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ABSTRACT

We study the lexicographical index of the elemenis of "8", which we introduce here, and the linear
operators on €' which preserl'e the lexicographical order, or the lexicographical index, as well as those
which do not increase or do not decrease the iexicographical index

$0. TNTRODUCTTON

In some previous papers' we have gir-en applications of the lexicographical order in lia io separation
of corn'ex sets by linear operators [9], surrogate dualiiy in vector optimization [10] and the study of lrerni-
spaces' i'e', com'ex seis wiih con'vrx complements [11] (see also [6]-[s] and [10], for other applications of
the lexicographical order). In sereral proofs of these prp"rr, there appears, impliciily,, the ,,lexicographical

index" of the elements of .R', which we sha$ introduce below.

In the present paper we shall study the lexicographical index ($1), the lexicographical order presen-ing
Iinear operators ($2), and ihe linear operators which preserr'e ($l), respectirely-, which do not increase or do
not decrease ($a) the lexicographical index. FinallJ', in an Appendix ($b), rve shall girr some applications of
the lexicographical order to the separation ofp convex subsets of.R".

Let us recall now some notions, notations and results which will be used iu the sequel.
The elements of J?n (where E : (-oo' *oo)) will be considered. columa vectors, a^rid the superscript

? will mean transposc. W'e recall that r : (€r,...,{r,)" € gn is said to be llexicographically less than,,
U:  ( ry , . . . ,Tn) r  € ,Ra ( in  symbols ,  x  <1  y )  i t  n . *  V  and i f  fo r  &  =  min  { i  e  i t ,  . . . ,n } l€ ;  *  n i }
w e h a v e  € * < r t x .  & ' e w r i i e  n l t a  i f  x l t a  o r  r : . y . T h e n o t a t i o n s  y ) ; , c a n d  ! 2 r x ,
respectively', wili be also used. We shall denote by {ui}T, or, in some cases, by {ef}1,, the ulit vector
basis of rl"' When {ei}? is an a:'bitra.ry basis of -R', we shall also consid.er the lexicographical order
on .R ' .  " in thebas is  {e } }T" ,  de f ineds imi ia r ly io theabor .e ,w i th  o : ( ( r , . . . , { " ) " :D}=r€ ie i  aad
a: ' (qt , . . . ,Tn)r :Dl=t?t iej  replaced by *:Di=t€i" l  ancl  y:Di=rt t ie!  respect ir .ely-.

\ry*e recall that, for any function It. : Rn -, E = [-oo, +*], and aly tr e ft, the .\_quasi_ conjugate
of h, in the sense of Greenberg and pierskara [2], is the funciion hl: (R). --*E defined by

hl(v) : - r"J- l,(s) (v e 1R";.),v€n"
v(y)) l

where (8")* is the conjugate space of R; in the sequel we sha^ll sometimes ideliifl (,R")' wiih g',

in ihe usual way (with ihe aid of the scalar product). Lei us also recafl ihat the quasj-subdrfib reptial of

(0.1)
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h z tr '-E at uo e Rn, in the sense of [2] and [14], is the subset ilh(yo) of (R")t defined by

0'h(vo): {\} e (R")- |  h{yo) = -h}tu"l(E)}. (0.2)

For a linear subspace S of Rn , we shall denote by gr ifs orthogonal complement in .ff'.
We shall denote by L(R"), U (R") -ta 01n"; thc families of all linea^r operators, all isomnlphisms,

a.nd atl lirrear isometries u : Rn -+ Rn respectir,-e1y, ancl by L(R^ , Rk) the family of all linear operators
u : Rn -* Ite. We sha,ll ideniify each u e L(R", Rk) with its k x n matrix with respeci to the unit
r-ector bases of R and Rn, that is, we shall write

u :  ( r n ; i ) :  ( c r , . . . ,  c r ) , (0.3)

where ci  :  (mu.. .mnj)r  = u(ei)  ( j  :  t , . . . ,n) are the columns of (* ; i ) ;  hence, for example,
instead of u e U(Rn) we shall sometimes say-, equir,ralently-, that u € t(Rn) and u is non_singular.
We shall consider on L(R, Rb) the lexicographical order u ) 7 0 in the sense of [?], defined columnwise
(i.e., u >r 0 if and only if all colurnns of u are ); 0).

$1. LEXICOGRAPHICAL INDEX

Definitio' 1.1. a) Let {ej}? be a basis of tr. For any a :Dl=rq1e,1 e tr, we define rhe
lexicographical index o'(y) of y with respect to {",,\i, by

a'(a) = 
{ru li, }t:;:,"}t'ti 

* o} if v * o ( 1 . 1 )

b) In the pariicular case when {ei}i : {"i}i, the unit vector basis of fi',.we shall omii the words

"w i th respec t to {e i } f " ,  qndwesha l ldenote ihe  lex icograph ica l indexof  ! : ( r t r , , . . , r ln )T :Dt ,  T je je
R" by a(y).

Remark 1.1. For y * 0, a generalizaiion of the lexicographical index occur-s implicitly-, in [3],
theorem 2.1; see atso [1], $ 3.3.

- 
bio=o a basis {ei}i of R, we have ihe foilowing characterization of the function q, : Rn *

{ t , . . . ,  n }  u  {+oo}  de f ined by  (1 .1 ) ;

Theorern l . l .  For afunct ion 0 r  F'  *  {1, . . ; ,n}U{+*1 and abasis {e!} i  of  R ,  thefol low-

ing statements are equivalent:

1o. 9 : a', tlte lexicographical index with respecf to {",1}i,
20. We have

f(o) : *oo, (1.2)
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p ( R " ) :  { 1 , . . . , n }  U  { + * } ,  ( 1 . 3 )

' B(Ail = 9(a) (v € It, r # o), (1.4)

Ar, Az € Rn, At 1r ' ,  Uz + 0(y) 2 F(yz). (1.5)

Prcof. The implicaiion 1o + 2o is obvious, by the definiton of a,.

(1 .6 )

( 1 . 1 0 )

2 o  + 7 o . I f  2 o h o l d s , l e t  0 l  U : D i = r q j " r e f t " .  T h e n , s i n c e  r y 1  : . . . :  t l a , ( s ) - t : 0 ,  w e h a v e

-( l t l " , (r) I  *L)e'o,1u,11t ! /  11,t  ( lz",(r) |  I1)e'o,1n1,

whence, by (1.4) and (1.5),

g(e'o,(o) : 9(-(lq,,tyyl + 1)"'*,1, ) >- B@) > g((lrt,,(il + t;";,,rr; : g("L,(il).

This provcs that

F(v) = p(e'o,(i) (y € A"\{0}), (1.7)

whence, by (1.3),

{ 1 , . . . , n }  u  { + m }  :  B ( R " ) :  g ( { " \ , . . . , " ' , , 0 } ) .  ( 1 . 8 )

On the other  hand,  by 
" 'n  

<t ,  . . .  1L,e! ,  (1.b)  and ( i .2) ,  we have

p(ei) S .. .S 0k) ( *oo : 00).

Fbom (1.8) and (1.9) it follows that

(  1.e)

F k i ) = j  ( ! : 1 , . . . , n ) ,

whence, by (1.7), we obtain

f(s):  p(eto,g1):  a,(y) (v e n"\{01;,  (1.11)

*Hcb, together with (1.2) and c/(0) = *oo, pror,'es that B - a'. !

