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TNTRODIJCTTON

G i v e n  r  € r , ( H ) , w h e r e  H  i s  a  s e p a r a b l e  i n f i n i t e

F l i l b e r t  s p e c e ,  i t  i s  e a s l l  t o  s e e  t h a t  w e  c n n  f  i n d

s e q u e n c e  o f  f i n i t e  r l i m e n s i o n e l  s u b s p a c e s  H .  r v i t h

d imens iona l

& n  i n c r e a s i n g
:---;-

H= \-JH* and

T(Hn)  C Hr . *a  fo r  ever r r  n .

G i v e n  f i n  u n i t e l  A F - a l g e b r a  A , i t  i s  n a t u r a l .  t o  c o n s i d e r  e : u t o -

mor rh isns  o4  fo r  wh ich  there  er ie ts  En increas ing  sequence o f

f in i te  d imens ione l  c* -suba lsebras  Ar ,  such tha t  a=u\  and
, / :  \ ? '  .c ( ( A n ) c  A r r * ,  f o r  e v e r J /  n .  s u c h  a n  o , (  w i l l  b e  c a l l e d  ( s ) - a u t o *

roornhi sn .

I n  h i s  D a p e r  [ 6 ] , V o i c u l e s c u  s h o w s  t h a t  t h e  a l n n o s t  i n d u c t j . v e

l in i t  eu tc :norph ie rs  o f  F , r )  , / rF - i ; lnebra .  ( r  no t i .on  F j ' r r :1 r . . -3us  t t  t i : r . , t

o f  q u e s i t r i a n g u l a r  o p e r a t c r : )  c r e  a p p r o x i m . a b l e  b ' , '  j . n d u c t i v e  l i n i t

au tomorph i  s .ns  .

fn th j .s note we prove that ever. \ . r  automorphisro of  an uni ta l

AF-e lgebra  can be  anprox i rna ted  b t ,  (  s  )  -au tomorph isms.  A l  so  ,  A iven

A anc i  46 .  Au ' t  (A) ,v ;e  rTe f i .ne  n  nc \ , l  lF -n lgebr i l  A(d)  v rh ich  11e ' ren i l s

o n l 1 i  o n  A  e n d  c <  n n c i  r e f l e c t s  s c m e  n r o p e r t i e s  o f 4 . f n . { i e n e r e l  t i

anr i  / . (o ( )  e re  no t  i sonornh i -c ;hcwevc- : : : , i f  t \>4q72 embec ids  in to  i rn

AF-o lgebra ,  i t  seems tha t  A(c {  )  t  d , .



$1".THE FORI\{ OF AUTO}vi0ltpHfSI,riS

. l ,e t  A  be  en  un i te i l  AF- r : l -gebrn  and r lenote  b t '  F  tA)  tne  se t  c f

a l l  f i n i t c  d i n e n s i o r r i , l ' . i * - s u t ; t l 5 l e b r e s  o f  A .  i 3 . y  a  n e s t  o f  f i n i t e

r l i - rnens iona l  d -suna lgebres  o f  A  we sha l i  mean &n increas ing

s G q u e n c e

C . 4  = A o C  u r n C  . . . 6  ; l n c  . . .

^  ,  C l , . ,with Ar.€ I  (e) for everr,r  n ond ^=VA.,

Tf  C^rcz are c*-subalgebrn:s  or" ' tn"* rb i t rar l , ,  C*-a lgebr .e  c  and

t )  C ne shal l  r ' r i te  CnCe C,  i f

$ u D { i n f  t \ l  x * r ' t l v € c 2 , t \ r l l \ ( a }  1  " €  
0 . r , t \ r t t ( 4  }  <  g

a n d  d ( C < , C : )  i s  d e f i n e r l  ;
' a

d ( c . r , c z )  =  i n f  I  E >  c \  c ^ c t  c ,  a n d  c z c t  , n  l  .

\ i / e  s h a l l  u s e  t h e  f o l - l o w i n g  e n p r o x i : n a t i c n  r e s u l t s

1 . 1 .  I f  C ^ , C ?  a r e  C * - s u b n l g e b r a s  o f  C , C , r  i s  f i n i t e  c l i m e n s i o n e l(

s 'n r1  t )  O,  i t ren  there  i . s  6>  t l  r l3pend ing  c r r l t '  cn  t  * , r i r ' l  d i raC,  $uc i j
r 1

t h a t  C n C o  C Z *  3  r ,  €  1 1 ( 0 )  ( t n e  u n i t a r i e  s  o f  C )  v ; i t h  C .  C  r r 1 u ( C 2 )

anri  l l  u-4l l  < g .

