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Al']DNABtr E AC'ilCi{S OF I{ATZ ;ii,CIiltriAS

Ot{ VON I,i i i iJ l ',!A },1 I' l l i l"ti l iB ltAll

S  l c l i  a r ia  i )  l t ' i ' l i l i i i  CU

1" IHTILCDUCTiCi{

Tl ie theor),  of  I (atz algebras ' , i 'as introcl i icecl  1-o'g; i rrc a natural  f ramel^ 'oi : i t  fct '

f  h o  r l r r l l i l r r  l  h r r n r r r  n f  i o n : r i 1 r :  a n l n n n o t  ( r n n l t n {  \ 1  o r ' o o , , r r - r -  t f  , i *  t } r o o r r r  r - l o r " m i t ' !  r t r i  i  l r c
L l l g  U L t d l r ! J  L l l U v l J  v l  r V U ( r I I . y  V v l , J l l c ( u L  6 r v l r l / . ) .  

r r r v L v v v u r t

extens ion  o f  the  res t t i t s .  conccrn in3^  the  ar : t ions  o f  ioca i l y  ccn tpac t  g i ' cups  cn  a  vcn

Neurnann a lgebra  a) rc l  r r lnnV concepts  f ro r r r  harnron ic  &n i r l \ rs is  \vc rc  na tura l . l ) /  [ cne t 'a i i z r , : i ]

to I i i r tz algct l 'as. 

'

Fo l lo r , , , in3 '  th is  n rc I l roc i ,  in  t5 l  n 'as  
' c ]e f  

incd  ' t l r c  co l i cep t  o f  r in rc t tu i r l c  t , ! .a1 ,2

n l l c l t r n , . r n r l  s i i , c r r  t l r e  i i r s t  c q u i \ / n l c l r t  c o i l ( l i t ! o n s  o f  a : r ' ] c n i r l ) i l i t v  f o l  i ( i i t z  a i g c l ; t ' l t . : ; ;  i t

i j c ta i i c l ' J  s t t i c ) 'o f  t i t i s  D l 'ob jcn t  \ ' , ' as  done by  1 ,1 .  Hnoc!<  and J ' l , i .  Sc l i l ' , ' a r t . z  i l i  [3 ] .

In  t i i i s  papcr .  r , , , c  c le f inc  the  conccpt  o f  o j ] le l lou ie  cc l i c r t  -  rcspec t ivc ly  ] teo i ; i ) :

c inenc l ' ie  -  o f  a  I i l r t z  a lgero fe  -  fespcc t ive ly  o i  a  l ia tz  a igcb l i i  i {  =  ( i \ l ; f  . i< . i i )  s r l c i l  t l i i ? . i  l i

l tas  rn !n i ; l ra l  p ro jcc t ions  . .  on  a  \ ' ( )n  Nc t tmnn l t  a lgcbr r r  i . ln r i  , ,n 'c  s t i t t . I \ r  thc i t '  co t : t t cc t ion  r ; i t i t

f i ro  : r r le r r ; r i r i j i t v  o f  I ' i .  i \ ' e  n ren t io r i  t l re t  n 'hen thc  I i r t t z  aJgcbr i r  i : ;  G =  ( .q , * (C i ) . : i . , , !< , . - ' l : . . . )" . -  . _ _ r  , ,  
t j .  L ,  

, t . i  ,

r , . l i t i r  C . i  a  c j i sc rc te  g roup,  us i i ig  t l i c  co l i c : rponrJencc  bc t ' . , . , cc l t  con ' t in t io i t s  ac t t t ; t , : ;  o f  C i  r r i i  a

r rcn  Ncu lnann l lg -cb l l  A  i r r rc l  l r c t io i rs  o f  C  on  z \ ,  i l t c  co ; )ccp l  o f  i vc r t l< ]y  a t i t ' : : l i : .1 ; l l i l . y ' ; i  r r ; t

ac t ion  o f  G on  A is  a  nn tur i i  cx tens ion  o f  t l re  one o1  anc t ta i t le  ac t io r t  r . r f  C j  o l t  A  c lc j i r : : c l

in  [ ]  I  bv  C.  r \n i t i t l t l t t ' i t i l t i l l l  i ) c l i I i ' o ' ; l t c '

l---aq, . !
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2. PREI,I I\ITNA T}.fiS AN tr} N O'r.ATT$I.],5

t . 1 ,  I n  t l t t t  f o j l n r , . , i r r c r  i i  _  / i r  n  ,  ,  \i u  r u r I U \ i ' l l l i j  l \  =  \ l \ l . I  , l i r f l , l  V f l l l  C C n O t C

t l t c  cornr . i l . t i i r j i c i : l t ion .  l< :  i \ i  -F  ; \ l  i l r c  co invo lu t ion)  r f

I i i l bc r t  spscc  assoc ia tec l  to  i l re  \vc i l i l t t  0 .

2 .2 .  An  ac t i on  o f  t l r e  Ka tz  a lgeb ra  I (

in jcct ivc ,  u i t i ta l ,  nor ,nt f l l  , i ,  - l rorucnrorph jsm c/ .  :  A

( i $ f ) u 0 = ( o @ i )  " 6 x

l vhc re  i  c l eno tcs  the  i c i c r r t i t v  n r l rpp ing .

i :  I ia tz

l l r c  l  c l t

algcbra (f : i l i

I - l t l ' r r  wcig' l i t ) ,

+ i\i x ft,I

I I  ,  t h c(p

2-3"  I f  G is  a  local l i r  compact  g i 'oup ar- rd A a von Neumann a ip;ebra l  t i iere ex is ts

a b i ject ive cc l ' rcs i lo t t t lcnec bct t i 'ccr t  t l rc  cont inr iou: i  ac l " ions of  ( . i  on A l i r r , l  i l rc  ac: t icns o i

t i re  I ia tz  aJg.ebra C = (L-(G)"rT(- .1(C- , f  
6)  or r  , \  ( fo l  i l re  r . je f in i t ion o i  G see.  c .g.  [ , i ] .  tg . l ) ;

