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l, {ntro*d:ucti-olg fhe cl-assical Yfi-e rrer-}lopf oper4tor$, a,re

o 'b ta in 'ed  by  compress ing  the  le f t *co 'nvo lu t ion  opera tors  on  f ,2 ( l t )

ta the sub'sp,elce r ,2(  f " r ' , . :  ? l )"  0ne, can, rnake. such, a compression j .n
'i,:,:,.'

the 6;eneral  context  of 'b rocalry compact group, wi th foro-}

rep ' le iced '  by  a  semig , Ioup wh ich  is  the  c losure  o f  i t s  in te r io r ,

fhe  rnos t  o f ten  cons i -d .e red  examples  o f  genera l i zec l  T f iener*Hopf

opera tors  ob ta j -ned in  th is  manner  a re  t l re  euc l id ian  ones ,  whore

t h e ' g r o u p  i s  R n  e r n d  t h e i . c o r n p r e s s i o n  i s  m a d e  t o  a  c l . o s e d  c o n v e x
'-. :'

cone with t to,n-void inter ior .

An in te ros t inE non-eucL i -d ian  example  is  g iven  by  the

Heisenberg  group I {ng  i ' {a tn (R)  o f  rpp :er * t r iangu lar  mat r ices  hav ing

I  on  the  d ia ,gonar  and i t s  "pos i t i ve  een ig roupr r  p^ ,  ob ta ined.  by

i n t e r s e c t i o n  w i t h  t h e  s e t  o f  m a t r i c e s  w i t h  n o n - n u * a t i v s  e n t r i e s .

Ih is  i s  the  exampl .e  s tud ied  in  the  present  pape. r  in  t l re  cases

n=3 and n=4 (vre note thert  a=2 i3 ives the c lassj .cal  V{ i .ener- l {opf

op.erato:rs )  ,

the  suggest ion  o f  cons id .e r ing  i ' f i ener*Hopf  opera to ' re  on

the  l le isenberg  i j ro rps  1vs-e  g iv€n to  us  in  f9 iJ5  by  Dar r  Vo j .cu lescu;

w e  e x p r e s s  h i r ; r  o u r  m o s t  p r o f  o u n d  g r a t i t u d e , .  
.

T h e  i n s t r u m e n t  w e  u s e  i n  o u r  s t u d y  i s  t h e  g r o u p o i d  t l : e o r y ,

Th:e  ob ;serva t . ion  tha t  lV iener* I lop f  opera tors  can be ,  d .e r ivec l  f rom

groupoids wers merde by P. l r [uh1y and J. i tenau]" t  in.  f r ] ;  we shal l  use

here  the  groupo id .  c .ons t ruc t io ,n  made in  [ l ] ,  wh ich  is  b r ie f l y

r e c a L l e d  i n  s e c t i o n  2  o f  t h e  p a p e r r

I t  i s  k n o l n  t r r a i .  t t r e  C { - a l g e b r a  g e n e r a t e d .  b y  t i r e  c } a s s i  c a l

lT iener -Hopf  operer to rs  conta i i : s  the  conpa.c t  opera t ,o rs  on  r . ,2 (  [o  ,F ) ]

a n d  i t  i s  n a t u r a l  t o  a s k  u n d e r  l v h a t  c o n d i . t i o n s  i s  t h i s  e r s s e r r t i o n
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t rue  in  more  6enera l  s i tua , t ionso P. i i , luh ly  and J . l tenau l t  show in
L l _ f ,

I  r  I  thn . { :  th i  q \hs  c i l se  i , vhe  i i  tne  ner t i ,g roup i ' s  po in te  c i  and i l r s  se tL * J  u r r u  u  u r r - L L  ,  r t  U i f  ( ;  , : : E  i t L , r . g ; l -  \ r U i J  I U  i J U I L f  U H (

of  u ; : t i t s  o f  the  61r :o r r l r : id  i . r i r ro lved  is  a  regu la r  co i i tp&c t i f i cs t ion

o f  t h e  s e r n i . 5 4 r o u p  (  s e e  s o c t i o n  3 , 1 )  .  I n  p r o p o s i t i o n  3 , A . f  w c

p: :esent  t r , , vo  ' tn ice ' r  cor rd j - t io r rs  on  L I ' ie  o rder  rg la t ion  inc l .ucec i  by

the  sent ig roup v rh ich  i -n ip fy  to '6a ther  t t - regu la r  corupac t i f i ca t io i l r f

and v*h ich  er re  s , . ; t i  s f  i  p r l  h - r r  the  pos i t i ve  sern ig roup o f  any  I . I - .  I t

i -o  no tewor t l ry  tha t  these cond: l t ions  are  a lso  sa t is f ied  ip  ; "Uq#9 ,(po in ted  euc l id ian  case*  I Ience,  in  a , l l rd i l ses ,  t i ' re  O ' t -a lgebra  o f

the  \ / iener - l lo .p f ,  opera t ,o rs  conta ins  the  compact  operu . t .o r  s .

s e c t ; 1 o n  4  i s  d e v o t e d  t o  } { r " .  u s i n g  g r o u p o i d  t e c l : i n i q u e s , .

w e  f i n d  w i t h o u t  d i f f i c u t t y  a  c o n p o - q i t i o n  s e r i e s  o f  t h e  o * *

-a . Igebra  o f  the  lT iener -Hopf  o i :e r ie to rs  on  p '  r , ih ich  h3s  eas i l y

t rac tab le  quot ie r t t - ' r  b . .e tv reen consecu. t i ve  i c iea ls .  fn  par t i c r r la . r ,
)e

t h i s  C  - a l g e b r a  i s  f o u n d  t o  b e  o f  t y p e  I .

r i n a l l y ,  i n .  s e c t i o n  5 ,  w e  r n a k o  t h e  s a m e  d . i s c u s s i o n  f o r  H n .
) + T

The cor respond in6S c  -a lgebra  is  a lso  o f  type ,  I ,  and th is  r :esu . l t

i s  s , l - q o  o b t a i n e d  b y  e x h i b i t i n g  a  c o m p o s i t i o n  s e r i e s .  f h e  g e n e r a 1

i d e a  i s  t h e  s ' a r m e  a s  i n  s e c t i o n  4 ;  b u f  s o m e  n . e l v  c o m p l i c a t i o n _ o

o c c u r  '  t r u h f . c h  i n d i c a t e  t h r i t  t h e  g e n e r a l i z a t i o n  t o  t h e .  p o s i t  j - v e

semigroup o f  an  a , rb i t ra ry  I Io  i s  no , t  immedia teo .

2 .  r rh? .  g rpupg id ,  cons t , r :uc ! .Lgp '  rn  th is  sec t ion  we r€ ,ca l l

tho  consbru t ion  mac le  in  f l ]  o f  i l  g roupo id  vshose assoc ia t -ed  cx-

-ei lgebra i . 'o isonorphic to the one 54ene::at .ed by the , ,y:1ener- l lopf

ope r&t;or s ,,

O u r  s e t t i n g  i s  a s  f o l l o v r s :  I e b  G  b ; €  a i

second counterble uni 'noduh.rr  group and let ,  p-
I

me€rsure  on  G.  lYe  shaL l  ca l l  a  sub;se t ,  A  o f  G

. q n r l  A - n ' l n c  A .  ' i +  i o  ^ - d 1 '  + ^  r r ^ ^ !  J F .

l oca l l y  compact

be a f ixed }{aar

I ' s o l i d t t  i f  A +  {



Er{  (so  i t  i s  v , 'o r th  cons ider ing

gro_[p ;  o f  G.  For  a r ]y  f  in  C^(G)

