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Abstract. An initial and boundary value problern describing dynamic processes

for a class of rate-type elastie viscoplastic materia-ls is consiclered. The mechanical
problem is redueed to a semil inear hyperbolie equation in a Hilbert space and the

existence and the uniqueness of the solution is proved. In the l inear viscoplastic case a
singular perturbation probiem is eonsidered. It  is proved that l inear elasticity is a
proper asymptotic theory for viscoelastic materials.
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1. INTRODUCTION

An init iat and boundary value problern deseribing dynamic processes for

materials with a rate-type constitut ive equation of the for*1),

(1 .1 ) & = g i + ! ' ( o r e )

is considered. Various results and mechanical interpretations coneerning this

constitut ive law may be found for instance in Freudenthal ancl Geiringer [6], Cristescu

and Sul ic iu  [3 ] ,  Gur t in ,  lV i i l iams and Sul ic iu  [? ] ,  Sul ic iu  [15]  and Podio-Guidugl i  and

Sul ie iu  [13] .

If  F(o,e) = G(o) depends only on o then equation (t.1) may be reduced to some

elassical models used in viseoplasticity. Existenee and uniqueness results for dynamic or

quasistatic problems involving (1-.1) for different forms of G where obtained using

*) 
Euury*here in this paper the dot represents the derivative with respect to the t ime

variable.



di f ferent  methods by Duvaut  and L ions [5 ,  Ch.5] ,  Suquet  [1?] ,  [18] ,  [19] ,  Djaoua and

Suquet [4], Anzellot i  [1], Anzellot i  and Giaquinta lzJ, Necas and I{ratochvil  [11],

Laborde [10], Sofonea [14], [15] ano others. Almost al l  this methods are making use of

the  mono tonyp roper t i es  o f  G .  , ' ; -  ' , . ' , .  I f  F  depends  bo thono4 ld  e  (examp leso f

(1.1) involving the ful l  coupling in stress and strain are given for instance in Cristescu,

Suliciu [3] t fre rnonotony arguntents used in the above mentionated papers do not work.

For this reason a different technique is used here based on t l ie equivalence between the

studied problenr and a semil inear evolution equation in a Hilbert space. To be more

speeif ic the mechanical problem is reduced to a Lipschitz perturbation of a l inear

evolution equation and sernigroups teehniques are used.

Existence results for quasistatic processes involving the ful l  coupling in stress

and strain were obtained by Ionescu and Sofonea [8] by redueing the problem to an

ordinary differential equation in a I l i lbert spaee.

In section 2 of this paper the meehanical problem is stated and in the next

section some prel irninaries and notations are given. in seetion 4 an existence and

uniqueness resuit is proved (theorem 4.1). The same technique as in the proof of

t l teorem 4.1 is used in order to obtain an existenee result (theorem 4.2) tor probiems

with hardening (the lrardening parameter used is the equivalent ireversible strain).

In the papers of Sulieiu [15] and Podio-Guidugli  and Suliciu [13] i t  is assumed

that  F(ore;  = -K(o,e)(o-  R(€))  where K(o,e) t ' r  >  k l t l2  una G is  a nronotone funct ion.

For isolated bodies assuming the existence and smoothness of the solution anci

constructing an energy function in [13], I16l i t  is obtain the folowing inequali ty

Jfdnlo(r) - n(e(s))l2).1, < c/t . This inequality shows that for large vatues of the

viscosity coeff icient k the solution of the viscoelastic problem almost obeys an elastic

law. That is why one ean expect that the study of the asymptotic behaviour of the

viseoelastic solution upon k wil l  shovr that elastieity is a proper asymptotic theory for

viscoelastic materials. This fact was proved by Ioneseu and sofonea tgl in the

quasistatic case. The dynamie case of this singular perturbation problenr is studied in



3 -

section 5 of the present work. Using the energy function eonstrueted by Sutieiu [16], and

assuming that R is l inear it is provecl (theorenr b.1) that the solution of a l inear

viseoelastie problent converges to the solution of a l inear elastic problem for k large.

2. PROBLEM STAT'EruTENT

Let 0 c RN be a bounded domain

let I ,  be an open subset of I  and I 2 
=

problem on the t ime in terva l  [0 , f ] .

