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I.  INTRODUCTION

Start ing wi th the work of  H.Dym and I .Gohberg on banded exten-

sions t t  
-  

" ] ,  
some quest ions regarding posi t ive complet ions become

of  in te res t .  Thusr  in  the  paper  [C  ;  Sw]  there  was so lved the . impor - .

tant  problem of d.escr ib ing al l  posi t ive patterns (part ia l  matr ices)

a&nit t ing posi t ive complet ions.  The main resul t  states that  the

associated graphs are chordal

On the other hand, in fc]  i t  was presented a descr ipt ion of

the structure of  posi t ive block-matr ices in t .erms of  certain f ree

parameters .

Th ls  resu l t  y ie lds  the  descr ip t ion  o f  a l l  pos i t i ve  comple t ions

of posi t ive part ia l  matr i -ces wi th proper interval  graphs to be done.

Subsequent ly i t  was remarked in [acc]  that  even in the case of  ehordal

graphs a complet ion procedure can be indicated, as a sequence of

reduct ions to complet ions of  proper interval  graphs, and to make the

above ment ioned paramet r iza t ion  o f  comple t ions  ava i lab le .
'The 

main  purpose o f  th is  paper  i s  to  render  exp l i c i t  th is

remark.  Thus, a descr ipt ion of  lhe structure of  a l l  posi t ive com-

plet ions of  posi t ive part ia l  matr ices is given in terms of  certain

free parameters.



PRELIMTNARIES

1.  By  a  pos i t i ve  par t ia l  mat r i x  (o r  Pos i t i ve  pa t te rn  1 ,  we

denote a speci f icat ion of  certain entr ies in a (Hermit ian) f rame

such that al1 speci f ied pr incipal  matr ices are posi t ive.  The

graph of  such a part ia l  matr ix is associated in an usual  manner:

the  graph has  ver t i ces  { f  ,  21 , , ' . ,  t }  (n  be ing  the  d imens ion  o f

the  E iven pa t tenn)and an  edge be tween i  and j i f  the  ( i ,  j ) - the

entry is speci f ied.  The problem of characLer iz ing those graphs

for which any associated. posi t ive part ia l  matr ix has posi t ive

complet ions was solved in [c.J sw].

These are  the  chorda l  g raphs ,  i . .e .  t ' he  g raphs  w l th  no  min i -

ma1 simple c i rcui tof  four or more ed.ges -  we l t "u [C] for  the

termi-nology and al l  re levent resul ts concerning graph theory.

For  j -ns tance,  fo r  an  und i rec ted  graph Q =  (V ,  E)  I  V  is  the  se t

ver t j -ces  and E is  the  se t  o f  edges .  For  ACVr  we de f ine  the

subgraph induced by  A,  to  be  GA =  (A ,  Eg) ,  where

E A  - t " t t t  /  x €  A  a n d  y €  A ! .  A  s u b s e t  A c V  i s  c a l l e d  a  c l i q u e

i f  i t s  induced.  subgraph is  ccmple te ,  i .e .  every  pa i r  o f  d is t inc t

ver t i ces  is  ad jacent .

A subclass of  the chordal  graphs j -s represented by the

in te rva l  g raphs ,  i .e .  g raphs  wh ich  are  in te rsec t ion  graphs  o f

a farni ly of  interval  on the reAl l ine.  A proPer lnterval  graphs

is obta. ined from a fami ly of  intervals such that no interval

property contains another.  For these graphs, there exists an

'o rder ing  
o f  the  ver t i ces  such tha t  any  assoc ia ted .  par t ia l  mat r i x

has a block-banded structure :
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For a given graph G, we wi l l  denote by M(G) the pattern

associated to G, such that the graph associated, to M(G) is exact ly G.