*3*

)
L ' (F [A )  ) .  l e t  p '  be  a  so t i d  somi * -

we define the tr?i_ener*I lopf operat;or
with syrabol  f  on p to.  be:  \ , fn( f  )=p, t ( f l je  f ,_f r ,zCpf r , )1,  whore r( f  )6
t- tnz( f ) )  is  'bt re ref t*convotut ion operat ,or  rs i thr  f  ,  p, : r ,2(T)*r12qr1l)
i s  p r 'o jec t ion  and.  j *p* r r ,2 ( f lp ) , -> .L2q* )  i s  inc lus ion .  The C l * * t r *
a lgeb  a  o f  L$z (n l t )  )  senera tec t  uy  twp t r )i 6 L

the  0  -a lgebra  o f  lV iener* I {op f  opera tors  on

1,I(p ) ,

i ' / e  sa .y  tha t  p  sa t i_o f ies  cond i t ion  (L l ; ,  i f  e ,very  e le rnent  o f)+ .. ( - | t rpw -c ro*c l  x  , - r  l t e  l !Qr * ( f )  i s  o f  the  fo rm ?co  w i th  A  &  so r i c' t r

s u b s e t  o f  G -  ( R e m a r k :  A  i s  u n i q u e r y  d e i e r n i i n e d  b y  % A ,  i , e ,  A r B
so ' l id  a .d  T fT i l .  

l r .4 -a ,e .  i inp ly  A=B *see observer t i .on  2 .3 .3  o f  l_ : i  \t t
r f  cond i t i on  ( t , 11  i s  sa t i . s f i ed r .  we  can  co ' s t ruc t  a  i j r ou i :o i  a  f , -)(
Lrav r -ng  a  q  )+L t1p )  i n  the  fo l row i rg  ,anner  ( fo r  de t ' i l s ,  see ,

{  r  *  oc (G) }  ; "  ca , l . t ed

P a.nd is  denoted by

s e c t i o n  Z  o f  [ : l  ) :

a )  t n e  s e t  o f  u r : i t s  
" t t r  i s  u = u f l - c l o - { Z  . - * ?  c r s .

L 11:-1 I 
teP 

Je L (r,.,t)"

b)  the s ;e t  o f  ar ror ,vs  , t  
t r  i -o  g iven by re f t  t ra ,nsrat io 's

w i t h  e l e r n e : r i s  o f  C ;  t h a t  i s ,  w h e n e v e r  / _ n e  U  a n d  t €  G  a r e  s u , c h
t h a t  * r o *  u  ( t h i s  i s  s h o r v n  t o  b . e  e q u i v ' r e n t  t o  t e  a - 1 ; o  w e  h a v e
a n  a r r o l v  X = ( t , A  ) €  f i  w i t ,  d ( x ) =  j t n  a n c i  r ( x ) _  F t t r ,

c )  t he  rnu l t i p l i c r - r , t i o '  on  t  i s  c le f i nec i  by :  ( s r t i ! )  ( t , . q " )  a
( s t , A ) r ;  ' t h e  i d e n t i t y  * 1 .  X f t  i s  ( e r A ) ,  v r i t h  e  t h e  u n i t  o f  G ,  a n d
the inverse of  (  t  ,A )  is  (  t * I ,  tA ) i *

d)  the topol0gy on g ,  s ince 
7 t  r  xLo.  ( r^ ) ,  vve ca.  terke

the product botrr,reon t i ie topor-o5ly of G a,nd trre wttoporog;y ,* {qn>
ancl  red.uce i t  to  fu  ,  lve : :enrark  th t i t  the 55. roupoid toporo6. ;y  inou" .o  l

Io ,n  U  co inc  j . des  w i . t h  the  * * - topo logy ;  i t  i s  co rnpac t  r .  &s  we  see  I
f rom the  A laog lu  theo rem.  u  i s  a l so  me t r i zab re ,  because  we  * * *u ,n *d  I
G  s e c o n d  c o u n t a b l e .  I

e . )  the Heiar  system: for  ar ry  l ; -O€ tJ ,  the set  t r f  ar rows 

I
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Leav ing  )4 ,

we take  on  i

g e t  a  r i g h t

me{f ,sure on R ei  is  bot l r

t o  t h e  r n u l t i p l i c a t i o n  o n  l I

go ing  to  work  w i th .  i3y  our

f t  i s  c lea : :  tha t  i ln  and.  pn

set . t in64 .  i?e  prove tha t ,  in

f i e d  r  s o  t h a t  t h e  g r o u p o i r i

i d e n t i f i c a t i o n  p n  b e c o m e s  f o , c - )
a r e  s i . t u a , t e d  i n  t h e  & b o v e  c o n s i c l e r e d

a d d i t i o r r ,  t h e  c o r i d i t i o n  ( i , l )  i s  s i i t i s _

c o n s t r u c t i o n  c a n  b e  u s e d  t o  d e s c . r , i b e

| . r r a
i s  l ( t , l )  I  t  e  l * * J ,  canon i ca l l y  i somorph i c

t  the me&sure ob, ta ined.  f rorn $a*I . .  tn th i .s
I laar systern on ? "

A e  1 b  i e  s f r o w n  i n  s e c t i o n  3  0 r  [ : ]  ,  a n y  c l 0 s e d .  c o r v e x
c o n e  w i t h  n o n - v o i d  i r t e r i o r  i n  R n .  s a t i s f  i e  s  c o n d " i t i o n  ( n i 1  ,  s o
t h o  g r : o u p o i d  c o n s t r u c t i o n  i s  a v a i l a b l e  i n  t h e  e u c l i < i i n n  c a s e .

T /e  c t lns ider  now' the  pos i t i ve  semigroup pn  o f  Hno l , , le  s f ra t l
( h - r ) n

i den t i f y  I In  l v i th '  i l  2  
'  ' r t  i s  €&-qx  to  -qee th" r t  the  l rebes*ue

( n-t Lq

( n - r ) n

modular i t y  vue  ob ta in  tha t  any  .1*o ,un fo f  w**c l o* l x

w i t h

tP* \  
t  * ;J

n o n - v o i d
i s  o f  t h e  f o r m  Z *  w i t h  B - l  c f o s e d  a n d

i n t e r i o r  ( t h i s  c l e a : : l . v  i m p l i e s  B  s o l l d

c o n v e x

) "

1l} (ro)

r=lx^[  t " ,co)t-*
(  n : l  ) n  ( n - 1 ) n

\ ---f,-' l f ' t r r ^ ^ - ^ ? 1

a l  L o ' c o )  
-  e  a g n  4  

,  A  c r - o s e d  a n d  c o n v e x l i - *  * *
-co 'perc t .  Bu t  fo r  any  t  in  p t  

TJ- ]  i *  c losed e incr  convex  and(-s:Us
conta, ins  [o ,co )  2  

;  so * l * " ro*{u* ,_ t  I  te  g}cr .  us ing un i*L  P t -

P r o p o s i t i o ] r  2 . 1  F o r  & n y  n  i  2 ,  p n  s r i t l s f  i e s  c o ' d i - t i o n  ( r i r ) .

Proq f  13 ; . , r  coro l la ry  3 .4 .5  o f  [ : l  ,  t t re  se t

t o  A * 1 ;

w8,y we

L e f t  a n d  r i g h t  i r r v a r i a r r i t  w i t h  r e s p e c t

n ;  t h i s  i s  t h e  F i a a r  m e a s u r e  v { e  a r e

, ! ,



3 " f i u f f i c i -

I

t -5-

en t  cond i t i ons  f o r  ? I (  F ] ; ^K ( f . , z

- ra r :  _  oornpa,c t i f  i ca t  j -on  n .  l ,Ve  sha l l

i r s s u m e  t h u t o  i n  t h e  s e t ' b i n g  o l ' s e c t i o n  z ,  t h e  s e r n i l g r o u p  p  i e
p o i T t e c ,  i . e  "  

p n  F - f = [ . ] "  T ] r e n  t h e  r i i o , p  h r p - p t f  c i e f i n e d  b , x  h ( t ) =
* X r r * ,  i s  o n e - t o * o n e ,  b e c o u s e  t p * l * s p - l = ?  t * l u C t , n ! - , - b  t = $ .

h  i s  e a s i l y  s e  e n .  t o  b e  c o n t i r j u o u s ,  a n d  h e i s  d e n s e  r a r r { l e  b y  t h e

v e r ) /  d e f  i n i  i ; i o n  o f  u .  I l u t  u  i s  c o r n p a r c t  r  s o  ( h r u )  i s  a  c o * p u c t i _

f i c a t i o n  o f  P . .

