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OP?Tfr{ALiTY COUNXTIONS AND NUALITY IN TTTE CONT'ROI,

OF PARABOLIC VARTATIO NAL TNEQUAI,ITIES

r . , b Y
Dan TIBA

l . INTRODUCTION

In this paper we diseuss the question of the f irst order neeessary condit ions

for the eontrol problem

'  (1.1) i \ t in imize Jl  {  gtv l  + rr(u)}  ot

subjeet to u e 1,2(o, t ;u)  and y €w1,,2(0,1; l t ) ,  y( t ) (  c a.e.  [0,1] ,  sueh that:

f i . 2 )  ( y '  +  A - v  -  B u ,  y  -  v ) ( 0 ,  V v € C ,

(1.3)  y(0)  = vo ,

(1 .4 )  u ( t )  (Uad  a .e .  [ 0 ,1 ]  .

Here we eonsider  U,  V,  l l  three Hi lber t  spaees wi th  norms,  l .  I  U;  l . ly ,

|  .  I  t t  and inner  produetd ( . , . )g ,  ( . , . )g ,  ( . , . )V.  The pai r ing between V and V* ( the

dual  spaee)  is  denoted by ( . , . )V 
x  V* and we have Vcl l6 'V*  wi th  compact

imbedding,  I - l  :  H *o U:  U*.

I\ ie assume that:

C CV closed eonvex subset, 0 € C;

UuO aU_=".tosed eonvex subset;

-  g :  I I  ?  R*  i s  eonvex ,  eon t i nuous ;



o
L "

-  h  :  U + R* is  eonvex,  eont inuous,  eoere ive

(1 "5 )  h (u )

- B

l- 1 \

(1 .6 )  (Ay ,y ) )  u r l v i?  -

yo€ c '

) e l u

: U  * b

: V  - +

t 2f t  -  
" 1 ,  

e ) o ;

i l  is .  l inear,  eont inuous;

V* is l inear.  eont inuous, sVmmetr ie and eoereive

" * l v t i r ,g > 0 ;

Under the above eondi t ions,  i t  is  knon'n that  t l re  var ia t ional  inequal i ty  (1 .2) ,

( i .3)  has a unique so lut ion y  €\ , t r1 '210,1;FI ) f iL2(0, t ; t t1 .  l \ loreover ,  i t  is  easy to  s t row

t l re  ex i s tenee  o f  a t  l eas t  one  op t ima l  pa i r  [ y * ,u * ]  i n  l t 1 ,2 (0 ,1 ; t t )  x  L2 {0 , t ;U )  f o r  i l r e

contro l  problenr  (1 .1)  *  (1 .4) ,  Barbu [1 ] ,  Ch.  5 .  
, .

The l i terature coneern ing numer iea l  and theoret ica l  resul ts  for  eohtro l

problems governed by var ia t ional  inequal i t ies or  
. f ree 

boundary problems is  very

r ie l r  and we quote only  the survey of  V.  Barbu [1 ]  and i ts  re ferenees.  l leeent ly ,  Shi

ShLrzhong [ ]31 c ler ived a more eomplete set  o f  opt inra l i tv  eonci i t ions,  in  the e l l ip t ic

ease.  bv means of  a  new argument  based on Ni l<a ic lo 's  min imax theorenr  [11] .  l te

extend t lr is approaeh to parabolie problems, ' thus g"eneral izing the results available

in  the l i terature.  I Iou 'ever ,  i t  seems that  i t  is  not  poss ib le .  to  applv  d i reet ly  the

ntethod of Shi in the parabolie problenr ancl we reduce it  to the el l ipt ic situation by

a sent id iso 'e t izat ion proeedure.  For  a genera l  d iseuss ion of  the c l iseret !zat ion and

approx imat ion of  var ia t ional  inequal i t ies,  n ,e quote the books by R.  Glowinsk i ,  J .L .

L ions,  R.  Tremol ieres IB]  and by C. l \1 .  E l l io t t .  J .R.  Oel<enclon t?1.  A s inr i lar

sen-' ' idiseretization ntetlrod v,,as used by C. Saguez [12] in the eontrol of two-phase

Stefan problerns.

Since the e l l ip t ie  s tate system obta ined bv d iseret izat ion is  nonstandard and

t l te-nrethod proposed bv Shi  is  very reeent ,  we br ie f ly  reeal l  the main s teps in

seet ion 2.  In  sect ion 3 vve obta in the opt imal i tv  eoncl i t ions for  t l re  pr :ob lem (1.1)-

(1  .4 ) .
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It turns out that these necessarll eonditions ane exaetlv the same as in the

ease of state eonstrained eontrol problems governed bv i inear evolutlon svstems, V.

Barbu, Tl i .  Precupanu [21, Ch. IV.  in th is way, we strengthen the idea of  t l re

relationship between eontrol problems gorrerneci bv variational inequalit ies (without

state eonstraints) ancl eonstrained problems, wltieh has already appeared and been

used in var ious fornrs ' in the uror l<s [4] ,  [5] ,  t9 l ,  I101, [14] .

