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$ 0* Introduct,i on

Let, F be an alf tebraical ly c,Io$€d f ieLd of characteri  st ic

%,ero and Let G be,an irreducible aff ine algebraie F*group; our

main object of stucly wil-I be the sPace A(C) of (non nece$serJr

F-Linearl  )  derivat ions of the coordinate algebra @CCl which

take, F into i tself  and nconrnute'  with comult ipl icat ioR ,1 counit

and ant.ipode. lire have two motivat.ions for. this study. First,

the subspace A(C/f) of a1l F-l inear derivat ions in A(G) can be

identi f ied vr i tn f  to&rtC}, the Lie algebra of the automorphisn

functor of G. It is, a faet trult ,i l*t C need not be l:epresentable

CIn the eategory of al l  F-schemes, but (as shovrn by Borel and

Serre LBSJ)  i t  is  representable ' , ' rhen rest r ic ted to  the eatego-

ry of reduced F-schemes (by $ome locaIly algebraic group, cal l

i t .  Aut G). In faet there exist exanrples of Gts (e,g. G=Gu x G*)

for lvhich the rnap betv,reen the correspol,rcli.ng l-,ie al"gebras ),

{ ta"t cln/C,}rtt cl is not surjective Ccr" fnsJl 
(in other v,rorrls

for which there exist.  " inf ini tesimal automorphisros'n whieh do

not, come frorn an algebraic group act ion). The results of this

paper vr i l l  provi-de a better understanding of the above Lie al-

gebra map ) * For instanee vre vriLl prove that there exists a

conplex which is. exact in the f i rst turo terrnst

an{U,.,t, G) n ̂ ((,A*t cl *9, }ron (*lun fe,nJ n, "A)Eg 
}r2 (u,u )

vrhere e{Cl *=I(n),! u=/(u}, R bein6; the raclical of CI and II

be ing ' the  un ipo .bent ,  r :a , l i ca r  o f  G-  As  we sha l l  see  loe  v r i lL  be



* ? *  ;

iruiueed from the naturaL operation of l(gl on r whi-Ie kod is

relatecl to the geornetry of linear* subs,paces. of the varietS"

of  a l l  L ie  a lgebra nu l t ip l icat j -ons on l lc

Ou.r sccond motivation is pro:vicled by the fact (proved
. n * 1t*  

lo:J) that ary irr :eclucibl .e l i -near /*aJ:qebraic f l r .oup

(i .n the f iense or [crJ) of f ini te transeenden*e de4;r:e,e ( j ."e.

wit l r  tr .deg.1C#)tZlooj has. a f ini teLy generated ( j .n the non*

d i f ferent ia l  sen$e) ;  coord inate a lgebra Ul r '1  h*r t **  der ives f rom

some affine algebrai.c 8-g,roup G equi.pped with m colrurutiftg ele-

nents of A(G) * The results of this paper wiLl pro\r ide in part i-

eular: a comp'lete de.scripLion (uottr from A-*gebraic &s v,reIr_

as analytic view.po;int) of all A -algebraic groups as above for

whic,h either the radieal.  is ni lpotent or the unipotent rar l ical

ctr %tulri) i. corqmutatine.

Itrote that the two kinds of appli.cations mentionecl above

are related since any G with non*Furject ive ) provi-des , ,rron*

tr iv ial" e:<amples. Gf A*argebraic groups. (e,g.s=Gu * G* leads t<r

the A -algebrai* group /-= /w''*(y-f=oJc ctr(A) in notatione of

f... 'l '
l*"lJ r; '

Our: paper rs onqJniled a, loilowb ; s{ction s 1-\ are coneerned wlth

AtCl  whi l ,e  sec i tor rs  'b-$ 
Jre devoted to .  appl icat ions to  A*a ' *

gebraic g?oupsa Le.t.rs dlscus,s our results in some' detai l ,  First

we strall b,e eoncernecl iui,i lr the natural raap los:X(c)-+lii(G), {i.n-

duced bg "]-ogari thmie cier ivat, j .ve, ' , )  where r i f( .C) ie the spece sf

all group hononrorphi.srns from the firoup Xn(G)=ilom(Gseni of mrrl.t.i-

pl icat ive: characters of G to the group x (G),*I lom(Gosu) of addi-*

t ive characters of G* we vri l l  prove that.  kerlog is precise: l .y



* v )

the $,paceA{erf in);  of a, l . t  derivat. ions in /{Cl which are, i ,ocal};y

f lni te, on P(G),;  erquival"e,nt l ;r  A{e rf i . t r}  ie precisely the spsce

of al"L derivat ion$ i-n AtUl preserving t i re ideel of the unipoten-

radical of G, I{ovi an element, og 0(C) is ealted a wej-ght of $

i f"  i t  is a i , iul t ipl j .cat ive character of s { i ,e, €r:  group r ike

elenentli wl:ose rsstri-ction 
.to 

some (equ.ivnlent,l;r any), rua,,;imal

, ,  
'Loru$ t of i ;he radj-cal of G is e rvei-ght for the act ion of T on

r f) V tnnen StUontcf'ph.ifU S t*'--0 
ai)K u't* rvirr sirov,r th.at i f  arl d'erivations in Acc> ki l l  arl the

weigl 'bs of  G ( t r r i .s  happens i f  e i . ther the radical  of  G is ni-1.po*

tent or i f  t i re unipotent radi .cal  of  G is comnutat iye) t l ren l l .og

has a sect ion c lef ined on i ts inage (vrhich v,re cal l  exp) such that

frn exp is i  an abel ian ideer l  so 4(G) is the seunic i i rect  procl l ls f  of

A{crf in} by rm exp;: moreover i f  F=0 ,{ tuJot G)r{(tnt Gt*) vrhere

Ge is the unclerlying analyt ic group of G.

Now w(G) iclent i f ies with i lom(u/u", lsrgJ ,r /u);  uoing this i<lent i-

f i -cat ion and a purely r, ie algebraical ly def ined map IIom (uifr ,

r f  ,u f r ) - .H2(uru)  v , re  get  a  map koc j r  $ / (G)+n2(uru) ,  we vr i l1  pr ,o*
ve that  ker(kodolog)  is  prec i -se1y the space of  ar r  der ivet ions

in A(c): vanishing on the emallest al6;ebraical ly closed r ield of
defini t ion F6 of G (t tre exisrence of F* fol lows fron fbr] ;  we
'. 'd11 also note that FO=pA(6rf ir))* I . ,  seccrov"ts u._ g

we deel vr i th i*ecrucible l ineay d *arglebraic 6roups of
f in i te t ranscendence'  degree, {ca}rect  here f*groups} ,  ueir :g our

.Xrj Ittre oryvwi 11 thatrrreorxtr ' !vr-r-1" prove t i lat  such an f*group l ' ie spLi t table (ef*

Frl i*€'" [ *isonor:p]iic to a A*al1aeu,raic *.r,oup of the fc:rn

F*r', G!ad() r'vhere I'* i* a J(*closecl subgrouyr of frr,', flil , in not,a*

t j-ons . t [Ci]r .cf* also (5-r] , ]  i f  and on]s i . f  al t  group*t iko ete*

urents of the coordinate al"gebra Ulf !  ars c$nstants, l {e also
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prove that I is semi-splittable (i.e. fs-ison"rrrphic to f^"f diyif-Pijk=0lwitb I

as above and P.tk non-differential polynonials in the yrUts) if and onl.v j-f kodr-l
(\

1og 5r=0,for all. l where we vievr 4- "" 
elsnents in AtcJ ,eft?tlf,f I t.r" notations

h [grl, see also (5.3)). NexL we will give a preci-se description of the set of d-
L  J J '

isonorph-tsn classes of f-groqos all of whose weights are constant (the weiglrts of

f'*" by defhition the weights ot f;(t4J ttt ) vis^ied as etements cif ?llnll; ttrese

groups include a[[ts for vrhich either t^he radicat is nilpotent or the r:nipotent
a f

radical of 30"1\i-'\) is ccnrnutaLive. Wer will also prove that if lti, * f-group alJ.

vhose weights are constant whj.ch is defined over an alqebraicatfuy closed;1-ei"fd,

tfrot there exj-st a Picard-Vessiot extensj-on Ft/F and an internedi-ate A-fietd

Fr.t q(f) such thar ttFris split (i.e. generated bv constants) and Fu4->lt

is generated by ocponential elsnents, in particular all three extensions Trlf il€,

t/g L,TL/f have no npvable singularity (M4S) jn the sense or 
[sr]n.S. 

FinalJ-y

we shall defjne an analytic concept, namely that of Pajnlevd extension of A-fields

(corresr-bndjng roughly soeaking to extensions "arrising" frcrn Painlevd foliations of

Ure first kjnd in the sense of [csl) and prove that if [ti" un f-group defined over
L J

f tf algebraically closed) all of whose weights are constant then T$'>lj is a Pain-
. t"epreser.)t

1ev6 exbension. our anatytic resul;*ooi-"f-fotts to understand scme very interesting

rernrks and conjectures made by P,Cassidy ln ar,fetter ta the author lb, 1; 
-!,rc are

L  4 J '

srdebted to P"Cassidlz f6s her stjmulating sugqestions and c.crrtnents on a preliminarv

rersion of this paper. We are also endebted to O.Laudal for his ccrmnents on de*

fcrnr,ations of Lie alqebras.

We close our jntroduction by not inq u:-at mus L

paper  can be extended ( in  a non- t r iv ia l  way)  to  the

l inear  a lgebra ic  groups and non- l inear  d i f ferent ia l

Th i s  w i l l  be  done  in  a  subsequen t  paper .

- r :esul 'Ls of  th is

case of  r ron-

a lgebra i -c  groups.

In  what  fo l lcws we f ix  some notat ions and convent ions.



affine algebraic F*groups is bor-

rovrecl from [Utit howeve:: we *ha].l aLso look at afflne algebrai-c

F*grourp$ as 'r4poup schemes of finite type over F"'* w* wi lL of*

tet'ri denote by the same letter an affine alge,braicr }'*fir'olril{r and

it-s. 'ounclerJ;ring" abstract group (* it.s grou,p of F*point,s) * Re-

eall. that, / tt l o /tO,t denote the Lie a,lgebras. &ssocj.ated .to nn

associati.rre al5;ebra A ancl to an sffiner algebraic F*gror:rp ff ses-

pect ively" P(e) l  wir l  denote,  the coordinate algebra of  G. 6tnl

wil l" denote, the affine algebraie F-group assoc'iatecl to an sflf i-

ne Hopf algebra H'  L ie:  a lgebra* cf  a lgebraie groups G1R1LI1 o. ,

wi l - l  be c loraet imes denoted b.y Slrryr l .sooo

* 5 6

(ff-I} Term:inologr of

(0"2) fn sec'bj-ons l*4 terminologr of

bra ie that from fBr] white in sect ions I-B

terminotogsr ["r ]  kr] [85 J" so in sect ions 1-4

arbitrary (non ne.ees$ary finite) set of (non

dif ferent ia i  n lge*

we use ] io lch in ts

A

i f  l I vi i1l be an

neCe,SSAry COntmE*

t ingi) derivat ion operators we vrj" i . t  speak about [-r iet.ds, A *

*F-vector rlpacesr e *. Recal1. that a A-tr'*ve etor Eipace over g

A-riere F is an F*vector s,pace Logether v,rith & map [+Eritl^g*
w

a 0
) 'r> d 

u *th the, property thar .f CJ*) *dh x+)ft for atr feA,

)grt xcYt r,vhere vre have writen Jv instead of .f,v ror alr vev"

Re'cal]. thelt if Vll4j ared*F*rre ctor spaceri then U@yf and IIom(Vrlf)

have natural structures of A*F*vector sjpacss, ("Q"ey)= &gy u,

* xof,y for 8eA, x€V,, y"€tt  ancl CXrl (x}="Qtf* l)*f  dx) ror af66r

fdl lom(vrl" t ; ,  xev)r *.  By a A*Li* F-algebro v/e understand a A*r*

vector sp€lce h vrli ich is a Lie F*algebrn such that the rnu-l-tipli*

cation nap h@h*>ir is a[*map (t i i i .$ is t]re c:oncept from Frl
nnd i  sr di l" for.a'nt.  f t-nm t"hn* nf A *Ti '-T.{ a ^"1 a*l- ' rq-. {  n l-n l l l r  

-Jt



* b

d. d*I ' --vectc:r space i"s cr: l red l*ca]"r-y f j .ni" te i f  i t  j "s { i

u-nion of f ini te cl i .nensionaJ..{*f '*r tector subsnaces. Jf V ancl \ f  are

1aca1"1.3' firrLte so is V&\? I:ut J:lon(VuyJ)

r l lor : i (1 . rup)) ,  r tor r r -L  be : i_n gencrr i l * "

(o.nd even the duell V0*
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I, Thq ,sp-agg d(cl, a,ryl the qnaq 2.,

'  
( .1"1} Let k be a f ie lc l  of  chnrae' ter ist ic lz l l "es,  F nn aI*

gebraical . ly  c l .osed f ie l -c l  ccn' ta in ing k and l"et  G be an af f j "ne al*

gebraie F*group. Denote Oy A(C) the F*vector spece of  Ei l l -  k-c le*
/7

ri.vatiotr* J a fto) --o P(c) enjoyi.ng the f'ol.loviing propertien I

r) f,ftn1. r,

zI /"f,*G r*r *,\ lyrFccl -> 0(c) o 0ccl

7), s"f,= J"s,0(c) .-+0(cr)

4,), € "f, = &e ,Ptcl -> p

wlrere 
f  *Stt  are the eor 'rul"t ipl icat ionn antipode and counit  res-

pect ively orr '  0(c} f t*J, Then d Ccl is also a Lie k-nlgebre equi*

ped vr i - th  a  natura l  n :ap ) : l (C)->Der( f /k )  and vr i th  respeet  to

th is  s t ructure i t  is  a  L ie  snace over  f  ( i .e  "0 t  r f , r f=  ) f :q ,  { rJ-

c ^  o  ^  f l  c  0 .  .  o- ( l z ) )J ' ,  ro '  )e  n ,  J1 ,  J2  eA(c)  v rhere  )J=) tJ ;  (2 ) ,  see [ * *J , fc r1 )  "

For &ny j-nternediate fie.Ld E beti,,reen k and F vre rnay cclnsider

the Lie subs pace Arcrc) of ACcl consj- st ingl of arr fel(cl  whi ch

vanish on E: then AtCtnl is a Lie &-algebra" The F-Iii,e al.gebra

A CCZf' l  i :as a renarkab}e inter"pretat ion in terms of the eruto*

morphisn functor of G,

rndecd n let tl"t e:r. Jn*o"nurn" " ]-, /er-oopuluu the f'unet or

clefi.necl by $t-->Aut.(G x S,/S),. This funetor j^s not ppnerally pepys*

sentable c f  o  [O*]  i  i ts  rest r ic t ion t ,o l  rec iucec l  F-sehem*ru]  i .s  how.
1

ever representable *f" [nSJ by a l-ocal ly algebraic group sche*

Inei cal l  i t  Aut Gr vr i . th off i -ne connected eomponent of t l re identi-

ty Autog- lte nny view Aut G as R fr,rrrcto* |n-**]re;incs!-ir*nunol

W identi fying i t  with i . ts functor of points. Then there i .s an

ob:vious hoilomorphinrn Aut G *r,lt[c iruducing a homomo::ph,i,*m ),{tnrJ. (}
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i^( (^Ldut, #) (here # & i,'* aqr functor 
f r*sctre**d{g"oups l, t@l

is d:efinecl to be the kerne,l

f .nduced i :y project ion of the

o,f the mep,,4($pec %. ) -d(sJ:ee r)

rj-n6 { 
*fo C{)e f of dual numbe::s ontc

E'given by grr a; d&l is aprior i  onr;r a srcrup, not s Lf.e clgcbrn

cr flc]),. }iow the map €t;z icl +€€ cresrly j-dentifies A rclTI r,vith

/ tr&r*gl, Eralcing the Latt.er a tie l**algebra snd making the mnp

/ tt+ot e!*7{(u&fr, $, a rie algebr:a $xape

An iniportant rol-e in our psper wirl be prayed by ilre set

Acg*rin) of all Loca,lly fini.tederivations in fic) (here,[Ar"l is ca[ed

locarly fjnite if 0tct is a locatly finite f, -r,-vector space) . Apriori this

set is not even a vector subsoace of f,(c); but as we shall see below (cf " Theo*,r

rem(z.r)) it is in fact a Lie subspace of A(c)

(t"2) PnOposITrOttr. The map ) r,ftaut g,l-,h&,ig)=A(c7F) is
irr jecti.ve and its irnago equals Afitt lnl(Cnfin) (viewed a*! a sub*
se:t of A (e))"