L . , e t  u s  d e n o t e  b y  v  t h e  r a n g e  o f  h .  i y e  r e c a l l  t h a t  i h e

c o r r l p i " c t i f i c * t i o n  ( h r u )  i s  c . l l e d  r e { q u l a r  i f  v  i s  o p e ,  i n  u  a n d

i f  h :P-*v  i s  a  L iomeornorph isn .  r t  v , ras  remarked by  p" r iuh ly  and

J . I t e n a u r t  i n  c o r o l l a r y  3 . 7 , 2  o r  l r l  t h n t  " ( h , u )  r e g ; u 1 a r , t  i m p l i e s
- \ -

t h a t ' t l  ( p )  c o r l t a i n s  t h e  c o r ; i p a c t  o p e r a t o r s .  . i i s  a  m a t t e r  o f '  f i l c t ,

t h e y  u s e  r - r  g r o u p o i d  c o ' s t r u c t i o n  d i f  f  e r e . t  f  r o r i  o u r s ,  b u t  i r :

o r r l e r  t o  m a k e  t h e i r  p r o o f  v u o r : k  i t  i s  s u f f  i c i e r i t  t o  s h o v s  t h a t :

a )  v  i s  a n  i n v a r i a , : r t  s e t  o f  u r i i t s ;  i - n c 1 e e d ,  f  o : :  i j . n y  t .  i n

I ' ,  t h e  F r l r o u / s  l e a v i n i q  
\ r r _ f  

o t *  o f  t h e  f o r n  ( a r t p - ] )  v u i t l r  a  i n

p t * ] ,  h e n c e  & = s f * l  f  o r  s o { r e  s  i n  p ,  e r n d  t f r e  r a n t { e  . f  (  e t * r ,  t l : - r , ,

i s  X  . , € V .
-all

b)  the  rec lucec i  i { roupo ic i  t r l u  i s  t rans i t i ve  anc t  p r i r : r c ipa ) . ,
i . e .  f o r  any  s , t  i n  p  t i r e re  ex i s t , s  c r *  un ique  i l r l r ow  f rom x  *_1
to  / - . ._ -1  i  th is  i t r rov /  i s  (  t s - l  r  s l> - l ,  .  

s : i :

t ?

c )  ( t , s ) - > ( t s * l r s P - l )  i *  a  6 S r o u p o i d .  i s o r r i o r p h i s n i  b e t r . , , e e n
the  groupo i 'd  9 -  o f  the  t , r j . v ia l  ec lu iva lence re la t ion  on  p  anc i  f i  l v
r f  h , :P- )  V  is  &  h i , r f l€ornorph is rn ,  then th is  i sornorph ism is  topo*
1og ica l .  In  ac lc i i t ionr  one can eas i l y  c ;hec lc  tn - l rb  i t  t ra r rs fo r r l l s
the I le iar  systeni  ind.ucod. uv |o l  p on G_ into i l : re l lerar syst ,em

i nhe r i t ed  f r o i n  
3  

on  f , l v "

" \ t / e  r r e n t i o n  t h a t  i n  t L i e  p r o o f  o f  c o r o l l a r y  3 . , f  . Z  o f  [ i ]  ,
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K i *  founc i  as  the  id .ea l  o r  1 , t } (p )  corues1:ond i -n6q by  the  canr :n lc*J -
i so rnorph ism c^(3  )o?nr ! I ' )  to  the  idea l  o f  f  t I )  p r .oducec l  by  the
open invar ian t  sub*qe*  { t  u ;  th is  fac t  w i - r . }  be  usec i  in  p ropo-
s i t i o n s  4 . j  a n d  5 , Z u  

^

l /e  a lso  no te  tha t  e is  a

3 . L  o f  [ z l  ,  t h e  C * - a l i 3 e b r a  o f

i s  a lwr : ,ys  ieomorph ic  to  l { ; .  so

no. rph ism,  the  feLc t  a lone tha t

c o r o l l a r y  t o  t i i o  ( s t r o n g )

n  t ra r is i t i ve  anc l  p r inc ipa .

e v e r ]  i f  h : P * ?  V  i s  n o t  a
Y
Vl i *  open 1rr  I I  i r , rp l ie  s  tne
A
isonro rph ic  to ' lC  .

of an i .c leaL of  Xl} ip l  vrhich 1s

tho  oren :

]  g r o u p o i d

hone o-

e x i  s t e  n c e

l a t i o n .  T h e  r e  l a t i  o '  i n t l u c e d
b.y  ?  on  G ls  de f ined by  x - t (  ye* - l : r€  p .  i ye  s t i l r  i i s_q l lme t i r * t  p
1 s  p o i n t e d ,  a n d  t h i s  i n p l i e s  t h a t

g r o u p  p r o p e r t i e s  o f  p  i m p l y  t h a t

' q o  t h a t  i t  i s  a l l  o r d e r  r e l a l t i o n  o n  G .  T h e  " s t r i c t  o r c i e r  r e l  a t i o n
a s s o c i a t e d  t o . . (  "  i s  c l e f i n e d  b y  x (  J c + x * l y e i .  L e t  u s  r e c c l r c l
s o r n e  s i m p l e  p r o p e r t i e s  o f  S  a n d

-oe que l" :

1 0  i f  x < y <  z  o r  i f  x ( , r (  z ,  t h e n  x < z ;  t f r i s  h a p p e u s
because p f  g le ,  and i rg  13 ,  be in6 ;  open.  sub:se ts  o f  po

2CI  fo r  any  x  i '  G  v*e  he lve  *  {  " ,  
b ,ecaL lse  r?np- r= t * }  i .mpr ies

&re ",":*:";-il :^';.:-': ;j.j1r'c 
I v ] *] e'na lv € G l ,. *]

( - r ) o . i " o " * ^ ^ t - r e s i l e c t i v e l y " S i n i l l a : : 1 y ,
[ v e c l v ) * l = * F  a n o  l r e G l y (  x ]  = * f ,  * ]  

" " *  n o n * v o i d  o p e n  s e t s .
4 0  i f  f o r  s o r i t e  s , t €  G  1 t  i _ s  t r u e  t l r a t ,  , , x ( ,  s ? x . . (  t , , ,  b h e n

s ( t "  I n d e e d . ,  w e  h , & v e  x (  s e x €  s ? _ l n  x € t < _ > x € t p _ l r  s o  t h , e
h y p o t h e s i s  b e c o i r r e s  

" F  
- 1 g t r - r  

a n a  i f i j l l i e s  l n  t r r n :  s p * l o c 3 . q g  * i * l
S " t p * r = p r r * * l t g p  

+ u * l t € p + s g t *  

v ' * ' v L i

/ c >
61)
Y ^ o
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0u: :  re  su l t  i s  'bhe  f  o11ovr i .n61 l

t ions  i rnposod above)  r r re  ha .ve  tha t  fo r  any  x  in r  p l

( i )  t l r . e  se t  l v€  t  \ v< : J  i "  compac to  and

( i i )  there  ex is ts  a  cont j -nuours  pa t i r  A  r  [o r rJ - rP  such .kha, t

A ( o ) = 0 r  A ( r ) = *  a n d  o ( a <  b s  I  i n r p r i e s  A ( r r ) ( l  ( b ) ,

f h e n  ( h r u )  i s  a  r e g u l a . r  c o r n a c t i f i c a t i o n  o f  p ,  a n d '  h e n c e

rr l fr l  contains K&z(f lp)) "
, P r g o f .  r n  o r d e r  t o  p l : o v e  ( l a n u )  r e g u l . a r  i t  s u f f i c e s  t o

t h a t  w h e n e v e r  t  a n d  ( t  ) @r  - n l n = l -  o f  P  a r e  s u c h ,  t h . l t  n ( t n ) - > h ( t

t h e r e  e x i s t s  a .  c o m p a c t  s u b s e t  o f  p  w h i c h  c o n t a i n s  e v e r y  t n o

is  i i  gener :a r -  fac t  f rom topo lo{ Iy r  e rnd  vse  reave i t s  p roo f  to

reader .  ( t {oBo !  The proo f  makes u .se  o f  the  me t . r i  zabL l i t y  o f