I l i , l l l c l v r  f o l  a  co l r t i n r ro r r s  i r c t i on  o :  C  - r  Au l , ( r \ ) :  t i r c  co r r cspo l rd i l i l ;  ac l i o i r
.  @ , ^ ' ,

iTo :  A + r \€; ,L (G) is girrcn i :5, :

(no(x).'ro r,.l > =J

on i i t  volt bleurnann algcl;ra A is an

-,- A&iri  sLtclr t frat:

; \  c  
f  

( t l )  and t \QgLo' (G) .  i : ( i  2(c , t t ) )  
are le  i r ] . ized as von

' o- l . r  
r - z  r  ^- o o ' ( x ) [ ( g ) ,  i o r  {  e  L " ( G , } { )  a n c l  g e  C

o

anc l  c r r l y  i f  i l i r : l . c  e ; i i s t : ;  i r

cf
D

t fIf ^ -  . -  ^  4  , . . . - rr v !  t  i ;  t r : i r  ( , u | U  t D

Neumann  a lgeb ras .

u l , : l ( c ) .

t l ren :

(ro(x)6Xg)

( sec ,  e .g .  [ , 1 ] .  1B .G) .

2 .4 . . I L  i s  i l r o ' , r , r r  ( l J l ,  [ 5 ] )  t i r a t  i i  i s  cn l l c<J  an tc r r i r l r l r :  i f

s ta te i l  o f  i \ l  suc l r  i l ta t

rn ( ( i €o r ) t ' ( x ) )  =  n r ( x )o r ( I ) .  f o r  a l l rrle il l ,*, un(l :< c ll.



' )

t .5. Let C 9e a locally contpi ict p,folrp, r\  a von Neutnann algebra anci o: G - 'r

- r  Aut  (A)  n corr t . i r r r . rous act io t ' l  o f  G orr  A.  o  is  ca l lc i l  nnte l ' tab ie ( [1 ] .  c le f i r " r i t ion 3 ' l t )  i f

L i tc 'c  cx is ls  o cont l i t ion l l l  cxp, . . r : i i r t ion P :  A$i ,  
* (C)  + A ( i r lc r r t i f  icc l  wi t l t  t l rc  su l : i t lp ;c l ; i 'a

A& r i ] )  : ; t t c : l t  t l t l i t :

6 o o l l = p u ( o . 6 i T o . ) ,  I ' o p 1 l l  n e  ( . 1 ,
L) r) i)

@ , - - . .

' , v i te r "c ' r -  i s  t l i c  a i t to ino i "p l l i sn r  o f  L  (C l )  t - l c i iL t td  l l v
C'"

- 1  c o

( t  fXh )  =  f (S - ' h )  ( f  c  t  (C ) .  l r  e  G)
o

2.6 .  \ \ ' e  reca l l  tha t  fo r  thc  I ia tz  i ) lgebra  G =  (L" (C l ) , l r , , r l ' . " ,4 ra) .  i r ,  i s  t . l c i i l r t i l

h r r

UJ

( r . , f X s , 1 ;  =  f ( t s )  G e l ' - - ( c ) , : ; , t ,  u  c )
t r

i l

' f i r c r t  i l  , - : = . T *  ( r . , , i r g 1 c  T  \ \ , i r s  c l c f i t r c r i  i n  2 . 1  l i t t ( l  ' , t .  i r r  2 . l j ) .  I t t c l c c t . i , ' f o i '  c t ' i : t ' 5 ' , i r , i )  c  I " ( O )
\.r t

nnc l  f  c  / ,  (C i )  r ' i c  l ) r t vc :

-  I  I  f  / . , . {  \ ' \ r / t  \ r l r l m \ r i l  r l e '-  |  I  I \ i ,  L / ' r ' , \ 1 , '  f \ 6 / r r  u \ r i i r

I 'cs i lc  c  t ivc ly

(n 
a(f ),,1o \]J> = i I n ,-,(f )(t,gl)rl(t)i,,( '- ' :)dtclf l

= | i  f(stX,(t) '( l( l ;)cltdg,

:  SO t i t c  cq t ta l i tY  i s  P rovcc l '

Z-7- , \  I (n tz  a lgcbi -a Id  = ( i l ' I r f  , l i ,+)  is  sa ic l  to  be of  c l isc lc tc  tvPc (1.21,  dcf in i t io t i

? .3. i )  j f  i l re  j j .1nrrc l r  a lgcb|a l , i . *  is  r rn i tn l .  I ror  cvc|y  l i r i iz  a lg lc l l t 'a  o{ 'd iscL 'c le  tv [ :cr  i ' l  i : ;

a ton i i c  ( t 21 .  t heo rc i r t  ? .3 .2 ) .
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Fo t ' c : vc | y  l oc l l l v  con rp rc t .o , ro l l p  C , , t l r c  I i a t z  a lge l j r a  C  i s  o f  c l i sc r , c r l . c  t y1 :c r  i f

a i rd  on15 '  i f  C l  j s  a  d i sc ru i " c  t l ' r oup  ( [2 ] .  eo ro l i r _ r r v  B . l .Z ) "

3-8" I t  N is  a  r /o i l  N-cuntann i t ig ;ebrn,  rve v , , i j }  r jcnotc  i - ;5 ,Z( l \1)  thc ccnter  o f  i iT ;

for x e i lJ, z(x) rvi l l  bc t irc ccntlal prrppolt cf x arrt. i  foi,  u e i , l . l . ,  s(rrr) v,, i l l  crenotc i l ic

sL rppo : ' t  o l '  o .