Let us mention separately the particular case {e'i}T = {"i}i, Lt : L, of theorem L.L:

Corollary 1.1. For a func.tion B ; fi' ---n {1, . ,. , n} U {+oo}, the following statements are equivalent:
1 1o. I : q, the lexicographical index with respect to the unit vectot' basis {ei}f of R".

2o. We have (1.2)-(1.a) and

at, az € Rn, w Sr Yz + p(yt) > 0@z). I ( 1 . 1 2 )
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Nowwesha l lg i 'econd i t ions  on  B t .& ' * {1 , . . . ,n }u{+oo} ,  inorder tohar r  g :a l  fo r  some bas is

{ej}i of 8n. To this end,let us first prorr

Lemma 1.1-. Let at be the lexicographical index with respect to a. basis {"i}? "t 
R", attC let

s n l t
ar =f,i=rnleli, vz = Dt, nlei e R be such that

a'(yr) * a'(yz). (1.13)

Then

o'(ar + 9z):  min {o'(yt) ,o '(yr) \ .  (1.14)

Prcof. Dy (1.13) we may assume, without loss of generality, that

o'(yr) ( a'(yz), (1 .15)

whence, by ihe definition of a', we har-e y1 l0 aad

, t l  : o  ( j :  t ,  . . . , a ' ( y i - 7 ;  k : 7 , 2 ) ,  ( 1 . 1 6 )

ol,g;1* 0, ttZ,1s,,) :0. (1.i?)

From (1.16),  (1,1?) and (1.15),  we obtain

o'(u + ,r)  :  
, r* l*o 

i  :  a ' (v):  min {o'(yr) ,  o '(yz)| .  r

Lemma L,2. Let I : It * {1,.. ., n} U {+oo} be a function such that

vt,v2 e tr, Bfur) * 0fu2) =+ 9(n + yz) = min {p(ur), g@r)\. (1.18)

Then,  for  an1 ! t , . . . ,As e.  Rn sat is fy ing .  -

F@;) * g(sr) (i * k), (1.1e)

we have

,(t'r) =,?jlo e(y*). (1.20)
I

Proof. For g - 2 the statemen-t is trre, by (1.1S). Assume now that it holds for some g 2 2 and let

ALt. . . tUc+r €.r?' satisfy (1.19). 
.Then, 

by our inducfion assumption, we have (1.20), whence, by (1.18),

./t+l . , 9 , c
6{\-  \  -  / \ -
, \/-rak ) 

: p\Uvr + uq+r) : miu {B(f rn), ,o{uo*,)} :

.  
I c= l  *= l  

' / c=1  
f

= min { * in 
Al ' l

\1(i(q F(v;)' 9(Yo*t)J = 
' jr!f* ' f(ut)'
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Tl reorem L '2 '  Fora func t ion  9r t r * {1 , . . . ,n }u{+* } ,  the fo} lowings ta tementsareequ iva len t :

!o' Thete exists a basis t"ili of ft', such that I = a', the lexicographical index with respect
to {ei}T.

2o. We have (r .2)-(1.4) and (1,18).
' 

Proof' The implication 1o =+ 20 is immediate from the definition of a, and from lemma 1.1.
2o + 70,If 20 ho1ds, then, by (1.3), for each j e {1.,...,n} there exists ej € Jt' such that we har-e

(1.10). Then, by (1.a) and (1.10), we har.e

p(tiui): p(ei): i (rr I 0),

whence, by (1.18) and lemma 1.2 we obtain, assuming that sorne )i is non-zero,

B(I^,,i) : p(f r,,j) : .in e/- .\j = r  , x f i s - ' t  ^ ; # o ' \ i " i )  :  
a T | [ i s n '

P ( , t " \ { 0 } )  =  { 1 , .  . . , n } ;

on the other hand, it is obvious ihat (1.2) and (1.23) irnply (1.3j.

Theorern  L '3 '  Le t  f r :Rn* {1 , . . . ,n }U{+*1  beafunc t ionsat is fy ing  ( r .4 )  anc l  (1 .1g) .

F@t + yz) ) min {F(yr), g(vz)} (yr,yz € &").

Hence, B is quasi-concave and upper semj_conf.inuous.

Prcof' Dy (1.1s), for the p'oof of (1.24) we only har-e to consider the case when g(yr) : g(yB).
a contra.rio, thar 7fut+vz) < g(at) : g(vz). Then, bv (1.4), we have B(y1+u2) < g(Vr. : g(_yr),
by (1.18), we obrain

(1.21)

{1.22)

. 
Hence, by (1'2), we must hare fi=, lie! * 0, which proves that {ej}? is a basis of r?'. Finally., by

(1.22), (i.2) aad the definition of a,, we ha*e p = st. r

Remark 1'2' a) obviousiy', (1.10) and (1.2) imply (1.3). I\,Ioreorer, the above a.rgument shows thai rf
F :  R"  *  {1 , . . . ,n }u{+*1  and {e ' i }T  C Rn sa t is fy  ( i .2 ) - (1 .1 ) ,  (1 .18)  and (1 .10) ,  tnen {e ! } i j s  a  basrs
of R and 0 : ct, the lexicographical index wiih respect to {et,}i,

b) Dv the aborr, condirions (1.2)-(1.4) and (1.1s) (o1, cond.itions (1.2)_(1.b) for a basis
imply (1,22) (respecrirely, (i.11)), whence

{ei}i ot R")

(1.23)

1'hen

(1.24)

Assume,

whence,

F(ar! : 9(tat + vz) + (-yz1)= min {/tt, +yz), g(-v)} : g(a, + vr),
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in contradiction with our assumption. This proves (1,.24).

F\rrthermore, by (1.2a) and (1.4), we har.e

F(^0,+ (1- ^,,,) 
: :,:y^,,:,:,,,i"1L 

^rrr, : 
- Dn ^=. min \ofur),  9(az)j  (vr,v, € f i" ,o. ^.  t) ,

so B quasi-poncave.

Finally., by Q.2$ and (1. ), for any c € rt we h.n"e

, U z e  R n , p @ r ) , g f u 2 ) > c  +  0 ( w + a 2 ) > c ,

,  y e R",  g(y)  )  c,  )  *0 + B(\y)> " ,
v € R" :+ 9(0): 0(y + (-y)) > *i" {B(y), B?il} = min {B(y), B(y)}

whence (1.27) remains r-alid also for l :0. Thus, in this case, each upper ler-el set

(1.25)

(1.26)

(1,.27)

: 0(y), (1.2s)

(1 .31)

{ yen "  I  B ( v )> " } (1.2e)

is a linear subspace of rt', whence closed, which pro!€s thar p is upper semi-continuous. .

corolla ry L.z. The iexicographicar index p : d' :r?' -* {1, . . . , n} u {+oo} wigt rcspect to a basis
{e'i}i of R" satifies (L.24) and is quasi-concave and upper seni-continuous.

Proof. By the definition of a, end by lemma l.I, B: a, satisfies (1.4) and (1.1g), so theorem 1.3
app)ies.

By corollary 'J..2, 
for any basis {e!}T of E , the function h : -q, is guasi-con vex and lower semi_

continuous. For notational simpliciiy-, ret us consider only.the.os {ri}f : {ej}f , i.e.,let

b :  - o ,
(1.30)

The following two propopitions compute the Greenberg-Pierslialla quasi-conjugate (0.1) and the quasi-
subdifferential (0.2) of &, respeciir-elX-.