So,  fo r  the  re -o t ,  o . f  i l re  p roo f  r  w€ f i x  t  anc i  ( tn ) f f

such that T .  _r  : :J X ,-_t  .  
I r ie vrant to.  exhibi t  & cornpact

t^P* ' * r - t io  tp - r

o f  P  v . r l r i c i r  c o n t a i n s  e v e r y  t n "  r n  o r d e r  t o  d o  t h i s ,  e r e  a l s o  f i x
l o o - / . - . t

a  t '  i n  t P  ( € n ; r  i n e '  s u c h  t h n t ,  t  < t ' o  \ ' / e  s h a l l -  p r o v e  t h a t  t o  (  t '

f o r  s u f f i c i - e n t l y  l a r g e  n ;  t h i s  f a c t ,  t o g e t h e 3  i ' r i t h  t h e  c o r n p a c t n e s s
^  c  |  , ' l

o f  { s  € P  I  s (  t ' J ,  e n s u r e d .  b y  t h e  h y p o t h e s i s  ( i ) ,  w i l l  c L e a . r l . y

f i n i s h  t h e  p r o o f o

show

\
l ,

This

t h e

T I  \

a { '  D

s u b s e t

D .  t s

rnpl i .ca-

t i  o n  4 0

a n d ,  f o r
*-l

* p"  n-  '

s e t  Do

) )  o

1.arge rrq

a. L ! '/e defi

t i  s t lor]*vo

ou l .d  ho ld ,
_ T  e- '=D4 

t" e *
to  v re  c lear

ope rt re l.eit

T, d/-t- =o- 'o I

s u f f i c i e n t l y

Sroof ,.of lgri i!

l y  open and i

( ,  s  = )x {  t [  v , r

W e  h a v e  D n t P

a t i s f y i n g  s . (

e  c o n s i d e r  a n
. ( "

s e e  t t t a u  I
)

obv ious

t i on  f r x

&be \ re ,

{rny n s

So, if w

o f D w e

V/e  f i rs t  p rove  a  reLated

Lernn ' ra  I  Le t  s  €G be such

s t a t e m e n t :

tha . t  u  { t ,  T l ren  u  $  t , .  ro ,

n e  n = { x G G l * < * , " { t } ,

i d  b ,ec r i , use  o the rv r i se  the  i

leading;  to  sq, t  by ob. ,ser .ye i

l " S t = / ,  o n  t h e  o t h e r  l r

l y  have  lS lxcG I  x . r (  t u )  =
l 'v :et f 'bsrr ipact  non*void sub,- , ^

I

,  wh i te  
J  

=  no  u f  = f  ( to

t4r?-l
+4

tP



*il*

for  any n sat is fy ing s( tn*  gu.b n
we know that J .X" d p- *y

u 
*o-1 ''o ' 'y'-'2'w

t n *

statement of  the lernrna cf .earn"

I
\ ?C,.., dF, arrd thi-s malcee ti le'/ "a

+p-l

Now yre cousid.er t i re compact sui l . ,set .  K=
of P and prove the fol lowin6g Lemma concerning

T,eryra,  ? For any y in G such that V*t t
L

c
) , a q . I i

t h e r

[ " < t /  n x  { r ' }

e  ex i s t s  an  x

)&

i n  K  s u c h  t h e r t  x { y "

Jroof of.-Leryng ? rf y (t/ we m-*y take x=1yr so we shall_
a s s u m e  t h a t  t { r ' "  ' r / e  d e f i n e  D =  {  z € p l  , r t r }  = r n t / F  - t .  

n  i s
o p e n  i n  P  a n d  w e  h a v e  c l o s n  D =  c J . o s *  D g p f l t / p - l =  

t ,  *  p  l  r {  t r } ,
hence the b 'oundary of  D rerat ive ly  to  p  is  conta ined"  in  K.  le : t
A  r [o r1 ] - -+p  b ;e  a  con t inuous  pa th  connec t rng  e  and  y ,  w ] r i eh  i s
inc reas ing  re la t i vd l y  to

! ' /e  have . \  co)  e  n ,  A (  r )  +  c los,  Dr  so by the conne,c tedness of
[ o , t l  i l r e r e  r n u s t  e x i s t  a n  a  i n  ( o r r . ) " s u c i r  t h a t  * * ) ( * ) €  ? p  D € K .
Bu t  . \ ru i -<  i ( I )  mea 's  exac t l y  tha t  x (  y *  and  t t r i s  ends  the  p roo f
of  the Leramao

0 b s e r v e  r r o w  t h a t  
_ n G ? * ,  { x  € c  I " ,  " }  

i . .  a e  o p e n  c o v e r

o f  K ;  i . n d e e d ,  i f  x € G  d o . e s  n o t  b e r o n g  t o . t h i s  u n i o n ,  t h e n  i t  i s
t rne  tha t  "u  { t  

=7s t ' x "  v r } r i -oh  i s  equ iva ren t  to  r s  <x  =1 )s - ( t '
a n d  h e n c e  l e a d s  t . o  x ( t ,  b y  o b s e r v a t i o n  4 0  a b o v e ;  b , * t  x 6 t  ( t /
imp l i es  x  ( t ' r  so  x  canno t  b ,e  i n  Ko

l e t  * -q  te rke  a  f in i te  subcove : :  o f  th is  open cover o f  K ; ,

r {  j <  *
c lear

that  is ,  we p ick ** r : , . ,  $rn ot  
s i ]_  

t i ia t  * ; *  t  f  or  e iny
such that r  g \J {"? t e c f x T ".W#ueg, l-emma 2 it is

ffi,.g

and
i  - 1
r r - r

t

. 
, 1.t

t \

l x ) s - 9' *J.

q

thar  { . "n*  I  "  { * ' }  s 'Q t " , hence tha t  u f f  * ,  ?  r  !  r



I

"*d* 
impl,y toge ther: x (t /"

property that u. i  q| t"  f  or an;r
t u '

imp l^ ies  t  <  t '_  n  -  and the  proo f

*9-

Using; lernnia f w€ f ind no wi th  hhe
n  )no  anc l  L  ,<  j<  m. .  f hen  n )zno
i s  o v e r o ,

P r o p o s i l . i o n  j " 2 " i  ? h e  h y p o t h e _ e i s  o f  p r o p o s i t i o n  3 " 2 . L
& r e  s a t i s f i e d ;

a)  by  any  c fo .Eec i  co 'vex  po in ted  cone w i th  non_vo id .  in te r io r
i n  a n  e  u c l i c l i a n  s p & c € : q

b)  by  the  l  os i t i ve  sern ig roup,  pn  o f  any  Hn,
p r o o r  a )  r e t  p G n n  b e  a  c l o s e d  c o n v e x  p o i : n t e o  o o r e  w i t t r

n o n - v o i d  i n t e r i o r  a n d  I e i ;  u _ o  f i x  x €  p .  D e f i n i n g  A C q  = a x  o n  [ o r f ]w e  s e e  t h a t  h y p o t h e s i s  ( i i ; .  i *  s a t i s f i e d  ( o  q a <  b  (  L  = ) * a x + b x *
= ( b * a ) x  € p )  "  r p  o r d e r  t o  v e r i f y  ( i )  $ i e  c o n s i d e r  t h e  d u a r  o f  p ,4
P= t t€  j in  

I  (u ,€>  ) ta ,  vv€n] ,  v ih ich  is  a r -so  & c rosed corvex
po in ted  cone w i t '  non-vo id  in te r io ro  l 'e  have ur . r?=nn,  hence v , re  canc h o o s e  n  L i n e a r l y ^ t n c i e p e n d e n t  v e c t o r s  f  1 ,  1 2 ,  o  c ,  ,  : "  ; ,  f :  

' 4

f t  i s  known tha t  ?=r ,  th t r t  i s  yep(+  (y , t  )  7o ,  V , t *  ? ,  as  a
congsquence we see that  y. (  x  <+_y+x 6 p (+ (_y+* ,  ?.7 , .  o,  V !  e?:2( Y '  € i )  s  G ,  €  j  > ,  v r  s  j  , <  n .  D e n o r i n
we obtain *reit tu * p I v ( *] e{r e :r"f -;ili'_-ll 

"t;JJr";,the  Las t  _ce t  i s  eas i l y  seen to  be  b ;o .unded.

