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I?CITENTIALS IN STAI.IDARD H-CONTS OF FUNCT]ONS

N" Boboc and Gh'  Bucuc

0. Intrgl iuc bi .g!r-  The aim of  t l r is  paper is to c lar i fy t l - re relat ion betvleen

different classes of potentials urhi.ch v;here considet:ed in a standard I ' l-cones of

functions S on a set X

Some of them like natural pc.rtential ancJ fine potential are studied in tl ie

theory of harmonic spaces and they are related with the j.nit ial topology of X or

with gre f ine topology on X. The existence of  a str ict ly posi t ive f ine potent ia l  or t

X is equivalent wi th the fact  that  any universal ly bounded element of  S is near ly

cont inuoud i - .e. .  a sum of a ser ies of  universal ly cart inuous el-ement of  S).  In

the frame of  harmonic spaces the existence of  a str ict ly posi t ive f ine potent ia l

is  equivalent wi  th axiom D. I t  is  proved that i f  p is a f in i te cont inuous potent ia l

on X or p is a f in i te f ine potent ia l  on X then p is near ly cont inuous. (Otner

cl .asses of  potent ia ls are related with the "harmonj.c carr ier"  or  " f ine harmrnic

carr ier , ,ancj  vre establ ish the "equivalence with t l re precer l ing ones for the case

of super l - rarrnonic (resp. f inc super l rarmonic) elements of  S.

A part icular study is devoted to t l re c lasse of  Green potent ia ls.  I f  X

is a Green set associated vlith s then any fine potential is a Green potential '

The conrrerse assertion is true iff the fine topology on X is smaller then the
I

cof ine topolog; l  on X.

0ther results concern the cl.asses of pure potentials and universally pcl-

tentials. I t  is sl-ror.rn that any pLlre potential is nearly bounded and any nearly

bounded is  ur r iversa l ly  potent ia l

Also i f  an1, universally bounded elemen.L of 5 is nearly continuous then

any universal ly  po 'cent ia l  o I  rs  nearLy cont lnuous '
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the purb potentials eind the nearly bounded elements of S"

As in f  i l  ne say that an element haS is . . '$ub.! lq.c!- lb lq i f  for  any se 5 such

that h< s we have h{ s where {  is  the symbol for  the speci f ic  order in 5.

An element p e S is termed pu.rg potent i -a l  i f  zero is the only subtract ib le

rninorant of p.

be a weak unit in S and let s be an element of S.T h e o r e r n  1 . 1 .  L e t  u

1

i
I

]

Then the element.

A R(s-nu)
n e N

is subtract ib le. '  Part icular ly i f

,/\ p (p*nu)
n e N

p € 5 ia a pure Potential then

- n

l
:

t ^

j

Ploqf-. The last par:t of t lre s'batement

the element f\ R(p-nu) is subtractible and
fL'

!'Je denote by fn the positive element of

by Bn the bataYage on S given bY

t e  5  = )  B " t : =  V - . R ( t n n f )
"  n e N

fol lows from the f irst one sin ce

speci f ica l lY dominated bY P.

S-S def ined bY f r , :=s-sr \ l - lu  s f ld

s and therefore

the sequence (si)^ is increasing

n we have

0bviously Bn(R(s-nu))  = R(s-nu) and thelefore

Bn(R(s-mu)  =  R(s-mu)

for any mi: N: I;. n. If we denote sn:=R(5-1-1u) r^re have s,', i

s  =  u n  *  s n  
, . - ' ; i ^ G  S

0bviously tlre sequence (sn)n is decreasing

wibh respect to the natural ordbr. For any

Bn= = Bnt, + Bnsfi = sn., + Bnsfi.

I f  l r e  p u $  h ! = A  s . ,  ,  h l : - Y s n  w e  g e t
-  

.  r - 1  "  n "

and

tfi Vz

1.  Pure  po te .n t iq l_g_ and near ly  bo . .unde_d_ _e lqqe-n t .s - . in  .aL  H-c .o ! *e  *

In the sequel S will be an H-cone ancl vle prove some properties conce::nl.ng



g  =  f r+h t1  Bn t

R  h r  = q / B  s t"n" 
*'-n-t

?- J '

= B h +
n

B n . = n * * U n u i l h + B n h '

Bnh'  '

Def in i t ion.  Suppose that S possesses a weak uni t .  An Element s €5

is cal led uni , l rersal lv bo-unded i f  for  any weak uni t  of  S there 
'exists ; {  )  0

such that s(du. An element s eS is ternQi -  nei l - lv  b,oundid i f  there exists

a fami ly (s.) ,  -  ,  of  universal ly bounded elements of  5 such that s = 
. I -u i '

r  . r - g ' I  
- -  

i e  I  
'

and therefore Bnh = h for  anY n€N.

B,-, we have Bnu ( S Hence 
,t*tnu

we deduce that h is subtractible.

I nou- and therefore

0n 
'the 

other .hand Fy tne definit ion of

= 0 and therefore, using ([1], Theorem 1)

T h e o r e m  I . 2 .  I f  s g  5  i s

n R(s-nu)
n € N

for any weak unit u {i S.

converselly, if there exists a weak unit v of s which is nearly bounded

then any s e.S. for  whichnR(S-nu) = 0 is near ly bounded

particularly, in tnil case, any pure potential is nearly bounded'

nearly bounded then

= [

plogf . Suppose that sg S is neartfrounded and tet (sr)re I be
)- ri..-l

family of universally bounded elements of 3 such that s = 
| -ui ' Then
i e f  *

any weak unit u of s and any finite subset J c I there exists no e N

X'u
\ e T  

'
Z  u . ,
t + T

, I , ' s i = [

L f J ,

is nearly bouncJed

o

for

such that

Let now v be

R(s-nou) (

A n(s:nu) { n
n  J c I

weak unit' of S whicho
and se 5 be suclr that



Pqoq-f. .The assertion follows using the fact that there exists in S a
Y

weak unit v;lr ich is nearly continuous and 'bherefore a nearlyfbouncjed element of 5,
l

l'
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tR(s-nv) 
= 0

l{e derrote

s  :  =R(S-nv)
n

Since s^ -.4 s and s-s- < nv I4Je get that s-$^ is nearly bounded. Sirtce As- = Q-  n - {  n  ' n ' ,

we deduce that Y(s-s^) = s and therefore s is near ly bounded.
n "

!_gJ_gL}3Ja,_ 1-l If S is a standard H-cone then p e S is nearly baunded

iff for any weak unit u of S we have

R(P-nu)  =  0
n

Part icular ly any pure potent ia l  is  near ly bounded.

