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1 ILTRODUCTION

It is guite clear today tunat tihe difference between stationu-
rity and nonstationarity is not structural, but only one of couplex-
ity-seeﬁﬁl,v3},{§] < This will De alse illustrefed in the prescrs ‘
paper, Qur aim here is to develop & time~variant anclogous for soue
basic results in Sz.-liagy-rfoias theory oI countractions, as model for
discrete time, time-variant linear systems. The point will be that
the functional model is replaced by "marking 0perat6rs” and anglytie
Toeplitz operators are replaced by lower triangular ones-— seeiﬁﬂ,
for other aspects and applications in system theory.

We plan to tackle tune following probleus: in tihe second sectiow

we obtain a model for %ime~variant discrete linear systems. Trnen, we
are feaced with Jower triangular representations, especiclly lor
prepering the next section, wihere a nonstationary variant for tae
Liftins tueonem of Sarason-Sz.-Hagy-ifolas is treated in deteils,-0f
course, ip this decade wanen the domain is dominated by the

¥ s > 5 0 > ant - r‘ : - - S 5 -~ - .
Grassmannian approach of Ball-iielton (&Al), our tentative may appear

=

0 be hopelesss The only veason te 1nsist Upen 18 our aiifilisiion
to “"the nemnstationary program of the unification ef both analypgic
functions theory and mairices theory". In this respect we will point
out now soue- contrctive coupletion probleus in.vﬂ,aﬁl Aﬁﬂ gl o
our approach. -

We mention that tne second section is taken after INCREST

preprint ko,60,1985,

B 0 b At ) Sias ST TR
1l THE-"ARKING LOUEL"

in tnig section we are concerned with time-variant linear

syctems in tne following state-space representation:
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The first remark is that for every n€ Z we get

+ . R =Nk
n ¢n(qgn) &
wnere @ ig tlhe transfer operator of the system (1.1 wsee[Mﬂ for

definitions. ® ig & lower triangular operator such that its
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III LOWER TRIANGULAR SEPRESINTATIONS ; |

In this short section we translate in the noustationary case |

the so-called Lenma on iourier representation from tane book {}61_

We take a Tauily 1u> of Hilbert spaces and consider the
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V APPLICATIONS

In this section we will show tae way soile completion probleus
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ON A PROBLEm OF I.GC G AND S.LEVIN

T. Constantinescu

o

I}

In the paper $§1 the-autaors  raiﬂ@da the following probleﬁ
connected with the First Szesd Theorem. Jot-{u:§n€dj be. & feamily of
rxr matrices and considering the Toeplitz watrices
st )Il e o a=U b g s

coupute tune uatrix

1im(T-
n—reﬁ( )OO oo
7 i 3
in terms of tne symbol a(z)= ole ,}zﬂ:l.

j:... o0

In Qﬁktuere are presented soue statements based on the
. ST Y S ) ‘- r i~ .
projection wmethod and in the recent papeI'Lﬁl snotaer forwula is
derived in terms of & realization of the symbol.

Qur purpose is to derive formulas based on tae Schur snalysis

Y

of block-matrices, as developed in Qﬂ andi}] s CuiG Ravine-ag

bertineg point the -clessical work of I.bechuyr in R@l s we will
approaech two cases: in the second section we obtalin an operatorial
variant for a positive-definite kernel on the set of integers and in
the last section we analyse tae finite diwensiovnal case of arbiﬁrary'

S e e e L eSa TE e SaE e et e ey Canie
I1 POSITIVE-DLPTHAITE RERNAELD

e take into esccount a fauwily of Hilbert spacesg {ﬁiugw o
an application = defined on Zx2 such that 3’(1,J) %xf(fﬁ.,gﬁ.)