,::" ,,,:l-:;,,,',:;'Jl;',T: J;:l']k:..1 l:,,",io,uu"o'|ha, x{ ",
y * r x €  l n , '  * u ^ ; " _  x . .  , = * - ;  

-  
" * *  " '  

. ' : * " o * '  

o e n o t i n g  z = ( E i ,  j  ) i ,  j *
' J  f l f  

J i , k u k ,  j  ) y i  ,  j ^  j ,  j = Y i ,  j  "  T h i s  m a k e s
c l e a r  t h e  t y p o t h e s i s  ( i  ) ,  o f  p r o p o s i t i o n  3  o Z * . I  u

. a

)
1
.4''-q

lVe  pess  to  ( i i  ) .  y {e  sh* l '  p rov€  tha t  f  o r  _o=(  s i ,  j  ) i  
r ;  and

i*( ti. -i ) i ^ i of Pn placed ddgg.1p s{g6. f nJ,.i nr^,i -^. +
* . & ,  . ' '  

< )  t  t  dry,-qt is true rn.r':; ;:J;"J;Hfi:"IpJ'" "{..}: q 
'%.{.*
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f i r s t  f i ne  w i th ,  o ; .

p )  t he re  ox i s t

p*I and such that s, '  is

Once we have d.one ta*js,

can  be  connec ted  w i t t l  s

26  p (  c i  {n  such  tha t  t i r p=o  fo r  any  l (  t . q

ob, ta ined f ronr  t  by rep lac ins 
%,q 

wi th  or

i t  is  oasy to  see how an arb i t rary  , iQpn

€Po by a cont . inuons decreas ing path made
of (*}.b. 

pieceso

Proof  fo r  the  s i tua t ion  " ( :  we can lv r i te  t :=$ tF c * l *  q  f  o r
s o m e  c € f o r o o l  a n d  2  ( q s  o ,  w h e r e  * r - r q €  t , t a t n ( R )  h a s  t h e  t r q - * o t " y
e q u a l  t o  L  a n d  t h e  o t h e r s  e q u a l  t o  o o  A ( a , ) a s * a c e r o '  i s  t h e n  a

c o , n f  f n u . r .  i n c r e a s i n g  p a t h :  c o n n e c t i n g  s  w i t h  t ,  b e c e r u s e  o  d n S  b r (  1
: )  ) ( " ) - I  X u ) = e * ( b - a ) c e t , q €  p n ,  (  , h e r e  e  i s  t h e  u n i t  o f  H n ) . .

f h e  p r o o f  f o r  t l r e  s i t u e r t i o n  
P  i s  s i m i l a r  t o  t h e  o n e  f  o r o ( *

+  - \ -
4 ' f h e  c  * a l g e u r a  k / ( P l )  I n  t h i s  s e c t i o n  w e  d e a l  w i t h  b h e

l V i e n e r - I ' I o p f " m s i t i v e - o e n i . g r o u p P , o f } I , " . W e

s h a l l  e x p l i c i t e l y  d e s c r i b e  i n  t h i s  p a r t i c u l a r  c a s e  t h e  u n i t  s u i l c € ,

o . f  t h e  g r o u p o i d  c o n s t r u e t i o n  o f  s e c t i o n  z ,  a n d  w e , s h e - r l l  u s €  i t

to  ob ta in  e  compos l t ion  ser ie ,s ,  fo r  1Xf tp3) .

Y fe  n ' ia lce  the  ident i f i ca t j -on  o f  I i .  w i th  R3 by  wr i t ing  (a ,bnc)

l L  &  c \  
)

instead or  
Io 

I  b I  ;  so we i : r re in fact  workin6;  wi th R] endr:wed
\ o , o  r l

w i t h  t h e ' m u l t i p l - i c a t i o n  ( a n b o c )  ( u . l  , b l  , " J  ) = ( a + a /  r b + b l  , c + c
As we remer: :ked. at  the en.d of  sect ion. .2e. tho l laar rneasure

w L t h  t h e  l e b e s g u e  m e & s u r e  a n d  p ,  b e c o m e u  I o , o . ) 3 .

/  , /  r .+ a 0  ) .

co inc ide .s

For  any t  in  o ' ,  
&or-1r l  

ecrs i ry  -qoen to  ue ix€R3 I  * r , ( t t ,
x2( t2 ,  * j * ( t r -x r lx l { t f  J ,  v r r rdFe * l_ , *2&fr i lna t : r t2 , t ,  ars  the
componen ts  o f  x  t rnd  t  respec t i ve l y ;  i t  i f f i nven ien t  to  deno te

r ' l
t P 3 t  b y  $ t . , , t . , . t _ o ' $ o  t h e  s e t  o f  u r r i t s  o f  , t h e  g r o u p o l d  c o n s t r u c _



-1.f.*

I  *r ,  tz, \3e,

t3 * R ar:e;

[o, **.

eirb,f,trury )

t ion o,f  se ct ion 2 j .s U=wtslou {2.*

rfe arso make tha rorlowing nor"rloojl*i,1;,
st ' t r , .o" * '  $ uni |  *rg tro *a { rr)  

;
so, t , , . t ,  * ' l *  €R3 |  x2  {  t2 r  * j * (  t r -x r )

s t 1 , * 0 .  * { * € R 3  I x t * ( * r }  r .
s* r t2 * * .  *  l "€n3  l " r s *n . } .

* l X . :  I  F
l ^ t * ,  s t2* ,  \ t r , t ,  €  [o , , " " ) ]  ;

=  
t X t . - r  r  \  

t l t r e [ o ' ; ) a ) ]  t
;  "  

u 2 ' u 3
=  

\ x r * "  u o o o  \ t r  
n t o , * ) )  ;

v . f  I  o  g  I
r n

= \Xu - \  tz €[o. a-]) ;
o 9 b 2 t o

'" '{x*r} *{t}"
€rs  i f  we p lace  these s ix  o rb l ts  on

tab le  Is  thea the  c losure  o f  each
a n d  t h e  o r b i t s  s i t u a t e d  ( s t r i c t l y )

x1€ t3 
] ;,

F

,Proposi t ion 4* u is made of  s ix orb. f  te,  which arei
f

u L r z r 3  = t K t *  
+  +  1 t - . f  +  . t ^  r \t 1 r t 2 r t 3  I  " I '  ' 2 t  t j  €  L o r  c ' U  ;

I L N
L ; Z

t l

" 2 1 3

q

u
ĉ.

f o u r  l e v e l s  a s

one cons is ts  o . f

belolv Lt  *

I  *u rr j ,
o For

uo

I{ore ov

i n  t h e

i tse l " f

.t

Table I
^

, .Froot f t  is easisr to g0mpute I l r

l ,eve1. a u t r  r  r 3

level  l_ u1,  t  '  u , , t

Level z q  i u z

l eve l -  3 uo

U arrd U/ aro related by the equal i ty {J, '
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c lc l . sed  con,vex  se t "  con ta in ing  P- , ,

T , p t  r t ( k )  ) ,  -  b e  a  s e ( l u e r r c e  o f! u e  \ u  / k = I  v v  u P3 $uclr t i rat

