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A T B S T R A C T

rn the paper rre present the mi.crostructural ba_
si -s ,  the in i t ia l  macroscopica l  formulat i -ons.  and a poss ib le
ax iomat ' ic  reconstruct ion of  the e lastov iscoplast ic  model  for
meta ls ,  based on the use of  the locai_ current  reraxed conf i_
gurat j -ons.

The st ructura l  analys is  and the exper imenta l
data show that  the ut i l izat ion of  these conf igurat ions of fers
avantages for the formulation of the material laws, when the
deformat i .ons .are moderate ly  large (30g)  .

we th ink our  rev iew paper  const i tu te a concise,
h is tor ica l  and cr i t ica l  exposi t ion of  the main s tages,  con_
t r i bu t i ons  and  resu l t s ,  wh lch  1ed ,  du r ing  1966-1g7z t  t o  t he
formulat lon of  the fundamentar  ideas ly ing at  the basis  of
the  mode I .

We hope that the paper shows clearly the role
played by LEE, Lru, TEoDosru, srDoRoFF, MANDEL and KRATOcH-
vr l  i -n  the f i rs t  formulat i -on of  the theory between Lg66-Lg7z,
and the contrlbution of DAFATTAS and LORET to the develop_

ln'o*he 
T:',:.. ':: ::::;:: ' l;." 5 chap,ers

In  the f i rs t  one we present  concise ly  the mi-
crost ructura l  bas i -s  of  the model .

In  the second chapter ,  basqd on the papers due
LEE, LIU,  TEODOSTU, SIDOROFF, MANDEL,  KRATOCHVIL,  HALFHEN

NoLLr w€ deal  wi th  the ax iomat ic  presentat ion of  the mo_
together  wi th  the pr inc ipa l  proper t ies for lowing f rom

to

and

de1



v n,:

I I

the hypotheses and deflnit ions adcpted.

Chapter 3 is devoted to the analysis played by
the plast ic rotat ion and by the internar state var iables in
modell ing the anisotropic hardening of the structural isotro-
pic rnater laLs.

the forst chapter, based on the results due
to PrPKrN, RrwrN, owEN, srLHAVy, LUCHEST and poDro-curDurclr,

we present the model of the materi_als with erastic range, and
we analyse the connection existi-ng between the two models.

The r-ast  chapter presents some resul ts obtained
between 1985-r-988 concerning moders based on the rocar cur_
rent relaxed conf igurat ions and which were publ ished in rn_
ternat j -onal  Journal  of  p last ic i ty.  As we thinkr our discus_

s ion  revears  the  unsat is fac to ry  and confus ing  s i tua t ion  ex is -
t ing in the theory today.
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Intr_o.dyc_tigJ

In th is  rev iew paper  we present  br ie f ly  the mt_
crostructural basis, the - init ial phenomenol0gical formula_

t ions,  and,  a  poss lbre ax iomat ic  reconstruct ion of  the er-as-
tov iscoplast ic  model  for  meta lsrbased on the rocar  current

re laxed conf lgurat ions concept .  Both,  the s t ructurar  analy_

s is  based on the d is locat ions theory,  and the convinc ing ex_
per imenta l  data,  show thaL the ut i l izat i_on of  these conf igu_

rat ions of fers  s ign i f icant  advantages for  the formulat ion of

the constitut i-ve and evolutlon raws, when the deformal, ions

are large,  but  moderate.

elaborating this paper we have tr ied to com_
p1y  w l th  the  ma i -n  A .M.R .  reconmenda t ions :  , , r nc rus ion  

o f  o r i -
g ina l  research shourd not  per  se invaLidate an ar t ico le for

A.M.  R.  '  but  i ts  ( ( rev iew))  character  should be dominant , ,

and  "a  pa r t i - cu la r  po in t  o f  v i ew  o r  s lan t  i s  okay  i f  va r i d ,

gRen lV  s ta ted ,  and  i n te res t i ng  and  use fu l , , .

rn the frarnework of these recommendationsr w€

th ink that  our  exposi t ion const i tu tes a concise,  h is tor ica l

and cr l t ica l  presentat ion of  the main s tage.s,  contr i_but ions

and  resu l t s ,  wh ich  l ed ,  du r ing  1966-197z ,  t o  t he  maber ia l i -

zation of the fundamentar i-d.eas lying at the basis of the mo_

d e l .

We hope that  the.paper  shows c lear ly  and in  a

convinc ing way the ror-e p layed by Lee,  L iu ,  Teodoslu,  s ido-
rof f r  Mandel ,  Kratochvi l  in  the f i rs t  formulat ions of  the

theory between 1966-1972t  and the i -mpor tant  contr ibut ion of
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Dafallas and Loret to the development of the model between
1 9 8 3 - 1 9 9 5 .

Taking into account the f irst recommendationr w€
consider that the i-ncluslon of our research regarding the
axiomati-c reconstruction of the model i-n this review consti_
tutes a usefu l  development  of  the theory deal t  in  th is  paper .
The cr i t ica l  anarys is  carr ied out  in  th is  rev iew,  us ing re_
sults obtai-ned from the emphasized axiomati-c system and the
p:opert ies inferred on the basi-s of the adopted hypotheses,

has had severa l  a ims:  a)  to  show expl ic i t ly  the supposi t ions

tac i t ly  assumed by the founders of  the model ;  b)  to  under l i_

ne the const i tu t ive nature of  the ex is tence of  the 1ocal  re_
laxed conf igurat ions;  c)  to  f ind an adequate mathemat icar-

language in  order  to  formulate the hypotheses based on the
essen t i a l  s t ruc tu ra l  f ac t s ;  d )  t o  e l im ina te .  t he  amb igu i t i - es ,

vaguenesst  er rors ,  supposi t j -ons and unacceptable conclus ions

wh ich  a re  p resen t  i n  t he  cons ide ra t i ons  o f  bo th  those  who
founded the model  and those who contr ibuted to  i ts  develop_
ment i  e)  tb  emphasize the phys lca l  bas i -s  and the expepi_men-

ta l  facts  which mot ivate and just l fy  the assumed hypotheses,

and to  out r - ine in  the process the l iml ts  of  the appl icabi r - i_

ty  of  the model ;  f )  to  po int  out  the decis ive ro le  prayed

by the set of local, current, relaxed, *!ggf*n*c configura_

t i o n s  ( 1 . c . r . i . c )  i n  c o n s t r u c t i n g  t h e  t h e o r y r , i n  d e f i n i n g

correct ly  the e last ic  and p last ic  deformat ions,  in  formula_

ting the rnaterial lawsrin r:nderlying the fact that both the elastic and
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- - l  I  r  .anx prasLic defosnations are not purely kinsnatic conceptsrand ttreir conect

presentatfor requires an'adequate const,itutiye framewclrk. The omis-

s ion of  th is  facts  l ies at  the basis  of  the inaccurate for_

mulat lons,  er roneus ln terpretat ions and unacceptable suppo-

sit ions present in many papers devoted to the model analysed

here,  such as: ,  r )  d isputes on the uniqueness or  non-unique-

ness of the current relaxed confi-gurations; 2) the ,,proof ,,

o f  the isot ropy of  a l - l  mater ia l  funct j -ons (see for  instance

s i d o r o f f  ( 1 9 7 1 ) ,  c a s e y ,  N a g h d i  ( 1 9 g 0 ) ,  ( r 9 g 1 ) ,  D a f a r - l a s  ( 1 9 g 3 ) ,

(1985)  ) ;  3)  removing the "non-uniqueness, ,  on the basis  of  ge-

nera l ly  unacceptable cr i ter ia ,  wi th  a l lmi ted domai_n of  ap-

p l i cab i l i t y  ( see  fo r  j _ns tance  Lee  (1969) ,  Lee ,  McMeck ing

( 1 9 8 0 ) ,  L u b a r d a ,  L e e  ( t 9 8 1 )  ) .

we hope that our axiomatic reconstruction succee-

des in  showlng convlnc ing ly  the unacceptabi l i ty  o f  the facts

u n d e r l i n e d  a t  t ) - 3 ) .

rn this senser w€ berive that our paDer answ€rs

the  second  recommenda t ion ,  i . e .  t o  be  use fu l . and  i n te res t i nq

to those who want to understand the essence of the moder.

.  The paper  is  d lv ided j -n to 5 chapters.

rn the.  f i rs t  oner  w€ present  concisery the micro-

st ructura l  bas is  of  the model ,  the micro-and macroarguments

which l ie  at  the basls  of  the in t roduct ion of  e last ic  and

plast lc  deformat i -ons together  wi th  the speci f icat i -on of  the

constitut ive f,ramework.
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In the second chapter, based on the papers due

t o  L e e ,  L i u  ( 1 9 6 ? ) ,  ( 1 9 6 8 ) ,  L e e  ( 1 9 6 9 ) ,  ( L 9 ? 0 ) ,  T e o d o s j - u ( I 9 7 0 ) ,

( r 9 7 5 ) ,  S i d . o r o f f  ( r 9 7 0 ) ,  ( 1 9 7 L )  r  ( 1 9 7 3 ) ,  ( L g l 4 )  ,  M a n d e l  ( L g l L )  ,

( L 9 7 2 ) ,  ( t g t 3 )  '  ( L 9 7 4 ) ,  ( t 9 8 2 )  t  K r a t o c h v i l  ( 1 9 7 1 ) ,  ( t 9 7 2 )  ,  ( L g 7 4 J  t

Ha lphen  (1975)  r  Teodos iu ,  S ido ro f f  (L976)  |  we  dea l  w i th  t , he

axiomatic reconstruction of the model together with the prin-

cipal propert ies fol lowing from the hypotheses and definit ions

adopted here.

Chapter 3 is devoted to the analysis of the role

played. by the plastic rotation and the internal state varia-

b les  ( j - . v . s . )  l n  mode l l i ng  the  an i so t rop i c  ha rde r lng  o f  t he

st ructura l  isot ropic  mater ia ls .  The analys is  out l ines the l i -

mits of the vari-ous models

In the for th  chapter ,  based on the resul ts  due

t o  P i p k i n ,  R l v l i n  ( 1 9 7 1 ) ,  O w e n  ( 1 9 6 8 ) ,  ( t 9 7 0 ) ,  ( l - 9 7 4 )  ,  S i l h a -

v y  ( 1 9 7 7 )  t  L u c c e s i ,  P o d i o - G u i d u g l i  ( I 9 8 6 ) ,  w e  b r i e f l y  p r e -

sent  the model  o f  the mater ia ls  wi th  e last ic  range,  and we

analyse the connect ion between the i r  model  and our  model .

The last  chapter  presents some resul ts  obta ined

between 1985-1988 concern ing models  based on the loca1 current

relaxed configurations and which were published 1n rnt.J.of Plas-

t , ic i ty .  The d iscuss ion reveals  the unsat is factory and confu-

s ing s i tuat ion ex is t ing in  the theory.

In the paper we do not deaL with the problerns re-

la ted to  the ex is tence of  v iscoplast ic  potent ia l  (see for

i n s t a n c e  R i c e  ( - 1 9 7 L ) ,  M a n d e l  ( I 9 7 1 d ) ,  N g u y e n ,  H a l p h e n  ( I 9 7 3 ) ,

( r 9 7 5 ) ,  T e o d o s i u ,  S i d o i o f f  ( 1 9 7 6 )  ) .
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CL iap . I .  @o!  the  mic ros t ruc ture

wjlth -!.hg_mgc r o s tr uc t_ure^

I . l .  P h y s i c a l  b a s i s ;  d i s l o c a t i o n s

I n  a l l  wha t  f o l - l ows  we  deno te  by  F r0 ro  (o r  o j ) ,

T and ge the deformation grad.ient, the absolute temperature,

the set  o f  the in ternal  s tate var iab les,  the cauchyrs s t ress

and the shear  modulus,  respect ive ly .  The meaning of  o ther

symbols wi l l  be g iven s j -mul taneously  wi th  the i r  occurence.

The maln problem of  the macroscopic  theor ies of

p last ic i ty  is  to  establ ish the const i tu t ive and evolut j -on

equat ions.  Two types of  theor ies have been developed ( r )  t_he.

b i s lo ry  t ypg  and  (2 )  ( see  K rdner ,

T e o d o s i u  ( L 9 7 2 )  )  z

f )  I n  t he  h i s to ry  t ype  theo r ies  the  ma te r ia l  i s

speci f ied by a response rc I ignaf  ,  o f  a  pr ior i  l+nknown form,

usual ly  taken as a locaI  t ime funct ionar  of  the s t ra j -n .  An

e s s e n t i a r  d i f f i c u l t y  a r i s e s  ( i n  a l r  t h e s e  t h e o r . i e s ) :  i n  o r d e r

l:  
obtain the unknown functj-onar from experj_ments, one must

app ly  i n  t hese  expe r imen ts ,  a l l  poss ib le  l oad  h l s to r i es .  The -

re fo re  the  spec i f i ca t i on  o f  such  func t i ona ls  i s  p rac t i ca l l y  :

an a lmost  impossib le  task.

2)  " I t  is  therefore,  preferable to  geplsgg the

past  h is tory  (say,  for  instance)  of  F and O by the prgqs.n!

va lues  o f  some in te rna r  va r iab les  c l ( t ) ,  gene ra l l y  s  se t  o f

scalars  and/or  tensors,  whj -ch should account ,  i f l  a  condensed
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and simpl i f ied wdy, ei ther for  the past i+erast{g history of

F and 0r ot for the eurrent structural arrangement it has
prod 'uced a t  the  mic roscare"  ( feod,os iu ,  s idoro f f  ( r9g6)  ) .

The coruplex behavi-our of rnetals derives frolo

the comprexity of their roicrostructural rearrangement and

consequently any phenomenologlcal theory must contain rnicro-

structural inforruations, relevant for certain classes of ma_

terials and deformatlon proc€sses and able to acheive a sim_

plif ied macroscopic description of the microstructural phy-

sical  mechanisms.

The interference 6f the rnicrostructure with the

$acroslrggt.ure can be acheived r tor instance in the frame-

work of the models with , elaborated

for metals.  The internal  state var iabres are mathematical ly

descr ibed by scalar/  v€etor ia l  6r  tensor i -a l  . f ie lds,  and their

present values replace, in a sirirplif ied manner, the depen-

dence on the history of ehe deformation (or of the stress)

and of the temperature.

The prob=iem is to identif ie the internal stat,e

var iabres wi th a suf f ic ient ty smal l  number of  parameters,

which wouLd be relevant for the microstructural rearrangement

(see fo r  ins tance Kr t jner  (195g) ,  ( .1  963)  ,  (1970) ,  Kr i iner ,

Teodos iu  ( I972)  |  Teodos iu  ( I9gZ)  |  S idoro f f ,  Teodos iu  (L9g6) .

I 'The physlcal  research on plast ic and vi_scoplas-

t i c ,  i -e .  c rys ta l l i -ne  mater ia ls l  has  reveaLed the  ex is tence

of  an in ternal lnechani -ca l  s tate which i -s  the la t t lce defect

state- The quant i t ies used f ,or  the descr ipt ion of  th is state
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are cal led ip lgrnal  quant i t ies.  From the phenomenological

standpoint they are hi4{9g quantit les because devices on a

mj-croscoplc scale are necessary to ma.ke these quantit ies vi-

s ib le.  we car l  internal  state var iables.  those quant i t ies

which vary during the experiments, 1n contrast to internal

state parameters,  which also speci fy the internal  state,  but

remain constant during the deformation" (Kr6ner, Teodosiu

( t t t z1  1  .

"A theory which c la j -ms to be a"physical  theory

must no-! leave opeg the physical meaning of the internal

var iabres.  r t  is  above arr  the physical  ident i f icat ion of

these var iables which f i l ls  the f rame of  the theory wi th

p h y s i c a l  1 i v e "  ( K r d n e r ,  T e o d o s i u  ( L 9 7 2 ) ) .  w h s r d e a l i n g  w i t h

plasticity the most j-mportant v:rriabls part of the internal

s ta te  i s  the  d is loca t ion  s ta te .

The physical  research shows that the plast ic i t .y

and the  v iscop las t ic i t y  a re  typ icar  p roper t ies  o f  the  c rys-

tal l ine mater iars and evidence the fact  that  the defects

( d i s l o c a t i o n s r  p o i n t  d e f e c t s ,  g r a i n s ,  e t c . )  a r e  t h e  p r i n c i -

par factors of  eertain eJgrnentqry processes whj-ch can be

observed at macroscopic level via the

prod.uced.-F]rom among the defects of  the crystal l ine structu-

r€r  the d is lgcat ions,  are those which by the i r  mot ion and ge-

neration produce the plastic permanent deformations and in-

vo lve changes of  the in ternal  mechanica l  s t ructure dur ing

the deformat ion process.

the d is t r ibut ion of  theIf auring deformatj-on
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dis locat ions alone var ies,  then as internal  state var iables

involved in the theory we choose those which specify the dis-

location arrangement.

In the dlsl-gca.tion thgg{y., a dornain belonging

to . the physics of solids, the connggJlt,gg between the gle:Ul9

orooert ies of  crvstals and their  atomic structure is inves-

t igated.

The start ing Point of

the papers of Taylor, Orowan and

ties which attempted to elucidate

s l i p  1 n  c r v s t a l s .

The fundamenta l  aspects  of  the s l ipr  ds g iven

b y  C o t t r e l l  ( f 9 6 4 )  a r e .

a )  One  s ide  o f  t he  c rys ta l ,  as  a  who le '  s l i ps

on a s l ip  sur face wl th  respect  to  the other  par t '  a long a

4ete.rmined_jl irecHi€g. cal led the sl ip girectigr].  Often this'

su r face  i s  a  p lane  and ,  t hen ,  i t  i s  ca l l ed  the  g I lP  p1a41

b)  The d is tance between the s l ip  p lanes and the

amount  of  the s l ip  produced in  var ious p lanes are usual ly

i n  the  range  10 -6  *  L0 -4  cm and  l o -7 - r0 -5  c i l . r  r espec t i ve l y .

c)  The s l ip  d i rect ion a lways co inc ides (prac-

t ica l ly )  wi th  the d i rect ion of  the la t t ice vector  s i tuated

on the plane of maximum Packing.

d)  Frequent ly ,  but  not  a lways,  the s l ip  p lane

is that in which the packing is maximum, but one can obser-

ve smal ler  s l ips in  other  crysta l lograf ic  p lanesr  ds wel l '

e)  The s l ip  in  a qy.s ts*  (s l ip  p lane and s l ip

th is  theory is  l inked to

Poldnyi in the early thir-

the atomic mechanisn of  the
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direction) begins when the tpng.e+tlal,_stresg in the slip pla-

ne reaches a crj"t ical value, called the Ieduced tqngenlL:i l

s t ress ( t f re Schmid law),  The inf luence of  the stress compo-

nent. normal to the slip plane on the begining of the slip can

be neglected wit,h$n the usual l imits of the standard experi-

ments  (s t resses  up  to  lo -2p" ) .

f )  The cr i t ical  value of  the reduced tangeni , ia l

stress is varylng ( for  a given specimen) wi th in large l imi ts '

depending on the temperature and on the rate of deformation.

For instance r  for  pure metals (Cu, A1, Zn) i t  ranges between

ro-Sr re  -  to -4p" .

g) Through out the s l ip process on the sl ip pla-

ne  the  ma te r ia l  re ta ins  i t s  c rys ta l l i ne  s t ruc tu re .  ' Th j - s  : can

be establ ished by the fact  that  the s l ip  takes d lways p lace

main ly  a long the crysta l l ine d i rect ion on the s l ip  p lane

which corresponds to a maximum packing even if  the tangential

s t ress is  not  act ing exact ly  in  the corresponding d i rect ion-

By contrast ,  i f  the meta l  is  mel ted,  which means that  the

crysta l l ine s t ructure is  dest royed,  then the s l ip  is  produ-

ced a long the d j - rect ion in  which the tangent ia l  s t ress is

maximum.

In a f in i te  deformat ion theory of  e lastoplast i -

c i ty  o f  s ing le crysta ls  we must  a lso take in to account  (see

T e o d o s i u ,  S i d o r o f f  ( 1 9 7 6 ) )  t h a t :

h)  Despi te  the 
? igf ,  

d is locat j -on densi ty ,  the

region in  which the crysta l - l ine s t ructure ls  deter iorated,

represents an in f in i tes imal  percentage of  the to ta l  vo lume.
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This allgws, us to deflne a rngan -cryst?11gg..rafic orie-ntation

for each macroscoplc volume element.

i) fhe dislocatio4s_pasP;lng through a volume

element produce an irreversible permanent chanqe of its sha-

Es (the vlgcoelastlg deforma.lioq)and dg not change sig-nif!-

cCg9ly the mean or ientat iog of  the crystar l ine structure.  rn

the case of t,he non-uniform viscoplastic deformati-ons, the

deformations of the volume elements are generally incompati-

b le wi th each other and this br ings about the elast ic defor-

mat ions and the residual  stresses.

j )  The se l f -s t resses produced by the d. is foca-

t ions remaining inside a volume element hind.er the motion of

d is locat ions.  This  J"eads to  the harcening of  the mater ia l ,

phenomenon which j -s  ohserved at  a  macroscopic  leve1.

k)  A l though the e lementary s l ip  produced by

each d ls locat ion is  d iscont inuous,  when pass ing f rom one par-

t ic le  to  the other ,  the p last ic  deformat j -on,  as wer l  the e las-

t ic  deformat lon,  may be considered gHW at  macroscopic .

Ievel ,  due to  the h igh d is locat ion densi ty .

In  lhe theor ies of  p last ic i ty  the most  impor tant

v4r iab le par t  o f  the in ternal  mechanica l  s tate is  the s tate

of  d is locat ions.  Consequent lyr  w€ must  choose those var iabLes

which are able to  descr ibeth is  s tate at  rnacroscopic  level .

I .2 .  E l -ast ic  and p la$t ic  de{ .ormat io"*g

. 
Further on,

t ions given by Teodoslu

we present some

( f  970 ) - . . conce rn ing

of  the considera-

the concepts of
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plast lc and elast ic deformat lons,

on the basis of  the physical  and

k ) .

and which were introduced

experlmental argumetns a)-

hte consi-der a single crystal B which at the rno-

ment t=0 is free of external loacl ing and which is at the uni_

form absolute ternperature 0o in i ts global reference configu_

rat ion ko.  we assume that  B conta ins defectsr  €rs  d isroca-

t ions,  whj -ch may oroduce res idual_ s t resses (corresponding to

( i )  ) .  consequent ly ,  the body has not  a  s t ress- f ree g lobal  con-

f igurat ion.

Let  X be an arb i t rary  par t ic le  of  g ,  and ,1*  a ma_

ter ia l  ne ighbourhood of  X.  This  neighbourhood ls  c lq :sen snal l

in  cornpar ison wi th  d imension of  B tn  ko,  but  large wi th  respect

to the rnean distance between defects (such type of neighbour-

hood  ex i s t s  acco rd ing  to  (b )  ) .

We agumq that ,  d t  least  in  pr inc ip ler  w€ may cut

out from the body this neighbourhood N* and al low it  to relax,

mentaining constant both the temperature and the (rel_ativ) po.

s i t ion of  d isLocat j -ons which are conta i*ed in  i l * ,  rve ment ion

that  in  pract ice. the d is locat ions conf igurat ion can be kept

near ly  constant  by i r rad. ia t ing the crystaLs wi th  fast  neurrons

be fo re  un load ing  ( see  fo r  i ns tance  Teodos iu  ( r975 )  ) .

The configuration Ko obtained. by such a procedure

w i l l  be  ca l l ed  the  1oca l  re laxed  con f i gu ra t i on  ( I . r . c . )  o f

/ \ JX  ( see  F ig . l  )  .

F i g . l

.  we under l lne that  the ex is tence of  the conf igu-

ra t i on  Kor  i n  wh ich  the  macroscop ic  s t ress  i s  ze ro ,  i s  a  cons -
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!,ut ive -a:sugtrliog..

Now we suppose that the single crystal is de-

formed under an external  roading.and, possibre,  under a non-

uniform temperature fle1d. Let k be a current configuration

of B atttme t..we denote by F the deformation gradient from

the init ial globar configuratlon ko to the current global

conf igurat ion k.