As an applieationo in the last seetion, we diseuss a possible folm for the

dual  of  the problern ( i .1)-(1.4) and we give an example.

Final ly,  we note that ,  i f  [yx,u*]  is  an opt imal pair  for  the problenr

(1.1)-(1.4),  then i t  is  the unique opt imal pair  of  t l re problem:

I \ , l i n i n r i z e  f f  { r f v )  
+ h ( u ) + } f u *

subjeet  to . (1.2)- (1. .4) .  This  is  rb la tetJ  to  the "adapted penal izat ion methocJ ' t ,  Barbu

[1] ,  anc l  enables us to  get  a  eharaeter izat ion of  a l l  the opt imal  pa i rs  of  the problenr

(1.1)- (1.4) .  In  the sequel ,  for :  the sake of  a  s impler  notat ion we studv the problenr

(1 .1 ) - (1 .4 ) .

2. THE DISCRETIZED PROBLEII{

Let n be a given natural number and eonsider the problem

, * l i l o , ,  ' | '

(2 .1 )  [ l i n im ize  n

over the set of all u € Lr!6,

s(vi+r) + rr(u1*1)}

y.€Cn, suelr that

-t ts1 r
i h t

(2 .D  (V i+ t  -  V1 ) /n -1  *  AV i *1  +B l6 (y ia1 ) )Bu ia1  ,

where Ia  is  the ind ieator  funet ion of  C in  V and o l ,

.  For  y  €V* anci  v  € C,  we c lenote

i = 0 r . . . , t r - 1 ,

is  i ts  subdi f ferent ia l .

l v l f= suP {(Y,P)v x v* i  p€(c -  v)nBv}
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wi t t i  B,  be ing the e losed uni t  ba l t  in  V '
+

Then, (2.2) is equivalent wi th y 'nr€C and
. j .

l -ny i+t  ;  Av i+1 a Buy+1 + nv i t i , * ,  =  o '  i=  0"  " ' t '  -  f  
i

I{e may defirre the penalized problem

r ,!:1- . ,h;1 -
(2 .3 )  N l i n im ize  {  n - t ' f - t e (Y i+ i )  +  h (u i+ r ) l  +  n - r ,L  ^n l -nv i * r  -  Ay i+ t  +  '

t  i I O  
I T r  r ' 1  i = 0

- t -  D r ,  + . ' ,  l C  1  .' - ' i + 1  " - " i l r r . .l l  J i + 1  ,

o a

where Nn is sueh that Nn/n 'roofor n - '  o'e.

We remark that  the funet ional  Cn(y,u)  whieh appears in  (2.3)  is  eont inuous

by the propert ies of g, h and. of the mapping I. |  9. 
To elarify the last assert ion,

we take:

f : V n x ( C x U u c ) n  - i R ,

W : ( C x U u 6 ) n  o B 3 ,

n-1.
Ir'(v,u) = .ff (c - Y1+1)flBv '

i =0

he function f is eontinuous with respeet to the weak topology on Vn and the

strong topology on (C x UuO)n, while the point-to-set mapping W has nonvoid'

eompact values in the rveak topologlr on Bf, ancl i t  is eoltt inuous too. The Berge

max imunr t l r eo rem[3 lp roves tha t theapp l i ea t i on

:  
n _ 1

r  - ,Tpx , , f(p,-v,u) =. i :  ! -nVi+r - Avi+l + Bui+l * nyl l | i+r
p(  IV(v,u)  i=0

o lnnna fann la f i r  nn  (C x  I1  . )n  anCl  the  mt r l t i f t tne t iOn
is eontinuous in the strong topology c" .- " - ao

n - 1
f (p,y ,u)  = 

, l ,Otnr , -nVi+1 
-  Ay i+t  a  Bui+1 + ny i )V x  V* ,
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il,r(y,u) = 't?1rinl(y,u) = {o en\}; f(p,y,rr) = 
o*,Tttiuf(o,v,r)}

iS upper: semieontinuous with respeet to the strong topology on (C x UuO)n anrl the

weak topologv on B|, ancl has elosed, bounded eonvex values.

. :  Sinee Gn is eontinuous ancl posit ive we ma:y use the Ekeland's variat ional

pr: ineiple [6]. For any €, n ) 0, t trere is (vn,un) 6 cn x U!6, sueh that:

0  (  in f  Gn (  Gn(yn,un)  l  in f  Cn + €n ,
.  