Proof* $.tart v,rith a preparat.ion,. Aesurne IfiI iu a, finite cri_
mensional vec-bor subsp&oo: of f (C) generatjr.g p(e) as an F-algebrer

and tet rdrrf(cnriit) ;; I affi.ne F-schei:r*"!.1E5"oup*! bu the subfunctcr
ot  J^^ i .G r lef , ined bv s=$pec &rr / reaut(c x s ls) ;  r* ;Ofc)  @ n-+p(e} ce
@ B preser\ses tr{ € BJ" vfe cJ.ai.m that ,&rrt(crvr) is representr:b}e I
note that the aff ine group scheme AuL(Gs1tr) reprenentjng i t  {e re*

duced by F"] p,288* To prove our claj .m let r , fa be the interee:c11on

o'f all sub*F-coalgerrras or 0(c) containing i,fo=r,I+s1t,; by Fcto,
is a f j -ni te cl j :ae.nsi-oaal coalgelrra* I , iovr c. lef j .ne i-ncl-ret iverly t j re i_n*
c'easing r jeqLlence of su.r:spi ices tE or 0(c).  hry t l re f .orn: la wi*17

:/(r,tti a lti) for i7l and cefine funct.ors odou &r., &y, rc tuom 
/"r*

f ine F-schen**!uo 
]s*oonu| "* 

for.L*vis,  v ie rerufu(spec B) be the



g h - . _ \ . \ _

sroup of those f}*I:inear autor:rorphir*it6--gf wo o B such tirag

freS*=$B"fo, rvhere SB*S 6 1A* For i7l, fetU(' (Spec B) be, the

group of th'se B*Linear aut'norphisms q of Ii l1 @ I3 such tl:at

q(.!%*: @ R)*l\*r @ B* %.lot-, e R€,+i*r(f,pec, B) and %yw*lh"

' (%.*r @ri*r) vrhererfiE-*lm rg* r,{s have canCIniear restri.ct' 'n
l ttrrpei u\-tr+i*U for all- i71o Nuvr c,learlJr all#1rs are represei:ts*

ble hg" affine algebraie F-groups 41* hence we have a projective

syste:n cce-)A!-rAi_f  - ) . , " -7A1->A** One checks t t rat  rd. .J (Col l )  =

?y 
&r- Conseeuently od,rl (e ,v) i s repre sen,ced by spec (rirn p tn, : )

J.

anci our, clain is provecl"

Letts prove that Im)= Lrc/f)^A{srf in} * Tire inc. l_usion **, ,

is.  clcar, conversely i f  . fe A(G/r lnl{ .err irr}  we may choose trf  sbove

such that f ,r*.W* Then ie+g [e ,A.,J (cr l , l ] (Spec 
% ],  hence trre get a

morphi .sm f :Spe* 
%-t  

Aut(CrVf)  such that id+Ecf=f*? where' G r  
W

Aut(Grl t / ]  is  ths af f i -ne g='ou,p scheme represent ingdJ(Grvf)  ancT
wtGrvJ rs.  the universal

Aut (Gn l?)  be ing  reduced

such that y*on*.*Po ruhere F* is the universs] no1 s-autonro:rrhism

of G x Aut S* Coneequently iO+eJ"*(n"f)*p* h*.r"* f,e fru2,
Finaltr"y, lettn prove t irat ) is injeetive. 1;et AutoG*.

*Spee 31 v{e m'oy gltoese a finitely <lirnensj-onaL subr:pac* W of'F(g),
gene'at ' i te 0cc) a$ an F*algebra such that vfrcua0 R)=Ttr e R ( irere

f fi ltI 'fc) ai R*'>P(G) cb R $.s induced by ?G)* Exactry ae eboveu 1;here
exrst$ & morphism h:Aut(Grw),-> Aut G such thab rr*F*= ?*r* " Thq:ro
is sleo a natural morpi: ism crAutoff*rAut(Sr\, tr)  def ine.d at the 1e'eL
cf s-point's bv (autoe) (s)*> Aut{srlr} 1s}, *l--rf vrher:e s*F^*6* n _,Li l#Ftf  '
consider the affine grroup sehene A=Aut(cov,l; xn.._ _ A.ut, ' Gr flotei

Aut (G, ! ' f ) *automorphi sm of

there exir : te a mornhism

GxAut (GrW), ldow

hrAut (Gr1l / )  ->Aut G
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that t.he, pro,jecLion,

the map a i3" *utCIG

*7 Ar:t.(Grl'[] for if

$i is a, elos;ecl embedding* Now

r  r  / n  r r r \ .Aut(ClYf) ectuale t i ro map pl:A*)

an S-poirrt of A vrc hErne hof*

--.--

f . F  " l ' t l z a / o \  i
i , l -  r  I  

-  
,e l \  l -  iJ / r  aS

si"ft{wher:e i lAutoG'*> Ar:t S i* the j.nclnsj.on); so t}re image of

( fr f  s) via (e"p|) (s),  is a inat) s.6Aut{Gutf} (s} sueh that s*)r^ ,r=u g w

=ft\*?G*rtrr*fg*r* P*n*, eonsequentx.y $,ef by the universatity

of Aut (cr'!r) ' !ve' get tha* na is. a closed ern"b,eddingo so A is. an

affine algehr:aic group* Sinee the map Fr;A*rAutoc induces Ei

bijecti"on at the leve1 of F-poinLs Lh-is map io an isomorplrism,

Oonsequent,\r e i-s a closecl ernbedd-ing hence Arrto$ is a subjlunc*

to:r of Aut,(Grlv) hence of d"I g ancl injecti.vitJr of J fo11*un*"

(1.5) lnte end this eecti.on by revievrin.g sorlle resr-rl ' ts from
t - - l

lB" J wjrj-ch vril l be used in. rvhaL folLours;" I ' lote that ' r* -r
L 7 J ' .  r . rJ_ r . rv  u. i i r iu  .Lr l  \ :J l . r i :  L  I  ( ) l - Io lvs o ryotrg I  nat  ,n  

Lo5 - j  
" r*

rvorkecl in the sett ing of par:t ial  A-f ie1clsi  ?:ut there is no cj i f -

f iculty (usj.rng for insLance lur l  )  to e>:tend these results to the

set,t ing of [  *r ieras ( A artr i t rary].  Le't  G be an irredueihl-e af*

fine algebraic F*grourpo. Then g={rc) has a natural structur.e of

Aeci*Lie F-algebra defined as foLlor*o,(3{G} is aA(c)-F-vector

space hence so is i ts dual- 0 e gl o. 
Then vrit lr.  respect to convolu-

t ion,  0e GIF b,u '*orne$ a A ecl-F*algebra,  *o, / (p(e)  o)  beeomes a d (c)*

Lie F*algebra* Finally one, checks t}:at ,f tC;> (vievred E:s a suhspaee

at  t  {P ie) ,o1 cr f r iJ  p . :6  is  A(e)*s tar r ] .e*  Novr  we prover f  in  fn*  I  * r .c r  rn  Lo f  )  rha t

the t ie aLgebra r of the radical R of C is a A(C)*subalgeb,:-s of g*

Argr-rments simil-ar to thr:se i"  plJ also show that i f  I I  is,sn irre*

dueible algebraic subgpoup of G r,yhose Lie algebra i.s a f **ubalge*

b::a of & (A ueing some subse,t, o.f, /(c)) ttren thre tlefining ideal of

I t  i ^  / \ ; ^  ^  A  - - . 1  . r ; ^ ^ 1  : ' ^  t Q r n ' t .  ' r *  * ^ * . r " . . i ^ r . 1 ^ *  { . t r a  A ^ - f l i * i * *



].Cle ar Q)*i.deal of P (S), * But we shoul.d note

(and thi* will b,e a crucial poiri -d*leL{te Lie algei:ra

m of t l te unipotent radical t I  of S is nst i .n general a ZICC:-.sub*

algebra of g; nor'' i"* the definin6: j.clear of u in G a A(e)*:ide,aL

in P(g),g The abave dis'eussion implie's that vre hsve a naturnl

" reet r ic t ion map" 'A(C' ) -?A(H) ,  l?e r r i11 e lso need the fo l lov i lng

fact; i f  i l :G->Gt is an isogeny ( i ,e" a, hoaomorphism of i rreduei*

ble affine aLgebraie groups vrith finite ker:nel") then there is s

natura l  " l i f t in8 map" i * :  d(Go)- )A Cgl  def ined as foL lows* Note

tJat  G-)Gt  is  u . ,  J rote mapo hence any k*der ivat ion St  on F(gr)

lifts uniquely t.o a k-derivation f, o* Pfel (see 
["r|p.J.os) * But

i f  t ,  € A(G,),  then f,  must be,tong to 4(c) beeause i l .J I l rap V,,L
-( f  *  r  *  t  eS)"p, (respect ively s ' t -  f , 'u,  t , r . l - f ,e\  is a f  

*T-

-cler ivat ion 8(Cl + q (G) cl  0 (C) (: :espectively ar S-F-d**iuu,t ' i .on,

an €-der ivat ion)  vanish ing on 8(Gt) ;  such a der ivat j -< ln  nu,qt  va-

n ish o*  1he whole of  P(C) ,

Finally v,re have i

(1.4) TITORILI I "" ;  Assume the redical .  e i f  G is unipol :ent"
L t t

Then argl=a(Cur in)  6nd ra(G) is  a f i .e ld of  def in i t ion for  G"

$i.nce this rvill play a Fey rol.e in our epproaeh l.et-ts rqay a f ew

worcls alrout the proclf* i 'Ie proire in fact that PCCI is 1ccaL-1-y finj-,

te a$ €l A(g)-ll*veetor, ,$pace; t.his uiil l- inply the statement nbout

the, :fl ie.ld oJ: definiticln (use t,he metitorl itr fnlJ * chapter ff)*

As for local f ini tness ane proceeds as foLlor,{ss usi.ng a versi.on

of 'Kolchints t ,heorerlr  on thc s;urject ivi ty of the lo5ari thnie deri*

vat ive one carl  t :eplace F by a A(G)-f ield extension of Lt such
A

t 'hat '  g=/(g)'  spl i ts ( i-.e. i t  is spanned over rF hrr ^ongrr 'n*n,i  .", .r
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A  A  , -g=g-@ Fe a =A(g);, Let g^*ro*so b* a decompositiog of ga with

r* its raclical and e* a compl-ementaqy seinrsimple Lie algebra,
t n

f,i:,en ny lt{J p,ll2 u=** @ F i$ an ar-gehrat * Lie s.ubalgebft* of sp

s=fis;,) s, $c s. Both idears clefiruing R(*radieal of G)i and s are

A *iOeals, in PCgl g tlre,refore tlie nrultiplication map R x ,S-rS is

a A***p and rare, are rednced t.o pro_ve that both fiCnl ancl FeSl

are }oeally finite, 'rhis forlows for instance b,Jr fnspecting

their enb"eddin6ge into the eerreeponding continuo.us draals af the

universal envelloping algebras of their Lie algebrssr for Ptnl

the image of this emb,edcling ries in the argebra of Rsni_l_potent

repreeentati.ve fbnctj.ons vlhich is locaIly finite while for P(S)

the vrlrcle continuoue dual isr localLy fini, 'te (for bockg,round see
I-r-rl \
l ' " J  o '
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Thg ryp.e_ Io€",.rqnd_ gry

irreduc,ible nffine al.gehrai-e F*6r"oup* lfu.h

(G)=I"lam,(Gp$m}, x*{G}*Foatsoe*l ; n*te thnh xm{c} and x*(G),

vievred as eontaine.d in F{C) &re precisely the 6l,lrot}p of 6r.9up-
f.ike ele**nts of' Pegl r€:spectivel"y the Sroup of priniti.ve el"e-

ment* of 0 ('i)r * Put lg (G) *ilorn (xn(c} n xa (G) ) ; since xa (G) is en

F*vee'for npace so is W(C), We define a r:emarkabl_e subspace

W*(G) of llf(c),as fol.l-oltrs" Let f be raclical of some m.aximal re*

ductive subgroup of G (equvalcntr-y, ?=a nraximar torus of the

radj.cal of G) ancl let QCrr,dl(c))c x*(?) ne the set of rveights

of the- aet ion of t ,  on 0(G) b), inner automonphi-smo ( i .e",  F{f  rp(C}l
=ltux*{r)  ;Ptclr*o } .  } , ioreoi, .er let  s ' rc l  be t i re subset of x*(G}

eonsist ing of al l  characters of G vrh6,ss restr ict ion to T bel*sngs

to Q{ro0{c) ) .  I t  ean be eas i ly  shovra that  f fc l  does not  c lepend

on t.he e.hoice of the maxiroal reduetive subgr.oup of G. po:l son_

convenience the elements of F(C) wi l l  be cal led siraply the weigh.t :

of Gdor of Q(c)) '  I Iow let l4|o(G) be the space of morphisms in t f i (c)

vatt ishing cn S'(C)",  Clear ly Wo(G)* l f (G) i f  the radical  of  S is ni l -

p o t e n t .

Ou,r main result  is:

(2"1) TI ] I ]OREI{. .  T}rere exj .sb F* l inear maps Log:A(G)*>1,I(G}

and exprvf^(G)-7A(G/f  )  ru i t lz  the fo l lovrtng propert iesl- G

l ) .  ker 1og=a(Grf i .n).  lJoreover Atnrr in) i .s a t ie $ubEr"eco

of  A(G) ano 0(c)  is  1ocal \ r  f in i te  &s a A(c, f in)*F*voctor  srpacod.

?) log o exp is the nstur 'al  inerusion l l [o(s]*>r/f  (s] ancl

rm exp is an abel ian euba16:el:ra or d(G/F) sueh that [ t*) ,  i .m expJ

C In expe
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H) For any fi€ Aut ff ancl s€trf*(S),

*exp 0.a r,vhere we also, denoted by 0- the

P (ct and tr'{ {G) "L'

4) For any f ie ld cf  <jef j "n j . t ian E

- _ 1
we nave f *(expa)ft

indueecl etutomorphj sms of

af G eo ntai necl j_n F

and for uony JiDer'(rlr) upan rettin8 Gro% @nF (Gu an tr*F.ror-rp)
ancl ler.t ing t* un the tr i_vial l i f t in6 at r! ta CI(G)*F{e*} ff i  F

iva,,/
ancnvW*{c)=%(GU} w F ive irurr*fd*,, exp q]=**o 6*a for al l  aet{o(c)*

(2 .2.1 Let ts, define the nrap: rog, The netr] exp trri' l be de*
fined later* Note first tra*, if, te x*(G) and fEl$t t*ren 4"*r,ft e

6xa(c); ind'eed lftr"=(.% r +r *hy6(.f;F r. +L *fi C X,wL)=/
* f,[* x,+ A.@tx,and, rmlltiplying this. eq*a]ity by the equality

f Clfal=,fr ca6-3 r,ue sea / t6*1fp,=f tf(.* r. + I * (,-rf d. *rr**irrg
that L-LYI is primit. ive es required. Trren define (roe,f) ([ l=
*ulf tr,

A eini lar  computat ion shorrr$ that  Xa(C) is I  d(G)*f-veetor
subspace of  F{C);*  I lence yf(C) has a natural  etructpre of  A{e)_tr l*
uector spsco given bv cJir c{l=&*(t) ) for: arr f,ed(G}, aew(G), 

\

[eXro{c)' .  rn fact !t(c), is even e A(c}*r-srocu].e ( i .e" the raap
Aecl->nndnft ' I(s)) is & nap of Lie k*algebras)* Then one ini::{erl ie*
te ly cheeks t i rat  log t .e a cocycle of  A (G) in W(G) in tha $ense
+ i^-+-
U t.Icz t]

r*€ t4",41* {*-*4* "[r-* 4
c } o

for  a t l  ) "  "d^c-d(c ) "t r ' ?
L ie  subspace*

In vrirat feJ"l.ovrs v/e

fn part icuLa:n th is shs1, ls that  ker log i r :

shal l  repeatedl"y use the foi lJoruingr

(2.7) nemarlcs" l )  Let  G=Gl">{ G" be a seur i -c l i rect  prc l i iuct
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cf irredueible affine algebrai.c groupo ar:d identj.fy Frc') with

P cert, o 0(ca) by the multlpt icati on map s1 * Ge -)G* rr x*(Gr) =
*:1. then X*(G) identifies vrith X*('SZ) v{.e tire identificatj"cn *f
I  € P(Gr)wit i :  Frc*l  , ,  0n the other hand, i f  xa(G?)*o t ,hen xa(s)

iclent i f ie,s vr i th (xe(G3-))G2(= G2*invatiant sp&c* of x*{c1} with

G2 acting by inEer autornorphiorao on Gr) via the identificat,ion

or' 0(cr) m r wirh @{cl ) *

Z,) Ass,ume Sn _>G, is

-,  X*(GZ) is inr ject ive with

-r Xo(Gg) is an isomorphism.

