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It is ({uite ciear todely tnat t ire differei:ce 
'betl ' ,reer:i 

stati.rrj.;-

r i ty  and i ro l - ]stE;t ionar j - ty is not st : :uctur"al ,  but  o l r l ; r  sns of  cor,rpLex-
f  .  r  r .  1  n - ' ?

i ty -see\ !2J, \ f?r j  ,L+ l  .  l r r is  wi t i  be €I1so i l ius t ra ' ted i ; r  t j re  present

paper" Our u,i i i r  .nere j-s 'bo creverop a t i iue-variant analo.,ous f 'or soiue

bas i c  resu l t s  i n  Sz . - i i agy - - c ' o ias  tneo ry 'o i  con ' i ; r ac  r i o r r s ,  &s  i : i oc le }  f ' o r

d. lscrete t i i , ie ,  t i r , ie-ve, r ier i t  l i : iear  syr , te , i i ls .  T i ie  po int  rv i l l  be tnc. t

tr i€ i 'ur- lc-Li-ontl ir toci.el is replaceo by rrt;rt-rkinS opera'[ors' l  and ui iuiyt: i-c

Tcrepl l tz  operut r . : rs  are r 'ep i i l .ceo by lo tTer  tz ' ia i lsu lar  ones-  
" " "  [ td ,

for  o t i rer  aspects  e inct  t ipp l ic r ' i ions in  syste i . r  theory.

i re  p le+r  to  tack le t le  f 'o l lo t i fu ig  pro i - i i€ i r rs !  in  t le  secoi le  sect j -orL

lve obia in  r l  i : rod.e l  for  * r ,u"- t " r j -ant  d . j .screte l i r iear  systerrs .  ! . i1c i t ,  y /e

are i -aced"  r , 'v l th  lovrer  i r ieur ;u l : : r  represen'btLt ions,  especi . , i ly  for

pr"eperring tne riext sectj-on, 'vvnere a tronstationc-ry vari i i rrb t 'o:: t i : .e

f  - i + + - i F  + , , ^ ^ ? ^ , ,  ^ + '  l l o y n o n n  a r .  : i . r . i ,  , r r n ir r !  v+a1d ur rgvr -€ i i l  u i -  i ; id l ' i l uor l -Sz .  - i i  aoy- -U 'O iaS 1S t f  ea igC.  i f f  dg tu . j - lS .  0 f

course , il 'r tiri s cie cacie rvr.]en tne croi,.airt j. s dor'rj-nat ect by t;re

Grass; , r i - i r r .a ian iapproacl l  o f  la l l - i .e i tor ]  t [ l1 l l ,  our  ter i ta t ive Lr iaJr  LrppeLl r '

t o  be  i rope less .  T i ' i . e  on i y reason  to  i ns i s ' b  upon  i s  ou r  a i ' f i i i a ' b ion

to trtne norisia'bloi: i i ry proisra;ir of "the unif iceit ion of botir Ln;i l ; , .- i ;1s

func'Lions t ireory e.rnd r.rartr ices t ireor. 'yir.  j .n t ir is resirect v/e r '?i l l -  poir: 'r

ou.t  r row so:,re contrct ive col . i i r le i io i i  pro ' i l le i i is  i i r  [Sl  , le]  , tg i  r i t  i i r

our i ipproacir.

i le rnention tr i .r. t  tne seconcl secti-r:n is 'bt lcen a"fter I ir iUl i isi i '  ]
l

p rep r i r r t  i , o  , 6 i ) t  Lg ' t 5 .

rn t i i ls  sect iorr  i re .*r 'e concernecl  wi th t iure-var i -ar , r 'b l i lear

'  s l r i , te i r is  i i i  t r ie lo11or. 'u ing sta. t te-r jp&ce represei i tat ion:
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l ,et us

eal ciodel of
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1
I
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lvhere Tr. e &$erl+' ,  k rr)  are contra'ct ions, ldtr]o e a

fa.r, i i ly of .Lr i lbert spi l ,ces' traS rr,  ,  Xn.€$*rT ,  xr iQ

.lf

€ g ( tt , {t, 1 }ve use ti:e stanclaro notatio}l Dq,+ ( I-T'='L; tcon t rac t ion  T

and. &*="*-& .  i iotrv,  \ i re consiuer t r l€ posi t ive-aef in i te f l rne:-  f

associ i . i i "u*ou tne algor i t ru l r  i i i  [ { l  - l i reorelr  2.u]  to 'b] ie pa.ral i ieters

(\  - rn i .€ ' , t r ,  ana 'zero in rest"  Usir iS Tireorer i  3.2 i i t  [T1 ,  tne
\ J ;  . . i  ,  

- l  - r . i  
t  I  ! -  4  s r r s

J- t  I '1-I  J

i ioli;iogorov decot,rposition of 3 ls si.i ipiy ;iveri. b7 ti:e urritary o;oer4-

to rs

"l /rr;Jto*l - * R*

( f  . 2 ) \ 1 . ! l A - h r ] ' \ -\ l r r \  o ' ' * x r n  t t t n + I t  * r t + l '  " '  t '

= ( . . . d+, 1-1, li:{dt, rruT*h,..*r, 
-TXd*, 

rr*Drrrho+1, dn+l, d'n+z' "' )

wnere

t o='''ob tI- fs rI-ro&,Phrr,69* o.'n+L

pursue by introd.ucing tne uain eler- ients of  t i re geoi i retr i*

( 1 . 1 ) .  r . r e f i n e  t i r e  s p a c e s

** j= *,-o$", @&n- @...
rl" rr t]l 'n+ 

]

and the isoi.retr:Le$

iil: S.fr*r * q
( 1 . 3 )

vYf,=\frri {o1

and- use the #olc l  oecr l in l : ,osi t io i t  for  t i re iar . i i l ; r  t t , i l l  k7n. ; r .e crenote

{,  i=elre wi* . |+r  crr id e.ccordin5 to the forr i r  (1.2) of  the i io l , r io$orov

z clecoi,rpositi.on, rve have t[ fr=oir.(. ' .600&r; eue 
rur]_O. 