Proposition 1.1. We have, for eaclt {, € (ft")-,

ht(v):{ig ,f i:,i

6({ , )  :  { * *  . { r  5  t r r . . , r , }  |  C i  #o}  i f  V =(( r , . . . , ( , , )  e  ( f i " ) . \ {O}
[ - o o  i /  V = 0 .  .

whete

(1.32)
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Proof .  Let  . \  >  0,  V :  ( ( r , . . . , ( " )  e  (n") - \ t$ ] ,  y :  (qr , , . . , r tn) r  €  .R ' .  Then

{, @):ie,r, : 
'f, 

cini . (1.sr)
j= t  j=a(y )

Hence, if a(y) > d(V), we har-e V(y) : 0 < .\. On the other hand, for yo : (ril, ...,q1)r e W
def inedbY 

_o {  o  i f  j {6(v)'?l; : 
t fr'l if ,' : oiv), (1'34)

we have a(yo) : 6(V) and, by (i.33), V(yo) : (a1u,yri!1E, : ,1. Hence

hl(v)= -..rH". h(v): , l&B "(v):6(v).
"-t-,li^ .,"(:i>'^

F\rthermore, let ) > 0 and ltrr:0. Then {y € E" l{/(y) ) l} :0, whence h1(0): * inf 0:
-oo :6 (0 ) .

lt"*r-, 
iet .\ S 0. Then {/(0) :0 ) ), whence

h](v) :  
;S_ 

a(y)  2  a(0) :1es.  r
vrii>r

Remark 1.3. The "rerrrse lexicographical iudex" 6(V) can be also expressed wiih the aid of the

lexicographical index, namely-,

6(v): n + 1- 
"(p(v)) (v e 1n";.) ,  ,  (1.3b)

where we use the notation

p ( V ) : ( ( , , , . . . , ( r ) "  ( v :  ( C , , . . . , ( , )  €  ( f t " ) - ) .  ( 1 . 3 6 )

Proposition L.2, We have

a1[(0) -  R,,  (1.3?)

and, for an! Uo: (1f , ,. .,rfl)T e R"\{0},

0 ' h ( v o ) : { v : ( ( r , . . . , ( " ) e  ( , ? " ) -  l s i g n  ( o ( v o ) : s i g n  n 2 1 s . 1 ( * 0 ) ,  ( o ( v o ) + r : . . . : ( , : 0 } .  ( 1 . 3 s )

Proof. Since D(0) = *a(0) = -oo : min h(R"), we har-e (1.3?) (see [t4], theorem 1).

Let ye: ( t f  ,  . . . ,q|)r  f  0.  Then, by (1.t1),  (1.2t) ,  (1.J3) and ( i .32),

. 01h(ao): {v e (i?"). I h(yo) = -h}rr"l(v)}:
( , \

: . lv e 1R";- | v(vo) ) o, -o(y6) : -6({/)} :
t  '  ,  ' )

r  6 ( v )
= { v : ( C r , . . . , ( , , ) € ( j ? " ) .  I  t  C i n !  > 0 ,  ( o 1 s , o ; 1 r  : . . . : ( "  : 0 }  :

( -  . ,  , \ - / h n \ *  | j = a ( Y o )  ^  ): t i t r / : ( ( t , . . . , ( , , ) e  ( r ? " ) .  l s i g n  ( o 1 r o ; = s i g n  t l l l y o y ,  ( a ( y e ) 1 1  = . . ! : C " : 0 ) .  r
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$2. LEXTCOGRAPHTCALLY rSoToNE LTNEAR OPERATORS

Deffnition 2'L' a) Let (1, 61d 3L,, be ihe lexicographicaL orders on fi' and .&&, with respect
to bases {ei}T of .R" and {e'r'}l of Rt, respectirrcly. \&'e shall say that an oper-ator u e L(.R,,n}) is

( u e n " ,  a ) t ' 0 ) .

b) In the pariicular case when {ei}i : {"i}T, {rl'}f : {rf}f, the unit vector bases of
respectil'e15,', whence (.r, aod Sl" are the usual lexicographical orders Sr, on Il" and J?k
an (.L,I)-isotone operator u e L(Rn,.Re), i.e,, which satifies

(Lt,L") - isotone, Lf.

Proof. Dy (2.4),

u(y) ) v, 11

o{e5)  :  e"

a2@!1 : s1

( j  : 7 , . . . , n ) ,

( i  :  1 , .  . .  ,  & ) .

(2 .1)

,?" ancl r?*

respectir,-ely,

(2.5)

(2.6)

(2.7)

u(v) >r o (a e R", g )r 0),

will be called a lexieographically isotone (or a /exicographical order preserving) linear operator.
The following lemma reduces the study of (L',tr//)-isotone linear operators to that of lexicographically

isotone linea.f operators.

Lemma 2.1. Let {e!}T, {" ' ! }1,  {" i }T, {r f } f  ,  be as in def ini t ion 2.1..  An operator u e L(R^,RI)
i" (L',Ltt)-isotone if and only if ullua1 € L(R") is lexicographically isotone, where al eU(Rr) and. u2 q

U@h) are defined by

(2.2)

(2.3)

(2.4)

l c 1

, :\4!"1 e nu s plL1s) : f €1,"f : ({i,, ...,e,|)r,

and hence, for any i e R, we har.e the equir.aleuce
t -

u(T) Zr,, 0 +=+ u;l(u(p)) )1 0.

Similar$i by (2.3), for any T e R we have the equiwJence

v)6' 0 4=9 
"-r(g) 

>' O.

Therefore, (2.1) holds if and only if

; l(u(g)) )r, o (T e tr, \t{ i l  2r o). (2.s)

Hence, writing T : a{a), v = urr (T) in (2.8), we obtain ihat (2.1) holds if and only if

u l r u a y ( y ) ) 1 0  ( y e t r ,  y > r 0 ) .  r (2.e)
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Theorem 2.L. For ue L(R",r?fr), tle followingstatements are equivalemt:
to, u is lexicographically isotone

2o, u2r.0 and 
"("(y)) 

depencls only on a(y).

3 o .  u ) * 2 0  a n d t i e r e e x r s t s a u n i q u e  m a p p i n g  g u : { 1 , . , . , f l , * o o } , - - + { t , . . . , & , * o o } ,  s u c h t h a t

" (u(y) )=p, (a(v) )  fuen"1.  (2 .10)

40.  u)-7 0 and

a ( u ( e 1 - 1 ) ) + 1 < a ( u ( e l ) )  ( j : 2 , . . . , n ) . (2 .11)

Proof. lo + 2o. If 10 holds, then, since ei 2n 0, we have ci : u(ei 2.n 0 (i - 1, .. . , n), that
is, u )y 0. Assume now, a contrario, that there exist y1 ,Uz € Rn with o(y1) : q(yz) and a(u(y1)) I

"("@z)); 
sa]'r ur 1r az.Then, by 1', we har-e u(y1) 1r u(yz), rvhence -u(a2) <L -u(y). Hence, by

(i.12) and (1.4) for I : a, we obtain

a (u(yr )) > 
" 

("(yz)) : a (-u(y2)) 2 " 
(-"fur )) : a (u(y1 )),

ossible. This pror-es that

t,vz e Rn, u(y1): a(y2) :+ 
"(u(vt)) 

:  a(u(y2)). e.Iz)

2 0  e  3 o . r f  2 o  h o l d s , t h e n , b y  a ( e i ) :  j  ( j : ! , . . . , n )  a n d  a ( 0 ) : * c o ,  w e h a r - e 3 0 ,  w i t h

e,( i )  :  p,(o(ei))  = o(u(e, ))  ( j  = L,.  .  .  ,  n),  (2.13)

p ' (+m; :  p " (a (O) )  =  a (u(o) )  =  a (0) :  *oo .  (2 .14)

on the other hand, the conl€rse implication Jo + 2ois obvious.