3- Alifj]i,^itsi"E ACf ioi'15 CF f'" *iA.TZ tiLGIB;i;i Cl.l rt y&I'I fi i iUi:ir'rl ' lN

AI,GJ]IJJtI\

3 '1- DIFi l i f f l0 i \ i .  i rn i tct iot t  cv: oI  thc I t l r t :2.  rr l (c l , : i . i r  l i ,= (M,l ' , i r . { ; )  on l }^rc , , roi-r

Ncun:&t rn  a lg4c t , i ' a  A  is  ca l l cd  an tenc . i le  i f  t l r c rc  c : l j s ts  a  c r :nc l i t ioL ia l  cxpe c i r i i ' i r

P  :  AO $ l  +  r \6C s i tc l r  lha t :

( l )  [ ( ( i o c : ) c t ) 6 ; 1 i 1 O , l ) ] - ) . 1  "  
p  -  t ) " [ ( ( r : , r i , r ) c i ) , 3 ( ( i G , r ) f  ) t ,  f o i ,  t r l ]  o  . ,  ] 1 . , ,

' I

o r ,  c t i i i i v t t i c r t t l ' - ' .  i c l c n t i i , , ' i r r ; ;  ; \ q 1  C , , r i t l t , \ .

( 1 ' )  r , r ( l ) i ( i o i . , r ) a l o  p = p "  [ ( ( i e o ) . : , ) r o ( ( i o u . r ) i ) ] ,  f o i ' a l r  o  e  M o

3.2 .  DEI i I : " l l r lo }1 .  I f  t l i e  vor r  Ncun ' rann a lgcbra  l i  l i as  n r in jma l  p ro iec t ions , ,  i l i e

i rc t io l t  o  o f  the  I ia tz  a lgcb la  I (  =  (1 ,1 . f  , l i ,Q)  o i r  ; \  i s  c i r l l cc l  iueoh i )  c rne i iob le  i i '  i i i r : rc

e x i s t s  a  c o r i c l i t i o n l l  c \ p e c t a t i o r r  i )  :  / \ G r  J I  +  z \  o  c  s u c l r  t i r e t

( 2 )  i ( ( i O o ) c ) 6 ( ( i & u ) f  ) l  "  P : :  p  
"  [ ( ( i r a r , r ) a ) t b ( ( i e i r ) f  ) ] ,  f o r . t r ] t  C I  e  f , t :

n  5uch tha t  z (s (o t  ) )  i s  a  n r in i inn l  p ro jcc t ion  in  Z(X, l ) .

C lc i r r l r r r  ovcr '5 r  a r lc r inb l  c  ac t i cn  i s  r , , ,ea l< lv  r rn r  e r rn l t ) . r :1  , l lo f  cover .  f  o r  i i  c j i sc i ,c i . c
t-  g ' roLrp Ci  we l lavc thc fo i lo l " , i t tg  cor t r rect ion betrvec i l  &ntcr rnblc  act io i ' rs  o f  C orr  A ancl

rveal< ly  amcnable act ions of  t l re  I (a tz  a lgcbru G on A:

3,3-  P i l .O i )CSITIC l i - 'Lc t  G be  a  c l i : ; c re te  g roup.  A  c  r l j ( l I )  n  von lJcumru in
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l l c rc i ) l ' i r .  o  { }  cor rL i r r i rous  nc I io l j  o f  C i  o l r  A  l r rd  1T^  thc  r jon 'cspon(1 ing  ac t ion  o f  O o l t  A .
" i  

-  
" ' u

Then o  is  amenab ic  i f  a r i r . l  o r i l3 r  i [  n ,  i s  rvca l t l5 r  amennb io  ( tnc ]  i ] i r :n  1 r , ,  anrenab le  i rn ; : ] i cs. ) " u

'  t l rn t .  o  i$  nn t r - ' l t r t l r l  t : ) ,

l ) l i O ( ) l : .  J r i t ' s t , ' r \ ' c  s u l ) i ) o s ( )  t l r r r t  ' t ,  i s  n ' t . r r l , l ' y ' i i l ) r : n r r l r l c ,  s c ,  l i t t : r ' c  < ) , ' i i l ; i . : ;  i r

o)

con( i i t i c ; r t r . r l  e . \pcc i i l t io : i  P  :  i t {1 i '  (C ; )  ' ' -  i \  l t l t i c l t  t , c t ' i f  i , : ;  (2 ) ,  - i l i a t  i s

o ( l ) t ( i 3 , : r ) n o i  o  P = P " [ ( ( i t 3 r ] ) n o ) O ( ( i C i r , : ) q ) j .  f o r  a l t  o  e  g 1 ( G ) *

+  s u c l r  t h a t  z ( s ( u l ) )  i s  a  n r i i ' , i i r r a i  p r u j c c t i o i i  i  n  Z ( L " ( C ) ) .

Lc i  le - ) . . " . . .  bc  t l r i . :  car :o l r i c l l  c . l "L l ! : l c l i r r l l  i ; l s : ' , : t  72 t , ( ; ) .  Theu:
i ;  i ;  

r ; \ . '

..\

( c l )  { o  e  . c l ( c ) .  i z ( s ( i c ) )  i s  i l  n i i n i : i , r i l  ; ; i ' o . l c c t i , r n  i ; r  . r . ( 1 ' " 1 , ; ) l i  =  { u , .  1 . "  c  c }

ai t r i  r t r :  i r r ' ; ' " . ;  t l tc  ic l lc r ' , ' in ;  rc l r , r t icn:

(0)  '  ( i ( )  to  )T i  .  . ,  < t - '  I  .  lo l  r r ] l  r r  e  (  l
" - - - ' C  ' ' U  , ,  '  i '

. o i r
i )

i r r r ' c r : , J .  i i '  i , , r1  c  l !  r rn t l  : :  c  , . \ :

,l

= )  (o , ,  ' ( : t ) ( , ,G c , , ) ( : t )  j  (nR;_Xi r ) ) , ,
ne-C; ,, i . i  .,, ^'

- 1-  (og (x) i  l l ) ,  fc l  a l i  r {  e  c ;  .