2.  We wi l l  need a certain structure of  posi t ive block-matr ices.

Such structures were develloped in [r,-a-K], L"*), [C] . Most of the

notation for Hilbert space operators is taken from [Sz-n-fl . Thus,
I  l -

for two Hi lbert spaces 
.X 

ana }(-,  X( X ,7() t"  the set of the l inear

bounded operators fromXtr,aoTe'. O).(IC is the zero (identity)
d ( c

on the underlying space. For a contraction t e g.(a\lLt l

I t  r l l  -<  1) ,  we def ine Dt  = ( r  -  t * t ) t t ,  Q anu c los-ure of

of O, and the unitary oPerator

( 2 . 2 )

t(r) , XO$"r* --XO&,

' {

-'-JL:,
now concerned

w e . d e f l n e  t h e

n
M , pr)tk ---..-.a

! [  = (* ,p )  1< mr P*z t r .

where S1're{(Li,Xi l  and Sr, = t*t  (without restr lct i -ngthe seneral i ty).

a one-to-one correspondence :

i

J ( T )  =

We are for a family

txo!r-4 k$ n

( 2 . 3 )

with the fo l lowing object

pos i t i ve  ope ra to r  :

n

P'

We follow [c] in order to state
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( 2 ' 4 )  s r ,  i + 1  
=  G i r , i + r .

for  L (  1< n-1,  and otherwJ-se,

( 2 ' 5 )  t r j  =  * i ,  
i - r  

u i * l  
r  ) - r

t t +
" i + 1 ,  j .  : : ;

n
!9-l r -l

J - L t  J

lo
k=i

G . .
t-K

u i j  =  J j  ( G i , i * I ) J j  ( G i r i * 2 )  "  ' J j  ( G i j )  ( u i + r , i  @  U . : .  
)  '

.  r . l

As a consequence of  the algor i thm (2,5) ,  we get ' the fo l lowing

formula fo:  the determinant of  M in case al+ und.er ly ing Hi lbert

spaces are of  f in i te dimension. That is,

* oof, 
i+1 " ' DGil 

i-1 
G.tjDGi+r, 

i

between the set of  posi t ive operators (2,3) and the fandl ies of
( r c 1

contract ions J = 
tc i ,  ) \  1_< i< j_.  n such that Gr,  = OTt i  for

r*< i< n and for  i  (  j '  
" '  j to9"r*r ,  

,  
*  € c i  j -1-  *u calr  these

re lat ion,  compat ib i l i ty  condj . t ions .

tet  us explain the notat ion.  For a f ixed L,  the fami ly
f l

Fif.Ji< k_< j  def ines a row contract ion

'  ( 2 . 6 1
J*r, j ' 

*9., I 
"r*r, o- X,

'  R i , j =  (G i r i * l t  oa i r r * ,  G i r i * r t " ' , oa l r i + r  " oa f r r _ ,  " t j )
By an obvious duality there are defined the column contractions

ci j

When necessary,  the parameters onwhich is * i j  or  a i j  constructed,

a r e  e x p l i c i t e l y  w r i t t e n ,  R i j  =  * i j ( G i ,  i + 1 r . . . r G i j ) ,  a n d

9 t i  
=  c i i  ( t j - t ,  j '  " ) - 2 ,  i '  '  ' ' '  

t t j  )

The uni tary operators Ur j  are given Ui- i  = ' IXi ,  1_< i€ n and

f o r  j > i  t

r l
" i j

( 2  , 7 1

- i'  . o .
K = - J

^ *  -+
\ t ,- K r  l
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_.-
t l

d e r M =  l l  d e r  D ? .
L l t z  i z n  \ ' '  '

\  <  J \ \ r r  1 l

( 2 . 8 )

for A,

( 2 , 9 1

where

lndex

( 2 . 1 0 )

(  2 .  1 1 )

and

( 2 . L 2 1

( 2 . 1 3 )

and we

( 2 , L 4 )

From' (2.  B) we deduce a var iant  of  Fisher-Hadamard inequal i ty :
r )

"  
C{L  1  .  . .  ,n }  two se t r  o f  induces ,

det  i . / t (A)  det  M(B) TI o ' " .  .
. r. l

de t .  M(egs l  = det,

to the

det M(A B) (i,j )d F13l_"1
M(A) is the principal subnatrlx of M subordinate

s e t  A .

3 .  C o n s i d e r  F . .  =  J - -  1 <
i i  

= 
IXr,  1-< i< n and'  for  j> j -

j  u n  - j a

"ij 
' 

Pr*o 
-+ 

PP.ro

[ t r , j - l ,  
u r , j - l  t r j  

IF . .  = l  Il - l  
I  o  ,  D .  . . .  D .  IL  " i j  " j - r , i  J

The fol lowing relat ion were proved in I  C] :
Jf

* i j  = t l j  t i j

+ r (( s 1 r i * k ,  
"  ' , s i + t < - l r i + k ) '  =  F i r i * k - t  u i r i + k - l  c i r i * k .