\ , 2 . (Cnr i s tensen)  r r  0 .1  ,C  2  n re  C* -suba lE teb ras  o f  C ,C , r  f i n i t e
a

d i . m e n s i o n a l ,  O ( * <  1 o - 1  a n d  c .  C * C ,  ,  t h e n  t h e r e  i e  u  €  L (  (  C  )  s u c h
 n

the t  0 , r  C  u ,c lu  (C2)  i rn . l  1 \  i : -  411 1( , t+ t  
' ' .

fn  h is  D&Der  f6 ] , t /o icu lescu cons iders  inc luc t i ve  l im i t  end

a lnos t  induc t ive  l in i t  . .Lu to .nc : : r l ' r i  sns  o f  AJ I -c lgebr rs .  ! / c  vps  - l - f

t h e  d o f  i n i t i . o n s :

l "5 . "DEFI l i IT fON.  V Ie  ssy  the t  o t€  Aut (A)  i s  { , }n  in r iuc t i ve  l i rn i . t

nr . r to i t rc: : t :h isn i f  the: :e exists a nest of  f  in i - te c l imensionnl

Ct -suba lge i : rE ,s  (On) r . r r ro  o f  A  such thc t  {  (Ar r )=r i -  fo r  ever } I  n .

d €  , . . u t (  A )  i s  e e l . l e r i  e l m r s t  i n d u c t  j . v e  l i n i t  e : u t o : n c : " n t t i s n  i f  t h ^ r c

e x i s t s  f l  n e s t  t A  \  ^ 31  ( A n ) . > o  o f  A  w i t h  l i r n  c l (  <  ( A r r )  , i r r . , )  =  o .
n-too

f t  i s  na tura l  to  cons ic le r  another  c lase  o f  ou tonornh ie rns



. :  :
'

I . 4 . D E F r N r T r 0 N . " ( e A u t ( l ) w i 1 1 b e c a 1 1 e e 1 ( , s ) - n u t o r n o r p h i s ; " n

i f  there  ex is ts  a  nes t  (^ r , ) r ,  
>o  o f  A  vu i th  x  ( i i r r )  a^ r rnn  fo r  every  n .

1.5 -REMAI?K. Let A= t t )Ar,  ,  qe ; iut  (  A) arbi t rary and L) o.  r t  is

e a $ y  t o  , $ e e  t h a t .  t h e r e  e x i s t s  a n  i n c r e a s i n g  s e q u e n c e  ( * , - )  c , N
e/ok L.elz'

with .e< (An. )  ct /n*Ar,- . .  for  everrr  k.  Thus everrz automornhisn of'^k t^k+4

an AF-a lgebra  is  en  'a l iaos t  ?  (s )  _automcrph is .m.

f n  h i s  D a p e r , r , I o i e u l e s c u  s h o w s  t h a t  a h n o s t  i n d u c t i v e  l j . a i t

au tonorph isms are  enorox inab le  b t ,  induc t ive  l im i t  au tonrorph isns

(Propoe i t ion  ) . - .7 .  in  [6 ]  ) .  fn  ana lce l ;  we nrove the  fo l low ing

r e s u l t . v , ' h i c h  s h o v " ' s  h c v r  l e r s ' e  i s  t h e  c l a s s  c f  ( s ) - a u t o n o r n h i s n s .

1 . 6 , T H E O R E I , 1 .  L e t  A  b e  e n  u n i t a l  A F - a l r e b r e ,  { €  A u t ( A )  a n < i  t )  o .

T h e n  f o r  e v e r l /  f i x e d  n e s t  o f  A  t h e r e  p x i s t s  u  € U  t a )  w i t t r  l l u * , t l l c g

such tha t  y ' ,du  o  c (  i s  (  s  ) -au tomorph ise  1 , , i th  respec t  to  e  subnest

o f  t h e  f i x e d  n e s t

Proof  .  Le t  (8 ,n )  R nes t  o f  A  such tha t  q  ( i lm)  Ct .  l l * *n  w i th

€ * \ O  ( s " e  1 . 5 . ) .  ' ' i ' e  
s h e l l  c o n s t r u c t  i n c i u c t i v e h ,  E , s u b n e s t  ( i i - )

o f  the  nes t  ( I lm)  reu tcnorph isms <r ,  pnr i  un i t ,a r ies  t r r ,  such  ther t

A = C ' ' l  A - r e  1 1  - i  c ( = o (- - O  ! ^ l , - r : a r . , . 1  - , t - . , 1  -  ^

dr ,*n=Adurrnno f l r ,  ,  l lu r r -4 [<9.2-n and { r r (A j )  Coj*n ,o  (  j  {  n-4.