We assume that,  dt  least  in pr j -nciple,  at  any
time t)0 we can lepealg the Ioca1 reraxati-on procedure used
at the init ial mo$ent. we denote by K*-f ) arr" locar relaxed

configuration of N* obtained at tr,. *J*enr t, by the follo-

wing procedure: we cut out i l* from B by bringing the tempe-

rature back to i ts in i t iar  varue, an.d by reducing i -nstanta-

neously the macroscopic stress to zero,  but keeping at  the

sane t i -me the (relat iv)  posi t ions and values of  a l l  exist ing

d e f e c t s i n l V - . c o n s t a n t ( K r 6 n e r , T e o d o s i u ( 7 g 7 2 ) ) .
X  '  * v v s v e 4

We also assume.  that  the local  re laxed conf igu-

rat i -ons are def ined except  for  a  r lg id  rotat ion.  (This  hypo-

thes is  has an obvious ly  in tu i t ive character) .

S ince the revers ib le  e last ic  deformat i_on re_

presents the deformat ion of  the crysta l l ine la t t ice (which

remains unchanged by the d. is locat ion mot ion,  accord ing to

(h)  )  the indeterminat ion in  choosing the local  current  con-

f igurat ion has to  be gr imina. tqg.  we accompr ish th is  task by

assuming that ir ,4] local current reraxed confi-gurations:.

l )- 'Whenever  
confus ions are not  l ike ly  to  occur  we shal l  use

K  ins tead  o f  K* .
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the crystql l ine dlrecttons are. pa{al1e-1. !o each Srglr,er.

Once Ko is f ixed, this crj-terion d.etermines

uniquel ly  the set  o f  local  current  re laxed conf igurat ionsr-

apart from the ortogonal maps contained in the material sym-

metry  group of  the anal ised par t ic le .

The configurations Ka constructed by this pro-

cedure wi l l  be ca l led local ,  current ,  re laxed,  isoc l in ic

con f  i gu ra t l ons  (1 .  c . r  , i -  . c  .  )  .

As  po in ted  ou t  by  K ra tochv i l  ( 1971) ,  t he  use

of  the Iocal ,  current ,  re laxed,  isoc l in lc  conf igurat ion en-

sures th" f"Er.!""g of the plastic deformation at a change

of  f rame.  The in t roduct ion of  th is  crysta l lograf ic  t r iad in

order  to  def ine correct ly ,  on a phys ica l ly  mot lvated basis ,

the e last ic  and p last ic  deformat ions is  due to  Teodosiu

( 1 9 7 0 ) ,  M a n d e l  ( I 9 7 1 ) ,  ( L 9 7 2 a , b ) ,  ( f 9 7 3 )  a n d  K r a t o c h v i t

( 1 e 7 r  )  .

Accord ing to  the choj -ce _made the local  deforma-

t ion f rom K to k  descr ibes the deformat j -on of  the crysta l l i -

n e  l a t t i c e  ( s e e  ( g ) ,  ( h ) ,  ( i )  )  a n d  f u r t , h e r  " t h g  g l i d e  d i r e c -

. t ions and p lanes in  the conf igurat ion K wi l l  be para l le l  to

those in  the conf j -gurat ion Ko ,  and at  any t "  (Teodosiu

( 1 9 7 0 )  ) .

Therefore the transformation of N" from Ko to K,

characterizes the perma*_ent deformation of N* (according to

( a ) r ( i ) ) .

Taking into account the above

cal l  the local  deformat ion E f rom K to k ,

remarksr  w€ shal l

the current  e last ic
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4g!9ggg!!93 atd the local- deformation P from Ko to K the cur-
1 ) "

rent plestig deEolmgti_gg, respectively.-

I ret  us also observe.that,  s ince we accepL the

constitutive assumpt,ion that the rigid body rotations of the

relaxed configurations can be distinct, from one particle to

the otherr it is necessary to choose in a rationa.L and not

an arbitrary mannerr the relaxed configurations in ord.er to

cnsure thu gnt ioolW of the mappings XeB--+E(xrt)  ,  P(x ' t )

for  any moment t ,  wi th respect to XeB; th is means a certain

regular i ty wi th respect to the spat ia l  var iables.  This requi-

rement provides an additlonal argument for the the use of

certain cr i ter ia 1n order to select  the local  re laxed con-

f , igurat lons.

The use of

the reguired regularity.

1 .c . r . i .  con f igura t ions  may ensure

?

- 1
F=EPE 

* 
of the

o

the way in wh-ich

The nultiplicative decomqgs:L."til=g

deformation gradient from k^ to k follows from
o

E and P have been 
' in t roduced (see F ig .L ) .

f ig .2  shows the essent ia l  d is t inct ion between

the e last ic  and.  p last ic  deformat ions.

F i g  . 2  .

'  In contrast with the elastic deformation the

plastic permanent deformation does not change the-'mean orien-

tat ion of  t ,he crysta l l ine la t t ice and does not  deform i t .

t lcon.utn ing the prec ise def in i t ions of  FrE and P we shal1
rever t  fur ther  on.  The purpose of  these considerat lons is
the physical justif icatj-on of the matlrsnatical definitions; which
wi l l  be in t roc iuced.

rtt-g^A 
?t{ t? \
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rn particular. by pure elastic r:otation the lalt*cg is rot,a-

ted together with Nx, by pure elast,ic strain the l j l tt ice is

deforrued together with Nx, by pure plastic rotation the ma-

tgrlal elemeq! is rotated, but in contrast wlth the case of

pure elast ic rotat ionr together

with i lx, by pure plastic d.eformation the rnaterial element

is deforrned, but in contrast with the case of pure elastic

ddformation together with ilX

l s e e  T e o d o s i u  ( f 9 7 0 )  ,  S o 6 s ,  T e o d o s i u  ( 1 9 g 3 ) .  )

E c k a r t  ( f 9 4 8 ) ,  E g l i t  ( I 9 6 0 ) ,  S e d o y  ( 1 9 6 2 )  w e r e

the f i rs t  to  use t iqe- lependegt ,  local ,  natura l  ( re laxed)

conf lgurat ions,  l ike K,  in  order  to  separate the e last ic

from the inelasti 'c part of total deformatlon.

L e e ,  L i u  ( 1 9 6 7 )  ,  ( 1 9 6 9 ) ,  F o x  ( f 9 6 9  a , b )  w e r e  t h e

first to introduce independently the mult ipl lcative decompo-

s l t ion ru le  for  F in  the specia l  case Eo=I ,  I  be ing the uni t

t enso r .

Teodos iu  (1970) ,  R i ce  ( r9z r . )  we re  the  f i r s t  t o

j-ntroduce j-ndependently the mult ipl icative decomposit ion rule

in the general case Eo*I.

T e o d o s i u  ( f  9 7 0 ) ,  R i - c e  ( 1 9 7 L ) ,  I { a n d e l  ( 1 9 7 f  )  f o r

the f irst t , ime and independently have consj-dered the special

choice of the orientatj-on of the local relaxed configura-

t ions K.

1.3. Thg constitutive and evoluti_ort ecnrations

An extensive l iterature orists concerning the
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constltut ive theory of thermoelastoyiscoplastic deformation

of the materials wlth intermedlate relaxed conflgurations and

' in ternal  
s tate var iab les.  We shal1 l i rn i t ,  ourselves to  the

ma in  resu l t s  ob ta lned  t i l l  L983 .

In order  to  descr ibe the behaviour  of  mater ia ls ,

the authors use a tLgrnroelas.lic. -consjjlutivg aqua$Lgg,T=

= f  (E ro rc r ) ,  based  on  the  I . c .  T . c ,  wh ich  i s  supp lemen ted  by  the

evolutj-on equations for the plastic deformation and for the

set ,  c t  o f  the in ternal  s tate yar iab les.

M a n d e l  ( 1 9 7 L  d ,  C a p . 3 ,  5 2 )  p o i n t e d  o u t :  " I f  h a r -

dening does not  ex is ts  the s tate is  the same in  a l l  succesi -

ve re laxed conf igurat ions.  The cy l indr ica l  specimen can be

very much plastical ly deformed and its actual state i= lg]g

pg1]elt on this stretching, depending on ETE and not on FTF".

Lee  and  L iu  (1968)  emphas ized :  "The  p las t i c  de -

formation is given by change in permanent shaoe of the body

from the j r l i t ia l  conf igurat ion,  considered to  ha ' /e  uni form

temperature,  to  the current  s tate modi f ied by removal  o f  e las-

t ic strain _an9 the thermal expansion by reducing the entire

Pdt 
agai-n to, an" init ial temperature ".

Ihe two authors under l ine:  " In  a problera,  for

which the e last ic  and p last ic  s t ra ins are both f j -n i te ,  the

inc lus lon of  the unst ressed conf igurat ion is  needed to acf r i :

ve the s impl i f icat ion,  concern ing the use of  unchanged ther-

mo-e las t i c  cons tan ts  " .

This  fact ,  based on the exper lmenta l  data,  shows

the importance of the using of the local relaxed. configura-
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tions Ln order to introduce the el.astic and plastlc deforma-

t lons.  rn th is wdyr the use of  thg standard thermoelast ic

constitutive equations specifying the reration between the

stress and the elast j "c deformat ion becornes posslble.  The fact

that  i -n spate of  the plast ic f low the "elast ic constants ba-

sed on the true stress and natural strain (determined by

using the relaxed conf iguratj-ons ) are eff ectively unchanged,"

(see Lee,  L iu  ( f968)  ) ,  revea ls  the  advantage o f  u t i l i  z ing  the

elast ic deformat lon E determined via the plast ical ly deformed

conf igurdt ion,  K.  

t  rS ince "unloadlng a p last ica l ly  deformed b-ody

wi l l  usual ly  leave fe .s idu* !  s t ress and to  unst ress a l l  e lements

l t  would be necessary to  d issect  the body in to in f in i tes imal

vo lume e lements,  which wi l l  not  f i t  together  wi thout  the e las-

t l c  de fo rma t ions  assoc ia ted  w i th  the  res idua l  s t ress " ,  Lee

and  L iu  (1968)  ey idence  tha t  E  and  p  do  no t_  rep resen t  t he

gradients  of  any g lobal  deformat ion of  the body.

For  th is  reason,  in  order  to  d.ef ine r igorously

the eLast ic  and the p last ic  par ts  of  the deformat ion,  i t  is

essent iar  to  use the concepts of  locar  conf igurat j -on and of

l o c a r  d e f o r m a t i o n ,  i n t r o d u c e d  b y  N o t r  ( 1 9 6 7 ) ,  ( 1 9 6 g ) ,  ( r g 7 2 ) ,

( r 9 7 3 ) ,  ( L 9 7 4 ' '  
"

we ins is t  on the fact  that  the moder  based on

the  l oca l ,  cu r ren t ,  re laxed ,  l soc l i n i c  con f i gu ra t i ons  i s  j us -

t i f j .ed by the experim,ggtq! facr thar "the effective ggcor+q$g

between e last ic  and p last ic  Laws ar ises i f  the unst ressed.

(permanent ly ,  p last ica l ly  deforn iec l )  conf igurat ion is  uded as

a  re fe rence  s ta te  fo r  de fo rma t ion  changes"  (Lee r  Germa ln (L974) ) .
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s ince i t  seems to us essent . la l ,  we l l rust rate

by one d imensj"onal  tests  resul ts  the above genera l  considera-

t j - o n s  ( s e e  a l s o  H a u p t  ( 1 9 8 4 )  )  o f  L e e ,  L i u  ( L g 6 7 ) ,  ( 1 9 6 g ) ,  L e e

(1969) r  ( f  9 :70 )  r  Lee l  Gerena in  ( rg74 ) .  f n  t he  case  o f  t he  va r ian t

a d o p t e d  b y  L e e n  L i u  ( L g 6 7 )  t  ( 1 9 6 g ) ,  T d o d o s i u  ( 1 9 7 0 ) ,  M a n d e L

(L97L)  |  (Lg l2) ,  the e last i -c  deformat ion measured wi th  respect

t o  t h e  l . c . E . i . c .  i s  s e = ( 1 - 1 P ) / f ,  w h e r e  I  a n d  l P  a r e  t h e  f i -

nar length and the length of the specimen determined after

unloading,  respect ive l ly l  i . ,€ .  for  the ax ia l  s t ress o=0 and

for 0=oo, when the deformatj-on state is supposed to be homo-

g e n e o u s .  I n  t h e  G r e e n ,  N a g h d i  ( 1 9 6 5 ) ,  ( 1 9 6 g )  c o n s i d e r a € i o n s ,

the e last ic  deformat ion is  re ferred to  the ln i t ia l  conf igura-

t i on  and  i t  i s  exp ressed  by  Ee=( I - I p )  / Lo ,  where  l o  i s  t he

in i t ia l  length of  the specimen.  s ince the to ta l  deformat i -on

i s  e= ( l - l o ) . / Lo ,  i n  t he  f l r s t  case  we  ge t  E=eP+eu( t+eP)  and

in the second case e=;Ee+eP where ep=( t t t_ to ' l /Lo represents the

permanent '  p last ic  deformat ion.  consequent ly ,  there ex is ts

the  re la t i onsh ip  E t=e t ( I+sp )  be tween  the  two  , , e las t i c , ,  de fo r -

mat j -ons Ee and 
" t .  

we suppose that  the eLast ic  const j - tu t ive

equation is l j-nea.r and of the form o=cg€ j_n the f irst case,

ana o=ef, in the second one. rf c is i*depgr-d.q4_g on sP, u".or-

d ing to  exper i rnenta l  data,  then i t  resul ts  that  e  depends ine-

yl l$k on. eP vla the relation e,=C'/ ( l+ep) .

The rnodel  considered here is

ses in  which the use of  e€ as 
"a 

measure of

Ieads to  a very weak dependence (which can

C on gP.

usefu l  i -n  those ca-

e last ic  deformat ion

be  neg lec ted )  o f



We consider  that  the d ispute (see Leer  Germain

( I974 )  |  Nemat -Nasse r  (L982) ,  Leh rnann  ( f  982 )  )  be tween  the  au t -

hors which made their optlon for one of these al-ternat, ives is

laking any principledbasis: the !gIWt:L.o"3 (strain) is a pu-

rely gpngtr;f ,  concept and the characterisatlon of one of i ts

measure  as  e las t i c ,  i s  poss ib le ,  j us t i f i ed  and  l eg i t ima te  on -

ly  in  a const i luEiye f ramework.  The cr i ter ia  of  u t i l i ty ,  s lm-

p l ic i ty  or  ra t ional i ty  o f  the recal led type,  which are mot i -

vated by exper jmenta l  data must  p lay a dec iss lve ro le  in  the

choosi -ng the measure of  e last ic  deformat ion.

Our point of view is clearly emphasized b]r the

fo l l ow ing  remark  made  by  Lee  and  Germa in  (1974) :  "Th i s  s ta te -

ment  by Lee concern ing the non-adi t iv i ty  o f  e last ic  and p las-

t ic  s t ra ins at  f in l te  deformat ion is  mis]eading,  s ince i t  was

made on the assumption unstate4 that the plast ic strain was

expressed as permanenL deformation from the undeformed state'

and e last ic  s t ra ins deformat ion f rom the p last ica l ly  deformed

unstressed reference state, i I  .qr,4gr Lg-j lgl l lgre- e.f l-es!. ive-

uncoupl inq of  e last ic  and f f i  Addi t iv i ty  -qgn

be achieved at  f . ln i te  s t ra in  i f  such uncouol ing is  not  deman-

ded ,  as  i - l l us t ra ted  by  Green ,  Naghd i ' s  t heo ry  fo r  i ns tance" .

It  is clear that in the end only thu g-Pgtrmegf

dectdes , i f  the use of 
"t 

instead of Ee al lows the Wgg!]4g..

The dislocations theory sgggq!.Pg this alternaLive and sneaks

agai -nst  Ee. '  .

Mandel  (1971d)  furn ished the conclus ive argu-

ments,  based on the de d is locat ion theory,  io  favour  of  models
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us ing  the  I .c . r . i . c .  He po in ted  ou t  tha t  the  or len ta t ion  o f

the current; relaxed conflguration is specifled by the .*J.re..cr-

gg,L*€re, the exlstence and ruechanical signiflcance of which

are given by (g) ,  (h)  I  ( i )  .  "A director f rame is a f rame asso-

ciated with the atomic lat t ice ( taken ln a relaxed state),

the elast ic deformat ion is the deformat ion of  crystal l ine

I a t t l c e " .

fhe following explanation of constitutive nat'u-

re is essent ia l  to understand the model (Mandel ( f971 d) )  3

"Using those relaxed conf igurat ions for  whlch the director

frame ( the crystalograf ic axes or the mean crystalograf ic

axes) is keeping f ixed the direct ion,  t ,he lnternal  energy'

en t ropy  and f ree  energy  are  func t ions  o f  Q/2)  (eTn- f  )  rO and

{ o * }  a l o n e " .
J

We point  out  that  E is  a  local  deformat ion f rom

1 . c . r . i . c .  K  t o  t h e  a c t u a l  c o n f i g u r a t j . o n X ( . r t ) .  T h e r e f o r e ,  l i -

k e  L e e  a n d  L i u  ( 1 9 6 7 )  ,  ( 1 9 6 8 ) ,  M a n d e l  a s s u m e s  t h a t  i t  i s  t h e

use of  K which ensures the expl ig . iJ  ind 'ependence of  the cons-

t i tu t i -ve re la t ions on the preceeding,  permanent ,  p last ic  defor-

ma t ion  P .

L i ke  Teodos iu  (L970)  '  bu t  i n  con t ras t  w i th  Lee

a n d  L i u  ( L 9 6 7 )  ,  ( 1 9 6 8 ) ,  M a n d e 1  s h o w s  t h a L  t h e  u s e  o f  l . c . r . i . c .

leads to  a model  in  which the ro le  of  the h is tory  of  the to-

ta l  deformat ion (unknown in  genera l )  can be e l lminated only

i f  t he  i n te rna l  s ta te  va r iab les  ( i n  t he  K r6ner ' s  sense  (1963)  )

are in t rod.uced.  In  order  to  speci fy  the evolut ion of  these

quant l t ies,  Mandel  s tates the va labi l i t r r  o f  some evolut ion
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equat ions,  but ut l l iz lng also the loca1, current,  re lexed,

isocllnig conflgurations. At the sarue tjare, based on the nri-

crostructural conslderations concerning the plast,ic deforma-

t ion produced by the dis locat ion rnot j -on Teodosiu (r970),

Mande l  ( fgZ f rb rd) ,  Kra tochv i l  (1971)  a re  the  f i rs t  to  s ta te

that' the evolution equation for the plastlc deforrnation rnust

be given for both the syrurnet,ric and gllsyrgg!* parts of

" the rate of  p la i t ic  deformat ion, , ,  ip- f  .  1)

Taking into account the experimental data (with

limited valabll ity, depending on the varues of the imposed

deformati-ons ) Mandel ln hig theory p.FsuTlge that any consti-

tutive function has an .lgarigl3 form (with respect to tilqgJ

i f  i t  i s  re ra t i ve  to  the  1 .c . r .  i soc l in ic  conf igura t ion .

(rhi-g experimental evi-dence li-es at the basis of our tempo-

ral  invar iance assumptlon.)

We po in t  ou t  tha t  the  ex is tence o f  l . c . r . . i .  con f i -

gurat ions,  as wel l  as the independence of  the mater j -a l  res-

ponse on the preceeding plast ic deformat lon,  (T depends on

E -  the elast ic deformat ion) are const i tut ive hypothesis.

colsequently, these assumptj-ons deterrnine the domain of the

valabl l i ty  of  the model (which:nust be exper imental ly deter-

mlned) and the manner in which the elast ic and plast ic defor- '

mat ions are to be determined.

Wlth regard to the f i rst  aspectr  we can ment ione

TH"r,.rr anaryse later the manner in which this require-
ment of  Mandel has been implemented in the last  years.



t h a t  ( s e e  L e e  ( 1 9 8 5 )  )

in t,he moderate strain
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"it has been found experimentally thilt

range (of  about 30%) the usual  e last ic

law which appry to an init ial ly undeformed metal can be ap-

p l ied to  the e last ic  deformat ion of  the unst ressed (current )

p last ica l ly  deformed conf lgurat j .ons" .  Thus the model  which

wirr be presented can be applied to f inite but moderate de-

formations "

Consequent ly ,  the model  can be appl ied to  mater ia ls

wi th  crysta l l ine s t ructure,  because the hypotheses "are con-

s is tent  wi th  the phys ica l  bas is  of  p last ic  f low s ince even

af ter  apprec iable p last ic  s t ra in  only  a smal l  por t ion of

atoms are d is turbed f rom the regular  a tomic la t t ice and the

mate-atomi-c  la t t ice determi-nes the e last ic  constants  of  the

r ia l "  (Lee ,  I " l cMeck ing  (1980)  ) .

.  The l imi t  o f  the appl icabi l i ty  o f  the model  re-

su l ts  a lso f rom the fo l lowing "hypothesis ' ,  made by Lee and

McMecking (1980) ,  and which are incorporated in  our  ax iomat ic

system: "Defj-nit ion of glg:! ' ig f low as pe_rEellent deformation

after al l  macroscopic -*fe"gss are removed provides a theory

for  n i r le- r ia lq  which do not  exhib i t  p last ic  f row on unloading" .

" In  the unst ressed conf igurat ion the s t ress have been remo-

ved and complete recovery of the elastj-c strai-n with no further

p last ic  f low is  considered to  have taken p1ace" .

The const i tu t ive funct ions involved are genera l ly

def ined in  the s t ress- temperature space.  In  order  to  ref lect

at macroscopic level the fact that the plastic deformation

begins to  develope only  i f  the reduced cangent ia l  s t ress rea-
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ches a cr i t lcal  value (see (g) ) ,  we accept that  the const i tu-

tive functions j-nvolved in the errolution eguations depend on

the stress state by means of  the stress measures related to

t h e ' I . c . r .  c o n f i g u r a t i o n s

f 'o r  th is  reason Teodos iu  (1970) ,  Kra tochv i l  ( I971) ,

Mande l  (Lg7L)  t  og72)  ,  (1973)  u t i l i ze  as  a  measure  fo r  s t ress

the second type Piola-Kirchhoff  tensor 11=(det e)n-I tg-T,  wi th

respec t ,  to  the  l . c . r .c .y  where  T  is  the  Cauchy  s t ress .

Based on thermodynamic considerat ions,  Teodosiu

a n d  S i d o r o f f  ( 1 9 7 5 ) ,  ( 1 9 8 6 )  p r o p o s e  t h e  u s e  o f  p = 1 e T n ) n  w h i c h

is a conjugate var j -able to PP-I .  -

Using a sj-mj-lar argument, Halphen and Nguyen

( 1 9 7 5 )  p r o p o s e  t h e  u s e  o f  R = ( 1 / F )  ( n T n ) n ,  p  U e i n g  t h e  m a s s

densi ty in the relaxed conf igurat lon,  ln contrast  wi th Lee

and L iu  (L969) ,  Lee and Mc.Meck i .ng  (1980) ,  Lee and Lubarda

( 1 9 8 1 ) ,  L e e  ( f 9 8 5 )  w h o  i n t r o d u c e  t h e  K i r c h h o f f  t e n s o r  r -
- ' l

=T(det  E)  -  
as an independ.ent  var iab le in  the evolut ion equa-

t ions

Al though the y le ld  ( f low) condi t ions are genera l -

Iy  g lven in  the.  s t ress spacer  ds a consequence of  the equi -

p resence  p r i nc lp le ,  K ra tochv i l  ( L972)  assumes  tha t  t he  cons -

t i tut ive funct. ions involved in the evolution equations depend

on the elastic deformation E.

further on we do not refer any more to the theo-

ries that do not use the relaxed configurations in order to

in t roduce the e last ic  and p last ic  deformat ions,  l ike for  lns-

tance  tho .se  o f  Green ,  I {aghd i  (1965) ,  (1968)  ,K ra tochv i l ,  D i l l on
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( 1 9 6 9 )  ,  ( I 9 7 0 )  t  P e r z y n a  ( 1 9 7 1 )  ,  ( t g  7  j )  t  ( 1 9 8 0 )  .