' i heo rem 
l -4 .  Suppose  tha t  t he  dua l  5 f  o f  5  i s  rep rezen ted  as  a  s tan -

dard H-cone of functions on a semisaturated set Y. Then an elernent se5 is nearly

bouncJecl iff s is an l ' l-measure on Y which does not charge any polar subset of Y.

Pr,oo-f .. Suppose tlrat s is an H-rneasure on X which does not cirarge any

polar subset of X and let s' be a specific minorant of s'st-tch that s'-4- q =0

for any nearly l:ounded e]ement q.

l , i le v lant 'bo shaw that s '  = 0.  I f  s ' (A) = 0 for  any semipolar subset of  Y

- i - -  /  t \ 1  P n n n r r . r i f i n n  5  4 . 2 )  L t  f o l l o w s  t h a t  s '  i s  n e a r l y  c o n t i n u o u stnen uSlng \  L7J r  r l -uty 'uslLlui l  , .

and therefore s=0.
\

Qrrnnnqp tha ' 'b  there ex is ts  a semipolar  subset  A of  Y wi th  s ' (A)  = 0.  0bv i*
u v  f  r F r u  ! r v

ously we may suppose that A is a Bore1 subset of Y. As in t [fO], Theorem tdp tr,re

may construct a nearly bounded element /t.e- 6 S vthich is an l-l-measure carriecJ

by A and such that a Bore] subset B of A is polar iff /r (B) " 0. From the above

consiclerations l ' te deduce thai; the measure )'. on A given by

)  ( M )  =  s , ( M )
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is absolutely continuos with respect ta 7u and therefore there exists a posi-

t ive Borel  funct ion f :A*b fO,*)  such that )  =t" i r .  Since t 'L ts near ly 
t  

, ' . ' 'n '
"  t  , l t  /
'bounded Shen :.e; al.no nea:rly'bnunded. $ince 

r s' we {et =0t '

-  ,  :  . -  
. .

s ' ( A ) = h ( A ) = 0

wich contradicts t l re assumption s ' (A). , / "0.

Suppose now s nearly bounded. Then s is an

Yr of  Y.  Since s = I_sn where sn is universal ly
I  - n  t l

s does not charge any polar subset of Y.,.

Indeed in the contrary case there exists no € N and

H*measure

bounded

A of Y, such that sn (A) > 0.
r^'f, o

Let t gy be such that t= c,& orl

ks^ (A) E s- (t) ( .,<)
t t  t lo o

on the saturated set

for any n &N then

a Borel polar subset

A: We have the contradictory relations

( a )  k e  N .\

b e a

denote also

2 .  P o t e n t i a l s  i n  a  s t a n d a r d  l ' l - c o n e  o f  f u n c t i o n s  o n  a  t o p o l o *

g i !81  sPace_.

Let 5 be a standard H-cone of functions on a set X and let

topology on X which is smaller than the fine topology }.1 on X.

by To the'natural  topology on X.

Def i !Ut iq_! , .  An element p G 5 is tenned :, 7 -ggl_e$1e! if for anY
. l c
* 6

that GnL Gn*l fot any n 6 N and such tiiatincreasing sequence (Gn)n of T such

U cn = X we have n u*. ono = o.
1'-r 1t :

I f  E = V, (resp. f ,  =T) then a 
' ( -  potent ia l  wi l l  be cal led poten-

t ia l  ( resp. f ine potent iat)  or i  X. .

0bviously the set of att E -pbtentials an X (denoteo uy P*(x) is a con-

vex subcone of S which is solid with respect to the natural order and for ary

sequence (pn)n from .P.r 
(X) such that 

I 
on € S we have ) Pn e Pr(X).

G
We
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. d

we rememeuer (14],  f6])  the' fo l lowing clef in i t ion.  A,n element p 6:  s,  is

called qua.si"qo-n-!iJuo-q.s if there exists a decreasing sequence (Gn)rr of cpen

subset of X such that /
\--r

+  B '  4 =  o

and the rest r ic t ion of  f  to  any.subse 'b X\Gn is  f in i te  cont inuous.

Theorem Z-L ,  I f  pG}  5  i s  a  po ' t en t i a l  on  X  v l r ch  i s  bounded  and  quas i  -

continuous then p is nearly continuous.

Pro l f  .  F i r s t  we  femark  tha t  f o r  any  p '€  5 ,  P '  y '  0 ,  p ' {  p  we  have

carr  p ,  = S.  Indeed,  p '  is  obv ious ly  a bounded potent ia l  on X and therefore
x '

car l  p ' '  / /  I f  carr ,  p '  = [  we deduce, using the rel  ,a"t ion car l  p '  =

s
=f i , ^  . . t r  p ' ,  tha t '  carL  p 'c  X"X.  Le t  (Gr i )n  be  a  decreas ing  sequence o f  open

subset  o f  [ sucn t t - ,a*n)  %*r  fo r  any  neN and lGn 
:  car l  p ' .  Hence

-X

p, = gGnnx p'  -  g ln^Xpl for  any n e N. 0n the ot l rer  hand the sequence

( D n ) n o f o p e n s u b s e t o f X d e f i n e d b l t D n = X \ E n i s i n c r e a s i n g t o X a n d

therefore,  p,being a potent ia l  on X, we have t l re contradictory relat ion

o  = *  B X \ D n p '  = A  B G n ' \ x p '  =  p ' .