. . ) o tr"ore or/ei1

clef ine €-I = n !/n . . . rir,*.,& f *r.,+f arlo -chett
I I  r r fy  l r - r lJ ' l - r

L'' - \''- € . "

(1.4) Jdl=t t t i  O a ui l  . . . 'n i ,*p-1uLl ,*o)O€-* .
I J  r l  

p= l  
l l  I r " rY -  +  r *  |  Y
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Si i , i i - la : '  consic i -era-b io: . r : : ' l , l . .n .c  p lace for i ;he s ,p i rces

{ )  - -  a^k - ,  rx4p
J<- ,I= c c e(l)\ 

i 
* .',S Ot .,,

CI.Iro tr ie i  gui,:eir ie s'

' ; f , : . 9 . "  *  R" r i
*3

. '  i . l )  *

t ' I i = t / r l /  &n  '

' l i e  
u$e tne  no ta 'c ion  d ] ,= t l - *Ct , t r r_ f& l - i  e ,no  ia f t i lg  a rg ;e i i r r  i i i bo

accour|b iJ i le lor i , ,  ( I ,2)  or  t i : .e r ,o l . i i ro6orov deco., ]yr , rs i 'bt-on of  J ,  we Ei '
.-r - ,+,d . f , = t r r r ( . . " u S t ) # , , O $ , J , . O O O . . . ) "  I t  i s  a l - s o  u s e f u l . .  t o  c e n o t e  i ; i l e  s p i r c i

. . .  Qb , ; i o03  
' b . . . " 0u  

& f ; t )  , . r i c l  . . . u@cp .  6>&n (bce , . "  o ; r $ , ( 1 )i . ^ " -  & n+f  
-  a t i  ^  

n- - - ' r1  t ' r r '

i i r ro tner  . rppr ic . - t ior r  o i '  t r re  , ;o-Lcr  c ieco. lpo, : i t io i r  f 'or  tne i 'c l , r r i i l ; ,

I ' , ; i  v :1 i , - i  i v i r i  p rouuce  a  r *eco i rpos i r i o t :
L .d.J l1,ir.:.-J

{.;= (s; o6. iirr-t " . . ir' .,-,.,J, l-,. )oG.; .
r r  

p= l  
r f - J -  r l -P  11 -P  . L I

. ; . , :Oirr crefine trre Spe"CeS:

l  o u t - X ,  , +  . , ' ) <  \  f  - 1  \  / - r \  o a  
N  ( - 1 ).K " - "= @,, i i_ f  . . . i i r r_ud4 i i . i "  OJI  u t , i ' l@@ , i r , . . . . ' , , , . . , r_r_,& u\ i t ,

{=1 '  ' ' i r - ."- f  
i t -  j  F=o 

r ' r  ' ' r -y *I i+p

'.
iill.o

.  - i r "  . 3 A

1i*t '=6-, , . I - . ' . . . , , ;1, ,& { . t )  cQ,[ t )oB i rr .n. .u/ . , ,* , -  & , f , t )  .il p=l ir-r r1-.lr to-p 'n qJo r't l'+g - rtr-t-q+l

, r11 us l . l8 . l  co: ra i t io i l  in  Sz. - rua6y-r . 'o ias ' iheory (a l id  a lso in  syste l

t r ieor ' ; - )  1s to  asx { .  
r r= &i r t tPv e;" t  ,L 'or ,  every yr€ ' f l , "  r ,e  , -ave by-

. i - i  - ' ' .  - , '  *u r l ' c c r i  u o j r i l l u u a t - L o n  u s 1 i i 6  ( f  . 2 )  t r t i i t

J< ,. et R;'to y.{ r-1'* ) =
=lrr< ftrr l .  .  . l l i rr_2rn_rrr l \=i lTr,*tn\ l= l1ir11= i lr ] . ,11-Jlt [  , t l" / t=. .  .J

'u r ' i r - i  c r r  r ' r ) r . - , .os1ro l r ( is  Io  l i reore i , i  3 .2 I  ip  Lte l  .v v !  r .  v  u L J v r r v L r  v V  I r t g v t  g l r r  )  c  L  .  " L  J t l  t

Sinal lyr  u /e:  def  ine the f i l l i l ; .  o f  cr \L , " rac 'cer is i i -c  o  Jerators of

l - l , o  q , - r c ' l - , : r , r  l 1  I  \  1 , . ,  - F ; r . r  - r - ' n - . .  r r ' lu r r u  u J  u e e r r r  \ r  

, , , \  . { :  i r i p  - +  i l  o l r t
*11 '-- n ** n

( 1 "  6 )  J ' ,
.irr=Pl rJ.,t/ 2i"n

.J(,n

! i  e ob-bi., , i . i :  i r  i ' i rst rr:r;uit  coriceri i i iu tr.re Jeor*ei; i"y oi '  t i le 
" ir*"ei{
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?.1 jllijjORiin

= Jl i;rp v (;","t

we re;illlr.ii

arlct , &s

/ 1  - r \
\ l . l  /

( 1 . S )

Or r€  ge ts

@ . . . .

and. qt = G) Q .r
n9'il: 

*n

^ \ *4  ( t )  o { } ,nx

k7n "k

f'or everY 11€

,r=P3"t eAj;
&rr=gl O\.  Qn'Q (r- : i r r)u/u ...o Gh,i,i)@t"& ;!:,lro"' 3

1rn1r r , - r i l  r J  i rp  j ' i r s t  r€ rEut ion  is  t luv i 'ous '  -d 'o r  
'uhe  secono or le t

.F i lVV. l ]  ! ' r v

tha.t

+)
-  ^ . - ^ . r - ^ .  |  1  1  \  - - l ' i  c f r .  - ' - " -  r - ' \ ^  ^ ^ . r i ' i - t i o n  K ' . =

- i r ' o r  t j ,  DJD t / \ ; r r r  ( 1 ' 1 )  sa1 ; l s r y r r JG  u r r f j  v v r l s -  r l

ne tir€ f 'o11ovr1tr3 re lar ' t io l ls  no la:

J{l=& J \4 ,rrr. "'\trr,.np-}& rr+p
l - r  r r  ; _ r

W - L

,,s {,;t)o,irr* ,r-r1=& ,Pe[:'

l;?ru,,os,!l) o,'*a .!:],

Tlre col 'Lverse inclusioir  is  creart consequen i , lYt

&,.=&; e(e.!1,)en'a,ll]r*' '' r

l ' r r i ich cot r iP lets  t i re  Proof '  E

T hen lve in' i ;roduce the rrtr iair icing mooelrt '  tne ttuta;r l i in5 operators; ' !

appear as t.r ie LILrj.n el-einents involvecl by tr le lr"oL;iooorov ciecoii i i ' ' 'osit io

of  € ; l t r  e . rb i ' l r .a ty  pos i t ive-def ln i 'Le 'Ker l re l - '  I i i  our  ca$e'  d"ef lne tne

s p a c e s :

u& =Q & n,r*+ rE'A'

ano ti ie nairlcing oPerators

iuf :. G .* t:t  k>,  n+} 
-k

\

l " ; ( d * r n + 1 , d # ,  i i + z r  
'  '  '  ) = , o r . t o r n + l t d n * r n + 2  s ' ' '  )

*r]: 6 -& *. ,6-^S r,-n  k>  *+ ]  t k  kZn  "k

h i l d r r * r ,  d ' .+  2 r . . .  )= (0 ,  d *+ l ,dn+2"  "  )

Our  goar  is  ro  obta i i r  io .e ' t : . f icat io*s  f ' r  .k ; "n  ,  * - ; t t  ,  &*

and t*e cheir .acte_is.bic opera,uors i*  terr*s of  t*e rr*r . i " ing oi)era ' [ors -

and llarkirrg spaces" f 'or t*is aiui t lve i*trocruce tue fotlovri; i"6 u*itu

ry  ope l 'a to rs ;
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i F r - r u  , , , l F  ^ ( - 1 )  , ( - 1 )
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.  .  r u i r r . l * g . r l I - 2  t  * * - r i i - l

y/ . i lere u l ; l '=( .  .  "0,  d*,n,0#,rr r .1,  .  .

b ;' R filn "qla _
. 1 U J

Q;( . : .w)-i-,!11, ult), u',,u,ilir .'. )-(
w " r r e f , e  d ( l - ) = ( . .  . A r A & . _ _ . ,  d n r 0 l  . .  .  )  €  * r ,  ,

( t - ) _

Tire f i rst  reuark is t lat  for  uvery

b fi **t0;)n= @

v{ r }e re  @ is  t i ie  t ra r is fe r  opera tor  o f  t i i e  s ; rs ten  ( i .1 ) -se" [ td  ro r

cref  in i t io i ts.  O is i . r .  lo lver t r le"ngular operator suci : .  t i ru i ;  j - ts

n a t r i c i a u l  e l e u e n t s  a r e  @  . . . , = ! , , ,  T . , . .  n . t f . ; - r D r , , t  f o r  i € .  n ,  i 1 L
. 1 \  + .  , o .  

r J  t j ' l t  r - r  t i

aird.  @ii=-I i  ,  Le.n" (0 is a contract ion ano vre obte. i i i  the

follolving ioerrtif icatic,n of .*- r, it t ire tiroi.el g,i-ven by tne ri leirkit:.,,

operators:  f i rst  vrr  def  ine the ui i i ta.r ; i  o i , )eJ 'ator

0 @* '@"l -----F 
% iF_

) = ( .  .  .  d * o - L ,  d * ,  o ,  d . *  
r 1 ,  

)

d* ,. 6 S .* ancl
r ' ,  u  - n
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, ^ - 4 1
. ) 9 K , , , r  ,

rl-1- J-

. \ r -

Ii

' . n ( i - 1 o d o r d l . . . )

d - .€&q. ,  o* n

n€'Zt  \Ye get

( 1 . 1 r )

+-,^  ̂ -
U I I . E T I

Q g;(r-,{rr)it=uOQ it ,  k€.*. ;"n

i
t
i
i
I

I
i
i

1

V * ' { o  * - * o  o s -
/  1  1  ^ \

\  r .  J 4 . ' V"=01 n&*_1
r T r

\ l , -  is  a  uni tary  o1:e: :a tor  yealo ing a nt iLura l l  ideni i t ' j -ca i t ion of ' iK
J .11  * -  - - - - a  

n

in tne rnari., in3 riociel. :,1oreov€r , q/e i lave tire foiiowing rcsult waicir

cons t i tu tes  t . i i e t i i , re -vur ie in t  e tna lo6ous o f  tne  Sz . - .1 \asy- i ro i&s

l'ur:.ctional i,rod.el- of a cc.rntlac'bion.

*S, 15-r
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2.. -2,j l i i0fLil,* I 'Or & systel,r ( I .1) su.tis;f 'yins, -t rtc coiluit ioil *l{ 'rr=

** i"nv J4:"t  ror evei.y n€ fu, tne fol lowin$ rele, 'bior:rs irold ( I

i

t i rrou,;h tr te ioentj- f icat ions V ,r)  t  i

#r,=,uu*,rQ *f * %fE ) q@" @ ,@ v/'.r€ .y,3 ,nt .

Tr,.=Pt'e 
rr(rllru*O,,;n-) 

,ur-{bv- €k n.

