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AUTOMORPHISMS OF AF-ALGEBRAS

by V.Deaconu

INTRODUCTION

Given T €L(H),where H is a sepsreble infinite dimensional
Hilbert speace,it is easy to see that we cen find an incressing
sequence of finite dimensionsl subépacés e with H=(j§; and

T(Hn)C:Hn+ for everv n.

4

Given an unitsl AF-alcebrs A,it is natural to consider suto-

morohisms o« for which there exists an incressing sequence of

finite dimensionsal C*~subalgebras A such that AikJAn and
o((An)CfAn+4 for every n. Such an« will be called (s)-suto-
mornhism.

In his peper [€],Voiculescu shows that the almost inductive
limit sutomorphisms of an AF-zlgebre (s notion snslocous to that

of queasitrianguler operator) are approximable bv inductive limit

In this note we prove that everv automorphism of an unital

AF-algebra can be approximated bv (s)-sutomorphisms. Also,given

5
(—v.—

A end o(¢ Aut(A),we define o new AF-algebra A(o) which denends
-only on A end « end reflects some nroperties ofe .In genersl A
and A(K) are not isomornhic;however,if A>%QZ embedds into an

AF-algebra,it seems that A(«) A.



51 .THE FORM OF AUTOMORPHISMS

Let A be en unitel AF-algebra and denote bv ¥ (A) the set of
all finite dimensional C%me balgebras of A. By a nest of finite
: . * o : ;
dimensional C -subalgebras of A we shall meen an increasing
sequence
Ch-scaC . . Catl .
0 A
: . c
with A € & (A) for every n and A—\JA .
* o *
It 04,02 ere C —subsalgebras of an arbitrery C -algebrs C and
£y 0 we shall write C,C"C, if
sup 3 inf{\ wa\\\y €C2,&\§! ical ) € c Nxh<d b= &
and 6(04,02) is defined by
. o e £
dle 0 - el olcc o At b
We shall use the following epproximstion results
* : = ; ;
1.1. If ¢,,C, are C -subalgebras of C,C, is finite dimensional
e :
and &2 O, then there ie §7 0 depending onlv on £ and ﬁima shch

€

that OG- 0 = w € Lee ) (the unitoriles of C)l-with 0 € 85
A 2 1

and lu-4|\ <t.

o)

4.2, (Christensen) If 01,02 are C*—subalgebras of C . C. finite

: —4 9 :
dimensional,0<¥< 10 " and C,C C, ,then there is ue W(C) such
M 2

@@
that € € adul(C. ) =nd B u-Al<64¢

4
In his paper [€],Voiculescu considers inductive limit end.
almost inductive limit eutomorohisms of AF-slgebres. We recall
the definitions.

(3

1.5 .DEFINITION. We say that «€ Aut(A) is an inductive limit

sutomorphisn if there exists a nest of finite dimensionsal
*
C" —subslgebras (A ) of A such that 0<(A -4 fop every m
IBREABE ) !
A€ Aut(A) 1s called slmost inductive limit asutomorphism if there
exists & nest (A ) of A with lim d(e (A J,A ) = 0.
- n>yo n

n—>co
Tt is natural to consider snother class of sutomornhiems
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1.4.DEFINITION. &€ Aut(A) will be called (s)-automorphisenm

if there exists & nest (4 ) of A with & (An)(ZA for every n.

n nZg n+1

1.5.REMARK. Let A-:UA'H , %€ Aut(A) erbitrary end €> 0. Tt is

easy 1o see thatl there exists an incressing sequence (n,) C' N
» &/ok £
with n((An Y@ A, for every k. Thus everv asutomorphism of
k k+A '
an AF-algebra is en 'almost' (s)-sutomorphism.

In his paper,Voiculescu shows that almost inductive limit
automorphisms are ennroximable bv inductive limit sautomorphisms
(Proposition 2.%. in (61). In analogy we nrove the following
result which shows how laree is the class of (s)-sutomornhisns.

1.6.THEOREM. Let A De en unital AF-algebre, «€ Aut(A) and £> 0.
Then for everv fixed nest of A there exists u EUL(A) with llu-4n<€
such that Adue x is (s)-automorphism with respect to 2 subnest
of the fived nest. |

- &
2 : n - - 536 mis s
Proof. Tet (“m) & nest of A such that O(kBm)CZ Boia Mith

Qq& 0 (see 1.5.). We shall construct inductively & subnest R

ik

of the nest (Bm),sutomorphisms<xn end unitaries u . such that
ik £

A= CcA yA=B,u, =1, K =

— ."’—n » ] ax
Ko, =Adu o flu ~44<E-27" and A Ch. O

Having constructed Aq,un,d;,the proof will be concluded since

uslim b ... 0. ts well defined lu-4li<e and {Aduo )(An)Czl

n->o0 A n+4

for every n.