T e o d o s l u  ( L 9 7 0 ) ,  M a n d e l  ( L g l L )  r  e g t Z )  ,  ( I g 7 3 )  t  K r a -

tochv l l  ( L972)  |  Ha lphen  ( r975 ) ,  Teodos i -u  and  s ido ro f f  (1976)

repeatedry s t ressed that  a t  least  ln  the case of  an isot ropic

materials the rate of plastlc deformatj-on ip-] i tgel{.r and

not onry i ts syrnmetri-c part, should be given by a constitut i-

ve lawr ds for instance the exarnple of single crystals shows

th is  in  a very convinc ing , "y .1)

s ince the d isrocat ions pray a pr inc ipar  ro le  in

producing the permanent  p last ic  deformat ions,  the most  used

internal  s tate yar iab les are those which speci fy  in  a-more

o r  l ess  de ta l i ed  way  the  d i s loca t i ons  d i s t r i bu t i -on .

obviousry,  in  addi t ion to .  the arguments g iven abo-

ve one can in t roduce in  a genera l  theory other  var j -ab les as

wel l rwhich are more or  less responsable for  the p last ic  and, /

or  v iscoplast ic  deformat ion l  for  the isot rooic  or  an isot ro-

p i c  ha rden j -ng ,  and  so  on .  rn  th l s  sense ,  see  fo r  i ns tance

Teodos iu ,  S ido ro f f  (L916)  who  take  accoun t  exp l i c l t l y  t he

inf luence of  the evolut ion of  the point  defects  t  or  Mandel

( L 9 7 L  d t  C a p . 3 ,  3 2 )  ,  w h o  s t a t e  p r e c i s e l y ,  i n  a n  e x p l i c i t  w a f  r

the s lgn i f icance of  j_nternal  s tate var iab les.

we consider  that  a  weLl  e laborated model  must  spe-

c i fy ,  in  addi t ion to  the concrete nature of  j -n ternal  s tate

variables, thelr transformegion_lqyg with respect to a change

of framer ds *.rrffio, the reference configu-

IE-. details see the references in  Sidorof f  and Teodosiu( f996)
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rat ions.  obv ious ly ,  these t ransformat lon raws are der ived

from the mechanical and physicar signif icance of the employed

state var iab les.

Although, i t  is welr known that the constitut ive

funct ions depend essent ia l ly  on the reference conf igurat ions

used in  order  to  formul-ate the mater ia t  laws,  th is  dependen-

ce is seldom mentioned in the papers which are founded on

the  use  o f  t he  l . c . r . c .  i n  o rde r  t o  i n t roduce  the  e las t i c

and p last ic  deformat ions.  Nei ther  are speci f ied the t ransfor-

mat ion laws of  the const i tu t ive funct ions and of . the in ter -

nal state variables at the change of the current relaxed con-

f i gu ra t i ons .

Although the authors take lnto consideration ta-

c i t ly  these facts ,  the lmpor tance of  these facts  is  expr i_-

c i t ly  po inted out  ln  Mandel rs  papers e laborated by us ing con-

sistently the dj.rector frame, through which is taken lnto

account  the speci f ic  ro le  p layed in  the theory by the crysta l -

l ine s t rueture of  metaLs.

rn the models based on the use of the t ime seqget

ce  o f  t he  1 .c . r .  con f i gu ra t i "ons ,  t he  cons t i t u t i ve  func t i ons

at any moment, are referred to other configurati_ons. Based on

the phys ica l  proper t ies (a)  r  (c) ,  (g)  ,  (h)  one tac i tJy.  assumes

that the functionaL form of the constitut ive functi.ons remain

invarlglt jiq,;L*ge r although the configurations used at, each

moment  are d i f ferent

rt is only Mander who has pointed out the exi-sten-

ce of this temporal invarj-ance provided that the sequence of
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the  1 .c . r .  con f igura t lons  be  an  isoc l ine  se t .  rndeed,  Man-

del"  (1971d) has wrl t ten:  "Let f  be a scAlar funct ion depen-

ding on the thermodynarnic state (Eroro).  r f  we consider the

relaxed confi.gurations for which the director frame D is

f ixed ( i .e.  the sequence of  the isocl in ic conf igurat ions)

then at any t, ime r=f (nrn|:oro) is a function of the thermo-

dynamic variables in an j-nvariant form',.*ffi
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.2, Axiomatlc reconstruct ion

In this section we deal with an axionatic characteri-

zat ion of  the thermoeleastoviscoplast ic behaviour of  metatrs.

fhis reconstruction j-s based on the mechanical and physj-cal

r e s u l t s  d u e  t o  L e e ,  L i u  ( L 9 6 7 ,  1 9 6 8 ) ,  L e e  ( 1 9 6 9 ,  L 9 7 0 ) ,  T e o -

d o s i u  ( 1 9 7 0 ,  L 9 7 5 )  r  S i d o r o f f  ( 1 9 7 0 ,  L 9 7 L ,  L 9 7 2 ,  L 9 7 3 ,  L 9 7 4 ) ,

Teodosiu, Sidoroff (L976) on tlre otle hard, and pn the other hand,

on the mathematical  concepts due to NoI l  (1967, L968, L9721

L 9 7 3 ,  L 9 7 4 )  ,

The reconstruction takes j-nto consideration ah: fact

that the introduction of the local relaxed configuration be-

comes possible only if i t j-s introduced simultaneously with

the . laws o f  mater ia l .

In the model, the history of deformation is involved

by the ggtgl  value of  the internal  state var iables only,  o:

other hardenj-ng variables, which describe at the fenomenolo-

gical  level  the essent ia l  features characterLzing the conf i -

gurat ion of  the dis locat ions exist ing in the body

fn accordance with the characterization given by Kro-

ner  (1963)  we understand that  an external  or  in ternal  (h id-

den)  s tate var iab le is  "any (macroscopic)  quant i ty  which

can be measured at a given t ime without any information

about  the past" .  In  th is  sense the e last ic  deformat ion,  the

y ie ld  s t ress,  the temperaturer  the d is locat ion densi t ies are

state var iab les,  but  the ex is t ing p last ic  deformat ion has

not this quali ty

Since the e last ic  and p last ic  defornat ions a l :e  not
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the gradient of any global deformation of the body (see (i) )

the axiomatic model wil l  be deveroped by taking into account

the local concepts elaborated by Noll-o .

Taking into considerat ion the physical

mechanica l  s ign i f icance of  e last ic  and p last ic

we shall  use with consequence the sequence of

origin and the

deformations

the mobi le iso-

c l i n i c  con f i gu ra t i ons ,

The main idea lying at the basj-s of the axiomatic re-

construction togetheJ- with the ideas of the above mentioned

authors can be expressed as fol lows:

Al though the e last lc  and p last ic  deformat ions are lo-

ca l  deformat ions,  they do no!  represent  pure geometr ic  or

k inemat j -c  concepts.  In  order  td  character ize correct ly  these

deformations it  is necessary to 
'ernploy 

the local current re-

laxed conf igurat ions which can be in t roduced only  j - f  we j -n-

voke const i tu t ive and evolut ion equat ions.

This  fact  involves the considerat ion the dynamic con-

cept  o f  s t ress as wel l  as the phys ica l  concept  of  in ternal

s ta te  va r j -ab les .  Fo r  i ns tance r  dD  e las t i c  eu le r i an  f l u id

does not  have a loca1 re laxed conf igurat ion;  i t  is  c lear

that  the assumpt ion c .oncern j -ng the ex is tence of  such a conf i -

gurat ion is  a  const j - tu t ive hypothesis ,  which nrust  be expl i -

cit ly formulated. It  is also known that every synmetry group

o f  c r y s t a l l i n e  f l u i d s  ( s e e  C o l e m a n  ( 1 9 6 5 ) ,  w a n g  ( 1 9 6 5 ) )  m a y

contain a local nonorthogonal transformation. The exclusj-on

of  such a poss ib i l i ty  in  our  model  is  a lso a const i tu t ive

assumpt ion.
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In conclus ion:  the consi -s tent  character izat ion of  e las-

t ic  and p last ic  deformat ions,  hence of  the thermoelast ic-v is-

coplastic behaviour of a material,  requires a elglgle,,gou' '

consideration of the geometric, kinematic, thermic and phy-

sic concepts taken together in the constitut ive and evolution

hypotheses of the mod.el.

The axi-omatic system presented subsequently represents

€rn improved form of  the one eraborated.  by cre ja- f igo iu ( r9gg)

and  i t  i s  based  on  the  ea r l i e r .papers  by  So6s  ( fg8 : )  and

C l e j a - T i g o i u  ( 1 9 8 3 ,  t 9 8 4 ) .

The propert ies derivated from the assurned axioms wil l

be enounced wi thout  demonstrat ion,  but  re ferences wi r l -  be g i -

ven  to  the  papers  con ta in ing  j us t i t i ca t i ons  o f  t hose  resu l t s .

s ince a l l  the conslderat lons are local ,  rerat ive to  an arb i -

t rary  f ixed mater ia l  po int  X,  the dependence on X of  the va-

r ious involved quant i . t ies wi -1 l  be understood and wi l r  not

be expl ic i t ly  ment ioned whenever  th is  does not  produce con-

f u s i o n s .

At  the sarne t ime,  for  the sake of  conciseness,  we

shal l  a lso omi t  the ment ion ing of  the domains of  def in i t ion

of  the involved const i tu t ive funct ions.

,  
f n  t h e  f o l l o w i n g  w e  d e n o t e  b y  E r V r L , l i , L +  r S , S * , 0 , 0 *

the three dimensional euclid. ian,polnt spacer the three dimen-

s iona l  rea l  vec to r  space  ( the  t rans la t i on  space  o f  E ) ,  t he

set  o f  second order  tensors,  the subset  o f  j -nver t ib le  ten-

sors,  the subset  o f  second order  tensors hav ing oosi t ive

deterrninantrthe subset of synrnetric tensors, the subset of syrmretric and
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positive defirr.ite tensorsrthesrbset,of orthogonal tensors and the sub-

set of  proper orthogonal  tensors,  respect ively,  By R and R*

we denote the set of real numbers and the subset of positive

real  numbers,  respect ively.

2 ,1 .  Ma te r i a l  e lemen ts .  Loca l  con f i gu ra t i ons .

flhermok i Le-jglc pro c e s s_eg

rn this. sectj-on we present the arathematicar concepts,

d e v e l o p e d  b y  N o l l  ( L 9 6 7 ,  1 9 6 8 ,  1 9 7 2 t  L 9 7 4 )  w h i c h  a r e  n e c e s -

sary in  order  to  def ine correct ly  the e last lc  and p last ic

deformat ions,  which are local  deformat ions.

We br ie f ly  recal l  t f re  mat f remat lca l  descr i -p t ion for

severa l  phys ica l  concepts l ike body,  mater ia l  e lementr  rnd-

te r i a l  ne ighbourhood  o f  a  g i ven  ma te r ia l  po in t s r . . .  as  g j - -

ven  by  No l l .

T h e  b g d y  B  i s  a  s e t ,  w h o s e  m e m b e r s  X , y r . . .

mater ig l  pg int j ,  endowed wi th  a s t ructure def ined

C o f  mapp ings  k :B*E .  The  mapp ings  keC a re  ca11ed

gu-ra l io l : -o f  q  ( in  the. ,space E) .  The spat ia l  po int

cal led .!he_plac.e of th.e material points XeB in the

t i on  k . .

are ca l led

b y  a  c l a s s

the conf i -

k ( x ) e E  i s

configura-

We say that  B is  a  cont j -nuous body of  c lass gP (p>I  )

i f  the set ,  C sat is f ies the fo l lowing ax ioms:

C f )  Eve ry  keC i s  one - to -one  and  i t s  range  k (B )  i s  an

open subset  o f  Et  whlch is  ca l led the re_gion occupied b:  B

injhe . .ggnf iguratiolL

c 2 )  I f  k , F e C  t h e n  ) , + ' k - l : k ( B ) * E t f )  i s  a  d e f o r m a t i o n
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configuration

ca)  r f

then l .o  ke C.

which is

k in to

3 4 -

called the deformati-on of B from the

the  con f i qu ra t i on  E .

va lent

Of central importance for further developements is

the concept of local deformation at a mM

Two gJ-obal confj-gurations k and E are said to b" -grri-

a t ,  X  a n d  w e  w r i t e  k r X E  i f  a n d  o n l y  i f  V ( E " k - l  ) / n ( * ) = t . 2 '

I t  is  immediate that  . r , "  is  an equiva lence re la t ion on C.  The

resul t ing par t i t ion of  C is  denoted by CX,  and 1ts  members

K x ,  R * r . . . ,  i . e .  t h e  e q _ y i v a l e n i e  c l a 9 s e s ,  a r e  c a l l e d  l o c g l

gon€igurgLtion? at X. Instead of writ ing keK" when k is an

e lemen t  o f  t he  c lass  K"  we  wr i t e  Vk (X)=O* ,  and  we  say  tha t

the local  conf igurat ion K"  is  lhg_gr_adient  a t  X of  the g lo-

bal  conf igurat ion k .

Let  Kx,  Rx.C" be two local  conf igurat ions and le t  k

. K x ,  E r K * .  T h e  t e n s o r  v ( E o k - r ) / x $ ) r l i  d e p e n d s  o n l y  o n  K x

and K* and not  on the par t icu lar  choices of  keK* and keK".

We denote this tensor by R-R- and it  is the local deforma-

tion from lhe lg,cal .configuratign K"

qurat ion K. . .  Thus
---@ 2l

R*xlr=v (E.t<-r )  /u (*)  =v[ (x) (vk (x) )  
-1.

The ruapping trok is called the gonfig_uration obtai+j:jl

in to  the local  conf i -

k e C  a n d ) , : k (B)*E is  a  d .e fo rmat ion  o f  c lass  Cp,

V l ( X ) t L i .

un l t  tensor

1 \

" r t  fo l lows that
2 t -- ' I  represents  the

the conf igurat ion k  by the deformat ion l . , f )
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rt foLlows that any local.deformation belongs to l*
I

and converselyr &Dy element fro: l  Lo is a loca} deformation.
I

r f  K*ec* and F is any local  deforrnat ion,  FeLy we can

define a new local deformation FK* by

FK*: {) ,ok lV; I  lk  (X) 
=F, Vk (X) =Kx} r

the local confi.guration K., by'the loca1 deformation 'F.
, [ , r r w . e - G

The fo l , lowing reLat ionships take p lace

Using the above results we define the tangent space

as  fo l l ows :

Cons ider  the  se t  {  (KXru)  /K*eC*r  ueU}  =C*x [ / .  We say

that two pairs (Kx, u) and (Rx, E) .?r.e equivale,+! if
- 1 .

(KXKX- ) u=u. -

I t  fo l lows that  the above re lat ion def ines an equi -

va lence re la t ion.  The resul t ing equiva lence c lasses are ca- l -
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led tang-e,J! . .vectgrE at  X and are denoted by u*r . . .  .  The to-

taliQr of all these tangent yectors is denoted by T.- and it- x

is cal led the talgentJlp-ace. at  XeB.

Let K*eC* ; we say that oXrTX determines a unique spa-

t ia l  vector ue[/  such that (K*ru)eu*.  we can therefore use the

notation

u=K*u*r u*=xllu l f  (K * ru )  eu* r

and we'say t,hat K* determines a one-to-one mapping of the tan-

gent space T* onto the space v, The tangent space T* has the

natural  structure of  three-dj :nensional  yector space, wi- th

the addi t ion def ined by

- l  

\

ux+vx=Kx* (U+v) - l
u*=K**ur

with scalars by

- ' l
u*=K*-u1  deR.

- l
v*=K"-v ri f

and the mult ipl ication

au*=K-l 1.,r,

I t  is straightforward that rX*rX and au* are we1l de-

f ined because the resul ts  are independent  of  the choice of

the local .  conf j -gurat ion K* used to represent  u*  and v*  in  V.

We remark that the loca1 configurations can be iden-

t i f ied with the invert ible l inear transformati-on of T., onto

V .

i f

TIF tangeqt -vsc.t-or,: and the tangent spag.e, at the ma-



ter ia l  point  X are

physical concepts

ni" tesimal mater ia l

t lvely.

L e t X b e a

We consider

3 7

the intr insec rnathematical models of the

of materlal elements at X and of the inf, i-

neighbourhood of a given point X, respec-

certain neighbourhood of the material point

is cal led t.he ( local) thergo,kin,etic-, prgc-gss

f ixed mater ia l  point .

the  se t  o f  a l l  pa i rs  (XrO) with 1 the mo-

t ion and 0 the temoJerature, defined on t***, where N* is a

N * c B .  ( x r 0 )

^/x '

We recall that by definit ion a mot:ic4_a of the body

I  is a one-parameter family of configurations of B and mo-

reove r  f o r  a l l  Ye  r \ l y r  X (Yr .  ) :R*E  j - s  con t i -nuous l y  d i - f f e ren t i a -

b le funct ion of  c lass C2.  The thermokinet ic  processes have

ce r ta j -n  p rope r t l es  l i s ted  i n  Co leman  (1964) .

rn the fo l lowing we denote by (x*ro*)  the process

obta ined f rom (XrO) by a change of  f rame def ined by the or-

thogonal  t ime-dependent  tensor  Qi  a l l  quant i t ies associated
tr d,

with (x^ro^)  wi l l  be denoted by a superDosed *

2 . 2, Thsrmo e 1 a s t i c - c_og ?}' i3r+51 ve gqu?9.i,g ng

We say that a continuous body B is made of a !,he,rmg:

e las tov iscoo leg* lg  ( t .  e .v .p .  )  mater ia l ,  i f  the  fo l low ing  cons-- -

t i tut ive assumptions are met for  a l l  mater ia l  points XeB:

Ll .  For al l  X and al l  teRl for  any admissible thermo-

klnet ic process (Xr0) there ** .gI  Kg, cal led lg,cal  curren!

cgnfigula,t,i_og ( 1 . c. c. ) r together wi th F.h-e qet 
" 
of intern*]

state ,va{iables (!".s,y.) {ct" } res*F,Llctg9 by the recluirements
^ t

X ,

of
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Listed under the form of several axioms.

D.il. The local current thesnoelastlc deformatj-on E

and the local current thermoplastic deformation P are clefi-

ned by

n=vxaKir, - t
P = K . K  -

E O

In order to sfunplify the presentatlonr w€ assume the

content of dislocations in the reference configuration k to

be negl ig ib le l  dnd consequent ly Ko=Vk.

From (1)  we ob ta in  ( in  cont ras t  w i th  C l i f ton  ( Ig72) ) ,

the ngncorninutgtive multiplicgtive .d,ecomposiUlqn of the defor-

mat ion gradient F=Vxavk l=VxaK-f ,

F = E P

Wlth respect to the local  current conf igurat ion VXt '

we denote by Trgrg and g the Cauchy stress tensor,  the mass

densityl the heat f lux vector and the temperature gradient,

respect ively.  Consequent ly,  the corresponding quant i t ies

with respect to the local  current conf igurat ion Ka can be

introduced by

( r )

(2',)

n=n*a=det n n-frE-T, 6=p*a=p detE,

d=qr. =detE n-fq, d=gn. =ETg.
' t t  " t

( 3 )

A;2 (rhe existence of  the conEl i tut ive equat i
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the thermoelastic 3ype). For any

gy Sr the specific entropy n, the

heat flux vector q are deterrnined

t ive relat ions:

U=tlKt (Ar.o*a) r rt=1.16 (A, oga) r

t=t*, (A'o*a) r g=P6a (A' 9'' 't<a) '

w h e r e  A = ( E r 0 )  a n d  g = y g l ) .

The constitutiye functions frorn

the loca1 current conf igurat j -on Ka.

(xro) the 
'speci f ic  

f ree ener-

Cauchy stress T and the

by the following constitu-

( 4 )

P.  l .  I f  K t  and ka  are

sane process (Xr0) then

(4)  a re  re la ted  to

the  1 .c .c .  cor respond ing  to  the

fRa (Er a rf t .)  - fKr {E'c.r. ,  o*a)

A. ?. (Qbjgc tivi ty_e.sspqp},io3.) .

o f  1 . c . c .  a n d  o f  i . s , . v .  a d s o c i a t e d  t o

( s )

where E=vxaKll, ca=R'arir, and o7, t qx are related by the
rransformarion aai u*.ndins or,^ln" ilr"r"., si-snificance

at tached to the i .n ternal  var iab les.

r f  (K+ rc rz  )  i s  a  pa i r- " t

t h e  p r o c e s s  ( X r 0 ) , t h e n

' t l
- '  

For_ the appl icat ion to  phys ica l  s i tuat ion i t  is  necessary
to l imit the domain of the materj_ar functions. For brevi ly
we do not supply the mathematical detai ls which may arise
in the considerat ion of  l imi ta t ions of  th is  k ind.



d, {t {t

K, .  i s  a  l . c . c .  f o r  t he  p rocess  ( x^ ro^ )  as  we l l ,  and  q ;  - t he
E ' ] f +

t-

set  o f  i .s .v ,  corresponding to  the process (x*rox) ,  nu i  re la-

?.2. If We suppose that S*=0, n*=n, T*=gTQT, q*=Qg,

then from A.2 and A.3 i t  resul ts

p*=p, E*=eE , ,r?=n, ofia=o*a, nf 
a=n*a, efia=exa (6 )

and for the thermoelastic constitutive relations we obtai-n

the following reduced form

$=i iK t (Ae '  o*ar  '  n= iK t (A" roXa)  r * -hKt (A t roXa)  '

. e
9 K .  = P X .  1 4 - r 9 X . ' q K .  )

E t t t ,

where

where O^ is  the in i t ia l  temperature.  Moreover ,  i f  f * .  (SrOo,
LI

r  
- - t

,  a- ,1=0, for  S-a syrnmetr ic and posi t ive def ined tensor - t  then
I \ .

t

:

tt

ted to K- -r  is  equal  to e* i  i .e.  o i  =cl .
E 5- ' t  " t ,  K.

E

( 7 t

a ^ a t n
A - = ( C - r  0 )  w i t h  C " = E * E  ( 8 )

a.:.1 .( rbg-"f.gJ:e**tjgtr.,+g_=gBgl.", * L. rhe the rmoelastic

const i tu t ive funct ion fK and the conf igurat ion K* sat is fy^ t E

the relation

t * a , t 7 o o r . o o  )  =  o
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S = I .

On the basis of the property stated in A.4 the confj--

guration K- wil l be called the local current relaxed confi-
c --c*-

g u r a t i o n  ( l . c . f  . c .  ) .

As a consequence of  A.3,  A.4 and P. l  i t  fo l lows

L].  Let  Ka and Ra be def ined as ln P.J. .

I f  K ,  i s  a  l . c . r . c .  t h e n  R a  i s  a l s o  a  l o c a l  c u r r e n t

relaxed confi-guration and G- is an g!!9ggg,1 transformation.
E

In part icular,  1t  resul ts that  Ro=QKo with QeO.

9 3 . 3 .  .

A.g (8y91-u_t-L9,II eqllati-o3?) . The evolution in time of

the pair  (Ktr%r,  is  g iven by t ,he relat ions

b"-t=\. ( E, %., +<tr>BKr ( t,  o* t)
( 1 0  )

%a=k.'!E, k") *'1>*rt ( E, or..)

w l t h  t h e  l n i t i a l  d a t a  P ( 0 ) = 1 ,  q n  ( 0 ) = a ^ ,  w h e r e  E = ( n , g ) .t t  o 'o

A. .9.  The mater ia l  funct ions f rom ( I0)  have the fo l lo- .

wlng proper t ies:

Br .  (E r$1 .  )=0 ,  r r k .  (E ,ox .  )=0  i f  Fx .  (E , t< .  ) ( 0 ,- ' r  - - t  - ' t  - ' t  " t  " t

o * . , E r 1 6 . ) = o  i f  G ( E , q K r ) < 0 ,
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where Gv -the v_iscoplrastlg Sungtior} and Fu the_pleqtlc.-*t : l*t
Itqcliqn satisfy the cond,ltionsr

n * a ( E o ' o i 1 a ) < 0 '  t * a , E o r q * a ) < 0  f o r  E o = ( 0 ' o o )  .