Thcn :

/ , 1  / t \ i / i r : \ t , \  \ r :  l o I ) - r t  l o l r .  
f O f ' r f l l  O C ( - j@  

g  \ . r / t \ r \ - v u / e  , , r ' o l  -  . -  ' "  
" g  

-  r ' . ,  r u r  i 1 , r l  u  c

. o ' a t
b i )

irn cl

l ) f  / ( ; . n / , i  ) i i  ) ' , 1 3 ( ( i ( ) u r ^  ) r - ) l  =  p  o  [ c - t O T  
t l .  i " o ; '  r l l  s ,  c  Gr L \ \ r \ J / " ' 8 , - , . ) t , O '  

E n t - T t t  '  t  
g  

-  
g  

, t  r v t  ( r u  i l  "

g L ; \

: io  o -_  o  P  =  P o  (O_fS ' r  
' )  

fn*  l i l  u 'e  C '  ,  * ' l r i r : i r  n tc i l l t s  t l t l t t  ( l  i : i  l l l l l t : t t l t l l l c  (c l ' .  2 . i r ) .
( f  t r  t ' t " )
f r  l )  t ?

=  
.  J . ,  

( (no ( : : ) ( i $c " - ) ) ( i i )  |  ( i i r ;  : ^ - ) ( l r ) ) , ,
i icCi  

-  '
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Cor rvc rsc i y ,  t l r c  p loo f  i s  i i l r l cc l i f t t c .  l r s i ng  2 ,5 .  3 .2 .  ( c t )  l nc l  (B ) .

3 .4 .  I i l l ; i I , 1 .R i " .  Us ing  i ) r ' opo : r i t i on  "? ,3 , ' 2 ,7  n i rd  ( i  i l ,  i l c r r t a l i <  3 .7 ) .  n , c  ob ta j r r  t i r a ' L

t l te i 'e  c , . . is t  t to i r ' - [ r l i - rc i l lLb lc  j i l tz  i t ]qcbt 'u : ;  o f  c i i  scrcte t ' , r r ' , r r  r r : i ' , i r , i r  r r r : ! \ r  i l { j t  i l ' , ,e l lab io ot - lr y . r 1 ! . r  r r l u r )

c c r t r i r r  v o n  N  c u n r l i r i r  i r l r r c ! ) i ' i l : ; .

3.5. ' i l ic  connect io t t  bet r ' , ,ccr r  amcnable l ia tz :  l l ) r1c, .bru: ;  and t l rc i rs  amcnai ; ie

( t ' e s i ' r r r e l i r , , r : l v  t . " , c n l i l ) , a m C t i l t b j . C )  f i C t i O n S  O i t  \ r O I l  f ' { g r r r l l i i , r . . r l o c l r r l q  i S  g i V r , - . n  b y  l l l e! \ ! r i r r r l r r r ) r  q 1 r 6 \ / i J r  q J

f  o i l  orv  i ; tg .

' l I ' iECF-Ei\I.  l-et K [-:e a I iatz l lgcbra. ' \  c f (1i) a rrotr ] ' leurnl]) i t  i t lg'e l tr ir  i lnci

c i :  A  +  A 6 i l  a n  a c t i o n  o f  i (  o n  A . ' l ' i r c r r :

a)  i (  is  i rn tc : t t l tb lc  i f  l i l rc i  ou lv  i I  o  i : ;  nr lcnn.b lc  anc i  t l rcre cx is ts  a s t l t ie  rn  of ]  i \

s t t c h  t l r a t

r r r f { i f ' }  I ' r  \ , ' r ( r - ) )  : :  r r , l r ' ) , , r  I  I  \  f z ' , '  i , l l  v  c t  ; \  r , r r r l  r , t  r -  i  I
f  I r \ \ r L v  w  l \ * \ , \ / /  

- -  
l l l \ . \ / w  \ 1 . / ,  l V t  ( L l t  , \  ( -  { t  c l l l U  t !  c  l } l . i /

b) , l f  nro lcovel ' ,  i \1  is  a torn ic ,  t l rcn I i  is  arncni ibr le  i f  anc i  on l5 '  i i  o ,  is  u , reu i< i5r

arTrcno.b le and t l )crc  cx i : ; ts  a  s t i , t te  nr  o f  A such t l la t

nr(( ictrt)s(x)) = nr(.x),*(t).  for al l  :( e A encl tr i  c 1r1,,"

PROCF. a)  ar rc l  b)  " . - ) "  F i t 's t  lvc  suppose t l ra l  I (  is  i lnren*b le gnc i , , r , 'c  vu i l l  p love

that  o  is  nnrr . :no l . : lc  (nnc l  t i icn rvcnl< ly  nnrcnnble)  and l l rc  c>t is tcnce of  l t  s t i i i .e  rn  of  A

t ' r , ] ) i  c '11 sut is f i  cs  t l tc  rc< lu i rcd r :onc] i  t ior r .

RccaLlsc i {  is  untc i tab lc ,  t l tc t 'c  cx is ts  ( r l '2 . ,1)  a  s la tc  i i  o f  i \ '1  s i tc l - r  t l r i t t

( 1 )  n1 ( ( im i , r ) f  ( x ) )  =  i f f ( x )o ( t )  f o l  l l l  x  s ; \ l  and  t r j  e  i 1 *

\ 'Ve rv i l t  obta in f i rs t  t l rc  ex is tcncc of  a  s tatc  nt  c f  A suc l r  t l ra t

(2)  m(( i f i i l to)o(x) )  -  rn(x)o( l )  fo l  a l l  x  €  A and t l  e  j \ l -



- : l  -

(1 . ;c  lncn t ion  i l i l ' i  t l r i : : ;  e l i i : ;1 "c i i cc :  l r , : : s  l : ccn  a l reedy  i ) i ' o r , ,od ' -  b r i1 .  i ro t  c i i rc ;c t i5 r -  in  [ : l i ,  tn

t i I i : ;  1;-r , i . , i : t '  v, 'c qi  i ,c i .Ln0i i lL ' i '  pt 'oo{ ' ) ,