IROCF ! ' ron (  1.  zL) i t  fo l lovors

V;[ l= Q lc;aioB.;'i.'.*1*1,-,* l*n) CIW-

- n / q
A I I U

6 ic;{,lo B" 1oi. . .ri,*rop-r d, lonl =3r3 t[

by inspect ion of  i ;he t ie f i i r i t iu l ls .  in  €L s i t . r l lar '  \ t 'ay t

&i ,1)  o , i , ,  &  i , t )  o  "  noE O t r  n , .'n  - t r { - l  x }n -K

a.nct  t i re  f i rs t  fe lu t ion fo l lor ,vs f l :or , i ' I r r€oI8r : r  2 , ) - .  Tne second re lat i i . ;

1'Ollolvs fror, i  ihe f irst one anci '  t i ie r.el icl l 'k tnr;t

6 + v;r,( 0 in, f ,*,g., & ,il =i,.i

6[ v't6,-,*rf ,*r9.r_ft ,o ='{ . @

I IL ], Qril liR Tltli.irS-J i,;R :riit i';Uls!i' s:i tlJ ui,€

In t ir is snor'c section lve iransli l te i i i  tr :e noristati-f t i :1, l 'y case

tire so-calieri  - i ,ei, i i la on -l , 'oun-er representa. 'Lion f 'rot-, t le boor: t iel .

sie take a Ii.rr,,i ly ffi ,3 rrrru of iri lbert spijces anc corisicler the

; , ta.r i<in; op era' i ;or s

ii . 6* & -+-8, O &t r r " t t  \ ! ,  V k k
" r"?tt+r tt)z rI

( J . I /

, , ^ t r (  en+ I ,  e r r+2 ,  .  "  o  ) - (o ,  e i r+1 ,  € r . ' +  2 ,  .  "  . )

i , ,o!y' Iron,ir ia S..2 V in f\bJ acird'bs t le fol j-ovi i lg , ierieral izart ion

wrrose proof  is  tL  s l i , rp le  ac iupt iL t io i l .
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3 .1 , . ; i0 i :UJf  i ' rL , t ' .  Let  {  ) iJ (  " , - , "  
Oe i r  f  a i , i1 ; r  o f  co l l - r , r t "c  L ion; ,

X".: O *: --.-.._.+ CI 4- $r1cr] t i 'Lui;
" p z n  Y  p " n  l .

for ever)r n€'fr", Tuei::., tnere exis-bs a lol 'rerbri-r:ri;;r,:. leir corr1::rc;ctioil

) i  €.d( O * ; . '  ,  @_€.)  ergreing rv i t i :  \  on - i ; i re correspo:rdi : rg
pe h LJ Pcfu !'

s u b g D a c e s .  &

IV i', Ci. ;iili!'Ji.c., ir..l.lY i,liltlil G

I i r  t i r f .s  sect ion we c lescr ioe a noi is tu . t ion.* r ; , '  var iarnt  ; 'o1 '  t i re

l i f t r l r ;g  tneoret i  o f  SaraSot i  - '3%,-r ; t r .5) / - I lo ias.  T i - ie  s tar ' - i ; in ;  po i r r ' i  is

trre l 'ol lovdn3 probler,r v. ihici: .  can be vier, ' leci i is; an e::tension of tne

r iarc" tn6odor .y- i r '63br  probier , r  (see f l i l  for  a i . t  is  c lass: ' -ca l  er 'oout

.Cor , .p ie 'b ion  1 . ; ro r . r i e i ; r s ) .  i na . ' [  i s ,  ro r  f  i xec i  o i - , e ra . ' uo rs  f  t ; * "  
,  j i  i ]  A ,

(; !  rL t: : .  \  f i-nd. conoit ions for t i ie existence of loi ire.;. '  t . i ' ic"r i , ,uJ-ar
v - ! - l i

contra.c t ive ex i ;er is ior is  o f  tu€ f 'en i i ly .  Soi ' ie  o tner  cc i i ipJ-et ion probier ls

ui;pearir ig in [Sl aLnd wii ic$ 1' ' /€r 'r soived tr lere 
"by 

usino t.rreir

var ian 'c  of  t r ,e  i i f t ing t r i€of '€r . i  - 'uv i l l  be < j . iscusseo ia ter  on.  . i ' ;o \ ' /

"uttr 'r i .  
t<-r ouf cotisidera.Lioi is. -r ' j -x t ' i lo i t"rte6ers -oo* l j  i  oa ,

- "a2 . i i  <oo  ,  u ( l t  anc l  t r o  f t i : r i i i e t  [ f ] " . { n / . i . I  , l ' 1 - ' ' l r .F * ( i [  o f

. ' . ,^ ' ,*-a,  ̂' l - ' i  ̂ , ,o1 

"i le 
e>;tt 'ei; ial i ' ici-Lces r,re a,t i . i i :eci only for f ir t i te t '- ,  and.

\ /  L / I I  I , I  a \ ,  I J  I  W i I D  \

l i ) ,  TnGg(&o* r ,& . r r )  ,  t i r € * , ( d ( ; r+ r , * "1 ) ,  - e ' b  I r t " \  * { r a , * r , t bo  a

fa . : i ly  o f  co: : r ' i ; ract io i rs  ,  , !n€f*  (derr r€; )  i l I ld  sur tpose ' t i ia t  i ' r ;

i l ier tu ines t t r j  " "4 
S*r ; l  ,  i .  e.

TJrltrrn l="*T]r.

f 'or l.r 4 ir l i ' i .  1lor l. lrJ 11u-rra'i coiislcter -ir-bs ir.(j*,ocia.-i;eir lterr:.el b)' tne

;  LiJJ i ,r€l i{ ioi 'ecf eit ' t l .e be3i;t in.; Of 5cC-l; iOn 2 a., iro 1er, 1.., fr,3,,. !}.r. i j  t

l f in€,* (& 
rr*1, & r, ) be i ts l"ol-r i io. jo: 'ov decor^r.1;crsi-b-t-o:r, ; lwa;rs

lvr i t teu i i i  t i re  1 'or i , i  (1"2) .  ' , ie  i r . i jv€ s i ; , r i1ar  o 'b jects  u.$soci i i ted t ' t i tn

[t t  1 r iowl t ire i 'ol ioi,r i i rg rcsuit ev; ' ;ericis i ; irc l i f  ' 'c irrg 'bueorei,r of
L*iIJr,-j if iii 

'

Sa: :asor i -Sz .  - l  a6/ -Foias "
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) rr,+xf ! ) D.r,=xfif ] ]
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/ , - \  / - ^  f  \- r \  r r / ,  a - \ { r+1 , /^ i j  - " 1 - 1 r j - 1

Def ine t : . ,e operators
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q  - t r \ r r l - \Dt^__l *. . ,=j. i '_1 