Hence car5 p'  /  
f,,\

Further ttr any Borel subset A of X we denote by pA the element of 5

def ined bY

pA = Y{ oo \ K closecJ, l<* A }

(see [3 ] ,  {  , -O>. Since p is quasicont inuous t l rere exists an increasing sequence

( c\r ) nrt nlosed subset of X such that the restriction of p to an.y Fn is con;.
'rr'r-l "" "'

t inuous arrd
v , t r

r\ R^"' l ' l i * 0/  \ -

t r rJrurr t ion we deduce that P^ /v.  s r  = 0.  Indeed for
f  \ \ n  \ r n /Fromthe
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any closed subset F of r\ (X x Fn) we have

f o r a n y m c N r m > , n .
t,

deduce that the restr ict ion

exists an open subset G* of

i f  t >  0

pF = BX 
q Frrpp x aX 

tFnl 
*llrre p { .,{ on X anci theref ore

P F = o , b ( x r F n ) = o '

Hence p = 
)r pr To finish the proof it wil l tre sufficient to show thaL
Y L  ' n

p1_ is near ly cont inuous for any neN. For th is we prove that p; : -  sat isf ies
' r"ln

the dominat ion pr inciple,  i .CI  for  any speci f ic . l r t i 'n(rrant q o1 PF ,  and any' n

s € S such that s> q on carr  q we have s 2- q on X C[ l i ,  t  D.

Let qeS be a speci f ic  y, .Lvnt>rant of  pF and let  5c S be such that
n

s Z q on.car f  q .  Obviot ts ly  cam q c  cat r  PFn* F*

Since the restr ict ion of p to F, is continuous we

nf  n tn  F is  a lso cont inuous andr therefore therev 4 L l . " . r n

X such that

Fn, fl G* = 
l:r5 qln Fm

If  a(€ R+ is such that p gc" on X ancj  te 5 is suctr  that  t  > 1 on XtF* thal

s + 0( t> q on the open set G,nu (Xr Fr)  and therefore (see; l ] ,  Rroposi t ion 3 '4 '3)

s +. ' t  t  Z a.  T.he element t  being arbi t rary we get s + 'xBX\FrrrL Z Q for any mzn

and theref  ore s z-  q.

Since pi satisfies the clomination principle it follor,lu (UJ, Theorern 2-6)
t n

that p, is nearlY conti.nuous.
n

Remarb"  In  the prev ious theorem we can 'not  rep lay the concl i t ion "bounded"

the condi t ion " f in i te" .  Indeed in  the case of  harmonic  sptce asociated on
* L '

to the heat operator, the function s equal to 
;| 

e t

and equal  zero on t  S 0 is a f in i te potent ia l  whj .ch is also quasicont inuous

ancl on the other trand it is not nearly con'tinucus '

Coro l lg rv_2.2 .  Suppose tha t  there  ex is ts  a  s t r i c t l y  pos i t i ve  po ten t ia l

on X. Then the folloi^ring assertions are equivalent

by

R2



* B -

'  1) S satisfies the trxiom of nearly continuity

2) Any elernent of S is quasicontin,uous

1) Any universally bounded element of S is quasicontinuous.

Proof  .  The asser t ion  1) "+2)  fo l lo rvs  f rom lgJ  ,  Theorem'1 .7 .  The asser -

tion 2)ry1) is obvious ancl the relation 3)".+i) follows from the previous

theorem.

I-h_qr:je,q ]_,3, Let p be an element of 5 any let Y be the set

to Y of the elpments ofThen the convex cone S., of all 'restrictions

dard H-cone of functions on Y such that:

a) an element s €. S such that s = 0 on

(resp. nearly boundeci) iff the function s/-
. T

nearly bounded) element of the H-cone Sr.

b) an element se Srsuch that s=0 on XrY and such that s is cont inous,

is a potential in S iff s/ ',, is a potential in Sr.

Proqf, The fact that S.,. i.s a stancJard H-cone of functions on Y follo ws

from the fact t l- iat S' is isomorphic with the solid subcone in S of all elemenb
I

s € S equal zero on Xr Y. The statement a) follows immediately.

b) lrJe suppose now that q is a potential on X such that ilkntinuous ard

C/y ry = 0.  We show that the element q ' :=Q/y is a potent ia l  on Y.

Let (Dn)n be an increasing sequence of open subset of X such that Y On=Y"

For any [> 0 let (Gn)n be the sequence of open subset of X given by Gn:=

:= DnUfq *a] .  Obviousty (Gn)n is increasing and \JGn = X. Hence we have

f o t { .
5 is a stan-

Xr Y is nearly continuous

is a nearly continuous (resp.

f t* ' \Gno 
= o

YrD-^ \ :
B  q  ) i

J - ' ' t f

n Bxt one 
<

Y r L

5 " - \ r D - ^  t  _ (' _b  , i  'u 
l, 

-'\'
X r  G - "

7  
* e )  \ ' ,  ,

A  " B Y . D - ^  o  _1 1  x  
{ e



t  ,  
, : '

o. -  / -

' . '

, . \
The number L being arbitrarY we get

n Y- Y'r 
'D-*' 

| -
/ \  "  1 1 -  q '  =  O

/ \ & / I
J?

r'\tr

Theorem "  2 .4 .  Le t  p  be .a 'po ten t i .a l  on  X.  Then the  fo l low ing  asser t ions

are equivalent:
u'  1 ) any universally bounded element of 5 which is dominated by p is nearly

L l  t  I

continuous
9

2) any element s + S such that

.  s  = V (snnp)
)1.

is quasicontinuous

3) any universally bounded elenent of S which is dominated by p is

.  quasicont inuous.