, '

(2 .4 )  Gn(y ,u ) )cn(yn ,un)  -  tn ( ly  -  yn , i rn  * iu  -  un tX" , * '  v  (v ,u )  #  (vn ,un) '

n - I  : , r  n - l  -  i r 1 .
L e t  s e : T [ ( c - y f t ) ,  w € . T I - ( u o n - u | , - ' ) .  F o r  t t ) 0  s u f f i e i e n t l y  s m a l l

i = 0  "  i = 0  
q u  ' ,

.  Yn + tks €cn, un * tkw €uld and we have

. r . r *' C n ( y n  +  t k s ,  u n  +  t k n ' ) )  C n ( y n ,  u n )  -  S n t p ( l s l ; n  +  l w f u " r ' '

I { e e o n s i d e r a n V p ' " i l u t \ { n ( v n + t k S , u n + t u w ) w l t e r e I \ , l n = N n N 1 . B y a d e t a i l e d

eomputat ion,  we obtain

.  n - l  s w . i + l r(2 .5 )  n - t  f  (ns r * l  +  As i+ l  -  Bwi+ t  -  ns i ,  p ; i l " ' ' ) yx  *  y  (
; 5 0  

l r l  -  - r r r  r r r

-,81.s(y|,*l * tps;+1) - g(vli1) n(uif1 * tk*i.
(n 'L [_--- - : - -  , :  

- -  . - -  + . -*- - l
t*11- 

1 *
1+1 + tusl+11 - r(vL*1y n(ulit * ,u*,*r) - rr(ul|1)

i =0 kk

+  6 n ( r r t f n *  r * t f , n ) ;

Obvioully tpif l is bounded witlr respeet to k in Vn anc] we may assume

Ql l \ /  -  r  r

get  p i *€ I \1n(yn,un) .  Passing to  the l imi t  k  + 0 in  (2 .5) '  we in fer

!  |  1 -  ;
l r , t \  a  t

, r  n t t t .
n  r , \ v t
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1 , s

l -  € n ( t s r i n  +  ! w l l n , *  ,

.  n - 1  
' , , ,  n - l  i +' ror ari s €,$,. - ylit), - n;I;(uuo . ulil) '

n - 1
(2.6) n-t ;  t r ' tvf

l =u

-  n - L
- l  G  t-n  ' . |  (ns i .1

i=0 1 +

i+1) + t ' , i {u}f1,w,*r) l  -

Asi+1 - Bwi+1 - hsi,  Rf l* ' i* l )u* x v)

I{ere gr, h, are the direetional derivatives of the eonvex mappings g' l t '

\{e introdtree the auxil iarv saddle funetion

n - l  ! ,  r  n - l

7,: T[ (C - vf ') *. l t  (U"c - r i ,* l) * I\4n(vn,un) -* R,
i=0  "  i=0

Z(s,w,p) = n-l T'tu',ol;*t,sia1) n t ', '(ui.,*i,w;11)1 + tn( r, r 
f ni : 0  

r '  I ' r  -  
v "

+  l *12 - ) *  -  n - r t f l t ns i+ . r  +  As i+1  -  B* i+1  -  r r s i ,  P i * l ) v *  x  v  '
. gn i;0

As N.1n(yn,trn) is weakly eompaet, the Nil<aido nrinimax t l teorem proves the '

existenee of Pn( N{n(yn,un), sueh that

inf Z(s,w,P,.,) = inf nl."* Z(s'w'P)
s , w '  

t - J , *  
p g [ ' r n ( y n , u n )

Bv (2.6), we see *nu, 
, j l f lr(s,w,pn) 

) 0. Therefore, we obtain:

- n - l  ! , r  . , 4 t r 1  .
(z .n  n- t .L  e ' (y l i l ,s i+ t )  -  n- r ' [ ' {ns i *1 *  As i+t  -  t ' rs i :  p l , * l )v*  x  v2 -  6n ls lun '

i : 0  
r r  ! ' r  

i = 0

n - 1  ! ,  r

s o = 0 ,  V s € f i  ( C - Y t f t ) ;
v  i = 0
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(2.8) n-tf , ]n,{, , f l , ,* i*1) - r  t5ltu*i* l ,  nj . ,* ' )u**u)- sni w lun,

n - l
v *e iT-(uno - ul.,*t).

l = u

These are the approximating first orcler neeessary eonditions for the

problems (2.3) or Q.1),  respeet ivety (1.1) -  (1.4).

l t 'e start with severdl basie estimates for the sSrstem (2.2). First we remark

that ,  by Q.q,  we have

(3.1)  o  (  Gn(vn,r in)  < cn(vr ,u)  + tn ,

_ for al l  u € UlO and such that yu€ Cn is the solution of Q,2) eorresponding to u. Then

(8.2) n-rfitrtvl.,*'l * n(utn+1)l * n-tt'un l-nvi.,*] - Avl..,*l + Bu|.,+l +

* nvl, I ",., sn-1i'r*tuilt) + 61ui+1)J + tn < ct .
V; 

- r=u

Sinee g is posit ive, we get

- r  ' ] - t
n - f ' r r tu f l )<  . t .

r5o 
r r  -

. .  and, by (1..5), we see that

- n - 1  . . .
(3.3) 

"-t t^ I u trr I l, 5 ct.
i=0

=_- _The ehoiee of N,.. '  imPlies that



- :  r ' r  ; + 1  i + 1  i a l  i  a .(3.4) d ' i '= t-nVl,* '  -  oul ,* '*  t r l i '  * ,nyl . . ,  ! t in '  -r  0,  n 4 6,
v r ' ,

i - n l  n - 1r  -  U t r t . . .  t l l  l .