' !n., i  -
* r 4 4  a r  . t l
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v r
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3ut now, if Corr=Ar.['=Ti.rln+l
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"t, i  _,., .--,  
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, n+k-i r " ' t "k-1, rr-rk*l

taen there exist contrac'r ions
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a I I d  Y , . : & i , * " - _ - * s  & , , *  $ u c I I  t c a tr '  t l l  
" o l f

l l  , J  - a . "  r l
! i i 1  I  l l ,  ,  r  

- l  -1 i . . -  u /  i-"]r rrr-" rr ton
s,llcr usi"" WJ,Vt] the*.e

exis'bs cr.r oiierator" Sl-r,. sucil tneit Cr-, is a coniructj-o;r. . l , joir, i; irs

$iir i le app:'o:;i i irr.,-t i:.:; proceu.ure eis iu [-lt i ir i isi ies -L.ire pr.oof'. ff i

lrre cb.,r coiitfuiue 'bire ern&l;;rsi-s of trre let uru(.L.3r,rur,4Jr{-} ) in

order to cierive resulis generrr.tJ- z:-tt; tr,ose siri i i l t ir i i i  lrt lrt$tr" ;, irst

of  a i l ,  'vYe ob- i ;a i r .  a c i ie to one cor i 'espor. ic ience oet l reen i le se t

CI{f, 'rJ,.,4nr.j,+I) &no t'u set of oner' i: i lo's |turr\ suc.n ttrat Ck.,, i lre

cor l t racl ; ions.  Jer iote uy f ' .L* t i . i€ x i i l t  pr i r rc lpel l  sui- , : , iatrr : r  of  Co+lrn

a n c i  i ' o r  i )  s e { u u r c e  o f  c o r i t r a c ' i ; i o n s  l * r r u r r . . .  }  ,  G t €  { ,  (  8 t , & , ) ,

GK€ g  ,X**_r ,  JCt  ) ,  L , (a i - .  ,G2, , . . )  i s  ine  ro ry  co . i r t r t "c ' i ; i ; r i  < i -eLen, r i i i ec i

by t r -€3e pi l 'LJ. ieters (  see i 'o.r  i - r ig Lui ic-  i? l  ) -s1, , i i lar  cor ig lcre; .a1 i .ns - : ,

i ro l -d  fo r  co lLu : r i r  co i . ;T l 'a .c i j -o i :s ,  t i i : . . . "o te { i  b r ,  c (G '  Gz, . . .  ) .  l . .o iy  ,  v {e  cErn

siete tlre t 'oll-ovriu; t ioils,&ri,oiie..ry varic.,.,t of i i le ui; irr re suit it t-f l .

4.-Z '. ' .t ' l i ]-t:| ' ,  ' l . frere e:*ig'f s ri orre io orie ccirespor:ielrce betr.reerr

CIr( tAr l , rJ '* . ,+ l  )  arrd i i re set  of  fa.ui l ies of  coir t , r - 'act ions [* . . , tq  a J ' l

sucrl 'Lrrcit Glr, € ;(, t&'r, , & ::* ) , riiln{i! ai:cr
t n  

"n

Gl  i  Q * .  t&  , ,  ,&6T )  fo r  i )  2 ,  i * ( j4 i r .  The cor res i ;o . r . rc i .enceJ- <J \J: I i [-T_; -.] _: lr - r ,  J  r - J . ,  J t _ _ L

i s  expJ- ic i i ;e iy '  takei i  by tne fo l lowi i ;g  t 'o : r . , r l i l&s:

Sirrr=L(lirrt Grrr, G2ra, . . . ok-l 
r rr) Q.,-l 

r rr. '

' c  (Y r r - . i i + } '  G l ,  i r - k - , . ]  rG  z  rn - t ;+2 ,  
n " ,  G} ; - l  

r  r r - i ) *

+D-,'+l*-v' ' " " ur[_r, 
nGkr, 

oun_r, 
r'_r. 

o .'*r, 
r.,.-ir*riyrr-i;_rr 

)

!v.i lere irie orj 'eraiurs Q.t.,. vi, ifI be e;-pJ-i,. j-neo iri - i;,. ie proof bel-1oi.u.

J' i{p!,, '* Tne 1::r<-:of is trdeipted r"fter i ire ojie ir ioic,;ted. in tf i l  r,*rlci:.

eictu.i i l ly prod.uces a. sli,3.nt r. lodlfieci ve.r:siori of t ire al;ori-biLr:i irr LjJ .

+ : . , . -  + .
U J - I C L  U

i ' i Ist of a. l1, ,orr=-C5* I 'or u4;r*i .{.  rf  e harrp tr.r r l- i  ' r .r. 'n.t col, ipLlt€i, troi. i
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In this section lve tvi l l  si iow tne virt 'y

ce. r l r  be so lvec l  us ing ' I t i ieore i . i  4 .2.  "u i rs t  o f

n i .n l r l  e , , r  r : . t  -b l rc  be5i l i i r rg  of  Sect ion 4"  - ! 'or
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1 , r  i 1 -  I
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e111, we return
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J-J .J r

h^  L i I , ' €  co t i i r t i c t ionsr  l i Je  ca l l  use  ; r i€or ; i ; I
J r c I

ex.ists a fei*ri ly of oori 'Lraciions tEJ *r,o

i'tn3rr+l=drri"r,. I lrtjjrr='linP't

I ,vhere urr ,are r i i i , rk ing Operutors t rs  in  5ec-L iou 3.  Usi l r .5  J ' i roposi t ior iS '1

r  7  r - - ;  - , . - . .  - . , - t .  :

lBrr lrrru . , lves r ise to a contract ive lovler tr ieir i .ule.r e;ctension of

t r ie  - iven fu . r i ly  f  C j * r ,  j /  i )o ,  o<r '< l * f  .  T i r . r t  is  rve o i - ' ta iueo i r 'e

r 'o11owin;; rc sui-t "

t).L ?ii0?t,;I'l'l0i ih ord-e:: ti:.at t.r're f'a;'ri-L;r osrdi,j 1 iras

A COntr t rc t iVe lo lver  t r ia ; r3u lar  extensj -on i 'b  j -S r : 'ecessary and

suf i ' ic ier t ' t  t r la t  ; t ra  arr€;cc. r i i t lac- i ; i r . ,ns i 'o l  r i?0.  W

ir rof€ov€r .1 , I i leore i i i  4 .2 anO" Rei l rark  4.3 g iVe par [d i ie t r izat ions i 'or

a l l  bne  so lu t i ons .
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. , 1 i . ; ;  , ; r  ! I i . t  - L r ,e  l t t& r i i i r r ; ;  o ; - re r i * ' r , J . 'S  e , s  i r r  Sec t i o r r  3 ,  t i r en  we  f i i r ve :
*'.'* 