Pr-oof , From Theorem !.3 we deduce that in the. standard H-cohe of fu nc-

tions S,, of all restrictions to Y ,=l-p >01 of ttre elements of S there exists a- - - - - Y  L  )

strictly pcjsit ive Potential.

. Using Theorenr fr.3 we deduce that the assertion 1) is equivalent with the

fact that any universally bounded element of S,, is nearly continuous. The as-

sert ions 2) and l )  are equivalent wi th the fact  that  any element of  Sp resFm-
t  

. . , , r n i r r o n e o ] ' l r r  h n r r n r l o d  o l o m o n f  n f  S - -  i q  n t  t a s i c r  t h e  S O y gt ively any universally bounded element of S,,. is quasicontinuous. from
t '

remarks we f in ish the proof using Corol lary 2.2 for  the H-cone 5r.

Theorem 2 .5 .  Le t  E  be  a  topo logy  on  X such tha t T  o .T  
=7 ,  and

q let p be a fi-potential vlhich is f inite and E-continuous. Then p us nearly

cont inuous.
i -  prof .  Let  (s^)  ^ be'an increasing sequence of  universal ly cont inuous

l t  t l

of ,$ such that Yu. = p.  For any €) 0 and any n 6N we denote

by Gn the element of '6 given bY -

.]^. . -1

Gn = L rn * r.: h.rol.'m>1 1-

:
I. i
I

. .  $



w
where s^ := Zo

; 
."fl-i : 1

*T
0bviously Gnc Gn+l

have

- 1 0 -

Z*'("{.. .p- l t  a""^, 11)
,r\

for anv n and \l Gn, .\^
= X. Since p is u f-pobential

A  B X t G n p  =  o
l.\

and therefore,  f rom

saturated set X.

D.ef in i t ign.  An element s G S is cal led superhbrmonic

subset G of X the function BX 
t 

f, i , f inite and continuous on

Remark .  I t  i s  shown (L9J  Propos i t ion  5 .6 . I4 )  tha t  i f

s is superharmonic.
f\

@

solid (with respect to the

P r o o J .  L e t  s , t  € 5 ,

be an open subset of X. ttde

x such that V c U.
o

R(p-sn) .t s
I  v \ r i

zo- Y

deduce

A R(R-so) S t8, A R(p-s.",)  = o
^rl 1a , .lt _l

Using <LgJ, proposition 5-5-1) *u guTfi#nearly continuous.

Coror l la rv .  2 .6 .  Any  po ten t ia l  on  X wh ich  is  f in i te  and cont inuous

, L
'r-fl a1

is  near ly cont inuous. 
, . i  6 ,

Coror l la rv . -  2 .1 .  Any  f ine  po ten t ia l .  on  X wh ic [  i s  f in i te \ f * . f y  co  n-

tinuous "
j
1" P o t e n t i a l s  a n d  s u r r e r h a r m o n i c  e l e m e n t s  i . n  a  s t a n d a r d  H - c o n e

o f  f u n c t i o n s .

In tbris section S wil l be a standard H-cone of functions on a nearly

if for any open

n

s is bounded the n

The set of all superharmonic el"ements of S is a

natural order) convex subcone of S.

s tt be such that t is superharmonic ano let U

consloer 
"o 

€ U anc V an open neighbourhood of
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S ince  BXt  Vu <  BXtVt  r "  r je r ]uce .us ing  { i J , I ,  Tneorem 2 .1 .? l  ,nn ,

, - ,X  \U^  _  .X tUroX i ,  V^r  , ,X \  UrnX \V . . r i  - : -  oXr  l lu" "s = B' "(8" ' s), B" ' ' .- .,./ 1 .-\. , "t /U
i f r
. lrJ

where :f,, is the syntr;oi for the s;pecif rc order rn the standard H-cone 5'(U)U '

Since the natural  topology on U given by the H*cone S'(U) coincides with

the restr ict i -on to U'  of  t l ie natural  topology on X and since the funct ion BX'Ut
l

,  is  f in i te and cont inuous on V.we deduce that the funct ion BX\U s is also f in i te

and cont inuous on V. Hence BX\ U, is cont j -nuous in xo.

Theo.Lgnl  l . -2.  Suppose that p is a superharmonic element of  S.  Then p

is a po.tential on X iff for any open coverinS (0,..,)n of X we have

BX.  Dr ,  BX.  Dr r .  .  :BX 
.  Dr "o  =  0

( L l ' L r r - - [ r ]

.  Proo f . .The " i f "  par t  i s  obv ious .  Suppose tha t  p  i s  a  po ten t ia l  on  X l

and let (Dn)n be a countable open covering of X. If we put

h  : = , A  B X  
\ D " '  

B x  
\  D " . . . B X '  D t ' p

.  (  [ r ' '  L t  r " ' L . J

we deduce that h is a finite potential on X. Moreover, for any element Dno of

the coverinq (Dn) we deduce thatY  -  - n ,

h  = n  B x r  D n o q u X t  D r ,  B X '  D L , . . . B X t  o r " o )

( L , , t  2  , - - . t - J

; h e  f a m i r y  ( B x \  D ' i  B X  
t  D t r  . . . 8 x  

i  D i ' p )  
{  t t , t a  } :  -  -  t * . )

is  decreasing we get that  the fami ly

( g X t  D . t , ( B X ' 0 , ,  B X  
t  D : l . n X t  0 , - p )  

