / N ,  i t  f o l l o w s  f r o m  l e m m a  L . 7 .

tha t  Hcv (L (A rG 'x )  )  has  a  t i t t r a t i on  - such  tha t  t he  g raded  ope : :a to r'^ t+
of s vanishes. The length of  th is f f f iat ion is at  most the

t

homologica l  d imension of  Nn over  k  and hence S is  n i lpotent .
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In th is  sect ion we make

a c t i o n  o f  S  o n  H C . , ( L ( A , G  , x )  )
7T

a more deta l ia te d lscuss ion of  the

for  h  Q x tors ion f ree.  f t  fo l lows

that  HcJr(L(ArGrx) )  is  a moduLe over H* {wnrt)  and we ident i fy the

act ion of  S as the mult , ip l icat ion by the c lass of

o+z,h  -+  Gn- ->Nn+ o  in  u2  (xnr t  ) .

3.1.  Def ine the category A X Cn

category having (Pn (c) )ner,v as obJects

compos i t ions  o f  d r rs i rT l  and g  (g  G Gf r )

Note that A X Cn contains the category

(n  X Gn) r ,  =Pn(c)oPP=ahe n- th  ob jecr  o f

automorphisms of (n X Gfr)r, i s  generated

commutat ivedetermined by the fo l lowinq

to be the opposi te  of  the

and as morphisms aI l

o f  2 . 5  f o r  A  =  k .

A xcrr. t f  wle denote by

n K Gh then the group of

by Tn+l and Gn and ls

d iag ram w i th  exac t  r6ws :

v -*2 e -, Gh .+ Nn---+ 0

l - , ,  I  \
l n + r  I  \
,lr V *\

0 -> Z- *->aut hXGh ) j'+ wn+ o

Z

J
f t  fol lows form the definit ion oy /\ , :4 ch and

that every morphism 
f 

tn A X cn 
"",r/tr"'. 

unique i.:y:wr
\--*-/

with 
?oeA andf  ,€  Aut(AXGr, ) r ,  for  some n.

I t  i s  obv icus  fo rm the  de f in j - t ion  tha t , ' i (a rGrh)  has  a  r igh t
- f  -  1
kLA X a i ,J- " t ructure.

3.2 .  Observe  tha t  there  ex is ts  a  func tor  AXGfr  + {

d e f i n e d  b y  ( A r q c h ) n - - " A r r , d r . - * + d i ,  s i  j " i ,  T n . - - > t n  a n d  G n * + 1 .

rhis s ives a morphism of k-alsebras U[n n o,r l*  O[Al  .

.P

['J,
i t ten

lemma 2,

^'Y oY,

t t r , , i (  LUq t \
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Let M be a k[A X ch] module, using the above morphism we

define a transformation of funcrors ,or lF X cft ]  (u,kh*) -  >

,or{HEJ w/c. ,khn) -+ ro{fal  (V".,utT. we denote by f0 rhis
r +  / G h  4  

' / G h '

is .  kLAl module.composition. Not,e LhaL Mr/",

) F h ' ' r I
f ,:nxt[r.n, ,*"n,k" ) -* *"{.

b

F n 
"nl 

(M,k) is deflned simi l.atfLv -

temma Suppose that M is a right t lttX Cnl module which is

pro ject ive as Gn moduler then f 'and f t  are isomorphisms.

Proof .  The genera l  s t ra tegy for  prov ing th is  is  that  used fo :

prooving the uniqueness of  the der ived functors.  We show that  :

a)  fO and f I  are isomorphisms for  TorO and Exto;

b )  t he  func to rs  sa t i s f y  l ong ( "o ) - f t o *o logy  exac t  sequences ;

c)  fO and f r  commute wi th  the connect ing morphj -sms of

these  exac t  sequences ;

d)  the  ca tegory  o f  r igh t  
$Xcn]  

modu les ,pro jec t i ve  as

Gn modu les rcon ta ins  the  ke rne l  o f  each  ep imorph ism;

-  . . -  e )  fO and f t  a re  i somorph isms fo r  f ree  Of i tcn l  modu les .

