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L prob1em of moments conslsts ln characterlzlng the sequence of mo-

t n r l t ; o t ,  n € l N r
r
I

a = l
n J

IR

of  a measurabLe funct lon f  (wl th  prescr lbed suppor t  in  R)  which sat ls f ies

O l  t<  L  a .e . .Th l s  p rob lem was  fo rmu la ted  and  comp\e te l y  so l vcc i  by  Akh leze r

and  K re ln  l n  t he  th i r t i es , [2J  and  [1 ] ,Moreove r , these  au tho rs  ana lyzed  i n

de ta i l  seve ra l  ram i f i ca t i ons  o f  t he ;p rob lem,a .s  fo r  i ns tance  the  l oca l i za -

t l on  o f  t he  suppor t  o f  t he  func t i on  f  i n  t e rms  o f  t he  sequence  ( t ) , t t r e

genera l i za t i on  to  1 'unc t i ons  w i th  unboundec  suppor t r t he  Cesc r  i p t i on  o f  t he

ex t rema l  cases ,anC so  on .A  pa r t  o f  t hese  resu l t s  were  l ndependen t l y  ob -

ta lned  l a te r  by  Vc rb lunsky  [ t e1 ,see  [ ] J  f o r  f u t l  de ta i l s .

In  a prev lous paper  [1  5]  we have character ized the moments

(
I  m,n=  
\ " " ' u " * ( z ) d 7  k ) ,
c

m r n € f i ,

o f  a  c o m p a c t l y  s u p p o r t e d ' f u n c t i o n  g  d e f i n e d  o n  0 , w h i e h  s a t i s f i e s  O < g - .  l ,

Y-a .e .  rwhere  P s tands  fo r  the  p lanar  Lebesgue measurc .

The a im o f  the  present  paper  i s  to  cont inue the  s tudy  o f  the  two-d imen-

sLonal L-problem of moments begun in F: l  ,by glvlng anal-ogucs of some of ' . '

t h e  c l a s s i c a l  r e s u l t s  o f  A k h i e z e r  a n d  K r e i n . A s  a  m a t t e r  o f  f a c t  w e  u n i f y

the  apparentLy  d j - f fe ren t  approachos used in  so lv ing  the  above nent ione< i

moment  p rob lems.

The ingrod len t  wh ich  l ies  a t  the  hear t  o f  the  two mcthor is  l s  the  phnse

s h i f t  o f  l , i . G . K r e i n . T h i s  w e l l - u n d e r s t o o d  o b j e c t , c o m i n g  f r o m  t h e  p o r t u r b a -
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t lon theory of  se l f -adJolnt  operators

cal  in terpretat ions of  the sequences

the  i nessen t i a l  no rmaL iza t l on  L * l  , t he

b l l shed rsee  Sec t i on  2 :

,prov ides some l l luminat ing geometr l -

( 1  )  a n d  ( 2 ) . T o  b e  m o r e  p r e c l s e , a f t e r

fo l lowing b i ject ions can be esta-

d l m . funct ions operators moments

t

f  € !:omp (lR)

0 ( f -< 1

A , A ' <  t ( H )

A*=A

A,=A+ Jo I
H= VAk5.  ek)z o

&r ,  =  (n+1  ) - t  t " (  ( t ,  ) n *1 - t t * l  )

2

ee l lo*o(o)

o < g < l

A r A f  a  L ( H )

Af*A, A r*=1 r

er [ l ,a ' ]  =5"1
H = V l k r , l t , k , ] . ," >f,,

. , nn  =  n -1  ( r *1  ) -1  (n * t  ) -1  
' .

, t r [ ( n - i A , ) t * 1  ,  ( l + l A ,  ) n * l

l l e r e  l l  d e n o t e s  a  f i x e d  s e p a r a b l - e  c o m p l e x  I l i l b e r t  s p a c e , a n d  V  D  s t a n d s

f o r  t h e  c l o s e d  l i n e a r  s p a n  o f  t h e  s u b s e t  n C H .

In  the  above tab le  f  i s  the  phase sh i f t  o f  the  per tu rba t ion  prob lem

A - * A r  a n d  g  t s  t h e  p r i n c l p a l  f u n c t i o n  o f  t h e  p a l r  o f  s e l f - a d J o i n t  o p e r a -

t o r s  ( A r A , ) r c f .  s l e c t i o n  2 . / r f t e r  s o m e  e x p o n e n t i a l  t r a n s f o r m a t i o n s  o f  t h e

m o m e n t s  ( f o r r n u l a e  ( t o )  a n d  ( l Z 1  i n  t h i s  t e x t ) r t h e  a b o v e  d i c t i o n a r y  b e t w e e n

o p q r a t o r s , f u n c t l o n s  a n d  t h e l r  m o m e n t s  b e c o m e s  . e f f e c i i v e .

T h l s  i s , w e  b e l l e v e , a  p r o p e r  w a y  o f  s o l - v i n g  t h e  t w o  L  p r o b l e m s  o f  n n o -

m e n t s  a n d  t o  r e a d  o n  t h e  m o m e n t s  s e q u e n c e s  p r o p e r t i e s  o f  t h e  r e s p e c t i l ' c

func t ions .0 f  course , f ina l l y  one can drop  the  opera tor la l  p ic tu re  n i thout

a f f e c t i n g  t h e  r e s u l t s .

Among the  two-d imens iona l  counterpar ts  o f  the  resu l ts  o f  Akh iezer  and

Kre in  p resented  in  th is  paper  we ment ion :  the  loca l i za t ion  o f  the  suppor t

o f  t h e  f u n c t i o n  g  i n  t e r m s  o f  i t s  m o m e n t s  ( i ' h e o r e m  4 . 1 ) z  t h e  r i g t d i t y  o f

those func t lons  g  w i th  ex t remal  (degenera te)  kerne ls  o f  rnoments  (Theorem

5 . 1 ) i  a  n e c e s s a . r y  c o n d i t i o n  f o r  a  d o u b l e  s e q u e n c e  l i k e  ( 2 )  t o  r e p r e s e n t

the  moments  o f  a  func t lon  g  as  above w l thout  res t r i c t ionsJ  on  the  suppo i t

(  T h e o r e m  4 . 6 )  .
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The paper  i s  o rganLzed as  fo l l -ows.Soet ion  2  l s  ma in ly  doscr lp t l ve  and

r e c a l l s r f o r  t h e  c o n v e n i e n c e  o f  t h e  n o n e x p e t L ' , :  r e a d c r , t h e  r e q u i r e d  b a s i c

proper t ies  o f  the  p t rase  sh i f ' t  and  l t s  two d imcnstona l  ana. logue, the  pr inc i - -

.pa l  func t ion .Though no t  newr the  resu l ts  d iscussed in  Sec t lon  J  a re  ln te r -

p re ta t lons  o f  Akh lezer  and Kre ln rs  theorems w l th in  the  f ramework  o f  per -

turbat ion theory.

Sec t ion  4  conta ins  the  mai -n  two-d imens iona l  resu l ts  and Sect lon  5  i s

devoted  to  an  ana lys is  o f '  the  ex t remal  L -prob lems.

The paper  ends  w i th  some comments  and open ques t lons .

The author wishes to thank his col leagues from lrrak6w for st lmulat ing

d i s c u s s l o n s  o n  t h i s  s u b j e c t . T h l s  w o r k  w a s  s t a r t e d  d u r i n g  a  s h o r t  v i s i t  a t

the  Jag ie l lon ian  l ln ivers i ty  o f  Krak6w,dur ing  the  Spr ing  o f  1988.

2 .  Pre l .  im inar les  f rom ner tu rba t  lon  thegr .y

Th is  paragraph is  ln tended to  gu ide  the  non- famj - l ia r j . zec l  reader  th rough

t t re  bas lc  theory  o f  the  phase sh i f t  and some o f  i t s  app l i ca t ions .

L e t  A  b e  a  s e l f - a d j o i n t  o p e r a t o r  a c t l n g  o n  a  f i n i t e  d i m e n s i o n a l  l l i l b e r t

space  l t , and  1e t  l . ,  ( n )  - .  t r z (A )  -<

w l th  mu l t i p l i c i t i es .  An  app l i ca t i on  o f  Couran t ' s  m in imax  p r l nc ip l c  sho ' , r s

that  the e igenvalues of  a  rank-one per turbat ion f r ' ' ,=A+ !e!  o f  the operator

A  separa te  the  po ln t s  t r - (n ) . I n  o the r  t e rms  one  has  the  i ncqua l i t i es :. J

\ { a ) - <  2 r { r t ' ) - { . . .  - .  l r , _ 1  ( A ' ) <  t r r r { r ) (  l r , ( A ' ) .

Thus the character ls t ic  funct ion 
? 

= 
I  tXo. ) ,  t r ( , r : i l  conta ins

complete spectral inrormatlon about tnl  o" i ; I" ; ; ; i ; '^---- i l . t ' t ru,,  i t  ls in-
media te  to  der ive  th i  1 'o l lo iv ing  ident i t y :

(

3 )  r r ( p ( A ' ) - p ( A ) )  =  \  p ' ( t ) 9 ( t ) d t ,
J l

IR

fo r  an  nrb i t ra ry  po l .ynomia l  p<  Cf tJ
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I i rhen A nnd Ar  are se l - f - r id jo in t  operators nct ing on an tn f ln i te  d lmen-

s iona l  l l i l be r t  space  l i , and  A ' -A=  !g !  i s  a  rank -one  ope ra to r ,a  re rna rkab le

theo rem o f  l { ,G .K re in  f lZ ]  a . sse r t s  t ha t  t ho re  ex i s t s  a  func t i on  ?€L :^ - ^ ( i l i )I  comp
O < c 0 4 1 , c a l I e d  t h e  n l r a s e  s h i f t  a n d  d e n o t e d ( = 9 ( l ' - * A ' ) , s u c h  t h a t  r e l a -

l - l l

t ion ( l )  ho lds. In  fact  on ly  the assumpt ion Tr ln ' -n l<"o is  necessary for .

t he  vaL ld i t y  o f  t h i s  resu l t , see  [ lZ ] , [ t oJ  and  [ tZ - ]  f o r  p roo fs  and  re la -

ted quest ions. I t  is  wor th ment ion ing that  throughout  th is  paper  a l l  ope-

rators are supposed to be bounded.

