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Abstract. ' l ' /e represent a f lowchart scheme by. a pair (xnf), where x a,nct f
. ' - ' ' * 1  \

give the statenents and the arrorrs in the scheme', respectivel;r,

as a c'lass of j-somorphic'pairs. This way lre get a syntactic mo-

del for flolrchart schemes, .

" The algebra of. p:iirs was developed in the first part of this

lrork, which appeared. in An, [niv. Bucure$ti. l.Tat.-Inf. XXX\ruI,

4 l 4 d 6 l. zr rvoil) , 33-51, Iiere r,re develop the atgebra of flovrchart scher.res

('= i-somorphic paj-rs). 'vle introduce an algebraic structure, cal}ed

bifl-oijr which completely iharacterj-zes flovchart scheines from

the algebraic point of vier.r. Another feature of this paper is

the use of abstrac-t flovc-lra-r-F sc-LeJnes, that is (siaternglrt abstra.g-

ti.ofr;) the concrete statements are replaced" ty variab,les and

(g.rrorv abstractioq! ) the set of arrows vhich connect the state-

ments is replaced. by an element from an adequate algebraie

structure.

A. AIG]TBRA

I{ot to : t r r t  is  not  too nuch to  hope that  a  c}ass of  these

id.entities may be j-solated as axiorns of an algebraic

. . r ,  theory analogous (say)  to  r ings or  vector  on"""u.

Robin l.filner

It is an incr'easing need to find sone baslc al5;ebraie st3uslures for

theoretical- contputer science. ihe motto is taken fronr l.iilner IUiefJ ana
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refers to. the algebrization of a recent and important f j .eld of computer

q n ' i  o n n n  i  n  t l  a n n n r r r r n h n r r l l  '  h n r a  - i  n n n m 4 - - n . ' | -  rpurv i ruur  -L .ou .  COnCUf fenCJf "  i  i l v ru  -L ru i ,u f r , i l r ru  feSUl tS  haVe been Obta ined

by lr l i lner's group (see I f ' f i -aa];, by t lre group of Bergstra anil  i t loop (see

i me41) etc. But ue ihink this motto may equally vel-t be apptied to

other  f ie lds of  cornputcr  sc ience.  \
I

T he algeb rizat'ton of the ilassica-l fiel-d of autonata and language

theory r 'ras nad.e in the sctt ing of l i feene's opcrati-ons IxUOj, i .e. cons,uants

union,  product  and repet i t ion (s tar ) ,  To th is  enc l  an a lgebra ic  s tn:c ture,

cal led "regular algebra'r has becn introdnce{ by Conrray I CoZrJ . {A "onplete
axLonatLzation for reprlar algebra is stil1 un-lcnor.m, by authorst iinowleclgef
' (the I

The algebrizatton of-Yt-ehaviour of Yanov d.eterrninistic program schemes

was macle ln  the set t ing of  l i lgot ts  operat ions in fZ i ]1  i .e .  constants ,

cornposit l-on' tupl ing and lteration. In this conte::t  an al6ebraic si;rncture

called. ' t i - teration theory" has been single out ir I  BJII ' IBO]. 'perhaps the most

important result is Isikts Tlreorem ; UsUOS r.rhich give a complete set of

equatiouc for i teration th.eories.

rFhn nraoa'+ paper dcals rr i th thc algcbrizai ion of f lovcha.rt sehenes.4 ] r v  y J

Our convinction is the ntost adcquaie algebraic structure to stucly acycl ic

flor'ichart schenes is a symme-b{L-g_sla@, pr:osentecl for
r f

cxarrple in 1ltr,71 ,I, ta76J. To study (cycl ic) f lorrchart schcmes i+c i l trodu.cc

an algebraic structure, cal led. bi?o:t, rrhich is a symletr.rc, str ict rnonoiclal

category endot+ed wj-th a looping operation, called fg-edbackatioq, axioma-

tj:zed by a fer'r sirnple ccluations. The feedback operation lras lntrod.uced in
f t

lStB5r85aJ. Thj-s operation is more adequate to study c;rcl ic f lor,rchart

schcnes than iteration [steOa]; see also fcsoo] for a dctatied compapation

of  feedbaclcat ion,  i terat ion and repet i t ion,
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This paper is included in a sequence of papers l{heye i{e intend to give

a nel,l founda.tion of the algebraic theory of multi-i"nput/nu1ti--cxit flor.rchart

schemes. the main new feature of this approarch is the use of the feeclbachation

as the looping operation. The motivation and the framerrorli of this theoly

dLre given in [cssZ]. The present paper together ]r i th ICSBTaJ and fcsala]

correr the results presentecL in Sections 1 and + in [CSAf].

In the last years we have observed. a tendency to find. an algebraic

fornalisro for graphs, digraphs or nets energing from different f iel-ds:
l ' r P l

c.ommunication systerns [PaBTJ, graph grarrulars [I3CB.!J, flor,rchart sehemcs

l -nrrr ro 2-  at l1A 119ar:  e, t -c)r  r1.ra.7 o - - - ' l  -  .
Lvt)ot c uL-cJ1r,  L: j185, StB6, C: j87 3: 87aJ, I t  seelns for us that al" l  , rhesre

algebraic approacires lea.d. to a coinrnon, and conscquent ly basic,  algebraj-c

structure. I 'or example, there is a characte: ' izat- ion of bi f lorr  u-srr lg on1y.

ident i t ies, suianat iou and. (an extended) feedbaclcat ion. Sumrnat ion and this

extend.ed. feedbaciration are sinilar to parallel and linking operators i1

r- ^-1
[PaS' iJ ,  respect ively a.nd the resulted axioms for bi f ]o]r  are essent ial l -y

. Jthe axioms in [PaB7l r nithout fr and completed with sone axioms for

i d e n t i t i e s  !  ! .



l, . -Flous_ gpA ,B,iflo:q$

The objects of the eategories E t ie work vith form a raonoid denoted by
i

/ n r ^ t f n \  ,  ^ \  l ] r L n  ^ ^r r r r l i )  r { - re ) .  The opera t ions  r le  use  are :

Composi t ion ( in  d iagrarnat ic  order)  ; * :B(a"b, )  x  n1b,re, )  - *  B(are)  i

.  I d .en t i t y  I u€  B (a ra ) ;

Summat ion  -+ - :B (a rb )xg : ( c rd ) ->B(a+c rb+d)  i  :

Block Transposit ion W^ -.:8,(a+brb-r-a) ;I  &r  O '

(n igr l t )  r 'eedbackat ion J | " ,s(b+arc+a)  -+ B(brc) ,

'  
The eomposit ion sign. tr.rt  j-s usually ornj-tted . 

-

Some axioms for these' oper:rt ions are givcn in Table 1.

A svmmetri-e str ict monoidal eategorv (ssmc, for short) cf.f f , f , f t  rI ' ta?6]

' is a category end.owed with surnmation and bloek transposit ions and fulf i l - l ing

the axioms 8:1-10 of Tab1e 1, A bj-f lpr.r is an ssmc endonecl r. i i th a (r i8ht)

feedbaclcation and fulf i l l ing the axion:s B1-16 of Table 1.,A f. lgr,r is a

st ructure r . rh ich fu l f i l ls  a l t  the ax ioms in  {nr -16J \ ln6,nt  orB13J,  the

axions 361810 whenever  g or  u  is  a  b lock t ransposi t ion and31J l rhenever  g

is a block transposit ion. As lre shall  see belor,r the oi i ly difference

betr,reen a f low and. a bif low is BlO, i .c. bif lor.r = f low fr-r l f i l l i -ng 81O.

lte say two morphlsms u and g pe-fmu-tg, and r,rite r 
I 

g, if they fulfitl

. ' ! l e e q u a 1 i t y i n B : l 0 . I t i s . e a s y t o s e e t h a t i n a f t o w i f u P g t h e n

fu+gv = (f+S)(u+v) holds for arbitrary f and v, hence .a flor^r fulfilling

810 also fu].f i ] . ls 86.

1 .1  P ropoE i t i on .  Suppose .  B  i s  a  f l ow  and  f  €B(c+ard+b) ,  g€B(u l -b rv r "a )
+

are such that f P g. Then

( ( I  + t ) { i p  : - T . \ / r  - \ r { . a  =  \ l t  ( ( t  , - \ / u -  r r  \ ( t  - r . f ) ) f b - t f'  \ \ - u * . , / \ f u r d { - r b J ( I a + g ) ) ' l '  -  
\ r r c \ \ r c - r t i r r y c r v - . . a / \ r v 1 ' r / /  

r  - v v r c 1
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.  These axions define a bif lorv (gt-, lO define' an ssmc).