Suppose we have found Aj:Bm ; «j U with the desired pro-

perties for 4< jg n. Let .
AN+
- 2 /
- (202 (nen)) e

and assume £«<10’4 which is no loss of generality. Since

; Sm. o+
«(Eﬁ~) (Ei e P B . . for everv p >0 and
i;tn ‘1Ln+p dad
lim d(Adu_ (B ),B Ji="9
I e :
fpreo n r%ﬁp o +p
we can find m__ >m_ with %, (B )(:%,Q ,therefore % (A jCﬁQ‘
TH 4 n L mﬂ :Hﬁ+ 4 : n n tin..},4
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with A 4:=Bﬁ - By 1.2. there exists an unitery v_ €4 with
“n+a

(Aﬁv o )(f )C.nr44 and \v —4“ <‘8‘ ~2(n+4)10 = /2
2 2
Putting ‘{ 1=(2(n+4)10 )J = ,we shall find inductively

uniteries v.€ 5

(Advjo...f’Adeo dn)(An_j) CAnM_J. (4§j <n)

 4< < such that

and \ v . —4h<*ﬁ1

Indeed, assume we have found V3 for g sk <ns llhien

5k
(Advio...ondv oo (A 4) €

7

where 5k$-2“vk...vo—4“< 2l 4. w8 ) <2(n+4) 4q + We have

Adv, o ., 0Adv o gavas e ) Q X A )
( k : o’ )<An k- 4) C(F'Vk A Vo n)(hn-K)C‘[n+4—k’

o

therefore there is a &+4€11(An+4_k) with

A o
(A.vk+:...°Adva qn)(An~k—4)(:An—k

4/2

<10 (m«)a* e

~ k.;.2 3

which concludes the proof of the existence of the vj's 1

Rvk+4

/AN
IN
)
e

Defining u =V eeav  we have
o ol = & oy <l =g D
n+4 1 n+4 n+4
and Tor 0 1<n

(4 : = ° 4 © s .
(ddu . = n)(A]1~J) (Advn co e oAV )(A(’v] ee o Adv dn)(An_J)c

C(Advno...oA YA =

J+A n+4 - j An+4—j

1.7.COROLLARY. Anv sutomorphism of an AF-slgebre A is of the
form AdvoP ,where v €U (A) and F(AH)ClAn+4 Yn for 8 certain
nest (An) of Lo

1.8.REMARK. Let A be an AF-algebra end (A ),(B,) two nests
of A. By lemma 2.6. 4] there exists sn approximately inner suto-
morphism o€ Aut(A) such thet for every k there is a n with
o (By)C 4, and A €O (B, ). We obtain two strictly incressing
sequences (hp) and'(Ko) of pnositive integers with

C.O—(? )Cu1 C 5‘(’3 )C...

Now if 0(€ Aut(ﬂ) is quch tnﬂt S )C:A ’Vn,we have
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oo | coul yos T el
. e e p+2

" therefore §X6 ig s (s)-sutomornhiem relatively to a subnest

of (Bk)'
§2°. THE AF-ALGERRA A( &)

2.1.DEFINITION. Let « € Aut(A) be a (s)-sutomorphism rele-
tively to the nest (An) of A. We can consider the inductive
systenm

A, C— ..

= -
o e 0 2 0 4
_where < denotes the inclusion men. Of course, < commutes with
the inclusion maps. Define A(X ) to be the C -limit of this
system., A priori,A(« ) depends on the nest (An),but we shall see

later thet it is not the case.

2.2.LEMMA. let (nK)C:RI be a strictly increasing sequence

with n, ) 2k for every k and denote by A = Al the compo-
O k ‘X‘A
sition
A ———*‘A ;’.'o- QA o
e Lo Dgea
Phen ldmiA -, 0¢) = Alcl ),
R n

Ji :
Proof. Inductively we shall construct & commutative diagrsm

AO ~—~11», e
" ///////////’ l ///////////*
.Ao

Suppose A DC~+ An v1th ot Sa Let m with m-p < 2m—n,,thernfore
z r_‘ e

: - m- .
mzrnk-p. We define o« Pid  —» 4 end the disgram

0 “2m
Azp-———*'Azm

m-n
Lo

A
Al").1

K

1 ) 1ve k- ¢ 1 a0 am
is commutative. But n,, - 2(k+m-p) > 2m end the disgram
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is commutative etc.