Taking into aecount the def in i t ion of  ! .  t9,  the relat ion (3.4) nray be' v
rewr i t ten as

(3.5) tnul,*t* oul,*t - tulr*t - nylt,, - vl.,*1)v*xvI-dl.,*t

for atl z QC, sueh that , - Vff l e rU

Let 0= nrax(l ,  l "  -  ulr*t f  y);  then g-1(z- ul . ,nt)€Bvn(c - vl . ,nt) and, (3.5)

is val id for al l  z EC, in the form

We f ix  z  = 0 in  (3.6)  and we in fer

,IJ,"olit 
- nvl; vl,*t)n .. $ottnvlll, vi,*1)u*,,r,,g; ;f;t *

-,gJ nli', ul,*'!u . $!u,li',uii'r .

By the equali ty

(3 .? )  (w -v ,w) r ,  =  i lw t i ,  -  +  l v t f r .+  * lw  -  u l r l  ,

we obtain that t Ui-, ln is bounded for al l  i  and n and
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n-lrf i l rol*tr$5",.,  v n,

ld of t tvl, - ol,*tl u . ltot,r,;,-t,oiit 
- ni r, :

n - 1"5- 
1ui+l  _ ui  f  ?

i 9 o " - n  
- n " i 5 " t "  v  n '

Now, we take z = Vl., in (3.6):

l$-" uu*t - oi,tf, . lIJ,^ol.t,ol*t vi)y**u, ld rf 
t *

> *(ayff,yfi)u**u - *(Ayo,yo)v*xv -g:d lu},., v;,li -

D - 1- ; T  l v l + t  - v L l i , .
"  i = 0  .  r r  ! t  - l r

I , ' i 'e renrark that, by (3.?) and (1.6)

= l la lof i t i  -  * te*uof i , .  *F;  ra ly i i  -  e lv i t i ,  z

Corlbining the above ineqiral i t ies and i lre previous estinrates, we see that

.  i +1  . . i  2
- t E l  , I t n  

- Y n !
n  -A  

l - - _ ; l l  < " t . ,  v  n ,
i = 0  n - r  I I -

.  i ,
I  Y ; l y  ( e t . ,  V  n ,  i  =  0 , 1 , . . . , h  -  1 ,
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n - 1  - i , 2' i ' rv in l  -  o l , t?(e t . ,  v  n .
i 9 0 ' " n  

' n ' v - ' = - ' '

tet yn, un be the step functions otrtained in [0,1] from the veetors fvirl, lr lr l

and $n be the polygonal functions obtained on [0,].1 from the veetor (Vf.,). fnat is, on

4 ,41t, we lrave

vn(t) = o},*l; ,nt,) = ui.,*t '

int. l = n[{i *n1- tlvl,, n (t -+)}' l*1].

. On a subsequnee, we get that yn * i weakly* in l,*(0,t;V), $n * i

s t rong ly  in  C(0 , t ; l r l ,9 ; , -a$ ' -weak ly  in  L21g,1 ;H) ,  un- r t  weak ly  in  L2(0 ,1 ;U) '  fne

'  faet  that  vn anO in have the same l imit  is  a eonsequenee of  the fo l lowing equal i ty:

I \ t ;ru"] 1$nrtl- vn(t) l f ,  = f f i i t) l ' r '  + 1- nt)2lyi+r - v11fr,,

= (1/3n) ly i+r  -  o, l  io  .

Turning baek to  (3.6) ,  we in fer

- , - . i + 1  - v i  . n - 1(8.6), n-1T'(v^ :;iyf 
t - 

"1.,*t)n . 
"-t:[^ 

lauli', ol,*t - zl*1)u**yS
i =0  n - r  i =0

gn-rflrnu},*t,ol.,*t - ,},1t), - ,-tFj tflrr + ct.)

Here  z  (  1 ,2 (o , t ;v )  nw1 ,2 (0 ,1 ;v* ) ,  , ( t )€  c  a .e .  [0 , ]  l ,  z$)  =  vo  and ,n  i s  a

semidiscrete approxinrat ion .of  z given by the veetor t r l legn. l t 'e rewri te th is

inequal i ty in the fornr
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(3.8) $]t$h,yn - zn)y1<lt n f l(nyn,vn - zn)y*xvdt 5.

Passing to the l imi t  in (3.8),  we see that f  is  t t re solut ion of  (1.2),  (1.3)

- r \ r l
eorresponding to u, sinee:

Ti'S fl(oon,un)y**ydt: flre!,flyx*ydt.

Now, we return to (3.1) and we make n -+ eo. Then, we obtain that l fr i l l  is an

. optimal pair for the problem (1.1) - (1.4). l \4oreover, i t  is quite standard to infer

that

(3.e) Ilm f lr"rfunnt = llrrtilct.
n+.O

'  . 1  ' l ) ; 1  - : ' | 1

S fj(nu,,,vn - 2,",)11dt + n-r.f,  / l l t t t  + et ') '
"  i=0

By (3.9) ,  we get

LE$IAIA 3.1. Assume that Ir is an uniformiv eonvex funetion. Tlren u^ a fr
t l

strongly in 1,2(o, t ;u) .