I f  A i=A+ !e !  f s  a  pe r tu rba t i on  as  above ,a  po l ,e r  expans ion  o f  t he  re -

so lvent  funct ions near  ln f ln i ty  shows that  ( l )  ls  equiva lent  wi th :

( 4 ; d e t  (  ( A  ' - z )  ( t - z ) - l  )  -  e x p ( z € 0 \ R .

to  in f in i te  mat i -ces  o f t h e  f o r m  I + C ,

(

\ . p f t ) f t - z ) - 1 a t ) ,
J l
a

r (
)  

f t - z ) - 1 a v 1 t ;  -  e x p ,  
I q ( t ) ( t - z )lR nr

respect ive ly  the mul . t lp l icat ive representat ions

belongin.g to  the Nevanl - lnna c las"  t=  
[ ] ' :C*- - - -+ 0* ;

t 1
where X, 

*= {z 
e t', t Imz.> oJ .

Here the determinant  is  extended

f r l C l ( o o  , s e e  [ r O ] ,

In  fact

are  the  add i t i ve  and

ana ly t i c  func t ion  F

ana ly t i c ,  l ' ( ' o  )= t \  '

= 1  * (C l - r I l y , ; )

= 1 +  I
a

o f  e in

F

d e t (  ( A  , - z ) ( A - z ) - 1  )  =  d o t  ( r + ( ! o ! ) ( i t - z ) - 1  )

( r - z ) - 1 o y ( t ) ,

w h e r e  d V  ( . ;  =  ( e l ( . ) f  , f  ) , a n d  i l  C e n o t e s  t h c  s p e c t r a l .  n e a s u r e  o f  t h e  o p c -

ra to r  A .

By wel l  knovrn resul tsrconta ined for  instance j r r  f4J,

( 5 )  t ' ( z )  =  1  + - ' u * )
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representat lons rea l l ze  a  b l j ee t i on  be tween  the  fo l l ow lns.  The preceding

se ts

-Borel

{> .O

supp( v ) g {{ '

measure

)(ilR

1 €
0:;:'T',]

fn eonclusion state the next .

P R O P O S I T I O N . 2 . 1  l e t  A  b e  a  b o u n d e d  s e l f - a d j o i n t  o p e r a t o r  w i t h  c v c l i c

v e c t o r  f  . T h e  p a l r  ( 4 ,  t  )  i s  r t n i q u e l . y  d e t e r n j - n e d  u p  t o  u x i t a r y  e q u i v a l e n g c

b y  t h e  p h a s e  s h i f t  o f  t h e  p e r t u r b a t i o n  A  *  A +  f e j  .

I l v e r v  f u n c t l o n  q  €  t l ^ - ^ ( A ) , 0 - ( 9 - <  1  i s  t h e  p h a - s e  s h l f t  o f  a  o n e  d i -r  _  
c o m p _

m e n s l o n a l  n e r t u r b a t l o n  A  - +  i t  *  g d 9 . t  .

we can

The ldea of  the proof  ls  to  explo l t  ln  both

rep resen ta t j -on  (  5 )  .  t naecd ,  t he  coup t .e  (A ,  j  )  ,  o r

termined by the neasure dt  =<dU f  , t>  ,and the

by  the  func t i on  f  appear ing  i n  (5 ) .

Converse l J ,any  func t i on  g  a  t l o *p ( t t ) ,  o ,< (41

means  o f  re la t l on  (5 )  rana  th l s  measure  un lque ly

ra to r  A  w l th  r i i s t l ngu i shed  cyc l i c  vec to r  f  .

s e n s e s  f o r m u l a  ( 4 )  a n d  t h e

e q u i v a l c n t l y  ( A , A ' )  , i s  d e -

measure  dV is  de termined

, p r o d u c e s  a  m e a s u r e  d J  b y

d e f i n e s  a  s e l f - a d J o l n t  o p e -

Let  us  no te  f rom the  re f ined d ic t lonary  be tween dV and cp  conta ined

l n  f 4 ] , t h a t  t h e  s e l f - a d J o i n t  o p e r a t o r  A  w i t h  c y c l 1 c  v e c t o r  ,  i s  p u r e l y
1

s i n g u l a r  i f  a n d  o n l y  l f  t h c  f u n c t i o n  
?  i s  e q u i v a l c n t .  i n  t ' ( f t )  w i t h  t h c

c h a r a c t e r i s t i c  f u n c t i o n  o f  a  B o r e l -  s e t . l n  p a r t i c u l a r , a s  w e  h a v e  a l r e a d y  s a w ,

the  phase s l r i f t  o f  a  per tu rba t j -on  prob lem o f  f in i te  c i imens iona l  opera tor .s

is  in teger  va lued.

The l l s t  o f  , the  proper t ies  o f  the  per tu rba t ion  A- - tA  I  and the i r  e f fec t  , -

o n  t h c  a s s o c l a t e d  p h e i s e  s h i f t  m a y  c o n t i n u e , s e e  [ + l , J t 2 ] , [ t o J  a n d  [ A l .

In  the  remain ing  par t  o f  th ls  sec t ion  we sha l l  d iscuss  some aspec ts  re -

l "a ted  to  the  t r+o  d imens iona l  ana logue o f  the  phase s t r t f t ,namely  o f  the

pr inc ipa l  func t ion . ' l l here  ex is ts  an  ex tens ive  l i te ra tu re  devoted  to  th is

s u b J o c t , c f  .  f t  4 J  , f f | ,  [ 8  J  , I r r , J . T h e  e s s e n t i a l  p r o p e r t i e s  o f  t h e  p r i n c i p a l

f u n c t l o n  n e e d e d  f o r  o u r  p u r p o s e s  a r e  s u r n m a r l z e d  i n  f 1  5 ] , a n d  w e  s h a l l  n o t

repeat  them.  '
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le t  A,A '  bo a pal r  o f  se l f -adJoint  operators wi th  one d imenslonal -  eom-
mutator .Af ter  a  possLbre change of  A wl th  A '  we may a.ssume that

fo r  a  nonze ro  vec to r  )a  U .w i th  these  assumpt ions r the  (hyponor :ma l )  ope ra to r
T=A+iAr  sat is f ies [ r ' * , t ]  =  {sT .

An impor tant  resul t  o f  Carey-Plncus [ -71 and ] te l ton- ] towe,see fB] ,grves
the analogue of  the t race formula (3)  z

-  ( 6 )  r r f o r r . r * ) . n ( r . r * i l = n - ' l t S o a o i - " - \ - r r -
f p \ r , t  ) t r { r r , r " J  

J  
- - d q d p ) g f o l ,  ,

va l1d  fo r  any  po l ynomla l "  p ,  qe  c l z , zJ . f t re  func t i on  B '  l s  measurab le ,
w l th  compac t  suppor t  and  sa t i s f l es  O<  gT<  1  l t - a ,e . .

I n  ana logy  w i th  i den t t t y  (4 ) , re ta t i on  (6 )  imp l tes :

(
( ? )  de t ( ( r - " ) - 1  ( r * - z ; - ' ( r - r , ) ( r x - z ) )  =  exp ( -  n -11 , ,  - r , , - ,  t s  - , r . - 1s r (5  ) d f - ( ) ) ) ,

c

for  large va lues of  lz l  and lu l  . l4oreover ,

d e t ( ( T - w ) - 1  ( r * - z ) - t  { r - u r y  $ x - 2 1 )  =  d e t ( 1 + ( r - w ) - t  ( r ' *  - ? ) - 1 [ r , r * ] )

= 1 - (e*-zy-1y , (r*-r) -rf> 
,

'  w h e f r c e  o n e  o b t a i n s  t h e  i d e n t i t y :

This re la t ion was explo l tod in  [ t  l ]  for  so lv lng the two-d imensional  L
p rob lem o f  momcn ts .

A c lass ica l  by now theorem of  P lncus t f  + l  asser ts  that  there ex is ts  a
b i ject tve correspondence between ' l r reduclb1e 

hyponormal-  operators T wl th

ztfu,r'l= 5@I ,

-  (B)  r  - ( r { -z  ) - "  , ( r * - r ; - }>  =  exp( -n- t  f , l - ,0 ) -1  G-z) - t * r ,  5  )d f (5  ) ) .
J
0
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rank one se l f -commutator  and the l r  pr . lncrpal  funct ion gr .Thls  b i ject lon
was orlglnalry found wrth the ald of the theory of the phase shi_ft.  r{e
shal l  br le f ly  recal l  th ls  co ls t ruet ion

Let T=A+1At be as above an i_rreduclble hyponormal operator with one
dlmenslonal  se l f -eomnutator :  

f rx , rJ  = 5eI  .An lnequar i ty  o f  Kato,see fs ] ,asser ts  that  under  these assumpt ions the se l f -adJolnt  operators A and A I
are absolute ly  cont inuous wi th  respect  to  the I inear  l ,ebesgue measure.Ac_
cord ingly , the space i l  decomposes ln to a d i rect  in tegra l  which d iagonal j .zes
the  ope ra to r  A :

re
H  =  

) r r ( t ) u t ,
a

A=Mt.