2o  +  4o .  Assumethat20  ho lds ,bu tno t40 ,  so thereex is ts  j  e {2 , . . . ,n }  suchtha t

a(u(e1_1) )  +  1> a(u(e i ) ) .  (2 .1b)

t r  /  t  r \I f  a(u(e;-r))  = *oo, iheu a(u(ei))  < +* andthus u(ei_):0*u(ei) , .whence

a(u(e i - r+  
" i ) )  

=  a (u(e) )  I  a (u (e1- ) ,  (2 .16)- :

" which, together with

* .  

a ( e i - r * e ; ) : i - l : a ( e i _ r ) ,  ( 2 . 1 ? )

- contradicts 2'.

on the othe'hand, if a(u(e1-1)) ( *oo, ihen (2.lb) is equir-alent to

a(u(e;-1)) 2 a(u(e1)). (2.18)
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If +oo I a(u(ei*r)) > a(u(e;)), we can write

u ( e i - r ) : 6 ; e !  + . . . ,  6 i # 0 ;  u ( e i ) = , & t r + . . , ,  . f t * 0 ,  ( 2 . 1 0 )

where i>/ ,  whence

' / ' , - r \ / k h

a(u(e j - l  +  e iD :  a \x te f  + . . .  +  j i_ te !_ r *  (6 i  +  t ; )e !  1 . , . )  :  t  1 .  i  =a(u(e i_ r ) ) ,

which, iogether with (2.1?), contradicts 20,

Assume, finallJ', that *m y a(u(e;-r)) - a(u(e;)). then we can write

u ( e i - ) = 6 ; e !  * . . . ,  6 i  { 0 ;  u ( e i ) : . h e ! + . . . ,  7 i * 0 , Q.2a)

wheace

o ( u ( - t ; e i - r  * 6 ; e 1 ) )  = d ( ( - 7 ; 6 i + r  * 6 ; T + r ) e f + ,  * . . )  2 ; +  1 >  i :  o ( , r ( " i _ r ) ) ,

whidr, together with a(-1ei_r * 6;ei) - j * 1: a(ei*), contra6icts 2,.
4o + 7o. Assume 4o and let  y :  (nr, . . . , r?n)T )r ,0,  io :  a(y).  Then, by (1.1) ( for a,= c),  we

har-e 41 : ... : 2io-t :0 (and ?;o ) 0), whence, by (0.3),

n
/\-.r 

n 
"?u(s)  = 

\ )  * t t r ,  , . . . ,  L , "u tn, ) -  .
i= io J=Jo

(2.21")

(, tr\

S a(c io+t)  <

(2.23)

IL clo :0, then o(ci): *oe, whence, appl)-lng (2.11) successir-ely to j : Jo * 1, .,.,f l , we obtain,
cio+l : . .. : cn = 0. Hence, by (2.21,) and (0.3), rve obtain u(y) :0, so (2.2) holds for any y )r, 0 with
co (y )  : 0 .

Assunre now that cjo : (mvo,.. ' . ,rnh,io)T f 0. The', by (1.1) (for o, = c), and u )1 0, we har-e
rrtt io = "' 

- rrla(cj)-1,1o :0 a^nd moki),io > 0. If cro+1 :0, then, as abol-e, rve obtni. cio11 =... -
cn = 0, whence

l n t i  = . . , : f t i o ( c j o ) - l , i  : n  ( ;  : j o , . . . r n ) .

On the other hand, if c1o41 f 0, then, by (2.11) and (1.1) (for a, : o), we have o(cio) * L
{oo, whence,.by (1.1) (for a, = c), we obtain

ml, io+ !  :  . .  .  :  ?1 lo (c r .o ) - r , i6+ t  =  ma(c5o) , io*1  : , , ,  -  r f la (c io+ l )_ t , io+r  :  0 .

Passing lo cio42 and continuing in this wa5,-, we obtain that, whenever cjo * 0, rve harrc (2.22) and

m a ( c ; o ) , i  : 0  ( i  :  i o * 1 , . . . , n ) . (2.21)
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But, from (2.2t), (2,22), (2.24), ffio("io),io ) 0 ancl ?jo ) 0, it follows that

u ( y )  :  ( 0 , . . . ,  0 t  m o ( e i ) , j o t l j o , . , , ) T  ) t  0 ,

ancl thus (2.2) hol<ls for any A )r,0 with colu; {0, too. n

' 
Remark 2'1' a) As shown by the abol'e proof, the equir-ale nce 2o gp Jo and the implicaiion 20 *

4o remain r''alid for any u e L(Rn,.Re) (not necessarily satisfy-iag u ); 0).
b) By the abor '-e,  i f  therc e.r isfs a mapping gu :  {r , . . . , f t ,*oo} -* {1, . . . ,&,+oo} sat isfying (2.10),

then it ri; unique and it satislies

e " ( j - 1 ) + L S p " ( j ) { j : 2 , , . . , n ) , (2.25)

or, equivalently, 9u is strictly increasing on g;L ({ r, . . . , &}). For a proof of the latter equiralence, note that
i f  wehave(2 .25)and j t ,  j z  €p ;1( {1 , . . . , } } ) ,  j r { j2 ,  then p" ( j )<p , ( j z )  (  *oo .  conr , "e rsery - , i f  <p ,  i s
s t r i c i l y inc reas ingon p ; t  ( { t , . . . , * } )  a ,nd thereex is ts  je {2 , . . . ,n }  suchtha t  p" ( j_1)+1><pu( i ) ,  ihen
9"U)<  foo ,  andhence <p, ( j -1 ) :+oo (s inceotherw ise  j -1 ,  je ,p ; r ( {1 , . . . ,&} ) ,  whence p"$_ l )<
p"0) < p"( j -1)*1, whichisimpossible).  Thus, by (2.10),  a(u(e1_t))  :  v,(a(ei_1)) :  p,( j_1) :  foo,'rvhence u(ei-r):0; similarrr-, by p"(r) ( *m, we have a(u(e1)) a +*. Ilence, by (2.10), we obtain

4'(a(ei  - t+ ei  ))  :  a(u(ei  -r+ r i ))  :  a(u(ei))  < +* :  o(u(ei  -))  :  eu(o(r i_r)) ,

which contradicts (2.17).

Definition 2'2' a) f'or (L' and SL,, as in definiiion 2.1 a), we shall say that an operator il e
[ . (R,Br )  i s  s t r i c t l y  (L t ,L t , ) - i so tone,  i f

utu) )u, o (y e R", A )r, 0). (2.26)

b) In particular, a strictly (tr,.L)-isotone operator u e L(E",.Itr;, i.e., whicl satisfies

u ( v ) > r o (y € I l " ,U );  0), (2.27)

wil.!e- called /exicographically strictly isotone (or, a linear operator preserving tlte strict lexicographical
order).