R 2  I f  = f  . = f I .
a o8.1 ( f e )h  =  r (eh )

. t ) r t

812

B11

r(sfa)h = ( (r+rr)s(n+1*) ) ta

f+gfa = (r+g)ta

h
( r ( ru+g)  ) t *  =  (  ( I .+g)r ) f "

f q r  f : c + a * d - r b ,  g : b l a

TABLE 1

814

l J t )

BX6

ffbfa = f+**b

I f * = I
a e

%,J" = t

Bg4. ((r.,r+r) (Y.r,a*rr) (ru+g) )fa

( ( ror-r) ( tr, a*Pu, otb ) (ru+gI ;1a

( irol( r+r, )J ( vrr, o*\uu, o ) f ru+g; nrol )fbft by E:l 1 ,12

bv 87-11 ^-" rl_o1'r

bv 81 0-12 ^-- rtoi.t

b y  8 1 6 .  F

in a f lorv B1J

Lr t'l-  _  ( ( I  + W  . ' r f r r  , - r . \ / - r  . , !  ) ( W  _ + i f  \ ( i r -  - r - T  ) ( r ' - r'  '  u  r c + a ,  o /  L F u + b t r /  \ r u - r l ( b r d + b i  r I D r d - I b r b /  t  l l d r u + b ' ! b /  \ t ' - d + b ' J

.  (yo*u,u+ro))ta+b by 85,10f1o0,

((rrr*"*1r".  o)(ro+%,1*ru)[{ro*o*t)(g+ra*6[ 
( i . , r*t6.,u+rr))fa+b:Wv,o 81-10 for

q

( (ru*y",b*ru) I(enrc*a) (ro*u+r)] (rrr*t6.,d+b) )fb*t,C"rr,u bv B1 3fLo*, fPg

= Yr, 
" 
( ( Y" r rr*.'bnrr ) ( g*1 

"+u. 
) ( rrr*%. 

r rnr ) 
( r.r*f+rr ) ) tttb' ll",r, u

v

Appl-ying tlris proposition for u. = v = e we find that

h o l d s r , i h e n e v e r  8 P f .

1.? Cpqoflrry-. (i) ,q. biflor.r 1s a fl-ow over an ssnc.

(il) B is a biflor.r iff B is a flor^r and all morphisms in E permute. $$

B3 (f+s)+h = r+(g+h)

84 l"nf . -  f  = f+I*

B 5  I + I .  - I- a ' *b  -a+b ,

86 (fr-g;(u+v) - fu-t-gv

t  ,b"l '1,.
Yur.  *  ru

89 {"u,t*, = (V!.,0+r") (rn;r6,")

nto (u+e)tb, ,d = %r"(e+u)
for  u :a - )  b ,  g :  c  - )  d
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whieh is a monoid morphisn on objects and fulfills

1.  11( f+g)  = I ' I ( f  )+H(e)  for  f  ,g  morphisns in  3r  and

2 .  H (W^  * . )  =  \ '  t ^T  a rb  ob jec ts  i n  E' c L t v  I  u ( a ) , H ( b )  
- - , r  & 1 b  o b j e c t s  i n  E

( resp"  1 ,  2  a .nd

,  . e .  . . t i ( n )
3 .  H ( f f * )  =  ( I I ( f ) ) t r " * '  f o r  f  morph ism in  B  and  a  ob jec t  i n  B ) .

Let I{ be a monoid anrl qt4fg€fssmc, f lown bif lorrJ. tr ' tre say B is an

M:g@q if B is a struc and 1ts monoid of objects is I. i .  I , toreover, l i :B -)Bt

is an l,'i-.stru.c rnorphisrn if H is a struc morphism and. H(a) = a for every a €11.

Note that the l.'I-struc structures forro a varieiy in the sense of many-sorted

universa.l algebrar. hence there exists an initlal I'I-struc strueture,

A cornposite of an arbitrary number of rtorphisms of the typg I^+f.* ^+-I,a  r o r c  d

is called. an a4-Lase mo-rphjjtm. i'iote that in a flot+ if f or g is an

a(-base morphism ihen f  P g, therefore the subcategory of al f  the an-base

rnn-nh isms o f  a  f lo ' ,1  fo rn  an  ssrnc  ( in  fac t ,  a  b i f lo r i )  in  r , rh ich  a l l

norph isms are  isonorph isms.

l-l-rX.S!-Ssiji-g$-!. Let S be a set and Bio the bj-floli of the S-sorted.
D

. 1  5
b i j ec t i onu . ' I f  B  i s  a  f l o r+  and  h :S* ->Ob(B)  a  mono id  morph isn ,  t hen  the re

t , i  morphisnn I { :  E i . - }B such that .  I ] (a)  = h(a)  for  cvery,ae S*.

P4oof . The subcategory of all the a4-base r':rorphisms in B form an ssmc,

hence by Theorern 
' 

. in [CSgg] the::e is a unique ssmc morphism 1l: F.i^ -] B

II:B -|Bt is an Fs$el(Iesp.r- f1o-r'r*Jiflow) mo.:'phi.sm if H is a functor

is the same as the proof of the simllar

Sometimes r.re prefer to work with the

'+3(brc) ,  Consequent ly ,  r . ie  recal l  the

f t f  = (Y", .  ̂ f  1.^ )4.a- for f  €R(a+bra+c) andI  *  -  . r b r & * t A r C , ,  ,  * Y -  ^ v ! \ '

such tha t  l l (a )  =  h (a) ,  fo r  e r re ry  a€  SR.  The proo f  tha t  H( f ta )  =  i l ( f )411(aJ

fact 1n Theorem 1 .1 6 in fCSaZal. ffi

lef t  feodbackat ion ta-:  B(a+bra-rc )

the other one:

passing from one feedbaclcation tc>

!-T aerinitj-on of p,i-o may be found in Seetion 4.
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' i '

f f a  =  t t ( \ ' a , l fVb , r ) ,  f o r  f € t s (b+a ,c+a ) .

'  
. .  In the cade the monoid of objects is a free.monoiO SX, feedbackatj-on

F is  co inplet ly  determinated by i ts  rest r ic t ion to  le t ters l  i .e ' ,  byf$,  for .
I

,  s€S. \{e give here an equiva}ent axiom system based on this scalar feed.backation

f l+ grop-o-sltr " Suppose B is a eategory t'rith Ob(B) = S* ancl fulfilts

at t  the ax lorns in  l l r - rOl l {gerB1ol  anc l .36r ts10 r , rhenever  I  or  u  is  a  btoc lc

transposit ion. If  moreovei, a scalar (r ight) feeclbac']tat ion

( 1 .

- . f " : B ( a + s r b + s ) - + B ( a r b ) ,  f o r  a r b e S  a n d  s € S

is given such tr;hat

S F 1  g ( f d ) h  =  ( ( 8 + 1 s ) f ( h + I " ) ) + s ,  f o r  s € S

Q l i '  r  , t a s  -  t +  ^ " s
v L .  r t T r  r  -  ( I * + f ) f " r  f o r  s r t € S

sFJ ( r ( ru- r \6 ,* ) ) f "+ t  =  ( ( r r . *q , t ) f ) ' f t+s,  for  s , t€  s

SF4 l-fs = 11, r.rhere A is the elnpty trord'  
S '  A

sF5 \L Js = r--  ' 9 r s

hold in 3, then B beeoraes a flor+ using the feedbackation defined. by
1  a r a

f f r=  f  and f+s+e= f+a6s  (s€s) .

.  Proof.  The axioms of f low may be proved. by' ind"uct ion on the lenght of

the word a used in ia,  W

santi  nnq 2 J r . lh ich fol lou relate our feed.backat ion to other vrel- l -knor. lnv v v  v 4 v r r p  c  t

looping operations, i .e. to i teration and repetit lon, This sections nay

. be skipped at a f irst readJ-ng and studied later.

A simple rvay to give exa:nples oi' biflor^rs is to use our lcnolrledge about

lteration and the f irst Theorem in [CSOSI. This uay tre 6et examples of
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bif lor.rs ovcr alscibraic theorie s o '
. t

l r
The A-DJ-groLrp has extend.ed" Lavverets concept-.of algebraic theories

ti  + taxiomatized i iy E1got) to the case r lhen the objects of the category forni
I

u- ^ ^lt'  a free monoid S^; they a- l .so has introd"uced sone ordered variaots o:f  S"-

'  algebraic:  theories, for instanceQ-eont inuous and rat ional ly elosed

- l (  ^ ^ i ^ ^  ^ r  f r . r . r r - r r y ^ 1; i  -algebraj-c theories cf . fruwZll

.  l . ^ ^ ^ ^ 1  :  n n n n a n *  n f  o . 1  rIn LCS39J l ie have extend.ed. the c.onc,ept of algebraic theory to t;he.case

, lihen the objects of the czrtegory fonn an a.rbitrary nonoid. I''I, and -called it

M (alnebr?icl-t lrqqry; see also ICSaO]. Although in this seetion r{e use:I'I- - .

ordered, (r-c.ontinuous and ra.tionally c,losed theories ov'er an arbitrary
j '

monoid. I' i, the d.efinltions and the proof are the sane as in the' ease of

:  < ! * -  o ' t s o l , r n i n  t h o n r  i o q ,D  - - ^ -  v ]  l v D  .

\T,J'  In :  an  i ' { - theor ry f the  source  tup l ing  o f  feT(arb)  and geT(bre)  i s  denoted

: '
r.,, ./€ -\:  u y  < I r 8 / .