A . ( fn  fac t  A  mue t  be  c losed
r ,3(r (k)  y-r  f fo  

for  a sol id set :

ernd conv€x and must,  contain,  FJ,  ar)  w€ saw i .n,  the proof of  p,ropo*

s i t i - o n  2 . 1 . ) :  v / e  r v r i t e ,  f o r  a n y  k ,  t ( k ) =  ( t l n ) , t t n ) , t ! o )  ) , p a s s i n g

to  a  eubsequencer  we sha. l l  , su t )pose t l ra t  C t jn l  ) f l  converges  to

* 
" jeto r 'n l  for  arry ie t r  r2,3)-  r f  e, r=wt we sh.r l r  assumeo i r r

a d d i t i o n ,  t h a t  , \ O l + o  f o r  a r i y  k  a n c L  t h a t  t h e r e  e x i s t s
r 1 . \  / r . \

e =  l i m  t \ ^ ,  / t \  r €  
[ . o , u J ,

K-+oo /

There  i . r re  e igh t  poss ib le  case  s  o  g i ve r t  by  the  f  o l l ow i  ng  t re p.

l

i
i

!
j

.
t

c r (  G

cz= 3

cl-  (  *  1"J(a* 
cass I

- -  CJ=  Co  CAS€  2

t " *  o -1  "31 , -  
cese  3

- r .  C  j=  e  CaSe 4

.L< *< " \'o ca'se 5
- c = 9 - c a s e 6

c \ o f  <  
c  ( Y  c a s e  7

\- c=. c,o casg I

I

f n  e a c h  c a s e e  t h e  l i r o i t  s e t  A  c a n  b e  w r i t t e n  e x p l i o i t e l y "  l , e  b . u s
.  ? l

take  fo r  fns tance the  ease 6^  ! ' fe  c la im tha t  s te  havs  A= \x€ I i /  I
- ' )

* I i - " f l c  l o d e e d ,  I e t  u e  d e n o t e '  t h e  l a s t  s e t  b y  . t \ /  o  f f  x € i ' ,

t ha t  i s  i r  x r )  * "1 - ,  t hen  x€  Pr ( t ( t t )  1 - l  ro "  a l l  su f f i c i en t l y

larse k be cau-oe , -riu 
!* 

-", ( *r r *t!n're ' r (xz eind

/ r ' \  / r ' \  / l ' 1  / r . \  , , U )  
i s  v a l i d  f o rxr+xr t  b" '  7 t  - t ) "  )  g  x t / t )^ '+x1)  - t )^ '  /  t : .

suf f i c ien t ly  la rge  k r  s ince  the  te f t  pe l r t  o f  t l l e  inequa l i t y

t e n d s  t o  x '  v r h i l e  i t s  r i g h , t  p a r t ,  t e n d . s  t o  * f ' .  I f  * 4 O ' * t h e n

*  #P l f  t (k )  ) * l  f t "  a l l  su f f  i c ien t , l y  Large  k ,  b 'ecause,  * t lu '?  - " ,

)x l ,  tak ing  in to  accoant ,  tha t  ?A ' i r tu  t " l t  Lebesgre  rner&surer

we. c&n apply the donr inated converrgence theorem to s€@ that

ft



* '1, 3*

w)f:-->x_ ,F , ,  (  1 " ( k )  r - I  K ) #  
- A '  '

*  ? \  *  //  

Ihe  res t  CI f  the  p , roo f  i s 'a  mecha,n ica . l  cor i rpu ta t ion ,  T l ' le

reelder aay convince hr j -nsel f  that  i f  orre rnr j - l l -  urr i te the for in of  A

in  the  o ther  seven cases  and ope: :a 'he  the  in r re rs i 'on  A ?A* ]u  then

he w i l l  ob ; ta in  t l re  resu l ts  s t .e r ted  in  the  pr ropos i t ion+

(-

At t l r is  moment we have a, t  oLtr  d isposal  a.  6errerer l  mach, ineryu

u s e d '  b y  P . i d u h l y  a n d  J . i ? e n n u l t  i n  f i l  ( t n e o ] r e m s  4 . 2  a n d  6 . 6 ]  f o r

s o r n e  s p e c i a . l  e u c l i d i a n  c a s e s ,  w h i c h  i r r o v i d e s  a  c o m p o s i t i o n  s e r f . e s
#'

fo r  a  g roupo id  C  -a lgeb ra .  Th i s  mac l i i ne ry  s ta r t , s  v r i t h :  a  l oca l l y

c o r ; 1 p & c t  g r o u p o i d  v r i t l r  l l a a r  s v s t " ^ ^ Q .  n n r l  l v i t l r  s  n a r t i t i o l  o fu J  u  e w r r r t  
d  

t  L 4 r r u  Y ' !  e r l  q  
} J a

i t s  s e t  u  o f  u n i t s  i n t o  i n v a r i e i n t  s u b s e t s ,  ? L r e  p a r t i t i o n  i s
l1 filo

v r r i t t en  w i th  doubLe* indexo  I J=  p / ^ (5 !  U ( r j  ) ,  bec r iuse  i t s  me .mbers
( = o  J = l

a r e  p l a c e c l  o n  n + I  l e v e l s  ( t f r e  i n C e x  f l  c o m e s  f r o m  t , l e v e l t ' ) ,

t h e  f o 1 l o v , r i n 6 5  c o n d i t i o n  c o n c e r n i n g  c l - o s u r e s  i s  s a t i s f i e d :

^ n v  F  n n d  i  v u e  l t a v e  c l o s  U  
, - 1 r  t t t  

n  R ) p t
c r r i r  4 -  c1 , ,11  .1  vve  l tave  c los  u  g , i s  ue , i  U  (  LJ  (  (JJ  [ '  \  \

C g n d i t i O n  i S  r ' ' ) r r r - i  n r r  c ' l r r  r n r o n l l g l .  t i f a n  t h e  O n e  O b S e f ' V e d  f  O f  - P  j

p r o p o s i t i o n  4  " L .

Unc ie r  t he -qe  hypo thes i s ,  \ r re  see  tha t  each  Up  _ ,  i s  l oca l l y
L 9  d

c l o , s e d " ;  b o i n g  b h e  < i i . f f e r e n c e  o f  t h e  t v , o  c l o s e d  s e t , s

, ,  n  f f l 2 t  n  f i . o l
u. f  -  i  U ( - ,L1 (uJ Y o,  . ' , ) )  anr i  ,L l  (  q- /  uL ' r  

[ = [ v L  j r = l  C t J  L ' = e + I  j 7 = l

i s  .a  loca l l y  compact  g i r - rupo id ,  enc lovrec i  w i t i r  a r l

s y s t e m  ( b e c a u s e  U  g ,  j  i s  i n v a r i i r . r r L ) "  T h e  r e s u l t

a n d  J . i ? e n t r u l t  i s  t h e  f  o l L o w i t t g l

and

f o r

Thi  sr

i n

d , j , ) ;  
h e n c e  * . \ u g r r i

' !, t
P r r : n o s i t i o n  4  " 2  O n e  c e l n  f i n d  t h e

f  E I - g -  " 'o t
Iil^ )(

i c ,  t n € f  0  (
J ='t'

isomo,rphi  c t

inher i ted  l {aar

used by P "l{ull}y

t w c * s i r l e d  i d  e a l s

t r r l a t r  1^  iS  i uo rno rpho

,- -r lT -iI l  r  tL /  te* t  l s

c1o  se :d

)  sucL r

f o:: any 1r( {- .-(

e , , i ) '

r+g.I =[
n

\ 4 . 1 l  I

d  r " o ,  i
rrif

^ A b / \v q p r i
.i 'l

J = r

( 3 )  o r  , * ( ,

)  ,  a .nd

*c 
$-\u



_r4_.

t he  p roo f  o , f  p ropos i t i o r r  4 ,2  i s  based .on  the

op 'en invar ie ln t .  sets  o f  un i ts  g ive r ise to  ide:a ls  o f
o . the r  reLa l t *d  resa l t s  ( see  fo r  i ns tance  the  p roo f  o f
n€ I-r 