In oi t- l i : i '  Lo r l . r  l ' t i l r ,  i ,1rc c3i igic lc:r  i . t  : ; i . i l tc i l i :  l ,  - !  i* l  ar ic l"  i 'c i  ct ,cr, l  , " i  i :  / : \  , , , , ,10

r j c i i ; : c  i . - :  1 1 , : ,  - ,  i J ' i > \ , t l ; i - r  i . r ; : ' : t : i t i l r

(3) i  ( ru) -  r i ; i ( r  6) o)r ' i (x)) ,  (r , r  c i r t  . ,  )

I f  i s  casv  lc r  : jec  t l r rL  f "  i s  i inear ,  ccn l i i ' l i toL t : j ,  so  f *  r .  ( i \ ' 14) t ' - -  l \1 .  . l ' j r cn  i ^ , ,c :

r icf  i i r r :  l t ' t  :  r \  + '  iJ i r rr

( . '1) n.r( :r)  .  f i ( f . . ) /  ( : i  e A)

' i ' i i r : t t  
t r t  is  l i  : ; t r t i :  o f  A 3pf  ,  fo i '  3 \ /c l ' ) '  l r t , i l i  e  1t . , . ,  ) i  : l  ,1 \  y , r1y l iavg:

I luL c. iso

( ( i  ra o) f ' ( f*) . f> = (  f  ( i r ) , r ic)  u i>

and t l rc rc i 'o i ' c

n t ( ( i s  t r t ) a ( 5 ) )  ' - '  i i i ( i ( . r . i u r ) c ( v ) ) r  r : s i r r r ;  ( . , 1 )

= rr i(( i6) i , t  ) i ' (1".;; ,  u' i  t i r  (J)



- " $ -

.-  [ t ( i ' ) r ) l , r  (  t  ) .  ' ,v j  i l r  ( ]  )

: : ,  i j i l . i ) i ,  (  I  ) ,  L r : ; i  n : ,  ( , i ) "

b ( )  i , , r , ,  l t i r vc  c : l . r l t . i i n i . r l  ( ; l ) .

l ' l < . ; i t ' .  i ' i i l  i i i l l  i i i ' < ; i , r , t  I i r i ) 1  c i  i : ;  l r ; r l i r r . :  l ; l  c  ( l r i r i l  f . i l i r i t  , , , , l r i t l ) ,  i t n , ( r l i i . i l ; i  c ) .

'  l i r : ( ' i l l , l : ' j ( )  j ' i  i .  i s  i i  : ; i l i I r , :  O f  ; \ j  ,  l ] r i t l ' i l  i l : i i l ; i . : r  l i  t i l - . l  i  r , , . 1  . " .  c -  1 i , .  l , / j  , '  l l r . -  i l  . . -  '  , j ' i
r  j i - t  ' : ,  i i ;  l t q ' i : i  "  l '  i i l

i ,  : t : i : i r  i l , ; l i

/ - \(ul  cr-  ( : i )  *  i r i ( : l ) ,  f ry al l  ] i  e : i l' 1  
i l : {

i , c 1 -  L I i l l  i " r :  r r . i i v  I l i l t i t i c l r  l i r n i t  r , , , i t l r  i , i : ! ; _ r 3 q . l  r 6 ,  1 .

\ \ r c  r k : l ' i r r ( :  l )  :  , \ { . : ; l  . i 1  !  , , \  i ; 1 ; , i l r c  i r ; i , i ; r i r l  l r

(7)  I rx  =-  J . , t i1 . ( ( i i i , ro | .  ) i : r ) ),  t , ;

I i .  i : l  c i l : , ; , , ,  1 .o ' , ' i : i ; [ ' , ,  . t . ; t n l  
] )  j s  r t  c : t . r r r r l i t j , r , , a l  , , , . r , r o r : t l r 1 , i , - i n .  i t t  r : ; , i , l c t ,  i c r  o i : l n j  n ,1 "  i  ( i ) .  i v c  i , l , : t 5 ,

s t i I l ) o : j o  t ) t t r t  , \  i s  i l t t  s1 ; ; r r r l ; l t ' < l  c {  I ' o i - ) . r l  c ) r i  } 1 .  . 1 .  
l r c t i ,  f c i r  r : r , , ( : r . . , ,  1 , . , n  e  I I  l i ; x j  . x : i  . . \ { . J , , , 1  t , , i :

i r i . )  \ 'c :

( ; : x l ,  i  l l )  : :  l , l ; \ l i ( ( i  t1 " r  i r t . " , ) (1 ; ) i ;  i  t l )

-  I  ) t r i  . ' . .  / , \  i . ' , r rr , L . r r . ' . . . , ,  ,  : .  , .  . . .  .  - .  )
I  5 r i l  C . , .

I

=  I _ l l ' 1 . ( i i , r . -  . . ( : ,  i ) ( : , ) ,  r r r .  >
i  r : r t l  ( , ,' l

- .  1 i , . ,  / / t , \  / : \ : \ / . - \- ' 1 l l i l . ( \ t t , - . , ^ , r ' t ) \ t i l . l r ) . -  
) ' .  t t : ; j  n , i  ( { . i  )

: . - r  1 i  I  q , .
l : j .  i

-  i j i ( ( i r r  
r -  - l . t  i ) ( ; i ) )
' r t r I

i , l ' id' i. i  t (.. i : ci c,i 'o

(s)  (? l i i  l r r )  -  , , r ( ( r^ ; . - , . ,G i ) ( r . ) )  for  i i i i  :s  s , i \ . ( i r  l , r  r i r iJ  { : , , r1  e I )( , r l

' j ' i i t : i i  ' , r 'c  c lcr . l  ' r t r :c ;



:i"

/ t ) l i { : ; r ( i i  1 t , , r ' r ) 1 ' ) j ( 1 ) i l , l ) , . i i i ( { r " i ; , , . i , , ' , ; ) i t r 1 l r 1 1 1 , l : : , ; r , r ) 1 , ' ) ) { x ) ) ,  i i : ; i r : r , ;  ( l i )