Find the displacement function

o :  [O,T]x  [?  - rS such that

9 u ( t )  = O i v o ( t )  + P b ( t )

&(t) = re(':(t)) + F(tp(t),e(u(t))) in CI

u ( t ) l  r  = g ( t )  o ( t ) ' v l r  = f ( t )  f o r t e  ( 0 , T 1- 1  ' 2

u(0) = uo, ir{0) = uo, o(0) = oo in 0

wheret  = oI*  is  the set  o f  second order  symmetr ic  tensors in  RN, e(u)  = ! (vx + vTu;

defines the strain tensor of small defornrations and V is t lre exterior unit nornral at f  .

In  the f i rs t  equat ion I  :  f l  +  R* is  the c iens i ty  and b:  [0 ,T1xf l  -o  RN is  the g iven body

force. Equation (Z.Z) represents a rate type viscoelastie or viscoplastic eonstitut ive law

in  wh ich  E  i s  a  fo r th  o rde r  t enso r  and  F :  [ 0 ,T1x f l xSxS  +S  i s  a  cons t i t u t i ve  func t i on .

The funetions uor vo, oo are the init ial data and f, g are the given boundary data.

( 2 . 1 )

(2 .2 )

(2 .3 )

(2 .4 )

REMARK 2.1.  T l re  funet ion

temperature f ield which can be easily

thermonr echanical processes.

wi th  a smooth (say Cl )  boundary f  =  0Q and

f - f  
r.  Let us eonsider the fol lowing mixt

u:  l0 ,T]xCI  + RN and the s t ress funct ion

F depends usually on time by rT'lean of the

obtained from the heat equation in the uncouoled

3. NOTATIONS AND PRELII}IINARIES

By' ,  |  |  the inner  product  and the eucl id ian norm in  RN and S wi l t  be
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denoted. The. follornring Hilbert spaees: l, = [t 
2(n),y*, 

I = [1,2(n)]N, H = [H(div,n)l],
' 1 t . T l r T

H = [H ' (0) ] ' " ,  Hr ,  =  [Ht( I ) ] "  are used and the eannonica l  inner  products  and norms areI

denoted bv (( ') , l l  l l ) ,  (((,)),  l l l  l l l ) ,  (( ,)d, l l  l lol ,  (( ,)H, l l  l l  s) uno ((,)r, ,  l l  l l  r , l
respectively. Let 

.
( 3 . 1 )  V = { u e H / y o ( u ) =  0 o n  f  1 }

be a closed subspace of H endowed with the norm of H wherey^ : H + H- is the trace, o  t '  -  - - -

map. The operator e : H +L given by

(3 .2 ) e(v) = *(Vv + VTv) for all v e H

is l inear and continuous and the d'eformation coercivity inequali ty holdsl)

( 3 . 3 )  l l e ( v ) l l  
2 . l l l " l l l 2 f c r l l  

" l l  3  f o r a u v e H

I f  mes I r ) 0 then the l(orn inequali ty holds

(3.4) It e(v) l l2 Zczllvll i for au v e v

I f  "  
rH then there exists yu(d e 

" i  
= tH-*(r) lN (the srrong duat of Hr) such

athat

(3 .5 )

for all "r eH, v e H. The operator yu: H *,ni 
. is 

l inear continuous and surjective. By

T. v lT,^ we shal l  tmderstand the restr ict ion of  fu( t )  on E = yo(V).  l ,et
t 2  v  v

(3.6) V  = { .  e H / r .  u l 1 2 . =  0 }

be a closed subspace of H endowed with the norm of H.

4. AN EXTSTENCE AND UNTQUENE$S RESULT

In order to prove the existence and uniqueness of the solution for problem

(1u(t)' yo(v)) = (tre(v)) + ((divrrv))

this paper c, ci, i e N will represent strictely positive generie

depend on Er F, f, lr I I t zand do not depend on time or on input data.

1 ) Everywhere in

eonstants that
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(2.L-4) the following assumptions wil l be used:

(4.1)

(4.2)

Ei i t  
l ,  aL-(CI) ,  Ef t )1 '  e= E(x)e "  t  for  a l l  x e f , t r  r 'e es

B(x)t  .  t )d l t l2 wi t f r  <J )  0 for  a l i  x e f t ,  t  eS.

u e w2' -1o,T,L)  n  w1' - {o ,T,H)

oe w1'* {o ,T,L;  n  L- {o ,T,H;