Based on  (2 . I2 )  |  we de f ine

{s
n i j  =  t i j  u i j

havb .

t ( * *
n i j  n i j  =  E i j  u i j  u r j  u t j  =  t t j  

.  
'

Moreover, it is quite easy to se€ that H' are lower triangular.



I
A; 

L:,

3. COMPLETTON SEQUENCES

[:^ 
,

reduc-

remark

r w€ get Frobenius-Schur iden-

xlr,

con

1u's

a

o

I

The

tlon is iI

performing

I r "'l [a o llr o-t"l
l . l l l l l
l dh - t r l  l o  c -dh - l { f o  r J
L ' r L J v

sis for  the structure of  posi t ive block-matr i .ces

5  ) .  Moreover ,  f rom (2 .  5  )  we ge t  the  s t ruc t .u re

le t ions  o f  a  par t la l  pos i t i ve  mat r ix  assoc ia ted

graph. Indeed, in th is caser w€ can reoider

graph in such a way to put the associated ma-

ded form :

Bl

"J =
the ba

b y  ( 2 .

Ve comp

nterval

of the

ck- ban

Ia(3 .1 )  
l , *
L"

This is

as descr ibed.

o f  a l l  pos i t i

to a proper i

the vert ices

tr ix ln a blo

ian eLiminat lon and Schur

begining by the fol lowing

t" 
lfr" ";] means to compute

" ' 1  [ A o l
l = f  I

J lo c-BA-1BJ
-1

nection between Gauss

trated from the very

Gaussian el iminat ion

l f a  E t '  - A - 1
t t t l
J LB. cJLo r
-a-1"1 | r a-lsl

l = l lr  J  [ o  r J

s l ,  e r - l

s
91  I  e1 - I X ^  a  . . . ., 1 1 r  " 1

tnr*t 
r €1 "

i ' .

and,

tity

I

{
L 2 '

s tz

r

*t",.

ssr i r  ,uz-L ' *9r*1 
,  " ,

*nr"rt,' : :.

a

a

*nnun" '  *nnr t

sn- l  
rn

.I
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w h e r e  1 *  e r - 4  . , .  . ( . p (  t ,  1 - ( 9 t <  9 2 .  . .  a  9 p - a t  a r e  p o s i t l v e ' J - - n t e g e r s ,

the entries marked by S are those imposed and the entries maiked by

X must be determined. I t  is  convenable to use (2,L) in th is form in

order to obtain that any positj-ve ccmpletion is given by a set of

contractlons :

Gr.r,

' l \

" t a ,  
| ' " " "

a

t
. a

G
9rel

:

"nrt

. . . G"gr+1 , e2 ( 91*I rn

G r ' G- i2 e2 Qzrn

nnn 
"'

( 3 . 3 )

sat lsfy ing obvious compat ib i l i ty  re lat ions.  Moreover,

. (3.4) X*f = A*k + L*k G*L R*L

w i t h  a I l  e l e m e n t s  d e t e : : n i n e d  b y  ( 2 . 5 1  f o r  d e t a i l s  s e e  f C ]  a n d l o a { .

Now, we take into account a chordal  graph Q = (V, E) and let

M^ be  a  pos i t i ve  par t ia l  b lock-mat r ix  assoc ia ted  to  i t .
U

The fol lowing not ion of  cctnplet ion sequence is introduced.

A sequence of  posj- t ive integers :

I < r , < T ^  . . . ( f _  = n
t z s

is cal led a cohplet ion sequence for the chordal  graph G i f  i t  sat is-

f ies the propert ies ?

(a)  For  r ,  there  ex is ts  an  order : -ngS( t f ) .o f  r ,  ver t i ces  j -n

V (we denote by V(r1) the set of  these 11 vert ices) such that the

par t ia l  tna t r i x  M( r1)  assoc ia ted  to  GVt r r )  i s  b lock-  banded.



(b) For any l(kg s, there exLsts an orderfngC(rO) of rk

ver t i ces  inc lud ing  V( rO- r )  (and we denote  by  V( r * )  the  se t  o f  a l l

these vert ices) such that the part ia l  matr ix t t l ( rO) associated to

G-. , - -  ,  has the fol lowing three propert ies :-v (ro ) ----

( i )  the  f in " t  t k_ l  a re  s t i l l  those in  V( t f_ f ) ,  a l though i t '  i s

possible they appear in other order.