2.3.REMARK. If « (A )CA for every n,then for k>4 fixed

+4

1
k k
we have « (A )CA .. for every n and one can see that A(x") =

L

~ A(X ) beceuse A(®) is the limit of the inductive system

k Xk

N A
AOQ——> AK——*AZKWA.BK'- ﬁ/lkc'_b s
2.4.LE7A. Let A be an unitsal AF—alv@bra,(An) & fixed nest
-of A and C, ,C2 € F(4) such that CaCC, and there exists n,c N

with C,C A, . Then there exist m €F4,n1>rH and u € U(A) such that
1
2 * :
(1) uC,u"C A_
(ii) uxd =x V¥x¢ Cye
Proof. By lemma 2.3%. of {4} ,Ziven €50 we can find u LU (A)

‘ o *
aud apen. eudly thet Huj—4n<~€ apd qr e A ek E g *_ @

Ovc o) a ‘ 074
We heave C, end C finite dimensional € ubglrebras of i and
: = A <A
p.C4 P(Y) uoyn a ¥~-isomorphism with || g- i¢ \ \

(wve teke €<1/2). By lemma 2.4. of [4) there exists webll(a )

*

with IS(X)=wxw seec, Let.u.zw*uoe'Li(A). We have

x * %
ne-m =w v € 0 wlw A w=i
i) @) 0) Ll &y

and for x¢€ Gy,
% X * =1
=W wW=w ) = < X )=X.
uxu =w u_xu w=w B (x)w= B8 (x)=x
2.5.LEMMA. Let A be an AF-algebra, (A ), (B ) two fixed nests
. e

of A and u,v € U(A) such thet (Adu 9% JCA ] CA 4 ¥n and

= [ = e b e ) / b
(,ﬁdj\/’ © O( ) \,)Jm> C ?m+4 \7[ Lie r,’t:‘..ll:i—l L'L(I‘i\"r a e ) ot &‘"‘l(i"f\j' vV o o(> ® =

Proof. We shall find inductively t\ increasing sequences of

siti integers (r n such t . m +4.n 7o+ e
positive integers (mp),( p) 01 hat Niyig 7 prhifn, 7 Dt

‘M. +4
1L

Adiv (A JCB and the following diacram is commutetive:
! 4 ' :

_sequences (up),(vp)CZli(A) such thet Adu, (B &8
- i



Adug
3m1+4‘-——+ An1
Adv e & l Adu -
Bm4+? An1+4
(1) [ AdV4 ‘ Adu e [~
B“'IZ -An4 +2

| g

ndug :
Bm?“ : An?

2 ®
é

>

Supnose thet u,,v,,Us, V..., have been constructed with
: 22 0 K
the desired properties. We shall construct Vi We have

AduK(Bmk-*-\) C A

)
k
therefore B

€A Now
+ . Jei? =
my A = n,

-
S

*
(Adved )(E?.,m o C(AdV e )(utAq w, )=V x(uﬁ.) ofla Dol )y =
Ly . A N - L1, IS &
% <

7 *y ¥ : ¥ x Yok
=v « (uy )u u(x(hn1)u ud(u v cvetlu)u &

X.
e (u v
;{ L{ I

. . X * ‘«"'v‘
Using 2.4, for (Aﬂvoo<)(Bmk+4)C.VcX(Uk)u Ant+4u(x(uk)v C 4=\UB_,

there exist w€&€ U (A) and My, 7 M+4 such that

¥\ X * ¥ :
wv o (u,)u n +_1uo<(u1{)v woC B

< £+ 4
and
‘wvfﬂ Yv€ (Advex ) (B )
el Tyt
Le§ Vk::wvtx(dl)u*é li(ﬁ)e For Xé;Bmkf4 we have
‘ - ooe x
‘(AdvkoAdu.MXoAduk)(x)zvkptx(ukxuk)u v

X = ” X % e o &
=wv « (W )u u «(u, )« (x) «{ujdu us (U v w=
5 A A 8

-
I

*
—wv o ()V W =w(Advex ) (x)w =(Adv e () (x),

therefore the following disgram commutes
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Aduk

+4”"‘—"A

B
H Ny

By o & _ l i

T»% I
‘mk+z An,+4

The comnutétive diaéram (1) defines an isomorphism beﬁween
A(Advea ) and A(Aduo‘o( ) -

2.6.COROLLARY. For o€ Aut(A) aerbitrery,by 1.6. there are
u€eU(A) and a nest (An)'of A such that (Adue« )(An)(:An+4 fqr
every n. We can define A(X) to be A(ACU o) and by the previous
lemma this definition is correct (it not depends on u or (a.)).
We have associated to A and ® &z new AF-slgebra a(« ) which in
general 1s not isomorphic to A (we shall see &n exsmple later).