Rerrrark 2'2' u e L(R" ,-t?&) is strictly (Lt , Ltt)-isotone if and only if it is (Lt , Ltt)-isotone and oni-to-
onel hence, in this case & ) n. Since lernma 2.1 remains r-alid for u € L(Rn,.Rfr) strictly (.tr,.L,/)-isotone
and uf luul e L(R) lexicographically stricily isotone, ii will be enough to consicler lexicographically siricily,
isotone linear operators u € L(R , Rh).

Tlreorern 2.2- For u e L(R,Rk), trte foilowing statenents are equivarent:
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7o. u is |exicographically strictly isotone.

20 '  u )v0  and thercex is tsau, ique s t r i c t ry in " r "a" i ingmapp ing  gu : { r , . . . , f l ,+oo} - * {1 , . . . ,& ,+oo}
satisfying (2.10).

3o, We have u)10 and

a(u(e1-1) )  <a(u(e) )  <k ( j : 2 , . , . , n ) . (2.28)

IAhen k : n, these statements are equivalent to

4o. u)y 0 ancl u is non-singular and lower triartgular,

Ptoof' 7o + 2o' rt (2.27) holds, then, by theorem 2.1 and remarlt 2.1 b) .rve ha,"-e u 21 0 and there
e x i s t s a u n i q u e m a p p i n g  g u : I ! , , . . , n , * o o ) - - * { 1 , . . . , f r , + o o } , s a t i s f y i n g ( 2 . 1 0 ) a n d s i r i c i l y i n c r e a s i l g o n

p " - 1 ( { 1 , . . . , } i ) .  B u t ,  w e  h a v e  n o w  p ; r ( $ , . . . , } } )  :  { 1 , .  . . , n } ;  i n d c e d ,  i f  r  e  { 1 ,  . . . , 1 r } ,  p u ( j ) :  t o - ,
then' by (2'10), rve obtain a(u(e1)) : p"("("i)) : p"(j): -Foo, whence u(ei).:9, in contradiction
wi ih 1o.

2o + 3o.If 2o holds, then, by (2.10), we har-e

a(u (e i -1 ) )  :  eu ( j  -  1 )  <  eu ( j ) :  a ( t ( e1 ) ) ( j  : 2 , .  . .  , n ) .

Furthermore, if a(u(e1 )) = *oo for some j 1n, then rp, is not strictly incr-easing on 11,..., n, +oo),
s i n c e  e " ( j ) : * o o : o ( 0 ) : a ( u ( ' ) )  = p " ( a ( 0 ) )  : p u ( + o o ) .  T h u s ,  a ( u ( e i ) )  < *  ( j : 2 , . . . , n ) .

3o =+ 1o' If 3o holds, then, by the abor,'e proof of theorem 2.r, implicaiion 4o =+ 1o fcase
cjo * 0, . .  ,  ,c jo f  0),  rve havc (2.22).

1 o n 3 o 1 4 o , r v h e n & _ n . D y 1 o , r r i s n o n . s i n g u 1 a r . A 1 s o , b y 1 < o ( u ( e 1 ) ) < . . ' <

k : fl, we have

e(u(ei))  :  i ( j  :  1 ,  . . . , n ) , (2.2e)
so u is lower triangular.

4o  +  3o ,  when &:n .  I f  4o  ho ldsand &:n ,  thcnwehave (2 .2g) ,whence (2 ,2g) .  r

Rernark 2'3' a) For i3: ??' one can alsogir-e the follor.ving altematir-e proof of ihe implication 4, =>
7o: rf 4o holds and k - n, thert we hare (2.29), whence (2.rr),a.ud thus, by theorem 2.1, there holds (2.2).
I{ence, since u is non-singrrlar, we obtain (2.27).

b) From theorem 2'2 onebbtains again [9], lemma 1..2, according to which, er,-ery unitary lower triangrrlar
u e t(R") is lexicographicatly (sirictly) isotone.

Proposition 2.1. For each u € L(R, Rk) there exist a basis t"il i of Rn
of .R*, sucfi that u is (Lt,Ltt)-isotone.

Proof' Given u e L(R,aa), iet {ejX and {"'1}t+r be b.ses of (I(er u)a (c
{y e ,R" | "(y):0}) 

respectir-ely-, and let

and a basis {"i}!

.R") and I(er u(=

ei : u(el;) ( i  :  1 ,  . . . , 1 ) . (2.30)
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Then, since ul1xu, .,;. is an isomorphism, t.fX i,
extended to a basis {e!}! cf l?e. Then,

a basis of u((tCer u)t) : u(R"), so it ca^n be

( v : aleti € R"),r
j = l

t l

u(y): L"i"k!): f iatei (2.31)
, = 1

and hence we har-e (2,1). r

d = l

Hower-er, i fwerequirethat &:n and {e' i }?:{ t ' ! } i ,  thenthesituat ionisdi f ferent.  Leiusgir ,-e

Defirrition 2.3. a) tet ieilf be a basis of &". We shall say that an operator u e E(R") is Jexj-
cographically isotone (or, tirat u prcsetves the lexicographical order) in the fasis {ej}i, if u is (L,,L,)-
isotone (in the sense of definition 2.1 a)).

b) We shall say that an operator u e L(R") is lexicographically isotone (or, thai u preserves the
Iexicographical order) in some basrs, if there exists a basis {ej}i of .R', in which u is lexicographically
isotone.

Tlreorern 2.3. For u e L(Rn), the following statements are equivalent:

lo. u lexicographically isotonejn some basis.

2o, The eigenvalues of u are real and non-negative,

For u e L(R"), these statements are equivalent to

3o. Tlrc eigenvalues of u are real and positive

For u e CI(R"), t]'tese statentents are equivalent to

4o. u is the identity operator.

Proof.  Lo + 20.I f  1o holds, then, by lemma 2.1 (wi ih n: k,  {" i } i  :  {ei}T, ur :  az),  u-rua E
qn") is lexicographically isotone, rvhere u e I/(R") is defined by

.  a(e i ) :  e i ( l : 1 , . . . , n ) . (2.32)

Hence, by theorem 2.l, u-ruu is lower triangular, and its diagonal elements ar-e real and non-negative.
But, the eigenvalues of. u-ruu are its diagonal elements (since u-luu is lower triangular) and they coincide
withtheeigen'aluesof u (since u(a):)y i f  ando' ly i f  u-ruu(u-t1y;)  : , \ t , - r(u)) .

2o + 1o. Assume that u e L(Rn) satisfies 2o, and let {e}}i be the ,,canonical" (.Iordan) basis of
f t ' ,  forwhichthel 's inthematr ixof u ( ln1ei l i ;  arebelowihedihgonala^ndthe ej 's suchihat u(ej .) :0
are the last onesl such a basis of .Rn exists, by 2, (see e.g. [b], pp. 3g?-3gg). Deffne n : t)! € I(l?") by
(2.3) and let -4 and B be the matrices of u and r.r, respectively (in the unit r-ector basis {ei}f). Then,
since B is the matrix of the exchange of basis, B-|AB is the matrix of u in the canonical Uasis {er{}i,
and thus B-|AB satisfies 4' of iheorem 2.1 (since ii is lower trialgular, so its diagonal elernents are the
eigen'alues of u, which, by our assumption, are rebl and non-negatir-e). Hence, since B-1.rlB is ihe matr.ix
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of a-Lua in the unit 'ector basis, from theorem 2.1 it follows that u-ru, is lexicographically isotone, and
therefore, by lemma 2,L, u is lexicographically isdione iri the basis {ri}T.

l'lnally' lor u € u(R) and u € o(nn), respectiveiy, the equiralences 2o <;:+ lo and 2o 99 {o srs
obvious. a

$ 3. LEXICOGRAPHICAL INDEX PNDSERVING LINEAR OPERATORS

Def ition 3'L' a) Let (t, and (r,, be ihe lexicographical orders of .R' and Rr, with respect
to bases {ei}? of ,R" and {e,}l of .R}, respectir-el1-. \&'e shall say that an operator u e L(Rn, 

"-, 
;,(Lt, Ltt)-index preserving, if

"" 
("@)) : o'(y) (v e R";.

b) In the particular case when {ei}i = {ri}T, {"'!}L:{ef }f (the unit r,-ector bases), un (r,tr)=index
presen'ing operator u e L(R, .Ri), i.e., which satisfies

"("(y)) : afu) (a e n"1, (3.2)

will be called a lexicographicar.indexpreserving linear operator.