\  o  ) r r .  . L ^ . . . . . 1  )' no  t t l ' - 2 "  "  t - n '

i s  s n e n i f i c a l t y  d e c r e a s i n g  i n  5 ' ( D ^  ) .' " no '

From Proposit ion J. l  we deduce that h is continuous on Dn and therefore

h is a f inite contj.nuous potential on X

I f  we denote Y =fO>Ol and we consider  the s tandard H-cone S. ,  o f  a I I
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restrictions to Y af the elements of 5 as in Theorem 2.3 we get that h/, is a

potential orr Y rrrith slrspect to the H-cone S, and

h/y n f iB 
Y'' ( o' t"l 

. . Y, v'^ (xr -Dr *)( 
i, l, )

L t l L r r * - l * . " )

Since Y is semisatura'bed with respect to the H-cone S, we rleduce that |y',

has an empty carr ier  in y.  Hence, using fheorem 2.5.h/y is a near ly cont inuous

element of St. Since any nonzero nearly continuous i: lement of a standard H-cs-re

of functions on a nearly saturated set has a non empty carrier on this set (see

l . l -J,  Theorem 2.4) we deduce that [ / ,  = 0 and therefore h = 0"

Theq:qem -1. l*  a)  Suppose t l rat  X is semisaturated and p E S. I f  for  a ny

elerment q€ S such tlrat q S p and carr q = { we have q=0 .Lhen p is a poten_

tial on X. Conversely if p is a supeJharmr:nic potential on X then for any q GS
'such that q i p and carr*Q = p' vle have q=g

b) I f  t l rere exists a s 'Lr j .ct ly posi t ive potent ia l  on X then a superharmmic

elemenb p G s is a potential iff for any q E s such that q 
{ R anu carr*Q1dr,re

have q=9.

ftg!-f-r s) l le suppose that for any Q ri,s such that q {p and carr*q=,$

we have q=0. Leb (Gn),, be a sequence of open subset of X such tnat { c Gn*l

fo r  any  n€  N and \J  Gn =  X.

rf we ounot"l,= A uX \ Gno we creduce fl-rat for any n,m € N, ff 4 m we fnve

oX \ Gp1 RX \ Gm., _ aX r T*.,
u u p - D p

Since X is semisaturated we decJuce that for any x e X there exists a
. ,  X \  G ^

measure t *o 
*  '1  

on X r  Gn such that  { **  
t  Gnu = BX 

\ .Grrs(x)  
for  any xq X.ard

any  s6 :  S .  0n  the  o the r  hand  fo r  any  n 'G  N ,  t he  sequence  (BX-Gm)* rn r i ,

speci f ica ly  decreasing in  S ' (En)  and therefore for  any f l : rGn nfR<*"1 we have
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=  in f  [ t ^  tG tp ( * )  
=  q (x )

.yr.r

Hence ttre element BX t Gnq 
"oincldes 

with the element q outside a semiplar
subset of X anc1 .blrerefore 

BX 
*Gnq 

= q. The number n€-N being arbitrary we ge!
usi.rr.c; the hypothesis, 

?=0
la

conversery, suppose now that p is a superharmoni_c potential on X.
Let q 6 S be such tnar q 4p and carrrQ = 0rand let (Gn)n be an open coverirB
of X for whicn

Since q is a

we suppose tnar tnere exists a strictty posltlve potenrr"a-L on X
be a superharmo.r .c eremcnr of  s such that f ' r  any q Es
c 1( p and carr^f = u r,Je riave Q=u. t{e snovr that p is a potenrial on X.
De sequence of open suDser of X suctr thai

^ A \ b nu  ' q = q  ( u

superharmonic  potentra l

/ t  . X \ G nq  =  , / \  b  
- " Q  

=  0
n e N

)  n 6 N

on X,  usrng Tneorem 3.2 we get

. b )

arid tet p

for which

Let  (un)' n

n n / \,R C bn* l  ( \$J n e N anO Ll  Gn = X.
T"\

( [+1 ,  Theorem ] .5 )  we ge t  p -q  g  S ,  q .d  p ,  Q=0
An element s S is cal led __.l irrg[gge_rtrarmonic i . f for

of X the funct ion BX\ G" is f ini i l  on G

a

I f  we denote q ='A BX\Gnp, by a s imi lar  argument as in the proof of  asserbion
a) ,  we i le t

o x \ [''n-
q = q  ( v r )  n G N

arrd therefore q rs frnite conrrnucrus. Hence the tunctiorr p*q rs luwer seml-(.,..|
r . ' ' ) )

conrlnuous' ctffely frnrte on X ano ror any x e x ano any narural neighbour*
hood v of  x there e>l ists n G N such that x*v.r :  Gn. l , /e have, for  eny open neighbour*
hood bJ of x r^rlt[ ilC Vi\ Gn,

B X ' l { ( p - q )  ( x )  {  p ( x ) - q ( x )

and therefore using

.  D e f i n i t i o n .

any fine open set G

T h e o r e m  j  . 4  . A f ine superharmrrnic element p€ S is f ine potent ia l
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i f f  for  any cover ing (G. ) .  *  ,  of  X wi th f ine open subset we have
1 - r e  r ' *

o X t G r . , o X \ G r ,  o X \ G r ^  ^  -  n.  t J  
- " . t b  

. . ' " . . b  
- ' -  

P  =  U  . .

( t  I  t  \. r l r  . 2 1 . , . L n /

i fj  pR00F, Tne "if" part of the statement is obviuos . V'le suppose now thait. ' l
i \f-

p is a fine potential on X and let (Gn)n 
N a sequence of f ine open subsets

- f

of X such i l rat-Gl C Gn*l for any neN and such that V..Gr, =[o>ol .  The
-  

i  
I  r r r  

n  G N  "  
v  r  '

:
sequence (Dn)n of  f ine open subset of  X def ined by:  D- = GnU fp=Ol nut-  

l l  l l  - '  /

'  the following properties t ' - ' .