The plastic- loadi+g_fgcF,or ), is deflned by

l ,=ocF(Erox  ) .9*  w i th  t *=( f . * r6* )g n !- ' t

for any ! lying on tEjglr_.Jt y;igl9..gF.#4cg (also called

3l}lr i_nst antqqe-ggP, pla-st i.c-igv sgr5ace )

s ( t )  =  t E l  F K  ( E , o r , {  ) = o } ." t  " t

The mater ia l  funct ions j -nvolved in  (10)  a lso sat is fy

the consisten@illo.n

1+ SclFKt.ka=O, ?oFi(t .  r*a=o on s (t  )  . ( 1 1 )

gurat ionS K.-  and the set  o f  mater ia l  funct ions sat is fy  the
E

.  c o n d i t i o n r ) :

fR .  1a , ro )= fn  , (Arc [ )  r .  . ' ,  r '  Ty  (  go)=Fn .  (Ero)
.*t .rd ..t .*tt

) , 1

t 7 t t  e R .

1)Fur ther  on,  whenever  mis in terpretat ion is  unt ike ly  the expl i - -
cit  mentioning of the dependence of the material functions
o n  t h e  l . c . r . i . c .  w i l l -  b e  o m l t t e i l .
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The conf lEurat ions K- sat isf ing A. l -A.7 wi l l  be cal-
E

l ed  loca l  cur ren t  re laxed.  l soc l - in ic  conf igura t ion  (1 .c . f , . i .d .  ) .

Obviously, A.7 excludes the explicit depend.ence of the

material response on the accurnulated plastlc deformations.

+)
A.8. (caqs-qlilv p:s.qnpE!-on)'. For all thermokinetic pro-

cess (xrO) and at any ti:ne Et the loadi.ng plastic factor l.

ls  unique] ly determined i f  the current values of  (nrO) are on

the current yield surface

f r o m  t h e  r e l a t i o n s  ( 2 )  t  Q )  r  ( 8 ) ,  A . 7  a n d  A " 8  r e s u l t s

the following proposition asserting the existence of the

complementary plastic. fggtgg F and of the hCr3gnlns_{ng{utu.s- V:

+  
( c l e j a - r i g o i u  ( 1 9 8 3 ) ) .  L e t  ( x r 0 )  b e  g i v e n .

The funct ions F and t  ex is t  and are d.ef ined by

- t  
' !  

- . F  . +  
t  

. J -  t  l J

a )  9 = P .  
* 0 ^ " F ( C ) p  ̂ . c + a o F ( g )  . 6 ' + e c [ F ( g )  . z ( c ) -

v 9t v  
( r 2 )/,1,

- 2 8 _ o F ( e ) .  { C e a ( g ) } s
c-

and

f u 4 J t ,

_  y = 2 d  ^ " r ( e ) .  l c e g ( e ) ] s - a . , F I g ) . f t ( g )
c-

tu
f o r  a l l  (  s u c h  t h a t  F ( e ) = O .

b) B and L have the same signum, y>0 and (1,)  =y-I<p>.

We reca l l  tha t  in  (12)

ffi;rso 
-sidorof 

f Q97 4) and Halnhen ( L97 5 ) .



and

c =FTF = PTceP

Subsequently, we denote by "r,, superposed. on the sym-

bol of the considered. functionl the function obtained by the

p rocedure  i nd i ca ted  i n  (13 ) .

In  the const i tu t ive f ranework accepted here,  assuming

that  Clausius-Duhem inequal i ty  represents a rest r ic t ion on

the adrnissible therrnodynamic processes and using the comple-

mentary plastic factor g, the procedure employed by Coleman

and Gurtin (L967) can be used. j .n order to obtain thermodyna-

m ic  cons t i t u t i ve  res t r i c t i ons .

Consequent lyr  w€ have ( for  deta i ls  see Cle ja-T igoiu

( 1 e 8 3 ) :

. "..5* 
i) The constitutive function 0 is 4 tl€*Tgggyp"ainis

,po t ,en t i a l ,  i . € .

^,
F  ( e )  = F  ( h  ( c e r  o r  o ) ,  o r c r )

-  4 4  r

with e= (ce, o, cr) ( r3  )

n=2Fa ^U(g) ,  n=-a^U,
c=

i i )  U, p and the viscoplast ic funct ions

fy the dissipation inequality

I
4)

A and sat is -
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.t, t

z a ̂.U ( e) . {cea ( o } s-f t$;rreL!E.F=0.
c- sF

' t u

i i i )  For  a l l  e  such hhat  F(e)=O,  regu la r  po in ts  fo r

the yield surface in the strain-temperature spacer the "ener-

gy" equal i ty holds:

L=2  ̂T) (e ) .c-

,,u

tcea 6e) ]  s-aa$(o .f t  (  e) =0.

92 . 3. 4alerij}l.. sylunetfy

A:9: For any orthogonal transformation Qe0 and- for any

s e t  o f  1 . c . r . i . c .  I x  = [ K t l t e R * ]  c o r r e s p o n d i n g  t o  a  t h e r m o k i -
"o

net ic process (x10)r  theset f t=t?i+ralK=er^ ,  teR*) is a set

of  1.  c.  r .  i .  c .  corresponding tJ t f r .  same f  *1,  I  .  and to the 1o-

cal Silll relaxed configuratj.on Ro=QKo.

C o n v e r s e 1 y : i f I K = [ K . | t e R * } a n d I R - = { K . | t e n * } a r e-'o -'o

two se ts  o f  l .  c .  r .  i  .  c .  assoc ia ted  t ,o  the  same process  (X ,  O )

then a local orthogonal deformation Q exlsts such that

Ra=QKa for all teR*

Assr:roing that A.9 ho1ds, i t  fo l lows.:

P.6. The quantlt ies corresponding to the same thermo-

kl .net ic process (Xr0) but refered to the s e t s  o f  t h e  I . c . r . i . c .

byt*o .rU tOo , respectively, are related

' I  -a o T 'T rF
E = E Q : ,  C - = Q C - Q - ,  n = Q n Q - ,  P = Q P Q - ,

ka = o*a'

( 1 4  )



4 6

The lnternal variables s- and qry considered with^ t  ^ t
respect to the aborre mentioned sets of l .c.r . i .c.  are rela-

ted through Qy depending on the attached physical signifi-

cance and must be explicitely stipulated, taking into account

the entit ies that are to be rnodelled.

We si:obolicqlly denote this l ink by

ka = ato*al ( 1s  )

For  ins tance,  i f  ka  r "n tesents

dis locat ion l ine per uni-t volurne in the

represents  the  No l l t ska=%a. when %t

l o c a t i o n  ( L 9 6 7 r  1 9 6 8 )

of  back sbress (wi th

qRr=QcKaQr'

I f  we  take  i n to  accoun t  A .7 ,  f rom ( f+1  used  i n  the

constitut ive and 1n the evolution equations, the fol lowing

property results:

.  P.5 j  The mater ia l  funct ions wi th  respect  to  two sets

1 .c . r . i . c .  genera ted  by  the  l oca1  i n i t i a l  con f i gu ra t i ons

and Ko=OKo , respectively, are related by

the densi ty  of  the

1 . c . r . i . c .  t h e n

type densi ty  of  d is-

the Pio la-Ki rchhof f  type

1 . c . r . 1 . c .  )  t h e n

or when *, is
n !

L

respect to the

of

K
o

tua ,",  o, ct) =t*,  (E0 r 0, Q t cl l  )



rrUa {ecoT r @,etoJ ) =eh*a (a, o, o)eT

3ga (OnQr r Q rQtcr.l ) =Q r t*r(nl 0, o) J

\ 
f Onor t a tQ[oJ ) =F*a (n, o, cr,)

The material functj-ons ArB obey the same relations

l ike h,  but  Gr$r l  t ransform under the change of  ment ioned.

L . c . r . i . c .  l i k e  F ,  w h i l e  m  s a t i s f i e s  t h e  s a m e  r e l a t i o n  a s  L .

F5-na11y, we have

h *  ( Q C Q T ,  o r Q I c r , ]  ) = Q h r . ' ( c ,  o r o ) 0 T ,'*t "t

ff. 
tocor, 0, 0s, Q to,l)=QF'*,f c t o t9 r o)

+
I n  t h e  p r e v i o u s  r e l a t i o n s  E e L i r  C e S ' r n e S r g e V .

'  
On the basis  of  P.5 we addopt  the fo l lowing def in i -

tion f gg tbg_lng t,egigLsJ4qLe !.rv :

q.2.  The conf igurat ions KaeI*  and Raelp ,  wi th  Ra=
o o

=QK,  and  Qe0 ,  a re ' ca l l ed  the rmoe las tov i scop las t i c  equ iva len t
t

i f  the mater ia l  funct ions corresponding to K, sat isfv the res-
E

t r i c t ions :

t*r  , t ,  o, a) =t*a (EQ, o r C I cr]  )  ,

b 4 7 -

( r e  I

or

{,*a (AnaTrnrQIa] ) =Qtl*a(nrOro) l,
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Fu (QnQT, o,  Q tal)=fx (n,  o,  cr)  .^ t t

The materj-al functions ArB satisfy the same relations

l l k e  h ; G r t l r n  l i k e  F ,  w h i l e

F n  ( o c Q T , o , Q 9 r Q I a ] ) = a F K  ( c r o , 9 r c t ) .
, . . t  . . t

The transformation Q is called 9"hgjvtlggtfv Fr*ns"fgt-

S{tion correspond.ing to the thermoelastoviscoplastj-c response

and to the local  conf igurat ion Ka.

We dendte by 9r the set of all orthogonal symmetry
" t

t ransformat ions which obey D.2.  Taking also into account the

temporal-invarj-ance assumption itt" ptoposition below is

straightforward.

3:L 9r* is a subgroup of the group of orthogonal

\ 
trans5ormations 0 and go. =gv for all K*eIo. .- ^ t  - ^ o  L .  ^ o

We .cal l  this group the material slmmetry group corres-

p o n d i n g  t o  t h e  s e t  o f  l . c . r . i . c . ,  I , .  .

For  a g iven (XrO) on the basis  of  the mater ia l  symme-

try, by taking into aecount the constitut j-ve and evolution

equatlofrsl the fol lowing ngHgTrjsg,elg_qg of elastic and, plas-

t ic  deformat ions resul ts ,  even i f  Ko is  f ixed and consequent ly

A . 9  h o l d s .

P . 7 J  L e t  Q  b e  
' n  g K

o
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1) r f  (Prcr)  is  a solut i -on for  the evolut ion equat ions

wlth trrejni,-tg*L:bta P (0) =1, o (0) =oo, then f =ep, i =e[a]i '

is a solutj-on for the same evolution equat,ions but with the

glranqed in i t ia l  condi t ior"  i  (  O; =g, i  f  0)  =eIcroJ.

2', Moreover, we have F=ffF=Ep with E=eeT and

T=fr .  (8,  o,  cr)  =fo,  ( i ,  o,  d)  .tto ^o

2, 4 . C ogg,ellga r,i_e_E_t g.A._L-J,g:

J. .  The statements made in  A.3 expresses the fo l lowing

proper ty  of  mechanica l  s ign i f icance:  the current ,  re laxedr  oo-

Iy plastical ly deformed configurations and the internal varia-

bles with respect to these eonfiguratj-ons are j .nvariant under

a change of frame, hence they are invariant und.er a r igid mo-

tion superposed on the given thermokinetic process. The formu-

lae  (6 )  wh ich  a re  consequences  o f  A .3 .  we te  u t i l i zed  w i thou t

any  exp l i c i t  j us t i f i ca t i on  by  Teodos iu  (1970) ,  K ra tochw i l

( 1 9 7 1 ,  1 9 7 2 )  a n d  o t h e r s .

2. The def init ion of the plastic d.eformation given by

(7)Zt  together  wi th  the re laxat ion ax iom A.4t  are based on the

fact that the plastic remanent deformation j.s associated with

an unst ressed state of  a  smal l  ne ighbourhood of  the par t ic le .

3. A Local current relaxed confi-guration Ka represents

the mathematical model describing the unstressed perfect crys-

tal l ine latt ice of the neighbourhood of the part icle from the

cr :ysta l l ine or  po lycrysta l l ine meta l .
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4. f ,he erast ic deformat i -on E, def ined with the help
of the local current, relaxed isoclinic confi_guration Kt.rK ,

o
ls a measure of  the deformat ion of  the crystalr ine rat t ice,

the ielaxed position of which was fixed for alr moments t,

by choosing (to a great extent arbi-trari ly) the init ial local

relaxed. conf igurat ion Ko.

5. From the last two remarks it follows that E charai-

terizes that, part of the defounation of the body which is

reverslble.

6 .  The f i rs t  par t  o f  A .4 .  emphas i -zes  prec ise ly  the

reversible nature of  the pure elast ic deformat ion:  th is means

that (at  least  localry)  there exj-sts an one-to-one correspon-

dence between the stress state and the pure elastic deforma-

t ions state i -n a nelghbourhood of  the given part ic le.

7.  From the mult ip l icat ive decomposi t ion of  F we ob-

tain that  the veloci ty gradient is expressed by

r ,=iu- 1*g i ,p-rE-l  .

According to rthe accepted. interpretatj-ons Le=in-l re-

presents the rate of erastic deformation and l,P=pp-l the rate

of plastic deformation; consequently oe=1in-fls arvj r,f,=tm-l]t r.-

present the elastic rate of stralri anl the elastj.c sp$1r respecbively. On

the other hand oP:{ ip-r}s and wP={ip-I}1 t"pt .sent the plast ic

rate of  strain and the plast ic spin,  respect ively.  The evolu-

tion equations prescribed for oP and wP have a mechanical mea-

ning
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8. The evolution equations j-ntroduced by A.5 are writ-

ten in an invarlant form under the change of frame. Consequent-

ly, the isotropy of the physical space does not j-rnpose any ad-

ditional restrictions on the material functions presented in

( t o ) .

9.  The. 'p last ic  loading factor  is  def  ined in  a c lass i -

ca l  maner  (as  i n  Green ,  Naghd i  (1968)  I  Teodos iu  (1970)  r  S i -

dorof f  Q972))  in  contrast  to  Mandel  0972,  1973)  so that

the f,ga4j#, (r>o) (hence a yariat ion of the plastic deforma-

tion), the l l l$!!3g and the M' respectively'

is  establ ished accord ing to  the d i rect ion taken by i+es*R in

the stress-temperature space, either outwardsr of inwards t oT

f ina l ly  tangent  to  the y ie ld  sur face (when th is  is  a  c losed

s u r f a c e ) .

10.  The evolut ion equat ions ( I0)  conta in both v isco-

p last ic  and instantaneous p last ic  terms in  order  to  descr ibe

the v iscoplast ic  e f fectsr  dS wel1.  These can occour  dur ing un-

load ing  cha rac t ,e r i zed  by  ) ,<o  ( see  Mande l  {1971  |  I g72 ,  1973)

a n d  H a l p h e n  ( 1 9 7 5 )  ) .

1 I .  The rest r ic t iOns imposed to the n iater ia l  funct ions

f rom (10)  by A.6 take in to account  the fact  that  the change of

the in ternal  var iab les can occol l r  a lso dur ing ' the proceFses

in which the plastlc deformations remain unchanged in t ime'

This property is shown by experimet'otal cata for hot deformed

meta ls  1 fox instance.

1 2 . T h e c a u s a l i t y a s s u m p t i o n A . S e n s u r e s t h e c o n s i s -

tency of  A,  I  and A.  6 ,  because i t  a l lows the in t rod 'uct ion of

" ,i\'ir{dfi F,, r ,! .,
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the complementary plastic factor g, with which we can deter-

mlne the evolutlon of (p, o) based on the icnowledge of the

, history of the therrookinetic process (X, O) .

rndeed, the knowledge of .1" rqquires the knowred.ge of

the history of  n which,  in i ts turn,  depends on the history

-,of P and thus generally )" can not be deterrnined^ when the

elastic deformations are large, even if the history of T is

given

13. Further one usual ly considers (see Nguyetrr  HaI-

phen ( I975) ,  Mande l  (1971r ,  tha t  the  cons t i tu t i ve  res t r i c -

t ions obtained in the v lscoplast ic case st i l l  remain var id.

when we take into considerat ion the instantaneous plast ic

terms as wel l .  These restr ict j -ons . .1 be found 
"orr" . t fy 

o*-

]y UV using the complementary plastic factor, the existence

of which ls assured by t ,he axiom A.8 ( for  the proof see Sanda

C I e j a - T i g o i u  ( 1 9 8 8 )  ) .

14.  The statement  conta ined.  in  A.7 is  tac i t ly  admi t ted

in a l l  the papers which use the model  analysed here.  The

temporal  invar iance condi t lon s t ipu lated in  A.7.  is  based on

the phys ica l  proper t les h)  and i )  ment ioned j -n  51.1.At  the same

t ime,  the proper ty  emphasized in  A.7 poj -nts  out  the advantages,

as  we l l  as  the  l im i ta t i - ens  o f  t he  mode l  based  on  the  l . c . r . i . c .

L5. In connection wj-th the preceding remark we mention

that  A.9.  under l j -nes the fact  that  any thermoelast ic  deformat ion

is  the deformat , ion of  the unst ressed per fect  crysta l l ine la t t i -

c€r At the same tlmer A.9 shows that any thermoplastic deforma-

t ion l )  leaves the crysta l l i ,ne s t ructure unchanged,  l ts  i r rever-

T)- i l lT t t r in  the l imi ta t iens of  the model ts  appl icabi l i ty .
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slble, permanent nature is thus ensured. The appearence of

the plastic deforrnaLi.on is due rnainly to the notionrger,eration ard rear-

rangement,  of  the dis locat ions.

- 16. For a given thermokinetic process both types of

deformations can be related to the affiry local current

relaxed reference conf igurat j ,ons;  but these conf igurat ions

must be the elements of a certaj-n set o.f l.c.r. g!!g!g

configuratj-ons. Such kind of configuration sets can be ob-

tained from the perfect  unstressed crystal l ine lat t ice v ia a

riqid motion remaining the sane at any moment t. The degree
-  -  -  -  ,  -  ,  ' , d .  ! : -  r  I

of  arb i t rar iness is  reduced to the choosing of  the local  re-

laxed j -soc l in ic  conf igurat ion at  the in i t ia l  rnoment .

77,  Whi le  the in i t ia l  va lues c lo  of  the in ternal  s tate

var iAbles ( in  the Kr t iner ts  sense)  can be determi-ned,  the in i -

t ial varue of the permanent plastic deformatlon (which is not

an internal state yariable) is in principle unknown and prac.-

t i c a 1 } y w . T h e d e f i n i t i o n o f t h e p 1 a s t i c d e f o r m a -

t ion is consistent wi th the ment ioned facts and leads automa-

SigglJy cronditlon P (0) =1.
Fig.3

18.  The deformat ion P f rom P.7.  does not  correspond to

an  i soc l i n i c  se t  o f  1 . c .  T . c .  and  hence  i t  i s  no t  a  p las t i c  d 'e -

formation in the sense of the definit ion given here. On the

. =
contrary ,  $  I rom P.7.  correspOnds to an j -soc l j -n j -c  set  o f

l . c . r . c .  I ?  = I . \ , .  and ,  t he re fo re ,  i t  r ep resen ts  an  e las t i c  de -
n. .o .. .o

format ion l  accord ing to  our  def in i t ion.  The re la t ionship bet -
; -

w e e n  ( i ,  e l  a n d  ( F ,  E )  i s  g i v e n  b y  P = F Q ,  E S  ( s e e  F i g ' 3 ) '

From these re la t ions i t  fo l lows that  " the p last ic  deformat ion ' l
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F represents an elastic rigid rotation of Ko in the s3I
configurat,ion Ro forlowed by the pra$tic d.eformation p of Ro,

obviously,  we have T =fK (Er Orqr.  . )=fr .  (eoT, orOT[on ]  )  ,  which-'o ^t ^o ot

justif les the lnterpretatlon given above.

Accordlng to the above arguments we can state that the-

re are severar elastic and "pla$tic" defor-rnatlons, which cor-

respond to a given motion and to a fixed Ko. Thus one can not

distlnguish between two .ggg$!er* sets of I . c. i. i . c. on the

basis of  the thermoelastoviscoplast ic response of  the mater ia l .

19. At the sane ti:ne, we remark that from the polar

decomposltion p=3PgP and F=F.PUP it results $P=uP and from E=

=v€R€ and i=fefr ,e i t  fo l lows ie=v.( th"r"  Rprf lpr f l r%%0+;up,verfee

es*).  consequent ly,  once Ko is f ixed.the "pure" pratst ic straj .n

uP and the pure elastic deformatj-on ve are unlquelly determi-

ned even when we reprace Ko by an equivalent configuration

R o = Q K o . C o n s e q u e n t 1 y t i t r e s u 1 t s f r o m h e r e t h a t , t h e L e e , s

choice according to which the elasric lqt*t-i.Cng_glg_Sggs]_.gs

I ,  dur ing unloading, can be apol ied for  the isotropic bodies

o n l y ,  1 . e .  g *  = 0 .
o
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ch4'.3.91*3"ts-rgLEI*g*r.=,Sit"g-t*nnis,Ier,*sglng

Concernj-ng the formulation of the constltut ive equa-

t ions in  t 'he ear ly  e i th i -es,  Dafa l ias (1983)  ment ion:

"The def in i t ion of  the proper  co-rotat ional  ra tes for

the s t ress and in ternal  s t ructure var iab les is .  s t i l l  be ing

debated in the macroscopic constitut ive formulation at lar-

ge deformat ion e lastoplast ic i ty :  In  h is  e luc idat ive work Man-

de l  ( I 97 ld )  ( so  as  K r i i ne r ,  Teodos iu  (L970 ,  L972)  r  K ra tochv i l

(1971 ,  L972a,bt  Lg74)  ,  our  note)  supplemented.  the not ion of

the mul t ip l icat ive decomposi t ion of  the deformat ion gradient

in to an e lastoc and p last ic  par t ,  in t roduced by Lee,  L iu

( L g 6 7 ,  1 9 6 8 )  ( a n d  L e e ,  L i u  ( 1 9 6 9  ,  L 9 7 0 )  ,  F o x  ( 1 9 6 E a r b )  r  K r o -

ne r ,  Teodos iu  ( f  970  ,  L972)  ,  I ' l ande l  (197 Ia  ,b rc ,d )  ,  K ra tochv i l

( 1971  ,  L972arb ,  L974) ,  ou r  no te )  w i th  d i rec to r  vec to rs  a t ta -

ched to the mater ia l  subst ructure in  the re laxed conf igura-

t ion. Motivated by well understood concepts of the mj-cromecha-

n ics of  crysta l l ine s t ructures,  Mandel  def j -ned as proper  co-

rotat ional  ra te the one associated wi th  the sp in of  the t r iad

Of the d i rector  vectors.  However ,  he never  t r ies tO present  a

systemat ic  macroscopic  der ivat ion of  analy t ica l  express ion for

this soin and. instead, he attempted to approach the problem

from microst , ructura l  considerat ion (a lso see Teodosiu,  S id 'o-

rof f  $976)) ,  a  formidable task not  yet  fu l ly  developed".

The main a im of  the papers e laborated soon af ter  1980

was to provide the "missing l ink" for the macroscopic formula-

t i on  and  the  app t i ca t i on  o f  Teodos iu  (1970  t  L975) ,  Lee t  L iu

( 1 9 6 9  ,  L g T O ) ,  M a n d e l  ( f 9 7 1  |  L 9 7 2 t  1 9 7 3 )  t h e o r i e s ,  t o  e x t e n d
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and, general ize certain of  i ts  aspects and to i l lustrate i t  by

examples. An immediate conseguence of these theories was that,

evolution equations were required. not onry for the plastic rd-

te  o f  s t ra in  {bp- f } " ,  bu t  a lso  fo r  the  p las t i c  sp in  {Fp- l } " .

The plastic spin was introduced also since the evolution of

the stress state is determined only if the evolution of the

elast ic deformat ion E=Fp-l  is  known, and consequent l lz ,  the

evolut ion of  P is also necessary.

