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PERTURBI IT ICNS OF NE ST- SUBP,LG ESRA $

A L G E B R A SVON NIEUI4I.NI' I

F [ -ORIN  POP

I n  (  [ 6 J  )  E . C . L a n c e  l n i t i a t e d  t h e  p e r t u r b a t l o n

t h e o r y . o f  n e s t  a l g e b r a s  a n d  p r o v e d  t h a t ,  r o u g h l y

s p e a l < i " n g ,  t w o  n e s t  a l g e b r a s  a r e  c l o s e  i f  a n d  o n l y

i f  t h e i r  i n v a r i a n t  n e . s t s  a r e  c l o s e  a n d  i n  f a c t  t h e y

a r e  s l m i L a r  v i a  a n  i n v e r t i b l e  o p e r a t o r  c l o s e  t o
t h e  i d e n t i t y .

r n  t [ + ] )  a n d  t I l ] )  r ' c i l f e a t h e r  a n d  D . R . L a r s o n

i n v e s t i g a t e d  a  s p e c i a l  c l a s s  o f  r e f l e x i v e  a l g e b f a s ,
t h e  n e s t - s u b a l g e b r a s  o f  v o n  N e u m a n n  a l g e b r o s o

_ F  t .
I n  ( l  2 J )  l < n R . D a v i d s o n  s u s g e s t e d  a n  a n a l o g u e

o f  L a n c e r  s  r e s u l t s  f o r  n e s t - s u b a t g e b r a s  o f

approximately f inite von Neumann algebras

M o r e  p r e c i s e l y ,  l e t  H  d e n o t e  a  H i l b e r t  s p a c e ,

B ( H )  t h e  a l g e b r a  o f  b o u n d e d  o p e r a t o r s  o n  H  a n d

M  C  B ( H )  a  v o n  N e u m a n n  a l g e b r a ,  L e t  L  C  M  b e  a

n e s t  ( i " e .  6  t o t a l l y  o r d e r e d  s t r o n g l y  c l o s e d  f a m i l y )

o f  p r o J e c t i o n s  a n d  d e f i n e  t h e  a l g e b r a s

\ JT

A l g  L

(  t f r e  n e s t
{  

x € B ( r { )

l g e b r a  w i t h

;  ( l - p ) x p  =  0

r e s p e c t  t o  L )

( V )  p

a n d

6 L  
]

,'tj

,,itr 1 1  n  A l g  L  t h e  n e s t - s u b a l g e b r a  o f  M  w i t h

r e s p e c t  t o  L .

T h e  n a t u r a l  e x t e n s i o n  o f  L a n c e t s  r e s u l t  i s  t h a t

t w o  n e s t s  L t  a n d  L Z  i n  M  a r e  c l o s e  ( i . e .  t h e r e  i s  a

i a t t i c e  i s o m o r p h i s m  o f  L 1  o n t o  L Z  c l o s e  t o  t h e

l d e n t i t y )  i f  a n c l  o n l y  i f  t h e  a l g e b r a s  m  0  a f g  L l

a n d  M n  A I g  L Z  a r e  c l o s e  i n  t h e  H a u s d o r f f  m e t r i c .

U n f o r t u n a t e l y ,  t h i s  f a i l s  t o  b e  t r u e  i f  o n e  d o e s

n o t  t a k e  c e r t a i n  p r e c a u t i o n s  o n  M .

A  f i r s t  n e c e s s a r y  c o n d i t i o n  i s  t h a t  M  m u s t  b e

a  f a c t o r .
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I n d e e d ,  s u p p o s e  t h a t  t h e  c e n t e r  o f  M  i s  n o t  t r i v l a I .

W e  m a y  c o n s i d e r  t h e n  t w o  n e s t s  L 1 C  L Z  i n  t h e

c e n t e r  ,  L l  +  L Z .  I t  f o l l o w s  t h a t

M n n f g L l = F l  n A l g L Z = M

b u t  h o w e v e r  L l  a n d  L Z  c a n n o t  b e  c l o s e "

,  I n ,  t h i s  p a p e r  w e  s h o w  t h a t  t h i s  l s  t h e  o n l y

o b s t r u c t i o n  a n d  r J e  o b t a i - n  t h e  d e s i r e d  p e r t u r b a t i o n
.  r e s u l t s , i n  a r b i t r a r y  f a c t o r s

T h e  m a i n  l n g r e d i e r i t  i s  t l " r a t  1 n  t h i s  c a s e  n e s t s
'  h a v e  a  r e f l e x i v i t y - t y p e  p r o p e r t y  ( L e m m a  3 ) .