"tr1 ' t"n- t ' '-.tI *'c)

' ,  f  , .  - r ' ,  : . ;  . , f  t ' t - <  - ; <  ,r'r' ta'rta-t-1="]ftl1 t "'n -n-Fl*-l.r"r.!"'

Sirrce lt, iulci. il e'rr lolr,erLrii:.iig;uil,i', uiicn 'rlr'# r;'lS* for ri€ 'n', antci

' l,.r.iere e;ligt uriiilu;.el;r iiu"eilrj-ircci col:rtrLc-i;ioirc ;i" l"itarl;ejjn---+ J-lelliSe,,'*r

suclr "si l l l 'L ,!}}=l irr}*. r 'ro,, i  l1o!/ oi i  vie 1.o11-o';[ lqlt" o. i 'c.Ler to f i l ro tne

pt-rsi ' i ; io1 i i i  wri icj f  i i leQr'et,,  +.L ie appiicu'bie a:rCL u-sir-r.g i l lsO

?roposi t ior r  J" l  i i .  o ' i ; t i ; i l . i  i t re  ees i rco C.  f f i

ii;1''.il!"ji;'JJb.

V.r ; - , ; ,ocr . , , , jTr ,  t .  Z  " ; r rovr i , r .  G" l : . fe i1 l ,  - t r i t ' i r r i te  i : ;n i ;e i  b l -oc i l i ; : ; - i ; r ices

arr rc  r - ia ' i jec i  cont  j - i :ur . i ior r  prc i  o le ; ;s(* tuss i i "n)  ,  Lzv. i i rac.  j i i ruk

, i . r i , r i je i t i  i i r i l ,  IJer . i ' . t i i j .  b  :o?-1J-2,  L>7L.

Gr. r , rse l te ,  u .  -eau$egcu,  T.  L l  or is tar i i i r *€gcu,  ; ic ; rur  a ; ic , i ; , 'g i5  ot '  so i . ie

c o - , p l e t i o r :  p i ' o o J - c . ! , r $ 1 L l C i t , j i ' i  p r e i l r i r i i ; ,  i r o . b 2 l 1 9 8 6 r ' b o  a p p e a l

in Linear AJ-deuri i  i- i i iu tr,ppl.

Gr , ; r - r ' sene ,Z .u€c j -1 t sepcu ,  C , i ro1a .s ,  Or i  i n l e r i i v l ; r i n . . ,  u i l a t i ons .V l - r i : t

J  . 0 p e t ' a t o r  T . r € o i l y  4 ( 1 9 c r C ) , ) 5 - y t

J . . i i . . L ra l12  u . , r . i i e l ' f ; o l ,  : i  - € I . r f l - i u - - i ax  t l eo re l i  I ' o r  t l e  L ie  b rou 'p

U(r . i ,  r r )  iv i : ic r r .  cot r ' r& j - r :s  l io$t  c l i .er icrJ i  i i i -berpol i r t ion t r luoTl re

J  .  L p  e r e r t o i '  T n c o r y  9  (  1 v u 3  )  , L O ' I  - ! r . .
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l L .  I .G t - , r I be r , , r . . . . . r i . i , i - r a$ i roe . i s ,  r I i i . . c  vu r i n , j  i i i r ea r  $d l s te l i i s  ! , ' i - bh
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t I "  Consta.nt incscu"

I i,lixld!:9-*g3ig
c. --'l

In the pap,er fbI t i te clu't i : .ors . fai.scC", ' 'uirc f:oi j-ol j-ns prc-i 'bleirr
f' 

')

coj ine c l ,ec i  lv i i ; i i  t i re  r , ' i rs t  Jze-6 i l i teore i , i .  " i ,e t  t l r .5r , . "A ue a f ;u i i i ly  o f

r i ir  ir i&'[r ices a.nd coi:giLeri irg tr ie !oepfi-tz - ' tnir j-ce,s

T-=(, in_r. ) l i  , ._^
I I  . J - J "  J  l A - w

COr,rpu-b e trie ;,ii"'bf i:i

t i , , / n . , - f \

"S'.it '* 
/ oo

1ri 'Lerr,rs of 'Lri€ syt;lL.ro} 't(z)=

f*1
In L5J i r r€r€ are presenLecr.  soj , r€ stel ter i ret i ts based otr  t i le

l r ' l

pro ject ion f , ie thoc a l id  j - r i  t r le  recel l t  paper  l l t l  i ; ; io t . ier  for . . iu ler  is

der- ' ived in ter,;rs of i i .  T'eal izri t ion of tne syi i ibol.