' 2.1_D_cfi.nition- An oqdege_d" I&-tlregev is an I'i-theo::y T fulfil l ing: the

fol loving supplementary c:ondit ions:

-  fo r  a rb€ l ' I  the  se t  T(arb , )  i s  par t ia l l y  o rd .e red .  v i th  a  leas t  e te rnent  I  . :
d t  D '

compos i t i on  i s  i nc reas ing  and  l e f t  s t r i c t ,  i . e . I ^  , - f  =J^  ^ ;
a t  e  a ' w

tupl lng is increasing.
t M - )

An Q-c-ontlnuaus U-theorv is an orderePlfheory T fulfil]..ing ihe folloi.ring'

supplementary conditions :

-  f o r  a rbeM the  o rde red  se t  T (a rb )  i s  {d -conp le te ;

- eoiaposit ion ls [o-continuous.

? A rat-fpgallI__ql9$qd"_ "lfi-theorv is an ordered I'l-theor:y T in rrhich an iteration

-h :  
t (a ra r -b )  +  T (anb ) ,  f o r  a 'b€  I t

' i  ̂  - i  ven sa t i  s fv i  nrr  the f  o l  I  or . r i  nr"  ax ioms :- L D  t r !  v ! v + . r  ! 4 r F \  v t l v  M I V r J ! 1 1 6  c

R 0 1  ( f ( f u + g ) ) t  =  f t g ,  f o r  f  €  T ( a , a + b ) , g €  T ( b r c ) ;
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Rc2  f  ( f f r f u )  =  f f ,  f o r  f €T (a ,a r -b ) ;
t .

-  T ) . I - <  Q , / e  T  : -  , // :  A U . /  r  \ r 5 t r 5 l  \  6  i n p l i e s  f l -  <  g .  f o r  f  G T ( a r a - r b )  r  g € T ( a r b ) r

LBy applying the axioms IiC2 and RCI it is easy to provo that iteralij-on
r t l'- 

in a rationally closed theory is increasing.J

Atl lI-i.heorv w.ith itelak is an l4-theory T in lrhieh an iteration is given
..

fulfilling the axioms ilCl 
" 

RCZ and

' 1  
4  ( - o t 1 r  r  \  -  . . *  - L J  

r n l ^  ^ , ^ . L . \ -. 1 ,  r f ( \ I . r l - ) r - I r " ) ) l =  f l l ,  f o r  f € T ( a r a + a + b , )  i" o , - d , u

T z  s ( f ( g + r " )  ) t  =  ( e r ) 1 - ,  f o r  f  G T ( a r b + c ) r  g €  T ( b r a ) .  @

2-.2 p.roJ-os.Ltio.n, (i) iiverJ,cg-continuor_rs l"j-theory is rationalli closed.
t

( i i)  Every rationarly closed H-theory is an l. l- theory nlth i terate.

( i :- i)  [very I ' I- theory with i terate is a b,i f lor,r.

l'tgpf. (i) The proof is well-known, l'/e only mention tbat i4 an[rr-co.nt-$gggg

theorlr the iterrtu. of j:g:l_3J!_:g by definition the t-east upper boi,rnd

o f  t he  seouonce  de f i nec  by  f (o )  =  \  r .  ona  f ( t *1  )  =  f  < f ( t ) , r -> .
D& t D

( i i)  A proof rnay b'e obtained using the proof given for S*-theories in

fCaA5J, Theorem 1.5 and Proposlt ion 81 of Appendix l j ,  in [Stt]Z] to see that

the axionatic system used. in fCaafl is equivalent to the present oneo An

easier proof may be obtain by a direct verj-f ication'of the axions I1-2 in

the contcxt .of rat ionall-y closed. theories.

( i i i )  The f irst proof was given in fcseZa]; another proof may be found

in lcsae]. l,'le recall that in .fcSae] r,re used the fotlor,ring passing betgeen

iteration and fecdbackation

f  
t< f ig)  = g(  f t r f  

. ) ,  for  f  :a-*  a-FC:  ?nd g:b: - )  a+c.  W

In literaturu trt"i" are many examples of co-continu.ous theori-es. Using

the above proposit ion l le get nany examples of bifLor+s. I 'op instance, the

, basie semantic rnodels .E'fn(S) for determinist ic f lowchart schenes and Fre,l(S)

for nondetermini.stic flor,rclurt schenes are bifl-or,ls. The c,:nstzuctron of

this rnodels rnay be found in [CSSI].
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The most adecvate frame to study repetit ion is a natrix theory, introd"ucecl

' r-"^ -zl * Icsgql we he-ve extend"ed" tnis concept to the o:lse vhen the,.  DJt Ll j j l ' /bJ .  In Lvpu)J wn 1!d.v r i

objec-bs in ihe category forrt an arbitrary rnonoid., irnd- cal}ed it I ' i-l l lAt]1-tx

i h o n r r r o  c o o  r l  -  l ' ^ ^ n " ' l
*.-:iyr,*r, v** *-so LctiBsJ .

In  an  i . I - rna" t r i x  theory  T  the  c :osor l rCe tup l ing  o f  f  €T(arb)  .and.  g€  l f (a re)

- !  ̂  , l ^ - , , ^ + , ,  , l  h , ,  f - r .  ^ . - t  I T ^ + ^  + r . ^ +  ;  -  ^ . ^  r r  , M ^ + - i  * -  + ' . ^  ^ - ^ - -  r n1S OeI Io l ,oo  oy  L I r8J  o  r rOTe 'U [a t  in  an  I ' i -mat r j ' : r  t l ranr^ r r  rF  nna t rgy  de i ine  a

union operat ion as fo l lous

o i r  , -  l . - .  : 1 t  ^  \  l -  +  \f U g  =  L r a , I a J  ( f + g )  ( r b r I b > ,  f o r  f r g € T ( a , b ) .
r f f i t

-  l - , -  - .1 \1In [Ul76J i t  is sho]n' t -  the.t  a matr i ; t  theory( is cornp]etely deterninated

h v  t t r o  s r n r n i p i n g  ( T ( t  r t  ) ,  U r ' r {  l r r r ) :  l i h c n  t h i s  s c : i r i ; r g  i s  c o r n p r e t e  i n\ * \ ' t ' 1 ,  " ,  ,  
I r l  |  .

the sense of f . l , { f  q|r .  the rcsul 'bed matr ix t i lcory has sor:e supplenent lrry(

propert ies t l tat  r , ray be axtorn"ts,zed e.s fol- lo. .rs.

l-.1-!g$-,rr-l9.tgl1-* A c-onp-l-ete Li-nrn.'u{i:c t}r-cory is an l.l-ma';rix 'c}rcory lL' -L.n

r rh ich  fo r  everJ  a rbe l ' l  and  fo r  every  fa r i r i l y  f  r '  1  n r , . ^ . :ph is rns  in  i f (a rb)(  * i  r  i ' e T
t i

a norph is rn  V ,  g  t f i6  T(a ,  b )  i s  g ivcn  fu l f i l t i ng  tnc  fo l lov in3  er i j -ons :

^ T , t r F 1  l ,  . p  . t r  r r p'C I ' 1T1  t t *1 t ' p1 t i  =  f1  v f zv  " 'U fn  I  f o r  n ' )O

C i i T 2  U . , r f *  =  U * - , U . - -  r  i + r  -  t ) . . - t .  a n d l - . n T .  = d  f o r  i 4 k-  
L e l - i  

-  
" i e J " i e I . ' i  t  ' L ' r  r  = - \ - i € J * i  " ' - ' * ' - i ' ' * l ;  r  - - -  o  r

n r ' . T r n ?  ̂ l l l  F  \  i  t  ^ n "w ! ' r l )  6 \  \ . /  .  
e l f i . )  

=  U i g t S f i ,  f o r  g G T ( c r a )

c l i r 4  ( U r e r f i ) g  =  U i e l f i c  ,  f o r  s € T ( b , c ) .

,-_J lnor il = 0 axi.om CItiTl should" be read as U -o I Wi  e i l - i  =  * a r b '  *
' - d

In  a coml"r le te i t l -nat114 ! !cory_ a repet i t ion * :T(a,a)-+ T(a,a)  for  a  6 i j

ma.,r  l l r t  def i  nod as fOl lOr. ls

o - R _ l f  - t r  . e ^ - - ^ / n :
n ) 6 f ' "  ,  f o r  a € - i ' i ,  f  € T ( a , a ) .

112.Le.nnUU The fol loning ident i t : i .es hold in a cornp-Lete l l - .matr ix theory"

R 1  f ' x  =  I ^  U  f f x ,  f o r  f  €  T ( a r a )a.

' ,  '  
)  O^ ( rcsp . I ^ )  deno ies  the  un ique  rno rph i s r : r  i r i  T (e ra )  ( resp .  i n  T (a re ) ) ;  J - ^  1 .\  a  -  a  r - - t - " ' * b r b

i .  
denotes  JJ  00 .  .

\\ '.':,
r .  t l  I  ' r  l l  r l  - n  t l  . n  I

;  l . i o t c  t h a t  L J - - - , r . ,  I ^ . , ^ =  U * ^ n , V r . d f *  = U * . l l  r A r ;  =  V * - n ( r . '  = - ^  r . .