For all t e[0,T], ore eS tlre funetion x +F(t,x,ore) is measurable and ilrere

exists 0 e w1'1(o ,T,L2(j?)) such that

(4 .3)  lF( t 'x ,o 'er )  -  F( t 'x ,o2te2)  l<  ldx, t r )  -  dx, t r )  |  +

+ l(  lot -  or l  + Irr  -  .z l )  for al t  x e 0, t ,  e [0,T],  oi ,e, eS

We shail also suppose that F(t,x,0,0) = 0 and

(4 .4)  b  e  w1 '1 (0 ,T ,L) ,  p  eL- (e ) ,  p (x ) )c  )  0  fo r  a l t  x  e  0

(4.5) there exists i  e W3'1(0,T, t  )  n !v2,1(0, t ,u)  sueh that 
-  

1r ,  =

(4.6) there exists 6 e w2'1(0,T,L) n 11l1,1(0,T,H) sueh that;u I  rz 
= f

G.7) uo, Vo e H, oo eH,

( 4 . 8 )  u o l r - = g ( 0 ) ,  u o l r . = [ { o ) ,  o . , . V l r  = f ( 0 )
"  . 1  "  . 1  v  . L z

The fol lowing theorem is the main result of this section

THEOREId 4.L. Let (4.i-8) hold. Then there exists a unique couple of functions

u,  o  so lut ion of  problem (2. i -4)  such i l ra t

(4.e)

(4 .10 )

In order to prove theorem 4.1 we need some prel iminary results.

'  Let us homogenize the boundary condit ions by denoting with f = u -,u,
: _

v = u - u ,  o = o - o  a n d  i l o = u o - i ( 0 ) ,  i o = u o - i t o ) , s , = % - i ( o l .  o n e  c a n  e a s i i y

deduce the fo l lowing lemma.

LElltMA 4.1. The couple u,s is a solution of (2.1-4) such that (4.9_10) hold i f f

Ie  w1 ' - (o , r ,v) ,  Te w1,- (0 ,T,L)  n  L- (0 ,T,v) ,  6e w1,- {0 ,T, .L ;  n  L- (0 , . t ,v )  are the

. I n4*_
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solution of the fol lowing problem

( 4 . 1 1 )

(4.12)

[(t) = v(t)

v ( t ) = p ' d i v 6 ( t ) + f t ( t )

(4 .13)  o( t )  =  Ee (V( t ) )  +  H( tF( t ) ,s( [ ( t ) ) ) )

(4.I4) [(O) = uo , v(0) = vo, 6(0) = oo

w l re re  a ( t )  =  b ( t )  - i r ( t )  +p - lO iu i { t )  and  I {  :  [ 0 ,T ]x$?xSxS +S  i s  g i ven  by  [ I ( t , t p )  =

= F( t i ( t )  + t ,eGr( t ) )  +o)  *  r .6( t ) )  - i t , l  for  a i l . r ro  e S.

Let  us consider  the l { i lber t  space X = vx Lx/ ,  anc l  le t  n(A)  = vx Vxyc X,

A : D ( A ) c X  + X b e g i v e n b y

(4.15)  Alu,v ,o l  =  [v ,S- ld iuqEe(v) ]

for al l  u,v e V, o eV. lVith the above notatioru we have.

LEILIMA 4-2. The operator A is the inf initesimal generator of a Co semigroup

S(t) of bounded l inear operators in X.

In order to prove the above lemma let us consider y = LxL with the forlowing

inner product

(4.16) ([v ' trJ, [v*trJ)" = ((gv'vr)) * (E-l .r t ,rz)

which generates an equiva lent  norm on y.  Let  D(B)  = Vx Vc.y  and B:  D(B)c y  - r  y  be

given by

(4,I7) Blv,ol = lp-ldivo, Ee(v)] for alt v € V, o e V

LEMMA 4.3" If  we consider in Y the scalar product given by (a.16) then

B* = -B (B* denotes the adjoint operator of B).

PROOF- For p = 1 and E = lSxS t l t is lemma was proved by Sofonea [15].