' - f  - f  1
D ' =  G ' v l o = 0 l c D  ( V )  n e N

n n L ' n + I

' \ J D  = f ,  '
n & N  n

ano Inerelore

A BX 
\.Onp = 0

.  n  r h lI  I  C :  t \

. \
I f  we consider the standard H-cone of  funct ions on the set Y = l  p)0JOiven

t-

by the restriction to Y of the elernents of S (see Theorem 2.3) we deduce that

YuY t Gnqo/r) =(ax t ono)/,, (v ) n eN

and therefore p/ . ,  is  a str ict ly posi t ive f ine potent ia l  on Y. Let now (Gr )r.  
I  

t , l - y  P u i f , l " L l v ( t  L J . l r c  P u u q r r u r q r  u r t  
I  r € I "

be a f ine open cover ing of  X.  0bviously the fami ly (D{)r  a. ,  def ined by:  D.,  =
r  l - q l  -  r

' '  = GrA Y for any i€I  is  a f ine open cover ing of  Y.  I f  we put
1 '

q  : =  A  B x t  G ( , ,  B X t  G r r . . . B X t G , ^ o

{  L .  ,  t z ,  - .  t * )

:  . . .

we have

V \ n  V V \ n .  V V \ n
q/y  =  n  YgY 

\  u i ' '  YBY.  Dtz  . . .YgY '  Dt r  
h / r )

( t  |  \\ L l r . . .  r u n , r

Since Y is semisaturated with respect to the H-cone S,, we deduce that for ary

i r r cn' y q; [, and any fine open neighbourftood V of x such that $f q D', o k ' ' a | | y ^ = " L o q l | u u | | J I r | l U v y v | | l | U l v | | U v u ! | L v v u v
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|^le have

Y ^ Y \ V ,  /  \  /' t J '  ' ( C / r )  -  t i / y

l-lence the firre carricr oi U/V on \ '(with r:espcct to the ["]-cone Sr) is enrpty

0n tl"re other hand O/, is a f inite f ine potential on Y and tireref ore, by

Corol lary 2.1 ,  e/y is a near ly cont inuous element of  Sr.  Since any ncrn zero.

universally contiriuous element of a stancjard H-cone of functions on a nearly

saturated set has a non empty f ine'carrer on this set  we get q/v = 0,  Q=0.

Theorem 3 .5 .  a )  Suppose tha t  X  is  semisa tura ted  and peS.  I f  fo r

any element q G S which is dominated by p and has afl empty fine carrier in X

we have'Q=0 then p is a f ine potent ia l  on X. Conversely l f  
p is f ine superhar-

monic and is a fine poten'Lial. on X then for any q € 5 which is dominated by

p ancJ has an empty fine carrier in X we have q=0

b) I t  X is susl inean and there exists a str ict ly posi t ive f ine potent ia l

on X then an element pq15 in a f ine potent ia l  orr  X i f  for  any qeS speci f ical ly

dominated by p and having an ernpty f ine carr ier  in X we have q=[.

Ir-qo*{.. a) We suppose that p 65 is such that for any element q 6 S whi ch

is c loni inated by p and has an empty f ine carr ier  in X we have Q=0. 1-s1 (Grr) .

a seequence of f ine open sutrset of X such tha'L tl . Gn*, for any n G N and srch

that tJ Gn = X" ble put
.  Y \  n -

q : =  / f B "  " " p

Since X i .s semisaturated ancl  s ince for any xe [nC-"]  v le have Q(x) =
\ / '  ' \  - X \ G t '= irrf Bn*'h(*) we rleduce that for any nE,t',|. we have B" "trO = q and therefore

'ln-

q has an enrpty f ine carr ier  in X. Hence, using the hypothesis,  ute get q=0

i .e  p  i s  a  f ine  po ten t ia l " .

Conversely we suppose tha b p is a fine superharmonic, f i,ne potential on X

and te t  qGS be such tha t  q  EP and the  f ine  car r ie r  o f  q  in  X  is  empty .  For
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any x ( X r,re hhuose a f ine nei.ghbourhoccJ G* of

The fanril.y (f ir) *-is a fine open covering of X

superharnrcnic,  f ine putent ia l  on X, we have by

Q  = A  B X t G o . B x t  G x : . . . 8 X ' G " o q  -  o

t ' , ,  " ,  . ,  \. ^ 1 r ^ 2 : . . .  r x r . , /

i :) Suppose that p G 5

f ine carr ier  in X ahd q 4 p

t ia l  on  X.  Indeed i f  (Gn) r , )

f or any n 6 N and if rve put

. X \  G N
D  q =

/  ; - , ' 1Using  (  L6  J ,  Theorern  2 .5 )

^  i -  ^  € . i - ^  ^ ^ + ^
Lr r - r  o  r r - r  r . '  l r . r  u"nt ia l  On

Rgrnar l<* In Rl  any

nonatomi.c ri leasufe carried

f -ine cq,rrier in Rl.

x such that BX 
t t ' to=q.

and theref or'e, q bei"ng a f irre

1-hearem 3.4,

is such that for any, element q of 5 having an enp.Ly

we have Q=0. UJe want to show tlrat p i.s a fine potcn*

is a fine CIpen covering of X such tnat t l c Gnsl
, u  - X r G r '