( i i )  t t ( rU)  i s  "a lmost  banded" r  i ,€ .  i t  i s  banded in  the  sense

of (3rZ) wi th ul  = tk- ' ,  except ing the fact  that  Lhe pr incipal

rk_l  Xrk_I matr lx is v iewed as a "whole" (and i t  may be not banded

L n  t h e  s e n s e  o f  ( 3 . 2 ) ) .

( i i i )  let  hO (  rk- l  + I  be the least  integer wi th posi t ion

(h1 ,  .k_1  +  l - )  imposed ( i .e .  marked w i th  an  S) .  Then a l l  en t r ies  in

the pr incipal  matr ix given by the set of  indices

h*S I ' :  -  -^  are a lso j -mPosed.
I -< rk-I

( t ,  i )

3 .1  PROPOSIT ION I f  G  =  (V ,  E )  i s  a  cho rda l  g raph ,  t han  the re

exLsts at  least  one complet ion sequence of  G.

pROOF By a resul t  in the theory of  chordal  graphs (Theorem 4. I

fn  fC ]  ) ,  G has  a  per fec t  e l im j -na t ion  scheme,  tha t  i s ,  there  ex is ts

a n  o r d e r i n g C  =  
L t f r . . . r t J  o f  t h e  v e r t j . c e s  o f  G  s u c h  t h a t  e a c h  v ,

i s  a  s i m p l i c i a l  v e r t e x  o f  t h e  g r a p b  a - { . " t , . . . r v n }  . R e c a l l  t h a t  a

v e r t e x  v  o f  G  i s  s i m p l i c i a l  l f  A d j ( v ) , ' t h e  s e t  o f  a l l  a d j a c e n t  v e r -
. i

t j - ces  o f  v ,  i s  a  c l ique .

Now, take g such a perfect  e l iminat ion scheme of G and def ine

A k  = { t O r . . . r r }  .  L e t  e  b e . t h e  l e - a s t '  i n t e g e r  f o r  w h i c h  A "  i s  a

c l ique.  Then,  Ae- l  i s  par t i t ioned as  :

(3. s) A.-1 = l r"-fr U (Aen Adj (""-r) ) 
! 

Be-I
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a)

l i

where B"-l 1" the comPLement

D e f i n e r l = n - e + 2 1

"r { ""_J U (Ae n
V ( r t )  =  A " - l  * d

b" o Adj (ve-l)]

"u_J 
U tau_o+t naaj (ve-k) ) U B

de f ine

[ t""-ol , lou-k+1f\aaj ( 'u-ol

= {

we

edj (ve-r) ) ln ' ^ g * 1  '

( 3 . 6 )

where

of the

6-trr)  = L Be-I ' t " - r ]

Be-l and A"fl adj (ve-f ) denote orderings

sets  Be_ l  and A"n  Ad j  ( t . - t ) .

I t  is  obvious that u(r t )  is  b lock-banded in

F u r t h e r  o n ,  f o r  k  =  2 r . . . 1  € - 1 ,  w e  d e f i n e

xk = tk_l + I l v(rp)  = Ae_k

and A"_k is partit ioned as

(arbit,rarely chooset

t h e  s e n s e  o f  ( 3 . 2 ) .

( 3 . 7  )  A . _ k

Findly '

( 3 . 8 ) C (r*) =

e-k

' t"-J '

M ( r g )  o b v i o u s l y  s a t i s f i e s  ( b )  ( i )  a n d  ( i i )  i n  t h e  d e f i n i t i o n  o f

complet ion sequences, ertd,  asf  was chosen as a perfect  e l iminat ion

scheme,  Ae-k+rC l  Oa:  ( t . -k )  i s  a  c l ique ,  i .  e .  (b )  ( f  i i )  a lso  ho lds .  t r t

Based on  Propos i t ion  3 .1  and on  the  ex is tence o f  pos i t i ve

comple t ions  o f  pos i t i ve  par t ia l  mat r i ces  o f  the .b lock-banded fo rn i

(3 .2 ) r .w€ a l ready  ob ta ined.  another  p roo f  o f  Theorem 7  in  fC  , l  s * ' l  .
L

Moreover,  we can get a descr ipt ion of  a l l  posi t ive complet ions of

a posi t ive part ia l  matr j -x associated to a chordal  graph.