With th is  in  mind everyth ing is  s imple.a)  is  an obvious cqmputat ion,

b )  and  c )  f o l l ow  f rom de f i n i t i on  , t he  p rop r ie t i es  o f  To r rEx t  and

o f  t he  func to r  o f  chang ing  the  r i ng  
[ r { .  

a l  j - s  a  consequence  o f

the pro ject iv i ty .  k fn  n"n) / "n-  r [n ]  as ofn]  r iqht  modules.

f t  fo l lows that  for  M a f ree kfx cn] modut",*/"n is a free k R]

module and hence both groups are 0 for  *> 0,  This  proves e)  ant {

concludes the proof ,
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3 .  3 . Let us contempl-ate the followlng commutative diagrams

(denote 
So.n] 

by R, t[n] by Ro)

rorfi {u,:. E*1 6

rorRo (*/"n,C

n"tf;
- l

fo *E

nxtR
"0

fux
(t<

( - '

V *
( t < '

h't
, k '  ) . - + t o r

) -+ rorfiLniy"n,ov\

p

r1-p i
x

I

h

0

, k

f

( M

thrt
, k

nxtf;(M,kh ) S nxtfl uJ ,*.h) --+ Exrmln t*,oh I

\ t r e '  ,  I  t t ,
u*tilo,ryi,,.i bu*rflo cf,fl *2nxtmf,p' {v7on,uq )

Here M is  a r ight  R module pro ject ive as Gn-modure and

(  ' .  
"***O* 

Ext* t="a. f ined using R * R0.

rr fol lows thar rotl f  -,ohf nu" a right 
"*rl(kh-,k

structure and that the act ion of  s is obtained via the

mult ip l icat ion wi th the image of  Vc kcc-)H .  , "

. -  k ;<  h r  hx  l r t  h*  
- l r *

e x t R '  ( k '  , k  
' )  

+  
" * a * O  

( k '  . k  
' ' )  

- . > E x t R ( k '  , k  
' )  ( w e  u s e d  t h e

Rop nfrne since A is isomorphic to nopp Lr}, lemma t).

The  same i s  t rue  o f  Ex t .

^ . p  . 3 . 4 .  
W e  a r e  l e f t  w i t h  t h e  d e t e r m i n a t i o n  o f  E x t * ( t  

h r t  h )

urrai'i'ir. morphism ,*a*o iLh , th ) -> Ext* tth ,th 1

I t  i s  we l l  known  tha t

"*4(:.h,r.h 
) sr H*(e (Axch) ,k) ::z Hr(s (Axcn)opp , k) e nxt*(khT oh{

[ t r ] .  Here  we have denoted  by  e(nxcn)  tne  c rass i fy ing  space o- f

the smal l  catesoryAXcn [ r ] ,  see a lso f  rn l  .

Consider  the fo l lowing commutat ive d iagram of  categor ies and

functors

! *
) - module

fac t  t ha t



2A - t

€A

"  L f

fo

B(A{Gh)  :  BAxBGh =  BGh.AxGh. -Nh is  de f ined us ing  the  morph ism

Gh. - )  Nh.  
- f  

i "  g i -ven  by  
9( (nxch)n)  

=  - f t  1 ' the  un iQue ob jec t  o f  N6 l

f € Hom( (Axcn),r.n {ANcr,)*) write V 
=Vofr *itr, g, e Aur (/u(Gh)n,

and let 
f  

(P ='n-(f l) .

3 . 5 ,  L e m m a
f  

g ives a homotopy equivalence B(^XGn).--*  BNf, .

Proo f .  Reca l l def in i t ion of  the category.X\f  .

n €  i V ,  t  e  N h .  A  m o r p h i s m  ( n , t )  * * >  ( m r s )
[ ' r ]  rhe

( n ,  t )  ,

such that  
f  

f<11t  = s .  Accord inq

to  show that* f \p  j -s  contract ib le
J

b y  j ( n n b n  =  ( n r e ) ,  J ( g )  = ?

j  i - s  de f ined by  j * ( r r , t )  =  (An4)n i

Le tE :  ob (oeY)  - *  au t ( ,4xcn )  sa r i s f y ing  -L (n , r )  e  Au t f i xch )n ,
' i i - f t ( n , e ) )  =  e .  T h e n  i " t , p l  =  . e ( m , " ) - r f , ' r . t n , t )  f o r  a n y  

f  
,  ( n , t )  . * +  ( m , s ) .

I t " fo l lows that j  is  a homotopy equivalence 
[ tn]

Bqr tZ)  i s  connected  s ince  Hom(  (A f ruJn , (Az lZ)^ )  i s  no t  empty .  fo r

any n,my'  0.  The hornology of  B n 'AV-) wi th coef j .c ients Ln"TLis

isomorphic ro TorzCanzfrt, r)r{ #"t us compure these groups.
.J(

Let e,,  e:ZCAX'7zJbe the idenriry of (AnZ)n" Er, =Zynxtln is a

pro ject ive module.  Let  3 t ) ' l  ,  Er r  4Er , - l  be the r ight  mul t ip l icat ion
I

b v  O  ( A ' )  , r -  ( - t , " t " , E r , - r ' *  E n - I  b .  t h e  r i g h t  m u l t i p l i c a t i o n  b y

" tdr - ( - r ) ' i n  .  The doub le  complex  E :