Hav ing  cons t ruc tec  An ,un ,  d ' " ,  t he  p rcc f  w i l l  be  conc luded  s ince

" = * ] l  
u . , . . . t 4  i s  v , e l - . : - .  d e f  i n e d , l [ u - 4  i t <  t  € . r n d  ( , i r u  o a .  ) ( r , r r )  C , , n . o

fo r  evp r ] /  n .

supp lse  we  have  i ' ound  A . j=3* *  ,  ( . j  , u i  l v i t h  t he  c ies i red  p rc -

p e r t i e s  f o r  4 (  j < n .  L e t  
u  ' ' i  r  d

| - \ ^rl* ' l

f  = l  :  t  _ \ '
o  \  r r . ' r ) r - r r \ , n + Z J

'  \ \ ' L \ /  \ r l r  r / /  I

l

a n r i  a s $ u m e  €  <  t o - 4  v : h i c h  i s  n o  l c s s  t f  g e n e r e r i t y .  s i n c e
. ; r \  \  i t  * o  ^

" ( ( a -  )  6 - " ' i - 1 * P  q  f n r "  e v e r . ' r  n > o  tj l r  . -x1 
in  r  4 

: .  r . l r "  evef) r  f> 7 O And
" - n  ' - n '  r i  '

- l i m . l / A ^ , '  
f r r  I  E r

. r r - 1 1  
u  \  i i ( j u n \ R *  * . , )  , R r n  * . , )  

=  O ,
i ; ; 

"n "'mn+ P " 
"inn*P'

'.r*,t) rn' i+i1h {r',(=or.,) qoo 3,or.,*, r therefore o.r( Arr) Cf"Arr*,t



. . , r . . r t r . . : . " : : : . , . . . ; i . : .  a :  . :  . . . ' . . . ' , i . : 1 . : ; i ' : r ; i : . ' , - i : . f , i j , r * : S f & f i i i i * t t i & 1 i

4

w i th  A r r *n  l=8 " ,  B ;z  r -2 -  the re  ex i s t s  an  un i ta ry  ro  €A  w i th-n+ 
4

( l e v o o  ( n ) ( a n ) C A r * n  e n r l  \ \ t o - 4 I  . q : = 2 ( n + 4 ) f o 2  r l t z .
r  ) .  i  1 / o

P u t t i n g  t '  i i = ( 2 ( n + 4  ) 1 0 ' ) r  d : '  , v , . e  s h a 1 1  f  i n r l  i n c i u c t i v e l y
J O '

u n i t a r i e s  v i € A r , * r _ ;  r  4 < j ( n  s u c h  t h a t
i J - ^ . - d

where 6k-(

(-Acvn" .

there fore

heve found v ;  fo r

" Atlvo o e., ) ( An_k_4 )

-  {  l l <  2 ( \ * , .  . * f , k n n

,.,) ( "trr_o_,, ) C ( nov;.

* rk*.r€' l /  {ar,r.n_*)

, o A{iv" o or.,.) ( An_,._ 4 )

j  - < k c n .  T h e n

-  6 k ^
\- ^n-k ,

)  sz (n+ l )  f , knn  .  \ f ie  have

.  .  .  oAcvo o  or , )  (Ar r_ , * )  C  Ar rnn

rvi th

c or',-k

f o rm Adv"  f  rwhere  v  e  !  (A )  and  
P  

(U" )  cAn+n  Vn  fo r  r l  ce r ta in

n e s t  ( A n )  o f  A .