,  F ix  a  chorda l  g raph G =  (V ,  E) ,  Mo a  pos i t i ve  par t ia l

b lock-mat r ix  assoc ia ted  to  i t  and  1< r r<  12  . . .  <  rs  =  n  a  comple t ion

seqLlence of  G ( for  a certaln s impl ic i ty,  we can supPose that th is

complet i -on sequence is produced as in the Proof of  Proposi t ion 3. I ,

i . € .  t k  =  t k _ l  *  l ) .
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'  Denote  by f t  ,  k  =  L r . . . ' s  the  permuta t lon  o f  t I r  . . .  rn ]  
I

, assoclated to the orderings S ( t) . Moreover, we def ine the unitary

ope ra to r s  uk  =  t {C r . ( i ) r  6 i k - l ( j ) ) t - . i  1a  r  ,  2<  k (  s '  The  se t  o f
* e  _ ,  . . J r _  _ k _ l

the specified entries in Mo is denoted by y andc the set of unknotin

posi t lons is denoted lV X .

Now, we can describe a completion procedure along the fixed

completion sequence of G

Every posi t ive complet ion of  - , , .${(rr)  is  g iven by a f rame of

parameters 3

. , , ( 1 )  . ( 1 1 - .  c ( 1 ) .n d r i l ) 6 1 ( 2 ) '  . ' ' ' '  " 6 r ( l ) s t ( r r - 1 )  " 6 i ( r ) 6 t ( r t )

i
( 3. e ) .#1.1-r )61 ( 11)

o  ( 1 )' 6 .  (h r )d1(  11)

:
a

o  ( 1 )' d r  (51 ) ( t (11 )
4 l

t 1 ' l
where the parameters denoted by Ft* '  are actual ly uniquely determi-ned

by M^ and those denoted  by  G(1)  a re  the  rea l  parameters  o f  the
U

c o n p l e t i o n .  T h e  c o r r e s p o n d e n c e  b e t r s e e n  {  a ( l l \  1 i . ; r e  y  a n d  t h e
L  r l  t  . t L r J ) v A -

pos i . t i ve  comple t ions  o f  M(h ' ,  )  i s  one- to -one.  
i<  \  f.  j 4  r t

Fix such an extension M.l .

Further on, every posi t ive complet ion M(rz) having the posi t ions in

t ' t ( r t )  f ixed by Mt is given by f rame of  parameters 2
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t * ; l t ) F 2 ( 2 ) ' ' i ' |  
{ l r 1 r r ( r r )

r )
2 (r)cr(r ' r l

:
t

^ ( 1 )
"cr, trtr-r )s2 ( r, )

F  ( r )
"62 (hz)Cr(rr)

.J

( 3 .  1 0 )

where the pararneters r(2) are associated to lJ, Mt uf, the para-

meters 
{;l r2-L)6r(rrl , " 'r +;lr, )(r(rr) are derived in a po-

sitive matiix contalning only elements from MO and

^ ( r 1  ^ ( t ;ncr inr - r )6r ( r r )  t " "  td ; t l ) { . r ( r r )  are the rea l  parameters  o f  ' the

posi t ive conplet ion of  Mft .2) .  We are faced with two problems.

First ,  the paramete:-^ ^ ( t  )  
"  

( t )  -t t  
"6 r  t r . r - t  )62( r r )  r  " "  o6r ' : . t5 ' r ( r r )  sa t is fy

obvious compat ib i l i ty  re lat ions,  but not in terms of  the parameters

with upper index I .

Second, i t  is  desirable to obtain formulas for

' v v ,, i t terms of the parameters with" ( Z ( I X f , Z  ( t Z ) ' ' '  "  " 6 - ,  { f r t - r ) d r ( r ,

upper .  index  ] .