3.1.  Rotat ion of  the d i rect i -on f rame

In order  to  formulate the mater ia l  1aws,  I r {andel  (1971

d r c h a p . I ,  5 4 . 2 )  u s e d r  d s  a  f i r s t  s t e p ,  a  s e t  o f  l o c a l  c u r r e n t

re laxed isoc l in ic  conf igurat ion or ,  us ing h is  therminology

"the configuration is relaxed so that the direction frame keeps

f ixed i ts  or ient ,a t ion"

Star t ing wi th  Mandel ts  fundamenta l  idear  w€ were lead

to the formulation of the constitut ive equatlons b1r the comple-

te set  o f  the ax ioms A.1-A.9.  lys  g ive prec j -se formulat j -on of

both the assumptions clearly stated by lulandel, and of the hy-

potheses only  tac i t ly  accepted and current ty  used by h im in

his subsequent, developments.

Assuming tac i t ly  the va labi l i ty  o f  P.3 Mandel  has for -

mulated the laws of the material with respect to the arbitrari-

ly relaxed confj-guratj-on" Rt obtained from the isocl inic ones

by an orthogonal transformation, denoted by Pt.

Let  be Rt=9t* t  wi th  ^a u r*o tna F=KaKl l ;  i t  fo l lows

that

,iriL-'i?i#ririi,qifa,
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t=9tP, F=EPr E=VXaKa
rF=9trFi '  ctg. =9rtq* 

. J .
e b ' - t . E

1 l
The following proposition*' is a consequence of the

above relations

P.8,  I f  A. l -A.9 hold then the fol lowing relat ions ta-

ke place:

*=tO. (E, o , %., gg ) =f*. ,g9t, o , pl to6.l )

* U  t O a ( I , 0 o , o ) = 0 ,

$ r-t*.( i ,0,k., B.)=F.e*.tFlfrB., o, elro6.: I e[ ,

where

D p : . r T l

fr=P 
-oP r ,=FtFi

Dcp

and the formula tot *=] depends on'the concrete form of the
U E

relationship between op and o". .  For instance, Lf q- re-^ t  ^ t  ^ t

presents the density of dj-slocation l ine then we have

*'xn order to si.rnplify the pf,€s,entatlon we.:halre,considered' 
here'the case without j-nstantaneous plastlclty only.

-T  -  - - l  - - t n= E F l r n = d e t E E * T E * =

ffi
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DoR.
r

Df 
=%a t Qt if qte represents the Piola-Kirchhoff type

"t DoK-
tensor relative to Ra we get ffi* 

=of back stress

t
=qF -0)c; +oF c0.r \ .  n .  r \ .

E I E

Relative to the form of the laws of the material writ-

ten in  P.8.  we make the fo l lowing remarks:

l .  ID order to know the material functions with res-

pect to R* i t  is necessary to know their form with respect

t o  a  s e t  o f  l . c . r . i . c .

2 .  Genera l ly ,  the mater ia l  funct ions wl th  respect

.ndent on B. - Therefore the l,  an.to Ra are dependent on Pt. Therefore the employement

a l ternat ive procedure ofered by P.8.  reguj - res the knowled.-

ge of the temporal evolution of Bt.

3 .  This  a l ternat ive procedure is  sugested by the fo l -

lowing Mandel ts  remark:  "The re laxed conf igurat ion Ka is  de-

f ined besides a r ig id  rotat ion 9t ,  in  such a way that  E and

P are def ined besides an or thogonal  t ransforrnat ion.  Conse-

guent ly l  P can be replaced by 9tP and E Uy upl ,  i f  g l9a=1".

We consider that this conclusion does not take into

account  the real  s ign i f icance of  the e last ic  deformat ion

which is the reversible deformation of the crystal l ine lat-

t icer ds well as the real signif icance of the permanent plas-

t ic deformation, representing that part of the total defor-

mation which i-s prod.uced by the motion of dislocatj-ons and

therefore has a permanent chdracter.

Consequently, the alternative procedure sketched in



P.8. 1s not,  usbful l  in general- ,  i t  generates confusions and

the real  physical  s igni f icance of  the elast j .c and plast ic

part of total defor:natj-ons respectively is obscured.

4.  From P.8.  i t  is  straightforward that in the case

of structural isotropic materials (defined by material func-

tj,ons with respect to If , which are isotropic with respect
o

to all t.heir arguments) the material functions do not depend

expl ic i t ly  on Ft.  Consequent ly,  1t  is  only in th is case that,

the employment of Mandelts alternative procedure can be use-
a

f u l .

5 .  From the above fo l lows that  the Lee 's  a l ternat ive,

which corresponds to  the choice Fa=*"  is  a lso usefu l  in  the

case of  s t ructura l  isot ropic  mater la ls  on1y.

5.  I t  is  necessary to  d is t inguish between the meanj -ng

of the g$Sg,l:!g5!y assigned by Mandel to the derivatives in-

troduced in P.8 (1.e. they are +njlsj2glggn! of the r igid mo-

t ion of  the d i rector  f rame) and the object iv i ty  re la t ive to

a change of the frame in the actual configurationso

The  Lee ' s  cho ice  rea l i ses  bo th  these  ob jec t i v i t j - es

-' for the rate of pla$tic deformationr &s well as for the ra-

te  of  e last j -c  deformat ion" ,  i f  they are "def ined"  by:

- - l : - - ' l
P 

-=PP - -oJr 3a *a -a
V - - o V - + V - o ,

DV-
DI

DF'
D€

s i n c e ,  L f  Q ( t ) a 0  c h a r a c t e r i s e s  a
:k-+ -a--

DP^r;*r- l- ' .  DP ^T P\/: -
F E - t t )  

- e D E v ,  
m - -

change of framer w€ have

DV-^Tv DE-v '
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Generalry,  such kind of  re lat lons do not take. place

for another choj-ce of gt , since there is no relation bet-

ween the change of frame with respeit to which the motion is
refered and the choice of the relaxed configurations with

respect to which we describe the behaviour of the material.

This fact  is  completely misunderstood by casey, Naghd, i -
( 1 9 8 0 ,  I 9 8 l )  a n d  S i d o r o f f  ( t 9 Z O b  ,  L 9 7 L ) .

7.  r f  the mater ia l  is  structural ly isotropic and mo-

reover the elastic stretch are small during the given pro-

cessrthen the alternative proced.ure from p.B. allows the

characteri-zat,ion of the material response l, ia the quantit ies

with respect to the current conf igurat ion (s ince i t  is  pos-

sible to subst i tute n by T in the evolut ion equat ions).

8. Let us remark that the hypothesis according to

which the elastic deforrnations remain small while the plas-

ti-c deformations become very large may not have a real signi-

ficance si-nce the evolution i-n time of these deformations is

governed by the material laws 
friori 

poFtulated. Therefore

for a given deformation process these material laws can lead

to erastic deformations of comparable magnitutde with the

p las t ic  ones .

rt is not exchiaea howener that the welr known anoma-

lies (see the following section) are due just to the omission

of the above nrentioned fact and to the replacement of the ini-

t ia l  real ist ic elasto-plast ic moder wi th another s impl i f ied

r lg id-plast i .c one.

g.  The real  mechanicar rneaninq and usefulness of  the

various kinds of the multiplicative d.ecompositlon of F, intro-
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duced by  S idoro f f  (J .973) ,  Dafa l j "as  (1983a,  19B5a)  r  Lev i tas
( l '983) and of  the var ious der i -vat ives associated with these

decomposi-tions in order to formulate correctly the material

laws are not cl-ear, if we take into account the remarks (1)-
( 8 ) .

This remark i-s made since we consider that the employ-

ment of  the set  of  the l ,c.r .  conf igurat ions is

unvoldable when we wish to formulate the constitutive laws

in the framework of the model analysed here.

At the sarile time we cl,aim that the using of another

alternatj-ve procedures are relevant for certain particlular

cases  on ly .

we conslder that  these special  cases can be correct-

l y  descr ibed i f  and on ly  i f  the  se t  o f  l . c . r .  i soc l in ic

configurations is taken into account.

As a firs! answer to the quesLion left open by Mandel

(1982),  concerning " the quant i tat ive ef fects of  the plast i -

cal ly induced rotat ion on the response of  the plast icar ly

defor:med structural isotropic solids with M
g!3g" was given independent ly by Loret  ( f993, 19g5) and Da-

subseguently we present and discuss accordlng to our

point  of  y iew their  models and pr incipal  resul ts.

L+stig_. g.p-in and the a4isotropic hard.e-
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where E is the back stress tensor of pioru-xir.irrr"r, l ln"
wi th  respect  to  l :c . r . i "c -  Kt r rK_,  and x  is  the equi -va lent
plast ic strai-nr) with respect tooK*; E is a traceless andE

symmetric tensor.

As Dafalias and Lore't huo" done we suppose that the
material is rate independ,ent; the thermar effects are negrec_
ted and only i-sothermal processes are considered. we also
assume the teruporal invariance condj-tlon (whlch i.s tacitly
assumed by the mentioned autlrors ). According to our axioms
we assume the fo1l0wlng constitutive relations:

- . F
*=rrK (C- tE rx)

o
: . iP-1=<tr)Bx_ (nrE , x) h ( F* )

. - ' o o
.E=<tr t \ .o  , * ,  E,u)  n ,  t *o  )

i=a^ t r * -  (n , x , x )h (F*  )
O -'O

The'y ie ld surface is given by

s ( t )  = [n I  Fx^ (* ,  E ,u)=0] r  the plast ic factor .1.  being. ide-
f ined by 

o

. I .+AT'FK.,* ,  E rx) .  f r  on s ( t )

w i t h  h ( F ) = I  f o r  F = O  a n d  h ( F ) = O  f o r  F < 0 ,

t '% 
is not an'  internal  state var iabLe 

' i r r  
Kr i inerrs sense.

( 1 7  )
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W€ reca l l  tha t  I r .  represents  the  se t  o f  l . c . r . i .a. -o
configurations corresponding to Ko which is arbltrary, but

flxed.

We also harze F=Ep, ce=ETE, E=VeRe (where Re is the

elast ic rotat ion and ve is the pure elast ic strain).  we pass

to the Leets choi.ce and we introd,uce the local current re-
Alaxed conflgurations Ra=R=Ka (with gt=Re) and the "plastic"

deformat,lon F=Rep. Therefore we get n=veF'. using the piola-

Kirchhoff tensors irE, the rate of "prastic" deformation

DF:-1
EiB 

* with respect to the Lee's type configuration R- andL t L -  - - -  - t  - - - -

the pure elast j ,c strain ee=(ve)2,  we haye

E=Ren(R")T ,  E=ReE(ne)T,  ee=Rdce(ne)T ,  ( rg )

DP-  - - 1  a  ,  - l  a  r r

f i i  F- '=Re pp-r  (Re) t ,  where g =(F -  oF),  wi th co=i ,e (n.)TU E  D t ,  '  - - "

and

$ +-'; + ico.

The laws of the ruaterial expressed with materipr functions
{lr

re la t ive to  K* take the fo l lowj-ng form (see 82.3)  sL

_ - a - - a
r l =h r  (C - rE r l t rR - )

" t

H u-t=*"u. (i,t ',;, nb) rr l rgt)

S =.lt*pr (fi,E,;, Re) h (FRt )

( 1 e  )
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where we have assumed. that the two scalar neasures of

egulyalent plastic straln: lr, with respecto to K, and I
E

respect to Ri l  are equalr  i .€.

i . . -  
.  . . ' t i r l jl;l

the

with

N = y .

- From

lnvolved in

(20')

(121-12.g1 i t  f , .oJlows that the mater ia l  funct ions

(1g) are def ined by the relat ions

nolu" ,E,i,pu; =R"h6 ( (ne)Te. (ne)r, (Re)rin.,f) (n" )T,

lbu,;rf , i ,p") =n"tkot{ne) rERe, (ne)rTnert) (n")r, ( 2 t 1

nFr  ( i ,E, i ,Re) i lKo(  (ne)T;R" ,  (Re)TTRerf )  ,

Fga ( irTrf ,  Re, =t*o ( (ne) Tin.,  (Re) TERer;) 
,

f,=a=Fq_ (;,t,;, nt) .H, $ +"n + ficot r  ̂ t  . - r

From (2r)  i t  fo l rows that i f  the const l tut ive rera-

t ions (L7) |  considered by Loret  (19g3) (whlch are in agree_

ment with our axiomatic system) 3J;gjlciepte<1, then the cons_

t l t r i r t ive relat ions consi .dered by Dafar ias (r9g5) . ,  Eqs. (r r )  r
( t z ; ;  

" t .  
f a 1 s e .

we consider that our starting point is correct since

lt takes i.nto account the real signiflcance of elastic defor-

mat,lon (i.e. the reversibre deformation of the crystall ine



latt ice) and of the plastlc deformation (i.e. the lrreversl-

bJ,e, permanent cleformatlon produced by the motion of the

def fec ts ) ;  (see  a lso  Kra tochv i l  ( f  97 f  ,  Lg72)  t  l4ande l  (Lg7L l

L g 7 2 ,  L g 7 3 ,  L g 7 4 ) ,  T e o d o s i u  ( 1 9 7 0 )  a n d  L o r e t  ( 1 9 8 3 ) ) .

l 'ol lowing the procedure init iated by Lee, Liu (Lg67, t

(1958) and cont inuated by Dafal las (1983 dtb11985a) t f re def i -

nit ions of two types of deformatj.ons are mi:red up. For this

reson the Dafalias starting point is generally unaccepted, as

be-ing not physically motlvated.

If we introduce tLe*Jr.**!.i9*jr1=,hJJ,-qthesis that the ma-

terial i j i  s!fug$"I*]y *,.g9-t-r-o,P.1g (see Mandel (1971crdr1973,

Lg74) |  Loret  (1983) )  we obtain a considerable s impl i f icat ion

of the const i tut ive relat lons.  Hence (19) and (21) become:

t=n*o (ee rTrt)

$f'-t=.IrBKo 
(;,5 ,i)n t*o,

ffi =<I>lko tfr,8,7) rr, t*o)

il=.I>** (fr,Iri) h ( FK )
o o

f=aoF* ( i ,Er i ) .  H:-u "o

The consti-tut ive functions in (22) are- obviously iso-

tropic. The relations Q2) are the start ing point in the ca-

se considered as a genera l  f ramework by Dafa l ias (1985a eqs '

(11 ) r ( f 2 ) ) .  A f te r  s t i pu la t i ng  these  equa t ions  (wh ich  a re  ac -

ceptable o,n-l.X, in the si#EtgI3LiF".9Eog1"; caser ds we have

al read.y ment ioned) ,  Dafa l ias wrote:  "Based on the t ransf .or -

(22)
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matlon Law under superposed rj.qid body rotatj-on,/reflexion,

the corresponding invariance requirements render the mate-

. rial functj-ons lsotropic functions of their arguments,'. si-

milar st,atements are also given ln the papers of Dafalias

( 1 9 8 3 a ,  1 9 8 5 b ) .

From the above consideratlons it results clearly that

Dafallas assumes from the very beglnning the facts l ie wants

and claim to prove.

Dafal ias (1993a) wr i tes:"The pr incipale object ive of

this work is to , provide the mi-ssi-ng rink for the macrosoo-

pic appl icat ion of  Mandelrs theory,  to extend and general i -

ze certai"n aspects of  i t  and i l lustrate i t  by examples. .  our

focus wil l be the macroscopic formuration of constitut.[ve

relat j -ons for the plast lc spin which becomes the key to our

ln i t ia l  object j -ve.  This is achj-ved by using representat ion

theorems for isotropic functionsll

rt is obvlous that these theorems can be used only if

t h e s t r u c t u r a 1 i s o t r o p y i s W f r o m ! h e v e r y b e g j - n n i n g ,

since lt can not be provided. anyway. consequently, the Dafa-

l iasts reproches to the Mandelrs approaches ls completery

ground less .

Thi valuable contribution of Dafalias and Loret pa-

pers consists, however, in the fact that, they show how the

material symmetry assumptlons combined with the wang (r920)

and Llu (198r)  type of  representat ion theorems can theoret i -

cal ly del iver the essent la l  informat ion concerning the struc-

ture of the material functions which d.escribe both the oras-
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t lc, . rate of  .strain and the. plast ic spin.

Before proceeding, iv. *.rrt ion that'the connection beb-
' ween i, I on the one hand, and of (TrS) on the other hand.,

where s is a back stress tensor of cauchy type, is given by

the relat,j.ons r--aecveV?-it {ve) 
-1 

, T=det v" (vu ) 
-1S 

(v" ) 
-I 

as it,

f o l L o w s  f r o m  ( 3 )  a n d  ( 1 8 ) .

without any other additional hypotheses the laws of

theruaterlal cqn not.be simplif led. A considerable simplif ica-

tj.on can be obtained if we suppose that the pure elastic de-

formation tensor 
""= *(ve-l) is small, in the sense that wez

can neglect in all relations !e with respect to the identi-
1

t y  and (e=) '  w i th  respec t  to  
-Ee.  

In  th is  case t=TrT=S.

Consequent ly,  a l l  var iables j .nvolved. in (221 can be

lather related to the actual  conf igurat ion,  i f  we assume al-

so that the measure of the equivalent plastic strain x re-

mains unchanged. with the usual elastic 1aw, we obtain from

( 2 2 1

T=1,€ ( tree; r+2pe ee , (tr", lrt - Lame , s cons tants )

nF --r  -
D E  P  -  = 4 . 1 . ) 8 6 o , t r S r z ) n , t * o )

DT
DE with

Bi=.ft\.o ,r, s, x) rr {rF*o )

x = ( t r ) m K -  ( T r S r x ) h ( F *  )
o  - o

w h e r e  T = s r F *  ( T r S r l i ) .
o

ffi=i'-tot+To, # 
=6-rS*Sto, ,,1=R" (Re) T.
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f,unetXons involved (23) are obviously

9f their argunents.

to the eonstitutive system the kinematj.c

(24',|/

i are small but the

temperal rate ef elaetie deformation is not neglected. in the

pregenee ef, the temporal rate of plastic deformation.

Ftnally the hardening ssalar variable x and r are,de-

fined by

x (t) =ou*1t@.", t (r) =oo*/@ffi u,
rl

(251

where

DF= {Fp-t} E, EB=t$ r-t1t=ReDP (ne)I

Thusr lf, we suppose that u"^=fr.^ ehen E(t)=x(!) holds
o o

theref,ore the hypothesis (20) is sat isf ied.

for all t;

.  The systen of eguations (23)- (25) can be wri t ten in

the fellowing equivalent forn:

i=s'r*r0+r"err B# r+zue fi$
3=q)S-$(J)+<X>u (T, s, n) h ( F)

. i= tSfe ,EP)L/2

(26)



' | . , ' . , \ . '
J .

' 6 8  -

e
UE -^-TiP ,ir P?t '

E:F 
=lJ-u.; o=W-Wr

T = e  f / m c . , \  D T  n T  |  -^:d*r ( ' I ' ru r l t )  .  
D€, f f=T-t t* f t

DP=<T> {B (Trsr%) }  sh (F) ,  f rP=<x> [B (Trsr , , t ) ]  ar r (F)  .

using the isotropy of material functions and taking
r r  -  Vlnto account the fact that an orthogonal tensor field R

exists such that i , f , , t :* r i ro l=r)  r  the relat ions ("25) can be

wtltten as a differential system in terms of rotated varia-

bles

{=H,rrf,, 5=il,rst, t=hro{,
j  {  \ / v
i=<i> (-  tB ( i , i ,z)  t  t t+{ {B {{ ,$, , t )  }  a-tretrs ( f  ,5 ,u)r-
-ztte tB (d, J, z) ] s ) rr ( F) +r,etr6r+2p.fi,

8=.i, t- t ,  t{,8,x) t tJ+JtB {t,5, *) } a+r,r ($;g,xl I rr t i)

;=<Lt l rn t i , l , * ) ]s . [B( i l , I , ] i ) ] s ] /zn th  e7 , )
= <X,>* 1il,5,,.) .

with

! ^ v  \ l  . v  v '  \ r .  v  v  v
F ( T r s  r i l ) = F ( r r S r x ) ,  l , = a 6 F ( ' i r S r x )  . f

For the integration of the above differential equations (27')

w€ require the valu""rot the plastic factor l,; l . depends on

the current value of i, which in its turn can be determined
,1 ,

only if the value of L is given at the considered moment.
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Hence the system given in the form (27) can not in

p r i n c i p 1 . e b e s o ] . v e d e v e n i f t h e h i s t o r y o f F i s p r e s c r i b e d e

This deadlock can be overcane (see Cleja-f igoiu (19g3) )  by, -

the lntroducing the complementary plastlc factor g, whlch

depends directly on the hlstory of F and consequentry l" can

be el iminated.

rndeed,, in the framework of the accepted approximation

from P.4 (53.3) rz ia the formulae ( t2)  for  B and y r^/e obtain

the following relatj,ons:

\ t  v  Y  .  . - F  .  !  v  a  v  v
9 = B ( t r T r S r x ) = 4 1 . =  ( t r  a 6 f  )  ( t r b ) + 2 u = a 6 F . o  ( 2 9 )
t l . ! u y { V V 6 { -

, . .  y =y (T r  S,  u)  =2L E _.F .  m+ a g F .  M I  -  4 [  ] .= t r  {g}  
o .n

. : . ra*Y+2pta* I , {1 .
I r

where

tu" i tg  
a lso the ex is t ing re la t lonship between 1. ,p  and

T  (see  P .4 .b )  we  can  pu t  t he  sys tem (27 )  i n  t he  fo rm:

'  
! -  - e . .  Y . -  ,  a v  v - l  Y  -  v  a !  , ,  V  r  a  v

. T=1.- (.trD) r+2u=D+i -<0> D- {B} 
*T+T 

{B} o-l,= ( trb ) r_

o  V  e  . v

.  
'  _ -  r _ J  J - -  \ ,  ,  

( Z g )
v  v  V - l  v  a v  \ t  v  r  v

,  s = ( B ) y  - t _ { B } * S + S t B } * + M l h ( F )

i=<6ti-1rl dfdfux /4th =*dri-t'X.
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whlch prlncipially can be sotrved if the history of F is pres-

. 
. crlbed^.

, 
In their applications to the general theoryl by consi-

dering the particul-ar ,case of a rigid-plasticr rate-indepen-

dent model, Dafalias and Loret have neg'lected completely the

. pure elastic d,eformations and the temporal rate of t,he pure

elastic d.eformation with respee t to the plastlc deformation.

In order to obtain f rom the general  system (26) t  Q7) i ; i i

the particular case of rigid-plastic rate-lndependent mate-

.  r ia ls ( that  is  the case analysed by Dafal ias and Loret)  we

have to consid.er that the elastic constants l,erpe*+-. fn

th is  case f rom (26) f  fo l lows €€=0 and (26)  t  Q l1  a re  reduced

to

D=EP=<I> {B (T, I ,ral } 
srr (r)

co=w-fiP=w-<f> tB (T, s, x)l a( F )
t -  ^ , - F - , . , d  , ( 3 0 )
S=or.g-Sro+<I>u (T, s, x) h ( F )

- D T D T O=oTF (TrSrx) . -ffi , fri=t-rT+Tco

' Dafalias and Loret consider the followrinq parLicular fo::n

. for the material functions

F ( r r s  t , A ) =  * , r , - s ) .  
( T r - s ) - 1 ,  T r = T -  { t a r  T ) r r

2k-
1 '

B ( T r S r l t )  =  i ( T ' - s ) + n  ( s r ' - T ' s )
k -

M ( T r s r } { , ) = c ( T r - s ) - 6 s
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where k7v7117c and 6 are scalar isotropic mater ia l  funct ions

which depend on the fundamental set of scalar invariants of Tr5,

lt.rHere the slznmetric part of B is just the one used in the clas-

sical theory of plasticity while the antisymmetric part was

obtained independent ly by Loret  (1983) and Dafal ias (1983a'

1985a) using the simplest forrn of the representation theorems

for the isotropic funct ions.