Our  pu r l i ose  i s  t o  de r l ve  fo r i , i u i as 'ba .sec i  on  t l r . e ; : l c i t u r  ana lys i s

of biocr,-r:;atr iccs, i i$ creveiopecr irr [ f l  u.r iO Lrl ,  *.; . ,d. h.avi i :3 c-s

s tu . r t i n ; ;  po . . r : . t ' b , re  c t i ; l s i ca l  l i / o r l i  o1 ' I . i j c i t u r  i n  Le j  o  i , e  v i i I I

appro i ;c i i  i i ' ro  cases:  i i i  t .ne s jceor :o sect j -on ive obta i l :  Lrn ot r iera 'bor ier . i

var i i i i i t  f 'o r  ar  pos i t ive-cref  i i i i te  kcn;e l  or ,  tne , ,c t  o i  in . i ;e . ,e l 's  l i . l rd  i i i

t i ie Iasi sectio;. i  we aira-Lyse 'bn.e i j i l r i te cl i- ,el: .si, , i : .ai crise of arbit i ' i r iry

' '',.r.s1; l .ature.

i.L l-Q ti i i rlli::,J:jii+ii ; j*]+l! t,"ii

r re  tar ;e  i ruuo r ' .ccour i " t  e i  fcr - - , i ly  o f  i r i lber t  spDces U*rJ l re , t ' t  
a l ic i

n J d.ef i 'ea orl  Ez'E tu<:i i  t . i r i , t  I  t  i ,  j  )  =si. i  €* (  fe -,  f(  i )rt

-Fn r "  a1 /6 t s1 r  - i  
i g  2 .  anC  

' b i r e  
O l te f i f . tO fSA V &  v v v r J  " '  
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=Ofp .  ,  i€  & c .ud for  i ( j ,  Gi  ie*  ( f t , *  o  & , , r  )_  for  a* i  t _ J _  G i * l _ , ; ,  _ , i i , j _ f

co*tract ion t€ * (*L ,  dgr ) ,  rrye use the stai icrard nota.Lion D..=
l F ' : ^

=(r-T*i;a and &*=T,..R . 
'

I !

Suppose l , } . rat  D.,  € i re lnver i ib le operei , i ;ors for  a l l  G-,  ,  & g 
,u j  - ;  

J - tJ

this yealoins the ir . iSt i i r i r i ty of i ;^ for e\ iery m.ve. l jef, j -ne -Lire-  
Orr l

opere l to r

l i - = ( s - l i r ; r  ( i ' t  t  2'oa -.\ 
;;jt"-cirD*]r' ' ' u6fr-,. . .u*]rr**, ) )i

€irro vle can get t i ie ra.sul-t  of t i i is sect ion.

?,1*3i910$I!+Qii  r f  i l -o is also invert lble, t i ien t i rere exists the
st rong o i :ere i tor ie i l  L i i . r i t  :

s"-\1,,(.,,r1,1) oo=rr* .
is  a consequer lce of  sor; ie for ' iuras der ivet l  t "  V_] ,  * i i rst

i rave t i re Cholesxy i r rctor izert ion

T , l a r  / \ r l  T I
-Fr rUV-L l  l  L

of all !'re

eind usirig

i'rherc V
v Jlt

f r

"o1r

,  o n e  6 e t s

er ts
1

l , r  I' l i ; r  
I
I

f r tw l

l , i  - . -  t  - ,

"'oru= 
j'or-nJ'ur.t

L€*r,.la 1. 2 i" L4 , v.iir5-ch aisr

I  r .*
I " o n t3or,r=vo,, 
IL D*I^,...o*Ir- ,

is a unitary operii ior a.nc1

= ( G . , r  r D r , t  G ^ c r  . , , 2 D , r "  D , F* o I  v G  
" o l  

* o 2

tnat

,c

" 'DGL, -. ,  Go,n)
L/ t  LI-J

- 1
;1

o l

-n-]- : ' ,-2 ..-]-- "G[ " ' t t& , r ' . . ,Gf i_

(  t r re star-r 'ar i reci  er i t . . ' ies c loes i :ot  r , iat ter) . r f

vre obteiin tgat

r,,lflr""fi , "t*,-""tl-l l,n:,"
S-.r

?:lg(,-;fi1oo=u;f . w

i i . , *  i s  i r : ver t ib ie ,
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2,2_ It i -L;si+:,q (1) i / i rerr $ is Toepl i tz, ,  i {*t  r i iea.$ures t i re so-caIIeu

error-prcoict;ion opera.tor of $ ( co;lbj-rt" fl l -.ttottTl ) i*:ct in 'bvris

sense , Froposii i-on above i. ,eeps ine sexite tr let[ l i . i ' ] .$ L]s in 'ui ie sctl ]a:r

e. /"1

cii i le* !5 J .

(2) Res'Lr. ic 'L i i ;eLin -to tne scei larrtoepl i i ;z c{ ise, 1e-i ;  tq JSrr lo Lre

tiie ortrroao;ujri pulytio;lir.-i-s of f i jri..r- .f It z)=znQ Qi z) , Y 'r( z) {€)t l l  I

t - : rep i ; , i1othcr c i i iss icu. l  rgsul t  (see L3] I  asi ,er is t r r .a i  {  , l  col lverues
r J l

, r i , - i  -F ' ^ya i , , ' l  1 r  . r r r  co i i ;p i i c t  suDsgts  o f  t i re  u r i j - -b  c i t . c le  io  tha  i r : . re rse  or
U . L L L L  v t r l . r J u v  v r f  

, ,  

" -

tge spectrai f 'E'ctcr of V " l ire cori.v;l 'a,QliQ€ in 0 ueens ti ie r ' irs"i;

$zegd ti ieorerir and. as -biie ortho;oiieii pol-yiioj; i iais a.ppeil l: as colu,.t l is i ir

the i l iverses o1'  t r le Ci io lesi i ; r  i 'actors,  tne 1irobl€i , i  of  Goi tberg aI l t j -

Leviri r iaturally e:ltencls io -L1re eis:yi. it:toiics oi- the i. ia;c-ri:al

elerrients of Lll . Ji f ei./ reri;arks are ir.:.r,,edi&te:y av*.i l lrble , in t lre

o . ,e ra to : : i cu-L  case.  Co i rs iou"  f t ;6 ! , r ro  t . re  p r " ra i r .e 'Lers  o i '  S  Lnd cons i -c rer

{ t"r  t r ,e pc, ,s i t ive-cief  i l i i ie Toepl i tz kelr :e l  ; ivel i  by t i re fur i iJ- ; '

{ u r ,  & 2 r . . . , G n , 0 , 0 r . . . J  i o : r  e v e r y  n } 0 ,  L e t  V  i . r e  t , I G  r ; i i j x i i , i i - 1 1  r p e c t r u }

fac'bor o:i '  J ( Fl ) erncl Qi 
(n) 

t i ic i:rari i,, i&i speu'Nreil fac-bor of:
1 , ^ \

j  \ " / .  Ju1 :posc  a ;e i i n  t - I a t  D r ,  & fc  i nvu r ' ; i b Ie  o i )e r r . i t c r s ,  co i i sequc : : t -
- t ,

^  / r r )  r r  r - - . r l ' : r \  f  t r )
l y  1e 'b  V  

t " '  be  t l " . e  i i ' v c : : sc  o : i '  L r i ' \ r r 7  anc t  l e t  G ; " '  )  i ' Ls

coer ' i ' i c ier - r ts . I t  is  p la in  'br r i .c  for  f ixec.  i i ,

t l.o; ) iii(=Glt") G! "r ) 
t

, iaSic .