RES{ARK 3.2. In funetion spaees, i t  is enough to assume str iet eonvexity and

some growth eondi t ions for  h ,  aeeord ing to  Vis in t in  [15] .

LEIttnrlA 3.3. trVe have

f;r -n i '  ,t.ons"lv in t 2(o,i;H) .- 'n

Proof

Sinee $n i .  
"onuergent 

in C(0, t ; r t ) ,  we see that v l  = $n{t)  -  f t r l  s t rong*ly in



(8.10) r inrsup n t l t lv l l ' -ui ' f l  ,  *urninr(avi l ,vf l l  * *(Avo,vo) +
n -+4a i=0 

'  
n- j '

i  
-n-t ut' l  - vi

+ tim ,-:.8 (Bui+l,o;-l < i(Ayo,yo) - l(aftr),!(r)) * Jftnff,y'y61 ,
.  h * o o  

' i = 0  "  n  '

l

-  1 r ,

I -1.  But (y l l  is  bounded in V. so v l*Vf )  r , r ,eakiy in V, on a subseqttenee." n  ' ' n

. l{e reeonsicler' (3.6)' with zl+1 = Vi and we pass to l imsup:

by the above estimates.

I {e  know that  f  is  the so lut ion of  (1 .2) ,  (1 .3)  eorresponding to ' i ,  that  is :

i ' *  nf  *  al . ( f ) lefr  in [0,1],

f r o ) = v o .

IVe mult ip ly by! '€12(0,T; t t ) .  By the ehain rule,  we get

tlrV'l f1 * ;taf,t11,!tr)) - ;,(Af(o).V(o)) = J lttr,f'n,

and  (3 .10 )  g i ves

.  n -1  u *1  -  v i  . 2rimsup "-ti l r;;rl..s tl rI ' l i ,
n- )6o  l=U  n  -  11

By a wellknown eriterion for strong eonvergenee in I- l i lbert spaees, we infer

the desired eonelusion.

LEMMA 3.4. l \ te have
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-$ f  stronqlv jn 1,2(o,t :v) .

Proof

(

Let nr be another natural number. I{e cl ivide [0, 1] in nm subintervals and on

eaeh one we f ix urrv; in (3.8), next we reverse the indiees m and n' Aclding the two

inequal i t ies,  we obta in

( 7 , a ,  A .  \  ,  t I  , n . -  A . ,  . -  r i
lo(vh -  Yi1l ,vp -  vnl)FI  * '  !6(ayn 

-  Avm'Vn * yt)  (

S ff tnun - Bu*vn - vnr) *  n-tTt; f lq + ct ' )  -  t - t$ r$1tr  + et ' ) '

The propert ies of ( / l)  ana (t 'e) f inisn the proof'

Now, we are able to give some estimates for the adjoint state Pn and next

pass to  the l imi t  in  Q.7) ,  (2 .8) .

$'e recall  that pn € l \{n(yn,un), therefore *nto|*t € c - yl. ,*r ,  v

i  ; 0 , 1 , . . . , n  -  1 .  1 \ : e  m a y  e h o o s e  s  =  p n N ; l ,  i n  { Z . z )  a n d  w e  g e t :

to

n ,

. n - 1  :
(3.11) 

"-t.f^g"(vl,*1l=u

+ N;tenfl - nun1ol.,,oi.,*t l),Nn1of",+l) - n-i l lrnN;1nii1

l -  €nNn1 l  on  I  
un

Sunrming by parts, ure infer

(3 .12)  n
-rfts'{vjit,ol,*t) -

l=u "- 
t 
F; 

looli t ;o|f 1 )u * *u

-  n - 1- n-t i-{ntnf., - pllit, pl,,)n
l = l

- . _ .

-  n- l (npl ,pf i )H z- Lnl  pnl  
vn
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Sinee g, is f in i te on I-1,  i t  is  loeal tv Lipsehi tz ian and (3.12) beeomes

n - l  :  '

* n-f i '(n1oi - ,., i+l;,ni)" * lpilt iJ .
i " l  

'n ,"n

By (3.?) and t lre diserete Gr:onwall inequali ty, we obtain

LEMh!A 3.5, We have:

t P ;  t  H  ( e t . ,  V  n ,  i =  0 , 1 , . . . , f l  -  1 ,

n - l  :  : , r  n

5 , 0 ; - p ; - ' l f i g o t . '  
v  l .

The step funetion pn buil t  from the veetor (pir) satisf ies pn + fr weal<ly in

L2(0, t ;V)  and weal< ly*  in  L@{0,1,H) ,  on a subseqt tenee.

,  To pass to  the l imi t  in  (2 .?) ,  we rewr i te  i t  in  the form

. r  [ : 1  .  i r 1  ; r 1  .
n- le t . lp - !  -  +  rn  tpnt  un)n- r  f - (Apl i t ,o l i t )u*xv +

F I I '

(8.1s) n-tt 'g,(yf 1,21a1 -. vir+1) - n-rl ltaol.,*t,r,*, - yL*1)v**v -

fln1r,'i*r :-'i \+,ol*r)u ) - r ntz - ynl 
vn ,i =o  

t  
n - l

for all z €Cn, ,o - ,t-o.