ioomorphism }i|(Gl) !> ut(GA) _

M x T x l , { x * g

an iso{ierty. then the nap Xm{G}} *_>

fj .ni te cokernel and the map Xu(SI)*)

In part i .cular there is an induced

(2 ' .4) . ,To prove Theoren (a. t )  we f ix  some notat ions;

Iet" U be, the unipotent radj-cal of G' H a maxinal reductive sub_

group of G and r the radical of I I ;  put s=F{rI IJ" M=u><s ancl
E=l,x><T=u>< (s x r).  The isoge,r4y s x f+I{ induces an isogeny
w

G .-? G=u>< II' tfe write x=x (T). Note that the nap xe(G) ->x inrluced

bV reetr ict ion is. inject ive and has f ini te ke,rnel l  indeecl **his
map is eas.lly seen to icrentify witn* the rnaR x*(c)'5xn(iI)-+ xo(sx

xf ) : txn(T)  q f '  cz*z) ,  above and we ere do*e arso by (2 ,3>.

te ty :T x  [ i ->  tx i , {  b ,e  def ined by .F( t rm)=( t " r tmt- r ) .  fJ ren

the m"rltiplieat,ian cn S is, defined (after identifying G with l,IxT

as an algebraie variety) by;

Lxlxl f urYrL{ x t x M x f *_:_) L{ x I{ xtxT .-, ; }_l x To

whe're T:T x l ' i-+[t x T is. trre twist m*p. For (nx vre denote by

8cll, , /tul, the eigen-epace$ ce*espo*ding to, {, (rritr, rtl. i/

act ing v ia1z); ;  note that  we'shal l  a lvraye view here {*x l  as the
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Lie algebra of Seft imvariant derivation$. on F1alo \tle wij-I

st i - l t  denote W / 
the com:lt ipl i  c&ti  ons on 0(M} ,  p t f i l  ancl by

, f  r f  ( r )  e0( l , l )+P( r )  cn(?{ r i ) rT i  Fer l  C IF(n l+F(m}  @d?( r )  rhe

maps induced byy,  t ,

For' {e X l-et vrz Q (irt) --+ 8Cill c.CCI',i} be the projecti.on

6nt* 'Llre 
[*c o:aponer,lt-; then vre have the for"ir,lrla f ( {,w *'l= Z U&

ap p.,,(a) tror al"l ae00,tlo L{oreover, no.L,e t}rat {el.}." is thJ*ubs*
L' 'L

pace of 
"/( i t t )  

eonsist, ing of aI l  eu,f \r f l  such that,  CIop,=p oO

fcr aIL {t€X (as l inear endonorphinms of 0(u) ) ,  

'  ' t I

Finally, for alr. {ex ancl for any ]c-cleri.vationf,or F(roi} @ P(r}

such that lr c F vre defj-ne k-endornorphis,:ns q or 00rt) by the

fonnula f r { " }=( I  @ q * . ,  l&n @ 1}  for  a l l  aeP( l , l }  rvhere q- :€( r )=tL  
L*L"  4,

= q Fdt  -nTt  is  the canoniea l  pro ject i -on,  Tn other  vrords we
?L'

have the forrnrla fi* t rr=Z({Lil g L*r. gleanly r drwir-l be

a k-l inear derivat ion of @(f, l )  vrhi le for /  *I ,  fu ,ru F-l inear

derivations or O(nr) . t,/e put J o= 
j, t , 

4'

(z.iI Lu,fi,a* Ler "to"*fP(nrl m Qtrlnr) n ofrd uk ,*
(l-4,) above. [hen f,eACCl if and only if the following conclitions

are sal,i sfied I

r) For arqy ("e x vre have fcr cl4: =rL* 
t for some 

Tr 
*"(i,,Tlf ,

?), Bor eny { , to € y,n (t'I. we have

(t e or, f ,*,4.= r, e tl , 
? 

**O * p ,  +  > GL ft'

(r e r't, \ "fut" {*rt 
* I 'o 

tr, 
}"/*

X) Ior ar{y t6X vre have

4 )  J o , ,  = r  ^ ! o

p  ) , # 0 ,

iltr / t\'
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i l ,  For al l /€X we, have, v

\ C A \ - A
Z p . , o d . ,  " = ) s - - t d  i s o n n p  +  a  p

il,' ,L' -r(,'fr fr 
ri (L,')-t{,*t * V, 

-l'/,

ror ae0(u) we have

Proof", l): is equivalent to the faet that trt,rf an&
( t f . '

(.to f * a dlf agree on X, 1te claim that ?),+1) are equirralent

to the, fact that- the two maps above agree on P(M) @ 1* Indeed

f,c" 6 t)T rir{;a}e4lrr =& wy6 1} ,ir{;"} erl*t-' *r*) (z} e4-1)=

- / j [*)  
ct l  a (-- tL'  *  o* '"{ ."}  (e)) 6t l

a
(l 'er*1a,f17,Caor)*(J"er*ron$l f,,,$ t @F,r (,(r1) cl t)=

/  t r /

=Zf{*. ' " ,  1)@(4,, , ) -r  
.  *  .

1 ,  u l ,  
* t '  *  ,  

L , ( "  ( t ,  )  cn r  +

* Z " ( r ) 4 4 ,  @  L ' *  o i l ,  ( * ( e 1 )  e  r  +

* Zd(r) ,  ce L '  @ 
{rn r ,  

G (zr l  I  a 4-r

Now usins the faet that €cml o 0(r) e@cHt e F$) is a free
(t0'r) e 0(i,r) * modul.e with baei.'s L e (.r*wL and ide,ntifying

coefficients v/e get our eLaim*

condit ion 5) is equivalent to. , fre* e,J ,  Final l fr  using

the fast* that flhe antipode oo€(nt] Cn Gfgl is given by (L ec S) o

"f"'(?n@ t) rvhere-ft 0(,rl eftrl-r0c'l,r) cp P(t} is obtained by eoa*

pelsing 
f ,nith the twists' we see using, a, similar eomputatiorr\#o-

dition 4)., is equivalenf to J"S*S ,3 , O-rr Leurma is provedc

(2.6) Assume f,  sat isf ies the condit ions l)*5) fron

(2-5)' fheni [alii.ng in z] trre sum over a]r (,, w* g.et 
"

, funAZVSfZ



,- 1"8 6

O n
(2.6*L) ,/r,fdr=(l @ d; 't.f *t for all '(, *t

(  z t L l l /  
L  /  

$ r  v

whieh seys. that Ere{eVn, Combining th* above: formula with
t"

zlj in (2,5) we get

(1 w ox.r ," f I" , lu*(1 @{."ou,}fw

epply ing €M@ X, to th is equal i ty  we get  that  ,* , ,o4= t ,  O. ,
41" '  ( .  L 

' t '
vdrich says t.hat in fact.

( 2 " 6 . 2 1  f , e " ( $ i l ,  f o r a l t { f 1
d t L

Taking in g),  from (2,5J, the sum over al l  (  rve get

( 2 . 6 . 7 1

I

i
ll
[ ,

i ,

i

Sunm:ing up (2 ,6 .5h with (2 . 6.1) f or a LL ItI vre get

(z.G.q), 
/u,f,o=(r @ $i $b :- *fr,*

4L  
' r ' / *

Final}y taking in 5) from (2'.5) Lhe sum over all. (" we get

oo  r \o(Z . .G . j r ]  d  =  S" "oJ  oS , ,  *F*  p .8i rd 
? {1"
rL

In partieular we se.e that, if a.=0 for altt f, then ,l 'rd(t,,I).
{

(a.?) Let. us prove ,t,hat ker log =/(Grfin)i. To prove that

ker log is contained A (Orfin), cqnsid'er the :.i,fting map / (C) e/ (;)

(1.5) and since the maps A(c) *) A (dl -r l^/(d) and d(c)+!,x(c)sw(ff)

are egual it is sufficient to prove the correspondi-ng asserLi-on for G.
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f,*t &l fdl vrith log f,=On. hence in the notations of

(z *6), r,'e have ao*O for arl [€ x, since {*ur=0{$): @./cs} }z =

=f(v)r, forf l t  r,r* hnve by (2"6), above that Fre/trrt,  for 4#Lr .  l -  
'

a.ncl 
{ed(:,,i} */Cilt (tne. lat,rer num being talcen inside ter(0fte},/

b\  t t
L*l; J G

C]*!Il;-te'Ihere exi*t*. a finite ctimensional F*vectou: subs*

pace V of 0(nl generatfng P{l'r) as an F-a}-gebr*a and which is pre*

served by both .d (lr), anO ̂ d(tr).

Ind'eed, since the rac1i.ca1 of h{ is unipct ent,  by (t ,4}"

M is defined over Fo=F4ft'I) t hence l,f=Ifo @ poF for some Fo-r?r.oup

M (and elear\r U=IJo @ p F, Uo the ratlienl of Mo) i moreover
o  o -  - r ' o

by (1.2) ancl (J-.4) 
".1y 

f,uA{U} can be written u* J=J* + € nhrere

$t i* the t"rivial lefting of {n to lrto @ uoF ancl gc*autoi'01}=

*{UxttoMo), * uot. Since I[o Autollo (vrith nutt{o actlng natural-

ly on IIo) acte rationally on fl(lfo) (witir I,{o acting via lcft

translat,ions) there is a finite dimensional tr'o-subspsce Vo of

0tr'rol stable: under the actions of both l\To and Aut\" ftr,r craim

folloves by putti.ng V=Vo @ F.

Qlej*r *a,- p{rrl: , ,( tu>7c {$r}: }
since[d*"/tr-r;1cl$l for all {eACIll it is suffieient. t.a

c}:eek tlaqt [./ Caot \rt ,{ {u}J./aij} (in h*u(P(rr} }, Tr ie sufficienr

to:  eheck the some reLat ion v iewed' in SndU{Vi"  Eut th is fo l - lovrs

f,rom the facL that, 
f-n"t%lrUJcl,ll 

in tire grcup ltly4 Ar-rtoI,T.

i t t  o i . / (ul iz.n
c]ain 1*, Let }tr=dirn v and €1r". i ,r,0oe/i(tJ) +,/cvl" rf ean]

then OrSa, " "fu(V)=O,
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rndeect if glrs*one*efiu), 'uhen use the faet that with respec.ri
to s.orne basis of V* the restr i .et ions cf O1 t0 V are upper trinn-
guLar wiil: ze-I-*o on the diagon,al for L.<i<N" fhe ger:ersl ea$e fol*
]"ovre u;:ing Claim 2 anc] an induetion on the number (ir*f).t
+( iz*?) ;+*o"+( iN*N) 

where i r .o"  
" *o iN are nunbers ehosq,  sueh that

*urt fttt l  for l<.i-rl i  and so *,ttvl for all psi* for whj.ch p 4/is.r,_
. ?

. - .  c ! t N J *

Nor'rr let g*=sf, ff 'r,{(t ' l)) ne the set of non*tnivial wei_ghts
o f  the , f -ac t ion  on l ( x r )  i "e "  O*= l  ( r , x ; ( f t r , t e , r t *o l ;  i t  i _s  a  f i *Lnit'e set' DenoLe by p(N) "h.he F-span of arr ;rroducts of the fo:rm

hlz.'./$ I,"ith trie Q,lt)"

Cl$iql-4.. .  Fon al l  a€V we have that a@ I is a pieard*Vessiot,
elenent for A=ker 1og. necatt that an el-snent x in a fi-riera extension tof a 4- 

j
field }is calted Picard-vessiot if it is contained in a finite dinensiona.r A-.ff-vector subspace of t; in our case f={r'rA) *,a t=tOfottl)rA)), Assuning for a nn_nent that th-is holds let's see that Clajm 4 irnplies that ker logcAt6rfini, fn_deed, since :oOtrl sti1l consists of picard-vessiot elenents .; =;"; 0,n; ," n"nerated as an F-algebra by ver and 1&0(T) it fo[ows 

[i:{ urut any elemen t or € (V.;

ffi,:^:i:TU;*T*a 
elemenr. Ncx,v_ro check c_lqim 4 nore si:nrclv thar :r"r*ii=;,;" r"j_,.::ry;; ;i';ti ;?:::f*tim 

4 note si:'clv that

; lj'-r:ff'-:j.:.:; in 

-4''o 
u"io"","g to{*'l' 1* Bv crajrn

;L' unn '. - o'tr, vanishes unl-oss c.ard lt; Zrreulr*, Con_
s€euently f o{* 

a l-)6v o p(lr} a1.,d r,/q. are done.

to cor:clude the proof of assert ion 1) in theorem. (2.r.)

! '/e are Left to prove that ker 1og :l{srfini n Assurae the contrary
end take fe d(c,r in) with ( iogf l  c1l*afo for scme L(c).Ey(2,2)xa(c)
ie qtable under A(e; l*,  Ry f*]n,BB, the r: :nnrneti : ie slgeb::a s'(){&(c}) 

remireds into 0rcl  and then of course each homogeneous comnonent
s n { x ' { c ) } i e s t e b 1 e u n d e r ^ ( t r } * B s i n d u c t i 8 n w e s s t t h a t
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h.

E'L=(a*" a P'JL fcrr n7o

1}

vrith P,,e 6) s* (:{^ fG} ) * By a*:: assunrption the
"' p<n.-l 

cr

is. F*Line nr:ly i.ndepende:nt.; tl: is implie* that

linearly indepcncleirt. But tiris is f.mpossj.ble

Assertion 1"), irn Theorem (2"].): is proved"

ramily ff,qd1",

("n+Pn)m i s I'*

since e% Sn (:la (s) )

(2*Bi i to*v Let.?s clef ine exp:tf"(G)-+d(S),.  The act ion of ' I

on II by }eft (or:, which is tho same, right) tranelations givea

an x-sr:adarion 0egl= G) P$ttL ; rer pL, Q (n}* p(irlZ.Ru) b,e t"he
n

eorresponding projec,t"ions* Iclentify l lom(X*(C) o Xa (G) ) witir
' r
f t

Ilora(xlxa(Il)") - 'Then any ae\ (c) ean be vievred &$ a homomorpi:i.sm
t ?

X-+X*ftJ)u vani,shing *rtf t t ,  P(c)), Lloreover- identiry F(c)-with

0 (U) 6P(Ii) via thre unalLiplieatiorl nap lI x I"I-+G andctefine tlre

F*linear endoinorphism exp a or P(c) hy the formu1a

(exp a) (x @ y) =["a\t

L
ro:r xe0(u),, ye0(Ii). cJ.ear: lr exp & is a F(u)*derivation" To ehectrs

that e:{p aeA(e} i t  is suff icient to check that i ts unique l i f*

tine f, to 0fdi*fCu) @ flts x T) boronss: to A(6'), Br-rr r,r,e have

f,,* *

* otfu,

"l=F*
L

q ) @; x  t * t

for art xe0(u) r "e0(g
is the corresponcl ing

Ln part icular,  using
o
d =0 for a 11 

{e 
X anc}

x T) wirere ;/rpc* x r)-rP(s * r#Crs x r)r
projee'[ion ant] fl(s * r]tr*fl(s t 6 pt *

notatj. ons fr:on (Z "il for o** f, or" ses that

I  ( r  o  ( ) .a( ( ' l  w ( "  S ince a vErn isheei  a lso on



F (ro0crul )' we eee that, foru nv [,ex either ifaql*O or p- *0 so
I " ' ^ L

d sat is f ies the concr i t ions r) -5)  in (a, .5)  hence by (e. i j
A t N

deL (G)- 1/{e conclude t"hat exp is welL*clefined., clear];r 1o6y exp
is the neturi l l  inclusion ancl rm exp is an abel i .an Lie subsnnee

of (G/F),,

(2,9) f ,o prove the

and 3) in fhe orem (A *1,) !

and the group Aut (GrH), of

renaining elaims of assert.i.ons A)

note Lhat Ar*t ff is geneneted by Int S

aLl autonorphisrns cf G preservring I{.

eheck thqt . for  a l }

fa n**y, d =o

by

e
t - > l y i x  ?