However for the convenience of the reader we scketch here the proof. Let [v,o] e tXg*)

and [v*,o'*] = B*[v,oJ. For al l  (u,-r) e D(B) = VxV we have

(4.18)  ( (d iv t ,v) )  + (e(u) ,$)  = ( (pu,v*) )  n  (E- l t ro*)



I f  we put r= 0 in (4.18) we get (Vu,o) = ((u,pv*))  for  a l l  u e [p( f l )1N henee

d i v o = - p v * e L  i . e .  o e H .  W e  a l s o  h a v e  t h a t  ( V u , o ' ) + ( ( O i v e u ) ) = 0  f o r  a l l  u e V  l r e n c e

o e v .  I f w e p u t n o w i n ( 4 . 1 8 ) , u = 0 w e g e t ( ( c i v r r v ) ) = ( r o r * 1 o * )  f o r a l l r e l D ( n ) l S * N " s o

we get e(v) eL and fronr (3.3) we get v e I j  and e(y) = -g-ls* henee we deduce urat

(4 .19 )  ( (d i v t r v ) )  + (e (v ) , t )  =  0  fo r  a l l t ey .

I f  v { :V  then  Vo(v )  {E  and  we  can  cons t rue t  f  eH f  such  tha t  f  l f  =0  and

( f ,Yo (v )>1  0 .  Le t ' ue  ;1  such  tha t  yu ( t )= f .  F rom Vu( t ) lU=0  we  deducersV  and  f ro rn

(4.19), (3.5) we obtain (Yu(t),Yo(v)) = 0 a contradict ion. Henee we proved that

[v,o] e VxV = D(B) and B*[v,o']  = -B[v,o]. I

PROOF OF LEMMA

B (see the above lem ma).

= [tr(t)[v,ol, tr(t)[v,o]l  e L x;

operator

(4.20)

Let denote by T(t) e B(Y) the Co semigroup generated

T1(t) e B(Y'L)' T2(t) € B(y't ') such that r(t)[v,o] =

all [v,o] eLxL. We strall denote by S(t) the follorving

S(tXu,v,ol = [u + Jfrrtr)tu,o]os, t(t)[v,o]l

t l  r{t 'xr) - r(t*xr) l l- S Jf 'rts)ds + r, l l*r - *, l l*

4.2 .

Let

for

for all [u,v,o] e v x L xl = X. If we have in rnind that tD(B)l endowed with the graph

nornr of B is isomorplr witlr V x y (we use (g.3), G.2), (4.4)) and y * Jfrtr)yor t

e B(Y,[D(B) l  we get that  v *  Jfrr(s)yds € B(Y,V) henee S(t)  E B(X).  one can easi ly

clreck that A is the infinitesimal generator of S(t). n

In order to prove the existence and uniqueness of the solution for the probl.em

(+.ff-14) we need the fol lowing abstract result (see for instance Pazy [12 p. 189] with

small modif ications).

LE&IMA 4.4.  Let  X be a ref lex ive Banach space,  A:D(A)c X +X be the

infinitesimal generator of a C^ semigroup and f :  [0,T] x X + X. Let us suppose thato
1

there exists g e L'(0,T,R.) and L ) 0 such that

(4.21)



Then for

solution of

x(0) = xo

PROOF OF TI{EOIIEM 4.1. l{e shall  use Lemma 4.4 in order to prove the

existenee of the solution for the problem (+.ff-14) and from Lem ma 4.1 the.statement

of theorem wil l  fol iow

f or all

x e W l '

(4.22)

(4.23)

tL < t2'
@ (o,T,x)

tL 'rze [0'T1' xl 'x2 e x.

n L*(0,T,[D(A)]) strong

i ( t )=ex ( t )+ f ( t , x ( t ) )

x" e D(A) there exists a unique

Cauehy problern

all

the

then problem (4.11-14) ean be written as (4.22) where x(t) = t[(t),v(t)p(t)] and

xo = l i lo,?oqJ anO A is given by (+.15). Since from Lemma 4.2 we have that A is the

inf in i tes imai  generator  o f  a  Cosemigroup we have oniy  to  check Q.zZ) . Indeed we have

l l  n t ,  t t  -  l l l  
a  r

l l f ( t r , [u 'v1,o1J)  - r ( t r , lu ,vz ,oz) )  l l "5c t  l l la ( t r )  -  a( t r ) l l l  -  l l6 ( t r )  -6 t tz r l l  *

* l lettr) * e(tr) l l  ,rtnt 
. l l  {t,r l)- ,r;(tr))l l  + l( l l  e(i(t1)) - etittr l l  l l  *

t l -  ,+ l lb(tr) -  t( tr) l l  .  l l  e(ur) ,  e(rz)l l  * l lor - o, l l )r  S ct, t ' :2t l l lStr l  -

: t  t  . - ]  . . t  t t

- i ,( ' )  * p- 'oivt( ' r l l l  *  l let ' l  l l l2(n) * l l  rr i(s)) l* l l6t ' l l l  *
t a

+ L( l l ; (s ) l l  *  l l r t ' l l l  n ) lcs  + i , t l lu r  -  ur l l  H *  l lo l  -  o .2 l l )1 .