-  consioer any 7, Qr,2(a1;v)n w1'2(0,1;v*),Eft)  (c a.e.,  E$) = vo, and let-zn



- r a

be a c l iseret izat ion of  ? given bv the veetor (z l )evn. t r t ie put zn in (3.13) an<l ,  by

the aborre lemmas, we ean pass to the l inr i t  to get

(s.i4) !Le,rf,z- !l - Jlte6, ; - fl- flrn;' - i'l:0.

for any z with the required properties.

Simi lar lv,  we may pass to the l inr i t  in (2.8) and we l tave

(3.1b) flr ' ' t 'r,f- i) + flts*6,f- i l:o

for  a l l  V elz1g,1;u),  f ( t )  € u"o a.e.  [0,1] .

TIIEOpEM 3.6. Assume that h and g are Gateaux differentiable. For an]t

op t ima t  pa i r  [ y * ,u * ]  o f  t he  p rob lem (1 .1 )  -  (1 .4 ) ,  t he re  i s  p *e  L2 (0 ,1 ;V )ALd(0 ,1 ;H) ,

sueh that

f l (ogtv*) ,?- v*)  + f  f rao-,8 -  v*)  *  f l ro- ,7 ' -  {v*) ' )20,

ff(errtu*),f - u*) - f f tn*n*,f,- u*)> 0

^  . . r y  P

Io r  a l l  z .  v  as  aDove.

Proof

Ite use the remarl< from the end of the Introcluction and we denote p* = -6.

REIvlAffK 3.?. In orcler to see the signif ieanee of the optintal i ty systsem

given b,v  Theorem 3.6,  we ass lme that  p*  is  in .  W1'2(0,T;V*)  and p*(T)  = 0.

Integrating by parts and using the clefinit ion of the subdifferential,  we get

(p* ; ' -  Ap*  -  a lU(v* )  I  vg(y* )  ,



B*p*€ th"o( , tu)  +  v  t r (u*) ,

4. RENIARKS ON TIIE

First, we see that

- 1,6

DT]AL PROBLEII!

wherel

g  =  [ y € L 2 ( 0 , 1 ; v ) n I { 1 , 2 ( 0 , T ; v * ) ;  y ( t ) € c  t 4 [ 0 , 1 ] ,  y ( 0 )  =  y o ]  ,

Wad= {  u  €  t ,2{o, i ;u) ;  u( t )  €  uro a.e.  I0 ,11 }  .

This is just the optinral i ty system deseribecl by Barbu ancl Precupanu [2J, Ch.

IV, in the ease of state eonstrainecl control problems governed by l inear evolution

systems.

REltIARK 3.8. The posit ivitv and the differentiabi l i tv assumptions on the

mappings g,lr are stronger than neeessary and are imposed for ttre sake of

s impl ie i ty .  The same is  va l id  for  the eondi t ion 0€C.  I t  is  a lso poss ib le  to  take the

r ight -hand s ide of  ( t .Z)  o f  the fo tm Bu + f .

t-tdq-t = '-t,4 l-noL*t - oul,*t * Bu|nl * nvl,l$.,

.  n -1= tr-t.f (-nul.,*t - oul.*t * Brl*1 * nvl..,,pl.,*l)v*xv =
i=0

'  
.n- l  , r i *1 -  u i

= r-t.f :{- 
t I '  "n'a', i*1 * nul*l,efl)u* * u =

i=0  n-1  
"J  r t

= /t-!: - Ayn + Bun,?n)yx * ydt * 1tt-V' 
- aV * Bii,Flv*' n ' n  

o

as n -+ao .  Therefore anv opt imal  pu i ,  o f  (1 .1)  sat is f ies:

a
l

J (p* ,  v* )V*  *  yc l t  =  0 ,
o

x V  t



where  v*€  a lc (y* )  a .e . ,

For the sake of

problem by:

(4.1)  t l , l in imize 
{  tc  n  I * )* ( -w)  + (F + 

Iu4uo)o(BoR)

€1,2(o, t ;v )z x such that :over al l  the pairs Ip,w] €Lr(0,1;V) x Zx,  sr

(4.2) 
tr'^b,r, * Ar)v* y,rdt = (w, z)zx. x 2,,o

has  a  un ique  so lu t i on  z (S

,f i :  z -. q is bi jective and

L2(o , i ; v * ) .  The re fo re  4 -1

Vo = 0. .  We def ine the dual

v*  =  - (y* ) '

s inrpl ie i tv,

- L 7
.

-  Ay*  +  B t t *  ,

We asst rme that

z Q Z ,

z$) =

and uncler the state eonstraint

- l

.  (4 .3 )  
J - (R,v* )u  *y*d t  )  o  .

o

I'Iere, we denote:

- z  =  L 2 ( a , 1 ; V ) A w l ' 2 ( 0 , 1 ; v * )  ,

1-Gh) =t Sh)at ,
p

-F(u) = |  t r (u)dt
lo

and (G + I@)* ,  (F + I  ,  ) *  are the Fenehel  eonjugates of  the mappings c  + I r , .6  ' e {ao  - - -  J -o -  "b "  ' '  ^S '

F + L.  on t l re  spaees i  x  z*  and L2(0,1;U)  repect ive ly .
ilaa

r  e  L2(0 ,1 ;V)  sue l r  tha t  (4 .2 )

sat isf  ied.