The conslstency conduction (11) becomes

l-2c- 4  v d kf r v e *  q ( r ' - s ) . s=o

-  * 9 ( r i - s ) . s
k -

( 3 2  )

( 3 r  1

We observe that i f  crvrk and 6 are depending on x only,  then

the consistency condi t ion is sat lsf i .ed i f  and only i f  6=0.

ff we take into account the term containing 6 and if

we maintain the hypothesis (see Loret  (1983) )  thatrcrvrk and

6 are funct ions of  x alone, then i t  ls  necessary to mult ip l i -

cate T by the factor L/hor where hois dependent on the inva-

r i an ts  o f  (T rS )  and  u , ,  and  hohas  tb  be  pos i t i ve .

Thus we replace (30)  
S by the modi f ied p last ic  factor

( s e e  H a l p h e n  ( L 9 7 5 )  ,  L o r e t  ( 1 9 8 3 )  r  D a f a l i a s  ( 1 9 8 3 a ,  1 9 8 5 a )  ) :

x=1 ^  r
EJ r"

and therefore the following consistency condition

DT
DE

4  v d k
7 3 ; z f f i

yield.s.

h5--2c+ ( 3 4  )
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rf we suppose that crVrk and $$ "t. 
oor-r€gdtive va-o]4

lued functions and, S (01=9 then there exists a certain time

j.nterval on which obviously qlO. However it is not yet clear

if the relation Lr)0 generally ho1ds.

3.3. Kinernatic hard,ening and simple s,hear

Let us analyse first the followlng particular cases

cons idered by  Lore t  (1983)  and Dafa l ias  (1983a,  1985a) .

In  th is  case evo lu t ion  equat ions  (30) ,  (31)  and (33)

take the following particular forrn:

D=oP=. i r  J , r , -s)h(F) ,  r '=r-  $tor l  r ,
^o

wP=<F>n  (S r r -T rs )h  (F )  (35 )

ffi=3-cos+sc,r=(T)c (T,-s) h (f ) .

i .= (3o. o1r/z ,

F  ( T . r r l =  4  ( T , - s )  .  ( r ' - s ) - 1
2k,"

o=W-wP

I  F - .

T= +( t ' -s ) .H '  w i th  H '=  
, i r - r r ,+r ' ' .

k;

The, consistency condition leads Lo c=L/2. The material

funct ion v can be detdrmined from uniaxial  tensi le text .  In
' this case we assume that all the stress conponents but a sin-

gle one are zeror sdy Tr. ,=o.
J . l

rhus tir= 3o, rLz=r1f- *U , and from the slzmmetry
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consid.erat ions S^^=S^-E -  *S,, .  
'The 

vield condl t , ion becomesz z J J t t t
.,

tfrsrf frko, if we consider {'r>srr.i l t  J . r
5'

Since the pure elastic deformations was neglected.
a

and R==I, bv consi-dering also the incompressibil i ty condi-

tion we obtain that F' and P are equal to

F =P = d iag tnr l /Un,  l /un\ .  
" i

Therefore

-  . .  . - l  .  - - l  t  ,  o  ,Ir=FF-*=iiP-'=D-DF=diaq f i l  o--  , -  .  p .  
'P/  

2pt -P/  2n l
( 3 7  )

Is straightforward. that W=I,VP=0, that (35) 
Z are iden-

t ical ly sat isf ied and that o"=0. Consequent ly,

n C r n T t .
# =s and f f  =T'  .  From (35),  and (36) we get
u E u r L

( 3 8  )

r  l  - - ^  .  - 2 ,  a .  |  '
.  to 3tr=;<I>(r i {S,*)  or  to srr=k; ;  t .  As we suppose x)0 we

ds. , . |  k l
obtai" 

# 
= 

* . Combi.ning this equation with the yield

condi t lon we obtain that  T '  r=o sat isf ies the di f ferent ia l  equa-
I t

t ion

i /n= * *. i r  
and from (3s) z wirh (3s) 

r  we obtain

i+=2 /,n I:<L . rhus e/n=i ano

.  N . =  l n p

Finally the first evolution equati.on (35) 
5 is reduced
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do 3  ,_z
f f i = ? s K o

Hence the factor 1/u characterizes the hardening of the mate-

rial. rn the particular casq of l inear hardening when o=y'3k+
, 3,k? 

_ ___o

*Eo x rv becomes equal to 759 . Under the above hypotheses allI t , r - * o 1  
.

the material coeffj.cients presented in (35) can be determi-

ned, but 11.

Further, with the same assumed restricted conditions

and fol lowing Dafal ias (1985a) we study the behavj-our of  the

material subjected to a pure shearing due to a continuous loa-

ding process.

We suppose that:

r )  onry  one component  o f  F  i s  non zero ,  i .e .  F r2=y  ( t )

w i th  Y  ( t )>0  fo r  any  t ;

2 ' )  the  hydros ta t i c  p ressure  is  zero ,  i .e .  T r=T i

3 )  t h e  i n i t i a l  d a t a  T ^  a n d  s ^  a r e :  T r . ( 0 ) = s r . ( 0 ) = 0 ,
o  O  I J '  

- a i t ' - '  - ,

f . e r r 5 .

I t  fo l lows from 1) that  the non-zero component of  L is
a

L .  ̂ = Y .
L Z

'Consequent ly,  
the non-zero components.of  D and W are

t
)  r n  -  VDt2a/2=D2,  and WL2=-W21= i .

a
\n \-,

r t  fo l lowsir . f rom (3s1 that 4=<1.> - f  ( r r r -s. ,  r )  and for

al l  the other components T,  -=S, =.l-l i.J

From the hardening condit ion yield.s

TtZ-St2=ko,  i f  r t2 -St2>0



Thus

Uslng

fore with the

which are .not

pl l f ied form:

q ?

I )  -

k
F ^ ( , ) ' rI = 2 { v > 0

2 )  w e  s e t  T . ^ ( t ) = - T l t ( t )  ,  s 2 2 ( t ) = - s t t ( t ) .  T h e r e -
4 4 '  I r  '  4 Z  - J . J -

notat,ion x=S, , r y=S-, n the evolution equations,
I l ' '  t z

ident ica l ly  sat is f ied,  take the fo l lowing s im-

=Y-axyt dy
dy

=-x+ax2+bdx
ffi

( 3 e )

( 4 0 )

'  2 * 3 l r o , o = * = p r o , w i t h x (  
o , i rw h e r e  . =  * t 0 ,  

b =  
d  

=  
#  t  o ,  w i t h  x ( 0 ) = X o ,  y ( 0 ) = y

( 3 5 ) a r g  . t "  a l s o  u s e d .

In order to study the bdhaviour of the material cor-

responding to the simplif ied model employed here we have to

analyse the so lut ion of  the system (39)  for .  l20.Obviously

the uniqueness and ex is tence condi t ions for  the system (39)

w l th  g i ven  i n i t l a l  da ta  ( xo ryo )  a re  fu l f i l l ed .

The crit ical points of the system are determined from

the algebraic system:

y-axy=9, -x+ax2*b:o

The solut ions are real  i f  and only  i f  1-4ab>0.  fn  th is
- r 1

case the solut ions are (x_= 
2f ,  t f - / f -4ab, 0) and x*= f  t f+

fiA-m, 0 ) and 03-Sx*. It is obvious that the integral cur-

ves of  the system (39) are symmetr ic wi th respect to 0x'  on

the other hand these curves can be explicit ly obtained by
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ir.rtegration of the system

and thus

,-x+ax2+b 1
yTT:T t r  fo rx# f  ,

1 . 2  )  h
t  (x-+y-) =- 5{n l l -ax t*const.

q

,'' ;. ,;

r i  76  -

dv
?*- =
ctx

( 4 1 )

A particular solution of the di.fferentlar equation is

,  
the straight l ine 

"= ] .  The global  solut ions (41) of  the sys_

tem are def ined' i f  the integrat ion constant is determined

from the init ial conditi-on.

The analysis shows that the er l t j .cal  point  (x_r0) is a

center,  but  (x+, o) is a saddle polnt .  The existence of  two

curves U, and U, f o11ows. They tend aslzmptotically towards
(x+ ,  0 )  when y* - i  and uruuru fx* r0 ) ]  i s  a  cont inuous  curve  (see

Fig.4). on the other hand two slznnetric curf/es (see Fig.e) vt and v,

eristsr v,l'Licrr tend asslznptotically towards (x+, 0) when

Y*-o l  UZ UV2U{  (x* r0 ) }  genera te  a  c losed curver .  and (x_r0)  w i th

x-)0 i. is an inner point of the domain bound.ed by this curve.

(0r0) is an interS-or point of the above mentioned domain if and.

only i f

(x*) 2- 3*t" lqf15- > o.

The last  condi t . ion can be sat isf ied for  smal l  1.

F i g .  4
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From the physical point of view, aLl the subsequently

analysed cases lead to unacceptable solut ions.

r f  the in i t ia l  value (xorvo) belongs to the inter ior

of  the ment ioned domain,  then the stresses are per iodical

funct i 'ons of  y.  r f  (xoryo) l ies on the curves uz then TJ.2*0

but T'  has a f in i te l imi t  when y*- .

l f  (xoryo) 1les outside of  th is domain then we obtain

agaj-n an unaceptable behavour, since there are cases when

Tr, descreeases when 1 increases and in all cases T' aslzmpto-

t ical ly tends to a f in i te l imi t .

Final ly  ,  for  the ln l t ia l  va lue (xoryo)  wi th  xo)  
* r t *

descreasing,  too,  when y tends to  co and Taa asYmptot ica l -

tends towards a f inite value

f n  t h e  p a r t i c u l a r  c a s e  w h e n  l - 4 a b = 0  ( i . e .  x  = x , )  t h e

behav iou r  o f  t he  so lu t i on  ( see  F ig .5 )  i s  a l so  unaccep tab le .

r f  r -4ab (0  ( see  F ig .6 )  t he re  i s  no  pe r iod . i ca r  so lu - . .

t j -on,  whi le  Ta,  grows unl imi ted wi th  y  and T*  asYnnptot ica l -

ly  tends towards a ' f in i te  l imi t  which is  independent  on the

in i t i a l  cond i t i on .

After this brief presentation of the principal re-

sur ts  due to  Dafa l ias,  we can conclude that  the modet  obta i -

ned as a consequence of the simplications pointed out above

can not  be accepted f rom the mechanica l  po int  o f  v iew.

F i g . 5  F i 9 . 6

Fo l l ow ing  Da fa l i as  ( I 985b)  ( see  a l so  Lo re t  (1985)  )  we

subsequent ly  analyse the second example in  whlch the mater ia l

hardens k inemat ica l ly  but  610.  rn  th is  case,  in  order  to  sa-
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t isfy the compat ib i l i ty  condi t ion (32) i t  is  necessary to

introduce a new materj-aI function h, d.epending on the scalar

invar iants of  ( f t rs) .  we also assume that the ma.ter ia l  func-

tions have the following simple form .: 
* r V: 

ffr6= +r,.rt^
rl =t'r where corVor6o are rnaterial constants, with h expres-

r r 0

sed, by

6
r.tt * 2 c ^ -  + ( r , - s ) . s  ( 4 2 )

u  O  . L
K o

a c c o r d i n g  t o  ( 3 2 1 .

fn  th i s  case  the  sys tem o f  equa t i ons  (35 )  becomes :

. c ^ 6
s -cos+sr,r=<tr> {-f;ot r, -s ) - dil h ( r )

1
F ( T r S ) =  *  ( T , - S )  .  ( T ' - S ) - 1

^ . 2

"Ko

co=w-wP, T: *tr ,-s) .  ( ' i ' r -q11r+Trro)
- k o

The  re la t i ons  (36 ) ,  (37 )  rema ln  unchanged  bu t

with h;2co- 
ft*,

Following a simj-lar approach as used above the dif-

f ,erential evolution equations can be reduced to

x= fr'd
2 6

{431

(4+ ' ,1
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G

# 
= ex+ (r-q,x) y,

d 7 9 -

= F-py+ (l- cr:<)x
'dv

dT ( 4 s  )

wlth

2k2
o = - o

vo no, E =h%, B=q

Analys ing the system (45)  Dafa l ias (19g5b)  comes to

the conclusion t

a)  there are va lues of  the mater ia l  constants  for

which the system admits only one equil ibriunr point;

) .  depending on a cer ta in  re la t ion between the mate-

r la l  constants  th ls  po int  can be a s table nodus or  a  focus;

c)  j -n  the f i rs t  case there are no osc i l la t ions for  Tra

and Tt l  but  in  the second case there are s t ress osc i l la t ions.

consequent ly  th is  mod.e l  i -s  a  more real is t ic  approach.

The st ress response presents an ass)anptot ic  convergence to-

wards an equi l ibr ium point  (a  s table sp i ra l  in  s t ress space,

for  some numer ica l  va lues)  and the induced st ress osc i l la t lons

I.19. 
away as the equil ibrium point is approached with increa-

s i n g  y .

Dafa l ias does not  anaryse the constency condi t ion (32) '

and i t  is  not  c lear  i f  the re la t ion h>0 holds or  not .

subsequently we deal arso with a simple shear problem

for  k inemat ic  hardening but  for  e lasto-p last ic  mater ia l  wi th

smarr  pure e last ic  deformat ion and the case when the erast ic

rate of  s t ra in  are a lso taken in to account  in  the presence of
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the pLast ic  ra te  of  s t ra in  (see Cle ja-T igo iu  (1989)  ) .,

Therefore the system (26) replaces (3S) wi th the mate-

r ia l  func t ions  g iven by  (31)  w i th  F0 ,  k=ko(cons t . )  I  c=L/2

(from the consistency condi t ion (32)) .  Therefore,  i f  we know

the hlstory of homogeneous deformatlon t*F (t) the stress sta-

te T and the back stress S can be determined, for any fixed X,

by solving the fol-lorving differential equations:

a

w i t h  g =  ' 4 - ( T ' - s ) . D ,

k "
o

( 4 6 )

p las t i c  f ac to r

( 4 t  7

i r =oT r-1rq6* 2tteO-zpe <r> 4 (*' -S ) h ( F)
k '

r - ' l
S=crlS -Sco+<I>i ( t' -S ) h ( F )z

co=W-(l,)t  (ST t -T, S ) h ( F)

F ( r , s )  =  
h ( r , - s ) .  

( r , - s ) - 1 ,
o

1
T r = T _  * ( t r t ) r ,  t r T = g K t r D

J

in  which I  is  rep laced by the complementary

I  ( s e e  f o r m u l a e  ( 1 2 )  I )

where p=1fr l ]",  ry=1Fr-1)tr*d K is the elastic bulk nrrdulus.

w e  a d < f  a l s o  t h e  i n i t i a r  c o n d i t i o n s  T ( 0 ) = T o r s ( 0 ) = s o .

I n  t h e  s i m p l e  s h e a r  p r o b l e m ,  i . e .  f o r  F ( t ) = y  ( t ) e t x e 2 +

{
* I ,  wi th  y(0)=0,  the or thogonal  t ransformat ion R in t roduced

by Q7) corresponds to  a rotat ion of  angle o=y/2 around e,  
'

and we get for the ::otated variables {=trttX,$=fi.Tst. trr" fol-

TJFreplace,.y by I ln o.rder to keep y for shear strain.
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lowlng eguivalent system:

(48)

F=r* qA ,
k -o

Sri -5)h(r )

tor fi=fiTn{.

i=ro'I- 35F n r (6i-ffJt {r "r, ( r) - F(r-ry r{.ilr,rn

Y=-z $n r r6fr-6ilJl "r, ( F) r
^ e

with p= $. t6-5 I . j,
k 'o

The simple shear problem requires the determination
v

of  i  and of  the back s t ress tensor  5 which must  sat is fy  the

system (48) when the simple shear deformatj-on process and

some in i t ia l  va lues of  $  ana E are g iven ( for  instance

T ( 0 ) = 9 ,  S ( 0 ) = 0 ) .

Wi th the models  in  which the p last ic  factor  p  j -s  a lso

involved is possible to take into account any homogeneous

deformat ion process,  hence any s imple shear  process,  un l ike

the r ig id-p last ic  models  considered by Dafa l ias and Loret
' )

in which shear rate r.nust be assumed to be constant.

It  fol lows t,hat the simple shear problem has an uni-

- 'que local  so lut ion.

Some numerical examples are analysed in order to i l-

lust rate the ef fect  o f  the p last icat ly  j -nduced rotaLion (des-

cribed by t.he dependence on the material parameter n) on the

mate r ia l  response  sub jec ted  to  s imp le  shear  ( see  F ig .7  and  8 ) .

F l g .  7 F i g .  8

The differences between the curves corresponding to

di f ferent values of  f ,  become slgni f icant at  large strains



only '  rn the case r1=0 we obLain. the andlyt lcal  solut ion which

reyeaLs also the exact nature of the oscil lating stress res-

ponse for large simple shear even when G (the elastj_c modu-

lus =lre) '  1s also taken into account.  The Dafal iasrs sorut ion

(1985a) is obtained for G*-.  r t  has been shown that in the ca-

se of  the elasto-plast ic s imple shear the osci l lat ions may be

lnduced or not also depending on the value of r. Taking into

account the plastj-c rotations the oscil l.t iorr" have been su-

pqesed even for kinernatj-c hardening rule.

r t  is  important to poi-nt  out  that  the solut ions obtai-

ned by solv ing the elasto-plast ic s imple shear problem are

consistent wi th the physicar fundat ions of  the moder or wi th

the  l im i ts  o f  i t s  app l_ icab i l i t y - (see EL.J . ) ,  on ly ,  L f  the  range

of var iat j -on of  the shear strain y leads to deformat ions which

remai-n moderatly large ( 3O? ) .

We also mention Lhat the solutions are obtained under

the hypothesis of  smal l  e last ic deformat ions, conseguent ly

Ttz/ze must be smal l .  s ince, i r r  the erast ic -plast ic k inema-

t ic hardening moder,  for  suf f ic ient ly rarge values of  the ma-

terj-al parameter n the elastic deformatj-ons may becorne unres-

tr icted 1arge, in order to have smal l  erast ic deformat ions

we must restr ict  the range of  var iat ion of  l r  as wel l  as the

range of  -var iat ion of  y
ta
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ch4l. 4 . !1{FeJ'i*}9".,W.+FA Slg.s3*g; r-angs

The models of the materials with elastj-c range were

f o r m u l a t e d  b y  P i p k i n ,  R i v l i n  ( 1 9 6 5 ) ,  O w e n  ( 1 9 6 8 ,  L 9 7 0 ,  L 9 7 4 l l
v
S i l hav r j  ( L977)  |  Lucches i ,  Pod io -Gu idug l i  ( 1986)  .

Subsequent lyr  w€ shal l  present  shor t ly  the approach

by Lucchesi ,  Podio-Guidugl i  (1986) to the rate- independent  ma-

ter ia ls  wi th  e last ic  range.

4 . I . R.+9-e"JS_qef ,ejn'q9,:19-i[*.gli;e] s: y-+], Jr_.9*1"+Fg]-.9*r=aligg,

Here we use the same"speci f i -c  concepts of  the theory

of  mater j -a ls  wi th  e last ic  range and the sane symbols as in  the

paper  by Lucchesi ,  Podio-Guidugl i .  Thei r  theory re l ies on con-

cepts which are somet j -mes only  s l ight  modi f icat ions of  those

al ready in t roduced in  the above ment ioned papers concern ing

the nater ia l  wi th  e last ic  range.  . .

A  h i s t , o ry  j - s  a  con t i nuous  mapp ing  F : [0 r1 ] *L+  and  i s

in terpreted as a one parameter  fami ly  of  deformat ion gradients

at  a  mater ia l  po int  f ixed once and for  a111 wi th  respect  to  a

f i xed  re fe rence  con f i gu ra t i on .  $ to l  ana  f ( r )  a re  i t s  i n i t i a l

and f ina l  va lue,  respect ive ly .  A h is tory  is  constaqt  i f  i t  has

a constant  vaLue.  w€ denote by. t  the h is tory  wi th  the cons-

tant  va lue a and the h is tory  Q is  r ig id  i f  i t  takes i ts  va lues

in 0.  In  par t j -cu lar  IT is  a  r ig id  h is tory  wi th  va lue I  in ter -

preted as permanent occupancy of the reference confi-guration
..

and wi l l  be ca l led the reference h is tory .

Let  H denotes the co l lect ion of  a l l  h is tor ies and



0c H the  se t  o f  a l l
,t.

For Fef/ and

8 4

historiesr.sr-rclr:.that S ( 0 ) e 0 "

F i s

A

F

f o r  s e [ 0 r l ]  t h e  s - s e c l i o n  o f the his-
 ^  A

t o r y  F "  s u c h  t h a t  F " ( s ' ) = F ( s s r )  f o r  a l l  s ' e l O r t ] .
A A

A history G is said to be a continuation of F i f  there
@.%rr

A / a A

exists a s-sect ior  G" such that G"=F.
-L /r

Gi.ven Ae l '  ,  a of F is a continua-
, \ ' A

t ion G of F with f inal value equal to A.

A subset  E c  L+ wi l l  be ca l led an ad4isq ib le  set  for

-if

1)  E l -s  the c losure of  an open set ;  i i )  E is  arcwise
A ' a

c o n n e c t e d ;  i i i )  F ( 1 ) e E ,  i v )  i f  r ' ( 1 ) e a E  t h e n  t h e r e  e x i s t  t w o

n u m b e r s  s . , r s r r  O s s r < s r < l r  s u c h  t h a t  f , t = l . E r )  f o r  s e ( s L , s 2 )r - -  z '  L  z

a n a  $ ( s )  e o E  f o r  s e [ s  2 t r J o  
-

In  par t icu lar  the f ina l  va lue of  a  h is tory  may t r ie

e i ther . in  the in ter ior  par t  or  on the boundary of  E i  in  the

later  case the boundary has to  be reached f rom the in ter ior .

Fo r  E  an  admiss ib le  se t  o f  i ,  t he  co l - l ec t i on  o f  a l l

cont inuat ion of  F which remains in  E wi l l  be denoted bv
/\

c ( F , E ) .

Lucchesi ,  Pod. io-Guid.ugl i 's  approach is  developed wi

thin the framework of the history tyge theories. The material

response to a given history of deformation is described by the

constitut ive functional :

f t :0-S, $=fl ($) ,

@

o'1 I  
E denotes the inter ior  of E .

( 4 e  )
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where T is the cauchy stress at the end of the histoq,,f.
. :

The choice of the constitutive functionar fl is restrlc_
ted by the requirements which w111 be l isted below.

A set E i= al-*"lL?,tig:Eq}:{s,Jt' g.,-"ott""pona!ns to fl if
1) E is an admissible set  for  F,  1 i )  f r  is  palh independent

/ \  
% " - r

on c(FrE) i .e. ,  f t fd l=f f t f t )  whenever both d ana  ̂ {  uuto 'g ro
_ . 4  A  4
C ( F r E )  a n d  C ( t ) = n ( t ) .

8, l .a (gxistence of  the uraximal elast ic set)
A
F f ixed i -n ? there exists an elast j_c set  E ( f  )  such

is another elast ic set  for  i ,  then E c E (S) .  f  ( f , )  i_s

PlastJc -Lap"gg, o-fi*g.grrs:spondinq !o fl, rikewise an
A r

c (r ,  E (F' ' )  )  is  calred an elq€l ic cont inuat ion or f .

. For any

rhat i f  E

called !k

element of

E .2 .  ( rnvar iance

t ic  cont inuat ion) .  ro r  f
n

L e t  F e ?  a n d  A e L '
/\

t ion of  F up to  A we set

of  the e last ic  range under  the e las_

f  ixed in 0 ,  r  ($) =r (6t  ror 6,  c ( f ,  r  t f  l . t  .
be g iven.  For  d . r ry  e last j_c cont inua-

r* (a;  i l= f f t61

As a direct  consequence of  path independence or t
A A

C ( F r E ( F )  ) r  ( 5 0 )  r n a k e s  s e n s e  a n d  d . e f i n e s  a  m a p p i n g  T f  ( .  r F - ) ,
*$ cafled, corresponding to ft.

rn part icular tor  a=i  ( t )  we have r*  t f , (1)  , i )  =f l  (S) .

By using 4.2 we get 
: '

r *  ( .  , $ )  = t *  ( .  , 6 )

( s o 1

on

E ( 0 ) *

(  s l )
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for any elastlc continuatlon t of S.'.