From (4 .? )  anO (4 .8 )  we  deduce  xo= [ [o , vo ,%]  rVxVxV=D(A) .  Hav ing  i n  m ind  tha t

tD (A) l  endowed  w i th  the  g raph  no rm o f  A  i s  i somorph  w i th  VxVxV f rom Lemma 4 .4we

deduee that  Ie  w1' - {0 ,T,v ; ,  v  e  w1,-10,T,L)  n  L-{0,T,V) ,  and Ee 1y1,-10,T, / . )  n

n L-(o,T,y) . u

TIie same technique ean be used in order to obtain th existenee of the solution

in similar problem with l tardening in wli ich the rate of the hardening.parameter is a

furnction of the inversible strain rate. To be more precisely let F : [0,T] x5? xS xS x R +

-rS and let denote Uy !I t f ,e ireversible strain rate given by

I f  we  deno te  by  f  :  [ 0 ,T ]xX  +Xg iven  by

f(t,[u,v,o'1) = [o,a(t),H(t,oe1u;;1

ra
I t



(4.24) i l  = -r- lp(t ,  o(t) ,  e(u(t)) ,  1(t))

Instead of  Q.2)  we have

(4.25) &(t) = ne(r1(t)) + F(t, o(t), e(u(t)), x(t))

and we must add an equation for the hardening parameter X

'Q.26) 
i(t) = n(el), 1(o) = xo

wlrere R : S -r R. If we suppose in acldition that

(4.27) F is Lipschitz eontinuous witlr respect to 1,

( 4 . 2 8 )  l R ( t r ) - R ( t r ) l  ! L o l r r - r z l  r o r a t l t , e s

then we have the fol lowing result

D
THE0REM 4.2. Let (4.1-8), (4.27-28) hold and suppose that Xo e L"(CI). Then

there exists a unique eouple of funetiors [u, o, 11 solution for the problern (2.1), Q.J-4),

Q.24-26)  sueh that  we have (4.9-10)  and 1s tV1,- (0,T,1,2{n)) .

SKETCH OF PROOF. After the same homogenization of the boundary data we

use a lso  Lemma 4 ,4  w i th  X  =  V xLxL*1 ,2(n) ,  D(A)  =  VxVxyx t2(n)  ano A[u ,v ,o ,
- 1

Xl  = (v ,  p  'd iv  
6rE e (v) ,  0) .

REMARK 4.2. ln the case F(o, e, 1) = -G(or1) with G a monotone function of o'

existence results were obtained by Laborde [10] and by Sofonea [15] using a f ix point

teehnique.

5. APPROACH TO ELASTTCITY

Let us eonsider now the l inear viseoelastie case i.e.

(5 .1)  F( t ,o ,e)  = -k(o -  Ae)

where A is a forth order tensor such that

(5.2)

(5 .3 )

Ai iLu e L-( f t ) ,  A(x)e o 1=/1o s  for  a l l  x  e  f , l ,  er t  eS

a,

- A ( x ) t ' t  )  o l t l '  f o r  a t l  t e S  w i t h  a ) o

&' :  \ 4 r 0
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and k ) 0 is a viseosity constant. In order to eonstruct the energy function we shall

suppose (see Suliciu [16]) that

( 5 . 4 )  ( E  -  A ) r .  t l B l r l 2  f o r  a l l  . r e S  w i t l r  g  )  0 .

Let now consider the following l inear elastie problem. Find the displacement

iunet ion i  :  [0,T]x5? * RN, and the stress funct ion] :  [0,T]x5? + s such that )
l a

(s.n) pir(t) = diva(t) + pb(t)

(b.6) 6ttl = A ef0ttll in rl .