/ \  lJ  ' ,p  = q v te deduce that

q  ( Y )  n € N

get  q 4 p anc l  therefore,  f rom hypothesis  q=0.  Hmee

Nervtonian potent ia l  x*+\  , - ] *  d . i j i -+ twhere ,Lr .  is  a- t  l x - Y l  / " 4 '  . l

by a palar subset is a f ine potent ia l  wi th an empty

l r l O

.4,--I_ql_qf!"ie t s.,_end t

In this section 5 wil l  be a stancJarci l ' l*cone anci X is.-a Green set associ*

ated urith 5 l le denote by G the Green function on X vcX associated r, i i th S and

r  / - - -  i - - J  r  q  i q ' l  \)  \ s e e  L >  ) ,  > . ) ,  L )  )  )

l4e rernemeber that  an elernent p of  S is a Gleen_pglgnl ia l  i f  there exists

a measurel* on X (which is uni-que1y cleternririecl) subh that
/

p(x) = t cC-,y)el.r. ,(y) ( t ' " )  xe ;  x

Since S and 5S are simultaneously s'Landard H-cones of functions on X tl-en

there are four remarkable topologr ies on *.  Eo ( the natural  topology induced
|  ^  \  / t t  -  

' {

by So),  6 l "  
( the. . f ine topology cor lduced by S),T' 'o ( the natural  topology ind.r*

ced by  s l  wn lc i l ' ?a l )e r l  the  conatura l  topo l .opv  )  and f r . , * ( i l "  f i .ne  topo logy-  u  - 1
't<

induced by S which is cal led the r :qU.IS-_, t r lpglogy)"  we have t f re fo l lowing

rela'Lions i



x

In [5 j,Trrcorenrs 4 .4, t+.8. uie proveld the follc,t 'r ings result: AnJ 6--eAImIlSl

p-€S*i-F.3 -$rqsrt*ilglpllr-ali-il-J.le:.s.*sxLsls--e*eJrl-e.llv-a.ssi-l].ve*
4  L :  - a  i  -

Ul p.sle11li-el*p"-6'$--qL. X !l:Sl. qlv-*srqgt:* P-otenLLal - ip*{* G'-pSlruJi-Al*

Also wc have sfror,tn that Si-q!gqg-U.y- a i.-

G r e e n  n n t e n t i a l  o n  X  ( s e e  l 5 J ,  R e m a r k  4 ' 7 ,  b )

T i reo rem 4  .1 .  Any  f  i ne  po ten 'b ia l  i s  a  Green  po ' t en t i a l "  I f
*

G " . , S ]  t t o

t l-rerr any potential is a Green potential.

i  prcof .  The assert ion fo l lows immediately f rom the above considerat in ns.
x."

Theorem 4.2.  Suppose. t l rat  X is sernisaturated wifh respect to 5 and 5 ,

fhen any Green potential on X is a potential and anyr Green copotenti.al on. X is a

cop' tenbial  ( ' i .e ?-, ,** ,notent ia l ) .  Parh. icular ly there exists a str ict l .y posi-

t ive potent ia l  and a str icLly posi t ive copotent ia l  on X.

ff.qgl. Let p be a Green potential on X and Let y' be a measure on

X such that
(  ^ ,p(x )  =  J  G(x ,Y) f  ( v )  

r
Let, novr q € 5.,q { p be suclt that carrxq =fr. since X is seniiJ,saturated

wi th  respec t  to  SK then q  is  a lso  a  Green po ten t ia l  on  i (  (u* " [5J ,  Theo lem ] "1 )

Hence there exists a measure ', on X such that
f

q ( x )  =  J c t * , y ) c t y ( y )

0n the o'Lher.trand we have carrxq = supp'y and therefore V = 0'

Fronr Theorem J.J we get that  p is a potent ia l  on X'

Theorem 4 .3 ,  Suppose tha t  there  ex is ts  a  s t r i "c t l y  pos i t i ve  f ine  po ten*

t ia l  on X.  Then v le  l rave:

'  a)  X is  sern isaturated n i th
*-

b) S and 5 satisfY axi.ont

L)  There ex is ts  a s t r ic t lY

r \

ten t la l .  /  .

*
respect to 5 and S

oI potar l ry

positi-ve cofine copotenti 'al. on

(

X  ( i . e  a  € n * t o -

n I r ) ?
I Y L  C!i"%l
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|J:ool-. Since there exists a strictl.y'positive fine potentiat on X thr€?r-

any universall"y bounded element of S is a fine potential ancl therefore fronr
. K

. , Corollary 2,7 it is nearly continuous" Hence 5 satisfies axioffi of polarity.
, x
,i Particularly X is semisaturated with respect to $" . 0n the other hand since

v u l J v v  v

set of X is polar and therefore S satisfies axiom of polarity or equivalently

: S* satisfies axiom of neanly continuity. Hence there exists a strictly posi* .

t ive f ine copotent ia l  on X.

I- l 'g.glem 4.4.  Suppose that there exists a str ict ly posi t ive f ine potent ia l
':

on X, Then the following properties are equivaient:

.  a)  any Green potent iar  in 'a f ine potentral

b )  T  1 . 6 f

Frgpf  .  a ) :Db)  Le t  a  G X and V be  a i r  f ine  open nerghbourhood o f  a . ,

l{e consider norv a sequence (u-,1^ of neignoournood or a (rn tne natural toporogy)

sucn tnat

U ^  q U ^  ( v )  n e N
t t l - , |  l l ' r  -

and f l  un = i rJ
Let now (Vn)n be an increasing sequence of.f i4e open subset of X sucn that

a F  \ /  T f ,  t '  ra G vn<.  V ic  Vn*r  (v  )  ne N

and  such  tha t  \ - z 'V ;C  V .
Y t '  l l

I'ie put, for any n L N
0 -

D n  : = ' V n U  L  U n

' kie [-iavei[J^ is f ine open,
I t

- f

D ; .  D n * l  ( v )  n e N

ano U D* = X. Since 6(. ,a) is a f ine potentral then (
r n



'

'
n  B X \  o n G ( . , a )  =  6

and tnere exists n, F- N sucn tnat

.  B x .  D * , G (  . , a )  /  G ( , , a  )

. r . 1

Fronr this fact r t  fol lows (seel*9J,.  Propositron 5.5-l i )  that X\ D_ rs cotf i rn
l l q

at a ancj tneref ore 0n rs a corlne nelgnoournood of a. Srnce Vr, ) U,., 6 U,.,
"O -  t 'O  

"O "O ' '  ,
' '  

ano srnce Un rs cofine open we deouce tnat V' and therefore V is a cofrne

i :"o ,,,-"knornhhsgshood o f  a .  b ) .9a) . ' suppose rnar  6 , rC-G,  ano re t  p  €  5* '

f ',r
P(x )  =  \  G(x ,  Y  )d / * (Y  )  ( v  )  a r  ' c  A

J / '

be a Greerr potentral 4an x.