. '  11111i , t  l ;^ r . r  : l ( ( i  : i io  ) i ' ) ) i " . ' t )

.= ii"' i(( i fl, l l ) L ((rLi 
1,,., '.:} i )(r:)))

. ,  to ( i  ) r i i ( ( i ' . ,1 ; , , . , , ' ,  i ) ( : i ) ) r  u : : i  r i - ;  i i  )

: , :  i . i . ) (  i ) ( i , : , ; , ,  i l ) ,  r r : ; i i l1;  (g)

I-i i..r i" li I :.:i>

((i{ i, ((i{}1,: 1i ' ))(r,:r)1, I r1 =, i,r (i )(i ' : :t, I ir)

l tccai l , ;c pg t ;  , \ r i t  C * r \ .  l rncl  ' , . r 'c l t i i i , r , :  c l . r ' i l r . inccl  thir t

( 9 )  t ,  n  [ j a r ( ( l t i ' t r ) i ) ]  , :  i j i : r . r i ( i f , ) l i ) i ' 1 ;  c  P .  f r ; r '  0 l i  ( , )  D  : , , 1 , .

i . )  t i  i  l , . r  C i  ,  r  i .  . i r  , . :  , . , ,  t  l t . l ' . , r

l

, ,  j , , l j \ 1 , ( ( ( ( ; i i , ; ) ) ' r ) . : : - ; t  r ,  ) ( : r ) i ,  i  n )
i

. ,  l , l i i . ( ( i C . !  j  ) 1 , 1 ( ( ; , ' ' - )  l l  -  ) i " ; ) ) l  j  r 1 )
1 , . , .

l

=  l , i , \ i . ( ( i { r , :  t i t i . . ) ( ' . ) , ( r r r  
1 - " . , - , l , t , :  

; l  )  o  6 ;2

I ] . i t i - l ' , e c t t u : ; e \ , ' ' i ] s i l ] l i ; : : ; t , ' c ] , \ i I t : . ; t i . | 1 ) ( l ; - i i ' ( . J i o i ' t t i c t t i l j l , r n c ] i : . . , , , . . , i l . : , l

{ ' .1 '  i l  i i  s i i i : i t  t l t r l i  ( i : j  ( , r . , . - , i . , ) i t t )  
o  c  ' .  iu . ; , r11  ,  )  so  \ , ,  i t  t } t i . r ) ,  cc i r i . i , , r i c  i i i  t l t . l r  . l l : ; ' r  c i l r - l i t l ;  i v  , r r  j ' : l  r

' .  ] - , l  l , l , < , ( iO  r , L , r .  ) ( x ) , t , r  i . ,  . ^ , , )
L  r r ,  ' : , ' i

' ,  l , i  l i , ( ( i  i , l  i . ,1 .  ) ( ; ; ) l  I  r t  I
I  ! .

l

. - l

,=  ( ! , y i l  I  r i , ) ,  u  i  i l t  ( ' / )

=  ( P X , / d ; : . r . r . , )
) r ' l

.. (J))i,(1r] r 1,C) {.d,\ r,, 6,,
. r r , t



t r . / l > [ / / i r a  r r r  \ i Y ) A  ( ( i G 5  r t t \ I '  ) l / 1  4 3  . . \ \r I r \ r  L \ \ r ' r  w J  l v J v  \ \ l v  *  / L  ) ) \ r \ >  A l l

=  o  (1 ) rn ( ( iG l r , r  ) c (p ( t  rd rx ) ) ) ,  r r s ing .3 .  i  ( l ' )
t /

=  r , ) ( l ) n i ( i r ( t  O " ) ) .  r r s i n g  ( 1 1 )

4
:  r r r ( l ) r l ( x ) .  r r s i r u l  ( t 2 )

I  and so Id is anrenablcJ using 2.-1.

-l'Tlii.ill: ;tr.a . .il :r,.;e:lr...*rlPIigff
* fa*

( ( 'St : )u . ( t r : r ) [  In)

, r ] 1 i - l  r n  t l l r , :  l t i t  1 7 1 r  f  i l ' n 1 7 1 r 1 1  I  l l r l  f  r i r '  n \ r n t . \ r  l 1 1  t r , .  \ l( ^ r r u  , J V  y \ . u  L / I L \ L  I  v l  w v w l . y  " -  "  l l i i i :

{  f  r } )  I )  o  l l t ' i 4 3 r r ) \ r r \ d : ) i 1  -  f  / i / i ) r ' r \ n l  .  - .  , , . .  - .\ . r u , /  r  "  L \ \ r w  u r / ( . ' " / r v . r l  - .  l \ t ' i , , L U i u l  ,  
[ ,  , ,  [ ( ( i & t , t ) A ) i . ) i . J  o  1 . ,

( i t r  t l r t :  I r r s l  l . c r r r r  o f  t i r t r  t ; { l u r r l i t y  , r , c  u s o { , 1  t l } c  i t l c r r t i f  i r : r r t i r , - , r r  A C )  i l  V A ) .  l V i t . l r  ( | l )  i l l 1 d  ( l . t l )

\ \ , c  ob tn i l l

P "  [ ( ( iC]0r)n)6(( i&r . r )1 ' )1  , :  rd( t ) [ ( i@oF. ]  a  p,  for  n l l  rd  € i \ , i * ,

thnt  i : i  t l rc  n ' . : t ior r  cr  j :s  amenablc ,

a)  " ( := - ' r  1 \ ' c  s t tp l rosc  th i - l t  t l t c rc  ex is ts  a  s ta te  n r  o f  ; \  s l rc i r  t j t i t

( 1 1 )  m ( ( i O . t , t ) u ( x ) ) =  p 1 ( x ) o ( i ) ,  f o r  l r l l  x s  A  a n d . t ]  e  l t , ; ,