As an easy eonsoquence

taLns  the  ex l s tence  o f  t he

o f  t h e  h y p o n o r m a l i t y  o f  t h e  o p e r a t o r  T , o n e  o b _
f o l l o w i n g  a b s t r a c t  s y m b o l s :

, h e n c e  t h e y  a r e  a l s o

t h e  o p e r a t o r

. +
s ; ( A ' )  =  s o - 1 t *  

" l t A A , u - l t A .t -+ _oo

T h e s e  a : " e  s e l f - a d j o i n t  o p c r a t o r s  , t h i c h  c o m m u t e  w i t h  A
d l a g o n a l i z e d  b y  t h e  d i r e c t  i n t e g r a l  d e e o m p o s l t l o n  o f

+
s - ( t ) :  H ( t )  - - - '  H ( t ) ,  t <  & .

+
s ; ( A , )  = ' \ ,

' s  ( t )

M o r e o v e r , s - ( . t )  i s  a  n o n - n e g a t l v e  r a n k - o n e  p e r t u r b a t i o n  o f
+

s ' ( t ) , f o r  a l l  t € L T t .

The main resul t  o f  l lZ)  can be formulated as fo l Io r+s :

( 9 )  B * ( x + i y )  =  
f ( " * ( x ) * s - ( * ) ) ( y ) ,

x + i y e  0 ,  F - a . e .  .
t

rn  par t i cu la r  th is  equa l i t y  shows tha t  the  pr inc ipar  func t ion  gr  l s  in te -
g e r  v a l u e d  w h e n e v e : r  t h e  s e l f - a d j o i n t  o p e r a t o r  A = R e T  h a s  f i n i t e  m u l t i p l i c i t y
l n  a l m o s t  e v e r y  p o i n t  o f  t h e  r e a l  a x i s . A  p o s s i b l y  n e w  a p p l i c a t i o n  o f  t h i s
o b s e r v a t i o n  i s  c o n t a i n e d  i n  t h e  n e x t .
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[E]4MA 2.2 tet l  f rO, rJ = T*\.  Tf- u?ere
ex i .s tsJr  po] .ynomiat  p(z , t )  su.chJ.hd n( f  , f r ;y  = g,@_
ct i_o4 8,  is  in ten-e: r  va luec j . ,er lmoqt  ever .ywhere

Proo f '  r f  T=A+1Ar  l s  t he  ca r tes lan  decompos i t l on  o f  t he  ope ra to r  T r then  a
rearrangment  of  the terms in  the polynomia l  p  y ie lds a new polynomia l ,  say
q , w i t h  t h e  p r o p e r t y  q . ( A , A , ) !  =  0 .

. l l le  may assume wi thout  Loss of  genera l i ty  that  the operator  T is  l r redu-
c lb le , tha t  means  tha t  H  -  V  AkA , l f  .

k  1 1 = O

Lc t  us  c leno te  n ,  =  
- !  ono , t I  , f o r  eve ry  f i xed  i n tege r  LT ro i the re fo re- 
k=O

the o perator  A I  I l ,  is  cyc l  ic  .

Let  m be the degree of  the polynomiar  q in  the second var iab le.?he hypo-
t h e s l s  q ( A , A ' ) l  =  o  i n s u r e s  t h e  e x i s t e n c e  o f  a n  o p d T r  n )  o f , s u c h  t t r a t  A P l t m F
ls  a  l i nea r  comb ina t i on  o f  e rcmen ts  o f  t he  space  y  j r ,  +  \ , / nk r , r f  ,when_
e v e r  p > n .  1 = o  -  

k = O

The cornnutator  ident i tv

o i  [o  
,  ,  n l  6P- j - t  A ,D + APA ,**1 ,

g , 1 P t r  ' m
p-1

= L
j=o

comb ined  w i th  .A 'q (a ,A '  ) t  =  o  shows  tha t  t he re  ex l s t s  . nn  o rc l i r e i l  po l ynomia l
Qm+1 o f  deg ree  n i+1  i n  t he  second  va r lab le  and  such  tha t  e rn * t  (A ,A , ) ;  =  O .

Then by arguing as above the erements APA'** t f  be long to  the subspacem r r -
y i t r . +  \ r z  I R L , ^ | 1 ,  , f o r  a  s u i t a b t c  r  a n c  p >  r .
1=0 * 

k=O
" ' B y  i n d u c t i v e l y  r e p e a t i n g  t h i s  p n o c e d u r e  o n e  f i n d s  i n t e g e r s  n ( r ) , w i t h  t 1 e
proper ty  that  the subsnaces

J  n ( 1 )
ll, + \7 \,2 

' 
AkA '15 ,- 

l=il k=O

K ,  -
J

m-1
V
1=0

J 2 z  m ,

are invar iant  under  A, increaslng and

Thls  decomposi t ion shows that  the

I { = ! 6 . .
J7' m 't

mul t lp l ic i ty  funct lon of  the se l f_
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' adJo ln t  
ope ra to r  A  l s  bounded  by  m,excep t  f o r  a . coun tab le  subse t  o f  [R .

Ln v l r tue of  the above ment loneci  c i i tc r i run of  in tegra l i ty  o f  tho pr in-
c ipa l  f unc t i on , the  p roo f  i s  f i n i shed .

l {o t ice that  lemm a 2,2 remalns t rue,wi th  minor  modi f lcat ions ln  t } re  proof  ,
in  the case of  hyponormal  operators wi th  f in i te  rank se l f -commutator .

1 .  T h e  o n e * d i m e n s i o n a l  L  n r o b l e m

Though very  c lose  to  the  or ig ina l  method o f  Akh iczer  end Kre in  fo r  so lv ins
t h e  L  p r o b l e m  o f  m o r q e n t s  o n  t h e  l l n e r t h c  r e f e r e n c e  t o  t h e  p h a s e  s h i f t

theory  b r ings  in to  the  f ie ld  the  geomet ry  o f  i l i l ber t  spaces .Th is  a  pos te-

r lo r i  in te rpre ta t ion  has  cer ta l -n  advantages ,a  par t  o f  wh lch  we sha l l  b r ie -
fJ -y  d lscuss  be low.

I n  o r d e r  t o  s t a t e  t h e  m a i n  r e s u l t , w e  s h a 1 1  a s s o c i a t e  t o  a  s e q u e n c e  o f
r e a l  n u m b e r s  ( r n ) I = O  i t s  e x p o n e n t i a 1  t r a n s f o r m  ( b r ) f = 0 , a "  f o l l o w s :

F  n r i  S '( 1 0 )  e x p ( - I  o r , * n * t )  =  1  -  L o . * * * t  .
D=O n=O 

t"

For  fu r the r  use , l e t  us  a l so  deno te

. a &

e x p ( I n , r * n * t )  =  1  . L " r * * * t  . '
'D=0 

m=o 
tt '

T h e  a b o v e  c o m p u t a t i o n s  a r e  c a r r i e d  o u t  i n  t h e  f o r m a l  s e r i e s  r i n g R [ [ X l ] . t + e

s h a l l  d e n o t e  b y  ( S b ) * = b * * '  t h e  s h i f t  o f  t h e  s e q u e n c e  ( b _  ) .-  m ' -

T I {EoRUM J .1  ( l , kh iezer  and Kre ln  [zJ , [ r ]  )  te t  (a  ) :  ^  be  a  seq*ence o{'  
n ' D = O  :

rea1 nu 'nbers .

( 1 )  I ' h e r e  e x l s t . s  a  m e . a s u r a b J e  f u n c t l o g  f  , o (  f (  1 , w i t h  c o m p a c t  s u p n o r t

cc rn ta tned i -n  - the  f in ! !_e_ in te rvar  l * ,  V jc  lR ,3nd w i th  moments  an  ,n7r  o ,L f
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and  o .n l , v - l f _ the ._ l t anke l  ma . t r i c -es  (O* . ' n ) r ( ( s_  o ( )b ) * *n  
"nd  

( (p  _S1" ) * *n ,  t n , r l zzO,
arg r ros i t iv .e  sgmi .*dgf  . in{ te .

( i l )  u *dq r  t hc  +ss ;u rnp t i ons .  o f  ( i )  ,  do t  (bo , *n ) i l , n=o  =  0  i f  anc t  on l : , r -  i f  f

ls  ! Ie-  character . i€ t ic  f$ngt ion_of  at  most  l I+1 in terv* ]Sr  N (oo .

( r i l )  There ex ls ts  r l_msasr$nl le  tunc] io .n f  on IR,0 ( f  -< 1,wi th  thg r -no_
m.ents an,nr, O,i{--and onl.. ' I  i f  tLo i tg-nkol matri :< (b* _): ^ iS__pgsglvg
seml -de f i n l t e .  

m+n 'm 'n -o

The main  po in ts  o f  a  p roo f  o f  th is  theoremrresor t lng  to  the  theory  o f
the  phase sh i f t ,a re  the  fo l low lng .

Le t  f  be  a  func t ion  wh ich  fu l f i r l s  the  cond i t ions  imposed by  ( i ) . tn

v l r t u e  o f  P r o p o s i t i o n  2 . 1  t h e r e  e x i s t s  a  s e l f - a d j o i n t  o p e r a t o r  A  w i t h
c y c ) . i e  v e c t o r  f , s u e h  t h a t  f  i s  t h e  p h a s e  s h t f t  o f  t h e  p e r t u r b a t i o n

A - +  A , = A +  f e l  . r n  t h i s  c a s e  s u p p ( f )  C  [ 1 ,  n 1  , w h e r e  d _  i n f  
{ 6 n , 1 >  ,

1 q 1  = r l  a n d  
'  (  1

t  /  P = s u p  { o ' r l  , , 1 ) ; l l n i l = t ]
T n  v i e w  o f  t h e  i d e n t i t i e s  ( 4 ) , ( 5 )  a n d  ( 1 0 ) , i t  f o l l o w s  t h a t , d e n o t i n g  b y

( a n )  t h e  m o m e n t s  ( 1  )  o f  t h e  f u n c t i o n  f ,

T h e n  i t  i s  a  s t a n d a r d  m a t t e r  t o  c h e c k  t h a t  b r * r r = ( A m l l  , n " f >  i s  a  p o s i _
t l ve  semidef ln t te  kerne l . l , lo reover r the  fac t  tha t  d  i s  a  lov rer  bound fo r
t h e  s p e c t r u m  o f  A  l s  e q u i v a l e n t  t o  t h e  p o s i t i v e  s e m i - d e f l n i t e n e s s  o f  t h e
k e r n e l  (  ( s -  a  ) O ) * * n , a n d  a n a ) . o g o u s l " y  f o r  A r  .