. l J

R 2  ( r U s ) x  =  ( r x e ) t r 1  f o r  f , g G T ( a , a )

r .  R l  r ( e f  ) *  =  ( f g ) ? K f  ,  f o r  f  €  T ( a , b )  r  I  € T ( b r a )  .

pre.pl ,  Since T(ara) is a comple'Li :  sernir lng the ident i t ies R1 and R2 i
J
t.

hold. The proof of RJ is obvious. ff i

r . , qlJgieb-?-:?p-311-!i-ol:s--s::e3J
i,et T bc an l,I-rnatrix theory'f fi.tlfill-ing the conditions R1-J above. fhe

second Thcorei l  in [CSAal shor.;s thai this concept is ecluiva]ent to the
L . ,

concept of bif lori  over an I ' l -matrix theory. So lrc get the fol lorr ing result,

3-.2 P{ooositrgn. llvery coinplete I'.,1-inaf,rix theory is a biflov. fr!

I n  a n  l , l - m a t r i x  t h e o r y  T  r v e  d e n o t e  b y  ( f  ? )  , ' f o r  f  e T ( a r c ) r  g 6 T ( a , d ) ,
\ r .  

L l

h € T ( b , c )  a n c L  i  € T ( b , d )  t h e  m o r p h i s m  ( F , g J ,  [ r r , i J  )  ( =  K r , n > , ( g , i ) ] ) .

lrlote that every morphisra fot'in T(a+brc+d) r.:ay be rrri 'bten in a unique r,ra17

as  above.

!'le recall thet in a bifloI'I oYer a matrix tlreorrr trira: I off fssclfackation

a  d  d A t t  ' 1 A d  h l t

,  ^ l . r  ^ \  . j' 4 ' " { l  
9 )  =  h f x g U i  ,  f o r  f :  d - }  a t  g : a  - )  c , ,  h : b , * 9  a ,  i : b * c .'  \ n  L l

Let  T be an S*-nrat r ix  thcory.  I f  .aC Sx t i rcn la l  is  the leugth of  a
7

a n d  f o r  t g l t a l ] r ' a .  d e n o t e s  t h e  i - t h  l e t t _ e r  o f  a ,  t ] r e r e f o r e  o  =  
" 1  

. F . . . i . d t n t .
t 4 l

l i o r  f  €  T ( a , b ) ,  i e t t a t l  a n d  j  e I t l l ]  l e t  f i j  =  ( O u , * I o . l - 0 r , ,  ) f  q , - r - I o . . r \ , ,  ) ,
r J

r . l h e r e  a t  =  8 r * , . . * a i _ 1  ,  4 "  =  a i + 1  * . . . + a ; u 1  r  b '  =  
9 1  

* . r . * b j _ 1  a n d

. b |  -  b *  . 4  - l - r  o  . * b  
l l l  

.
J - f  I  l u l

\ , le  say  f  €T(arb , )  p reserves  the  sor ts  i f  fo r  i  C [ la1 l  ,  j  € [ tb l l

t r i  { ! u . . n .  i r n p r i e s  a .  =  b r .* i ,  _  j

1.4*J-4grosi.t ioq- In an Stlrnatrix theory T the collectioo T"o"t of al l

thc morphisrns i , ihich pres;errve sorts is a rnatrix su$hcory. i ' loreover, i f

t T l  i c  n n n r n - l o { : o

uncler repetit ion.

t h e n T  ,  i - s c l o s c d
SOT 'U

1)  [nJdcnotes  the  se t  l ,  ,2 , . . . , . J ;  par t i c r . r la r l y  Lo7 =  f r .



?goof.- rt is easy to shor,r that our.lur(rarrr) and [rurrul are in Tsort

for  every a€Sfr ,  
.  1

Tsor t  is  c losed.  under  composi t ion"  rndeer l ,  suppose f€T*or t (arn) ,

8€T"o r i (U ,c ) ,  i € [ i a t l  and  ke  [ i r r t j  a re  such  tha t  1 fg ) i  u  I  ! ^  ^  .  S i ' ce*:. ."i r "k

( f8 )1c  =  U;e [ t r , t J f i ; s ; t .  ,  there  is  ie [ l l l ]  r , r i th  f r rS- ,u  l {  -p  .  Th is
d- -  *1  t  "k

s i ' r o w  t h a t  f  . r l  J u . . . b .  a r d  g : u . l  
\  - "  ,  h e n c e  a -  =  b . r  = . c r . .

J J * . i r - j  d . .  " j r " k  . L  J  r r

Tsor t  j -s  c losed und"er 'surnnat j -on.  rndeed- ,  suppose f€T"or t (arb)  anc l

a t ! - 4  f  ^  ' 1  \Be 'so r t \ c r c r / .  S ince  ( f+g ) i j  =  f i j  f o r  j . € [ t a l l  and  j e  [ l c f ] ,  and

/ . F . ,  - \(J+s t  
la l+ i ,  l c l+ j  

=  8 i j  fo r  j "€ l ib l l  and  j€ [ td l ] ,  we deduc,e  ur .a t

f-r-g € Tsort ( a+e, b+cl ) . Hence T"o"t is a matrix subtheory of r.

Suppose noreover T is complete

r c r y  ( o  o \  i € f l a l l  a n d  j f f i a l l  a r e* * - s o r t \ q ' s t ' '

f r (  t l  r J ]*  i i  -  - n > n -  i i  ,  t h e r e  i s  n ) 0  s u c h
' ' . / " v J . J

{r.._Exarnples of Bijlor.rs

r - *  ' \ \
t ,e t  (S ' - , - r - ,  A)  be  the  f ree

u
I i te lo '  o f  S-sor ted-  re la t ions

i r ronoici  gcne::ated by the set S. The .bhcory

is def inecL as fol lousi

such that

l.r
+1^^ + .r'.*
V L L Q  V  L

1 a
- o

and

'  S ince
o i r * i

r  hence a .  =  & . i ,
r d

fxrj I _L

1 l, - u i , o i
d

a

I R e l r ( r , l j  =  l r  e  [ l a t l  x  t r n g l  1  ( i , i ) € f  i ' n l i e s  a .  =  o j 3 ,  f o r  a r b € s x .  5

c i laposi t ion:  for  f  €  lRetr (arb)  and g G iRel r (urc)  the composi te  is  the

usual one defined by

t , ^  ! 1 .  r - r lr e  =  t ( i r k ) [ e  j  € [ l b l ]  s u c h  t h a t  ( i ,  j ) € f  a n d  ( j , r o ) <  g J .

!y.9,.,-arigu for f € f, ielr(arb) and g6 yTtelr(c,d) the sum is clef ined by
-  ( , .  .  r

- f - r - g  =  f  U  t ( t a t + i , [ b l + j )  [ ( i , j ) € s ] .

Consla.ntg j  for  arb €S x

T  - f r i r ) l i e t l n r ] Z
l \  r ,  r /  |  . t  E t l . l l J J

Wo"b  =  l t t ,  l b l+ i )  |  i e t ta l j J  U  l (
L .') \ 'trhen S has e:cactly one glement ilre ind.ex S 1n Siel^ (a.nd in its
subtheorics [di . ,  pfno etc.  def ined belor.r)  is dropped.Y
R D D' )  

S e e  t h e  n o t a t i o n s  i n t r . o d r : n a r l  h o f n r  o  l ) r n n n c i . i - i n n  z  A

l a l r i , j ) l  j € [ t b t J 3 . U i l



'  t r 1
I ' /
t )

:

t i tar isr a bif lolr.  To see this orlg rray. use d.i f ferent meti lods. ( i) One mayF r v r ( . l
U

t ry  to  prove d i rect ly  that  the 'ax iorns i i1  1-15 hold in  [1e1. , .  To th is  end i t  is

useful to use Proposit ion 1.4. In this case the fo-l lot.r ing def:Lnit ion has to

be userl .

F-q"a1,.qg-JRiSg!Lli*qqlg?e[gliroii, fo:: f € llielr(a.+s,b+-s) with s€S, the sca'rar

f'eedba.clc is clefined by

+ + $  -  5 f  ,  . r  l r - .  r \ / - a  ( t ;  l l l  , 1 \ 6 f  ^ . ^ - r  t t ^ t . q t - n 1  ?
! ,  -  1 . * , j )  l ( f ' i ) € f  o r  L ( i ' t b l + 1  ) e f  a n c i  ( l a l + 1  ) € r j 1 .

( i i ;  Since l,"el. is an(u-continuous theory one may use iteration and the

results in Section 2. ( i i i )  Since [telo is a conplete rnatrix theory one

may use repetit ion anrl the results in Section J.

From tire sexteen- types of relations siu-dj-ed in [CSOil only nine of then

are closcd nnder feed.back and. the part iat orCer of their j-nefusions tnay be

represented as the l{asse d.iagran j-n irJ-gure 1 '

lPSuro
4

li) c.'r r *
4  U U I  ( . r

Figure 1. I le lat ions cfosed under feedback.