'  

a , r r o ,  n ' n n a l  r i  i ^ , ,t i t lc i  a lso t i ta t  t i te  act io i l  s  is  anrcnlb le ,  so thcre ex is ts  a conci i t i - . , . . .

i )  :  i \€ j1 l  +  A s l ic i i  t l ra t  3 .1 ( l ' )  is ' , rcr i f ' ioc i .  h 'c  shal l  p iovr :  t i ta t  I i  is  anrenable.

l\'o dcf!nc irr : lr,i -! C b5'

(12)  r :n(x)  = r r i ( j ) ( l .c9x)) ,  (x  e i r l )

Clear iy  ln  is  i ]  s la te o i  l r i .  Fcr  e i ,ery  o e l \ l , i  i l rd  x  e j \ I  r le  l iavc

f r ( ( i 6 r , ; )1 .  ( x ) )  =  l r ' I ( j ) ( j .A ( ( iOL , r ) f  ( x ) ) ) ,  us ing  (12 )

b)  "€: - r r .  l \ ie  suppoi je  i \ l  is  a tont ic ,  CI  neak]y  t r r i rcnablc  and t i re  er is i .cnce of  a

state m of r\ sr- iclt  t l tat r-:r(( i '3irr)G(5)) = 1';1(, ' ;) ,r(t) for al l  >: l : :  A aprl o e I\ ,1*. \ !c nust pfove

t l tc  cntenabi i i t5 'o f  i i .  Us- ing t i tc  satne notet ions anc. l  proof  l -s  in  t l rc  prcr r ic . ru : ;  inrp l icat i .or r ,



- ' t t '

we obta in thnt  t i ierc  ex is ts  a s tatc  i i i  o f  l , {  suc i t  t l ia t

/ .  ^ \  t  ' / / , - 6 , - , \ ' l l /  
\ \  ' / /  \ , \  / . \  a  

l _

( l l ] )  1n( ( i ( / )o l  ) t  ( : t ) )  ;  ;11(1) t r ) ( l )  f  o r  t r l i  x  c  I \ l  l l r c l  {0  [  n i  1 ,  r : t r i ' l l  l l to t  z ( ' i ( ( r )  ) )

i s : i  L r r i r r i n t r r l  D l o i e c : i . i c r r  i r i  Z ( i \ l )r ' '  ". '  "-

I l r  o rdcr  lo  o l : ta iu  t l rc  i lbo t ' c  cqu l r l i l y  fo r  cvc t ' v  x  t :  I l  and  L0  e  i \ { * }  iL  i s  : ru f f i c ic i r 'L  t r :

n n n r l  r r  f  l r  l  f

i i i ( ( iO  o  r . ) f  ( x ) )  - ' l i i ( \ ) x ) r ( l  ) ,  I ' o l  r r l i  x  e  i \ l  nn t ]  [  u  l l  , ,  '
. 9 b y

iJecause i l ' I  is atontic-, I  = f e,. n, lrerc e: {- irc rrr ininral ccntra}, mLitui.r i ly
. : " l l
F - I

nrr  l r^onrr : r l  r ' 'n i r .c t io i : rs  in  Z( I I ) .  So.  i f  f ,  e  I { ,+ , ,  t i r r r r r  t ,  =  I  a ,E and rve may f  i r rd  u. J \ r r . / .  
v

1(- I

f  r ' 1
sec ' r ie l l ce ig  i  - ' ,  c  1 i . , . .  l ' . ' i ' r l t :' Il n.-1t (i/

l l u , , - r l l  * ; ' o
lTi *

atrcl suclt thi i t  f  or cvcf y n s I i

z ( s ( t l  . ) )  ( c . . f o l a l l  i e F  a n c i  n e  i i
e . r '  -  I  t l

, I

nnc l .  bcc lusc  0 I , . 1 , ; 1 to " .q ) )  r ' r nc l  c .  i s  a  n r i r r i n ra l  p r ;o j cc t i o r r  i n  Z ( i \ l )  wc  ob t .L in

' :
z(s( t l -  . ) )  =  e,  .  for  a . l l  ie  F. .  and nt :  l t r

c . 9  I  l l
I

'  Tlren, for evct 'y x e i \ i ,  :

r \ Y

ll ,-1,. I
1 c  1 '

n

i l ' l - rc lc  F. -  c  I .  F-  is  a  f in i te  set  anc l  c , {  ;  0  for  i€  F* .  ' l ' l tcn,  for  cvcry : l  e  l l  tvc  l revc
l l ' n l I l - l

r 'r, (x) = 
J- 

ur..6(:;)
I t  tL I '  

l )

(14) f i {(( i f9o, ) f  (x)) = f i r(  I-  ( i@rl,"  s)r(x))
n iC i ;  " i '

l1

s( lo  ̂ . )  (  e."  fot  al l  j  e [_ and n e ] l' " i i  -  r  n .

so



I
L

cl'
t l

T
t"

er
n

- .tp.^

n

'q  (1) i l r (x)

B e c a L r s e  { -  - - - - ' - - - - ' } { ,  
f o l  c v e i ' y  e  > 0  t h e r e  e x i s t s  a  u u e i d  s u c h  t h a t  l l t , n - q l l  S # ,f l n * -

fo r  a i i  n  )  nn ,  r ,v i rc le  c :  rn i r .x { l i t ;  l l .  sup  l l l " "  i i } . ' i ' i ' , . , ' , ,  f c , : r  n  )  i - r .an<1 x  r : I ' 1  we t ravo
ne l l  

I  I

I to-  ( ' * )  -  r , rE(x)  i  = i {16, ,  l { , , )  ts{  l ;1 |
n

tx {  l { , , )  |  o  l ( ' , i  ! [ . , t  -  t ' [  i6 l  I

- s l i '  l l q l l ,  l l ' . l l '  i l E l l '  i l e n  q , l i  s e l i , * l l

l l , r ,  ^ o i . l l  * -  - > 6 ; .
"'n '' 

n-t *

,  ' l ' l l c r ) ,  f o l  cvc l y  x  9  I ' lO l i

l l , . n ,  

' ' , . ^ , .  