(mxtm-lt*1nt)

consequentlv bv (re) lw) ={tAut G} is generated by ,{$nt fi)

ana { $ut (GrI{) ) * so it is suff ieient to

a€i'fo (G) tve hav.e I

(2 -g,r) o- -l(*ry 
a) eercp a for al"t ce Im([t-+rnt (G) ]

(?.9,2 ' \ for alt dcr*#fti) - f,Gnt(c) ),

(2 .g .'tI r*L(exp,, a) r=exp da for alL c6Aut (*'H)

(?:-9 *4), 
[,], 

*"p' de In exp f m alt d€;]4Aut (G'II] ],

fo prove the assertions above vre may assuroe $*f, Start vrith

(?.9-1") ancl (2.9.2).The act ion of L{ on g=dby interior automor*

phinms is given by t.he composition of nrapst ,

I& x L[ * E jrlr x M * t jrlt 
x M x

(&rx, t)F> (n:xrmrt)p7 (mxr tm*It- l , t  )t*>

vehere a and c are ind.uced

G

rurlt iplicatieins rqlf.Le b is induced
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by taking first the antipode cn the middte factor ancl then

applying the aeti-on }"ry intcrior autouronphisrns lutxt*>M of f sx*. M*

[]ris immeciiarely imptries t]rat for anJr a€pfl,r] vre have that the

inrage, of s6 I via, the na,p afb***r0(l;r) e {3{r,}, F$t}wptl,f)@trrilri

be,tory1o ro 0(r,t) CI pO,t) e (gCcl) where (gtcl;;crp(r) is rhe $*

lii*ear *pan of f(c)*-o-(f ,fi(G)):" f,his shovrs that if 0- and d are
as  in .  (2 "9*1 )  anc l  (2 .9 * i l  v re  have  o (z  a  L , t t  d (z  Cp  f l e f (m lAp

*1{  (G)>.  Th is  imrnect ia te ly  impl ies that  the der ivat ions
,r-l{n& a) c-*exp a ancr 

Fn*"jal vani.sh on p(},{} @ r. on the other

hand' t l :ese derivat ions vanish on l6p (f) ,  (use the fact that

r  is  the ident i ty  on r  @F(r)  a ' r j  on x^(G)  ancr  d  is  zero on
Lhese  spaces )  hence  they  van ish  on  @0J)LF( r l  and  (2 ,9 " r ) ,

(2 '9*2) ,  are provec lo To prove (2.9*3)  le t  d  $ t i l l  c lenote the r .6p1-

t " r ic t ion of  f  to  Iu{  and r*  Then far  xe l ( t i ) r { *x*( r }c  p( r l  we
have

r*t{**p a) ff(x o4)=cr*l(eq? a) (cx qta4L=c-1 (a(ollcrx or{}=

=f,r (a (o'l._  _ , f  L lx  w4= (exp a 'a)  (x  @I)  ,

!o prove (2*9*4) ls, t  d st i- l ' l  cJenote the cler:Lvation induced on

P{r*l, ; noting that eT }:il-ts a1r erements of xm(T) }.re have fn::,s

ana '{ es above

(x e{}=xet(a q}}e}T= (exp da} (x o{}

So: assert, j .c lns 2) ancl 5) in (A.L) are proved. A
Ier to ilre. Iatter: prCIve,ri assertion 4,) ancJ our

nsvr eorfil>letely provecl.

fn what. follovrs we discuse

exp in  the  ana ly f  ie  c i tse  i .qo  i f

[ e , u * p . ]

c onpletati on

Theorena (2 
"1.),

Sl"ml-*

f"s

& nemankeible propenty

TI-lrF
{ *\t, r

of
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:

.rnde'edn 1"et G be an irreducible affine aLgehraic 0.-groLrpo Then

there' is a c"omxmtative tliasram

{ $*r u), -- ? o auvtu,l

L  l j
/ tt'ot Gen), 

)* 
r d (6'm)

where Gm ie the unclerlying analytic Lf.e group of Gp Aut San

is the Lie group of anelytic iso,,rnorpirisns cf Gm (whese itlen-

tity eomponent is algebraisabrle ef * L*,i ) and A Ccffil is the

Lie algetlra of analy-bie vector fields on Gar vanishing at 16gan

ancl for vrhich the mult ipl icat ion and the inverse map are equi-

variant'- t/e liave the following resul-t (vrhich vri.l l pley a. key ro.

l "e  in  Sect i -on 8) . :

(2 '1O),  PROPCSITION. fn notat ions above j ( fm explc Im )" t .

proof . .Let a 6r{o (s}=ilom(%(T}/<g (r, p(G) )>, xa (rJ)H} 'rhere
f , rU.  and H are as in (Z"4I"Let  ( r r , , . rz f*  be a basis of  X*( , I ) . .Ury

andi put ffi*e (li) 
" 

'[Ie shall identi-fy in what. f ollorrys T r,vith

(C,*)N by means of (4t,...,{*),r+(C*)N. Let us construct a l-paranteter subgroup

of analytic autcroorphimrs of Gm vrhose derivatiye jn zero is j (g}c.D a) , Let tr:

t (c.x)N*ll-r} b^tr" action induced by multiplication and define for each t
map fa:Um,< H*+u"l- H* by the fo::mrla

(x) ?* (x*r) = (x, fr(et" (*) 
,v) )  o xe uff i ,  ye Han

where lnr,e lrr : i te a(xl  ferr the row vecLor'  (a-(x)) -  in oN nnd

*ta(x) is the corr:esponding row vector in (qrt l i l ,  s j-nce s rrani.ekes

on p{c) r  and s inee ,zr* 'b 'a(x} ; , - * te i (1 . )  (x}  
for  a1 l  {e  X,  * ta fx) ,  isL '  t - ' v  t  

,

centrar in G he6ce y* e nut (cff i )  ;  c learlw !p -v
,\* 

' \u r;  cr-ei1p'1y **,  **- 
="r,  "  Yt- r :o we
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got a l-parameter subgroup,

Assumer novr that in (*) x (::esp"y; is a colle etion of

locaL eoondinate on l I  ( re*p.  on I I )  whi ] .e  )=( )^rco lo  )_ . )  rv i l l
I N

* r - l t }  \

be tire s,tanda::d coordirrates cn (cx)'n* ny * we hsall m.ean the
d / .

? ) 2
vector (;r) -q ($imi1arLy ro* ;frl yt " Then eqnsicler" theO *J r.tr

field o* u*e* Hn& defined bil'

r'= (d& I I
dt Jt.=Q

\
= a(x) . /{(rry}

) )

eo1urul

vector

?
) Y

1 l  I
I * I

|  ) x  I
l r  I
\ i Y  I

c{

To ehe'ck that v=j (exp a) take enpr qhgracter 
/u X*(T) n (O)* )

ne0(l t ) .  such thar h(a()ry) )  * tQluCrl

to the latter equality and then

)n '\

rCr,v)  t*Cy)=ab(y)a )  ) v

Ltultiplying'this equalittrr qn the left by the row a(r) rle get

that (vb) (xrS)=a{x}"<b(f).=((expa)b,):  {xry} and we are done,

and

)

))

(* a column of integers)

for all ) and y. Applyine

putt*i-ng ) =l lrre, &,t

?n
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$5" U:% qap"Jco{

fhrou55hcut th.is seetJ-sn vde fi.x an iiireducible nffii:e al*

geb"raic F*group G l,ri i:h radi.cal R nnd unipotent radiec'rl U" vre

pick a maxiro*l forus T of R and pud r=;f(R) r. u=fiuf ,. 1*;f(r) "

(?..L) !{e stari; vri"hii t.her ::ema::k t}rat !I(G} natura}1}t iden*

tif ies v,rit,h IIom(u/l-ere]nurr/u)* Indeed f.dentify both "(tl*l and

{ta*l  with t}re f ie1d F via the identi f icat ior,  %=$pee *FJr

G*=spec r[ tr t-U* l ioreover v*i te, a/[crsJ=g(a)" 6(s] wit tr  g(a]

a vector: 'group *n,1 S(u) a torusl eleanly the natural m.ap

v/Un[e ,cJ-+c("]  iu an isomorphisrc vrhi le t ]re map E*g(m] is en

ieogerqr (2.4).  ' ,Te have ictent i f icat i  one /(s(a) ro:r I . Iom Vddl rdtcu' l

s I rom(c(o) ,  Gu)=xn(G) ana 7! (g(m))og l rom Vte(m) ' ; ,  , t  tc* l ) r  x* (G)o

6) F,  l :ence we have an ident. i f icat ion

w(G)=t ioncKm(G)  @ F,  xa(G) )s l i c rm( / (c (m) ;o  , / rc (a i ;o ;  g

g I Iom ( / (g(a)  ) ,  , (  t l (o)  )  ) * I Iom(u, /u  ^ fsrsJ, r /u)

(7,2) I' iqxt. ].etrs note that for teAft), the im.age qf
(1

Iog) in I Iont:#[xrslnu rr/u] (st i l l -  denoted so] has the f 'otto*

wing part ic:u. larry sinple cescript ionr upon lett ing f  st iLr de*

note tho k*endomorphism inclu:ced ioy f, orl r, (cfo(f,5)) and by

f( *-4 r/u'b.]re naturaL project ion r ' , re claim that (1og f t  f i l  * ' ; rkl* l

f,cr al.l x6u, (rvhere * o*nntes the imerge of x in u/lbrgJ,n u) " rn

parLieul.ar log f,=O if ancl only ir J"uc n,, To check our ela:ln note

that under the iclentifj.cat.ion in (5"1) vre have tire follov,,ring for.
^ -T /'l

rulrla; (cXf),l-og c) =d(4 -d 
x) fo.r el-l cl:aract *,* 4:&/U 

-r S* (where



"  a ? *
d{r *{tbtvl*r,/(e*}*F ie the t.angent, rnap ot 2[

vi ewe d as s):n ad di ti ve character l#tr? , SJn U + C
.  *] n

d(7  * l I )  i s  i t s  tongent  map)  *

-1 n
;d 

-"d/sxa(G) 
ie

and eirn:i" Lari1y
t2.

fden'L,ifyi*g novr d tutV^&, *J ) (re*p*1itn.ru) ) vri-th a *Llr:r:ps*
ce 'f Ptu/ur' ' fG,cJlo (resp-p(n/ulo), the above fo'mura re&ds

c  ' 4  A n  * i n  D .  A  . r  -( los}) (x) (()=x(1, ' l '1") for tt t t  xe/(rJ) " But 
' i t ;rr4) 

e*inci.cres
r,vith the image of 

{ 
via tlre nap

f tBtv>' fi (n;=P(u) *o d"(rt -f e rul@Fft) 9itnu) - -:r- r

ancl our claeim is proved*

lfe,xt r,.;e have the, fo].Iovring Lie

t i on*

(nJ) Lat'i i,u- ret r be any Lie r'-a16;ebra, LL arl ideal in r
containing 

Fr"] and s,lrlu*)r a Lie algebra seetion of the pljo*
ject icln r ->r/u, Define the l . inoar map

ull ian(g, 'F ,Tf 
" 

r/u)) -> attz ton,*)

* s.pace of alternating bi l inear m.aps u x u->u) by,*3:.r;;

1 r 4 -yJ - 
LeiYyrxJ

alt YeFlom(ul[*'"] *rli l rxrv.u, rvhere fr/ n** the imeges of
in u,/frr"] * The* t,he for.ror,,virlg propert"ies hold fo' arqr f :

I " )  t ) ( f )  G?2(u, r f , )=space of  z*cocyc les of , .  u  in  u"

2)  b(?)  is  a  L ie  a lgeb*a nur t ip l - icer t ion on r - r  and (urb( f ) )

f n e t A a b g l i s n  T , i a ,  n J r r a t r t n *  ( i  &  < s n 1 r r n l r t a  i + r  t , a * a n ^ \

a

algebra theoret ic construc

Grt? (u,u)

f crmrla

b (Y) . \ f - A(xFy l  =  
Ls f  xu

f 0r,

x rJl

L S A
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3) for every z,?r/wu ed s(z) inclucee a depiva:Lion of the

Lie algebla (un b (?) )  "

Prclof " A eoruf)u-t.ation involvir:g only ctofinit ionsn

In p*lrt i-ctt lar lhe above lemrna shov'rs t"hat in our specifie

situat-ion vrhen u=/(u) , raf{n}, taking s to *orresponcl to firr

ehoice of a mo.ximal torus T of R we are provicied r,vith a niap b

as above ancl trence with a nan

IIon (u/fr ,r] nrlui -+ ilZ (u 
"u)

Noting that Harn(u,/u"l_grg]rr,/ 'u) is, a subspace of IIom(u/fr"rlnr/u)

rve get a rnap kod: \f(G)-*) Uz(uru) by eonposing 
ra 

above vri.th lire

iclenti-fiqation isonorphisn ly(s)g llorn(u/un [grgJ ,r/u'] .

P I

(7,Atr I 'ROPCSIf, IOiT- The smallest algebraical ly closed f ield

of def inl tron FO of G contained in F and eontaini-ng k( ct l  F"JlL l J

eoinc, icles v.r i tp pA(cnfi  n) 
* i , ro"*orr*" ker(kad-1og)= A(c,zl ,*) ,

proof,  The equal- i ts FG=FA(Grr in)  fo l lovre easi ly f rom the

fac t  tha t  PCCI  i s  a  l c rca l ty  f in i te  d (Cr f i .n ) *F*vec tor  spaee (c f  *

fireoreiu (2.1) by u.ising t):e "slr-itting errgunent$"' froro [orJ. To

cheek the equa}i ty ker( loA"1og)=A(C/f;  : . t  is suff ic1ent tc sihov,r

that.  for a derivat ion f ,eAtCl \?e have r]oOro*f=O i f  and on.t;r  i f
f

F" is o f j"elcl of definitior * ri* 'the latter happens if ard onlyr for c. By lerJ tne latter happens if ard only ;

O, uEis a field of definition for u. llrw assune kod loq.f =O hence that t-here

is an F-linear ilnp8:u*+u such that
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("

k)i b(rosJ) (:r,y)*0F,vJ*foxrx-J *F-*t] for ax"L xcse w

Letti 'ng.*Jrr"*>r ancl e'"-:r*>r'be thtii project.ions onto r-r and t

res l )ect ive ly  we have by (5 ,2)  nnc l  (3 ,3) .  thr i t

c  r - . / -  C  1  r  C  - l() . :  ' r r(kg i  kcy)*[*2t,oryJ * l*rJy"r=] for a] t  :cry€u

Projecting the equality fl.uy] = [&-"J "i*'-fy] ora u and u'sir:s (**)

we geT..

, .  \  C . _  - ,  ;  C  1  r  e . r  C . .(**1s) * rr) L* nyj = Let) >r 
"4 

-r 
lx"erdrJ 

+ b ( tos J ) (x,y )

for aJJ. xny6u* From (*l antl (x*re) vre gef thaa fr=*.".fl* i" a
L

k-clerivatj-on on u and one ehecks irnraecliately ihat

i t2*f  =tr , i l tx+,) , tx for 'a l l  )er* x6u. ry Fr l  p.86, 
"4.u 

a

fietcl of clefinilricn for u,

Conver:selyu if thc latter holc1s, t lten wr"it ing G=ff-, @
c ro

&ru(nt=F , Gl an affine al-gebraic Fr*grouui we nay consiiler

) ( , f lel*r(r /Ft) and l i f t  i t ,  to an F',-r1.eri-vnt ion f ,* l=L oJ (.$ on

f iCCl .  CIear:J.y ; i*  Brescrves U, hencc preoerves u. Then view O=

O r"t=el-o)*r \*  ar i  a tnap fror,r  u to ug eLear lyn i t  i -s F* l inea::"  Sr" : ,bstrac*

ting the eclrratity (xxx) from the equality 
"r*prrJ=p* *rvJ.*

l- n:F 1* 
Lro 5^]'J tre 6Jet tirat f ormula (:t) hoLds f or our: 0 iust clef :i"neil,

Lrenee u(rogf,) is a cobou-rrrlar:y attd vie erre done,

( ' t *5 )  COROLL{RY.  I f  the  ra i l i cs l  o f  G is  n i  lpo ten t ,  l lA (C)

i s  a  f ie ld  o f  def in i t ion for  G ( in  fact  i t  e ,quals  FG).

P:noof, S: inee j-n this c&sel"rt1*0 r,ve have b*O henec kocl*



=0 hcnce F,-=P A(G).
t i

In felct, a nCIre

(7  "61

roe A c trTo (G) *

n fru log:c ker

- ) 0 s F

pre ;c i  se  s ta tement  ho lds :

}ITCP0SITIOilf * i *sume
A

Then Ir-  is  a f i .e l .d

is & subrset of

defi"nition for

lCc l  such thn t

G ancl l?n {$} n

A
of

Proof. H6r (2'.1) *ne f,e/ ean be written **, Jlu* exp & for

sQme deA(Grf in) io a€?to(G)* $ ince exp a is  F*Line€ir . f  one d have

blre sane restr i .ct ion to F" Novt apply (7 .4)  to eonclude,

$4,, C o*s,e.qr"re'1c,eg'

St,trrt with $olne irnmecliate corlsequences". of the preeeedi.ng:

theor;r, rtr.$ above G is an i::reducrble affine algebraic F-gr.oup,

R i t s  rad ica ln  U i t , s  un ipo len t  rac l i -ca l .