( l o n v e r s e l y , a s s u r n e  l h a t  ( b * )  i s  a  s e q u e n c e  o f  r e a l  n u r n b e r s , s u c h  i h a t  + ; i 1 , ,

t h r e e  p o s i t i v i t y  c o n d i t i o n s  i n  ( i )  a r e  f u l f i l l e d . " ' h o n  b y  t h e  c t a s s i c a l  s o -
Lu t ion  to  the  l lamburger "  moment  p rob lem,see f  l l  rwe in fe r  tha t  there  ex is ts
a  pos i t i ve  measure  V on  l l i r such  tha t

( '

b -  =  \ t ^ o y ( t )m )
IR

The last  two posi t iv i ty  assumpt ions impl -y  the boundedness of  the suppor t

( 1 1 )  b , n  = ( o t t , l > ,  c m  = ( A , m t , y >  m ) , 0 .
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o f  $  .The re fo re  the re  ex l s t s  a  boundod  se l f -adJo ln t  ope ra to r  A  w i th  a
cyc l i c  vec to r  \  , a .nd  spcc t ra ) .  measure  I i , such  tha t  dv  = (on ]  , g ) .

Acco rd ing  to  p ropos i t i on  z . r , t he  mornen ts  n '  o f  t i r e  phase  sh t f t  f *

f  
( n '+A+  !e {  )  a re  re la ted , to  the  momen ts  o f  t he  measure  V  by  re la t i on

'  (1O) .Moreove r , the  i den t i f i ca t i ons  (1  1  )  show t t ra t  supp (  t )  C  Lq  ,?J  .Th i s
f l n i shes  the  p roo f  o f  asse r t l on  (1 ) .

Assume,under  the  p rev lqus  no ta t i ona l  conven t i ons , tha t  de t (b  )N
vanlshes for an integer N.Then aet(l,mf ,ntt>i l ,n=0 = 0,whence Til l ; l : '
t o r s  Y  , l ) , . . . , A t i  a r e  l r n e a r l y  d e p e n d e n t . i l u t  

T  i s  a  c y c r i c  v e c t o r  f o r
t h e  o p e r a t o r  A , s o  t h a t  t h e  u n c l e r l y i n g  l i i l b e r t  s p a c e  I i  i s  f i n i t e  c i i m e n s i o n a l .
A s  w e  h a v e  r e m a r k e d  l n  s e c t l o n  2 , i n  t h a t  c a s e  t h e  f u n c t i o n  t = c 1  ( A - *  A +  l g T l
l s  l n t e g e r  v a l u e d , ' * i t h  a t  m o s t  I { + 1  c o n n e c t e d  c o n p o n e n t s  . L n  i t s  s u p p o r t .

converse lJ , l f  f  i s  the  charac ter is t i c  func t ion  o f  a t  most  I , t+1  bounded
l n t e r v a l s , t h e n  t h e r e  e x i s t s  a  o n e - d i m e n ^ s i o n a l  p e r t u r b a t i o n  A ,  o f  a  s e r f _
a d j o t n t  o p e r a t o r  A  a c t l n g  o n  a  l i t l b e r t  s p a c e  I I  o f  d i m e n s l o n  e q u a l  t o  I I + 1 ,
w i t h  t h e  p r o p e r t y  t =  c p  ( A  - r  A ' )  .  T h u s  a s s e r t i o n  ( r i ;  i s  p r o v e d .

I l c x t  w e  s h a l l  p r o v e  o n t y  t h c  n e c e s s i t y  l m p l i c a t t o n  i n  ( t i i ) , t i r e  s u f f i -
c l e n c y  r e q u r r l n g  a  d c c p e r  a n a l y s l s  o f  t h e  e x t r e m a r  p r o b l e m  ( i i ) , s e e  

t 3 ]  f o r
d e t a  i l  s .

L e t  f  : ! l - r '  [ 0 ' 1 ]  b e  a  m e a s u r a b l e  f u n c t i o n , w i t h  t h e  p r o p e r t y  t h a t  t h e  m o -
m e n t s  ( t )  a r e  f i n l t e . D e n o t e  b y  f n , r r 7 z 1 , t h e  t r u n e a t i o n s  o f  t h e  f u n c t i o n  f :

.:',.
' 1 . :

f n ( x )  =
lx l-.{ n

l x l ) n{ , ' , . '

Not ice that  thc moment"  f " l ) l=o of  the funct ions fo  tend by the Lebesgue
domina ted  conve rgcnce  theo re r ' ao  anu  momcn ts  (a j ) J=o  o f  f .

. ,  . - t l " t o l ]  
deno tes  the  exponen t la l  t r ans fo rm ( t  o ;  

-o r  
t ne  sequence  ( r l )  , t i , on

I f im  t ' l  =  b ,  f o r  eve ry  j>zo ,because  b1  i "  a  no l ynomia l  i . n  a f i ,  k_<  j .
s i nce  eve rv  ma t r i x  f u l * t ) i , n=o  r J  pos i t t un  

" " * i - de f i n i t e  
by  po in t  (1 ) ,

l t  f o lLows  tha t  t he  ma t r i x  (b ; * t ) i t =o  h ' s  t h i s  o rope r t y , t . oo .

The main  d isadvantage o f  the  methoc i  p resented

t h a t  i t  i s  n o t  s u l t a b l e  f o r  t h e  a n a l y s i s  o f  t h e

I n  t h c  p r e c e d i n g  p r o o f  i s

t runcated  moment  p : :ob lem,
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that  ls  for  character lz lng only  the f i rs t  l , l  moments of  a  bounr led,non-nega-
t lve funct ion f . l lowover , th is  method seems to be mor le  appropr ia te for  gene-
raLiza. t ions to  h igher  r j imansions.

rF

4 .

rn  complete analogy wi th  sect ion l , the moments (z)  o f  a  measurabre func-
t i o n  g : 0 - > [ o , t ] , w i t h  c o m p a c t  s u p p o r t , w e r e  c h a r a c t e r i z e d  i n  t h e  p r e c e d i n g
paper  [ t  5 ]  by cer ta in  pos l t iv i ty  condi t ions i rnposec to  an exponent iaL t rans-
form of  the moments. r ,e t  us br ie fLy recal r  th ls  construct ion.

Let  ( **n1f ,n=o be a double sequence of  complex numbers rqhich sat is f ies

a_--  = E ;a  r f i | r  O.mn nm

The  fo rma l  exponen t ia l  t r ans fo rh  o f  t he  scquence  ( r r r , )  i . s  t he  sequence
(b* r )  de f i ned  by  the  i den t i t y :

,9

@

( 1 2 )  e x p ( -  J r - t ) -  & - ^
i l r D = O

oo

,m+1 ,nn+1 \  a  f  .  . ,m+1 . .n+1n  r  /  =  1  -  /  b - ^ X " " ' y
tll l Il=Q

L e t  t  = ( 1 ' o )  a n d  n i  = ( o ' 1 )  d e n o t e  t h e  g e n e r a t o r s  o 1 '  t h e  s e m i g r o u p  [ { 2 , a n d
p u t  S  = ( o , o )  f o r  i t s t n e u t r a l  e l e m e n t

Ins tead  o f  t he  l l anke l  ma t r i x  f rom the  one  d i rnens iona r  case ,we .sha l l  de f i ne
a  moro  i nvo l vec  ke rne l  K ,aeeorc i i ng  to  tho  fo r  10v r in5  ru les :

- " - ' ( f )  
K ( O , c ( )  =  K ( m \ , n 1 . )  =  b ( o ( )  f o r  ( = ( m , n ) e  [ N 2 ,

( i i )  K ( d , p )  = { T ; T ) ,
oo

( r i r ;  K ( d  + L , ?  ) - K ( d ,  p  * o l  ,  = I n  ( d  , r r ) u (  F  - ( r + 1  ) u ) ,  d , f  e  t 2 ,
r=O

w h e r e  b ( d  ) = b m n  f o r  {  = ( m , n )  o r  b ( o (  ) = o  i f  a t  l e a s t  o n e  o f  t } r e  e n t r i e s  o f
d  l s  n e g a t i v e .

! {e  de f ine  the  sh i f t  s  and i t s  fo rmal  adJo in t  s*  ac t ing  on  a  funs f , ien

I
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' E : l l , l 2 x l . N 2 - ' g 6 y

( s l l 1 1 n , p  )  =  D ( x  + u ,  p 1 , ( s * u 1  ( * , p )  =  d ( d , p t t - ) , 4  ,P tN2 .

'  
Theorem 2 of  t t  l1  asser ts  that  (e)  

'are 
the monents of  a  me€rsurabre func-

t l on  g :u - - - - r [ 0 ,1 ] ,w r th  compac t  suppor t , r f  and .  on l y  1 f  t he  ke rne rs  K  anda , t
( r ' -ss*)K are posi t lve semi-def in i te  for  a  su l tab le pos l t iv .e  constant  r . rn
tha t  case  i t  was  shown  tha t  supp (g )C  B(0 , r ) ,

our  f i rs t  a im ls  to  local ize more accurate l -y  the suppor t  o f  the funct ion
g  i n  t e r m s  o f  l t s  m o m e n t s , s i m i l a r l y  t o  T h e o r e m  J . 1 .  ( i l ) .