As usual lyr w€ say that f t  i "  
@ if

* , 4 ! .  , n .  4 ,  A  ^  r r  ^  
-

f ( Q F ) = Q ( r ) f l ( r ) 0 r r ) t  f o r  a l l  f i e D  a n d  f o r  a l l  r i g i d  h i _ s r o r i e s
A
0 .

The for lowing proposi t ions hold (see Lucchesi- ,  podio-

G u i d u g l i  ( 1 9 8 6 )  ) :

-P.1,, 
The constitutive functionar fl is frame-indifferent

i f f  fo r  a l l  f i r l ,  r f$ l  and T* ( . r$ )  have the  fo l low ing  proper r ies :

i  )  r  ( f ,)  = to+rdl tete o]
r * (ea r i )=e t * (a , f )e r  f o r  a l l  AeE( f , )  and  ee0  

-

i l )  E (6 i )=E( f  )  f o r  a l l  r i s i d  h i s ro r ies  6  ana

+ A . \ + . \
T ^  ( .  r Q F )  = T ^  (  .  , f  )

rn what fo l lows, the fo l lowing axiom wi l r  be assumedi

A.f .  The const i tut ive funct i -onal  f l  is  f rame-indi f fe-

ren t .

The  se t  E ( I t )  w i l l  be  ca l l ed  the  i n i t i a l  e las t j - c - ran -

.8,.

The meaning of  th is  set  wi l l  be pointed out  by the '

proposi t ion:

F * L  F o r  a r 1  e e o  i )  E ( 0 + ) = E ( r + ) ,  i i )  e . t ( o t ) .

There fore  the i . in i t ia l  va lue  f  tO l  be longs  to  E t t t l  fo r
A

a l l  F e D .



' )

F  8 7 ' -

A r n
Alsor  w€ must  have F( " )eE( r t )  fo r  a l l  FeO and fo r  su f -

f i c ien t ly  smal l  va lues  o f  s ,  s ince  $ tO leE( r t )  ana f  i s  con t i_
a\nuous. Moreover, if the irnage of .t0rl l through i; i" not entj._

rely cont,ained in the c losed set E(r t ) ,  then there exist

s o e ( 0 ; 1 )  a n d  e ) 0  s u c h  t h a t

f  t " l  / e  G + )  f o r  s e  ( s o r s o * e ) (521

We say that during the history i, th" W
occurs at  the smal lest  yalue 

"o 
sat isfv ing (521 for a certaln

€ .

A
For a giveir  FeO we say that the history 6- is an un-- .F'

lo..e9i,rg ,h:stgrx corresponding ro $ ir 3- sarisfies rhe forro-
!

w i n g  c o n d i t i o n s  f o r  a l l  s e [ 0 r 1 J :
 r l { r i . z \

i )  s r ( s ) e E ( r " 1 ,  i i ) T x ( S u ( s ) , i = ) = 0 .

Let s ( f  )  be the colrect ion of  arr  unroading histor ie"s

corresponding to F.  I t  can be shown that:

fg]3 If it is not empty, the set S (F)fiust contain at least

one h is tory  wi th .  pos i t ive-def in i te  va lues.

EJ. (structure of  the correct , ions of  unloading his-

to r ies ) .  For  each i r l ,  the  se t  s (F)  conta ins  exac t ly  one po-

si t ive-def in i te history.  Let  3f  u" th is posi t ive-def in i te un-
-E-

loading h is tory .  
.

As  a  consequence  o f  8 .4 .  and  F .3 .  we  ob ta in

i -s  unaf fected by the e last ic  cont inuat ion s ince the

J.

that S,

fol lowing
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proposition h<ilds:

fet  3 fe an elast ic cont inuat ion
A

of F. Then the constant continuation of 3* is the positive-
 definite unloading history corresponding to G.

It follows that S (S) is invariant under a comr:osi-_

t ion wi th a r ig id,  h istory,  as stated in:

A
t l  For al l  feD and for at1 r ig id histor ies e,  the

A+ A-r-
re la t ions  

' s l *=3r  
o r  equ iva len t ly  S(6 f  )=S( f )  ^ho ld ,

! ! f  1  -  ' - -  '

ror any ieO the set

ER ( i)  = [Ae r* ra6$e E ( i )  ]  ,

called th. .rg**qEg9,"gl?:Iis**Iprtg". and rhe mapping

r o ( . , i )  ,  r * ( S ) * s ,  r o  ( a ; i ) = r * t a ! | ( t ) , f i ) ,

carled'tr".:\,r.glsg,*l-ry-eppigges.pg.jgr.*q*g+*F.!"lLqJiE".S"'y.fi

qgl  be def ined.

"  fo( . r i )  may be in terpreted , ,as the mapoing del iver ing

.  the s t ress ln  pure ly  "e last ic"  deformat ion processes s tar t ing '

f rom the s t ress- f ree conf igurat ion reached af ter  un loading

aforrg 3 | ,  taken as the reference conf igurat ion, ,  (Lucche-

s i ,  p o d i o - G u i d u g l i  ( 1 9 8 6 ) ) ,  s i n c e  t h e  s t r e s s  t * ( a r $ )  a t t a i n e d

in any e last ic  cont j -nuat ion up to  A or  f  i=  equal  to  ToraSf  ( , t ) -1 ;

A
i t ' ) .
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On the  o ther  hand,  fo r  any  feD and fo r  a1 l  se [0r l ]

i l rS; ) =r* t$ t" r ;f" ) .-ro tf t" l 3*," r -r ;f")

F..6. ,  The reduced elast ic range and the structural
napping associated with i rr.rr" the forlowing properties:

_ l  _  . A  r  r {i )  e -c  E* ( r1=g t  ER(F) ; j _ i )  i f  ee1 ,  ro (e ,$ )=o ;

li i ) f,or any ae E* ($ ) and for any e e .0r ro (Oa, i ) =ero (a,
f tOt holds i-denticatry.

The materiar- moder defined by the above axioms have
a sol id- l ike behaviour since the fol lowing property rrois.

L ,?r .  r f  Ae l ,  is  such that  ro  (ear  r t  )  =ro (B,  r t  )  for  a l l
+

B e E -  ( r T )  s u c h  t h a t  B A e E o  ( r t )  ,  t h e n  A e  0 .r (  -  R ' -

Let us define now, the g.l.qFgJ," g.Hgq.f..-r.g..,**,.q.qgp*r,g-:

Le t  rV  be  rhe  se tUE- ( f  )  f o r  a l l  f , r ? .
t(

F o r  N e N  f i x e d ,  t h e  s t r u c t u r a l  m a p p i n g s  r o ( . r $ ) ,  a s s o -

c ia ted wi th  t ,he h is tor ies $ such that  Ne E-( f  ) ,  are considered.
t(

rf all therse mappings yield the same stres at N, we denote

their  cammon valub Uy rx (x) .  Therefore

Tx: r \ / *S ,  Tx(N1=go( r r r r$ )  fo r  any  SeO such tha t .

N e E ^  ( f  )  .
I\

E€. (Existence of  the structr i ra l  l l laoping).  The struc-

tural  mapping associated with al l  h istor ies $e? def ine one

global structural rqapping.
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As a dlrect sonsequence of E.5 we obtaln that

4 , . A  i r  ^  { +  - . 1  .  Af  ( q s ) = T A  ( F ( s ) s i  ( s ) - ' )  f o r  a l l  h i s t o r i e s  
' F r 0  

a n d  f o r

a l l  se [0 r r ] .  consequent ry ,  the  po 's l t i ve-de f in i te  un load ing

history plays the role of a "permanent deformatj_on history"

in the theory of  owen (196g I  L9j4) ana $i f f rad (L977).

F.8:i. The global structural mapping has the forlo--

w5-ng propert ies:

i )  0 c N = 0 4 /  i . i )  i f  e e O t h e n r E ( e ) = 0 ,  i i i )  f o r a n y

NeN and  any  Qed ,  t x (eN)=e?E(N)eT  ho lds  j -den t j - ca l l y .

Qe() defines a :Xryet"rJ*Flalsggltgn for rhe inare-r

r i-al  described by the consti tut ive funct ional fr  ,- f

f l t ic t l=f t t$)  takes prace for  at1 f , . l .

F',  L O is a symmetry t ransformat ion Lf f ,  for  a l l  h is-

to r ies  ieO ana fo r  a l l  eeE( f , )  the  fo l low inq  re la t ions  hord :

i )  E ( F Q o ) = E ( F ) e ,  i i 1 1 ' ^ ( A r F ) = T ^ ( a e , i ' e - )  .

FJ0. Let 'e be a symmetry t ransformat ion.  Then:-
A 4  +  r p  A +  +  A  +  A

i )  S F e = ( Q ' ) '  t ; 0 '  a n d  S ( r e ' ) = g 1 n ) e  h o l d  f o r  a l l
A
i e l ,  I

i i )  r * t$o t )=Enf$ lc t  and ro  (ac , fo r )=ro(a , f  )  rakes  p la -

c e  f o r  a l l  $ e D  a n d  a e r * ( S ) .

Finally, the materi_al:. symmetry transformations are

not detectable by Tx, in the sense given by the following pro-

posi t j -on:
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P.ll. If e ls a symmetry transformation then-

NQ=.N rfor alI Ne N rA (we ) =rA (u) .
t t

A' rnaterial., isotropic when the colLection of lts syr1r{E-

t,ry transformations is equal to 0.

t  F. lZ For isotropic mater ia]  s

i )  the values of  t f  are scalar mult ip les of  I i

i i )  f o r  a t r  # r0 ,  f l t $ l = r x ( f , ( r )  (S r ( t ) ) - 1 )  y i e l ds  f o r
arr  SreS ( f )  ;

i i i )  f l t f l = t E ( f r ( r ) )  i s  s a r i . s f i e d  f o r  f r r t ) e s +  w h i c h  i s

the le f t  product  decomposi t ion of  $ t f )  under  the form $( f l=
A  n  A j= v r ( l ) R F ( 1 ) s ; ( 1 )  .

Final ly  we present  the next  two proposi t ions (g iven

by  Luchhes i ,  Pod io -Gu idug l i  ( 1986)  )  wh ich  a re  l i s t i ng  su f f i -

cient condit ions on r t f  I  ,  t$ ana rx in order to j-nsure 
,  
that

f f  i"  frame-indiferent and eeO is a syfirnetry transformation

for t:

F.J.3l .  For al l  i 'e0 and for al l  r ig id history f i ,

$re suppose an.f-- |
A r \ , \ r \ , \

i )  E ( F ) = 0 E ( F ) ,  E ( e F ) = E ( r )
A+  A .L

i i  )  SpF=SF,

and moreover ,  for  a l l  QeO, NeN; we suppose that

H , T |

i i i  )  r ^  (QN)  =Qr  (N)Q '  i

then, thg const i tut ive funct ional  i l  is ' f rame-indi f ferent.
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F.r,4* Let ee4. we assurne that
A + l r

i )  E  ( r0 r )  = f  ( r )e
n rri, slc= (ort t3$ot

! 9  F -

take place for all r.e0 and
. l ' H

l i i )  T ^  ( N O )  = T , ' ( N )

holds for  a l l  NeA/.

Then, Q is a materiar symmetry transformation.

cggf ig"g"LE.!iolls

concerning the theory they have presented Lucchesi and
Podio-Guidugl i  ( r986)  observe that :  "whi th in  the f ramework of

Axi -oms E.r -E.5,  ass igning the const i tu t ive funct ionur  f i  is  equi -

va lent  to  ass igningr  ds i -s  done in  appl icat ions,  the erast i_c
A

range E(F) and the posi t ive-def j_nj- te unloading.history el  cor_
responding to each history i.D, together viith the structlral

F t l

mappj-ng T^

Star t ing f rom th is  remarkr  w€ searched (C1eja_Tigoiu,

so6s (1988)  )  the connect ion of  our  ax iomat ic  moder  wi th  the

model  o f  the mater iars  wi th  eLast lc  range.  This  compar ison is

entirely motivated by the fact that (p, a) can be d.escribed as

solutions of some differentlal equations whlch depend on the

history of the deformation gradrent $ and on the temperature

e ;

Connection bet Mith  e las t i c

consequently, the elastlc defornation E=Fp-f, as well



9 3 r

.5 cr introd,uces the depend.ence on the history of (Frg) in the
materlal response, via ddnrlssible thermoelastic processes (see

formulae (4) in g2' .2) ,  
.Here,  we restr ict  ourselves to isotheJ-

nl*:Jgoc.qs,sg€ and to , i.e. the evo*

lution. equations (fO1 in 92.2 do not contaln the viscous terms,

A=0 r .L=0 .

From the axioms A. l -A.9,  the d,ef in i t ions and the pro-.) .

pertles given inchap.3, can be proved the validity of the fol-

lowlng conseguences:

From P4 (92 .2)  we ob ta in

and the

C.1.  The complementary

- t  1 ,g=P-r  a  ̂ i  (e  )P-T. i+ ,
c-

hardening modulus y is

4e

\ = 2 a . F ( C ) . [ c e B ( g ) ] s  +
c:-

lile recall tf,atl)

plastic factor ts is defined by

m
C=F 'F

.given by

1 .

4J

F  ( C )  = F  ( h  ( C = r a )  ,  o )  w i t h  e =  ( C e r a )  .

-C:? ,_  (see C le ja -T igo iu  (1988)  ) .  F rom the  mater ia l  1aw,

with C.1,  we obtain th.

Sgggllon?- for the function y= (p l, 
o) ,

f ) We denote by tilda (n,) srperposed on tlre syr,bol of the considered
funcgton, the function obtained bv ttre procedure indi-cated he:e.
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* = < p > B ( c ( t ) r y ) ,  y ( o ) = y . ,  w l t h  ( 5 : 1
. 9

B ( c r v ) = { a  E ( c r y ) ,  y - ] f i ( c , y ) }  d e f i n e d  o n  t h e
y l e l d  s u r f a c e  T t c , y ) = 0 ,  w l t h  t " ? { c r y ) , B ( c r y ) = _ r .  H e r e  b y  a
dush (-) superposed on the s'mbol 0f the considered function
we denote the function obtained by the procedure indicated
below3

E'(c,Y) =fr  (p-rcp- l ,  o)

+ i ' r f  f r B r T  a r e  s u c h  t h a t  t h e  r i g h t  h a n d  s i d e  o f
the system (53) sat isf ies the peano-Li-pschi tz condi t ions on
t h e  s e t  [ ( t r v )  t F ( c  ( t ) , v ; = g ,  g ( t , y ) > 0 ]  t h e n  t h e  c a u c h y  p r o b l e m
al lows an unique local  solut ion.

Let D be the set of  ar l  h istor ies of  deformat ions for
w h i c h  C . 3 .  h o l d s r

.  F r o m  C . 2 . ,  C . 3 ,  f o r  a l l  F e D  L t  f o l l o w s

**.  
The set r( f)=fret+fT(e,y(t))<0, c=FTr].  is an admissibre. -

s e t  f o r  F .

c.5. Ed)={ces+lF(c,y(r) )<0} and nnreover eE(f )=rtfifl=Ed) rorA

Qe0, Q an orthogonal  h istory.

From C.5  and C.3  i - t  resu l ts :

c-'6* 1) There exists a stress constltutive functionar.
T:p'*$ which gives the current value of cauchy stress T corres_
ponding to the history $ and it is defined bv

f u A
T ( i i )  =det p der r- l rp- th (p-fcp-r ,  o)  p-Tt,T
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where Y=(P *rcr)  
is  the current varue of  the solut ion for  the

system (53) corresponding to f ;  and p=$(t) .

2) i l  i= frame independent, 3) f l is path independ,ent,
. -  . r (  . A

o n  C ( F r E ( i r ) ) .

F r o m  C . A - C , 6 .  i t  f o l l o w s :

C,7 :  The  se t  E ( f )  i n t roduced  in  C .4 .  i s  a  max ima l

-eklstic.ie-ta invariant under elastic continuation.

C . 9 .  T h e r e  e x i s t s  a

H
TA :  E*S, where E= UE* ( f  )  ,  f r  rD ,  wi th

-  , A .  -  A
E R ( F ; = [ E e L i I E P ( t ) e f  ( i i ) ] ,  a n d  d e f i n e d  b y

!f
T ^ ( E ) = f x  ( n r a )  h a v i n g  t h e  p r o p e r t i e s :  l ) e e E = e E

o
f o r  a n y  e e l ,  z )  t x ( a ) = 0  i f f  A e 0 ;  r x ( e s ) = e T E ( i l ) e T .

Concerning the materlal symmetry we state:

c:9... For all QegK 1) the elastic range E and the
o

c39bSI,S!"rllgtu,fIl=t=Jqappirlq Tx have the properries : Ee=E,

tX (ee; =rx {n ) ,

2') rhe equati .ry f l tSOl=tt f , l  hotds for at1 f i rD.

As a consequence, in the sense of  our def in i t ion D.2.

(see 82,3) | any symmetry transformati-on is a symmetry trans-

format ion in the sense given in g4.1.

we also ment ion that f rom: A.At the cont inui ty ol

E r h ( E r a )  i n  E = I r  C . 3 ,  a n d  C . 4 - C . 6  f o l l o w s :



q.:t%t fhe set of unloading
A

to FeO ls a non-empty set ,  s ince the
L

formatiotr pr correspondlng to $e0., is

( i n  t h e  s e n s e  g i v e n  i n  g 4 . l ) .

Moreover: for any rigid. deformation e+ro+i is i t ._

sel f  an 
W consequent ly  for  feO there ex is ts

exactly one posit ive-definite unloading history fp-trr. pure

plaSt ic  s t ra in  h is tory  corresponding to  $.

We observe that e+$ is a, 'permanent history ,,accor-

d , i n t  t o  Owen  (1968 ,  L974)  and  an  "une las t i c  h i s to ry , ,  acco r -

dint to Eirr,. ,rf  Crg77)rbut i t  is n-g! a plasric deformaJj-on

h is to ry  i n  t he  sense  o f  ou r  de f i n i t i on  ( see  SZ .2 ) .

on  the  bas i s  o f  c .10 ,  bu t  t ak ing  i n to  accoun t  t he

obse rva t i on  wh ich  was  j us t  mader  w€  can  say  ( see  owen  ( rg74 ) )

that  in  an e lasto-p last ic  mater i -a l  the larger  the symmetry

group the larger  the posib i l i t ies for  ' ,p last i -c ' ,  d .eformat ion -

h i -s tor ies,  and that  the e last ic  ro tat ion is  arb i t rary  for  a

g iven h is tory  F.

*lgcJS-qi}.g,,S*?"ry_rl:sj From rhe above nropos itions

fo l lows that  our  model  represents a rea l isht ion of  the theo-

ry  of  mater ia ls  wi th  e last ic  range and that  the ax iorns assu_

med  in  92 .2  and  g2 .3  a l l ow  us  to  de te rm ine  the  s t ress  cons t i -

tut lve functi-onal.

rn th is sense the resul ts presented for the rate-

histor les corresponding

history of  p last ic de-

an u4loadinq hisLorv
%

#s.P","H-t*T,9i-"-5,+=qt: j ustify the Kratochvi I' s
(Kratochvi l  (L972a)) :  "The f in i te  s t ra in  theorv

.orri".aJ

o f  e las to -
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plastic materials suggested by Lee, Liu, may be regarded as
.a speci-a1 case of  Owenrs theory".

on the other handr w€ consider that the behavi-our

of elasto-vis._csprastic materiars can not be modeled within_ :  _ _ _ . *

the frarnework of materlals with erastic range, but it can be

m o d , e l e d  u s i n g  c . l . r .  i .  c .  a n d  i .  s . v .  ( s e e  S o 6 s  ( 1 9 g 3  )  r  C I e  j a _

Tigoiu (1983 , 1988), in spite of the starement made by Lee and,

@rmain  (L974)  .
i
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Chap .5 .  Recen t  resu l t s
@

5.1.  Some theor i -es devel d between 1985 and

1 9  8 8

In  th is  sect ionr  w€ present  br ie f ly  some resul ts  ob-

ta ined in  the in tervar  1985-1988 and.  which are rerated to  mo-

ders based on the local  current  re laxed conf i -gurat ions.  we

mentj.on that al l  considered references were published in the

rnternat ional  Journal  o f  P last ic i ty .  we l imi te  ourselves to

th is  journal  s ince we consider  that  i ts  content  re f lects  wel l

enough the recent  work done in  the f ie ld  d iscussed and analy-

sed in  our  paper .

Reed and At lur i  (1985)  remark that  the resul - ts

ob ta ined  i ndependen t l y  by  Lehmann  (L972) ,  D ienes  , l 979 ) ,

Nagtdgal  and Jong ( f984)  concern ing the predic t ion of  s t ress

osci l la t ions in  s j -mple shear  problem, "served to  emphasize .

the need for a more rj-gorous method of arriving at rate type

constj-tut ive equations d.escribing kinematic hardenj-ng then in

vogue:  a mere replacement  of  the inobject ive mater ia l  s t ress

I1- ! .  
by an object ive rate" .

Concern ing th is  problem, Reed and At lur i  observed:

"we d.o not  be l ieve the present  search for  an " j -deal"  s t ress

rate for  these problems to be wel l  founded.  Our  d issat is fac-

t ion with the model based on the new stress rate stems from

the fact they cannot be brought into agreement with any rea-

l ist ic idealizatj-on of material behaviour, much less with ex-

perimental data. None guarantees stable material behaviour
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in rectl lLnear shearing. Normal stresses and norrnal stralns

predicted by the models are general ly one or two orders of

magnitude larger then have been reported in the experimental

l i terature " .

By using experimental data and hypoelastic consti-

tut j-ve equations Redd and Atluri  proposed a new material law

for the back stress s, in which the Jaumann rate of s depends

l inear ly  on the p last ic  ra te of  s t ra in ,  but  is  a  non- l inear

func t i on  o f  S .

The model  is  a  r ig id  r : last ic  one and a Mises type

descr lp t ion of  the loading sur face and associated f lovr  ru le

are adopted.

For  the normal  s t ra in  predic ted by the model  in  pu-

re tors ion and monotonic  loading there is  an excel lent  agree-

men t  w i th  sw i f t ' s  (L947)  da ta .  The  p red i c t i ons  o f  t he  r i g id

p last ic  model  concern ing the shear-s t ress and the average

shear  s t ra in  and the swi f t 's  data are a lso in  good agreement .

We consider  that  the model  proposed by Reed and

At lur i  represents one poss ib le  choice,  but  the same agree-

ment  can be obta ined by us ing other  k ind of  ob ject ive rates,

for  instance,  the one based.  on p last ic  sp in (Cfe3a-Tigoiu

( 1 e 8 8 )  )  "

In  such a way,  the problem concern ing the descr ip-

t ion of  var ious k inds of  hardening and,  o f  course that  o f  re-

covery, remains open

One possib le  s t ructura l  approach to  th is  problem

is presented by Tokuda,  Kratochvi l ,  Ohno (1985) .  The macros-
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copic inelastic response is treated as an average of some

.  
e lementary p last ic  events.  The erements in  the s l ip  moder

considered by the authors are supposed to be single crystal
grains in which the inelastic deformations are carried out
by crysta l lographic  s l ips .

The moder incorporates interadtions among grains in

the;_,po1ycrysta1 ( in ternal  s t ress)  and in teract ions among the
s l ip  systems in  a s ing le crysta l  gra in ( la tent  hardening) .

The equat ion for  the s l ip  s t ra in  in  a s l ip  system

is based on the theory of thermoactivated motions of dislo-

cat i -ons

The model takes into account the fact that when the
polycrysta l  undergoes a deformat i -on process,  a  sr ip  s tar ts

f i rs t  in  a favourabre orr lented s l ip  system in a favourabry

orr iented gra in.  conseguent ly ,  the p last ic  deformat ion 1n a
polycrysta l  is  generar ly  non-uni form and d i f fers  f rom gra in

to gra in.  The s ing le crysta l  cornponen. t  can not  deform f ree ly

owing to  the in teract ion of  surround. ing gra ins,  and the in_

teraction among grains is consldered by the authors assuming

that  the s t ra in  s tate is  un i - form in  the polycrystar ,  but  the
prast ic  and erast ic  par t ,  respect ive ly ,  are not  un i form.