Renrark 3' ] - '  r f  ue L(R, a&) rs (L ' ,Lt ' ) - indexpreservin g,tr ten u isone-to-one, an4irence, inthis
c a s e '  i ) n '  I n d e e d , i f  y €  R , u ( y ) = 0 ,  t h e n  a ' ( y ) : o " ( u ( y ) ) = a , , ( 0 ) = * o o ,  w h e n c e  9 : 0 .

Tire follorving lemma recluces the stucly oI (L' , .t'l)-index preserving rinear operators to ihat of.ljnear
operat ors preserv'ing the lexi cographical in dex.

(3 .1)

Lenrma 3.1. Cn operator u.e f.(Rn, Rk) is (Lt,
is lexicographical index preserving, where u1 € U(R)
re.spectivdy.

Proof. Dy (2.b),

"" 
("@)) = o(rir(rtO))

and, similarly-, by (2.3),

a'(t) : 
"(rit(t))

Therefore, (3.1) holds if ancl only if

L't)-index preserving if and only if ulruul e t(R)
and u2 e U@k) are defined by (2.8) and'(2.4),

(u e a";, (3.3)

(F e R";. (3.4)

" (,;,(,fO)) = * (,;'(y)) (T e n"1. (3.5)
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Hence, writing g = ar(y), y : rlr (T) in (3.b), we-obtain. that (1.1) holds if and only if

|  - 1  /  \ \a\ul 'uu1(y)) = 
"(v) 

(v e R";.  r  (9.6)

Theorem 3.L, Let {"i}T c R" be any set of n elements of R, such that

,  /  t \a ( e ! ) = i  ' ( j = 1 , . . . , n ) .  
( 3 . ? )

For an operator u € L(Rn , Rk), the followittg statements are equivalent:

1o. u is )exicographical index preserving,

; 2o. lYe have

( u ( " ! ) ) : i  ( j : t , . . . , n ) .  ( 3 . 8 )
l i l

3o. Vle have

f  .  \ \
e \ u l e j ) )  :  j  ( j  :  1 ,  . . . , n ) .  ( 3 . 9 )

When lc : nt these statements are equivalent to

. 4o. u is non-sin gular and lower tilangular.

P r o o f .  l o  + 2 0 . I f  L o h o l d s , i h e n , b y ( 3 . 2 ) a n d ( 3 . 7 ) , r v e h a v e o ( u ( e j 1 1  : o ( e ! ) = j J j : 1 , . . . , n ) .

20 =+ 3o. Dy (3.7), there exisi dn e n such ihat

' a \ i ie ' i : L , r f ; e ; t  
4 * 0  ( j : 1 , . . . , n ) ,  ( A . 1 0 )

r - J

and hence there exist i e n such that

e i = I  i " i ,  f t + n  ( i = l , . . . , n )  ( 3 . 1 1 )

horvs that tqtl O, a basis of .R'). Ilence,

^ , / ^ . \  $  - r - . r - r r  v r  i  t t tu \e i  ) :  L  t u \e )  =  )_ ,  t u (e )  ( j  :  1 ,  , . . , n ) .  ( J .12 )
r=J ;llr;to

.  
Dtt ,  by (1.a) $or B: a) and (3.6),

I  i  /  t \ \  /  '  , \ \( d u ( u i ) )  = a ( u ( e | ) ) : i  ( t <  j  1 i < t t .  f i ,  # 0 )  ( t . 1 3 )

Thus, by (3.12), (3,13) ancl lemma 1.2, we obiain

a(u(e3))  : ,? , 'S o ' ( l !uk) ) : , .E iq  i : i  ( i  :1 , . . . ,n) .
t l+o  t i *o

3o =+ 1o. Assume that 30 holds, andlei  y:  (nr, . . . ,nn)T t '  0.  Then U:Di=o1y1rl ie i ,  whence

n

u(v): . l  ni"ki . '  (3.14)
j="(s)



16

But, by (3.9), there exist 6i € R such that

u ( e ) : I  , i r , , 6 i i # o  ( j : r , . . . , n ) ,
i=i

whence, by (3.14),

u(y): i r,iui",.
i=a(Y) i=i

Thus, by (3.16), \o(0 * 0 and 6:tll * 0, we obtain 
"("fu)): 

a(y).

Finally', when & : r, the equivalence 30 +:+ 4o is obvioub, since 
"("i) 0 : 1,... ., n) are the

columns of the matrix of u. r

Remark 3.2. a) By theorem 3.7, if for an operator u e L(I{ ) there exists a basis {ei}i of E sucl:

that

(3.15)

(3.16)

(3.17)

(3.18)

a(ei) { o(e';)

"@@l\ 
: a(e!)

( j , i  e  { 1 , . . . , " } ; j  * i ) ,

( j  :  1 , .  . .  , n ) ,

then u is lexicographical index preservingl indeed, by (3.i7), there exists apermutation zr of {1,...,n},

such that a("'"61): i (i - 1.,...,n), rc one can apply theorem 3.1. to {e'",rr}f . Condition (3.1?) cannot

be omitted here, as shown by the following example: Let y1 : (1,1)", yz : (!,2)T e ,?2, and define

u  € L ( R 2 )  b y  u ( e 1 )  :  e 2 ,  u ( e z ) :  e r .  T h e n  
" ( " @ i D :  

o ( y i ) : 1 ( j  : 7 , 2 ) ,  b u t  y 2  - U r :  ( 0 , 1 ) " ,

u (yz  -  y r ) :  (1 ,0 )? ,  rvhence o( " (y ,  -  y t ) )  :  t  -+2 :  a (az-  y t ) .

b) From theorerns 2.2 and 3.1 it follows that, if k > n, there exist operators u € L(R",Rk) which are

Iexicographically strictly isotone but not lexicographical ind.expreservlng. Ilowever, for & : n the situatior.r

is different; indeed, again by theorems 2.2 and 3,!,, every lexicogray.thically strictly isotone opet'ator u e

L(n) is lexicographical rndex pleserving. [{oreover, the abole results a]so show that a lexicographica,)

index preserving u € ,C(ft") is lexicographically isotone if and only if u)10.

As an application of theorems 3.1 and 2.2,let us gil'e the following result on classification of the elements

of ( .R",  <L):  .

Tlreorem 3.2. For y,yt € Rn, the following statements are equivalent:

lo, There exists a lexicographically strictly isotone linear isomorphism u el/(R") such that u(y) = V'.