W e  a l s o  p r o v e  a  v o n  N e u n a n n  a l g e b r a  a n a l o g u e

o f  I ' l / " A r v e s o n  t  s  d i s t a n c e  f  o r m u l a  ( t n e o r e m '  2 )  ,

.  w h i c h  r e m o v e s  t h e  h y p " r f i n i t e n e s s  h y p o t h e s i s  f o r  M  ,
e a v i r y  u s e d  i n  ( 1 2 ] )  a n o  ( [ + ] ) .

'  )  
I  w o u l d  l i k e  t o  t h a n k  P r o f e s s o r  q e r b a n  $ t r a t i t a

f o r  h i s  c o n s t a n t  s u p p o r t  a n d  G a b r i e l  N a g y .  f o r

s e v e r ^ a 1  f r u i t f u l  c o n v e r s a t i o n s .

L E M M A  1  .  L e t  M  b e  a  t ? n  N e u m a n n  a l g e b r a  a n d

0  f  p (  Q  - <  r  f  1  b e  p r o j  e c t i o n s  i n  M .

I f  S  =  ( f - p ) N r  ,  t h e n  f o r  e v e r y  x  i n  S

d i s t ( x , q s ( r - p ) )  =  m a x  1  l l x p t t  ,  l l ( r - q ) * i l  )

P r o o f .  C o n s i d e r  t h e  o p e r a t o r s  a  =  q x p  ,  b  =  ( 1 - q ) x p  r

9  =  ( l - q ) x ( r - p )  .  $ i n c e  x - ( a + b + c )  b e l o n g s

t o  q S ( r - p )  ,  o n e  h a s

d i s t ( x , q S ( r - p ) )  =  $ i s t ( a + b + c , q s ( r - p ) )  .

N o t e  t h a t  x p  =  a + b  a n d  ( I - q ) x  =  b + c  .

, i v e  m a y  c l e a r r y  a s s u m e  t h a t  I x p l l (  r  a n d  l l ( t - q l * l l  4  I  ,

h e n c e  a * a  +  u * b  <  p  a n d  b b r +  
" " * - <  

l - q  .

T h e r e  a r e  c o n t r a c t l o n s .  u o  €  p l ' 1 p  ,  V o  €  ( f - q ) M ( l - q )  ,

u  a n d  v  l n  M  s u c h  t h a t



1
I

i

- 3

, ^ * ^ t *  . * ' . +  I  ' , t( a  a ) '  =  u o t p - b * b ) t  a n d  ( " " * ) ?  e  v o ( ( l - q ) - b # t :

s o t h a t  a =  u ( p - u * u ) *  a n d
*  t  t t  * ' 1  z F ^ 1 \  .c '  =  v (  (  r * q  ) - b b 6  ) u  (  [ ; ]  I  r ' l o r e o v e r  ,

u  s  ( q - p ) u p  a n d  v  =  ( r - p ) v ( t * q )  .

L e t  y = ( p - n * n ) * + b  b * + ( ( t - q ) - n u * ; *

R o u t i n e  c O J n p u t a t i o n s  y i e l d

( u  +  ( 1 - q ) ) y ( p  +  t + ;  =  a + b + c  - u b v *  t

l l  u+l-q l l  ( 1 , 1l p+v*f14 1 a nd yfi= p+t*q

h e n c e  l l y [ [  =  1  .  F i n a l l y ,  s i n c e  u b v * a  O t ( r - p )  ,

i t  f o l l o r v s  t h a t  l l a + b + c - u t r v t l [  < i  ,  h e n c e

d i s t (  a + b + c  , q S ( r - p ) )  _ < ,  I

O n  t h e  o t h e r  s i d e  i t  i s  e a s y  t o  s e e  t h a t

m a x  (  l t x p l l  ,  l l ( r - q ) *  l l  )  <  d l s t  ( x ,  q s ( r - p ) )

a n d  t h e  c o n c l u s l o n  f o L l o w s .

L e t  n o w  L (  t 4  b e  a  n e s t  a n d  A  =  N  f l  n 1 g  L  b e  t h e

c o r r e s p o n d i n g

T H E O R E M  2 .

d i s t ( x , A )  =

P r o o f .  B y  a  s l l g h t

a  s s u m e  t h a  t

n e s t - s u b a l g e b r a  .