/  . \  , . . . t *

f i re t  is  ,  a l l  is  redu-ceci  to  i r re  quest lon vnet l ie- '  ,  '  ( t ' r )  ' '  (u)  i ia is
jL *k 

"ls

l i r , : i1 ;  or  t ro t .  i t i r€1r  i i *  ig  i . i iver i ib le ,  l , r ie l .€  ex is-bs 3 t i le  i i l 'uer*e

of  6  anc r , . ie  i rave seei l  in  l ' roposi t ru i r  2 .L ' f i ru 'b  'Ln is  is  a l -1 .  rve neecl

i 'o:: n.r lrcl i ln3 t ire c-.se i ;=0. ! 'or k 70 t l ie ci ir . f icult ies aru sir i t i lar

i r i tn  i , - i iose encoui i 'bereu in  t i re  constr .u .c t ion of  i ; i re  f i l ter  o f '

, { precrictiori-ei i ir&ntgeable situci'Liorl :r-,s t i:at ' freatecl i ir IBJ . W

I l I  i*; . : l ; ' l lC,,S

i ' ie 'r ;alce crga.i i i  i i ' l 'Lo cosiderait ion ar:. o. i .rpl i  ca [; i-r i d e i i n e u  o i i

cLi"i.ie ir si on nZ;.-72 sucir ti.Li,'L $ij €.d, C &i n de-r. ) , i,iut ',l'iitt &, of i ' in i 'ue
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/)
l i [ i j  of  arrbi i - i ' r , . ry s ignaturc ut ic] : f 'or  s i r , rpJ- ic i ty,  5 rs Toep] i iz ,  ; i - l .so

s u p f o $ c  ' i ; i r a t  i i , . , *  i l r ' C  i n V e f t i b l e  a : r ; 1 e t  
( " f  i ^ ^  J ' : i r r :  r ' r r , i i l - ,  r t f '

r d  
U J r ' / - L v  c u - t u  - L s  r J  l - " f f . \ f f l O  v \ ;  u r r ( ;  ' t ' c i l i t f  J .  r  V J

, .-\ 'p
parerde' i ,er 's i is; ioci l i tec. ir : :  f lJ io J . ' I i le co.{rnec'bi01}s i-re*cvleen Su

ilnu G_^ Eire t-rrc s&.r: i€ i j ,s j-r: .  "bi le posj" 'ci 've-der1;i i te ce,!e, bi i t  now Gn
I I

a.re t : I 'Lr i 'E=,; , t ' ;  i r tut* ' ioe *.  ; ' i ;e JrL:.ve

,  , - ! ,  , t . , ,  1  - ;  - 1 .  
- .  , . - ] , .  , . , - ] -  ;\ " ro l i r ooo . ! : iA , t  

-FD; *Jc*D ; * . . . JnN 
-  r * *J , . * l [ * ; , , r r  -  .  " . J r ; ] r [ f  l s ^ l  

-=
vr; *l- *l u2 *i, i- l tr,I -It] oil} 

"r,,-] 
*1 *l t u'

lri.rere

J, ,  =sun(J 'n -r ; | ; , , r  . j , "  )  r 'or  n)}r  J, . :  =sui l (J r  -*Tt . .  G. '  ) ,
-n  *n -1  r r  

" i r - l  
I r  " ] -  "o  

*  ' ' o  4

^  1 " .  . , & r '  , .  l - t -  l .  , r W '  r ' 1 -
D . ,  = l i c  * t i , , j , - , - 1 .  C . , , I t  f o r  r : ) 1 ,  D c  = \ J s .  - G r - J . ,  $ 1  1 t l J *  = s . i n $ ^

tn. *n-.1. j ' l  un-l rr '  t t l  '  ro r to J' '  oo o

.i i .  coirve.l i  eri t  co:rd.i t- i  on is to si lppose 'bnu.t S ir i is k neoative

squares i:r t ire s'ense 'bi i . l t  tne blocir- i ,a,tr ice* i ' ,o,, i  i rave k ne6ative

squLres r 'oi rrr) o . lhen , fro;; i  a. ce; ' tairr rair l i  ,  Gir becoi ' ie cont*'a.ct i-

o i ls .  52e36 r l rpe rcsul i ;s  i :o ic i  (  U1 )  anc i  t i ie  sequence

r , .  r  1 ;
l l jol "^. i . . ,xJ uf .  .  .  D- *J,,.J"! i ;  *. .  .  J.;f l)(; l  lSu I 

t
" I  "1 " I i l  " . , r :  " r , i  "1 * t  v

co. : ]verAes.  ' , i i re r i  i t s  t i r : r i t  i s  inver t ib le ,  ( . - l r i ,  
oo  cor lver6cq to  t i r " i s

i r i verse  a

Rji;'ii5;iii,CilS

1* t .Const i - i , l ' l ; i r rescu,  Sc i rur  e"nei lys is  for  i ; ra t r lces v i j - tn  u.  f i t r i te

r rur i iber  of  r le i ;a [ ive set l r . res,  i t t  " . . r iv 'ences i t i  l r rvar iant  E i l r rsp&ceg i l . r - rc l

o t l rer  resul ts  o l '  o iJe i : i i tor  t i re  ory ' , '  87-1u6,  - i rk i : .D.user ,  iJasel ,  19Ual .
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