2o. o(v): o(a') and y,y' "have the same lexicographical sign" (e.e., either y )t 0, yt )t 0, or

y  = y ' :  0 ,  o t  a  1 1  0 ,  y '  1 t  0 ) .

Proof, lo + 2o. If 1o holds, then, by theorern 2.2, u )1, 0 and u is lower triangular. Ilence, by

theorem 3.1, u is lexicographical index preserv'ing, and thus o(y) : 
"("(g)) 

: s(a'),Also, since u is

lexicographically stricily isotone, y and y' = u(y) har-e the same lexicographical sign.
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2o + lo,If y: A' :0, one can tafte u.: Irthe identity operator. Assume now that 2o holds and
Y,'it' * 0. Then we ca^n write

1 . n

Y = f  q i e i  ,  u t = L  q j " i  ,
i= t  j=L

where t . :a(y),  WtL> 0. Def ine uel l (Rft)  by

u ( e i ) : e i  ( j  - 1 , . . . , 1 _ . J . , 1 * 1 , . , . , n ) ,

u(e1):*  1r1, ,+ i  (n j -n)") .
. rL  

i= t+ t

T h e n ,  a ( u ( r i ) ) :  a ( e i ) :  j ,  u ( " i ) > t  0  ( j  -  1 , . .  . , 1 - - J . , 1 * 1 , . . . , n )  a n d ,  b y  ( t . 2 1 )  a n d .  q 2 q . , 1 >  A ,
we have a(u(e2)) : l, u(et) )2, 0. Thus, we ha'e (2.2s) and u 21 0, and hence, by theorem 2.2, u is
lexicographically stricily isotone. Finally., by (3. 1 9)-(3.21 ),

(3.1e)

(3.20)

(3.21)

f l n n n
\- --:--u ( v ) : ) )  n i " @ i ) = i l e t +  f  h i - , t i ) " i +  D  1 i e i - D q l " i = r , .
t=L  i - t+ t  j= l * t  j= t

Proposition 3.1. For u e f,(R",,Ri), tie {oilowing statements are equivalent:
1o' Thercexist abasis {ei}i of R and abasis {e|}f of Rk, such that u is (Li,L")-irdexpre-

serving,

20, u is one-to-one.

IIence, if Io holds, then k ) n.

Prcof. The implications 10 + 20 + & ) n are nothing else thaa remarli 3.1.
Finally', the proof of the implication 2o + Io is similar to ihat of proposition 2.1 (with / : e, since

ty 2' we have norv l(er u: {0}, (iier u)r - j?"). E

Finally',let us consider the case when & : n and {e!}i : {"i,}?. Let us$rst giv-e

Definition 3'2'. a) Lei {r!}i be a basis of Il'. We shall ,o, ,nr, an operator u e L(R^) preserves
the lexicographical index in the basis {e}}i, if u is (tr/,.[')-index presen'ing (in the sense of definition
3 .1 .  a ) ) .

b) we shall say ihat a^n operator u e L(R) prese.rves the lexicographical index in some basis,,if there
exists a basis {ej}i of R', in which u presenes the lexicographical index.

Theoreni 3.3. For u e f.(Rr), the following statenents are equivalent:

1o. u preserves the lexicographicaljndex jn some basls.

2o. The eigenvaJues of u are real and $ 0.

Proof' The proof is similar to the abol'e proof of theolem 2.3, using now lenna 1.1 and theor.ern 1.1,
equivalence 10 €+ 4o (insiead of lemma 2.1 and theorem 2.1, respeciir-ely). r

pu# Lqslo
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$ 4. LTNEAR OPERA.TORS WHICH DO NOT INCREASE OR DO NOT DECREASA THE

LEXICOGRAPHICAL INDEX

Definition a.1. a) Let 17, ancl 11,, be the lexicographical orders on Rn and ,?k , with respect to

bases {ej}i of /1" and {ei'}f of 1it, r'espectively. \&e shall say that an operatol u € L(R'",,R}) is

i) (L' , L")-index non-increasing, if 
I

o" ("@)) < a'(v) (v e R";' (4.1)

1 ii) (L',Ltt)-index non-deueasing, if

b )  In thepar i i cu la rcasewhen {e} } ' i : { r i } f ,  { " i }1 . : {e f } f  ( theuu i tvec torbases) ,an( r , .L ) - index

nou-increasing (non-decreasiug) operator u € L(R",nk) witl be called a linear operator wltich does not

increase (respeciively does not decrease) the lexicographical jndex.

Rernark 4.1. lf u e L(Rn,-Rft) is (Lt,L")-inlex non-incrcasing, then u is one-to-one, and ltence, in

t h i s c a s e , k l n .  I n d e e e d , i f  y € R " , u ( y ) : 0 ,  t h e n  o ' ( V ) > " " ( " ( y ) ) : a " ( 0 ) : * € ,  w h e n c e  A : 0 .

The following lemma reduces the study of (Lt,.L//)-index non-increasing (non-decreasing) Iinear opera-

tors to that of linear operators whictr clo not increase (decrease) ihe lexicographical index.

Lemma 4.L. An operator u € L(R" , r?t) is (Lt , Ltt)-index non-increasing (non-decreasing) if and only

if ulluu1 € f(r?") does not increase (ctecrease) the lexicographical index, where v1 e U(R") and u2 €

U(Ro) are defined by (2.3) and (2.4),, rcspectively

Proof. The proof is similar io that of lemma 3.1. r

Theoreul 4.1. For an operator u C L(W,.Re), tlre folloling statements are equivalent:

to. u does not increase the lexicographical jndex.

2o. u is lexicographical index preserving.

Proof. The implication 20 =* 10 is obvious.

1o + 2o. If 1o holds, then

,  
a ( u ( e i \ S a ( " . ) : j  ( j = t , . . . , n ) .  ( 4 . ! )

Dy theorem 3.1, it willbe enough to show ihat in (4.3) we har,'e the equality sign, for ail j. Assume not,

- ancl iet

l :  min { j  < 
"  I  a(u(e1)) < j } .  (4.4)

Since a(u(e1)) ) 1, we have I ) 2. Let

p  =  a(u(ez) ) .  (4 .b )
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Then p  < ! . ,  and. thereex is t  1p , . , , , .1x€R an{  6p ,  . . . ,6 t€ -R suchtha t

h - k
. /  r  \ -  b  , ^  ,  .  s ' a  -  Lu ( e t ) = l  r " f ,  b * 0 ;  u ( e r ) = D  6 , " ! , 6 0 # 0 .  ( 4 . 6 )

i=p i=p

Let

U : lpeo - fper e.T)

Then, since p I t, we hare a(y) : p. Ou the other hand,

k
u(y) = tpu(ep) _ 6ou(e1) =D \rt,  _ 6ot,)u!,

i=p

whence, since the term corresponding to i : p is 0, we obtain

a ( " ( v ) )  > p + 1  >  p = a ( a ) ,

in contradiciion wiih 10. r

Theorem 4'2' Tor an opeiator u e L(It,Rk), the following statements are equivalent:
1o. u does not decrease the lexicographical order.

2o. We have

a(u(e) )  2  i  U :  1 ,  . .  . ,  n ) .  (4 .8 )

When Ic : n, the above statements are equivalent, to

30, u is lower triangular,

Proof. If 1o holds, then

o ( u ( e y ) )  >  a ( e 5 )  =  j  ( j  : 1 , . . . ,  n ) .