Let  us remark that  any compact  subset  6  of  the complex p lane can be c le-
f ined as

( 1 1 ) $ =

. ,,,'*,"*"***t*

; f  r r ( z ) l < 1 ,  l r , e ) l > z t ,  i € r , J €

w h e r e  1 . . 1 _ .  a r e  l i n e a r  f u n c t i o n s  o v e r  C , a n d  t h e  s e t s  f  a n d  J  a r e  a t  m o s tI -  J
c o u n t a b l e '  J n  o t h e r  t e r m s  t h e  c o m p a c t  d  i s  r e p r e s e n t e d  a s  a n  j - n t e r s e c t l - o n

o f  d i s c s  a n d  c o r n p l e m e n t a r i e s  o f  d i s c s .

T l l l l 0 l t i lM 4 . l  L , r t  (a  ) -  _
t  i .sf  ies a =a 

mn'I l l  I  l l=o
; = - - : : : :  m n  n m r  

m ' n 7  o r a n d  l e t  o -  b e  a  c o m n a c t  s u b s e t  o !  0 r w r i t t e n  a s  i n
( 1 3 ) .

g:o -r (0,11 r"irlh supp(s,gw# fuV
o n l v r  i f  t h e  k e r n e l s  K ,  ( 1 - 1 r ( s ) r r t s ) f r  * n a ,  ( r i ( s ) r r ( s ) x - r  ) K  a r e  p o s i t i v r - ,
. s e m l - d e f l n i t c  f o r  i e  I  , j € J  

' r  J

4{ . . ,

J l roo f  .  ' l ' ake  a  mcasurab le  func t ion

an j-r r.J iui: ib.L c hy p o n t; r.r.:j.-'r. c p c u,:11,-:,..;:

func t ion  ec1ua l  to  g .

g :C *+  [0 ,  t J  w i . th  supp (g )  C d  and cons i r . ie r
' t € T , ( : ' . )  

, ' n r i t h  [ * n , t ]  = 5 o l  a n c i  p r i n c i p a l

( tZ1  o f  t he  momcnrs
rn v i r tue of  re la t ion (B)  r the exponent iar  t ransform

(" ,nn)  of  the funct ion g,has the coef f ic ients

b(m,n1 = (r*rx"1 ,r> ,  (m,n)* m2.
:.

Moreover , the  kcrne l  K  was cons t ruc ted  so  t t ta t
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|Ktx,p) = qT*r{n5 ,rpr*qf)  , 4 = ( n r , n ) ,  P  = ( p , q  ) e  l N z .

t n  pa r t i cu la r  K  i s  a  pos l t i ve  semi -de f i n i t e  kc rne l , sce  f15 l  f o r  de ta i l s .
'  t " t  F  denote the space of  f in i tery  suppor ted funct ions h: l l i2- ,  cnendo-
wed wi th  the herml t ian scalar  product :

(h ,h , ,  =  L K ( 4 , p ) h ( " ( ) F T P - ) .
o(, (1

The map

F * +  H ,

a n  l s o m e t r y  w h l c h  i d e n t l f i e s  t h e  l l l l b e r t  s p a c e  c o m p l e t i o n  o f  F  w i t h  H .
t h i s  c o r r e s p o n d e n c e  t h e  o p e r a t o r  T  l s  u n l t a r i l y  e q u i v a l e n t  t o  t h e  s h t f t

4 -v€ ot? ,

h r-+ I n,*,n;r*rx!
& r n

1 s

In

( r t r ; ( 4 )  =

{ : ' .

- u ) ,

t

See  aga in  f t  l l  f o r  de ta i l s .  .

'  B y  ( 1 3 )  t h c  f u n c t i o n s  1 ,  n n d  , J t , t  e \ , J €  J , a r e  a n a l . y t t c  i n  n e l g h b o u r h o o d s
o f  d =  6 ( T ) , w h e n c e  t h e  o p e r a t o r s  i .  t r l  a n a  r l 1  ( t )  a r e  b o u n d c c l . l , u r t t r e r m o r i e ,
a  s lmp le  co rnpu ta t i on  shows  tha t  t hese  opc ra to rs  a re  s t l l l  hyponorma l , c f  fBJ .

S inCe  the  spec t ra l  rnd lus  o f  a  hyponorma l  ope ra to r  i s  equa l  w i th  l t s
h o r r n , f B ]  , o n e  f i n c s  l l r ,  ( r ) l l < r  a n d  l l  1 i ( T ) - 1  l l  . - <  1 , i €  r ,  j { J . o n  t h e  I I i l b e r t

: l -1"n 
associatod to  the kernel  K onc J i r t " in"

\:-l

( 1 4 )  t ( k ) L K ( o (  , f  ) h ( d ,
dtF

d -r4nr'.

) h ( P  )  > /e t t f i  K (4 ,
dtP F  )  t r n ( z  ) n  ( x  ) )  ( 1 k ( c  y r i ( p  )

r"--r v=  E ( k ) Z  ( r n ( s ) r o ( s ) "  r ) ( 4  ,  p  ) h ( x  l i 7 l ,
drF

w h e r e  h € l r , k € I  a n d  E ( k ) = 1  o r  k € J  a n d  E ( k ) = _ 1
T h i s  p r o v e . s  t h a t  t h e  k e r n e t s  E  ( t ) ( 1 * t t ( s ) r n ( S f  ) l i  ,  k  € I U J , a r e  p o s i _

t l ve  semi -de f i n i t o ,as  < ies i red .



T

c o n v e r s e l y , a s s u m e  t h a t  t h c  k e r n e r . s  K  a n d  t ( k )  ( 1 _ 1 L ( s ) r . , . ( s f  l x ,  k €  r L / J ,assoc ia ted  to  the  sequonce (u -n)  and the  compnct  *u t  ?  .X .  poor t i ve  semi -d e f i n l t e .  
m n '  ' " " ' v ' ' v v  \ ) v v  v  r 1 r e

I n  t h i s  case  re la t i ons  ( l+1  a ro  equ lva len t  t o

I t r r { z  ) n l l  x1  l l n  l l  *  ,  i e  r

*1 5-

may be in te rpre ted  as  a  h lgher  c l  j rnen. r  j .ona_ l -  rna l  o , . {ue
J.)erg a.nd t :aserick [6]  .

and

l l  r ; (  r  ) l - l l  K>  l l  H  l l  *  ,  j e  l ,

f o "  u u o " y  f u n c t l o n  h  € F .

f t  r l  f i , t h e n  t h e  s h i f t  t  t u r n s  o u t  t o  b c  b o u n d e d  w l t h  r e s p e c t  t o  t h e
semi -norn  l l  .  l l, r  r K . O t h e r w i s e  t h e r . e  e x j . s t s  a  p o i n t  c €  C , s u c h  t h a t  ( Z  _ " ; _ 1
e x t e n d s  t o  a  b o u n d e d  o p e r a t o r  o n  t h e  l l i l b e r t  s p a c e  c o m o l e t i o n  o f  l ,  i n  t h es e m l - n o r m  f l ' i l * ' T l r e n  t h e  a b o v e  i n e q u a l . i t l e s  a n d  t h e  s p e c l ; r a )  r n a p p i n g  t h c o -
r e m  i m p l y  6 ( ( t  - . ) - 1  )  C  ( d - c ) - 1  , n i , o n " o  i t  f o l l o v r s  i l r a t  r  i . s  a  b o u n d e d
o p e r n t o r  w l t h  r e . s p e c t  t o  t h c  s e m i _ n o r m  l l  . 1 1 , , .

t : : : : : t . s i o n , n l w a y s  c  i s  a  b o u n o " o  o p n l o t o r  o n  F . I n  v i r . t u e  o f  T h e o r c m
2  o  f  l t l )  , t h e r e  e x l s t s  a  m e a s u r a b l e  f u n c t i o n  w r t h  c o m p a c t  s u p p o r t  g : 0 _ +
[ O , f ] , w i t h  t h c  p r e s c r i b e d  m o n e n t s  ( r * n ) .

l ' he  f l l . s t  par t  o f  the  proo f  shows then tha t  supp(g)  C 6 .  .Th is  f in lshes
t h e  p r o o f  o f  T h e o r e m  4 , 1

o f

Thc  prc ;v ious  resu l - t

a  recent  t f ieor .em o f
o

cOtrOLLAI iY 4.2

pa t i s f i es  / t l -< t  c r r  I J l 7 r1  on  6  , t h . , t  . t he .  kc rne l
( I ( s ) r ( s ) * - r  ) u ,  .

The proo f  o f  th j_s  coro l la ry  fo l lows f ro rn
m e n t  o f  ' l h e o r e m  4 , 1  i s  i n c i e p e n d e n t  f r o m  t h e
( 1 3 )  f o r  r .

4 . 1 , i f  g  l i n c a r _ _ l u n c t i o t t  1
(t -r (s)I (s)r)K,f u".ps-q!iy-91,U,

t h e  o b s e r v a t i o n r t h a t  t h e  s t a t e _
c h o i c e  o f  t h e  r e p r e s e n t a t i o n
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i n c i d e s  w i t h

?

t h e
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LA_&g_c.q!d rt ion.s. _qf _1'ho-clgq*{ . 1, tf o o o = P (  r ) ' ! h g g e

I n d e e d  r g  < Y  
(  

o ( r . \ r r , , ( o \ , . , h ^ * ^ ^  ̂  . . t a \

g= ?Lc  

and aoo =  
J  

uk)d f (z ) ,whenc"  ooo= 
f@ )  I f  and on ly  i f

r 4 ( k , d ; 1 , p  )  =  s l ' r * k K ( n , p )

Dl i ' I r ' r r r I ' r ' r  4 .4  ! ' rom novr  on ,we sha l r  sa .y  t 'a t  a  sequence (a  ) -  i . s
admtE ib lc  i f  i t  l s  the  sequence o f  moments  (2 )  o f  a  measo"*ur l " r l ; l ;? " . "
g : C . +  [ o , t ] , w l t h  c o m p a c t  s u p p o r t .

l ' o r  an  admiss ib le  sequenc"  ( " rn )  we denote  by  K:N2xr i {2___-  c  the  kerne l
a s s o c i a t e d  t o  i t s  e x p o n e n t l a l  t r a n s f o r m  ( 1 2 1 .