1 .8 .RE} , {ARK.  Le t  A  be  an  AF-a lBebra  anr1  (a r r ) , (Bk)  two nes ts

o f  A .  By  lemma 2 .6 .  [4 ]  there  ex is ts  &n approx inaate l ; r  inner  au to-

morph ism o-€aut (A)  guch t i ra t  fo r  everJ /  k  t i re re  i s  a  n  w i th

a  (B , . )  C  / \n  and ^k  C o_(Bn) .  ! ' /e  ob tn i r ,  t r , r :o  s t : : i c t11 ,  inc rees in6 ;

/
s e q u e n c e s  ( n , r )  a n c i  ( k o )  c f  n c s i t i v e  i r i t o g e r s  r ^ i i t h

A *  c O - ( t s r -  ) c A -  c  o - ( 1 3 , *  ) c . . .
^  ̂  1 , t ,1 , '?.  *2

N o v ,  i f  d  €  a u t ( A ) .  i s  s u c h  t h n t  " ( ( A n )  C  n r r * n  V n , w e  h a v e

( a n v r o . . . o A r 1 v o o  d r , ) ( n r r _  j )  C  A r . n , t _ j  ( l  <  i  ( n )

a n c t  t l  t j - 4  [  < { * n .

Indeed ,  assune  we

( R n v L o  . , .

a $l l l  v k . . , v o

.  .  or ldvooct

t h e r e  i s

(  RRvk*4o . . .

en<1

l\uk*,r _ 4l| <

w h i c h  c o n c l u d e s  t h e

T \ ^ f ; * { * -  , ,U t i - l "  r  I I i f i  U n *  
i  

= V n .

l\ un*a _ 1l[

a n d  f o r  O ( j ( n

( A d u r r *  
^ o d n ) ( A n _ j )  

=  ( A n v ;  . . . , A d v j * n  )  ( a n v j o . . . " A d v o

c  ( A d v n ,  . . . o A d v j * n  )  ( A r r * . _ j )  =  A n * , ,  _ , j

l .7 .COROLLARY.  Ant '  au tonorph ism o f  .sn  AF-a lgebr&, ,  . i

t o 2 ( 2 ( n * l )  *  n r n ) " (  f o * ,  ,

p r o o f  o f  t h e  e x i s t e n c e  o f  t h e  t j , *  ( , f <  j (  n ) .

. . v o  v , e  h a v p

( t, * . . .+ 'r ln+4 ( (tr* 4) *n+r < t '2 
-n

.nr,) ( arr-, )c

i s of 't,her



5t '

- 4  - , t  - l( f  ' o ( c ) ( n o  
)  c c ; ( ( A n  )  c o " ' ( A , . ,  * o ) c B o  ,

_f 
' -D 

."P+'1 
^^pnn '  '  ^*p*2

there fore  6 'c (o r  i s  a  (s ) -e lu tomornh is rn  re ln t i ve ly  to  I  eubnent

^f  / r :  \
v 4  \ | J L . , r .

x )

2.L  DHFrNrTroN.  Le t  o (  €  Aut (A)  be  E (  s ) -eu tc rnorph is r io  re l -e -

t i ve ly  to  the  nes t  (An)  o f  A .  V fe  cen cons ic le r  the  in< luc t ive

sys tero
o{ oi

A o Q  A , r  -  A Z U  A Z : A 4 u  . . .

e, [61s <----r  denotee the inclusion msD. Of course, o( commutes with

the  inc lus ion  maps.  Def ine  A(p< )  to  be  the  Cr - l im i t  o f  th is

sys ten .  A  pr i  o r i ,  A(  o<  )  depend.e  on  the  nes t  (a r r ) ,  bu t  r+ 'e  eha l l -  see

l a t e r  t h e t  i t  i s  n o t  t h e  c a s e .

2 ,2 .LE l4 l , {A .  Le t  (n , - )  c  N be  a  s t r i c t l y  inc reas in5 ;

w i t h  n . , - ) 2 r .  f c r  e v e r y  k  a n r l  c l e n o t e  b 1 z  A - S A -
l ( ''  K  ^ < r 4

s  i t  i o n

i  4 .  ^^ n r -  *  ^ n , - +  
1  

c * ' ' '  - -  t t n -' ^k  ' ^k  '  "k * , t

T h e n  l i m ( A -  , x )  = A ( o < ) .
"k

Proof .  Tnduct ivel l '  v . 'e sh'al1 construct & comnutat ive diagrnrrr

s e q u e n c  e

the  co i "opo-

Ao * Ar i4*

Suppose O2O * Arro v ' i th p

m ) nr.-p.  l ' ie def ine o*-P, or*

-:* An J

q
(  k .  Le t  m v r i th

+  A^  and tho
ttD.