2.7.THEOREM. Let A be &n unitel AF-algebres snd « € Aut(A).
Then we heve: »

(1) AL YA(X) ¥y

(1i) A(ooX )X A( ) for any apbroximeteiy inner sutomorphism

ﬁ';in perticuler A(« ) @A if there is k 24 with qk
approximately inner

(11i)A(«K )= A for K aglmost inductive limit sutomorphism

Proof. (i) It follows from 20., 20 Bnd 2.6

(ii) The proof is analogous to thet of 2.5. becsuse for every

n there is U%IGWX(A) with ch(\An:Adunoc%\An cian) -

(iii) By corollarv 2.6. of [6] there is on unitsry u €A such

that Adue® dis limit periodic i.e. there are a nest (A ) of A

-and & sequence of positive integers (d ) such that

A

a.
- (Aduox )(A )=A &nd (AduowlAn) no=id,



=

S g0
Therefore,telescoping the system in the definition of A( ),

we obtain & system in which sppear only inclusions,so that

Als) e A,

§3°. EXAMPLES OF AUTOMORPHISMS

Given en inductive system (A ,\ ) with A finite dimensional

to

x : .
C -algebras and $a unltallx—monomornhlsms, V%fAn—"* An+4,

construct en asutomorphism of Az%iE(An’((n) it d8 sufficient to

constiruct & commutative diagram

\ﬁ \Pz \PS \(’4

A4 ‘*AB__—" o o o

where & sre unital ¥ -monomorphisms.
Of course,the sequence ((£2k+4) determines en automorphism «,

while the sequence ( X,, ) determines its inverse.

2%

Suppose Y, ere given (passing to K-theory) bv matrices

¥ 5§ GL(p, Z). If we cen find x € GL(p,R ) such that x &

—

n#’

: i defines &
(‘Pnﬂ*xn n\f nx >

homomorphism An-—a-An

have positive integer entries and x

fpr‘every ny4{ ,we caen take <Xn*=xnw’n*J

p "1 " > * = v——1 . .' ;
oL Yn+1*xn . The condition Xn+4(fn+1k (fn+y*“n imnlies the

+4

reccurence formules

— =1
Xn+4"‘£n+4*xn ‘{ n+dx*

This construction depends on the existence of 2 (nontrivial)

X, with the desired properties.
mn

- =UHF (2%) ,where An:§§ M, end

Rooh - An+«,‘€n(a)=16)a@)4. The shift sutomorphism on A is

Q0
3.1 .EXAMPLE. Let A=Q& i
- 00

given by ar— {®4® » and its inverse by ar—>a®A®1 .
Since every eutomorphism of an UHF-algebre 1s approximately

inner,it follows that A(« )X A.
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3.2 .EXAMPLE. Let A be the GICAR-slgebrs,which has the following

Bratteli disgram

1 s A

N ‘
1 2 el A2
L
di 3 5 1 A3
Lo
1 4 6 4 it A4

SOl e A is given by a (n+2) x (n+1) matrix

N+A
1.0.0...00

1 100...00
g L. 1. ..00

® 0 0o 0 @ 0 06 0 0 0

00 0...0 1
00 0.,..01

Let dn given by the (n+2)x (n+4) matrix

0:0...0-0.1
0 0...01 1
G 0...1L 1.0

© & 060000 00 0 0

T ...0.0.0
0. 0.0 0

T We have<¥n+4d n:\€n+4v)n end & defines s homomorphism A — A .,
We obtein en automorphism « of A such that o<2=id. Therefore
Ay i By 0

%.3.EXAMPLE. Let A=UHF(2®°)® X ,~ . A can be described by the

4
4

Ay
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In this case B are given by

2 2n‘?"\
\Pn*:: ) 2
0 2

Let d2n+4 given by

1 3'22n+1__1
2n+Ax
0 2
and X2n bv | 4 5
A = ‘
2nx 2
0 2

The comnatibilitv properties sre verified,therefore we obtain an
automorphism &« ¢ Aut(A).
Sl [4 .
Remerk that K_(4) = 74[5]®Z ilno(A)+={(o,o)|o> o )
LJ{(D,O)\p}:O},[lAlz(O,l) and the group of sutomorphisms of

k(KO(A),KO(A)+,[IA)) is isomorphic with /Z bv the map

0
/ 2mr—r . . € Aut(KO(A>,KO(A>+,[1A]>.
By the functor K o -goes to
1
5 0
0 1

Remark that t&k

is approximately inner only for k=0.

We have A(e& ) ~UHF(2°) ® B,where B is en extension

6 —F B - iRY) -0
vhile A(« ') = URF(2*) @ (UHF(2*)® K )~ and therefore
' ACo ) hF AL ) F Al =),

% .4 EXAMPLE. Let A= ®(X),where X is the one point compacti-
fication of Z and &€ Aut(A), = (x)(t)=x(t#1),t€2Z , x(x)(x)=
=x(»). It can be shown that A(«)=A, It is known that Ax, 7

embedds into an AF-algebra.
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EXAMPLE. Let A= @(X),vhere X is the two points compacti-

fication of' Z and € Aut(a), ®(x)(t)=x(t+1),t€Z , «(x)(@)=

=x (),

X(x)(-2)==2, Also A(X )~ A,however AX, 7 embedds not into

an AF-algebra. ((51)
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