T h e  m o m e n t s  o f  t h e  c h a r a c t e r i s t i s  f u n c t i o n  o f  a  d i s c  c a n  b e  d e s c r i r : e d
b y  a n  n d d i t i o n a l  p o s l t l v i t y  p r o p c r t y . l , a t e r  w e  s i i a f l  g l v c  a . s e c o n d  a n d  c o m _
p l o t e l y  i n d e p e n d e n t  c o n < i i t i o n .

P I i 0 P 0 s I T I 0 ' l {  4  '  5  A n  a r j m i s s r i b l  e  s e . c r u e n c e  ( a * n  )  r e n r e s e n t s  r r : c  m o n e n t s  o i .
' D , @ k c . r n e l

7 7
M:lN'x  l l { ' - - - -+ o,

1 s  n o s ; i t  i v e  s e m  l - C e f  i _ n l t e .

I n  t h a t  c a s c  t h e  d i s c  l ) h i r s  - c e n , t r g g  x ( t , O  ) x (  o ,  g  ) - '  a n d - . r a r t i u s .  K ( 0 , a ) ' / ,  .

T S  . l n .  
g  b e  t h e  f ' u n c t i o n  w i t h  m o m e n t s  ( n r n )  a n d  l c t  T  €  l , ( n )  b e

r c o  
v u c r f r  L e  i r y p o n c l ' ; n a l  o p c r a t o r  ' a i t h  r a n k  o n e  s c l  f * r : o m r r u l : r  L o r - ,  [ l l ' * , 1 , 1

and pr lnc ipa l  func t ion  equo l  to  g .

A  t h e o r e m  o f  M o r r e l  [ t  f l  s t a t e s  t h a t  t h c  o p e r a t o r  T  i s  s u b n o r m a r  i f  a n c
o n l y  i f  T = a u  + b , a )  o r b €  c , w h e r e  u *  i s  t h e  u n i l - a t e r a l ,  s h i f t  o f  m u l i p l i c i t y  1 .+
Then and onry  then g  is  the  charac ter ls t i c  func t ion  o f  a  d ise  o f  cen t rum b
and rad ius  a .

A c c o r d i n g  t o  t h e  c e r e b r a t e d ,  I l a l m o s  a n d  R r a m  e r j . t e r i o n  o f  s u b n o r m a )  i t y ,  _
the  pos i t i ve  semi*de f  j -n j - teness  o f  the  kerne l

( t , r ;  F - '  T l tkT l

the  i r -

.-5*5 ,
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ls  equiva lent  to  the subnorrnal i ty  o f  T,
l . / r l t l ;en on a denso subspace of  I { , th ls

va len t  w i th
cond l t i on  tu rns out  to  be equi*

I ( I .u . , . ,TukTrr tTunj ,  I " . , , . ,^*or*n l )  z ,  o,
k , I  m , n  K n D  

p ; " 1 - P q '  
L  >  /

for  every funct ion c : [ IJ- "  C wi th  f in i te  suppor t .
The last  condi t ion is  equiva lent  to  the posi t ive

the  kc rne l  M  1n  the  s ta temen t .Th i s  p roves  the  f l r s t
t i o n  4 . 5 .

I f  g  l s  t he  cha rac te r l s t l c  f unc t i on  o f  t he  d i sc

u2 = r'[rn,r] = rt 
-1 

f *f = r-1 
f-tnl 

= JT-1aoo,
0

whence  D  has  ra  ' -  - v  t l  vd ius  a=  11  "a , r ' r=K(  & ,  U  ) ,  .
l 'u r ther ,

b = (  (au*+b) !  , t>  l lJ  t t - '  =  K(r ,s  )K(€ ,  o  ) -1

l s  t h e  c e n t c r  o f  t h c  d i s c  D .

T o  c o m p l . c t e  t h e  a n a l y s i s  o f  t h e  g e n e r a l  . l  p r o b l e m  o f  r n o m e n r s
m e n s i o n s , w e  g i v e  a  n e c e s s a r y .  c o n c i i t i o n  f o r  a  c r o u b l e  s e q u e n c e  t o
quence o1 '  moments  o f  a  func t ion  w i t i r  a rb i t ra ry  .suppor t .

T l i l tgp l i l ,1  4 .6  Thg seq 'engg (o rn) * , , r=O (Z l
g:0 ___'  [O ,  1l ,  o.n]t  l - f  **r=%* ,m,n77 O ,  and t4e kerne,!

n r :  s posir- ive S.eryi ;_t l_ef in i te

Proof  .  Assurno tha t  ( r *n )  a re  the  moments  o f  a  measur .abre  func t  j -on  g  as
in  t l re  s tz r tement .Then obv ious ly  o*nJ . , *  fo r .  m ,a7 t  O.

L e t  g "  d e n o t e  t h e  t r u n c a t i o n  o f  t h e  f u n c t i o n  g :

s e m i - d e f i n i t e n e s s  o f

a s s e r t i o n  o f  p r o p o s i _

D  a n d  T = a U  + b .  t h e n+

t w o  d i -

the  s :c*b e

N pd, v(t377
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*'u (, )
l z [ ( N ,  ,

l z [ ) N '

= { .  " ' ,

and conslder t t^s momentu (" i ln)I ,rr=o .
The lebesgue domlnated convergence theorem impl  ies I im aN

n2To ,s ince  by  i t s  ve ry  cons t ruc t i -on  thc  ke rne l  n t  oouo" ' i u *o l t
quence  r " i l " )  has  po l ynomia r  en t r res  rn  the  va r iab l cs  r . .T - l , i t
1 * *  K " ( t  t P  )  =  K ( n , p  )  f o r  a n y  p a i r  ( N , p  ) e  p 2 x m 2 .  

' ' t

r n  v i r t ue  o f  Theore rn  4 . i  above , the  ke rne rs  K l {  a re  pos i t i ve
the re fo re  K  has  t l r i s  p rope r t y , t oo .The  p roo f  o f  rheo rem 4 . ( t  i s

= A  f o r m .
mn

t o  t h e  s e -

fo l lows tha t

s e n i - d e f  i n i t , e ,

c o m p l e t e .

L e t  f  b e  a  c o m p a c t  s u b s e t  o f  c  a n d  t > o . o n e  m i g h t  a s k  w h c t h e r . t h e  m a -
J or  lzat  lon

( 1 5 )  B r <  L f , o .

t h e  c o n d i t i o n

7  )  2 r  O ,  s u p p  ( c )  f i n i t e ,

cannot

( 1 6 )

be

l ( i
J
C

o b t a i n e d  d i r e c t l y  f r o m

' \ -
,To -El1-"rnr*znf 'u p,

& r D

t
l m p ! o s e d  o n  i t s  m o m e n t s .

I n d e e d , b y  i { e i e r s t r a s s

wi th

approx imat lon

l i e s  ( 1 5 ) . l ' h u s  ( 1 6 )  i s  a  s o l u t i o n  o f

o n s  w l t h  p r e s c r l b e d  c o m p a c t  s u p p o r r .

h ich  ls  va l . id  f 'o r  the  one d lmens i -ona l

i o n s  p r e s e n t e d  i n  T h e o r e m s  4 . 1  a n d  1 .
hcav l l y  depends on  thc  se t  6 .  . ( rn  the

the  exponent l .a l  t rans for rns  o f  the  mo

( .  2 .  l^I  \  l f  l ' o l -  > /  \ s
L *

which certair :1y imp
Jt

mom len ts  l lo r  func t i

A n  e x p l a n a t i o n ,  w

fac t  tha t  the  so lu t

t h a t  c o n d l t i o n  ( 1  6 )

n e l s  c o n s t r u c t c d  b y

l f t 2 d p  ,  r € r , 1  ( o ) ,

t h e o r e m , r e l a t l o n  ( t e y  i s  e q u i v a l e n t

t h e  I  p r o b l e m  o f

c a s e  t o o , o f  t h e

1  a r e  p r e f e r r e d ,  i s

c o n t r a r y ,  t h e  k c r -

ments  n re  un iver .se l -
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the suppor t  O belng detormlned

immediate ac lvantages when t ry in .g
no  necessa ry  compac t  suppor t .

by add i t  j .ona I  res t r l c t ions  on  the i l . , l ,h is  hns
t o  s o l v e  t h e  c o r r e s p o n d i n g  p r o b l e r n s  w i t l r

5. The. extrgm?L L p.roble,rE

Tl t is  sect lon is  devoted to  the s tudy of  the measurable funct ions g:0 - -*l- 't

L O ,  !  w i t h  c o m p a c t  s u p p o r t , w h o s e  a s s o c i a t e d  k e r n e l s  K  ( s e e  t j e c t i o n  4 )  a r e
d e g e n e r a t e d .

l o t  u s  t r y  t o  i s o l a t e  f i . r s t  t h e  c o r e  o f  t h e  c o n c e p t  o f  d e g e n e r a c y  i n
t w o  d i m e n s i o n s .