( s . z )  i l t t l l "  = g ( t ) , 6 t t n 1 n  = f ( t )  f o r t ) 0. r 1  
,  

, r Z

( e . e )  i l ( o ) = u  i l ( o ) = uo o

Using standard existence theorenrs for i inear dynamic elasticity one can easily

deduee the fo l lowing lemma

LEIIIMA 5.1. Let (4.4-8), (5.2-3) hold with oo= A e (uo)" Then there exists a

unique couple of funetionr i l ,6 solution for (5.5-B) such t l iat:

(s .9)  i l  s tv2 ' -1o,T,L)n w1' -1o,T,H;

(b .10 )  | rw1 ' -10 ,T , .1 )n  L - (o ,T ,H)

The main result of this seetion is the fol lowing.

THEORE&I 5.1. Let nres I, ) 0, (4.1-B), (5,2-4) hotd and suppose i lrat

oo= A e (uo). I f  we denote by luu,oOlpr'  the solution of problern (2,L-4) with F given by
3 f

( 5 . r ) t r r e n f o r a l l t e [ 0 , T ]  w e l r a v e t h a t u O ( t )  * i ( t ) i n H , u O ( t )  * i l ( t ) i n L , o n ( t )  * t ( t )

i n L f o r k  + * o .

PROOF. Let us denote Uy [ t  = uk -  i ,  TU - ;k i ,Et  =oL - t .  We remark that

lo e w1'-(0,T,v) ,  vo e w1'-(O;T,L) n L-(O,T,V),  Gt e w1,-10,T,L) n L-(0,T,v)  and i l re

eouple [[k,Vk,6k] is tlre solution of the following problem
o

(5.11) 4,(t)  = t , .( t)
K K
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(5.12) Vutr) = p-l,i iu6u{t)

t

(5.13) ou(t )=re(vo(t ) )  -  kGk(t) -  A e(q(( t ) ) )  +c( t )

(5.14) [n(o) = Tu(o) = o, 6,.t0) = o

where e e L*(o,T,L)  is  g iven by

t ,

(b.1s) c(t) = -3(t) * Ee(fr(t))

Let  X  =  VxLxL and A be  g iven by  (4 .15)  and le t  us  eons ider  C:  X  +X be

grven Dy

( 5 . 1 6 )  C [ u , v , o ]  = [ 0 , 0 , o - a  e ( u ) ]

f o r  a l l  [ u , v , o ]  e X .  I f  w e  d e n o t e  b y  D t :  D ( A ) c  X  * X r D , k = [ - k C ,  a n d  i f  w e  h a v e  i n

mind that C is l inear and eontinuous then from Lemm a 4.2 we ean deduee that D,. is the
n

infinitesimal generator of a Co semigroup denoted by UU(t). I{e shall construct now an

energetical norm in X sueh that Un(t) is a eontraetion semigroup.

Having in mind (S.a) one can easily deduce that B given by

( s . t ? )  B = ( E - A ) - L - E - L

is  pos i t i ve  de f in i te  i .e .  there  ex is ts  \=  s8 / (  ln l l f  -  A f )such tha t

(5 .18)  a (x ) t  .  r l y l . l2  fo r  a l t  x  e  o ,  t  e  s .

Let us consider in X the fol lowing energetical scalar.produet

(5.19) ([u'v'orl , [u,v,orJ)u = ((ov'vr)) + (E-1o,or) *

+ b(or - Ee(ur)), or- nefu))

\ for all u, e V, v, e Lr o, e L which generates the energy norm (whieh is exactly the

energy eonstructed by Suliciu [16] in our case) given by
\

(5.20) l l tu,v,ql l l l  = ((ou,u)) + (r-1o,o) + G(o- Ee(u)), o- tre(u))

This norm is an equivalent norm X for mes If ) 0 (see (3.4)). After some algebra one

can deduce that for ali u,v g V, o e V we have

.G
Fi^
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(5.21) (D,. [u,v,oJ, [u,v,o])E = - l<((B -  A)-1(o -  Ae(u)) ,o.-  Ae(u))  < O

Having in mind rhar *(d/dr) l l  r iu( t ) iu,v," f  l l  3 
= (Douu(t) [u,v,oi ,u, , ( t ) [u,v,c, ] )E < 0 we

obta in  tha t  l lUn( tXu,v ,o l l lB l  l l [u ,v ,o : l l l g  fo r  a l l  u ,v ,  eV oe  V.  Us ing  the  dens i ty  o f

D(A) in X rve get

(5.22) l luu( t )x l l  E 5 l l *  l lE for  a l l  x  e X,  t  > 0.