A2*

m-D - (  2m-n ,_ ,  there fore. L : l '

A  i  ^  - - . . *
\ r  r  6t- ' . i  6xl ; I

A"'t

i(

But nk+n_p V Zft+n*p) Vi s  c o n m u t a t i v , e . 2m encl the rl iel.rrraio



ill-F

-i ,.-i;,;:;.. ..--.:

A^
zm

r
t,

"nk+n-pAnoli lp*

i s  con t t "nu ta t i ve  e tc .

2. .5.R8Ir . {ARK. Tf  o(  (An) C Ar, .*n fcr  every n, then for k>4 f ixed

vie hl*r*  ok{Rrr)  c Arr*n for  every n and one can see that a(<k) s.

t  A ( o (  )  b e e a u s e  a ( o < k )  i s  t h e  l i n i t  o f  t h e  i n d u c t i v e  s y s t e m
k

A o  e  , *  5  A z k u  ^ ) *  A ^ 4 n  *  . . .

2 . 4 . L 5 i , { l . . T A ,  L e t  A  b e  a n  u n i t a 1  A F - a l s e b r e ,  ( A n )  e  f i x e d  n e s t

- o f  A  a n d  C 4  , C  Z  e  F ( i l  s u c h  t h a t  C { C  C 2  e n d  t h e r e  e x i s t s  n , , €  N

v r i t h  C n  C  A r , . ,  T h e n  t h e r e  e x i s t  n  € N  , n > n n  a n d  u  g  U ( e )  s u c h  t h a t
I  I l {

/ i  \  r r r ' a  , , *\ r , ,  * - 2 *  c  A ,

( i i )  , r * . f  = "  V x €  C n .

P r : o c f  .  n , r r  l e n n e r  2 . 3 .  o f  [ d  , g i v e n  t >  O  v ; e  c a n  f i n r l  u o € 1 J  ( / i )

pnr i  : ) ,  n .  s r . tc i l  thn t  l lu  ̂ , -  4 l l<  E  i , - - r  u . rC-u  jC , \ , , , , .  Le t .  C :  =uoC, t  u , ia  ^ ,o .

Y / o  h p v e  c l  n n d  c  f i n i t e  c i n c n s i c n a l  c * - s u b , r r l s s l - r n s  c f  A , o  e n d

P tCn r  f , ,  P(x )=uox , r f ,  n  x - is r rn r rph isn  w i th  l l  p - in  lC , ,  l l  <  4

( v ; e  t a k e  t  < l / ? )  .  t s y  l - e n r n a  2 . 4 .  c f  t l l  t h e r e  e x i s t b  w  € U  ( A m )

w i t h  
f ,  

( : ) = w x ' a i , x € C n  .

uC.,i =vi

+Let  u :  =wruo€ ? .J  (A) .  t rYe have

r r  r r  , t *  r . ,  L. ,*  ,1, , r " 2 t C V i  L ' o '  i \ = l V = A , .

a n d  f o r  x € C a ,

,r*r*=w*uo*,i 
"=."*p Cx )w= ptp {* ) =r.

'  
2 ,5 .LE l , I ln fH.  Le t  A  be  an  AF-e lgebr r . r ,  (Ar ) ,  (R- )  two f i xec l  nes ts

o f r  A  a n r l  u , v  € V ( , f  )  s u c h  t h c t  ( a n u  o r (  ) ( A n ) . C A r r n n  V *  n n d

( i d v o q  ) ( ; l m ) c 3 * + 0  V * .  T h e n  , \ ( a d u o " {  ) s i i ( ; i d v  o o ( ) .

P : :oc f .  t rYe sha l l -  f ind  induc t ive l ; r  t l vo  inc rens ing  sequencer i  o f

p o s i t i v e  i n t e g e r : s  
! * n ) ,  

( r p )  s u c h  t h a t  r p n n  , ,  * p * 4 , * p * n  ) z  n O + 4 ,  t , v ; o

s e q u e n c e u  ( u p ) ,  ( v O )  (  U  ( a )  " s u c h  t i r p t  A r l u i , n * r * n  )  C * , r r i  ,

Ac lv ;  (4 r " . *^  )  CB* .  and the  fo l l cw ing  d in f l r . i : r f l t  i s  ccnnuta t ive :
' r  i r i  |  ' l  " ' i .+4
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R  A d u t  I- I n {+4  -  ' ^n l