(4"1) COnOLIiiRI, The followi.ng holdl

f ) Ihere. is a comnlex e::act in the first tvro t,e'rms I

O rfiaut G) *, d ( vl*dgtr 
l9$r llo,m (u./u ̂preJ *r,/u) 

k-o$ o He {u ru }

2) )  A  der iva t ion  in  A(e)  be longs  toA(G, f in )  i f  and  on ly

i f  i t ,  preserves the ideal .  of  U in G oFr equivalent ly,  i f  and only

i f  i t  pre$e-rvos; ue

X) the natural  restr j .c t , ion map d rct /  I  tcr f in i ' / (Rt /  A-W,,

f i n )  i s  i n j e c t i v e o

4)  For  any isogeny i ;G-rG'  the l i f t ing map ixr  d(gr i  * r ,4(G)

has the proper ty  that  ( i * ) *1ed(G,r in)  )=A(e '  n f  : ' -n) .

5)  A(G)=A(Grf  in)  is  ar [ /  o f  t ] re  fo t lowing caser ] : ;  a)  t iLe

racU-cal of G is unipo&entn b) G ie recluct ive, e) G/ [cus] is Lrni.*

potent,  ( . i"eo a vector grou.i l r  d) Q/lCreJ iei  reductive, ( i"en a torus
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6); ct im(d (c)/A{g/l ')  }(tr,cleg. (r/rs} ' tdim(rmbl}mbn 82(uou) } "

In thc lagt assertiono lve used notationr: froin $1i mora.Lly j-^L

says tlral[ din., (lrc]/A(C/]') ] i.n res,crj_ctecL by tire geonetry *f

t ,he l inear sul :spaccs eontainer l .  in "Lhe var iety V of  a l l .  L ie a15;-e* I

1-.*^ .-,. 1 .l--: * 'I .:uri l  nu-L'r tp-t-raat ions on t tre urrderl .yi .n$ vector space of u (sj .nce

rm b is ,guch a l inear subspace of v)- soine inforrnat ion on th. is

geonetry is proviried by wo::]< of 0. Laudalo

Pr.oof* I ) ,  fo l lo l , /s f r . r ,s (1.Aln.  (4"1) ancl  (5"4\  
"

2 )  fo l lo r ,vs  f rom (Z . t )  ,  ( j .Z j  and ( l - .5 )  
"

3) fol-lor'.rs fron (2"1) ancl t ire fact that th.e nan

V f  ( C )  V G )  i s  i n j e c t i  v e  ( s e o  ( 2 . 4 )  o r  ( ? . 1 )  ) ,

4) fol]-otvs from (2 
"L) arxl the fact t ira-t the nerp

i? (Gl  ) ->1 f  (G)  i s  an  isonornh ism (sce  Q ' .3 )  )

i l ;  ean be cheched as fo l lo! , r r l t  a)  is  ( I .4)  ib)  fo l -

lov'rs fr:om repl'esentabj.l i t;r of ;fu,f S(ef .[oJl but can be cler|ved

in a more elementary v€y f ro in (2,1) eince X*(G)=g; c)  fo l lows;

sj-nce in this sa$e thq radical, of G rrust tre unipotentl d) follor,.rs

fronr (2"L)"  Final \ r  to prove e),  start  vr i th a prCIparat i -on" i isgume

V is am il-diinensional A*F*vec:tor $pace ( A arr- arbitrary set)* 'Ihe

the coorclj-nate r:lgebra Fe ef,fVl I of Gt(V) hers a natural. structure

of A-F-algebra definect hy iclenri.ffiug P{cl,fy}} !r' i-th g'(* (v}sll 'u

rvhere S'="syn:rctr ic a161cbra" and dcsl i  (q{f t lol  is "the r leterrnir}nnt. , , ,o

Y/e cLaim that 0(Ci,(V),) is loealty f ini 'Le; indeed St;;((Vlo) elearly

is so and we are done, by noting that d is a /*constant (tCI cireck

this replace (*f 'FrJI F b,y r)orie A*ri"ero extension of i ' t ,  such thrnfit ^ t  
d

V  s p l i t s  ( i , e .  h a s  e  d * c o n s t a n t  F * b a r . ; i - s ) .  A s s o c i a b e d  t o  t h : i s . h a $ i s

t l rere i .s a /*constant basir  x;  ; ,  of  q,($)oi  now d is & pr: lyrrornj  a]  j .n
r d  

u l
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the )(* *ro vtith Q**oeffTffien'Ls hence is A *constant)* Com,tn6 l*ctr.L J
i

to  ou:"  graup C; ,  Let  Ad: ,G+GL(g)  be i ts  ad jo tnt  reprenonta.L j  on.  i
Us ing b i ie  descr ip t i .on of  Ad in  /J I l  ' l ^c i l  o i lo  cheks. thnf_ A.1t "  :io  rn  

L l rJ  
p ,>L o i te  ch.eks that  Ar l t l  

i
: (?(g1, . (e) :+  P(c:  is  a  [ (G]* ; , r1gebra *ar ) .  con*equerr tL ; r  i f  z (s ]  i r  i

:the eenter of G, Ptctn(al l  is €] loeally f ini.te d (c)*p*vectur spir{

ce (being ic ient i f ied wi th f r (Cf  k)) /y.er  A**)*  B.y asse,r t ion 4)  pfC:

.Fi-na]l,r. to c jrecli 5) one, urses; (3".il and

ce O,z1(G/F)-' 4 (G/;.'c)->De:: (F,/Fc)-, O

From t,he di-scussi-on of assertf  on

Lorving useful:

the obvious enact $eeuen-

5) Rbove rve get the fo1*

( 4 . 2 )  R e m a r k .  T h e  i . c l c a l  c l e f i n i . n g . t , i r e  c e n t e r  o f  s  i s : 1

i d e a t  o f  F ( e  ) .

AG), :

rnust b.e, locally finj_te ss a

and rye *rre done-

Proof.  Indeed one chec];s

cr, (e)  is  a [ (G)- ic ]eat  or  P(c l ( r3t

8) .  Then t ] :e  ideaf  c ie f in ing  the

i t  j " s  € r  A ( G ) - i d e a l  o f  P  ( G ) * ,

f,*'F-vector $:pace for. all .lulf6l

that  the ic leal  m clef in ine l "  in
cf

. q )

)  (use onie again a spl i t t i t -ng 0f

not-rf r:r- n'{a n -i rlq
uur4uu r  L ' - L  r . r  " . , . f j  (Ac l ^ rn ) r? (C)  hengg

In v ihat  fo l lo lvsr:  we adress the quest ion of  deecrS"i : r i .ng the Lie spe*

ce structure of  A(C). .  l?e succed to c io th is for  a renar lcabj-e sub*

space of  i t  ly  for  Ao(c)=10g-1$ic(G).  rncreed vie ha'e

(^4-3) C'oRoiJ"aRr..

] " )  Ao (G)= l ( c r f i n )  @lm e l i pG

2) rrn exp is an abel ian i i teal j -n Ao(c)

x) a (G"fin) : ner:iF/ 
u* t(aut G) (vrhere Der (r-7po; enl:ed.s

i r r to  d{cr r in)  uy f , r - rJ*  = t r iv : i  a l  l$ f t : lnsof  f , t "e{c f , ( } .4) )  and
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*n cxp *J*

* 3'ij
t : t

^ + n
exp d*a for  a l l  de Der  (F/p)

G
and'  a€ Wu(G) 

"

(x)

Le,t

(x)

({,) 6 vnt'f v='l'o* a\)'fu(,I.
4"

xeX
a

t,o x

(UlZcP(u) be a primit i rre element of rveight(;  appl-yi .ng

we get

(x* '  )  a(,J) @ x =-x €t a(a)
V L

Tt r i  s  i nn l i os  oP  r : o t r r r s r l  - r l r n f  o , i f . ho r  r r t f y }= f i  np  : r= f1  nn

5) 1"r 1n acjr l i t ion l"*f fe upcn 1ett i .n6 /o(c/o)* lo(0)/. ,A (G/CI)

we havq j(Ac(c/f l )) ,c Im )n (nota' t  ions as in (e. lo)J*

Proof*  Just  put  t r :gether  (L" .Zr ,e  (2"1)*  (p . l - f i )e  (T"6 i*

(4.4\ PROp0Sl'ti0ll ' Assume sne of the follor,ving irolclel

L) The :laclical. of G is nilpotent

2)' the unipotent raci.i.caL of S is comrn:tatlve,
' Ihen Ao(G)=d(C); in other vsords any,,veight of G is 4(C)-co*.; :r tant.

Proof " 
' ' i{e nust prove that l ln logc'i[*($]. fhis is cle ar in

ease 1) *  fn case 2) upon tet 'b ing R be t i re radical  of  S,  the nap

W(G)-) l ' I (R) is in jeet ive and vievr ing i t  as an i .nclusion rve have

ly(G)n"vo(n)+lo(c). so we may assune G sorvable. Borq,ving notations

fr'onr (2.4')*C2*6), vre have *=#, trl=Us li=t" W fel(cl t,hen we irarre

bv (2 .6 "41 t"hat ,/u" Eo- (r- cpJo * Eo cp t " ]"t( e v4) lu 
vrhere

*=lo6 f,. Apptyine r,P(u) 6 e ru) *rP(U) 6,F 1I}) (rwist map) to rtrq

abo-ve f orraula ancl using coruxut.ativi Ay ot 
/U 

(i 
"e , t/V*fd we

get. U 
Q= o a l  + l  x o + p x a( ))  ui  con$equentLy vre ha';e
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a#*)a(1) for sone )ef , rhe latter equality fo impos*it: le

beeause a([Iax*(u]r. so a vanisrres. on alL weights of x"(u).
' l  

r t -But [i (u] is the symnetric algebra on xu{u} hence a1l vreights clf

f eul are proclucts of vreights of x*(tf): and hence a vanishe$ on 
i

at1 weights PCUI , the propositj,on is pFovedo 
:

. i
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5" ,F.pljt ond-g+rgp,L1$ ffoqpe

In t.his se ct1on ancl the folT.ovring we place ourselves

in tlre se,tting or frrJ,Icr] ,FII- so A vrill be & fixe,d fini'Le

set (m*cardA) and al l  our A*objeets wi l l  be*part ial-  di f feren*

t iar" i .e* cler ivat ions by which A acts &,re a]- lrrays pair lv ise

c'onrnutin&.U \,riXl clenote a univer.s:al / -fiefd with fie,ld of
{ t   a

cqnstants ( ;  F* i1- l  generat lJ"  denote an algebraical ly c losed

A -subfield af 7rL over which 2. i" universat" and € wlIL deno-Le

of F. V/e will also freely use, '[ernrj.nolo-

/ - schemes ,  [  - va r ie t i es ,  A  -  f unc t i on

s ingu la r i t y  o .$ ro ,

the field of conritants

&r fr* Ibr] involvinsl

f ie lds wi th no movable

Def in i  t ions

anr f-group ti/e understand an irreducible l inoar

group l- such '[ ] :at tr.rJeg.2t<fTtAcoo(eee al-so Frl l

f -gro.up is cal led spl i t  i f  i t  has the form

l -*n Gln(K) rThere f# is a ( ic losed subgro;up of GLr,(Zl). l : t .  is

call.e<I: splittabl-e if i.L is I -isomorphic to a split f-group {cf .

) .

5\ An f*group is call"ecl s,enisplet if it has 'bhe forn

n*n X rvhere T* is a (*close,C subgroup of Cl,rr(Zf) and X is a

A *cLosecl subset of Sl,rr0t) clefined by

a r ^ l - .
[ ' ix;r.-Pijk rvl th 

"ij,oe?{ [s5,.)], 1si-{m,

i n rn ' l t ps  ' r s r . . , - r i sp l i t ' ,  (Ta } le  p .  - -=O) "  l ar r v f i u u l / 4 - 1  v  \ r c { J ! v  

1 . ] K

i f  i t  i*  A-isonorphic to a semispl i t ,

( 5 . 1 )

1) BY

A -algebraic

2 )  A n

\

equat ions of  the form Qe

7-4 j  ,k(n* Clear ly "  spld L" '

is  cal lecl  semispl l t  tn 'b1e

f-groupe,
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i

(5,2), rn spite of cass,i,ry's deep resur"ts in /br]fcrl I

[trJ a satisfac'bory picture of f-spoups is still rnissing. lrl].rat j

v/e inf,end to do here is initiate a study of f-,qrourrr: based $n 
f

the conceDts j-ntroclucecl in (5.1) (cf . also IU'J, and using our 
t

theorJr developed in the preceedipg sectionso t
Bv [%lr=/uu"-(v' ]?=0 l .crr(?)=et} io an exarnple crf a $e- I

mispli.tl:ble f-grourp which is *ot *p].ittabLe* |

flre :re'lation bet,,reetrr f-groups and the theory from ,*rr,#l
is given by the following. I

I
(5'3) Timoii lro.fu",l. 

tet [tu* an f-group. Tiren the l-coor*- tL 2 J

dinate algebr'a AIf! is finitely generated as a non-differential" I

f,f -algebra. 
t

thus t'* aqy r-g"topqte can &ssociate an affine algebraic I
lf *group a=!(?,1)rh together vn'.th m eonra-iting derivations {., ... E

C  
B . r  T l t e n T r . m  ( l -  r  \  r ! ' ^  l , ^ , , ^  r . , ^ ' r 1  . : ^ p . l - , ^ - r  -  a  - - - - - - .  I, . . tdra€A(G). By l i reoren (a.t)  v/e irave wel l  clef ined elenents I

' t - -  c  c  -  o  f -  '  
, qJ r  i  i  T f , n r . an r ran  ^ , ,  $

rog c] i€\ 'T(c) I ' . ' : - th dt toe J;= djroeJ, for al l  i1j ,  I . {oreover b;r 
H

(5. '7) we have vrel l  def ineri  cohonolory classes kod rog 
4rH2(,rr,-r)  $

(u=Lie eilgebra of the unipotent raclical of G) " Fi-na.l-ly the ,o*igHmfi

of g(1l , l r ' \  )  (or-  of  ulr l r .  cf .  the cr iscussion preceecl i -ng (a.1)) f i
wi}l be sometimes simply calLed the r,veights of l. fi

H
$inc,e rat.ional naps betl.reen algebnaj-c ffor.tps cr:r:rrn:tin6 

fr
vrith nultiplicat.ions must be everiru,herei c1efined one gets thet 

fi
{}ny surjeci,ive. honomorphisni f- -, /-{ of f-groLlps incluces e} natu- fr

lr
n'ei} surieetive tiqnonorphism b'etlveen the co*esponrliqg affin* al* 

il
gebraic $roupfi G.+Gt; c1car1-y Lf l--.fr ic a l- isn:*crphisn {res- fi

- A [ ;pect ive ly  a  A - isogeny) '  thcn G->Gt is  an iszu*orphisro ( rcspect l - , re ty i l
r i

an igogeny) .  I {ere F- ' , ] ' t  is  ca l1od ieo l ronv ' i  f  f i  f .  i  s  s : r r r io .e, f . ' i r r .o  i i
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and), [a<,.> t1t( t- ' )J .  oo
^ lA 7\ -algebraic group wi.T"l  be carred ni lpotent i f  i t  is so

8s' an atrErt*act group; j"t" vrilr. be ealIed, unipoft.errt 
fcrJif i.b

cotrsistr: of unipot.eat neltric,es* Not.e thsl an f*firoup /. is pj.l"*
potent (r ,espectively unipotent) i f  and, only Lt g tUln\ )  is ea"

Reca}L t,hat the raclical R(t.) of a Linear A*elbebrei-c
g{'oup [t i* the uniQLl€ nr-aximal elemeirt in t]re set of aLlA**Los*d

norual irre,clucible solva,bXe subgrourps of G'

Asoertion L) of the foltr-owing Leruma v/as proved i.r, Fr] frrf,i lb. its
asser t ion 2)  can be proved s imiLar \ r  by us ing (4 .2) ) .

(5"4I r.triJi:'iA- r,e,t f ir. an f-gr-ol1pr let R(f) be its radj-eal
and zo(r) be the connected eonponent of the center of/". Ii lorqover
let G= S(l , , t" l r \) ,  let R(G) be the radical of G and zo(G) the corrnec
t.eci cemponent- of the cenls3 of G. lhen

r )  n(e)= StUlR( f  ) l )  as  subgroupe of  G.

2, za(G}= 1tU\zo(r) ]  )  as subsror.aps of G.

Final\r recall frqrd. /b-J:
L ) J

(5'5) I 'EL'LIA* An f-g'oup l t is $pl i t tabr.e i f  ancr only i f
2( l i ' \  i ,  rocarly f ini te as a i ' -?{-uector r}pacen Ltroreover i f  thi_s

is  the case and i f

then one can find

f  iu c lef inecj  over f  t  F algebraical_ly c losecl)

a ?icard-Vessj"ot  extension. Fr/Fann 
"  

/*4*
f.,{ tl_

isomorpiri smr'rvit ir

sed subgr.oup o.l

an f-group of tire foiti t-tn GSn6() , p* a (-.clo_

GL rTtt
f ) ' .  