. ,  ' l l
l l  ( 1  t< - ' . u ;  ] l x )  -  ( l  t ,  u  5 ) ( . \ /  l l

l1

A I r * s  iE  I  -
n t l

l l * l l ' l l i . n

f  ixcc l

5

rlar

ll-> 
m

(14 )  r ' r c  ob te in

l C t '  e v e r y  X  c .  l \ 1 ,

4

so, i f  1,ye pass to t l to i in i i t  in relat io i r

n r ( ( i  & c t r ) f  t x ) )  =  r n ( x ) 0 q ( l ) ,

tha t  i s  I (  i s  anrenab le .

P[.OOF. I lo t '  evcry l (a tz-  a lgc l - l ra

(c f  .  2 .7 ) ,  so  l l e  can  upp l5 ' ' 1 ' l t eo t ' em 3 .5  b ) .

/ - -  1 r  ,  - L \
11 =  ( l ' 1 r l  , l< . ,1 )  o [  < ] i sc rc tc  t5 'pc ,  i \ l  i s  a tc 'n t i c

.:

;i;

3.6.  COi tOi ,L l i I {Y.  Lct  I (  be a I ia tz  a lgcbra of  c l iscrc tc  tvpc,  A c  B( l l )  r i '  r 'o t t

i Jo t t i ' t . t n r t n  r l , r ' a l r t , : t  l t t t t l  0 : ; \  *  A6 [1  np  aC t iO l  O f  I i  o i t  , \ .  
' i ' l l c i r  

t {  i s  emc l i i b }e  i i .  a t rC jr r  u L r : r r ( { r r r r  q r : r u \ / L  q

on ly  i f  o  i s  rvea f r l v  e rnena i r le  and t l rc le  cx is ts  a  s t i l te  rn  o f  A  suc l r  t i ra t

nr(( i t9t ,L),r(x))  : :  r i l (x)/JJ( i) ,  for 0l I  x s A un<J,1 c i \ , i*

L
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3.7.  COROLLAITY.  A l (a tz  a l* , . .c . :brn l (  is  a t t ter ra l ;1c i f  r : r r t l  on ly  i f  there ex is ts  a.

von i ' icu l rann n l11cbi 'a ; \  s t tc i t  t i ta t  t l re  t r iv ia l  nct ion of  i r "  on A :  x  - f  xC?]n"  is  an ienablo"
\  

r \1

3.8. l i i iCi)f i$X'f l0bi" L,ct i t  bc eri atttcnablc ntt ion of t fre I iatz aigebra
:

I{ = (1\i .1',1<,(l)) ot i  i t  vc,rt i ' {cun}.:r i}n algci:r ir  ; \  r ir td B u voi i  lr lcurtturrrt suiralgcl;r-r l  oj:  A sr.rcl)

th t r . t  o : ( i i )  c  B(? i , i .  \ \ ie  supposc t i ia t  there ex is ts  a ccncl i i ionrr i  cx t rcctat ior r  p  f rc ,nr  A to  B

srrc l i  i l r i r i  ( i$ro;  o  l ) :  P o( i [$r^ . r )  for  r r l l  ( r )  €  l , l .n .  T i rcr r  i l ie  i rc t ion of  I {  on i ]  obtu incd L. ;y

res t l i c t i on  o f  c r . i s  a i i r en lb le .

PRCOi l .  Becai rsc c l  is  a t t tcnublc ,  t l rerc  c ; ; i : ; ts  i r  coni l i t io i r t r i  c ; rpccta i ion-  
i -  

-  - , ; - - - _  - ' _

l j  :  r \Oi\ i  - ]  ; \  srrcir  l l rat

t d ( l ) t ( i O i r r ) c i l  o  [  =  ] i .  i ( ( i € . ) r , r l ) s ) r ? ( ( i O , l ; f  ) J ,  f o l  a t ]  k r  e  i \ l *
' i

Then i f  lve dei rotc  by I : '  t i te  rcst r ic t ior r  o j l  P 'o  l l  a t  I3Otr l ,  [ '  is  t l  concj i t ionnl  expcct .a t ior r
. . l l

I t ' o n i  i l O  l , l  o r r t o  l i ;  r r < i r r q .  t i r c  { r l ; r ) r , e  c q r r r r l i t } '  n ' c  o i : t r r i n

I

S O  u .  l  , ,  l S  S . i n C l l i i J l C ,
t)

3.9.  P i iCPCSITICN. l ,c t  r \ r }3  Lrc  t rvo t ron NcLlntAr)n a lgebras ancj  c  an anicnal> ie

ac t i on  o f  t he  I (a t z  a lgcb ra  I i  on  , \ .  T l ren

( i )  i , ,Os is  an t rnrcntb lc  act ion of  I ' i  on I l@ A
)J

( i i ) ( i x  
" ; 1o .@i , r )  

i s  an  a rnenab lc  ac t i on 'o f  F (  on  A$8 .  v r i r e re  c :  N I6B  +  B {& i \ , {

)Lr l  =  f rOx,  for  a l l  x  e  l \1  anc j  b  e B.i . :  r lo l i r r , . r l  l r r r  r . / v  R
r r r \ / v  r / t t  v \ r \  ! / v /

' f l t o  n r o r r { -  i q  q t r ' r t i o ' l r l f r r l r l n n r l
r  r l \ .  l , / i  v \ / r  , J  - - L r  c r r i ; r l L r \ r t  r i . c l r  \ J .

:

( , ( i ) t ( i6 ( l ) ) (c iu )J  "  I i '=  I t ' o  [ ( ( ie r , i ) ! c r l ] t ) )G) ( i$ ( r ; l ' )1 ,  fo r  au  ur  c  I \ , ,1 .k  .

s

* , {,! I
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