A d u " <

+ 4

A d u o  4

I
A

il,1

t
A

JL
'  . r 4

t

I
I
m + )
"^4 *

I Adva
I /

*z
I
t

A d v o  d

A d v o {

( 1 )

B + 2

t*r*,.Sza^rz

S u p o o s e  t h e t  u 4 , v 4  , v . r v 2 , , . .  r u n  h a v e  b p e n  c o n s t r u c t e d  w i t h

t h e  r i e s i r e d  p r o p e r t i e s .  V { e  s h a 1 l  c o n s t r u c t  v u .  V i  e  h a v e

Adun(B*<+l ) a on*

therefore **n*nC {o.or t .  Nov

( a n v o d  )  ( R  )  C  ( i d . ' r  
" o q  )  ( u . 1 , 0 , r .  r r a ) = v  n  ( u t )  ( ( A n  ) {  ( r i l ) / =' " ' n k + 4  (  1 l r .  

{
'  =v  c(  {u f , )u*u n l  Ank)u*u " , (  

( t rk) r r *c  r  <  (u} )u* . r rn*n u < ( . ro) t * .

Us ing  2 .4 ,  f o r '  (Aav  oo (  )  (Bmk* l  )  C  v  {  (u * )u rAr r *+4u  t {  (un )v *C  A=q ,

the:re exi'gt -' 
:ll;;:::.:" ;,:#:-X-

r r k |  l  L  r , . . . i + . 1

end 

'^ ' i+ '  
I

Let vo:=wv o( ( l f , . )u+€ \1 (A) ' .  For *€ B,oo*n 
:*  

have

(Advno Adu .xo Aduk) (x)=vku x (uoxul)u*t{=

= w v  {  ( u f ) u * u  < ( u o )  c <  ( x )  (  i u ; ) r f u  o {  ( u k ) / * * =

= w v  d ( x ) v i u r = w ( A d v "  x  )  ( x ) v i = ( A d v  o  x )  ( x ) ,

there fore  the  fo l " l -cw in ,e  d iegram conmutes
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Art
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B

The con ' r : ru ta t i ve  d iagranr  ( f  )  c le f ines  an  isonoroh ism between

A ( A d v . q  )  a n r l  A ( r r d u o (  ) .

2 . 6 . C 0 R O L L A R Y .  F o r  q  €  e u t ( A )  e r b i t r e r y , b y  1 . 6 .  t h e r e  a r e

u  € t l (e )  and  a  nes t  (e r r )  o f  a  such  tha t  (aeuoq ,  ) (a r r )  CAr r *n  fo r

every  n .  ' r?e  can de f ine  A(  4  )  t c  be  A( / rCu. " t  )  and by  the  nrev ious

l e n m a  t h i s  d e f i n i t i o n  i s  e o r r e c t  ( i t  n o t  d e p e n c l s  o n  u  o r  ( A n ) ) .

We have assoc ia ted  to  A  and d  *  r r * *  AF-a lgebra  . r (a  )  wh ich  in

penera l  i s  no t  i sc rnorph j  e  to  A  (v . 'e  shp l l  see  an  exarnp le  la te r  )  .

2 .7 .THECREI ' , I ,  l ,o t  A  be  en  un i te l  AF-a lgebra  and "<€  Aut (A) .

Then we have :
t

( i )  A ( d " )  g a (  " (  )  V k > , l

( i i 1  A ( r o 4  ) : A (  d  )  f o r  a n y  a p n r o x i u l a t e l l r  i n n e r  e u t o n r o r p h i s n

d ; : - n  o p r t i c u l a r  A ( c ' (  ) : l  i f  t h e r e  i s  k  ) r . 1  v : i t h  " 4 K

approx imate ly  inner

( i i i - ) A ( d  ) :  A  f o r  o (  e l m o s t  i n d u c t i v e  l i m i t  a u t o m o r p h i s m

P r o o f  .  (  i  )  I t  f o l l o w s  f r o m  2 , 3  .  , 2  . 5 .  B n d  2 . 6 .