Let us remark now that if we denote by f e L*(0,T,X)

(5 .23)  f ( t )  =  [0 ,0 ,e ( t ) ]  ,

and by x,.(t) = [[o(t), i,,(t),;k(t)] then from (b.i1-14) we have that

-
(5.24) xU(t) = DUxu(t) + f(t) xn(0) = 0

henee we ean deduce

(s.2b) xu(t)  = I lo( t ) ,  Vn(t) ,q(( t ) l  = 
[uof t  

-  s) f (s)<ts

Let us suppose for the moment that  f  e C1{0,T,X).  From (S.2b) and (S.22) nre

have that l lxn(t)  l lE 1{ l l r ts)  l l  uds hence we l rave just  obtained trrat

(5.26) i lu is bounded in L-(o,T,v)

$.27) 6u is bounded in L*(0,T,L)

Having in nrind that ;k(t) = uk(t)f(o) * lfuu<t - ,)i(r)0, one can deduce trrat
o

l l ;k( t )  l lE I  l l f (0)  l l  E 
-  J I  l l r ts)  l l  uds hence we rrave

e

(5.27) i l t = it is bounded in L*(.,T,V)

' 1

(5.28) V,. = loiv6u is bounded in L-(O,T,L)
K p

(5.29) iu t ,  oornded in L*(o,T,L)

From (5.24)  we obta in  l lnnxo( t )  l lE  S l lxu( t )  l l  E 
*  l l f ( t )  l lE  (  *co sp6 i f  we do

some computations we deduce (eGn(t) - Ae([u(t))), ok(t) - aefuu(t))) < e/wz and using

(5.1s) we l rave
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(b.30) l lou(t) - Ae([u(t)) l l ,  1 clt<

for all t e [0,T], k > 0. From the apriori estinrates (5.26-30) we deduce that there exists

I  e w1'-10,T,v),  3 e vt1 '*{0,T, i , )  n L*(0,T,v) ,6e w1,-{0,T, .L;  n L*(0,T,1/)  sucS that

(5.31) [k * [, ulu * i ,reap* i 'r L*(g,T,V)

O o

(5.32) vk o i ,  Vk -+ i  weal<* in L-(g,T,L)

t o

(5.33) ok *6,6t +6 weak* in L-(0, ' f  , .1)

(5.34)  o 'k  +6 weaks in  L*(g,T,V)

(5.35)  iu  + i  weak* in  L- (0,T,V)

( i f  necessary we can pass in  (5.31*35)  to  a subsequence) .  From (S. f f -12)  and (5.31*32) ,

(5.34-35)  we deduce

(5 .36 )  [  =  v

(s . t?)  q  = p-1oiv6

and f rom (5.30-33)  we l rave

( 5 . 3 8 )  6 = A e ( [ )

Using now (5.31"-33)  we get  that  uk(O) *u(0)  weak in  V,  VU(0)  +V(0)  weak in

l,  and oU(0) -ndO) weak in L. pper (5.14) we have

15.39)  [ (o)  =  v(o)  = 0,6(o)  = o.

I f  we make use of the unicity result given in Lemma 5.1 we have i l  = V = 0,

6= 0 hence

(5.40)  *k  + 0 weak* in  L- (O,T,X)

Using again (5.21)  f rom (5.24)  we have

i .(d/dt) l lxn(t) l l f l  = tnu*u(t), xu(t))s + (f(t), xk(t))E < (f(t),xk(t))E

and after an integration we get that * llxn(t) ll 3 S ,fltrfs),xu(s))uos and using (s.ao) we

have just proved that for al l  f  e C1(0,T,X), t  > 0
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(5.41) x,,(t) -) 0 strongly in X for all t e [0,T]K

where x , , ( t )  is  g iven Uy (S.ZS).
K -

/

Let us return to our case f e L-(0,T,X). tf we denote by f^ e C1(0,T,X) sueh
. r t  , ,  

s

tha t  Jo  l l fuG)  -  f (s )  l lUo t  q  e  then we have tha t

l lxu(t) l l u S { l l ret) - r(s) l l uo, o ll/fuurt - s)rr(s)ds llu

and using (5.41) we obtain i lre statement of the theorem.

' 
REMARI( b.1. For g,f,b = 0 one ean use a result of Kurtz [9, theorem 2.1] and

the energy nornt given here in order to prove the statement of the theorem 5.1.

Aeknowledgement. I  want to thank dr. I .  Suliciu for interesting diseussions

which generated my interest in the studiecl problems of this paper.
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