AX Gr, -; tr

/ , J  I
Nr,<l Ax Grr ---+ A

BA is  cont rac t ib le ,  BA =  P* (6) = Bsr due t. [t] , theorem 1o "

I t s  ob jec ts  a re  pa i rs

is a morphi-"* g l (A4 Gh ) r, 
.-+ (A{Gh ) m

r -  ' - 1  I  
^ ' "

t o  
L t9J  ,  t heo rem A  ,  L t  i s  enough

( i . e .  B ( * \ p )  i s  c o n t r a c t i b l e ) .
J

L e t  j  t A X T / - - r x  \ f  b e  d e f i n e d

( r  i s  s e n t  t o  h ) .  A  l e f t  a d i o i n t  o f
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I-3
e-

-a l -a '
4--n - I

-  ( - i ) t r '

a
-

Ea
n

I'
En

a

I
I  r -  ( - r ) t - r r '
I
T }
En-rtT-l--

over Z}\Aq(compare with [t],
n

*o4,Vnz7 r,  the homolosy 
",  

** E , that is, the homology of

dla Wat *|*pQo^ a,\u0^ua&J *"r& 
nn7z"

h
gives a project ive resolut ion ot  TL'

Iemma 6  ) .

- I 0  - L  0
V'+7/?4- *Z ?-

l l l r
l o  l r  l o  l r
t l t l\ t  ^,[ ,  ,J ^.1,

Z lz l zn_Jz . j _
I t  fo l lows that Hn (B 6NZ) )  = 0 Lf  n /  I  and hence al l  homotopy

groups of  B (  'AZ) vanish (  use Hurewich's theorem [r t ] l  .  I t  fo l lows

from whitehead's theorem that B(Arqh is contract ib le l r l  .

3.6. kF ""lfnx.nl ,oh, t',* 
**,y,oi:

rhe morphism 
"" {h l  

(kH,  td)  - -+ 
" " { [0 ,  

c^ . (k  
q,  

L*)  sends the

genera to r  c i - t o  t be  c lass  o f  t he  ex tens ion  O  *Zh -=+Gh- *Nh- ->0

i n  H z ( N h r k ) .

Proof .  The f i rs t  par t  fo l lows f rom lemma 3 .5 .  and the
.& -\6

i somorph ism H"  (ewn  rk )  =  H" (Nn  rk )  .

.  The  commuta t i ve  d iag ram o f  3 .4  g i ves ,  us ing  l emma 3 .5 . ,

a commutative diagram

B G h - >  B A  =  U S I
t l
v t a t
n N n & * B A = s s l
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w4*'cL
JX Ls a morphism of f ibrat , lons.  Ct is the obstruct ion to a Li f t ing

of BA -+8s1.  r r  for tows that  d i t  = g ew2 ulNI,V) = H2 (BNr, , [_(r t )  )

is  the obstruct ion to a l i f t ing for  BGn*-}  BN6.

Let  us compute th is  obst ruct ion.  BNh ls  a CW-complexr i ts

1ow d imensional  ce l ls  are:  one O-dimensional .  ce lL,  denoted ,e ;

l -d imensional  ceLls  denoted 
f " ] ,  

n  € wnr [e]  ,

doF] = ur["]  = #; 2-d. imensional cel ls [*,{  rrnrrr € l lni{eJ ,

uo[*,{ = ["] ,urf*,d] = 
[*] tf mn * e , dr[h,',-t] = .X,

dzF , r l  = [ *1 .  Le tZ :  Nn- - ->  Gn  sa t i s f y  f f ( z (n )  )  =  r ,  Z (e )  =  e .

A l i f t ing s  on the I -d imensional  squeleton is  obta ined f rom

sX = l f ,  " f" l  
= 

fz.f" [  .  rhe obstruct ion for l i f t ing s on f*,"]
co inc ides  w i th  the  obs t ruc t ion  o f  ex tend ing  s l r r -  . . - r  =  S1€e ld Lm,nJ

BGh to al l  
" t  f*r"J 

.  I t  coincide with the c lass of

" l a ; * , r , ]  
t t l T ' ,  ( n c n )  =  G r ,  i . e .  w i t h  Z ( n ) e h ) Z ( m n ) - 1 .  r t  f o l l o w s

that the same cocycle represents both E, ana the extension

0 .+^z-+ Gr, 4 Nh .* 0 in H2 {mn ,Z) .

3 . 7  .  W e  o b t a i n

i

Corol lary H c # ( L ( A , G r x )  )  a n d  H i e ( L ( A , G r x )  )  a r e

modu les  ove r  nX{wnr t  ) .  The  ac t i on  o f  S  co r responCs  to  the

aru l , t ip l icat ion AV E e n2 {un, t  )  ,  the c lass of  the extension

0 +Z -+ Gn.-+ Nh*+ 0 .
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