T h e  k e r n e l  ( b t * t ) k , 1  
" " u o c i a t e d  

t o  t h e  o n e _ r j i m e n s i o n a l  I  p r o b l e m  w a s  d e _
g e n e r a t e d  ( s e e  S e c t i o n  l )  i f

d a *  / 1 -  \ N( r c L  ( o k * r j k , 1 = o  -  o ,

f o r  a n  i n t e g e r  N 2 t 1 - T h a  s o l . u r i o n  p r e s o n l . e r i  1 o  , l ' h e o r e m  T . 1 .  ( i i )  s h ' w . s  t i . a t ,
ln  the t  case

d e t  ( b u , r  ) u  l a  I  
=  o ,  '

^ + r  . l t r I c _  I

whe- i 'never  I  i s  a  subset  o f  0 t  o f  card lna l i t y  L I+1  .
S i n c e  t h e , s e c o n d  v a n i s h i n g  c o n c i i t i o n  i s  n o t  a u t o n r a t i c a l l y  

" n i i " f i o . i  
i . r r

the  t i lo  d incns  j .o : t t ,  l .  cs . ( ie  ncor icd  j ,o r  our  anr r i ; , s is , , . . , c  i r r , c  J ,e6  i ( )  cor ; i t re  r ,  : j ( j *
vera l  degrees  o f  dcgeneracy .

J ' 'o r  a  kerno l  r  :  [ ' t2x l t [2  - .>  0  we ln t roduce t i re  fo l ]ow ing  conc i i t ions :

( D 1 )  T h e r e  e x i s t s  a n  i n t e g c r  N , s u c h  t h a t  d e t

( n Z ;  T h e r e  e x i s t s  a n  i n t e g e r  N , s u c h  i l : a t  d e t

(D l )  l ' o r  ever .y  countab lc  subset  J  c  [ IZ ,  thc re  e
w i t ' l h  t h c  n r o n c r t v  d e t  v (  d <  a

|  .  ,  r t y  d c t  K ( d , ? \  .  
= o .'o1  ,?€  J , ,  
- " '

K ( d , p ) t 1 , , -  ^ _ o  i- , \,(trlpt=o

i { (mr? ,nry? ) l  . -  ̂  =o;
a  (  ' m  

' n = Q

x i ^ s t s  a  f i n i t e  s u b s e t  J O
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llanburger pr"oblem of

t  i ons .

Not very far from
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the kernel  nssoci .a ted to  the c l_ass ica l  two-d i rncnsional
moments d is t inguig i res botween the above threc condi -

Theorem 1 .1  .  ( l i )  we  can  s ta te  the  nex t .

v e c t  o r s

g  l s  i n t c -

a  conpe i c t

TIIBORI1M 5.1 Lel g:  C ----+ [O ,  t l  _
Dor ! 'moq9nts  (o r r r ) i l ,n=o and asso.c ia ted  kg ln .q l -  K .

( i )  I f  K  s . a t j s f i e s  ( I l 1  ) , t h e n  g  i s  i _ + t e n e r , v a l u e { .

( i i )  I f  K  s a t j - s f i g s  ( l l z ) , t h e n  g  i s  t h e  c h a r a c t e r i s t i c  f u n c t  j . - o r r _  o f  a  b o u n -
d e d  o p e n  s u b s e t _ o l  0  .

.  i i i f  )  I f  r (  sa t - i s f  i_qg  (D1)  , !&n  s=o.

Proo f .  l e t  T€  r , ( I i )  deno te  an  i r reduc ibJ .e  hyponorma l  ope ra to r  w i th  rank -one
se l f - comrnu ta to r  l t r , r ]  =  l@, l  anc i  p r i nc ipa l  f unc t i on  equa l  t o  g .As  we  have
a l ready  re rna rked  i n  the  p roo f  o f  Theorcm 4 ,1  ,

( 1 7 )  x ( x , p)  = ( * * r * n $ , T P r x a g

f o r  d = ( m , n ) ,  p = ( p , q ) e  l x 2 .
c o n d i t i o n  ( D 1  )  i s  e q u i - v a l c n t  t o  t h e  l  i - n c a r  c i e p c n d e n c e  o f  i l r e

t * t * n F  , m + n r z  i t . I n  v i r t u e  o f  l , e m , n a  Z . Z  t r c  l n f c r  i n  t h a t  c a s e  t h a t
g e r  v a l u e d , h e n c e  g  c o l n c l d e s  w i t h  t h c  c h a r a c t c r i s t i c  f u n c t i o n  o f
s e t  6 C C . T h i s  p r o v e s  p o i n t  ( i ) .

A s s u m c  t h a t  t h c  k e r n e l  K  s a t i s f i e s  c o n d i t i o n  ( D 1 ) , ? h e n  t h e  s e q u c n c e
'  ^ * Y \ z  . r n( ' 1 '  

J  ) n = o  c : o t r t a i n s ;  l i n c a r l y  d e p c n c i  c n t  c l c n c n t s . I n  o t . l i o r  t c r n r  s  l i o r c  e  x i s j . : ;
a n  i n t e g e r  N t  w i t h  t h e  p r o p e ' t y  t h a t  t h e  v e c t o r s  i , t * t  , , . . , t * l t i  a r c
l l n e a r l y  d e p e n d e n t . B y  a p p l y i . n g  t h e  s a m e  d e v j . c e  t o  t h e  s e q u e n c e s  ( T n T * l , f  t @
o n o  f i n d s  a n  i n t e g e r  l , r , s o  t h a t  

-  - a  \  r  '  7  t  n = a

o

& . N

II = V ntt"^} = \,/ ftr*t5 ,
m' r l=O f i r n=O

that is dim H ( oo .
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I lu t  any  f ln i te  d l rncns iona l  h .yponormal  opera tor  rs  z ,e ro ,vhence g=0.n ,h i . - " r
c o n p l e t e s  t h e  p r o o f i  o f  a s s e r t l o n  ( i i i ) ;

I n  o r d c r  t o  p : : o v c  p o i n t  ( i i ) , 1 o t  u . s  : : c m a r k  t h a t  c o n r i i t i o n  ( D 2 )  i s  c q , i *
v a l e n t , i n  v l e w  o f  ( 1 7 ) , t o  t h e  l - i n e a r  d e p e n d e n c e  o f  t h e  s y s t e m  o f '  v e c t o r s

7 , T * 9 , . . . , t o t o f  . ' o n s i d c r  a  p o l y n o r n i a r  p  o f  d e g r e e  t t , " u . n , ; " ;  n , r " r j - = a ,
and  deno te

q ( z  , w )  =  ( p  ( z  ) - p  ( w )  )  ( z - w )  
- 1  

.

O f  c o u r s e  q  i s  a  p o l y n o m i a l  i n  z  a n d  w . T h e n

p (z ) ( z - t *  ) - t l  =  ( p ( z ) -p ( rK )  ) ( z - r i o ) - , 5  =  q ( z ,C  )g

i s  a  p o l y n o m i a l  L n  
- z , f o r  

l a r g e  v a l u e s

I f  c o n d i t i o n  ( D Z )  h o l d s , t h e n  p o i n t

t l o n  g  i s  t h e  c h a r a c t e r i s t i c  f u n c t i o n

e x p o n e n t i a l  r e p r c s e n t . a t i o n  ( f r )  a n d  t h c

fun ct ion

1s

t h e

o f  l z l , i r i t h  c o e f f i c i e n t s  i n  I I .
(  i )  o f  tho  proo f  shows t1 ra t  thc  fun i : *

o f  a  c o m p a c t  s e t  6 C t . l ' l o r e o v e r , t h e

p r e c e d i n g  a r . . ; r r r n e n t s  p r o v c  t f r a t  t i : c

u o  h n r r o  ^ r ^ . ' ^ - l
Y r  v  v  u \ 1

work  ou t -

s t i l l  r a -

,  s u c h  t h a t

(

" * p ( -  r r - t \ t \  - r l - ' o  
l - g  ) )  =  1  -  ( t z * r , x 1 - 1 q  , ( v _ r * , , - 1 . . ,.  J  I  ' . /  '  \ .  )  

' \ / , - r  I  5  /
6

r a t i o n a l  i n  z  a n d  Z , L n  a  n c L g h b o u r h o o r l  o f  i n f i n i t y .

T h u s  t h e  p r o o f  o 1 '  T h e o r e m  5 . 1  w i l l  b e  f i n l s h e c t  p r o v i d e t l
n e x t .

Lilit.it.l 
15r,2 

T,e--t-, 6 l:g-jf_gfry:_Ct__111!rse1, of C. Tf .t,t;e_*f,il.1 1,l:f
e x p ( - r t - t f t )  - t l - ' g f ' ( g  l l  i s  r a t i o n a l .  j . n  z  a n Q . Z , 1 . o \  [ z  I  t . I r - t : a , . ! f i . 9 ] ]  o .
c j_ iqg ides_,  

, r r i -1 ; i i  thc  c losurc  o1 .  _an opqf l
subge!  o f  0  , ,+ i1 ,h  -Teer l  n l ; jebra iq  _boun< iar .y . .