\v! ' '  c

(5"6) CORC,LLARY, An f*group /- is spli.ttabr.e if and

if aLt group-tj"ke eloi1sn1s of ?r(ltJ r"* constnntso

trh:r'thermore rve have

only
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f1(5,"7) COROILARY" Aft f*Sroup I 

' is 
nemispl i t table i f  an$

onfy ir X is a fj.elcl of defi.nitj-on for 4(A'lf 3) or, eqr"rivalerrt-

trs '  i f  and only i f  kod Lag cf"=0 for aLl i ,  h, loreov€r i f  al l

vreiglr ts of f  are constant then f iu serninpl i t terbl-eo fn par.Licu-

Lar  i f  the rad ica l  or  f  i *  n i l .potent ,  f  i . *  senisp l i t tab le"

Proof,  The assert ion that f  i *  seuispl-et table i f  and

on"r,y LtK is a fietd of clefinitj.on tor fi(jclr.Jl io 6rn ea.sy ox€T*

c ise.  T l :e  rest  o f  the asser t . ions fo l row f rom (3"4)  and (5"6) .

Noiv pr-rt t ing together ( i .AI,o (r. j ,  ( j"7) and (4"t) vre 6tet

(5"ti), C0i10LI"/iRY. For an f-group /-the follor,ring holdl

t) ' /a ie spl i t , table (r 'espect" ivelSr seniepl- i t table) i f  eind

only. i f  i ts radical is se .

2t If there iri an isogerry f-,fi then f is splittable (r'es-

peetively serr ispl i t tat i le),  i f  and only i f  f t  is se.

7' I  f  ia spl i tLabl.e in eaeh cLf t l re fol lovring eases: a) bhe

racl icar. of f  i*  un-ipot,en'h (cf f"=Jl,  b) the center of / ' iu f i .ni t^

c) It has, no non-trivi-al- uni. po Lent. connutat ive qrreoti ont*

6 - lX]ie p Lqspi-jij-cnl, r_olr prcljl]"ei-"r

Let G be an irueducible affine algei>raic \l*ggoup. We 'pro*

por le oureelves 'Lo descr: i -be the set f t (G),  of  d- isornorphic l rn c l -a*ses

of f-grolrps l- for vvliic'h 9f,Ztli- ' l l isWi-sornorphic ivith G" We res'Lrj.c1

our{: ,el-ves to t i re ca$e wiren K i"  {r  f iold of def j-ni t ion:for f i  (hertce

G*OX@?J for.  $one /{-gr.orr lr  
$,r 

t  by (5.,7} t i i : .$ re str i .ct ion is not

effect ive i f  r , ' {e sre interegtcd oir \ r  in ,senispl i t table / to*,

to get an j "c lea of  f ' (G) nir te that  f (C) has fr recisely CIne 
i

e le iaent in cach of  the fo l" lowing car ie$r a) t .he racl i .cal  of  G j -s unir

f r
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f in i te eenterr  cf  " ,  
(4,1)  anc1 (5,5I  

"

rn general it, is clear that f(c) v A@tt*t.roo* s lvher:s

A(cl int  iu the ser of  m-upler ;  (4.r . , , r4o) of  pair rv ise coumlr*

tj.ng elernents or A(c)y,anc) Aut CI, aets on d(gli*t by the forn:ula

C;t.i"n
r . - r f  C  - - ' t a  - 1 Otu s ( d1,,  *,  r  d*) ) 'F-> (f , td '0-".  , . ,  FtJ^r\  t  a€ / iut.  s

lvhere vre aLso denotecl' by d- the eorresponrii-ng automot"ptriem of

Ptgh. But thj-s descriptiqn cf f(g) is quite unsatiefaetoryo

let 6f be 'bire trivial l ift ing of 4. t" o* il to P(g)=

=0r%) 64.  Then the i r rap A(sln- l  G, /u le def ined by ({ r* . . ,

r-> (4-Jir.o."f*-,s*l inc'uces a bi jection

r -  n *

r (c) ! arcn)-"-/ 'aut c

n
, t '  \"m.'

lvhere

1) A rc/U, is viev,'ed as a A-Zbveetor space by le"bting
4-
tr

O r^ rh

diQ=LJireJ for al}-  8e/(GIUI (braclcet taken in the. Lie space

a(c) ).
i  - *

)  A rc /u ) {1 rb

ments Oie A G/U) such

3,, Aut G acts

11 -

i* tr.&'*ce of m-uples (orr ,.  ro*) of

that {nr- .$ur* lo, , o,I ro;r, ar r i * i.

by trlc "Loel,ry-type " f*rl act.ionl

c le -

(r-r , (01, o*" 1o*) )r- t  ( f , ls l ' *  t r* l i tn*! f) ,  * ,"

th is descr ipt i "on is ar i  un,s,at iefaetory as the f i . rst  one

becar lg.e €ve;r f th ing is hidclen by the [ -a lge braic act ion of  Aut,G;

vrha'b CIne should be looki-ng for is description involving an Rlge*

br:'aic (rather than er [-argeiraic) aetion of Aut s-,o Such a des"*
J<'

nn'i ** i ^* -.-: r ',



il
ii
ltl
.-1
r':l
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, . 1

1  l " t

3 g ' t  
o

\

,  But more general ly we w111 give a descr ipt ion in the

genera l  case o f  the  subset  f , , " )  o f  i " tC l  cons is t ing  o f  a l l

[  
- isomorphism class.es of  f  -groups [ t  i t  l " tCl  a l l  of  whose

weights are constant. As above we have

lao te I r { 
(c) int/aut c

where Ao tC) 
i t t=A(C, int  

n (Ao (e )  x.  .  .xdo (c)  )  .  l toreover,  s ince

fT r i r r  a l l  weights of  G we have- l

f" (c ) s Ao G/?t) 
itt/a,rt c

where A,otc/11,l int- Ne t?rt l int^ tAo tc)X. . .xAo (G) ) .

Note that  Fotc)=[ t (c)  prov ided G is  in  one of  the twc>

s i L u a t l o n s  f r o m  ( 4 . 4 ) .

\



Qun main r*su1t here is:

(6"L) fImORE]'{. 'l|Ie 
}ritvCI

f- 1r:\, n, t 
; *'+

I o tul = #o (c)-""./Aut *K

vlhere r

f) W (c)=W^(q,) o?t ie vier,ved as a A*?L*vector space by
o o K H v v

letting A act triviatly on t1t^ (G )..u y "
r ' - *

2) Wo(G)*^'* is.  t t te space cf m-uples (a1r"."s8*) of ele-

mente ai€Wo(G) s.uch that 5fu3=[]*, for all irj,

1) Arat G

and X* (G) .

aets on l{o(G) via i ts natural ac-bion on X*(G)

proof. v{e wil"l show. that. the map explwf (c} _, Ao{c/z+\ in_

ducee a biject.:Lon 
":'!Io(Clht/arat G* *Oo G/ZOi*t/.ao, G. That

exp induces a map e as aborre folLovrs from assertions 5) and 4) in

(4.7) .  Ta check that  e  is  in jeet i r re ,  asr rume (ar r .  , .1&ry, ) r (a i r . , "

'..i&l) 6 ifocg)fot *** such that thor-e e::iflts 16 Aut G vrith

exp a!=f,l(e*p a1)r+Co-1f5- t*l

-1 *n *
since s- 6.lu-5fe d (Gnfin) ancr: sinee rn exp .,d(crrin)=o vre get

L

al= ca, and r*16*o=a] ; the l-at.ter equarity impLies ttrat ce Aut"
1 1

and inject,ivity folr"olvs* To check surjeetivlty of e, Lake {r.ry

(€tr.*-10*).  Aorc/U1int,  By (4-3) vre r.ray wri te ei*di + €xp ai for

some a.ElVo(G) * rnd d.€ A (G/A)nA(gr f in)  *  We c la inr  th :aL (dr ,  
" " ,ed*)e

n A * rc/u, int * rndeed r

f]-JC
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*il= Ff
"il - Ft

o =Ff
.[sf

o, "lf 
n

*  d i r  €xp

+ d i ,s }  n

*  * j r  e x P

Since by (+.5j Im exp i.s an ideal in A (G) the last tvro terne

of the right hand side expre$sion bell* ro rm exp while the

f irst belongs t.o l(Crf in),  because by (2.1") /{Crf i .r)  is a Lie

subspac'e of ACg),. consequent\r the fi:.st te:rm vanishes and our

elaim is proved, l{ow the f-group o,btained by consic}erins ,P(c}

a f - r iqg wi th der ivat ions 5t  -  d1r. . . r$f  + d* is  spt- i t ta-

by (5,5,, hence Lhere exists r6Aut G sueh that a,=o:IJf r-

for all i . Applying fornule 5) fron (4.3) 'ge get that

as

ble

r t-di

(ef  r r . , . rem) is Aut G -  eonjugate to (exo r*1*1rr .o1€xp .-1"*)

and, surjectivity foLlorars. Or.ltr theorem ie proved.

f;. Iiink vrith lf,,tS e>ltensions

Sextr we are dealing with the questior, /e,J of how f _L  4 J '

-field extensions arrising frou f-groups are related to d -func-

tion fields 'rrith no rsovable singularity (IS;{,S) (in the sense of

eur booo FrJ n p.5),- P. cassidy has shoo* &a] tt ut ir f ie the

A -algebr:aic groop 
lsr'*-(y')2=olcel* and 3 is any { *riera rhen

the exteneion ?(r- '>fF doee not spli t  ( ln t-he sense or fnrJ, t"e,

is not generat.ecl bg eonstan-b,s). In part icular such an extension

eartrrot have u*'m f*f]. On the o:thar hand vre urill prove that exten-

el"ons of this type are "net Loo far,"' fron having l$;iSt

(?.1.) flnOIi.3L,I. Let f be an f-group all of whose rveights

are constant and f an algebrarcal ly closed { - f ield of clef ini-

*t ion for f  .  lhen there exists a Picarcl-Vessiot extension Fr/ f
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and an intornediate I -ft*fU ff " €rfr(t-)sruch that. the extension

€ffr is a spli t  A*fbnetion f iel-d and \1r, t ' t  is a [-guns-

tion field gerl€:rated by exponential. eleraqnls. (i,e- elemen*s vr]lo-

se LogariLlun:ic derivatirre belong to f ) "
We wiLl a]-so nrove

(?-2) !R0rosrf.r0i'i- AnJr A- runqtion field generaied by

Picard-Vessiot. elements has }fi,S,

Coneequently vre 6et:

(7.5) COROII,AJLf. fn nota'Lions of (?.11 all three ext,€f,r-

sions Ft{)f t, € /Ty f{f have Nr6-

(7.4\ Proof of (?.I)- Let 4 be t,he constant f ield of ?.

since by (5.7: ' t  g3llFl) is defined over"K it fol lows frsra Frl

that &*=((?infi  is defined over (= K"f 
"o 

8*"9 @,F, g. a g -
F  g g  v

-  SOtIpc

In particular tire derivations 
4 "o 

PCg) have the form

[i=sf * €i r,vhere [f i* the triviat tiftins 
"f E fbom ff to frgl

and €-ed(?19). Now look into t l ie proof of Theore& (6.1) vhere

we ehecke,d the sur'jec'tivity of the map e, bo,ruow the notations

fr'on. there ancl letrs be carefrrl about "rationality probl-ens'+.

Incleed in rvr i t ing o.=di+"*p ai v/e have arer[($] and di€l(F /g]^

nAtCirf i .n)r- Ne>lt  by (5.5) we r iay choose r€ Aut *ro fon sonie

Picard*vessi ot exteasion f/ f , Ixow the extension F 
r(r>f f, ls

isomo*phic to c(f(c" )) lq r,vi th dorivat ions t f  
"  

exp o.-toro

}(ijm,, I,et" u a'ird I{ be as in (?"il and put f =QtftU* I l; 'ther:" clear-
\f!

I;1 A[cf and. €/Yl is split. l loreever q4-7/'€ is gene.r"ateld iry

elemen'bs of the form X. el y with y,VC0'r)' (notat ion froru (2"8) )



and an$' such l@ y' is

fir(r7/'€" our Theore&

* 4 5 s

exlonential" eleme.nt for the extenslon

proved .

alt

i s

(7.5) Prcof of (?.2).  Let €lF a.e a d*funct ion f ield ge*

nerated by Picar'd*Vessiot el"ea;ents. Then c]'early a finite set

of then su:f f ices so 6=Q(a) where A ie s eub /-F- algebra af €,

f in i te ly  generated as an f -aLgebra and loca l ly  f in i te  a$ aA- f .

-veetor spaceG let X=Spec A b,e the corresDonding /-variety and

Vc A b.e a f ini te dimensional A*f-uector space generat ing A as

an f-algebra. fhen the syumetrie algebra S'V has a natural strue.

tnre of A- 9-algebra and the elo$ed embe dding X ->lA=Spec ( S'V,)

is el- map. Let the polynosial algeb,ra (s'v)l-rJ ue a /-ai"gebra

ext.ension by putting dT=O; since I preserves the gradation on

(s 'v) [ t ]  ; - t  fo l lows thatF=tr ro j ( (s 'v )Lr ]  I  is  a  A-var ie ty  and the

open enbeciding A-> IP is a A-nap. Let, f Uu the Zariski closure of

X in F. trfe claim that X is a projective d -model of its function

f ield (and thisvri l l  c lose tho proof),  fndeed, lot Spec B be an

open subset of fl n.ot contained inff,n let Pc B be the pnirne ideaL

corresporuling. to Fr/\ and Q the pnime ideal eorresponding to X,

Now AQBO. Se because Q€X, hence d Qc We^ B = Q this showing

that f nSpee B is a A-slr,bscheme of Spec E ancl we &re done,

Rerearlr. T'I,reorem (?.1)r app}i.es of course to

dicat is n-ilpotent or to any I for whi ah 5 (?(/ fh

tive, u,ruipot-ent radiee1o

any

has

fTvrhose ra-

€t COillfitl'ta*
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1 d ;  ^ h d$8, P.alqk:lrd o>rtensi-qrxs.

In thie section vre intr:oduee the notion of Pai.nlevd ex*

tension of A-rtelcls, iri$cu$s its conrrection r,vith t"l-ogarithmic

cl.er:ivat.iues" of,' anaS.ytic actions on algebraic v*:rieties and gi-

Tre an applicati.qn to f*gxoups whose raclical is nilpotent, Star*L

wiLh an ana1ytic. preparatjon.

(8"I) tet f:rX-+Y b,e- a map between ana\rtic (complex) mani

f,oLds. and supposle vile are given ana\rtic comrnrting vector fields

C cdlr. . .rda on I  l i f t ing to some analyt ic comruting veetor f ieLds

(st i l l  denotecl bv) t  ----r f* on x, tr ' Ie say that f  has the paintev6- u  v . i r f  r '  - l t r . c ,  
m

property (witrr respe ct to !rr.. ., 4.) if , upon letting f+y be th(

universal covering d Y" there is an ana\rt.ic r-isomorphisrn

X n, To^ *i (z=c-rko), yo€Y) sendins { trr.o f,f ute". 4 ie
T

t.he unique lifting of 4 fron X to X x
n ,\t a\,

l i f t ing of c\, f?on I to Z x Y.

Note thaL if din Y;-ru and if, we throw away from Y the locus
( r ?

wherq olr . . . r .df i t  do.not generate the tangent s.pace and from X the

preimage of this locus t"hen rrlle get a foliation on X, transverse

to f and bei.ng a "'feuil letage de Painlevd de lre epbce'. in t1*

- f 1
sens of LCSJ, i.e. having the property that any path on Y start-

ing frcrn yo€I can be, Lifted in the Leaft passing through arry point of

f-r (yo ) .

(8 ,2) ,  f ron not r  on F * i f f  uu.assumed to  eonta in  G,  to  be

algebraicalln' closecl and to be sucir t,]:at A p"o*dee an f-Uasis

of Der (T/C), i ,  in part icular tr ,deg F/C=eard A=n,

, Let v be a A-varietv over f  ( i . ,  t i .*  sense of [ual p.4]. ' /Je say

that ,  V iS A Pain, ' l  r . r r . (  r r r : r r . - - i  a ,* r r  $r . "c t  r r .^*^  :  ^  ^  ^^- .L^- ; . " , *  ; {  - . . " * . ,m ^{r

*' T ana.f f ir the tri-vial
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A * sehe.ne.a

Itr _-*-+ V

f l  Iv {
$ I S p e e 3

wittr  U and S smooth A*varj .et i .es over'0" dj-m S=m, sueh thst

fan'um->s&' has the Painlevd property (here fan denotes as usual

the anaLytic nap underl;ring f), *

Final ly letrs say that a A -funetion f ield €tf  is a pain_

Levd extension if it has a pain].e,vd A -model.