A  poss ib le  var ian t ,  goes  as '  fo l lows by  (  2 .L4)  ,

, ,  , r *  -  =  - - *n6, (  L)  c2( r r - r  1 n6z(1) 
,62 (  r r - t - )  

.= 
u2 Mt uz =

,C=  u z  n 6 r , r ) , d r ( : : r - r )  H s r ( r ) , s - r ( r r - 1 )  v 2 '

and i t  resul ts that ,  there exists a uniquely determined uni tary

operator ,  ,



' L a

@0(2) t( -*'62(r) 
'q-2 (rr)

n
OZl" (r ) *" q l ( r ) d r ( r r )

such that

\  t  L)czt r r ) l
t_
t-

QC,, 'r-rq trJt

Of course, taking

0  e (  o ( r )  , : ( 1 )  r( 3 ' 1 2 )  c z  = - ' 2  v \  ^ c r r ( r r - t ) , 6 2 G )  t " ' ,  
" g - ; i r ) r t r 2 ( r 2 )  

,

CZ l-s a column contraction given by tertain parameters. These para-

meters sat isfy now good compat ib i l i ty  condi t ions,

parameters

we can not

\ tv1dz(tr-r) 
= u2 n6, tr)cr (rr-r lQz

Conseguent ly ,  by  (2 .L2)  ,

Tl
d e t M . ,  =  l l  , -- - - ' - r  

( i , i ) e y
i ,  j (  r r

T
de t  o2 r1 t1  |  |  de t  o2' l J  

i= r . .
i>hi ,

G T + }  .
r. l

JLz, : (€Su \u.x _.  1.  .  O .  .  .
'  K r?r - t )  'Q  ( r t )

* x @ ( I ) d  @ . , .
6r  t r r - r  {  t r r )

u,  
K ( r )6, r  ( ' r - r lO,  t , { : ' , ' r - ,  )  t  {2k2) , .  . . , tJ : l  L)6zk:

{62 tt ) ,Cr{rr) t  '  " |  *4 tnr- L) dzftzl 
are expressed in terms of the

Now,

with upper index I  and these new parameters,  but  now,

disscern that there are f ree and imposed'p.rameters.

th is proced.ure can be cont inued in an obvious way.

3.2 C9ROLLARY I f  the under ly ing Hi lbert  spaces are f in i te

dimensionai  and M is a poFit ive complet ion. 'of  M0, then

l l
d e t  M  =  l l

t r , j ) 6 y

P R o o F  B y  ( 2 . 8 )

d e t  o 2 * 1 1 1  I
t '

. L l ( r

I  det o2
, j ) € x  G ( i ] '
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Further on, lf M2 ls the princlpal matrlx of M given by V (t2\ ,

a g a i n  b y  ( 2 , 8 )  ,

Ti
det M, = 

tJ,l: l gg
L , J 4 ,  r 2

ae t  o2 r { r )
1 l

l l

l l  d e t o 2  '
j = r t  

" { } )i>h;

l l . - ..  l t  d e t  D _ - .
l - ( i r j < r f  i j

d e t  M r .

the maximum

JT
( i , j ) e 9
L , )  l  x z

aer  o2"1 r )
r l

l t
l l  d e t

)= r t
i"h,

oSgr
r-l

The formula no.r follows by induction.

As a consequence we obtain the interpretat ion of

determinant principle in [o 
- 

"] 
ana fc Jsw] ,

3.3 COROLLARY I f  G is a chordal  graph, among the posi t ive comple-

t ions of  UO, Lhere exists a unique such a complet ion wi th maximum

This complet ion is given by the parameters ai l )= 0,r ldeterminant.

(  i ,  j  ) € { .

Inher i tance (or permanence) pr inciples were dj-scussed in
. ; : '.)

LnCr, l  for prbper' intervaf graphs and in [ t* l  for chordal graphs.

It was shown in[.fn] that this principles are connected to the

not ion  o f  inc reas ing  chorda l  sequence o f  a  chorda l  g raph G,  wh ich

i s  a  s e q u e n c e  o f  c h o r d a l  g r a p h s  G O  =  G '  G I r . . .  r c t  s u c h  t h a t  G i  i s

the complete graph and each 
" j  

is  obtained from Gj- I  by adding

exactly one new edge in a way that G, contains exactly one maximal

cl ique which is not a c l ique of  a j_f .  I t  turns out that  the existence

of such an increasing chordal  sequence of  G is equivalent wi th the

chordal i ty of  G (see [5;  . isw])
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I

As a completlon seguence generates Ln an obvlous way an

increasing chordal  sequence of  G, as consequence of  Proposi t ion

and, Corol |ary 3,2,  we ohtain a proof for  Thqorem 3.3 inf . fnJ.

3 . r

x

F
V
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