- l  
\v t r  

L * J  l . a

As a  co .nsequsnce o , f  the  propos i t io ,ns  4"1  and

fact thu.t ;
+{-c ( f r )  and
t lreoreni 4 ".7

4 * 2 e  w e . .qf i6,

such

- r +  - l
0  ( f l u " ,  n . ) ;

, r - ) - )

,t
w

thert Wl, ) has a sr*quence of ideals r,6 r l  g 12 err*fqr, ),
t h a t : :

r o *

rg, / ro y o*(  ?\ur,2) @ ,*t  b lur,r) ;
r2/rr= cxt I  lur) o cx( fo\vrl ;
r., :rz s c'(( piuo)-

Y/hat .  re r ; ta j -ns  to '  b ,e  d"one is  the  descr ip t ion  o f  the  d l * rg**

b r a s  o f  t h e  s i x  r e . d u c e r l  g r o u p o i d s , .  R e v i e w i n 5 5  t h e  c i i s c u s s i o n  o f

3 . 1  w e  s e e  t i r & t  f  ,  * l u . ,  .  z  , l  
*  K ,  a n d  t h a t  i n  f ' c +  r  - - v r , Z r . . t -.  ,  O , _ I r .  r n & t  1 n  f a c t  f o =  , ( ( t , . ( 6 l f r ) i

l v i t h  F :  t h e  t r e b e s & u e  m e & s u r e ,  A t  t h e  o t h e r  e x t r e m e r  w e ,  h a v e-r\-' , | #r
c  (  

? l u o j  x  c  ( l { j ) ,  b e c a u s : e  u o  h a s  a  - o i n g l e  e l e m e n t ,  w j , t h  i s o t r o p y
g r o u p  l r r r  h e n c e  

? \ u ,  
i s  i n  f a c t  H 1  r n  w h a t  o o n c e r n e s  t h e  o t S e r

four  g r :oupo ids ,  eerch  o f  then can b ,e  seen to  be  fsonorph ic  (as  a
loca l l y  cornpe ic t  g roupo id  w i t i :  I {au i l r , sys tem}  to  the  proc luc t  o f  a
group c rnd  a  t r i v ia l  equ iva lence re la t ion  on  er  cer ta r in  qe  b ,  I lo : :
e x a m p l e  ,  f f  R  d e n o t e s  t l r e  t r i v i a r  e q u i v a l e n c e  r e l a t i o n  o n  L r r o ) . 2
c o n s i d e r e d  l v i t h  t h q  L e b e s g u e  m e a s u r e  l n z n  t h e n

( a r  ( t a , t j ) ,  ( e r r s 3 )  )  - (  ( a r - b r * s r o  t 3 - u 3 * a s r ) ,  s  )
o r S 2 r S 3  /

e s t a b L i - q h e s  a n  i s o m o r p h , i s n i  t l e t w e e n  R  K . ?  e r n r i  Q , l u
, (  .  

r p v r r r u r ' l / r r . t - D r l l  ( r u  r , w { i s I l  l t  ^  J \  a n 0  
V l U Z r 3 ,  

W h i C h

i n rp l - i es ,  0  (  
| l u r , 3 )  =  co (R )  @_ l t t r 2 f f  z  I  [ o ,  co )  2 ] ) ,  r n  a  s im l ra r

wav we f ind  tha t  , * (  * lu r . r )  i s  i somorph ic  to  co( t i )6J ( ] ,  too ,
,(-  ,- ,  

\J 
xj t

a n d  t h a t ,  C  (  p l U r ) a n a  , ' ( T l U r ) ' a r e  i s o m o r p h i c  t o ,  C o ( R 2 t & K .
Let us ;make, the remark that i f  we uqg r e r n  3 o I  o f  [ a ] ,  t h e , n

w!ilwe are exempt  t : : :  e .s tabt ish ing the 53rorrq8rytsomorphis f f rs ,  and we
o'nI'y need to ff iRrrj- rn* i"oioopy *rorr*'op hr*,*' ' ,g'roopoian involved "f



*r"5*,

I ' i na l l y ,  we have come to  the  fo l l .ow in ; i  regu l - t : .

t h e  p r e c e d i n g  s e c t i o n  c a n  b e  r n a d e  i

m a i n  d i f f e r e n c e  i s  t h a t ,  u n l i k e  t l r e

U  h a s  n o w  & n  i n f i n i b e  s e . t  ' o f  
o r b i t s

orb i ts  in  a  na tura l  way  in to  a  f in i

s u c h  t h a b  t i i e  h y p o t i i e s i s  o f  p r o p o - o i

do i .ng ;  th is ,  , f fe  s t i11 .  have the  probp

a l g e b r a s  o f  t i i o s e  r e d u c e d  g r o u p o i d s

t r r n r " t r r r r g r l o ' r r r  . , ' r X / r  . L r . - . .u u r L f  ,  a I 4 0 1  ; t l e r i i  u ' ; . e  s e e r l  t o

o f  a  g r o u p  a n o  f  p r i n c i p a r  g l o u l r o i d .

n e x t  p r o p o s i t i o n .

?roposi t ion 1.1 t i l (p l  is  o f  type r ,  and has a ao i r ip ,os l t ion

ser i .es  o f  l l ,eng th  3 ,  such tha t ;

a )  t r r e  f i r s t  i d e a ] ,  * l { i

b ) '  t t re  las t  quot ien t  i s  i so6oyp, [ !6  to  Cx{ l f r ) ;

c )  t t re interraer l ia. te c lu.ot ients are direct .  suins of .  te.rms of
*

the forn c ' ( l ,1)@Kr wi t l r  L t  a  sub,groupr  o f  I { ,  (m*R or  l \ , r= ,?2)_

)r-
5 .The  c  *a lgebra  t ; ( t s+ )  compu ta t i ons  s im i la r  t o  thoss  o f

n t l re  case o f  p  
4g I I4"  Th*

r e s u l t  o f  p r o p o e i t i o n  4 . . I ,

o  l l o w e v e  r ,  w e  c a i i  g a t h e r  t h e

te  nur r ib .e r  o f  invar ian t  se ts ,

t i - o r i  4 . 2  a y e  f u l f i l e d "  A f t e r

ern  o f  descr ib ing  t i ie .  Ca

w h i c h  a r e  n o t  t . r a . i i s i t i v e  
"

b e  i s o n o r p h i c  t o  b h e ; r r o d u c t

o f  t h e  t y p e  d e s c y i b e d  i n  t h e

P r o p o s i t i o n  5 , 1  L e t  l 3  e i r : d  Y  b e  s e c o n d  c o u n t a b l e  l o c a l l y

,compact .  $pe lces .  u /e r  cons ider  thq  equ ivarCInce re ra t ion

d . e f i n e d .  b y  ( b r x , y )  -  ( b /  r x /  , : t t ) € ) u = b /  o n  B x y  x y ,  i v h i c h

g ives  e t  loca l l y  cor r rpac t  g roupo i .d  }e  ,  f f  la_  is  a  pos i t i ve

Radon measure  on  Y Lrav i rq ;  s l tppy 'L -y ,  e rnd  ^ f , r$ .d  (o  ,e )  l s

a  cont inuous  fu r ic t ion ,  i l ren  the  fami ry  o f  l lad"on  measurs ,s

A *  ( A ( o ' o ]  ) ( o , n ) e  u x y  d e r i q e d  b y :

[  ,e$ryr^(b ,v) (o ,u ,x)  = ' f ru  r  f  , (b ,y ,x )  dp(x) ,
- l t b , y )  I  

'  
i  

- \ - ' ' u ' - -

t<- 
Y



--L6*

I temar rk  ' i /e  donFt  ne  ec1  to  s tud .y  the  ameni : .b i - l i t y  o f  (74  ,n  ) ,

boc i rLL .se  ,  us ing  the  p ropos i t i on ,  v re  sha l - ]  ob iba in .  t l t e  redL rced

x
C -algeb,rars of  some groulroi-dg wlr ic i i  are,  knovrn to be amenabl-e (by

p r o ; . r o ' s i t i o n s  3 , 7  a n d  3 . 9  o f  c l r a p t e r  I I  o f  f 4 l  ) .

f . foof  o, f  p.r . .o i roFi t - lorLLL iYe recsr l l  t l tat  the set  of  unibs

o f  W  i s  F  X Y ;  i t s  s e t  o f  a r r o w s  i s  t s x Y X Y ,  t h e  d o n a i n and

mLr l t i -r a n g e  o f  ( b r y , x )  b e i n 6 i  ( b r x )  a n d  ( b r J )  r e s p o o t i v e l y "  T h e

p , l i c a t i o n  o n  X e  i s  g i v e n  b y  ( l r , z , y )  ( b , . / , x )  E  ( : o r z r x ) .