In this f igure 0l is,  [ j ,  t r In"r  [ 'Sur,  and IPfn, are the bi f lor.rs of th.e bi- jcct ions,

n f  iho  in ion t ' inns ,  o f  the  par t ia l  in jec t ions ,  o f  the  par t ia l  sur jec-b icns  and.  o fv 4  v r t v  . _ r r r . J v v  w r v r r v t  v *

- 1  - 1
the part ial  fnnct ions, rcspcct ively.  In t i r .c same f igl l re I Ina 

' ,  
PSuro and.

D D
4

Pfn^- 'a re  the  b i f lo r . rs  o f  the  conve. rses  o f  in jec t ions ,  o f  the  converses  o f
D :

part ial  sr"rr ject ions and of the conr, /erses of parbial  func'cions, rcs;;ect ivcly.

-  r ^ ^ ^ ^ ' t  ,
In lCSBga[ i t  is shown that aI] thcse ssinc-ies becor: ie bif lows in a uniqi le lray.

L J

&  r  r f a r
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tr  4lha trr ' l  nr.r ni '  Fl.OgCj:art [ jCheme l lCpfeSentatiO]tS) o

Figure 2.

U.Aef  __!1J" . , .  1 . , .  L ,et  3r  be a (b i ) f lor i ,  (Xr+,E)  a rnonoid and i ,o :X ->0b(B)
I \ , D

tr+o monoirl norplrisns, The algebra lFf., - of pants_o_vc_f X and B is defined

r  f  ^ . - . - -  

' -  A l  n

as fo l lovs (see lCSaTaJ for  not iva 'b ion) .

F l r , r ( a , b )  =  [ t " , r )  [  x € x  a n d

C o m p o s i t i o n :  f o r  ( x r f )  : a . *  b  a n d  ( y r g ) : b  - )  c  t h e  e o r o p o s i t e  i s

"  ( x , f  ) ( y , e )  . =  ( x + y ,  ( f * r o ( y 1 ) ( r r + \ 5 , x ) , o ( y ) ) ( s ' r r i ( x 1 ) ( r . * \ d ( y ) " i ( x ) ) ) ;

S u m n a t j - o n :  f o r  ( x , f ) : a - ) b  a n c l  ( y r g )  : c + c i  t i r e  s u m  i s '

( x ,  f  ) + ( y ,  g )  =  ( x + y ,  ( r r + \ 5 ,  
o ( x ) n r o ( y )  )  (  f r - g ;  ( r r r *  \ { ( " ) ,  d * r o ,  r ;  )  )  ;

( f ,ef t) Ieedbaelcat ion: fo: '  (xrf  )  :a+b -)  a- i -c t i re lef t  feed"back is

f  c 3 ( a + - o ( x ) , n + - i ( x )  ) J "  f o r  a , b  € o b ( B ) .

a 
,*&+ )f * ( x ' f  )  =  ( x , ,

C o n s t a n t s :  f -  =  ( € , I

It j.s lcnolrn fron

ll is a flor,r.

,

) aud
D '

LUUo /  a ,

\ | ' , b '  =  ( € ' B r b ) ' q

lheorem 2.a.4] t i rat ,  DO",U is a f lor.r ,  l ihenerrer

l ( a ' n ) )
Aqfill,gllL A pair (xrf) j-n *rr,Ofr"cp"o""nt a floi.rchr"r'c scireme with

- i  h * . , - . r .  ̂  ^ , . ^  ^ , , . r - n l 1 +  L  i l r ^ ;  ̂ r r  , " ^ , .  b c  i l l i _ r s . b r a t c d  a s  i n  I ' i 3 r r e  2 .I r r y L L v  4  c a I I U  W V  V I J V  v  W ,  y / I M i l  k l 4 J

I
In the.case of r , lsrhat f lo l ' rcha.rt  schcnes X is thc i : to; toj-c l  f : :eely gcnerai ;ed

<by a set I of sta.teatents and B j-s Dlfn, narnely r.re riork r+ith parbial

f lowchart  sehenes. ' l 'he usual complete f lo lrc lrart  sciremes are represented.

by pai-rs in Ft.. t-,ir- , but neither ihe theory of functions ['n, ]tor [,'1., n,--1 ! ,  r { t l  ^ ,  l l t n

is  c l-osed und.er feedback. Consecluent ly r .re prcfer to usc a greater se'b of

schernes r i l r ich has be-bter propert ies.

T n  n t h o r ^  n . n 1 . s - / r q  l a n r  n . ' o n n ' l  a  j  r  
F - " - ^ - a

&vr wnor. ryrw r r1 U- i I i l5 l  t l ic  a.uthors prefcr  to  usc

functions iu Fn and to adcl a d.is'cin6prishccl siatenent I uj-th one inpr-rt



$

t f '

,{ 'r

and vithout outputs" The f loi.rehart schemes studied in this case, is the

same as in' our caser but bhe mathematical representation sl ightly differs

f rom ours.  This  is  a  nat ter  o f  choice:  what  is  bet ter ,  to  use par t ia l

func't ions or total fu-nctions r,r i th an addit ional undefined element. nart ialJ r r r v r r v ,  y q l  v ) - c r . L

trees or total trees r.r i th an addit ional un<lefined Label, etc? l le think

is technical ly he-tter to use part lar functions, part ial trees or part ial

schemes. ffif

'  The morphisms of a f low C forra.a monoid denoted by l . ior(c).  Firstrnote

tha t ,  E . ' ' :X  +  i io r f iF l . ,  o ) ,  de f ined bv  E-_(x )  =  (x -  \p ,  .  )  fo , ,- X - - -  
, \ r E "  

p J ' : ' X \ x /  =  \ x r [ ( " ) r o ( x ) )  t o r  x € X t  i s

an' inject j -ve nonoid. raorphisn. I lenee rr ie may ident i fy x with n..(x).  Seeonc,

note that  E" :BiF l t r3 ,  ,  def ined.  by E*( f )  =  ( t r f )  for  a  morphism f ,  in  B,  is

an 0b(D)-fLory norphisn wirich is injective otl  every B(arb). I-Ience r,re al-so

may ident i - fy  a  morphism f  . in  B. i r i th  EB(f ) .  r lna l ry ,  note that  i f  (xr f )€

E ' l r , u ( a r b ) ,  t h e n  ( x r f  )  =  (  ( I r + x ) f  ) f t ( x ) .

6.1 Pefinitiop. An interplieta.tlon of x and B in a frow tsr is a pair

( f rU i ,  where  H :B- ;g r  i _s  a  f l ow  no rph ism,  I :X - ) I I o r (B r )  j - s  a  nono id

m o r p h i s m  s u c h  t h a t  I ( x ) €  B '  ( I j ( t ( x ) ) , f i ( o ( x ) ) )  f o r " , x € X r a n d .  I ( x )  p  H ( f  )
every x in X and f morphism. in 8,. E[

for

4!  s rv r r  rD bL(pn ' r ruur i  r { r re r l  f J '  Ls .  a  o l r ro luo  i i y  the  above

observat ions. ( i l " r lJ*)  is an interpretat ion of x and B in l r ,1"rg that we

cal-1 the stalrd.and interprelAtio4.

q..2 
Jhe*orem. rf (rr l l )  is an interpretatlon of x and B in a fror^r B:r,

then there is a unique flor,r morphism
. F \

( I r H ) - : [ F l o  -  - ]  B '
4 t  l )

such  tha i  EX( I ,H ) |  =  t  and  Eu( I rH ) f  =  H .

The last c'ondit ion is superf lous r+hen B r t a bif lo luo 3y

f{9qg:. The proof is sinil_arto that of Theorem

mention that the . extension is defir,ua a" fo[ows

t t r  - t  \ \ r , /  . . - I i / l / v \ \(  ( I l t ( a ) - r I i x )  ) H ( g )  ) f  " \ r \ 4 ' "  f o r  ( x , g )  € t r t x  . , , , ( a , b ) .
_ l\, lJr

5.2.b i r ,  ;csozu].  \ , te only
.P

/ T  r r \ r /  \
\ r r t r /  \ x r g l  =

E



4 6 '
q tJ lixq$pJ-e-g In order to help the read.er to hav.e a lletter inslght tnto

* the role of Def' init ion 5.1 and. Thcorem 5,2 l ,re come baclc to, the usual case

X = ),* and ll = IPfn. let S be the set of the states of the cornputez: d.evice .
r
3 As 3{ we take Ffn(s;, t ire theory of part lal f irnc'bions over S. (Recatl that

Pfn(S)(r l 'n) . is equal to the set of al l  the pa.rt j-at functions f,ron S xfnfl

t o  SX  [n ] r  f o r  n rn€D{ .  )

. As H r,.ie talce the embedding of Erfn into Ffn(S) given by g€fpfn(m,n) l--ts

H(e )e t? fn (  s )  (m ,n ) ,  r , r he re

H ( s ) ( s r i )  =  ( s , g ( i ) ) ,  f o r  ( s , i ) € s  x [ m ] .

'  Note that l i  is a bif l-ow norphism, indeecl. In faci f f(g) gives the behavionr

of g, uhen g is thought as a program uithout statenenis.