F o r  e v e r y  x  l n  M

t l

I

t l l

( )
L  =  

{ o  *  o r ( . . ' ( P n  +  I  
}

M  w e  n o t e  t h a t

( n n - p r ) a ( n n - n 1 )  O  ( 1 - p e ) n ( p n - p l )

s u p
p € L

v a r i a t l o n  o f  ( L e n m a  1 )  w e  m a y

n > l  .

l l ( r - p ) * p

F o r  a n y  x  i n

(  1 - P 1 ) A P n  =

=  ( p 2 : F 1 ) M ( P n - p r )  O .  ( 1 - P ) A ( p n - p r )  ,  h e n c e

d t s t ( x , A )  =  d i s t  (  ( L - p r ) x p n ,  ( 1 - p t ) A p n )  <

f o r  a n y a  i n  A .
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L e m m a  1  a n d  o b t a l n

f l
m a x i  [ l t r * p r J * p r l l ,  t l ( r - p z ) x p n - ( 1 - p e ) a ( p n - p 1 ) l l  

]
a n y  a  i n A , h e n c e

f ., I
r o n l  i l t r - o r ) x p i , | l , d l s t (  ( 1 - p z ) * p n , , 1 - p 2 ) A p " )  j

c e  ( l - p Z ) n ( p n * p t )  =  ( I - p r ) e R n  o

o w  t h a t  f  o r  s o m e  k (  n  d i s t  ( x , A )  $

,  l i ( r - p i ) x p i l l  , a i s t (  ( t - p k ) x p n ,  ( l - p k l o o " )  
i1

( 1 * p r ) A p n  = ( p k * 1 - p k ) M ( p n - p k )  s  ( 1 - p k + t ) a ( p n - p k )

t .  .  P  a  \

o ] . s f  \ , X , A /  " * (

s i n

S u p p o  s e  -  n
I
I

L  L = I  ,  K . -

N o t e  t h a t .

k i n g  i n t o  a c c o u n t  L e m m a  L ,  i t  f o l l o w s  a g a i n

d i s t (  ( f - p O ) x p n ,  ( 1 - p t ) A p n )  
<

( 1 - p k  ) x P n - (  1 - P t + ,  ) a  (  P n - P r .  )  ,  (  P , . * t - P r  ) M ( R n - R n  )

l l t r - 0 ,  ) x p n  ! l  , d i s t (  ( 1 - p k + I ) n p n ,  ( 1 - p r + t ) A p n )  
i' )

t h e  l a s t  s t e p  o n e  s i m p l y  h a s

t a

(

(
t

{
(

&

{  m a x
s

h. . n

l { p  a p p l y

d l s t ( x , A )  (

t h a t

f o r

t h e  o p p o s i t e

d i s t ( x , R )  =

d i  s t

d i s t

S i n c e

t h a t

\ i

[ |  ,  h e n c e

t l  by ind

l n e q u a l i t y  i s

l l  r  -  \
ma x  l l (  r -p  I  xp
p € L

I f  M  =  g ( H )  ,  T h e o r e m  2  i s  ' r V " A r v e s o n  I

f o r m u l a  f [ r J l  ,  u / e  n o t e  t h a t ,  € X c e p t i n g

t h e  o u t l i n e  o f  t h e  a b o v e  p r o o f  i s  d u e ,

M  =  B ( H )  ,  t o  S " c . P o w e r  ( [ 7 J ) .

(  (  r -pn  )  xpn  ,  (  1 -pn  )npn  )

(x ,A)  - (  
[1<,-  

l l ( r -p)*p u c t i o n .

i m m e d i a t e ,  i t  f o l l o w s

I t  , w h i c h  c o n c l u d e s  t h e
p r o o f .

;,J
:{

, ' i
' . i

C O R O L L A R Y .  F o r  e v e r y  u  X  i n  M

d i s t  ( x , A 1 g  L )  =  d i s t  ( x , A )

(  A  s in iLa r  bu t  d i f f e ren t  resu l t  i s  Lemina  4 "8  i n  ( [ 4 ] )  ) .

s  d i s t a n c e

s l i g h t  v a r i a t i o n s ,

i n  t h e  c a s e

t

I

! i

{
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A  C ,  B ( H )  d e f i n e
4 $c  =  p r  e B ( H )  ;  ( l - p ) x p  *  Q

["El'tt"lA 3 . L e t  M  b e  a  f a c t o r  a n d  L C ,  M b e  a  n e s t  o f

p r o j  e c t i o n s .  T h e n

N f l  t -at(  tv i  f1 arg L- )  = L

P r o o f  .  l f  p  b e l o n g s  t o  t ' 1  f 1  L a t  ( M  n  A l g  L )  t h e n  p

c o m m u t e s  l v i t h  e v e r y  p r o i  e c t i o n  i n  L "  S u p p o s e  t h a t  t [ g . f g

a r e  p r o j e c t i o n s  q <  r  ,  q  +  r  i n  L  s u c h  t h a t

q - p q  =  p 0  +  o  a n d  p ( r - q ,  *  Q o  L  o

S i n c e .  M  i s  a  f  a c t o r ,  t h e r e  i s  a  p a r , t i a 1 l  i s o m e t r y

x € M t x t  O  s u c h t h a t  * Q o = x =  P u *  .