The numericar computed resurts are in good agreement

with the experimental data in the case of the selected, FCC

type crysta l  a t  e levated temperature and mul t iax ia l  s t ra in

condi t ions.  In  the paper  of  Tokuda and yamada (19gg)  the model

was expanded to the rarge strain range and later we sharl com-

ment upon this work.
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rn contrast with the approach of the above mentio-

ned paper ,  Anand ( r985)  deals  wi th  a macroscopic  approach and

'developes a set, of phenomenological internal variable type

constitut ive eguations describing the elevated temperature de-

formation of metals. rn the paper, a number of typical concepts

concern ing the formulat ion of  const j . tu t ive equat ions of  e las-

t ic -p last ic  mater ia ls  at  f in i te  deformat ions are tack led:  the

transformation rules under a change of frame for E and p in-

volved in the decomposit ion F=Ep, the proper choice of frame-

lnd i ferent  ra tes,  the rore of  p last ic  sp in,  a  proper  specj_f i -

cat ion of  the evolut ion equat ions for  tensor j -a l  in ternal  var ia-

b l -es .

A11 these problems are heatedry debated in  the l i te-

rature and Anand (1985)  prov ides a coherent ,  phys ica l ly  mot i_

vatedr  mathemat ica l ly  c lear ly  formulated mode1,  which is  in

accordance wj-th our point of vj-ew regardj_ng a theory based on

the re laxed conf igurat ions.

For  the development  of  the const i tu t ive equat ions,

Anand assumes that  wi th  each par t ic le  a d i rector  t r iad i -s  as-

soc iated (assumpt ion s teemi-ng f rom l , Iandel rs)  which determi- -

nes the orrlentation of the neighbourhood. of the part iclei

The author employs a ff i Igg! loca1 configuratj-on which

is reached by unloading a smarl material neiqhbourhood, by

reducing the stress to zero and by bringing the temperature

back to  i ts  in i t ia l  varue.  r t  is  impor tant  to  ment ion the

fo l lowing Anandts observat ion:  " the unload. ing process is  agaj_n

co.nceptual in nature j_n that we assnrrl€: j_) that i t  is possj--
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ble to fix the current arrangements of material neighborhoods

on the microscale so as not to ail0w anv rearrangements by

sl ip dl f fusion and the l ike whi le we reduce Lhe pair  (Tro)

f o r  each  e lemen t  t o  (OrOo) ;and

i i )  that  i t  is  possible to or ient  the unroaded element such

that the di-rector t r iad tbr t  in th is conf igurat ion has the sa-

me or ientat ion wi th respect to an orthogonal  basis (" i ]  in:  .
spacer ds i t  d id. in the reference conf igurat ion Bo,, .  Fol lo_

tltn Mandel (and of course Teod.osj-u and Kratochvir) such an

uliqgg- current relaxed confi-guration is calred by Anand as

tsocrinic". Exactry as in our axiomati-c system the deforma-

t lon associated with th is speci-al ly or iented relaxed conf i_-

gurat ion is cal led the plast ic deformat ion,  p.consequent ly,

Anand defines the elastic deformation by E=Fp-l. The trans-

formation rules for p and E under a change of frame are the

same as those presented by usr in particular p remains ugag-

fegtgd by a change of frame. As an interesting feature of the

model,  and qui te d. ist inct  f rom the usual .  theoi ies,  Anand does

not assume ' the existence of  the y ie ld condi t i .on as welr  as of

a loading cr i - ter ion.

These assumptions reflects the experlmental feature

that at  e levated temperatures,  the plast ic f low may occur at

any value of  stress and there is no instantaneous plast j_ci ty.

Also, we observe that Anand tacitry considers a time inva-

rlance axiom of the kind used by us, because the depend.ence

or  invar iance o f  the  mater ia l  func t ions  on  the  1 .c . r . i . c .  i s

not ment ioned anywhere. consequent ly,  i t  is  not  c lear the
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reason for which Anand considers the symmetry group as being

" i instantaneous" ,  i ,e .  depending on t ime.

rn. accordance with Anand we consider that his paper

constitutes a possible answer to the problem oosed by Rice

(1975) :  "G iven  an  i n i t i a r r y  i so t rop i c  ma te r ia l  i n  wh ich  the

plast ic  s tate is  assumed to be character ized by a scalar  f ie ld

and by a second order  tensor  f ie ld ,  what  is  the most  genera l

poss ib le  c lass of  f low ru le and evolut ion equat ions l '

A lso we th ink that  Anand is  r ight  when he wr i tes

ui t  is  c lear  that  even for  the h igh ly  ideal ized c lass of  cons-

titutive equatlons which use an: scalar and strmetric secbnd order

tensor  as in ternal  hardening var iab les,  much work based on the

exper iments and considerat ions of  phys lca l  mechanism of  v is-

coplast i -c  deformat ion at  e levated temoerature needs to  be do-

ne in  order  to  speci fy  par t icu lar  forms for  mater j -a l  funct ions

wh ich  may  be  su i tab le  fo r  p rac t i ca l  app l i ca t i ons " .

The  po in t  o f  v i ew  p resen ted  by  Haup t  (1985)  i s  i n

complete d isagreement  wi th  the basic  assumpt j -ons adopted by

Arrand.  rndeed,  s tar t ing f rom ideas deveroped by Holsapple

(L973)  wi th in  the f ramework of  the models  based on h is tory-

type const j - tu t ive funct ionals ,  Haupt  considers that  the o las-

t ic  ro tat ion is  not  re la ted to  the h is tory  of  the mechanica l

process v ia  a const i tu t j -ve funct ional .  Inother  words,  le  be-

l ives that  the mul t ip l icat ive decomposi t ion of  the d.eformat ion

gradient  in  an e last ic  and p last ic  par t ,  respect ive ly ,  can

be assumed on a pggly. kinematj-cal basis, i .e. without any

const i tu t ive assumpt ionb.  on th is  bas is ,  which is  wrong f rom
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our  point  o f  v iew,  Haupt  considers that  the p last ic  ro tat ion

can be arbitrarly changed by using an addil ional orthogonal

tensor ,  arb i t rar ly  choosen.  consequent ly ,  Haupt  assumes that

in  any process the p last ic  ro tat ion can be taken as being

ident j -ca l ly  egual  wi th  the uni t  tensor  r .  As a consequence,

he states that :  "a11 const i tu t ive assumpt ions must  be expres-

sed by eguat i -ons which are f rame- ind i f ferent  as wel l  as inva-

r iant  wi th  respect  to  a super imposed p last ic  ro tat ion" .  This

st 'atement is in a ful1 agreement with the consideiations nade

by  s ido ro f f  (L97L)  ,  casey ,  Naghd i  (1980r1981)  r  bu t  i n  comp le -

te d isagreement  wi th  our  po int  o f  v iew.  i {e  consider  that  the

assumpt ions made by Haupt  are complete ly  er roneous because the

physica l  and microscopica l  bas is  of  o last ic  deformat ion shows

tha t ,  genera l l y  t he  va r iab le  p ras t i c  ro ta t i on  ex j - s t s .  A rso ,

f rom pure phenomenologica l  po int  o f  v iew and.  in  a correct ly

stated const i tu t ive f rame i t  resur ts  that  Hauptrs  assumpt ions

are acceptable only  in  the par t icu lar  case of  s t ructura l  iso-

t rop ic  mater i -a ls ,  when only  scalar  type in ternal  var iab l_es are

t a k e n  i n t o ' a c c o u n t .  ( S e e ,  f o r  i n s t a n c e  D a f a l i a s  ( I 9 g 3 ,  1 9 g 5 )

a n d  L o r e t  ( 1 9 8 3 ,  1 9 8 5 )  . Moreove r ,  i f

w,e assume that  the mater ia l  considered by Haupt  is  not  p last i -

ca1ly  deformed,  accord j -ng to  h is  model  i t  must  be inev i tab ly

e las t i ca l l y  i so t rop i c .  Fo r  us ,  i t  i s  c lea r  t ha t ,  i n  rea l i t y ,

th is  feature is  not  acceptable.

s imirar  but  unacceptable ideas and resul ts ,  are pre-

sented by Haupt  and Tsakmakis  (1986)  in  a subsequent  paper  de-

voted to the ki-nematic hardening at large plastic deformations.
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rn a paper devobed to "the physical of plastic de-

format ions"  Ai fant is  (1987)  deals  wi th  the formulat ion of  theo-
' r ies of  prast ic i ty  a t  large deformat ions,  based upon an assump-

t ion concern ing the ex is tence of  a  set  o f  cont inuously  d is t r i -

buted s t ra ight  edge d is locat ions,  the carr iers  of  p last ic  de-

format ion,  moving a long the i r  s l ip  pranes.  The author  consi -

ders that  h is  resul ts  prov id.es the microscopi -c  substant ia t ion

of  var ious phenomenologica l  proposals  for  the p last ic  sp in,

recent ly  and independent ly  advanced by Dafa l ias ( l9g3arb,

1 9 8 5 ) ,  L o r e t  ( f 9 8 3 )  a n d  o t h e r s .

rn order  to  e laborate a moder  of  erasto-prast ic

deformat ion at  f in i te  s t ra in ,  the author  begins wi th  cer ta in

re lat j -onships for  the large e lasto-p last ic  deformat ions.  He

ad.mi ts  the mul t ip l icat ive decomposi t ion of  the to ta l  gradient

deformat ion F,  but  as the author  says,  in  a s l ight ly  d i f fe-

rent  vers ion F=RUeFP (44) ,  "where R denotes the rotat ion of

the la t t ice s l ip  system or  the mater ia l  ro tat j -on as opposed

to the rotat ion of  the cont i -nuumi ue is  the e last ic  s t re tch

and Fp represents the pure ly  p last ic  par t  o f  the deformat ion

gradient .  fn  usual  theor ies of  e lasto-p last ic i ty  the f i rs t

two terms of  the r ight  hand s ide of  (44)  are lumped together

and denot ing by r " r  the e last ic  deformat ion gradj -ent .  As th is .

practice may rise sotne questions concerning the unigug*e?g

of  the in termediate reraxed conf i -gurat ion,  that  is  the conf i -

guration of the continuum after the removal of Fe we retaj-n

the adopted decomposi t ion as our  s tar t ing point .  Ass igning R

to cer ta in  character is t ic  d i - rect ion of  the mater ia l  in  th is
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case the latt ice or sl ip d.irections, i t  removes the above am-

blgui ty  and a l lows for  a  c lear  presentat ion of  the main ideas" .

"Physical ly R arises from the geometric contraints imposed by

the boundary condit ions on the sl ip direction, Ue arj-ses from

the usual ly  revers ib le  la t t ice d isp lacements of  e last ic  natu-

re and FP ar ises f rom permanent  or  i r revers ib le  s l ipp ing of

crysta l  por t ions wi th  respect  to  each other  due to  d is loca-

t i on  mo t ion " .

Apparently, Aifantis j-s in good agreement with the

poiint of view addopted by lr{andel, Teodosiu, Kratochvil  concer-

n ing the phys ica l  bas is  of  the considered decomposi t ion,  t .hough,

for  us,  i t  is  not  c lear  the mot ivat ion concernJ-ng the meaning

of  the rotat ion R,  We can not  understand the reason for  which

the term f inT is  not  inc luded.  by Ai fant is  in  the e last ic  sp in.

Consequent lyr  w€ consider  that  the model  g iven by Ai fant is

is  not  in  agreement  wLth our  model  as being phys ica l ly  non-  _,

mot ivated.

A lso ,  i t . i s  no t  c lea r  t o  us  the  reason  fo r  wh ich

the kinematj-c sl j-p system can be treated. in a dualist ic man-

ner, considering. at the same time the components of the sl ip

system as being connected wi th  the crysta l  la t t ice and on

the other hand as being material elements (see for instance

t h e  r e l a t i o n s  ( 4 9 )  v e r s u s  ( 4 6 )  ) .  ,

We a lso observe that  the pr inc ipa l  microst ructura l

re la t ions considered by Ai fant is  for  the rate of  p last ic

th the t""rrft= givendeformation are in total disagreement wi

by Tokuda,  Yamada (1988.)  i
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Accord lng to  us:  a)  many of  the basic  k inemat ic  re-

Lat lons can be accepted only  ln  the cases in  which the e last ic

st retch is  egual  to  I ;b)  the proof  o f  the f ina l  resul ts  g j_ven

by Al fant is  ( re la t ion (63)  )  which,  accord ing to  h is  op in ion,

provides a microscopic derivation of a constitut ive equation

for  p last , ic  sp i -n (proposed by Dafa l ias and Loret )  1s accepta-

b1e within the framework given by the author only when ue=ri

c)  in  order  to  prove the ment ioned resur t ,  A i fant is  assumes

that only one and the saflre sl ip system is acctivated in the

whole body.  However ,  in  th is  case the mater ia l  can not  be

st ructura l ly  isot ropic ,  a l though the phenomenologica l  const i -

tu t ive equat ions f ina l ly  obta ined by Ai fant is  have such ma-

terial symmetry

The formulat ion of  ob ject ive rate- type const i tu t ive

re lat ions in  f in i te  deformar ions is  considered by paulum and

Pechersk i  (1987)  i n  a  pu re l y  phenomeno log i ca l  may .

The authors observe that  the theor i -es d iscussed in

most  of  the papers,  re la ted to  the problem, 16ad to an inade-

quate predic t ion of  mater ia l  behaviour  in  the problem of  s im-

p le  ; shea r  and  s ing le  sheas -  t rac t i on .  I n  t hd i r  paper r the  p las -

t lc  sp in concept  and the re la ted const i tu t ive equat j -ons are

dlscussed for  r ig id-p iast ic  mater ia ls  wi th  combined isot ropic

k inemat lc  hardening.  Pauluq and Pechersk i  correct ly  observe

that  " i t  is  necessary for  adequate descr i -p t ion of  an isot ropic

hardening and large p last ic  deformat ions to  account  proper ly

for the mate:i ial structure and its evolutlon in the deforma-

t ion process.  The st ructure descr ip t ion is  achieved by in t ro-

n

.o
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ducing the re la t ion between st ress,  s t ra in  and the l r  ra tes a

set  o f  lnLernal  s t ructure var i -abIes.  .  .  ,  These var i .ab les re-

present macroscopically the effects of microstructural rearan-

gements. They are defined, however, directl-y at the macrolevel

and are determined in  macroscopic  exper imet l ts . . - .  I t  was recog-

n i z e d  b y  M a n d e l  ( 1 9 7 1 ,  L 9 7 2 t  1 9 7 3 )  a n d  D a f a l i a s  ( 1 9 8 3 b ,  1 9 8 5 )

that the struct,ure variables are attached to the substructure

of the medium and not to the continuum itself.  Similarly, the

st ress is  "carrLed by the s t ructure"  of  the mater ia l .  Therefo-

re i t  seems quite natural and reasonabLe to define the obejec-

t ive rates appearing in the constitut ive equations by means

of  ra tes corotat ional  wi th  the mater ia l  subst ructure.  Such

corotat ional  ra tes requi re the d.ef in l t ion of  the sp in tensor

which reflects the rate of. the rotation of substructure, The

thought  sp in is  the d i f ference of  the p last ic  sp in f rom the

to ta l  sp in " .

fn  our  op in lon,  the last  sentence,  can be accepted

only  when the e last ic  deformat ion is  smal l ,  the correct  for -

mulat lon of  a l l  const l tu t ive and evolut j -on equat ions requi res

: . 1 "  
u s e  o f  l .  c .  r .  i .  c .

The theory dj-scussed by Pauh:n and Peclrerskj- is ba-

sed on a new const i tu t ive re la t ion for  p last ic  sp in,  and on

the use of the spin co=W-WP, in order to obtain an objective

time rate for stress and for the back stressr ds donne by

Dafa l ias and Loret .

The authors compare the theoretical results obtai-

ned within the framework of the models etaborated by Lee,
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M a l l e t  a n d  W e j - t h a i m e r  ( f  9 8 3 ) ,  O n a t  ( 1 9 8 2 ) ,  D a f a l i a s  ( 1 9 8 3 a r b ,

1 9 8 5  a r b ) ,  L o r e t  ( 1 9 8 3 ;  1 9 8 5 )  a n d  P a u h : n r ? e c h e r s k i  ( 1 9 8 5 )  f o r

the case of the problem of slmple shear traction, with the

eiper iments of  Swi f t  (Lg47) .  On the basis  of  the resul ts  pre-

sented by Pau1un and Pdcerski we consider, in accordance with

these authors,  that  " fur ther  s tud ied should be re la ted to  the

search for  the non- l inear  speci f icat ion of  the const i tu t ive

equat j -on for  the p last ic  sp in.  Solv ing th is  problem could

shed more l ight  on the genera l  descr ip t ion of  an isot ropic  har-

dening in  f in i te  deformat i -on p last ic i ty" .  
;

A lsor  w€ consider  as being impor tant  the fo l lowing

conclus ion g iven by Paulun and Pechersk i  "a l though the fore-

going d j -scuss j -on fo l lows Read and Al tur i  (1985)  in  the appl i -

cat ions of  the Swi f t 's  test  for  ver i f f i .pg in  the theory,  the

resu l t s  dep ic ted  i n  F ig .4 , con t rad i c t  t he i r  a rgumen ts  aga ins t

r l the models  based on the new st ress-rate" ,  which,  accord ing

to them, predict normal strains one or two orders of magnitu-

de larger than have been reported in the experimental l i te-

ratufe " .

F ina l ly ,  we observe that  the model  g iven by Paulun

and Pechersk j -  posesses the same pr inc ipa l  d i f f icu l ty  commun

to a lmost  a l l  o f  theor j -es concern ing e lasto-p last ic  deforma- '

t ions:  I f  the h is tory  of  s t ress is  g iven,  in  order  to  ob ' ta j -n

the evolut ion of  the p lasLic  s t ra i -n ,  we must  know a pr ior i

i t ,s  evolut ion.

In  a recent  paper  g iven by Metzger ,  Dubey (1987)  a

new hypoelast ic  model  is  associated wi th  an isot ropic  f low

D- &rL
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ru le  to  form an e last . ic -p last ic  const i tu t j -ve equat ion.  The

use of  the pr inc lpa l  axes technique ensures that  the s t ress

tensor  is  coaxla l  wi th  the e last ic  s t re tch tensor  and that

the solution does not depend on the choice of the objective

st ress rate.  F j .na l ly ,  by us ing the f low ru le of .  von Mises

and the parabol ic  hardening law,  a so lut ion is  obta ined for

the prescribed deformation of slmples shear. The authors as-

sume the following decomposition p=y11=yeyPp, where V is the

tota l  symmetr lc  s t re tch,  R is  the to ta l  ro tat ion,  Vt  is  the

elast ic  symmetr j -c  s t re tch and VP is  the p last ic ,  genera l ly

not symmetric stretch.

Al though l . le tzger  and Dubey wr i te  that  the der iva-

t ion of  th is  decomposi t ion was d i rected by some l9 !9 of  the

phys i ca l  p rocess  o f  e las t i c -p las t i c  de fo rma t ion  we  cons ide r

that  a  phys ica l  bas is  leading to  the decomposi t ion adopted by

Metzer  and Dubey does not  ex ls t .  From our  point  o f  v iew the

star t ing point  o f  the authors can not  be accepted.

In  a recent  in terest ing and impor tant  paper ,  Tokuda

and yamada (1988)  der ive a set  o f  ine last ic  const i tu t j -ve equa-

f l .or= 
for polycrystal l j-ne metals by combining a f inite defor-

mat ion k inemat ics of  s ing le crysta l  components wi th  a shear

st ress-shear  s t ra in  re la t j -on of  s l ip  system based on the ther-

moact ivated mot ion of  d ls locat ions.  In teract ions among gra ins

are taken into account assuming the deformation gradient in

the gra in as being constant .  By us ing the thus obta ined equa-

t ions,  the ef fects  of  gra in rotat ion on the ine last ic  beha-

v iour  of  meta ls  are s tudied theoret ica l ly .  The resul ts  are com-
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pared with the arrai lable experi-mental data,

According to us for a phenomenological formulation

of a model, by comparing experimental and computational re-

sults, the fol lowing conclutions due to Tokuda and Yamada

(1988)  are impor tant :  s ign i f icant  d i f ferences appear  between

the st ress va lues when these va lues are obta ined e i ther  wi t - ,

hout taking j-nto account the grain rotation or are obtained

by incorporating grain rotation. However, according to our

opinion it  is very i-mportant that such differences mutually

cancel  out ,  and the ef fects  of  ro tat ion on the macroscopic

response are not  larger  than 50?.

At the same tjme, Tokuda and Yamada consider the

p r o b l e m  o f  p l a s t i c  s p i n  d i s c u s s e d  b y  D a f a l i a s  ( 1 9 8 3  d , b , 1 9 8 5 ) .

For  Dafa l ias the miss ing l tnk betweer i  the l {andel ts  theoret i -

c a l  a p p r o a c h  ( 1 9 7 1 ,  1 9 7 2 ,  L 9 7 3 )  a n d  i t s  p r a c t i c a l  a p p l i c a t i o n

is :  the procedure to  construct  concrete const j - tu t ive equat ions

fo r  p las t i c  sp in  C Ip .  The  m iss ing  ] i nk  i s  a l so  due  to  the  ex i s -

t ing miss ing l ink between macroscopic  (phenomenologica l )  theo-

r ies and microst ructura l  theor ies of  ine last ic  behaviour  of

materials. As it ,  is known Dafal ias and Loret haver obtained

phenomenologica l 'equat i -ons for  nP Uy us ing the representat ion

theory for  isot ropic  funct ions.  Howeverr  ds i t  1s shown in

the study of Tokuda and Yamada, the spin tensor is different

from one grain to another and macroscopic spin cqn., lo} be ob-

tained by any usual averangl-ng.

We are in  per fect  agreement 'wi th  the opin ions for -

mulated by Tokuda and Yamada concerning the connection bet-
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!,teen macroscopic and microscopic theories': "Through the I[EI-'

croscoplc spin tensor can'be in pr inciple,  expressed in a ge-

using the represent i r t ion theory,  for  example,

it may be very diff icult to obtain any realistic and concret

expression of  oP,

s imul taneously ,  th is  d iscuss i  on reveals  the d i f f i -

cu l ty  in  obta in ing a resonable form of  tbasor  rate,  i .€ .  phe-

nomenologica l  ine last ic  const i tu t ive equat ions of  potycrysta-

l i ne  me ta l s " .

.  Let  us observe that  there ex is ts  a c lear  contradic-

t ion between the rear is t ic  resur ts  obta ined by Tokuda ?nd Ya-

mada and the resul ts  g iven by Ai fant is  (1987)  '

. W e h o p e t h a t o u r s h o r t r e v i e w o f s o . m e P a p e r s ' d e a -

t ing wi th  the model  presented by us and publ ished in  the jour-

nal  devoted to  "p last ic i ty" ,  reveals  the unsat is factory and

tota l  confused s i tuat ion ex is t ing in  the theory of  e lasto-

p last ic  deformat ion todaY.

:. ,  : . .
: . : . t . 1 . ,
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" F'iqure canture:

F ig. l :  E last lc  and .p last ic  de. format ions

F19.2:  rhe disr i r , " t io '  o. . r" . r ,  
" ; ; " r ; ;  

and plasr ic

deformations:

(a) reference conf igurat ionr (b) pure elast ic

rotat ion,  (c)  pure elast ic strain,  (d)  pure

plast ic rotat ion,  (e)  pure plast ic strain

Fig.3:  Local  current relaxed isocl in ic conf iqurat ions;

material symmetry transformatj_ons

Fig.4:  rntegral  curves in the s imple shear;  r -4ab)0

Fig-5:  rntegral  curves in the s imple shear;  1-4ab=0

Fig .6 :  rn tegra l  curves  in  the  s i rno le  shear ;  r -4b<0

Fig .7 :  The evo lu t ion  o f  the  normal  s t ress 'T t t  in  the

sj-mp1e shear

Fig.8:  The evolut ion of  the shear stress Tr,  in the

slmple shear.
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