Renarks. U Any sraooth projective d -variety over .F i*

a Painlevd [-variq:tyg in panticular,,. arqr extension with no $o-

vable singularity (NIIS) in the sense or fnr] p.5 is a paint-ev6 ex"

tension. Ihis is a trj.vial eonsequence of "Ehresmsrutrg theoreyn"
f 1

L'rJ'
2), A consequerce; of the above remark and of our resurt in

i - ' r

LErJ' p.rO? is that any strongly normal €xtension of ?r* a pain*

levd extension (as iU has NMS),

7\ PainLevd extensions need rtot have N[s, for they may

have 'tmovable singularit,iee hidden at infinity,,,. tr,op instance

K.Okermotcts lvo:rk (in Sdm. F..Irlorguet., Fdrmier l-gTT\ shows tliat t.he

famous Painlevd second order equations leacl to Painlevd exten-

sionsl these are not necogs,arily M.IS extensions (ef" work of

Nishioka and al"so cf- l0r l l ]L + .

Our main resul t  rv iL l  bet

(8,5) fJIaOnEM. Le t i- n" an f'-group over f, ***t, tha.L al1

weights of f are constant. Tt:en F(f ) t # is a poinl-evd e:rten*
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(8,4) Let ns int,roduce soule intrqduee some notat,ional

conlrelttions which wi}l si"mplif$ ou,r pspoej-tion in vrhat follo,lss,

For any anefytie rrsrifolds. X"T we denote by Ltap(Xrf) the $€,t of

all maps froru X to Y. For f 4 L,[ap (Xrf] we denote by fo the tangen

esp vlewed as a map be,twee,n the. marrifolde T*r Tf (=tan€ient buncl

tres ) so f*€LIan(r*rTX). Analytie vect.or fields on x wilr he vie*

wecl as sections o,f the eanonical pr:ojection 
\ 

-> X henee their

epace Ho {Xrf*) lies in [!ap CX, t*] " So if f C ].{ap (Xry) and

veuo ff r k) tl:en fuvel'iar 
(x,Iy) . L[ore ov€r n, if A is a finite di.men.

s iona l  l inear  subspace o f  HoF i tX) ,  there  is  a  na tura l  in jec t i ve

map L,!ap (IoA) ->ito(x:'J-T*r-L-r^X*y);  v ie shal l  usual ly ident i fy elements

of [ '1ap(r'41 r,rith their image unc]er this rrapr Tf wris a finite

dimensionaL conplex vector spaee and Y is an analyt ic manifold

then for any h€Liap(Yrlv) and Br\y vector f ielci v€Eo(yrTr) there is

& vr€,l]. defined nap vh€riap(Yrw) (take a basis (e1), of 'rtn vrite
r

h=Fi*i rvith rrre dff) and Let vh=It"ni)ei; this definition doe$

not c lepend on the choice of  the basis) ,  l loreoffer i f  Al l t - ] l 'Js is &

l inear rnap of  vector spaces and vrh are as abover.  then v(A"h)=

=Ae vh,

l t ro l r  i f  G is a eonplox Lie group ancl  f6 i lap(frc) ,  def i "ne

tf€Ifi*p(CxyrC'rX] by the forrnula L*(g"y]= (f (y)ErX] .,

l lere is an analyt ic analogue of  Kolchin. ts sur ject iv i ty

theorem fo.r the logarithmic Cerj.vative.

(8,5) FROFOSITION' Assume G

(i.,e. achait.s a structlr,rq of affine

simply conitecterl analytic nranifold

is  an &lgebraisable Lj"e Sroup

algebraic group) and Y j"s a

with t r iv ia l  tangent bunCle
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gene,rated at each point W coramuti.ng fieLcle { , . . .  r{ .ro tsrr*) , ,

m=dim Y., Ihen f or ar-ry h.eMap(YrdG)), lej<n,such that, c[Orn

*4.h; n[h;,\]= 0 hol:ds for al l  L(i, i f in,, there existe

f6Map(YrG) sueh that

t#5 - $3 * hJ ror alr i

where- $tnHo(GxYr,***") is the triviar liftine

g:(f -

o f I
.]

frora T to

Proof. } , i rst letts prove the propoeit ion for G=(GLrr)un.

In this case if we j-dentift- arry f€Iilap(IlG) with a. mcn mat,rix

vdth entriee belonging to the ring dtfl of globa} analytic fttnc-
! -

ctions on Y then an easy cramputation shorvs that for sueh an f we

have. Lfl $t -!t =f-Irf-f- So given h as in the proposition and* I J  
J  J

ident"ifVine it vdth an nrcrr matrix with entrios in 9(]fl (so

heg],n(d(Y)) vre ere loriking for an f€G\(0frlI such that 
{r=fir5

for  a l l  j .  S inee the d. 's  forn a.  bas is  o f  the tan8ent  spnce of
J

t at. each point, Y is si.rnply connect,ed and the nj t* satisfy

th9 " inte6pabi l i ty condit iens" '  from. the statement of the Froposi.-

t ion i t  is classical ly knorvn (see for:  instanee [oJ t  that an f  as

above exists ancT the case C=(GI{")a* i* cloRe.

llcly Le! G be an arbit"""y algebraisable Lie group ernd vie'1,;

flt as a Zariski closed algebraic subgroup of Gf*; in particular'  
11,'

dtglcgL* so the h. 's def ine maps f)rora Y to g1r. st i l l  sat isfying-  - n l  
J i

tlre integ;:r'ability condtiong. Sy the discussion above there exists

fcuap(r,(Ghlan)=G\r(0ff) ) such that, \".5j 
*53 =n; ror all j . on

the other'harrcl by Kolchintsr surjsglivity theorem for the l"o6arith.
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uiic deriuative, (cf. its version in l*r]p*5U there is a Ficard*
L I '

Vessiot extension € of the quotient f ield of 9ff)  and f. ,eg(g)

euch that €[,fr1, r* affi j ( .("norc.hinrn. logarithuric deriva-

tivo)" sy fu*l p,?5 we that t#r*ff-U}=n; whieh imnedia*

te.lg implies: 'Lhat. t$Crrf*l1=g for all j hence that ,rf*c G%(fr

*crtr(A) c ol*u(dff) )t since r.le cth (d[r) ) vre seL r*e cqo(r/(y) )n

nS([ )=G(O(Y) ]  and we are done-

(8.6) te,t X be an anallrt ic nanifold. A Lie subal.gebra

d lto(rrt*) v.rill be c.al].ecl analytically bounded if t.here exists

an algebrais,ab,le Lie group G and a faithful" analytic action

GxX-:tX such that A is eontained in the image of the natural

*ap.((c) ->Ho (xrT*) ,

(8.?) ?RCPOSTTIOII." L,et X be an analytic manifoldr. A an

analyt ical ly bounded Lie subalgebra of  Ho(XrT-,)r .  Y a s inpl ; r
A

sonnectecl manifold with trivial tangent bundle generated a'L eaeh

point- by c ommuting vector fields fr, . . . rf,*n IIo (y rTy) , m=clim r and

f,r, el:lap(y,A) n r{i(n sueh that *q 
-44 nLfi,f,iJ= o ror a}t

i , j=1, . ror ; f i r .  Then there exists an ana\r t ic  Y- isomo;:Jrhism

f rX'f-rx*x such that Y.5t -J{ = f," ta, a}r i where S{ is the_ , * " j  , j  " J  "  j

trivial lift.ing of, S, to Xx T.

Proof , rf A c nn(d(c) + i{oft*\.}), vrhere s. x x-+X is nn

act i .on as in (8.6) ,  then f i rX-" [  induce marrs h; l r+/(C] ;

einee tha natural rnap Arf(c) i. * l,iu algebra *"p; h; wi13. stit}

satisfy the integrabil i t$ cordit ionn, By (e.5) t lrere exists
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A A

(8.?.1) Lo $.- f, =no for all S
1 r ' . , r  G t  a

x

A
- n C

where d" is the, trivial" llfting sf d* to Gkf- llow eonsider the
.JJ

I-isonorphisre f:Xxf-" kT, Y(nnyls(g(y):xny) . to eheck that

rydd
v IY

G x I 1*',--* G x Y x X -------) X x T
p q

(g,?.2) ./ i* *l* * "f'*". i 
" j J:

for alJ- j

c.onsider the diagrsm with comurtative squares.:

G x I . . * L - _  G x Y x X  - q  > X x Y

L o l
, r ' . t

' 'r\ritJr e(gryrx)=(gxry) ancl p(gryrx)=(gry) for all gesn xeXr, $6Y."

Now (8.7*1)  inp l ies that

l^t 1\,

{8.,7.1) (L, x id}** - fr=fr, for al]. i

t w  o -  
t N

vrhere h*:S-+I i"(Gd(rTg*)C) is the tr iv ial  l i f t ing of h- and t-
J G X X J J .

is the trivial tr"ifting of 4 ao SxXd(., Applying g. to (8.?.1)
.l -*

we get

N t\" r\) l\t

n*Ij=n* ( t xid ) o t*n* Ji= yon* J;-r- t
X n:f t4 -P

But qrt=[ja anA 
\nj=]jn 

so (8"7.2) fol l .ows beeause q is orlr jec

tive and vre are done-

(B.B) OOROLLARY, L*v V be a A-variety over f,. .A'ssume
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U4 @.f fo* eorre; smooth algebraic CI*variety fr and assume there

exisrts a finite dirnensional Lie subalgeb"u A of FIo (nr1 *') lvhpss

i.mage in llo(zmr[ ,,,.] is snalytically bounded su*h t,nnl
n"'^

4 -lt e Aa F for all j-
J  J  

-  - ' -  - . * -  r . r

where f .  above is rr iewed as a O-derivat ion of O- ^ whi le- . r  - z o F

S] ir  the tr i r ial  l i f t ing of 
{  

r .o* f  to d, 
@g, Then v is a

Painlevd A-variety*

Proof" Sf,nce tr aeg,?/Cloo aW finite sub,s€t of .i i"

contained in a A- subfield of Y v,rhieh is finitely generat.ed

as a field extension of 0' So, we may choose a A *variety S over

o with e(s),c E' dim S=m such that 
{-  

l } .  A@ Ho(sr@"} and [,

is tr iv ial-rgenerated at each point Uy f , f  , .  j . r{ .  Let y+S*tr b*

the universal eovering of Sm. Then the unique llfting of

{ -S}  to  Z x"  I  (s t i t r  denotect  so)  g ives r ise to  a  r ,1ap 4e t tap(r .
J  i  

u  
J - ' - ' r r - - t

n ).  qy (8.7) there exists an Ydsomorphism ? af fr  x y su"ch

that Y*It =t3 n" 
[ 

= f,; rrence the projection Zm x Sarl+s* has the

Painlevd property and we are done*

To prove Theorern (8.5) ' , . re need:

(B*9) l"Eimia.., Fer any afflne algebraic O*gr:.oup G, we have

A(e eFz | i . :a ( f i / t r )aF.

Proof. t i fe have a nai,ural i i l " ject ive map d(C/C)€F-rA(Coy/#

so we have to eheek su.r:je*tivity- tet f,e A(C @yfg) ancJ chcos:e

arl af;tine A-var:iety S such that t clefJ.nes a regular (i.ee ev*ry,

rchere. defined r:ationat) vector field on S x $(A(Slc fr) " Let A and
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E be the coordinate rirxgs. of S and S respeetively. ft is elear

th.at. for any ilraximar, ideal I\l of Bn the de::ivation (rfmod l,{):

iA*+A inclucea uy Jl :  ^d\ @ B-+ A cp B b,elongs to A(S/0) '

Let V bo a finite climensi ona.l ff*sub,epace of A generating

A as a O*algebra and let" it be, a fil ite dinrensiotal O*sub,space clf
14

a $ueh ttrat J (v m Blc'yr @ R end a(s/o) (v o B) cl l r  ce B (trr in is

possible because d*oA(c/e)<"o of (?.1) and this is the point

in tire proof of o,ur terma),, llou let E be the B-subnodule of II=

=1Io5(V e B, ff6 E) gener:atect by the image of A(G/0) and tlr be

ttre &-eubnodule of II gener:ated. bg E and the imerge at E. t;e have

that for any naxi.rnaL ideaL ld of B the images of E and Ef in

IVI'$i=lianr(vnlv) coincirie. Rep-T-acing B bI B,, fo:: some f€BrflO we

mey assume that TT/Et is a free B*nodule, henee that I"f iTnOt'=L[l.?.

Nakayama immecl iately impl ies that  E=Et.  s inee t lvo der ivat j .ons on

a & B wldch agree on v E B nust Bgree everyvihere v/e get tirat

Eel(ctrt) & e and our Lersra is provedo

( 8 . t 0 )  P r o o f  . o f  T h e o r e n  ( S . 5 ) ,  A s  i n  ( 7 . 4 )  ,  (  ( 9 / n J l =

=G 6 F for some algebraic c -6;roup G. Let as usual "*O 
uvr{q-  qr€)( ;L}r - . l r - \ ;  u-  - t j l .c jup \ re le t  ug t rsuaa o j  Gerrorg

the tr iv- i .a] l i f t ing of S- r*o* tsto Gc@ F ana ,f ,  the derivat ion

corrq€iponding to the oper:ator 
* 

on P(Ooa.S). Then try (B.g)

t -S}  
eAo{cc @ s )n A(c* @f/st={(co e.F )n(  a (% t t }af f  )=

=Ao(co,/d),  e.F. By (4,5) aO(Ga,/C) is anaLytieal ly bounded henee

by  (8 'B )  S tF ln l l  i s  a  pa in levd  va r i . e t y  and  fheorem (8 . ) )  i s  p ro -

vet l ,
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Appendix . Derivat ions of general l {opf algebras

L&t A be a llopf algebra lu*l over a fleld f of arbj-t::a*

ry eharacteri-stie and k a subfier.cl of tr'* Then defi*e a(A) to be
'bhe Lie F*spaee of alI k-denivations of A sErtisfying eonditions

1)*4) fr:cm (r"r) (vrith A i.nst,ead or fl(c}) , rhe ain of thiri Ap-

pendix is to $tudy a(A) in this ggnenal context.. The ,,,algebrt+ic

group version" of the result  we are going to obtafn can be easi*

ly dech.lced from our theoren (2.1) plus standard structure theory

of algebraic groupsg since these tools are not avai labl-e i .n t .he

"general l  } Iopf  a lgebra".case we founc] i t  interesbing to sholy holv

one can clevelop sone puxely l lopf algebraic teehniques in orcler

t.o cleal- r,rith ', infirritesinal automorphisals,n. Apart fbom tlre j lact

that (non-necessary eommutative or f initely generatecl) I iopf 
"l-gu*j

b::as have tl ieir ovrn right and beauty r,e are also mo1ivertecl by tt-,*.

faet  t l tat  l inear A-algebraic groups f"of  inf in i te t ranscendenee

degree lead to (eo;nnu'bat ive) I {opf  a lgebras ?. tJf  }  ruhich are not

f in i te ly genenated as %*algebuaso

We start vrith. s preparation on cocente::s encl centers of

i topf  a lgebras.  fhen our maj-n resul t  vr iL l -  c lescr j .be the str"ucture

of A(A @ B) with B co-semisinple * ftrr hackgrcnrnd here is F*l-

(.1.t) r.e,t F be a fielcl and c a F-coslgebna, A coicleerl. r

o f  C is  ca1led eoc"ent ra l  i f  f  "  ( r  e  p l t * (p  e  L\ /  :C-+c, / r  & c

vrhere f is t 'he eo::rul.t iplication, pl0*+g4- i-s the canonicai $ui'*/

jeetion ar\d 7:C O C/.'T-> C/I @ C is ilre twist- i:rap (eclui,valentlvo

i f  1x- r1x€r  @ c for  a l l -  x€c,  vrhere E:  Q x  c- -+c x  c  is  tho t rv is t

ma;r),. If clin C 1* * I is cocentral" iff the subalgebra (C./I) o of



ga i.e central, ene

a, ll.fnimunl cocentral,

(A.4)  r ,e t  B be a

eocen t ra l  i f  i t  i s  so  as

coideal IU., Lnddeil, ta};e any fanily (Cil i

that C=/c:, arrr l  di in C. (*;, then ,*=Ira.

has & nrin;irrruu coc.entral

of  s i :bcoalgebrae such

is  eas i l y  seen t *  be  the

5r3 *

easil;: sees

coicleal f*

that^ if ciim

of C; inctreed

'w

C ( ao tlren, t,here i s

let A be ilro center
of g0 ancl put' r*.=1cer(grrg@ -->Ao')* Itr61.v 1o* claim tl:at enyr sssl*
gebra C (possib. \ r of irefin_j,te dinen$ion)

olinimulr eccentral coicleal of C_

(A-,2) * A coalgebr:a c wil l  be called cocentrar i f  r a,=ker € ( t= 11u couni t ) .  r f  c l in C( a.  then c is  cocentr . " ,  , i ,  , *is a ce,nf ' .sr algebra. hence, i f  F is algebraical ly closed and
c is  s inp le  i  then c  is  autonat ica l ly  cocentra l ,

!