Let (U^)-  be an increasing sequence of  f rneopen subsers of  X sucn tnac'  n ' nr- -T
t t ' -  i l  onr i  such tnat t -J  U-  = X.  we consluer  tne e lement.  "n  -  "n+ I  

o r  ru  vve ,  
i .  "n  

-  ^ .  v . rs  r ru r  lb ruu

q , = A  B X t & p .

Since X is semisaturateo with respect to S, we nave.

. X \  U O
8 "  " ' - q = q  ( V ) n e N

n -  - L -  - r L  L  - l  . '  

" .  

I  l  ^ *  L0n the other hand, X beirrg semrsaturateo wr r:n respeDt t0 b and since

Q s P q is a Green potential.  We har;ae
(' . - \,'*

q ( x )  = \  C ( x , y ) d ) ( y )  ( v )  . } 6 c  
/ \

Let now 'f  be a measure on X sucn that ' ,3t Charges any cofine suoser

of X and such that the coootenrraL

* . v  ,  c  - . . \
t '  ( x )  =  

) G t y , x ) d V  
( y )

2  #  ( " . v  c- 
is nearly continuclus with respect to 5 . Ve have \* G' d)= \ qdl1l =

J

5 -  |  -x \  Un. ,  dt= t  Bx\  u, . ' *Gv d I  . .*  = \ 8 , .  q-  

Uro"" '6 f  a-El  i t  fo l lows that U- is cofrne operr  and therefore (see' fv] ,
t l

l ' roposr t ron  > .5 .  t l )
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+r 
,,X) U,.,tu4 

" Ur' ^ -  I  ruil un

From tne precedrng re}ations v*e deuuce tnat -1 does not charge the set

U-.  Srnce Lr u- = X i t  fo l lows 'btrat  )  =L],  q=0.
l l  l l

fu*! -ere!j-

In 'Lhe sequel 5 r^ri l l  be slandaro tJ-cone.

Def rrr i t lon.  A represenrar l -on of  5 as a standard n-cone of  furrctruns

on a topological space (X,'6.1 whrere f, rs a topology on X which rs smaller thal

trre l irre topulogy 6, on X arrd greater tf ien trre narural topology 6o on X is

carreo L1gpr9-g9llpJ_tqjl_]t Lnere exlsrs a stric'tly positive 6 -poientral on x.

If there exists at least a P*representation of S then S is calleo a P-stan=

dard H-cone.

Def rn l t r ton .  Le t  S  he  a  P-s tanrJard  H-cone.  An e lement  p6  S. is  te rmed

universa.r.ry potential if for any P-representation of S on a topological space

t . .

( X , ' 6 ) ,  p  i s  a  6  - p o t e n t i a l "  o n . X .

KgggII* From the aoove delinri;ron it

ereilent or S rs an ufttversarry poterrtial "

l_qgp:_q*. Is any unrversally potentral of S

Theorem 5 .1 .  The fo l lov , i ing  asse l t ions  a le

a) S satrsfres axi .om of near ly cont inui . ty

b) any representat ion of  $ on a topulogical  space 6;A: l  where X is semr-

saturaLed and' t  rc ' ta 'e n is a P-represerr tatrun (Z; ,  rs the naturar topology;

Go ts the f ine tr:PologY)

d) nny represen'Lation'of S on a topolugical space (X,'6') where X is senr:"-

saturateo and'?,^ 1s the natural topology is a .P-representatron

c) there extsrs a P*represenrarrorr  o i  S on a topurugrcal  space (X, r ; . t

wnere f,, is the trrre toPorogy on x.

foilows that any nearlY bounded

a neariy i:ourrcied el"enrerrl of S?

equivalent:
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proof .  a)e>b)(=> cJ fo l lows tronr (  / "6- l  ,  Theorem 2,1 The assert ion

b l+  t r )  i s  obvrous"

b':) a) Let nol, ' l  
P be an unrvcrsally oounoeo element of S arrd lel u be a

vieaK unit on 5 sucn that p * u. hfe denote by X the saturated set with respect

to s such that u = I on X. since by hypothesis, tnere exists a strrctly posrti.ve

porentrar on X (r ;e a f i -porenrral)  fn*n p is also a potent ia l  on X. From

Theorem 2.5 we cleduce, j  being f in i te cont inuous, that  p is near ly '  cont intous,

!:gg-ru-5.2* Suppose that S satisfies axiom of nearly continuity.

Then an element of 5 r'r i l l  be universally potential iff i t. is nearly continuor-rs.

ffog!* The if part follows from the fact that and nearly continuous

element of S is nearly bounded and therefore it is an uriiversally potential.

suppose. now ihat p is an universally potential of s and let u be a

l'leak unit of S such that p{ u. ltJe consiclef a representation of S on the topo-

logical space lX,eo) where X is saturated, u = l on X and e is the natural

topolggy on X. Since there exists a str ict ly posi t ive potent ia l  on X, then

p is also'a poterr t ia i  on X arrd therefore,  berng f in i te arru cont inuous r t  ts

near ly conttnuous (see Theorem 2.5)

€
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