In orCcr to 3et the scnantics of f lor,rcnart schenes over X rre st i t  l

.  need to knov t i re  behaviour  I ( r )  e  pfn(S)( i tv) ,o(s) )  o f  every atomic

staternent f6E . The monoicl morphi-sm I,EX->j, ior(pfn(S)) is the unique

n ^ . - t - - i  ^ *  J - ^  ^  * ^ * ^ i  J  - -extension of this funetion to a monoid morphism,

lhe mos'; ilnportant fact is that the bcha.vlour of a fl,rr.rchrirt scirer;re
'  

r cp rescn .bed  by  ( x rg )  e  F t -  , * - (mrn )  l s
f  

I  
' a ' * L L t  

'  |  \

( I , l I ) ' ( " , s )  =  (  ( I r + I  ( x )  ) u ( g )  ) . f , t ( * )  €  i p r r r ( S )  ( L n , n )  .

Therefore: the rnonoid rnorphism I gives thc behaviour of t t rc stateneri ts,

the f lorr  norphism l I  gives the beiraviour of the connect ion rrrornhisrns (seen

as protr i lms tr i thout siatcncnts, i .e.  containing onty agtps) aird 11re 1rnique
4

extension ( I r I I ) ' in  Theorem 5.2 g ives the resul ted.  behaviour  of  the

flolrchart schemes, represented. by pairs. E$

5-,_S:&4at:uon_bgli j_e*cli-a11s

The graph isomorphism is usualy used to defiine the ftolrchart scheme

isonorphism: tr , ro concrete f l -ol ichart  schenles are isornorphic,  (ec1ua1) i f
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tharr rra o' i "en by isonorphic,  labol- led'graphs. l le shal l  see in this sect ion

+ 1 ^ ^ +  J - " ^  * ^ ;  - ^  - ^ . ^ - ^ ^ ^ . ^ J -  ! l ^ ^rtlar rlro palrs reprosent the same concrete schene if and only if they are

simila.r via a bi jcction. But every conerete f lorichart scheme is representecl

h , .  ^ l .  
. l n ^ ^ J -  

^ 6 ^  * ^ i -  c ^  - - ^uy ar Jeasr one pair. So }re may id.entify a concrete f,lor,rshar:'b scheme r,rith

the set of all the pairs r,rhich represen't it. This r+ay ve get a sy+tactig

" nigdel for flor.r.chart sehemes r,rhich consist of classes of isOncrphic pa.irs.

At the beginning of this secjtion r.re lrork r.rith usual, concrete, nonCeter-

min is t ic ,  schernes,  i .e .  X =I .k  ana B =[ te l ,  the b i f lon of  re la t ions.
t

A nord IIeIJ( may be seen as a function r.r:  [ iwl]-+f which maps k to

the ic- th  te t ter  o f  , , r .  i ience a norphism j€Bio(x, r )  is  a  b i ject ion
L

i t f l " t l  -+ [ l y l ]  such  tha t  j y  =  x .

The monoid morphisrns iro:Z-r f i I  may be extenclecl in a unioue 1ray to

ssmc morphisns i ,o :  p i .9 [ te l  ,  c f  .  [CSSl lo  Tor  an je  Bj . * (xry) ,  the4 - r ,
ex tens ion  i (  j ) €  fB i ( i ( x ) , i ( y ) )  f u t f i t l s

( x )  i ( j ) ( i ( x , , r . . . * x - , r ) + t )x1  -F r .  .+x r_ , ,  )+ t )  =  i ( v1+ . . .+y j ( rn )_ t  ) - r - t

for every m€ [ lxl]  and t€ [ i tx*)].  I ' tre mcntlon this may be tatcen as the

def in i t lon of  i ( i ) .  An analogous proper ty  holds for  o :  E i r -* lRel .

?he schene represented  by  (x r f )  'n  
[ . lF r *u ]_ (arb)  tnay  be  seen as  a  g raph

ln the fol lor,r ing iray.(see I ' igure 2).

(1) There are a vert ices for inputs, b vert ices for. outpr-rts and lxl
'  

in ter rn l -  ver t ices labet led"  by x , [ l * l l  *+E.

(Z)  fne re la t ion f€ [ te ] - (a+o(x)rb+i (x) )  g ives a l l  the arro] rs  of  the

sclreme in the follorrring i.lay:

(prq)€f  for  !e fa]  and qefb l  i f f  there is  an arro i , r  f rom input

a, p to output c1 i

( p , b - r i ( x 1 . F . . . + x m _ 1  ) r - t ; € f  f o r  p € [ a l ,  m € [ 1 x l J  a n c l  t e [ i ( x _ ) l  i f f

1 therc is an arrol'r from. inpr-rt p to entry t of the stater,rent irhich lahels

vertex m i

t o o^/ V--LLY\ b



j f i' j s

(a . r -o (x ,  *o  . . *Xn_1  )+s ,q )  €  r

there is an arrotr from exit s of

to output q i

and te[i tx*)] i f f  there i-s an arrolr from exit s of the statenent- .  
111.,,

which labels vertex n to entry t of the statenent.uhich labels vertex m.

Suppose r,re have tr,ro pairs (x,f) and (yrg) i-n Flr.r, ,". ,  (arb), reprcsenting
_ r t s r v &

the schemes F and G, respec:t ively,  and a bi jeet ion jefBi.s.(xry),  This

bi ject ion i  gives a bi jeci ion between the . l -abel led.,  internal vert ices of F

and' the labelledr lnternal rerbices of G such that the eorrespond.ing

vertices have the sarne labeI.

Le t  see  the  mean ing  o f  the  b i  jec t ions  i (  j  )€  l l l i - (  i ( x )  ,  i ( y )  )  and

o ( i ) e B i - ( o ( x ) r o ( y ) ) .  r n  ( x )  i ( x r + . . . * x n _ 1  ) + t  r e p r e s e n t  e n t r y  t  o f  s t a t e -

ment  x*  r . rh ich  labets  ver tex  n  o f  l .  and  i (y r+ . . . * f  .1_1 n  )+ t  ncpresents
_  |  J \ r i l / _ l

entry t of statement yj{*1 (= x") which labels the eoruesponding vertex j(m)

of G. Thcrefore i( j)  is a bi jectj-on between atr the entries JfH4ot"r"rrt*

from r and all the entries oWHn*"*ents frorn G such that tr,ro entries

c:orr€sPo]1d by i(j ) iff they are the entries r.rith the sano nurnber of

a sta'cenent i'lhich labels tlro vertices that correspond" by j. Analogously,
[!n9Jo(i) is a bi. jection betr+een al l- the exits o?fi iatencnts from S and^ arl the

exits of the *atements f 'om G such that tr+o exits eo*espona by o( j) i f f  r
they are the exits r+ith the same number of a statement vhich labels

two vertices that c.orrespond by l.

i'Ie shot't that j€ *t (*rU) gives an isomorphism of Ir 6.nd G iff

f ( Io+ i ( i ) )  =  ( t r+o( i ) )s .  This  equal i ty  is  equiva lent  i . i i th  the fo t tor , r ing

fou r  cond i t i ons  a rb rc  and  d .

a )  (p 'q . )e  f  i f f  ( p ,q )€  L  fo r  pe [a l  and  q€  fb , l ,

i.e. in r there is an aryorr fromr input p to output c1 iff in G there is

. l
I

^  f  '  ' 1  :  Y  r  r 1  -  i -  -r o r  n e u x l J ,  s € l o ( x . - ) \  a n c l  q 6 l h l  i f f' L  
I l " J  a v L " ' J  r r !

the .sta'bement irhich labels vertex n



F r r
, q*'I
r1 i

an arro$ from inPut P to outPut q. ;

h \  ( n  h - i 1 . 2  * . o . + X  , ) + t ) € f  i r " f  / n  h r i / ' ,  
I  t

w l  \ y ,  v r r \ ^ 1  -  
n _ t  

.  * r r  \ I r ,  r r . f r \ J ' 1  * . . . i - f  . ( l T ) - t  ) + t )  6  *
.  |  . J \ r t r l - l

f o r  p€ [a l ,  rne l l x l l  ano  t€ [ : . ( " * ) I )

i "e. in I '  there ia an arrorr from input'p to entry t of the stateraent

which labels vertex m iff  in G there is an arrow from input p to ent::y t

of the staternent which labels the correspondrng vertex j(n) i

- \  |  - i - -  \ , ^  ^ \ / f  ; f f  l ^ , ^ ( . .  . ,  \ , ^c )  ( a + o ( x t  r . . . * r { r . , _ 1  ) + s r q J  €  f  r - f r  ( a + o 1 y 1 * . . . + } 3 ( n ) _ 1  ) + s r q )  6  *

fo r  ne f | * l ] ,  
"  

€  f o (x r r ) J  and  q€  tb l . ,

i .e. in F there is an arror/ frori  exit s of the statenent r,rhich labels

vertex n to output q iff in G there is an aror.r frorn exit s of the

statement vhich l-abels the corresponding vcrbex j(n) to output q i

d )  ( a + o ( x j + . . , + x n _ 1  ) + s r ' i : r i ( x t * . . . * X , n - 1  ) + t ) € r  i f f  ( a + o / i ,  -  r 1 r( y t * .  . * Y j ( n ; - 1  ) - r s ,

b+ - i ( v , ,+ . . .+y j (m)_ t  )+ t )  €  g  ,  f o r  n ,n  € [ t " f  l ,  s  €  [o (x r r )1  and  ' r i  e [ i ( * r ) l  ,

i .€. in F there is a.n arrort from exit s of the stateneni; l . lhich l-abels

vertex n to entry t of the staternent r.rhj-ch labels vertex m iff  in G

there j-s an ar:roir frorn exit s of the statenent r.rhich labels vertex j(n)

' l :n  r .n1:r^r r  t  n f  t l re  s ta 'cemcnt  l lh ich labels ver tcx j (ur)  ,v v  v r r w a l  J \ ! r , /  t

These facts l -ead to the fol lo 'ning resulto

5.1**?-rpp.o.] i - i 'c io4. The schemes represenied by (x, f)  ancl  (yrS) in

Fl= nr^. ,  (arb) are isonorphic i f  and. o:"r1y i f  there is a l -sortccl  bi jec-bion
41lr\w t

j € B i " ( x , y )  s u c h  t l r a t  f ( I o + i ( i ) )  =  ( r u + o ( i ) ) e .  E {

In  th is  case l re  say  tha t  (x r f )  and (y ,g )  a re  s in i la r  v ia  the  b i jec t ion  j .