( i i )  T h e  p r o o f  i s  a n a l o g o u s  t o  t h e t  o f  2 . 5 .  b e e a u s e  f o r  e v e r y

n  t h n r p  i s  r :  € 1 , t  ( A )  w i t h  o - " x  l u  = A r 1 u , " o d l o  I  f 4 ] ) .v l r v r  v  - n  
l A r ,  

' -  - n  
,  . . n

( i j - i ) ' t s y  c o r o l l a r ' , r  ? , 6 .  o f  [ e ]  t h e r e  i s  n n  u n i t a r y  u  € A  s u c h

t h a t  A d u  o  (  i s  l . i m i t  p e r i o r i i c  i .  e .  t h e r e  a r e  n  n e s t  ( A n )  o f  A

and a  soquence o f  pos i t i ve  in tegers  (d r , )  such tha t

( a n u . (  ) ( A r r ) = A , ,  a n d  ( a c u  o  n  l o  ; d n  = i d A  .
t ^ n  ^ n
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T h e r e f o r e , t e l e s c o p i n s  t h e  s J r s t e n  i n  t h e  d e f i n i t i o n  o f  A ( d  ) ,

.  v r re  ob ta in  &  syrs ten  in  wh ich  sppesr  on ly  inc lus ions ,so  tha t

A (  (  ) t  A .

$5o. EXALrpLES oF AuTol,{oRPHrsids

Given an  induc t ive  sys tem (Ar r ,  Vr r )  w i th  A .  f in i te  d in rene iona l

Ct-algebrae sncl V,' unitr, l re-monomornhisrns, Yrr:Arr-------* Ar,*n, to

cons t ruc t  an  au tornorph isna o f  A=ry(An,  Yn)  i t  i s  su f f ie ien t  to

construct  I  commuta:t ive t l iagrom

A 4  Y l -  o r L o ,  Y ' ,  A q Y o , A r * . . .

\ d,, .y'
{N ,7' \ , / \ /

A . , - 1 . ; n , - * : o t  
y ; o o  ' ; o , 4  " '

where  4r .  F re  un i ta l  * -monomcrph is r ls .

O f  c o u r s e , t h e  s e q u e n c e  (  d Z f * n )  d e t e r m i n e s  e n  a u t o m o r p h i s n  < ,

w h i l e  t h e  s e c u e n c e  (  o Z * )  d e t e r m i n ' - s  i t s  i n v e r s d .

S u p p o s e  L f '  a r e  g i v e n  ( n a s s i n g  t o  K - t h e c r y )  b t r  m a t r i c e s

Y . , * €  c t ( p r Z ) .  f f  v ; e  c a n  f i n d  x r r €  G L ( n , Q  )  s u c h  t h a t  x n Y n r E ,
- 4

vr*a** .  have pos i t ive in teger  ent r ies nt tg  * r rYrr*  def ines a

homomornhien Ar",  * An+4 for every n7t1 rwe ean take 4n*=XnY nt,

*** . , '  *=  Yrrn{ r ,  * ; t  .  The conr i i t ion 
" r , *1  ?n* t*= Yrr* l . * * r ln  imr l ies  the

reccurence formula
- 4  - 1

"r t*4 
= Yn+4n ** 'Y 

n+'( ' * '

T h i s  c o n e t r u c t i o n  d e p e n c i s  o n  t h e  e x i s t e n c e  o f  a  ( n o n t r i v i a l )

x l  w i t h  t h e  c 1 e s i r e d  p r o p e r t i e s .

).1.qxatr{Fl,l i . Lpt o=.Q ,,r, =ullF (2*) ,v;here arr= i '  i ,t, and

1  , , : A r ,  
*  A r , * r ,  Y n ( " ) = ; ;  a O 4  .  T h e  s h i f t  n u t o m o r p h i s m  o n  A  i s

g i v e n  b y  a  T  i @ 4 @  F  p n t l  i t s  i n v e r s e  b y  a  r = - l n  @ 4 4 {  ,

Since every autonorphj .sm of nn UI{F-alqebre is approxi ; : t r ' t 'e1} '

i n n e r ,  i t  f o l l o w s  t h n t  A (  d  ) :  A .



the fol lowing

1 0 -

5"2-EXAI,IPLE. Let A be the GrcAR-algebra,which hae

Bra t te l i  d ing ram

At  1  A 1
/  \  / '

/  \ /  \
1  2  1  A z .