Proof

The equat ion

zt  *  Az = et  z(0)

I J

= S

?= {z€  Z ;  z (0 )  =  0  }  fo r  a i l  q  e lz (o , t ;v * ) .  The nrapp ing

bicontinuous between S with i lre indueecl topology and

,  L2(0r7 ;V* )  - r  Z  i s  l inear ,  eont inuous  anc i  one to  one.

1V,vLLVLZq



1 q  -  .  : . .
,  : .  

r '  :

The equat ion (4.2) 'mav be rewr i t ten eqrr iva lent lv

I
( t .  - \ - 1  i l  :

t  ( p ,Q i17 . ,  r r *d t  =  ( \  ' .  t b  l t \ . ,  - .  o *, o -  v x v  l ' - ( i  L x . t ,

re  r : ig l r t *hancl  s ide c ie f ines a l inear ,  eont inuous funct ional  on L2(0"1;V*)  anc l
o

we bbta in  the  ex is tenec  and un iquene.ss  o f  the  so lu t ion  pe I ' z (0 ,1 ;V) ,  as  e la i rnec l .

, , .
: ' ..,,

'  
* *  I

RE&4AttK 4. '2. f .n faet p = (A-1)w and, sinee &-' is one to one, with elosed

range, then (lL-1)* is onto.. So; t lre aci joint optimal state p* is the solution af (4.i l

for  some ra ' *€ Z* .  I t  a lso sat is f ies the s tate eonstra in t  (4 .3) ,  therefore i t  is .an

admissible state for the problenr (4.1.).

THEOREM 4"3. The pair [p*, w*] is- optirnal-: lor the problern (4.1) - (4.3) ancl

v,,,e ltave

( C  +  i e o ) * ( - w * )  +  ( F  +  t ,  1 * ( B * p * )  =  - G ( y * )  -  E ( u x )  ,. s .(ud

for  any opt imai  pa i r  [y* ,u* l  o f  the problem (1.1)- (1.4) .
' I

Proof

for al l  t lre adinissible pairs Ip,w] of t tre problenr (+.t)-({.3).

On the ot l ter  s ide, ' the opt imal i tv  eondi t ions fy6, :  t l te  Theorern 3.6,  g ive$'



RES{ARK 4.4. . In  the ease yo 10,  we assume that  Ayo€} l  and we in t roduee

the unl<nown state y - vo. The general dual problem has the form

(4.1) '  l \4 in inr ize { to 
*  IU )*(-w) + (F + tU^o

.'

[ 1 ( v  
g ( y * ) ,  z  -  y * )  +  ( w * ,  z -  v * ) r *  x z , l 0 ,  v z €  €  ,

o

or eouivalentlv '-  
,  

I
. '  . " - * '  

' - ' - -  
.  

'

( 4 . 4 ) .  - w * €  v C ( v * )  +  ? l . r ( v * )  =  0 ( C  +  I r - X y * )v '  s
Simi lar ly ,  we obta in . '

3  
' J | ' | e  e *

t'

(4 .5 )  B*p*  €  vF (ux )  *  I , , ,  ( u * )  =  ? (F  +  i , , o  Xu* ) ' .
i  %orl ({.ozi

F  
- -Au 

.  c t \J

Then,  by (4.4) ,  (+.S)  we'have equal i ty  in  the inequal i tv  o f  Young and we in fer

.
( c  + I , , ) * ( - w * ) +  ( F  + 1 , o ,  X g * p * ) +  c ( y * )  + I c a ( y * )  +  F ( u * ) + l a ,  ( u * ) =

v  %ad" - -  E -  '&ad

= ( -w*  y* )  z*  xz* f^ tu*o* ,  un) r ,2 (n  . , , r r ) -d t  =
U  -  . U ' l ; v  r '

1 1
=  - f  ( p * , ( y * ) '  +  A y *  -  g u * ) d t  = f  ( p * , v * ) d t  =  0  .

ro 'o

;*(n*p) + (w,vo)z* 
*,  -{ ,ouo.p)ctt

subjeet  to  Q.2) ,  (4 .3) .

'  Nol r , .  w€ assume that  B I  H - r  H is  the ident ity  operator  and CCH i i  a

elosed eonvex eone. Nloreover we ask that h: H -r I  -uo, +*o] iS non deereasing

with respeet to the order on I l  induced by the eone Co (ttre polar of C), u'here we

redefine h by h -r h + I, ,  ,  in order to inelude t l te control eonstraints.
q a d

;  
.  LEMiltA 4.5. Unde!_ the above" assumptions, the problem (1.1)-(1.4) IBS u!