Tho .resulted concept of s imr-r lat ion by bi ject ions nay be l i f ted to the

general  f rane usecl in Sect ion 5 as sirnulat ion via ad-base morphisns.

I'or a monoid I.i we clbnote by [Bi]i the initial i ' i-ssrnc. ', ' lhen I'1 is a free

rnonoid. S* l' le have a clean model for E3i*rr narrrely 'bhe ssnc of all l i-sortecl

bi ject ions..  1 ' /e do not know such a model- for an arbi trary monoid I , l .  1 'or '

i
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a frec monoid the fol lowing result is covered by Theorer.r . in fcsol].

S.,alg.qngstll9g' rf ]l is an ssmc ancl

then there j-s a unique ssrilc morphisrn ]{:

every x  €X.

h:X.- |0b, (B)  is  a  raonoid

EiX -* E suclr. that H(x) =

rnnmnt r r i  ^ *
r . r v r  y f  r J D l l ,

h ( g )  f n r

gfoqL let htr(B) bc the {-ssrnc d_efined by:

h t r (B ) (x , y ) :=  B ( r r ( x ) rh (y ) )  ;  f g :=  fg  ;  f - r -g :=  f - rg  i

f o r  x r y € x  r " , =  r h ( * ,  a n d  y * r y , =  
' W n ( x ) r h ( y )  

.  .

r 'e t  En:r rn( ] ] )  - )B be the ssrnc morphi -sm def ined by Er- , (x)  = t r (x)  for  xex,

and tn(f) = f for f  rnorphisnr in hu(B). since IBi" ts the init ial x-ssmc

there is  a  unique x-ssmc morphism I { ' :  x3 i "* r r r t r ( r ) .  I I : -  I { t th  is  an ssnc

raorphlsm anrl I I(x) = h(x) for every x€X. Sfl

A nn ' l  
" . i  

r  x  . t -1^  i^ lpry lng rnr-s  proposi t ion to  the monoid raorphisms i ro :x+ob(3)  we

obta in t r , io  ssmc norphisms ibrob:  Di r -*B sr - rch t t ra t  ib(x)  = i (x)  for  x€x,

and ob(x)  = o(x)  for  x€X.  I t row r+e nay say t r , ro  pai rs  (xr f )  and (yrg)  in

Fl " ro(arb)  are s i rn i lar  v ia  an ad.-base morphism ieBi r (xry)  i r
h  u  

r r

f  ( r o + i - o ( i  ) )  =  ( r u + o b (  j  ) ) e .

l laving in mind othcr examples of simulations rre prefer to r+ork even

more abstract: lie replace fB1* by an arbitrary x-ssm.c y and tlre ssmc

mnr .nh i  cnc  . i  b  ^b  l ^ - '  + , ' ^  ^ -1^ i  r - ^ ^ -  '  .  
t  '

! ,vr  l , r t rDr.r-  _L ,  u by trro arbi trary ssrnc morphisros i ,  o :  y _> B. (  In this case

F 
*r,  is bui l t  up using the restr ict ions of i  and o to the objects of y.  )

l ' le d'o not give a deep study of this abstract sirnulation i.n this paper. i./e

only glve the clefinit io4 and some propert ies ve need. All  the hypothese-s

on Y lrg shal-l use in flre next section are var-id r,ihen y = Bix.

T r-_i[b; tqact gjn+il-.ali oe

Throrrghout this Section X 1s a monoid, y j-s an

and. i-, o: Y -) Il are tlio ssmc morphj-sns "

X-ssmc, 3, is a bif lor+
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? .1 Dqf in i j ign.  Suppose we are g iven t r ro  pai rs  (xr f )  and (yrg)  in  ,

. [ I ] * . ' , ( a 9 b . ) . t r , i e s a y ( x , f ) a n d . ( y , g ) a r e @ , a n d . r , l r i t e? :  t r r l J _

( - r  f ' t  - - b  / . "  - \  ; - e  + l r  , . i / - { \ \  / r  - / : \ \ . -  |  ar t e t ) " - 2 ,  ( y r g l ,  r - r  f ( I b + i ( j ) )  =  ( I u l _ o ( j ) ) g .  ( x r f )  - _ ) ,  ( V r e )  m e a n s
+

:  (x r f )  - * '  (y rg )  fo r  some j€Y(xry ) .  The re l -a t ion{ "  i s  ca l led  s imu la t j -on
d . L

(.vlA Y-nrolphi srnil. ffl

An easy computation shoirs ihat

n r  r : l r o z r l r  v  v C Y7.2 LemnA. For  every xry€X

( x + y ) o ( \ u , , r )  * * ,  i ( H . , , ) ( y + x ) .  .' r ' r J  
Y -x ry  r x rY

?.i Lemma.. The simulai j-on relation * '  iu a preorder, compatible to

the flolu operations, ; :

t

P r o o f .  C l e a r l v  ( n - f )  - ) '  ( x . f ) .  I f  ( x - f ) .r - y  ( x r l J  - I u  ( x l f ) .  I f  ( x , f  )  + ,  ( f  r a )  a n d  ( y , s )  * t  (  z , h ) ,

then (x,t) * io (zrh). I lence simul-ation i-s a preord"er. The eompatibi l i ty

is proved by the follor,ring easy checired fact.
) (:----.''" -t l f  ( x , f )  * . '  ( y , s )  a n d  ( x ' r f ' ) * n  ( y ' r g , ) ,  t h e n :

-  ( x , r ) ( x r r f r )  * * , , -  ( y , g ) ( y , " g ' )
J+K

-  ( x r f  )  +  ( x ' r f  t )  * . _ ,  ( y r g )  - r -  ( y t  r g ' )
J 1-.r1"

tl .-  1 a ( x ,  t )  + .  f t ( y , g )

r n s e .  @

?r4 l.qmla.. If every morphism in Y is an isomorphisni, then the simulatlon
' iefat ion 

is a f lor.r  congruence relat ion,

Progf .  t le  have to  sho l , r  tha t  - ) - .  i s  svnmet r ic .  r f  (x r f )+y  (y rg)  inJ . "

F f * - 3 ( a , b ) ,  t i r e n  t h e r e  e x i . s t s  j € Y ( x r y )  s u e h  t h a t  f ( I . + i ( . - \ \  t r  - /  j \ \
A r D  h  , J i i  =  \ l a + o \ J i J 8 "

s ince  j  i s  an  isonorph i -sn  there  i "  j -1  in  y  such tha t  q (  f .  . *  /  * -1  r  t

( r o - r - o ( i - 1  ) ) r ,  h e n c e  ( y , e )  * ;  ; . : ; ,  .  ;  

" '  r  - ' . - ^ '  \ * b + 1 \ r  ) )  =

/

/ 7.-5.-f,emma-n. Suppose N is a flovr congrlrencc rela-bion in [FI,. o sucir ilrat
^ r D

( x + y ) o ( q , . , " . , )  r t  i ( \ r * , , ) ( y . r x )  f o r  x r y € x .  T h e n' ^ r J  ' x r J



l

r'l {i} '

#4, d-/

( i )  r r  ( x , f )  * * r  ( y r e )  f o r  a n
J

a(-base morphism, j ,  then (xr f )  nr  (yrg) ,

by /v is- a bif lon.

. t  \

a+x )  f  ) f * * ^ /
- '  

)  )  { t o * * o (  i  )  ) e ) * i ( v )

i s  a  f l o rE .  Suppose  ( x , f ) : a - )b

(i i ;  The cluo'bicnt of trtrrO

. B,eop.f- l 'he relation x o(j) N i( i)  v holds for eve:.y a(-base norphisn

i6Y( :< ry ) .  rndeec f  i f  3  =  r *+yy r r - r ru  then  ( x+y+z+v )o ( i )  =  x - r - ( y r - z )o (q ' r " )+v

rv x+i (1y,  , ) (z t -y) ' l -v  = i ( j ) (x+z+-yr-v)  a .nc1 a s inrp le induct ion f in ishcs.bhe proof .' J  t L

( i )  Supposc  ( x r f ) - * .  ( y re )  i n  F l *  U (a ,b ) .  l i r i s  sho r . r s  t ha t  f  -

( t r + o ( j ) ) s ( r r + o ( i - 1  ) ) .  I . i e n c e  ( x , f )  =  ( ( r

=  ( ( r r r - x o (  j ) ) s ( r u + o (  j - 1  ) ) ) f i ( " )  =  ( ( r a + o ( j

o  ( ( r . + o ( j - 1  ) o ( j ) v ) e ) f i ( v )  =  ( y , s ) .