/  \ / \  / \

1 1 5 1  
\

\ / \ / \ / \, /  \  /  \ / . \

4 6 4 1  A 4

a a a a . a a a a a

g i v e n  b t r  a  ( n + 2 )  X  ( n + l )  m a t r i x

t I  O  O . . . 0  0 \
l \

I  1  1  O . . . 0  O  \t - I
I  o  1  1 . . . O  o  I
I  . " . . . . . . . .  I
t ,

\ o o 0 . . . 1  L l
\ o  o  o . . . o  L l

e  (n+2  )  x  (n+  ' 1 )  me t r i x

l o  a . . . o  o  r \
I \
I  o  o . . . o  1 r  \
t \
I  O  0 . . . 1  I  O  I
I I
l : ' - . o 1 " " "  I
\ 1  1 . . . o  o  o  I
t /
\ 1  0 . . . o  o  o  /

n+ lY.  and o( r ,  de f ines  a  homomorph ism Ar r *  An+4

orDh ism d  o f  A  euch tha t  x  
2= ic i .  There f .o r .e

2 . 7  .

t  A=U l lF (2 * )$  TC-  .  A  can  be  desc r ibed  by  the

di .egram

1 1 A l
, //r,

\ 4 \
6 .///,. z A2\ry\

2 8 . 1 A l '

/
1
!

a . . . . a . a

: A  A  i s  r r i
n ' ^ ' n  

' " n + 4  r L J  I -  4

. ),
I
l
I
I
I
I
I
I

t  c r  -  g iven bv then

I
I
I
I
I

I
I
I

have c{ €( - Vn+4 n  'n+

obta in  &n eu tonor

. (  )  : n ( i C ) =  A  b 1 r  I

5 . , .EXANIPLE.  Le t

l lov,r in& Brat te l i  d

Y

Le

"We

!Ve

A (

fo

)



n erG given by

|  2  2 t * t \
\ P n * = ( , .  

z  )

I n  th i s  cese  Y

Let (2r,*, .  Biven blt

and {r* bf

I  r  5 ' " t * t  - t  
\

{  - l  I^2n+4*= 
\  I\ 0  2 .  t

( 4  2 \
d  I  

- \
- ' 2 n * =  

t  )  '
\ o  z  t

i b i l i t "  p r o p e r t i e s  i , . r e  v e r i f i e d r t h e r e f o r e  w e  o b t e i n  e n

s m  q Q  A u t ( R ) .

t h a t  K o ( A  )  =  7 t l 2 ) " 2 [ 1 ] " " ( e ) * = t ( o , o )  |  n  >  o  J  u

>o I r [ ro1=(o ,1 )  and  the  g rouD o f  eu tomoroh i . sme o f

A)*r [ ro)  )  is  isomorphic  v , , i th  Z b] ,  the map

/  2 m  o \
t t

Z z * * - * \  ^  .  )  €  a u t ( K o ( l ) , i c o ( n ) * , [ r J  ) .
\ o  r l

The corncat

autonornhi

.  Remerk

u {  ( n , o ) l o
( r o ( A ) , K o (

By the funetor K, d goes to

t \  o \1 2  - \
t l
\ o  r J

Remark that ,< K i  s approximately inner on11'  for  k=O.

W e  h a v e  n ( o <  ) y U i { F ( 2 * ) E  B , w h e r e  B  i e  a n  e x t e n s i o n

e --+ t{ -* B ----' UHF ( 2- ) ---, O

vrhi lo A( r(- ' l  )  = UHtr ' (2*)  @ (Uruf (2*)  e f t  ) -  and therefore

a ( " <  )  /  u / A ( , (  t  )  I  u (  " <  ) .

5 . 4 . E X A I , , I P L E .  L e t  A =  € ( X l r w h e r e  X  i s  t h e  o n e  p o i n t  c o m p n c t i -

f i e n t i o n  o f  z  a n c l  c < {  A u t ( A ) 1  . <  ( x ) ( t ) = x 1 1 + r  )  , t 8 2 ,  a  ( x ) ( * ) =

= x ( o o ) ,  I t  c a n  b e  s h o w n  t h e t ,  A (  d  ) : A .  f t  i s  k n o w n  t h a t  A x o V -

embedds into en AF-al f ,ebra.

I



' .

5.5.EXAMPLE. Let  A= e(X) ,v . 'here X is  the two points  cornpaet i -

f i c a t i o n  o f  Z  a n d  ( €  A u t ( A ) ,  (  ( x )  ( t ) = x ( t + l  )  r t e Z ,  c (  ( x )  ( o o ) =

=x(s) ,  q(x)  ( - ,o)=-0o.  A lso a(  r<  )  i :  Arhowever  A xnTz ernbeclcre not  in to

an  AF-a lgebra .  ( t 5 l )
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