20 + 1o. For y = 0 we har.'e u(y) :0, whence 
"("(y)) 

: *oo : o(a). Assume now 2o a^r:d let
y :  Dto(y )njej  e.&' \{0}.  Then

/ \  +u(y): I  ni"G),
j=o(s)

whence, by theorem 1.1, (1.4) and (1.2) wiih f : e and by 2o, we obtain

o( r (y ) )  )  m in  
{aQt"1r1u(e" (v ) ) ) ,  . . . ,a ( r1 , ,u (e" ) ) }  >

. ,  
\  

' - - \ r " ' '  '  \  " r t )  -

2 min {"(y),  . .  .  ,  r , }  :  c(y).

t Finalll-, for & : n the equir,-alence 2, €+ 30 is obvious. !\|

Forthecasewhen &:n and {ei}f = {r!}1", onecanintrocluce,similarlytodefinition3.2,theconcepts

of operators u e t'(R") wltich do not increase (decrease) the lexicographicalindex in the basrs {ej}? (of
R'), respectirely, tn some basrs (of fi"). Then, from lemma 4.1'and theorems 4.1 and 3.J. we obiain
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*e equivalentl
1o, u does not incrcase the lexicographicar index in sorne basis.

2o. The eigenvilues of u arc real and -$ 0.

Corollary 4,2. For an aperator u € L(Rt), the following stat;em'ents arc equivalent:
7o. u does not decrease the lexicographicar index rn some bas.rs.

20. The eigenvalues of u are real.

Prcof' The proof is similar to the abol'e proof of theorem 2.s, using now lemma 4.1 and theorem 4.2,

i "quivaLence 
10 <=+ Bo (instead of remma 2.1 and theorem 2.1, respectir,-ery). !

$ 5. APPENDTX: LDXrcocRApHrcAL sEpARATToN oF p sETS

Let us recall ihe following "lexicographical separation theorem'([g], iheorem 2.1); for another lexico-
graphical separation theorem, see also [a], $ 2.a):

' Theorem b.1. For any sets, G1,Gz C W, the following statements are equivalent:
1o. co G1 O co Gz :0 (where co G; denotes the convex hull of G;),
2o. There exists u e L(R") such that

u(vt) <r, u(yz) (yr e Gt, yz E G). (s.1)

we shall now gil'e a'extension of this theorem to p subsets of r?n.

Tlteorem 5,2, For any sets Gr, . .. ,G, C R', the following statements are equivalent:
1'. Al=r co G; = $.

2o .  Thereex is t  p  l inearopera tors  u1 , , , , ,upeL( t r ,Rne) , .where  g :min  { .p_ t ,n } ,  suchtha t

-1 - n
L u j  :0 ,  

$ .2 )
r'=1

g
L u; (v ; )  <r ,  o  (a;  e  Gr,  i  :  ! , . . .  ,p) .  (b . l )
d_1

Proof' 7o + 2o. Assume 1o. \f'e shall firsi pror-e that there exist urt,,,,uo e L(Rn,pn(r-t)), satis-
fying (5.2) and (b.3). Indeed, Lo is equir-alent to

i  (U .o c;) n D:0, (b.4)

where II denotes the cartesian procluct and where

a  =  
{ ( v r ,  . . . , y p )  e  ( R " y  |  , ,  : . . .  :  o o }  ( b . b )
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But, by (5.5), we have

(5.8) and (5.7). Now, define
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Hence, by zorn's lemma, there exists amaximal con!€x set ff in (fi")p, such that

p
T T  / 1  - t ,

I l  . "  G ; e  H ,  H n D : 0 .
.'- 1

a :  { (v r ,  . . .  ,ap)  €  ( , t i " )n  I  u (y r , ,  . .  ,up)  . "  , } ,

n  =  
{ @ t , . .  . , ! p ) €  ( R " ; r  I  u ( a r , . . .  , u )  :  c } .

Then, by [11], theorem 3,2, II is a hemi-space of type (; (in the sense of [ti], definition 2.1) a.nd .D

is the linear manifold associated io II (in the sense of [11], definition 1.1). Heace, since codim D : n(p-I),
there exist u e t(tre,ft"fu*l)) and c E pn(p-t1 such that

(5.6)

( D . '  /

(5.8)

0 e D, so D is a linear subspace of (.R")e, and hence we must have s : 0 in

u; € L(R",R"( l - l ) )  by

( y  e  R "  ,  i .  : 1 , , ,  . , p ) . (5.e)

Then, we har.'e

p

u ( h , . . . , a p ) = I  
" r ( y , )

d - l

d = 1

Hence, by the first part of (5.0) and by (b.?) w;h o : 0, we obrain (b.3). Fioafly, by (b.iO), (b.b)

and (5.8) with e : 0, we get Dl=r u;(y) : u(y,... , y) = 0, i.e., (b.2). This pl.or.es our assertion on the
existence of, u1, . , . , up e L(R , ft"(p- 1) 

).

N o w , i f  9 = m i n  { p - t , n } : p - 1 ,  t h e n  n q : n ( p - 1 ) ,  s o w e & r e d o n e .  O n t h e o t h e r h a n d , a s s u m e

nowthat g:min {p-1, n} =n, or,equivalent l} ' ,  n*1(p, Then,by 1o andl lel ly 'stheoremforaffni te

col lect ion of sets (see e.g. [12],  p.  L96, theorem 21.6),  there exisi  dist inct \ , . . . t in+r € {1,. . . ,p} such thai

n + 1

n co G;, - 0..
j = l

By (5.11) and the fir'st part of the above proof, there exist uir,...,ui"+, € L(R", ,R"') satisfying

n+1

f  ' , r=0 ,
j = 1

( y ; e f f ,  i : 7 , . , , , p ) . (5 .10)

(5.11)

(5.12)

(5 .13)

n+1

D u"('') t" n
j = l

Hence, if we set

( a ; 1  e  G ; r ,  i  : t , . . . , n  +  1 ) .

ud :0  e L(R",  R" ' ) ( ;  e  { r , . . . , p } \ { r r , . . . ,  a , , + r } ) , (5.14)



22

i 
then u1, ,,, tup e L(tr, R'") : L(R", pne ) saiisfy (5'2) and (5'3)'

:  .  ,o + !o,  Assume 2, andnon-1o, say, y€f l |=r co Gi.  Weclaimthatforeach i€ {1," ' ,p} there

.
', exists a; e G; such that 

ui@t) > r, ui(y). (b.lb)

i Indeed, if for some i we had

:
u;(Y') <n ";fu) 

(Y' e'G;)'

I  l  t h a t i s , G ; e  { y , e R " I u ; ( y ' ) < r  u t ( v ) } , t h e n w e w o u l d o b i a i n g € c o G i e  { y ' e R " I u ; ( y ' ) < t

.  z  r r: 7t;qy7;, whic.h is impossible. This proves the claim. Then, for V e G; satisfying (5.15) we get, by (5'2) a'nd

'  1 ,  / P  A \

\  (o ' r / '  ^  n
|  ^  = L ,  , \ ,  - L  / ^ , \ z - n

0 = 
L u; \A)  <L L u i \A i )  <L t ' ,

d = 1  i = l
t

' , which is imPossible. r

^*--L < 1 tar n rp, ion of p sets.in l?" by hemi-spaces, see [11], theorem 5.L.n^,e*ark b.1. For a recent result on separaiion of p sets.in E" by hemi-spaces, see [11

J '
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