(1.3) Reeal l  from t {  p.161 the fol lo,, ,r ing basi e proper_
ty  o f  s i rnp le  coalgebras:  i f  C is  a  coalgebra,  C =Z* i  

,  C i  sub_coalgebtras, i l ren any simple subcoalgebra of C l ies in one of the
c i ' u '  Reea l l  t : a t  a  coa lge ' ra  i s  ca l l ec r  co -sen is r .mp le  i f  i t  i s
the sun of j ts sir :rple subcoal5ebras. The above property 'mpl_'es
t'hat if c is co-sendsimple then ar\y subcoalgebraof c has a comc.emen".

tarlz coalgebra and is the sun of its sirnrcr-e subcoalgebras.

n:^mum cocentral }Iopf ideal 
\; indeecl ]rut tI*:B(ISnIB)B vrhere

s=ant ipo<1e and r"  is  the ni .n i .n ium cocentr .ar"  eoir ieal : r r"n B. The quo*
tient BC=B,/J-.

i {opf  F*algebra* A l lopf  ideal  J is cel lL led
a eoicrear.  Argr l . Iopf  a lgebra B i ras a mi-

algebre

the co-

(A"5) Assume in (A.4) above *:at  B* i "  a group
and Let B=@ It* be the Q(Bc)-graclat'on correspo*ding t0
action of Bc of B on the rigfr|,:B -.rg€Be (her"e C(A) rneans
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the 6r:oup clf g oup l"ike elemenf,s of A)1 sinee J* is cocentralu.

this g::adation eoincides lr\dth the 6padation correoponcli.ng to the

Ieft  coact j-ot lJl  B-rBc G) B* ! ' [e, elain that al l  BUrs are sul lcoal-ge*

bras of B. Inde url , /  lE-+B S B is equivariant $r i th respect to the

righ't, coactions of Bc orr B apcl B 6tr B (for tle latter. take the eo*

act ion y  r  o f l  the seconcl  factor ) ;  in  par t i .cu lar  f@*tcB @ l l * *
1 5 g

Siail.arl:y, 
7 is equivariant with respect to the l-eft coaetir:n of

B" on B and S @ B (for t.he latter take, the coaction ) on the

f i i r s t , f a c L o r )  a n d ' g e t . F ( B g ) c B * @ B  i  e o n s e q u e n t t f 4 G  ) c B  @ B  og ; 9 9

I,xste also that u/0 fop alt  6€ciBe)1 indeed, i f  b€B Lj.es
rr

above g€G(B ) then bu n the g-honogeneous piece of b also l ies

above gr hence bdn0,

(4"6)  A  l lop f  a lgebra  is  ca l led  co-senr is j .mp le  L t *J  i f  i t  ie

s o  a s  a  c o a l g e b r a .  I n  F - ]  p . 2 9 , 4  s e v e r a l . c h a r a c t e r i s a t i o n s  r : f  c o -

senis i rople } Iopf  a lgebras are gi-ven; in part icular i f  H ie an af-

fine algelrrai-c F-group then PCffl i-s co-semisimple if snd only 1f

H is  l inear l -y  reduc t ive .  Note  tha t  i f  B  i s  eo-semis i .mp le  an f  F  iE l

algebraical ly c losecl  then the cocenter Bc is a group algebrao fn-.

deed, wr i te B=O Ci, .  Ci  s imple (eocentral)  subeoalgebras.  Ihen

B./rB= @ tctfrc*)= O {cilt ert*. ) is generatecl by group-l-ike e}e-
L ' r

ments, hence so rni l l  be 8", nJing a quotient of B/TU.

(A"7) Iet ts i iscuss the not lon of  center,  of  a } lopf  a l -geb::a"

A subset" of a l lopf F-algebrra A v'dl1 be" called, central if each ele*

nent of it. c.onmutes wil l all ele:nents of A* fhen A eontains a maxi.

qrtm. central sub Hopf a16lebra *A (we tet eA be the maximum e.lenrent

of  the farai l "y of  a l l  eentraln S-stabLe subcoalgebras of  i ) " ' , fe cal-

cA 
th* qenter of  A;  i t  is  eontnined (nut apr ior i  not  equal .  to)  the
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center of the underl"Ying algebra

P("4) )  denoLes the  space o f  p r i r r r i

o

then P("A) *onsists Pr:eciselY of

of  A,  $ote that  t f  f  (A)  ( resP.

t ive e le t lents  o f  A ( resP*c 'A)

the central elenents of P(A), '

.(A.B) Iet A and tJ tle'Lr,vo l lopf F*algebras. \}{/e denote s'f-m*

p1y by A(A) 6lf a(B), the fibred procluct' 4(A) *D*" 
rAG) 

* start CIur:

investigation of A(A e B) by noting that' there i s a natural F-1i -

n rr Tr \  (  -  t^ ?:

near  p ro jec t i on  d (a  e  B ) - ->d (A)  @ rA(B) ' J ' ' -> ( { ' i ; )  
v rhe re 'A=(14  @

rr
O€e) .J 'o iA where iO:A-rA @ B is  the natura l  map iU(a)=a @ I

tr*a 5U ,s d.ef ined similar i l , , ) .  Our project ion adnits a sect ion'

(vrhich is a Lie space rnap) A(A) @ fA(E)- 'A(A € B) clef ined by

^ ^ n n
6Jr, Jrl,-t J, Q r' + r &dz' \fe ehatt identifv from nov' on;

A(A) (D 4(B) r'rith its ircage in A(l @ n) '
F

(A.9) I{ext ,assume in (A.g} above that the cocenter Bc is

a group algebra; by (A"6) this is the case for instance r"rhen B

is eo-sen1slnple. The:t lve shal.l clefine a relLarkabl-e Lie subal*

gebrar a(i::a) or A(A @ B)" lying in the kernel of the projection

A(l O B) € 4(A) @d(B) ,  Incleed let P (cA) be the group of pr1rnit i 've

elerne'ts of "A, consicler the G(Bc)-gradati-on B= @Bg on B defi-

e
ned by t i re coact ion of  B* orr  B (cf . (A"5),)  and for

morphisrs ael- ior , r (G(ne)r ,  pfn))  def ine the F- l inear

--r  AOB bY the forrn-r1a

any group homo-

m a p  { t o S $ * ' 2

S;{" o
<---l

i l = 7 . x a ( g )  e $  b - ,  x € A ,  b € B t
G 6

where b=/,b_ ie ttr(} cleeornpositi"on of' b,€B into honrogeneous pi'eces"
ei

fhen clearly { 
t* an A-dcrivation and using tlre fnct that al. l '

B rs are subcoalgebras of  B one checks t l ' rnt  in fnct  f ,  edCa QB B)"

g

1Te clefined. a l inear maP
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ilom(e 6t) 
" 

p(ca) )*>A(a @ F)

c.oLrrse the anatog of ftn exp from (2.1) ) .

Our rnain resuLt is the folLowi-ngl

(A,tO) Theoreu. Let A and B be Hopf F-algebras with I3 co*

semisimple and F alg'ebraically closed. Then

A(* O e)=(A(a) €} A(It)) @A(B:A)
F

hoof. 'tfe mrst shol,{ that every f,a a**il(n @ B)+ /(A) €

O&B)). r iee in A(n:e). Clearly f, io rr-U-near.
F

n
Step J.- lifie shovr that d is an Aderivation. It ie suffi-

cient. ta check that J'(a e 1) c A a? I, qy Q\.3) B=r @ E for sou.e

a

coalgebra E. Consequent\y, for any adA v;e may v,r i- te )(a g 1)e

"o 
& I + A. @ U with ao€A. We get that

A, \ ,
t r ( d ( a  @  1 ) ) e 7 r r ( a ^  @  1 ) + A  @  E  @  A  @  E , f ( n ^  o  1 ) €  A  &  1  @  A  @  1

t l w / "

On the,other hand

l ( f (a  o  r ) )=CJb  r  *  r@Sy(a  o  l - )€ (Je  r  +  1e>$( l  o  I  @ A  @ l ) c

c A @ 1 c l A  p  L  +  A @ E @ A &  1  + A @  l o A w S

( ? A

lTe get thatl(J (a @ L))7(a o& 1) henee J (eo@ I)=ao @ l" and our

claim is prove'd'

whose image wi l l  be denoteC t  V A(B:A) . '

$ince B#0 for al l -  g (ef ,  (A,5) )  i 'L fol lows that l lorn(s(gc)

p(ca))yd$ra)  ;  an abel ian t ie  subspace of  AG @ B)  ( : - t  is  o f



F.b-cp Z. We show t.trat" for antr, subc,oalgebra C of B, vle have

)(r O C)c A @ C. Indeed by (A.7) C has a complementary eoalgebra

Ct*  For  each b:€C we have [ ' t lg  U]ex-  + A G} Cr  wi 'bh x '€AG] C.
D O

We get

n

/(o(l .  O at)e7tx6)+a @ c' e> A c> r ' , /(xo)dA @ c @ A @ c

On the ofher 'hand

n ( ' r ( f l C
4 C J ' { r @ b ) 1 = 6 J e  t  +  1 d ) f ( r o i : ) e ( J a 1 +  1 @ . ) )  ( 1  @ c  @ r , P c ) c

c A @ B @ 1 6 c + 1 @ c @ A @ B

lrie ger that 
/trft 

@ b) )7(xo) henee fir e ul =xb ancl rve are doneo

Step ]" !'fe shov,r that for any si.rnple subcoalgebra C of B

there exists a^ep(cA) such that foraLl  b€C we have X(r  o U)=

- a -  @  b "
U

Start with the folLowing generaL remarkl if C is any simple F-

*coalgebra ancl  L lC -r  C is an F- l - i -near l l lap such that/ t "L=

= ( L  @  I  ) , A - ( 1  @  L ) 7  : C Q C  @  C  t h e n  L  i s  a  s c a l a r  m u l t i o l e  o f
C :  I  C  /

the ident i ty.  Incleod choose teF such that L-t1t  is  not invert i*

ble.  fhe equal i - t i .es f , ( l - t ta)=(( f t lC) 
@ tC), f=(1* @ ( f - t r t I ) f

shorv that the ima61e v of I-11, is a subconlgebra of c; since v

is not thr,v vrhole of 0, it must be ze]"ar, hence L=tl* ancl our re-

nra::k is proved'

N.oiu IeL at€ Aa anct

I  .= ( *%h) ,  f , "q . ,  c+A @ c- )a  6 l  Q c
a*.

v,'here ig:C A x Cr, ic(x)=l. x x . We

nuLtiple of L,. .

c la im that  L .*  is  a  secu- l "ar
a^



.  
- / v

fo soe this note fi.rst that a**(** @tioyri.-+F r,lhf-ch inr-

pr ies that fco(rtel  
lc)  =(a* @ lc ep€a* 4),1;;  r :  A 6r c --->

-l C @ C" Nor^r if x€C rve 6et

. ( 1

Fn(L *  x)  =Fn((ax o 1) )  ( r "  @ x)  )  =
I  "  a ^  l w

= (u* e rc @ 6o @ lcf.,,sc fc, * *l =
+  - c  0= (a* @rq @ tAolc) ( )o rnrr+laece), 

f * 
(tex) =

*( ( (a{oki.5 )er-oor.yr* (rex)*

+ ( a * @  k )  @  ( ( e o @  l c ) " t r f * ( r @ x )

[he second term of t]re latter sun vanishes because <f projecte

in to  Oe A( I )@A(B)"  Us ing the usual  s igma notat ion /uex=)" f r - l  *r '  / "
!

t  * ( r )  lue 6et

=f(tuf (u) 6 *(z)=(t"o @ lc) ( fr" ,
, l r ( r " * * )= I ( ( (a t  

6  lc l . f , rc fa  o  lc )  (1  o  " ( r )  I  
1  o  * (e) )  =

in other vrords,/CrL"*=(L"* @ tr)T . Sirailarily, starting v,-ith

the equality 
"{(Ee e a*}2 vre aeLfcolu*=(ra ca ,"o)T . By a

prerviol.is remark, L 
* 

nust be a scalar multiple of tire identity
a

and our claim i.s provecl.

&lr clain inpLi"es that there exists a€A such that ,l(f g n)=

=a @ b for: all b€C- All r,rc have to check now is that aeP(ca)"

wrrann€l

r f c
0=/A @ Bd(I @ b)-(dcstA ,o B*ta @ B aa).11-@ Bb 

=

=(lnelefR) ((la* - a @ L*t o a)o7nob)
l r  r r  

/ r ,  / t r
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where Ti4 @ B-tB & A is the twist map we get that s€P(A) " Wri*

('. c. .
t tng xa 6 b=)(x  @ b)=d(  (1  @ b)  (x  @ 1)  ) '=ax 6t  b  for  x€A we ge

-r\
get aG! (*A) .

$!gp--{, v{e shov,r that. w}renever c and D ere two simple

subeoaLgebras of B contained, irr the same BU ! vre have &g=fipa

Tndeedn W (a&l-) and (A'4), the icleal ,fu=ker(g-tne) is

ge,neratecl (as a Z-sided ideal) by elenents of the form Snx vrherv

n)0 and x belongs to the union of a1l simple subalgebras of B.

Ehis together v.'ith Step 1 shows that the ideal A @ JO i s sta-

ble und." f  ;  in part icular t  induces a derivat ion i 'e (n & n*)

and.'vre have a eommutative diagram:

le1eJ-op
@ B @ A @ B  - - - * - - - ) A

I
l o  n
I i or+raa
I

@ B @ A @ B * o i l ^

@ B

I
I
@ B

c
@ B @ A o B

\
l n { ^
I J ol+LeJ

I c
@ B @ A o B

r ^
- - - ) A

Now clearly

by the Step

the pio ject ion or  t r

7 appliecl to k9 and

?

i n  A (A) (EA(R"
n

, A T

8." instead o

z e r o ,  h e n e e

and B vre get

)  i s

.4\ ft

l\ ,^
(der+re) ) u (rototop),o p

; /

(:ou )' = (far*rrfi (lonolog) =

that ,Itfog)=a*og. for soxte a*€A* lVe. have for any b4.C:

and -dn the otlier hand

= a, ei:@l@g.-hl eb [s a ggg
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(n
( r r etup \ o lt o J (:su) = ( :otralep ) 7,r ( a^e-o) =

/ v ,/' 
-arr@beleg + lpbeagg)g

fronr. vrl:ieh vr,e get ii6t=fl^. Sirnilarily
s 6

$t"qp_5.q. conclusion cf the proof* B;r (f\.1) each B* i-s ag
lve get s f,unction

for alL b€Fg. To

(rourur)' for

for al l  gr, ez

cf* sq o*r-t**r*sz ) '

8rl=&- and r,re are doneou g

sLra. of simpl-e suTicoalgebras, $ence by ,$tep 4

c[Ee),-?' PUr] , gt->a (gi such that f(,ro),=a (g)eb

check that a is a grclup homonorphi.sur, eornpute

br€B*_,b?,(Bs._ v'rith bfb2*O (note that, B**B*^*0
-L o1 a o2 Dl €j2

b e c a u s e  b y  ( A . 5  )

.  (A .11)  Renark .  The proo f  o f  S tep  2  in  (A .10)  sho ls ' [ha t

for erly co-semisirnple }lopf algebra B, any subcoal5;ebra C of B

o O
andu any deA(n) rve have dCcC.;  in part icular p is l .ocal- ly f inr ' r te

as a A(nl  *F-vector 6pace l

This,  in i ts turn inpl ies the fo l l "ovr ing statenent l  let  fbe a

l inear A -alelebraj .c group such that the l lopf  a lgebra Atf l  is

co-seni-s i . rnple;  then l j l f !  t -s f in i te l .y generated as a (non-cl i . f fe-

ren t ia l )  f t -a lgebra  ( i .e  .  (  i s  a l r tonat i -ea l l y  an  f -s roup! ) .  In -

deed, using argr-rnents s in i lar  to th.ose i ,n [B. l  one sees th*t
A L ) )

lrl\f3 =0/ lf]-lcp CJ" But the right hand si.de of the latter eqr:ality
x .t\

cannot be f ini tely generatec1 as * A-balgebra unless ?41P3 i  s

f ini tely generated as a (*algenra and our ass\,*rert ion fol l .o*rs.

Our fheorenl (A"10] ean be used to produce sonre cl-asr: i f icat i"on

statcments for [-algebraic groups ( in tne same wsy as (4.1) r ,ras

used in  sec. t ion 6) ;  s inc,e t i re  resu l ts  obta inable nre far  less

cor:rplete than in the case of f-groups we shall nnt gi-ve th.em here
. . -  

l l
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