c l e a r l y  ( l - p ) x p  +  o  b u t  ( l - q ) x q  =  Q  ( V )  q , e  L  o

T h e  c o n t r a d i c t l o n  s h o u l s  t h a t  f o r  e v e r y  q  <  r  i n  L ,

q *  r  o l e h a s e i t h e r  q < p  o r  p ( r - q ) = C I  ( 1 ) "

S u p p o s e n o l r t h a t  q < P < r  a n d  q *  r  a r e

c o n s e i c u t i v e  p r o j e c t i o n s  
. i n  

L  ( i . e . .  r - q  1 s  a n  a t o m  i n  L ) .

r f  . p *  q  a n d  r {  p , c h o o s e  x f  o  i n M

s u c h  t h a t  x ( P - q )  =  x  =  ( r - P ) x  .  ,

A g a i n  i t  f o l l o w s  t h a t

.  t -  r  f
r r - p r x p T d  b u t  ( l - q ) x q = o  ( V ) q g L o

C o n s e q u e n t l y ,  e i t h e r  P  =  q  P  =  r  ( 2 )

( l )  a n d  ( 2 )  s h o w  t h a t ,  
, . o u g h t y  

s p e a k i n g ,  p  t h a s  n o  h o l e s t

i n  i t $  d e c o m p o s i t i o n  w i t h  r e s p e c t  t o  L  a n d  t h a t  p  i s

t r i v i a l  o n  e v e r : y  a t o m  o f  L "  I t  f  o l l o l n r s  t h a t .  p  ' o e l o n g s

t o  L ,  w h i c h  c o n c l u d e s  t h e  P r o o f .

F o r  a n y  a
f

Lat  A = . l
t

L

. lg eb ra

p 5 p ( V  ) - *  ̂  
]

, r:l
t' . 1'i

(
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R e c a 1 . 1  t h a t  f o r

H a u s d o r f f  d i s t a n c e

b u t  e q u i v a l e n t  t o

d i s t ( n , u ;  =  m a x

( i i )  + ( i )
v i ,e  sha 11 on1y,

L e t A b e a

d i s t (

in1 '  l lx -y  1 l  i  $up
y € B  Y € B

I Ylt-( r

f i n d  a

L ^ =

E ( v

in f  l t **v i l  I
x  C A  )

t w o  s u b a l g e b r a s

b e t w e e n  t h e m  i . s

f r a t )  g i v e n  b y

A a n d B

(  s l l g h t l y

'  ' t  
' t " '

i n  B ( H ) ,  t h e

d i  f f e r e n t

t .
L

(

s u p
x €  A

ll xltr< I

l ' V e  c a n  $ t a t e  n o w  t h e  m a i n  r e s u l t .

T H E O R E M  4 .  L e t  M  b e  a  f a c t o r  a n d  L l  ,  L Z  b e  n e s t s  o f

p r o J  e c t i o n s  1 n  M .  T h , e  f . o l l o w i n g  s t a  t e m e n t s  a r e  e q u i v a l e n t .

i )  T h e r e  i s  a  l a t t i c e  i s o m o r p h i s m  o f  L t  o n t o  L Z

c l o s e  t o  t h e  i d e n t i t y .

i i ) .  T h e  a l g e b r a s  M  f l  A 1 g  L I

c l o s e  i n  t h e  H a u s d o r f f  m e t r i - c .

a n d  N  f l t A l g  L z

P r o o f  .  ( i )  q ( i i )  L e t  x  b e . l . o n g  t o  M  f !  A l g  L '  , l l x t l (

F o r  e v e r y  p r o i e c t i o n  p  g  L Z ,  c h o o s e  q  €  L l  s u c h  t h a t

l l p - q l 1 (  L  ,  h e n c e  l l ( t - p ) " p l l  (  2 L "  r h e o r e m  2  i m p l i e s

n o w  t h a t  d i s t  ( x ,  M  f l  A l g  t a

t h e  r o l e s  o f  L 1  a n d  L , ,  w e  o b t a i n  ( i i  ) .

T h , 4 , 4  i i  +  i )  ,  s o

s u c h  t h a  t

- 2

a r e

n t i a l l y

t h e  p r o o f

e b r a  o f  M

L l  ,  A )

,  o n e  c a n

s u c h  t h a t

( p ) l l  <  4 0
d e t a i l s ) .

i s

k e

s u

n

e s e

t c h

b a  1 g

Axg

L '
I

p- o{

f o r

( [ 2 ]

F o r  e v e r y  p . i n

o ( ( p )  i n  M  f l  L a t

l s  a  n e s t  a n d  l l

( s e e  ( [ 2 ] )

e c  t  i o n

L l  
]

u n i  q  u e

{ * t n )
)  p €  L r

p  r o J

r  p €
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