P . rc ro- f  .  ] ,e t  f  (z ,z )  denote  the  f 'nc t ion  o f  thc  s ta tement . l , ie  shar . l
s j . d o  a  b a l l  i l ( O , R )  w i r i c h  c o n t a i n s  6  c o m p a c t l y ,

I l rom our  assumpt ion  i t  l l o l - l .ows tha t  the  J ,u r  
- l

: r c t i o n  

" f  

' ?  
t  i s

t i o n a l , s o  t h a t  t h e r e  e x i s t s  a  p o ) . y n o m i a l  e . ( 2 , , 2 )  =  f  e .  - r . k - I' " t  -  
f , ; .=o"nt '  

7 '



(
I  - 2 . -

Q j , z )  \ ( 5  - z ) - " O  - A ) , t / ^ ( ,  )
) ' /  

t  \ '  ' - ' - .  
1 - "

6

i s  a  p o l y n o t n i a l  , t o o . ' 1 ' h c  c o r r e s p o n d i n g  c o n v c r g c n t  s e r i e s  i s , a f t e r  a n  n r r a i r *

gment  o f  the  summat lon  i

N & (
< .  r  . \  - m + k - 2 - - n + 1 - 1  

\ q r B n a y ( J ))  , / .  c , ( l ( m + l ) z  
"  

) )k , 1 = Q  f l ' D = o  

r  
6

i  = 5 x =  -  - - p - 1 = - e - 1  [ n , 7 p + k p q + i=  1  /  c r . , z  '  ' 2  1  
\  / . (  ) .  j  , ' - ) r t f  ( 5  )

P , e = - N  k r l = O  
A r  

)  ,  
'  

.

a ( 6

= )- .. \  ar, r 'Tnq(5 ,3 ndpq )z-P-ta-q-1
'  P ' Q = - N  J  '
. 6

T h e  c o n d i t i o n  f o r  t h e  l a s t  s e r l e . s  t o  b e  a  p o J y n o m l a l  i n  z  a n d  Z  i s  e q u i -

v a l c n t  t o  t h e  v a n i s h i n g  o f  t h e  f o l l o w i n g  c o e f f i c i e n t s :

(  ^ ^ ^

\ ? . (  5  " J ' o Q ( 5  , 5  ) ) d p ( ,  )  =  o ,  -  p , e 7 r o .
) )  |  ' '

6

I n  t e r m s  o f  r i i s t r i b u t i o n s , t h j - s  i s  e q u i v a l c n t  t o  q n X o = O ,  t h  j - s  t i m e  o n  t h c

whoL 'e  complex  p lane .

L e t  z  d e n o t e  t h e  r e a l  a l g e b r a i c  s e t  o f  z e r o e s  o f  Q . s i n c e  e l o ,  l r ( z ) = o .
I f  7 . . €  0 \ Z , t h c n  e X 6  v a n i s h e s  i n  a  c o n n e c t e c i  n e i g h b o u r h o o d  V  o f  l , . i l e n c c

t h e  f u n c t l o n  X 6  c o i n c i r l e s  f n  i , ] o " ( v )  w i t h  t h e  c l a s s  o f  a n  a n t i a n a l y t l c

f u n c t l o n  h . I l u t  t h e  f u n c t i o n  T 6  t a k e s  o n l y  t J o  v a l . u e s , t h e r e f o r e  h =  7 . ,  o ,

h = 0 ,  i n  v i r t t t o  o f  t h o  u n i q u e n c s s  n r i n e i p l  e  f o r  a n t i n n a l . y t  l - c  I ' u n c t i o n s .

D e n o t e  U y  C O  z r .  c o n n e c t e d  c o m p o n e n t  o f  0 \ Z . T i r e  p r e c o o i n g  a r g u r n e n t  s h o w s

that  c l thc.  f } - l  = lT^ I  or  f  T  1=o in  T,1 (L t-6 ,  -  vd- ,  lLOi=u l l '1 , lo" (CO ) .

In  conc lus ion  we have proved tha t  there  ex is ts  a  f ln i te  un ion  C o f  con-

n e c t e d  c o m p o n e n t "  C O ,  .  .  .  , C ,  o f  C \ Z  ,  s u c h  t h a t

ILJ =["I-.J rn r,lo" (c ) .

- 2 2 -

The un lon  ls  f in l te  because the  a ' l .gebra ic  curve  Z  has  f in i te  degr "ee .
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The proof  o f  J ,ernma 5.2 is  thus complcte.

T t  i s  wor th  rnen t i on ing  thz r t  t he  n^sse r t i ons  ( i i  ann  ( i i )  g i ve  on l y  noce .s -

sary condi t j -ons. I lowever , in  both cases the funct ion g ls  deter ln ined by i ts
suppor t ,and def in i t ive ly  by the geometry  of  l ts  .suppor t .An enumerat lon of
a1 -1  suppor t s  appear ing  i n  ( r )  and  (1 r )  seems  no t  t o  be  a t  hand .

To  g i ve  a  s imp le  examp le , l e t  6  =  B (a , r )  be  a  d i sc  .o f  cen te r  a€  0  and

radl ius r7O, l 'he operator  wi th  pr inc lpa l  funct ion t6  fo  in  that  case T=
r l r + a , c f  .  t h e  p r o o f  o f  p r o p o s i t i o n  4 . 5 . r f  f u x , U * ]  = 5  a l , t ] r o n  I r ' s , r ] =
, ' 9o \  ,  l l 5 [= r  ,ano

(z-r* )- '"f = (Z-a-ru* )- 'ry = @:a7-'r7

for

( 1 8 )

14  l e rge .By  tak ing  i n to

r
e x p ( -  n - 1  I ' l  

- , 1 - 2 a
R ( a , r )

a c c o u n t  r e l a t i o n  ( B ) , o n e  o b t a i n s

l . ( l  l )  =  1  -  r 2 l  , * r l - 2 , l z -a l>  T .

l ' h l s  i s  a n o t h c r  p o s s i b l e  c o n d e n s c d  e x p r e s s i o n  o f  t h e  m o m e n t , s  o f  1 , h e  c h a *

r a c { t e r l s t i c  f u n c t i o n  o f  a  d i s c  ( c o m p a r e  w i t h  p r o p o s i t i o n  4 , r ) .

T h e  s a m e  c o m p u t a t i o n  s l t o w s  a l s o  t h a t  t h e  c o n v e r s e  o f  L e m r n a  5 . 2  i s  n o t

t r u c .

I n d e e d , l e t  u s  < l e n o t e  D .  = { r e t ;  i  l r l < 1 ,+ L
tha t  t he  f unc t i on

I l (z) = ex'p (-
, - )- z [  - c t y  t J  ) )

is rat ional in Z r f o r  I z t  l a r g e . ' L ' h e n

- )
t \  - z l  - u f  ( ,  ) ) ,

+ 1
:  I l e z T z O l  , a n d  D = 1 ) . U' ) + D  . l i u p p o s e

I t ( 2 , )  -  e x p ( -

- '  [ ,' ,  j l s
1)

+

z and

r
*  _1  |J r  

)
r)

so that



- ( . + e

because  o f  t he  i den t i t y  (18 ) .

Slnce the funct ion R(z)  is  rea l  analy t ic

an appl icat ion of  the ident i ty  pr inc ip le  for

tha t  I t  l s  ra t i ona l  t o r  l z l )1  and

. o _ 1
l H l z ; l '  =  e x p ( -  y t - ' - r l -Zap!  l )  =  1 l r l - 2  ,  l z l > 7  o ,

(

) t 5
D

by l ts  very def ln l t ion for  l  z l>  1

real analyt ic functions shows:

( r g )  t n ( z ) l  2 +  
l z l - 2 = ' . 1 ,  l z l > t ,

In  v iew o f  the  las t  equa l i t y , the  func t ion  I i  can  be  ana ly t i ca l l y  ex tended

a c r o s s  ? D , w h e n c e ,  i n  v i - r t u e  o f  t h e  s a m e  l c i e n t i t y  p r i n c i p l e ,  i c l e n t i t y  ( f  g )

h o l d s  f o r  a  p o i n t  ^ - €  D . l ' h i s  e v i d e n t l y  c o n t r a < i i c t s  t h e  i n e q u a 1 i t y  t L l - 2  >  1 ,

I n  c o n c l u s i o n , t h e  f u n c t i o n  i l  l s  n o t  r a t i o n a l , t h o u g h  i t s  b o u n d a r y  i s  r e e l

a l g e b r a l c .

6, J, ' inal_remarkg

T h e  a b o v e  p r e s c n t a t i o n  o f  t h e  L  p r o b l e m  o f  m o m e n t s  i n  t w o  r l i m e n s i o n s  i . s

f a r  f r o m  b e i n g  c o m p l e t e . l o r  i n s t a n c e , w e  c o n j e c t u r e  t l r a t  t h e  r e c l p r o c a 1  t o

T h c o r e i m  4 ' 6  i s  n l s o  t r u e . A n  a n s w e r  t o  t h i s  q r r e s t i o n  w o u l d  g o  b e y o n c t  t l i e

m c t h o d s  d e v e l o p c d  i n  t h e  p r e s e n t  p a p e r . T h i s  p r o b ) . c m  c o u l r i  b e  r e l a t e d  t o  t h e

s o l u t i o n  o f  t h e  t r u n c a t e d  L  p r o b l e m  o f  m o r n e n t s , i . e .  f o r  s e q u e n c e s  ( a  )  v r i t S

( m , n )  r a n g i n g  o v c r  s u i t ' a b l c  ( f i n i t e )  . s u b s e t s  o f  [ t { 2 .  T n  c o n n c c t i o n  
" i t i l n t i  

i " ,

a  c h a r a c t e r i z a t i o n  o f  t i r e  c o m p a c t  s u b s e t s  a C  U , w i t h  t h e  p r o p c r t y  t i r a t  t h c

f i r n c t i o n  a p p e a r l n g  i n  L e m m a  5 . 2  i s  r a t i o n a l , w o u l d  b e  i n t e r c s t i n g ,

I n  s p i t e  o f  1 ; h e  d i f f c r e n t  n a t u r e  a n d  a d d i t i o n a l  r l i f f  i c u l  t i e s  r e l a t e t i  t o

h i g h e r  d i r n e n s i - o n a l  m o m e n t  p r o b l e m s  ( c f  .  f 9 ] ) , t h e r e  a r e  s o m e  s t r i k i n g  s r _ m i -

I a r l t i e s  b e t w e e n  t h e . t w o  L  p r o b l e m s  o f  m o m e n t s  p r e s e n t c c i  i n  o u r  p a p e r . T h e s e

fac ts  suggest  a  common exp lanat ion ,v r l r l ch  wou lc l  ex tenc i  in  h igher  d i .mens j_ons ,

too .Thc  nu l t id imens iona l  t race  fo rmul - : re  cou l -d  be  lhe  main  too l  in  ansxer in r , l

t h i s  q u e s t l o n .
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