( i i ;  By fheore{L z.&.4 in fcss?a] Ftrro

and (y ,  e )  :  c  - *  d .  S ince

Yi , r (  ( x '  f  ) - r - ( v ,g )  )  *  
, J ' _  . ,  

(  ( y , s )+ - (x r f  )  ) f  , ,
" ,  J

U e  d e d ' u c e  t h a t  
% " r ( ( x ' f ) + ( v , g ) )  

. v  ( ( y , g ) + ( x r f ) ) \ 5 . , n  ,  t h e r e f o r e  t h e

cluotient of D't*ro by ru ful-f i ts B1o. Ry cora.l lary 1.2 this shor.,,s trr,r/^

is a bifior.r. ffi

7.6 &'-qlrrosi iron'. I f  every norphism in Y is i in aX-base rnorphist1, 6rcn bhc

sitmr-1ati6n reration -), is the least colr6rlrence rcration on o'rrro rrhich

con ta ins  (  ( x+y )o ( t " , u )  ,  i (F " ,u )  ( r+x )  )  f o r  x ry  (  X ,

Pro-gt As everlr ad-base norphism is an isorrrorphisrn

'Lemmas 7.2, -l 
.3 and" 7.4 that the sirm_r.Iation relation

re la t i on  wh ich  con ta ins  ( ( x+1 ' ;o (g .  
. , ) ,  i ( t 1 -  . , ) ( y+x ) )' ^ r J  , I r J

r'' .  I t  f  o l loqs from Lernma T. 5. ( i )  that

AJl-.t,enng., Let Bt be a bifl-ou and I,. [Il,KrB*Br a flo1 norp]risn. If

( x r f )  - * r  ( y r e )  f o r  a n  a i l - b a s e  m o r p h i s r n  j ,  t h e n  F ( ( x r f ) )  =  l . ( ( y r g ) ) ..  J  
\ \ - - r - l /

Lrogfr, Let ru be the congruencc rcration oi1 D,' , .r,u ctefinecl by (xrf) ru (yrg)

i f f  F ( ( x , f  )  )  =  F (  ( y , g ) ) .  s i n c e  r ' ( ( x * y ) o ( g " , u ) )  =  ( r r ( x ) + I ' ( y ) ) \ f , . , ( o ( x ) ) , r , ( o ( y )  
)

.vre d.educe frorir

is a congrllence

f o r  x r y 6  X ,  . 1  -
-)" is the least or:.c. ffi
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\
= ' f : r ( i (x ) ) ,1 , ( i (y )  

; ( r (v )+r (x )  )  =  t r ( : (y * -u )  (v+x)  )  ,  the  resur t  fo l lovs  by

; B.pprying lemrna 7 .5 . (i ) . m

B. The l l l f lov of l ' lor ' rchart  Schenes

Assurnc X is a rnonoi-cl,  I l  is a bif lou and iro:X -FOb(g) are trro r i tonoid

norphisrns. let p be the least congruence relation on Flo * r^ihich contains
L, JJ'

( ( x + v ) V " ,  .  \ &  - r ( y - r x ) ) ,  f o r  x r y € X .\  \ ^ - r J  /  \ o ( x )  ,  o ( y )  '  I  i ( x )  ,  i ( y  i

By Propositions 6,1 anrl 7"5 (ancl the observatlon that in D3r, every morpi:isn

is a.n a(-base norphism) rre roay identify a'bsjurqct flovcir-art sqherncs iriih

elernents in E r,o/*. Th.ls cruotient Ft",r/ .  is denoted" by Fa"rr. By

Proposit io i l l .5.( i i ;  i t  is a bi f lo l ' i ,  uhich we cal l  the b:- f lo ir  o-f  f lor.rc lu:r t/\

schernes rtlth stateraents fr-ojr l( and connec';ions frorn B. The factoriza*Lon

L
. morphrsn is denoted by :Pi lFl-,. o.* ['S.. r] ,

J " U

9-J_l]IpLgsilioq* I'or every flov rno::phisn F: [r1-, ' '*]l lt, vhcrc Br is er
4 r D

" n i  r . l  n r . r -  t i r o r ^ o  i  (  i r  l r n i  n r r o  - l l  n r . r  r r n y . n l r i  q r r  ; , t f l .  m S ' ,  - - +  p l  c r r n l ,  - 1 . ^ .  , h . +  nv : r - L u v ,  t  u r r u r  u  r b  e  u r 1 l L l L r s  r r u u  r . r u I ' i J : I - L l l l . l  
"  

t  * O X ,  
B - 7  

t j  '  I l L l C i ]  ; j l a T  l ' - b

P r . o n f  .  R r r  R 1  O -  T ' 1  / - - . . r \ r P  .  \  -  n / i r t  .  ( \ r + v )  )  h n t , l* L L ! l t 1  D J  D r v r  r \ \ x - F y / v ^ r - \  . , ( . r , \  /  =  r \ \ l  / - )  . i 1 , ,  1 ( v + x ) )  h o l d s  i n  B r  f o rr u \ , \ . , /  r u \ J  /  r I \ n /  r r \ J  /

every xrv€ X" l ience t l :e conclusion fol lor.rs. f f i

.  
9."f 9@]9IL. I f  (I ' I{) is an interpretation of X and B in a blf lov B',

, - -  - . . ' b  L ^ .then there is  a  uniquc b i f lor+ norp l r isn ( I ' I I ) " :  FS. ,  - ->Bt  such that
L,  b :

.  ; - '  rP l -  t r rb  T  ^ .^ r  
L  1 \ '

--P(Ir l I) " = I and E.' . ts(I2lI) " '  = I{.
; \ t

3fg9&- Apply Tl ieorern 5nZ and. Proposit ion 8.1. Fl
;

v r r + v  y c * I / v 4

vers lon of  th is  resul t  was presented in  fSt8gal ,  but  there are s i . rn ' i f icant
L -  

-  - ' J  t

\  o f  t h e  o b . i e c t s  o f  B ; i
l  '  '  

'  
t ' " * - " -( i i )  the monoid l  j is  rep laced here by an arb j - t rary  n ionoid l  ( i i i )

'  +Le free nonoid. of statements is replaced he.re by an arbitrary monoid; and.v r t



f t l
d'1

(iv) the bj-flow norphisms are al-lowed her:e to cha.nge the objec,ts in a

rnonoid no::phlsn mannere This theorem has many consequences. \, le shetch

here tr.ro of them.

1 , snppose x is the free monoid generated by E , li i-s a nonoirL and
rx.

i ro:[,} i ' l  are t lro monoid. morphisms, l ioreover, assune ue r, lorl l  in the

category of I'l-biflor,rs. Then an interpretation of Z in* an I.I-biflou ll is

a  func t i on  I : { .+ i , l o r (S )  such  t i : a t  I ( x )e t ( i ( x ) ro (x ) )  f o r  eve l ' y  x€X .  An

I,'i-bifl-ov B is freely generatect by ), if -bhere is an intcrpretation rg of

: in B sr,ich that for every I'i-bifloli 3r and every interprietation t of: E

in 3t there is a unioue bif lolr norphisn r*:B->Bt such that r*r 'h = r.

i'ie d.ed.uce froro Theorerc 8.2 t"lnatz

- if Il 1s the initial l'1-bif1or,r, thcn

generated. bv X ;

- for every l,I-biflor,r B, tire i'i-bi-flov

the I'I-biflol+ freely generated by [ "

thc ll-bifloi.r tr'tS 
O is freety

FS. '*r ,  ls the coproduct of B with
a r D

2. I t  is known in Ecluat ional Logic that an equat ion s is cledr,rct ible

r ' ron a set iJ of  ccluairons i f  and onJ.y i f  e is sat isf icci  b;r  cvcr l '  r ' rcc

algebra in the var iety of algebras sat lsfying E ( se e ;Ci, tA: i l ) ,  Suppose we

t+ork j-n the category of S*-bifloris. !/e knor.r that the biflolr of S-sortect,

b i j cc t ions  f t3 i .  i s  the  in i ' ; ia l  S* -b : f low.  henep r , - r r . .  io  r ;hc  S '^ -b i f l -oy- - S  - "  r  r r v r l u v  
" - > T B i S  

. o  L

f reely generated bV X .  An equat ion using bi f lorv op.era-bions is sat isf j -ed.

in Flr, *o for all X if and oil-ly if it is deduciible from the axiorns^r - rs

of Sx-liflows. Therefore the axioms for S*-biflorvs (and equationa.l ]ogic)

give an axiomatizat ion for f lowchart  schef ires connected by S-sorted

b l j  e c t i o n s .
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