,  l eas t  one  op t i qa l  pa i r  [ y * ,u * ]  l ueh  tha t  0  =  v *  =  ] IC (y * )  =  u *  -  { y * ) ' -  Av* .

-  |  : -

l {e remark t l rat  w€ eIC(y) i f f  ( r , r , ,y)  = 0 and (rv,z)  (  0,  V z€C, s inee C is a

':--,:: -

Proof .



*
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eone. Tlrerefore ala(V)cCo for al l  y€i ' I .

Let  [y*,u*]  be any opt inra]  pair  for  (1. . t ) - ( t .a)  anci  v*€ al"{v*)CCo,

, r * - r r * - / r r * \ t - A r r *v  -  t l  \ . Y  I  f t J

Then,  the pai r  [y* ,ux -  v I ]  is  adnr iss ib le  for  t ] re  problem (1.1)- (1.4)  and

i  s(v*)  + h(r r*  -  v*)  (  g(y*)  + h(u*)  bv the monotonic i ty  assumpt ion.  So [V* ,uo *  v* ]:  b \ J

I  i s  an  op t ima l  pa i r  w i th  O €  a ta (V* ) .

COROLLARY 4.6. Under the above assumptions. the -dual problem.!! g"iven

U (4.1) ' ,  (4 .2)  s inee (4.3)  is  autornat iea l ly  fu l f i i led.

RE&|ARt{  4 .7" In th is  specia l  ease,  t l re  dual  problenr  is  uneonstra ined and i ts

c le f in i t ion is  se l f  eonta ined.
1,

REMARK 4"8. It  is knoln by a result of Bonnans and Tiba [5], that any

opt imal  pa i r  o f  the problem

I
(P)  [ i in inr ize f  {  e( l ' )  +  t r (u) }  o t ,- t

o
y '  + Ay = u,  V(0)  = Vo,

y ( t )  e  C  i n  [0 ,1J ,  u ( t )€  Uuo  a .e .  [ 0 ,1 ]n

is  a lso opt imai  for  the problem ( i .1) ' (1 .4) ,  under  the above assumpt ions.  By Remar l<

3.?,  s inee the neeessary eondi t ions for  the problenr  (P)  are a lso suf f ic ient ,  we see

that  the form of  the neeessary eondi t ions for  the problem (1.1)- (1.4) ,  g iven by

Theorem 3.6.  is  qu i te  sharp.

l{e eiose this section with the fol lowing exanrple

( 4 .6 )  I \ , T i n im ize i t * ' v  -  yc t i , .  + l u t f ,  10 , ,o
n;'

U.7) Vt - A-u + p(5r) I u

Y(0'x) = 0

.  
' y ( t , x ) = o

I  u ( t , x ) l  ( ' 1

a,e-. Q ,

a.e . fL ,

a.e.  DfL x [0, ' l  ]  ;

a . e .  Q  .



' ' . . :

I lere I -T = U = L2(n) ,  O = l0 ,1tx fL ( fL  is  a  f in i te  d in ' rens ional ,  boundcci

don ra in ) .  v ,e  L2 (Q)  and
c

t  1 - o 0 , 0 1  Y * 0 ,
I

n 1 . ' \ =  i  0  V ) 0 ,I 4 \ J '  I  
-

I
L  a  v ( 0 .

It is possible to apply the sarne argument as in LgIlllg :{r5 and to see that

any opt imal  pa i r  [y* ,u*J of  the problenr  (4 .6) ,  (4"?)  sat is f ies f i (y*)  = 0 a.e.  Q.  Sinee

we a lso have yo = 6,  t l re  dual  problenl  is  g iven bV (4.1) ,  (4 .2J.  \ , fe  eompute i t
o

expl ie i t ly  for  w €L"(Q):

( r , + l ^ .  ) * ( r r ) = +  I  6 2 d * o t *  j { t n t _ * } c * o t
%ad '  lh ( t ,x ) l<1"  lh ( t ,x ) l i t ' ^ ' '  

*  '  " " " -

(G + I , , )* ( -w) = I  J(v,r  -  w)?oxot  -  *  J  v3
K  Q  

J U  ' r  
Q " u

Therefore, for. *e L2(Q), the cjual problem of (4.6), (4.?) is

l ,  t  q  |  , .t \ l inim.ize i t  
A 

(y,1 - w)fdxdt + *,0,,,J,1., o"o*0, *

'  , \  
' )

I  t  tP t -  i l oxc i t J  '
lp ( t ,x ) l  > t '  

-  r

P1 +Ap =  - *

P(f,x) = 0

p(t ,x)  = 0

- 2 r

a . e .  Q ,

a.e. J?. ,

a.e. )"f1, x [0,t],

subjeet to

s inee the unique so lut ion of  the above equat ion is  a lso the unique so lut ion of  (a .2) .

In the general ease, by the Fenehel duali tv theorem, we have

(c  +  I , , ) * ( -w)  = -  *  lo3.  min {+ J  (vo -  p)2;  p€(w *  go)  nr ,2ro l } ,
V  h " u  

. c

wlrere S is t lre polar cone of S in Z x Z* , and the state equation should- o

eonsidered in the form (4.2)
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