We cons j -c le r  and f i x  a  pos i t i ve  Radou rne&sure  p  on

such t i ra t  suppP = f ,  a l r i c l  an  e le rnent  *o€ .X '  \?e  have supp ?

=B X t *o }  ,  l r cnce the  inva . r : ian t .  suppor t  o f  P  *  f  *  i s  BX Y

* r t

x.,l'
o

i m p l i e s ,  b y  p r o p o s

t a t i o n  r n d  P X t *
0

t h i  s  r e p r e  s e n t a t i - o

o n  B X  Y X  Y  j - s  g i v e

(  r d
J

B X Y X  Y

= f  (  fJ \ }
B X y H-'qa

r  f  ?^(n)" J
B X Y

i  t i "  o n  2 , L T

is  i sorne  t r

a

n .  i s  L ' ( Y  
-

n  b y :

t ,  - ]

Y s

f  [  1 - ]  ,  t ha t  t he ;  i nduce  d  r cp r / i  * . . en*

, " ) f  r  tnn  A rc  o n  C r e d  ( ' J { , / \  )  "  T h e  s p a c e  o i '

) ,  lvhere the i iac lo .n measui?e y  
*1

r x )

f l h  1 /  - {  \  . l* \ v r r _ r t r ! ( ) /  u

f ( b , y , x )  d A ( b , x ) ( b ; , y , x )  )  d (  P  " 5 * o ) ( b ' , x ) =

( V  r e  c o ( r x  Y x  Y ) .

^ - 4
a  un i te r r y  T :L t (  U  " )  *+

rv i th  f  and obta in  an

Fx l . ) ( n ' ; ' ) '

f t  i s  e a $ y  t o  s e e  t h a t  t h e  m a p p i n g  f - t  + / ' ( " ) f ( . r . , * o ) ' f r o m

C c ( R X Y X Y )  o n t o  C c ( l l X  y )  e x t e n c l s  t o

t2( {b x F)'.  i /s con; ug;a,te rnd F,X J;^
" ' ' * * - - ;

rn r .  r rnv  f  r 'n  C (  4P 
(b tY)  

) ,  i s  a  le f t  } lao . r  eys te , rn  onat  ur v !  s L t J  r  4 r i  
" C a  6 ; *  

/

assr)ciii,ted to ge- ri,nci' n is
K

and  the  reduced '  C  - t i l ge i l r a

i so r i io rph i r :  to  co(  B)  @ KCr , ' tp - ) )  "

i

I
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wli ich is found to act  by the forrnulr-r . :

\ t
t ,

C c ( B X  Y ) *  b € B r  I €  Y o  f f  w e  n r a k e  t h e

t2(p  )  @ r ,2 ( rc )n  the  a .bove:  f  o r ruara' \ ' \ g t /

9 ^
C t-*

shovrs that  r i rhen f *g8hr6h,  wi th  g  Gc*(L l ) ' ,  h l rhzecc(y lu  T l* r  is

l ' r ? fg@(  ( ,1  hz )  L i r ) .  ( i i  - t re  i s  the  mu l t i p l i ca t i on  ope  ra to r  w i th

- D ^ t

noff ine of  conpreteness v/e sharr  present & tab,re,

comp'r ls ing the invar iant  eet, -e of  uni ts whic i r  appoar and the,

manner  in  wh ich  they  ar€  ar ranged on  leve lso .  As  in  the  oase o f

H 3 ,  i t  i s  e a s i e r  t o  c o m p u t e  u / = w t c r . o u  { x - -  , * . }  \ r e o  
l -  { n c * o - a A

L ' - P o t * t  \ '  
* ' 4  

J  
r t ' I i l t r € d r L r

of  u=wx-cros  \ *  _ - r  1 t  €p41*  But  th is  t i r : re ,  because the .
(  tPd-  t  -J

€

q

! * t )€J  (b , r )  a  ? - ru l  - [ r (b ,s  , ^ ] , t (b ,u  ]  d f . (u )u

f o , r  a n y  f  G C c ( B x Y X y ) *

ic ient i f icat ion i2(  f :  x , , . r' r  I

' l fg  on ,z{? )  and ( . lnZ)  h t  ie  the correspo*d. ing ran lc  one

operator oa 121p. ) '"  ) '  rhe elenrents. of the for:m g6hr@tr2 generate

,f t^rcrA, as a C*-a]-gehra, whi le the g*;gubarg*,t l*  or

t$ ' ' (P )  F  rz t1^  ) )  senerared by the operarors  ryr .d-s6(<, f  r r r ; i r ,
f ri .  I , t s  l *e  co (B l leKr " ' (5 ) ) ,  i somorph ic  to  co (B)@Kei ,2 ty )> ,

i n v e r s i o n  o p e r a t i o n  i s  m o r e  a r d u o u s r  w G  p r e f e r  t o  r e p l a c e  t h e
- - - - . - - ^ - r r  a  - . 1 '  - ^ ^ r - . ^ . -  ^  - - - J ! r -  r r  f lgroupoid 

7-  
r f  sect ion 2 wi th  t t re  groupoi -d  

Z '  
whose uni ts  are

Ul and rvhose arrows, are given by r ight translat ions uri th el-emen:ts

o f  G ;  t h r t  i s ,  l f  z o € u ' a n d  s € c  a r e  s u c h  t h a t  
% u , * ,  

i s  s t i l r

i .n .  U/  ( rvh ich is  equiva lent  to  s  €B)e the,n we have &n { t r row (srB)

frorn \  t* Xo"_r" i ' {ul t ipLicatfon, topology a.nd } laar system are

def ined on Ci  by symmetry  vu i th  the case f i  f ,  *  I t  is  ob,v ious that. O
C  .  a t  r t .  r " l -  

- ^  q _

I  ano 
V 

&re isomorphi c, so th.at C ( I ) * 'W (p+ ) "



- + i
r.l

( : T ' ; i ; : \
, .  o  , xG)  i ns tead  o f  

t  "  
o  ) . '  

" i  |  "  
I f  we  wr i te  the

\ "  o . o  t ' l  
A

o;f the mu}tipU.catio.n which is obtainod on R" arrcl taka

count.that x€TOt*l  4+*t ey4r wo f ind tha,tr .  for ar ly t  in
a _* r  

c a n  b , e  e x p r e s s e d  a s  * * n A t r r r  t + A * * : r t 5 r t 6  ,  w i t h  t l '

r r t6  the 'eompone:n t ,s  o , f  t ,  and  v ihere  we use the  fo l low ing

n s  ( a r b r c €  R  a r e  a r b i t : : r i , r y ) :

R* = {*€ R6 | "rZ 
-ul i

so = tu *n6 [ *r> -o\ ;
ru,  = {*.R6 [  xrV -a\ ;

sr,b = l* €R6 I xz>/ -a, x4+axl1 -b\ ;

foro = [*  e n6 I  "on*"1>, 
-b] t

Ia .b  = l *eR5 I  x3V- t t ,  * r * " "2>,  -b l
* ' "  

t  ( -  '  
'  

- '  , r t u  -  - l a  v  , h v  r * Y  -  * a . \T a r b r . c  =  l * e R "  I  x j > / - a r  x 5 + a x r 7 r - b r  x r + b x a + a x 4 V  * " J ,
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