the operators
3

:E'O:L" e\fel"y i,d € 2 al

14
g =
l_\ ‘\5) = '3/{,;‘ semsaa et (’E d{?’ 1,.
. . D
. = k:l k=i

=G
l‘li;j (8 1u)1‘u neJ

are all pogitive fTor d,jed, 1$j. e suppose Sii:I$€ , without

restrieting generality. 4 result in \ 1 asgociated with such an

4-1

of contractions, wiaere G,.=

object & family 4 =i /1,3&u5 igj § o
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| ; . : e e = S X
:oée s L& 2o and for k], di;&$i(056 ’&3§ﬁ< )= for a
i J iil ] L

contraction 1€ ii(&i #') , we use the s tendard -motation D=

= =L e
=(1-T T)° and é5$:DTéé ;
A e S p s e e ST dnivants ke = . o = ~ o 2
Suppose that Dy are lnvertible operators for all G ole g
= +
this yealc Llll— the invetibil:‘pty Ot .{_,io ot every m2 0. Define the
Aid
Operator
L 2 a
lJ—aﬁQ J.J.‘tL(JJ(\;%\ JC“*' eﬁsl.) B o .a._Lc k'i-) \fc' ))
“““ﬁ ol 0P “on Soo o)
and we can get tihne result of this sSection,
2.1 PROFOSTIION T# Hen 18 also invertible, then there exists th

strong operatorial limit:

= B =2
s-ilm(m ;)\ =H -

PLUOR It is a conseguence of some foruulas derived in.&?] . 9ot

of all we have the Choles sky Tactorization
2k

I =l ¢
ola= " om” om :
and using Lemaa 1.2 in{?ﬁ, wanich ascerts taat
e o #{ b 21 |
; o
“onm s
T

OHl 0 :
: Db% eeeDex 5, O |
Oiu ol
where Vow is a unitary operator and
41
:{ :(IU ﬁ,br“* G ,ooo,.b'qﬂk‘ J "% eeoDv-:'Y(. G _,.)
o1 alt G 02 : oeeay oI
T HoleTer 0,m~1

-, one gets

~ -1 .«L =
} [ Ub"* eteLu* O 9
(i = ) = ol Ol ) =
Oh‘ 00 -1 ~1 ‘ =
: % ’ & o .UG Q‘BUG , \
- =Eom ol -b

::D(Ji LI .UC{% taaD vlk

ol o ok
( the star-marked entries does not natter).If Hee is invertible,
we obtain that

e :
s—-1im(ul =H = s
'r’\-%m(l Lﬂ)OO o a
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Sion

error-prediction operator

the orthogonal polyromial

uniformly on c.alwcu'uumfc

the spectral factor of 2f

.

Szego and as

theoremnm

the inverses of the

Levin
-1

cementig ol =

A Tew
Ol

e orial case. Consicer {ULX

Tf( )

~
\“,‘ g it \ X ! =
A \ Z

LIl, gz’soe,ulqgogcgano

¢ 531 ) ana

SRR L O
Fectormaotb =

coefficient

7
e\
(“om)kk” Kk

-t

Teatais. =gl Jlco-c
Timit—0F Nob. e @1}%Q is
of C; and we have seen in

=

with tihose encountered in

p.C‘(,uJ.C, tlon-a manc 2

C"’

IIT LATRICH

tiaen enother classical result (see%}% ) asserts

the orthogonel polynomisals

Cholesky factors,

raturelly extends tothe ascympltotics of the &
J : (i ead s

.F e. LCVI'L

tie positive-definite Toe

for every nz0.

UIL 5
- e C};ﬁ(ll)

dnced to tne question whetier

nandling the cise k=0,

eaple si

is Toeplituz, H,, measures the ~-called

of I ( couwbine \_.‘2‘_\ end &ﬂ Y end in this

keeps the same meaning as in the scalar

case, let

1 h
ggezfrﬁo o

e

scalar Toeplitz

g of and %’i' e 7t Lf(l/a), %’n(z):fh(a)

= 7
taat =f =

the Unit circle 16

counverzges

the inverse of.

o

te of

The convergence in 0 means the first

appear as coluuus in

the problem of Gohberg and

A~

onad
are lmuediately available . in the

- the parameters of 8 &nd consider
siven by

B e 4 S -
plite kerpel the family

PT

e R iy - : e
Let ¥ be the maximal spectral

4

the maximal spectral

Q?(ﬂ) factor of

are invertible operstors, conseduent-

end let 6% " its

S L pl o tusc tor fixed kj

_G(*‘) (“‘)

ngk .

¥
Ur(m) CT(1:1)
k k

invertible, tuere exists % the inverse

Preposition 2.1 that tnis i all we neced
Tork 70 the difficuliies swe sinilcer
fhe construction of

!

tustion is that treated in

We take again into cosideration an appiication = deiined o

Zx2 sucu that ul

J("::i.( &J s (f&] ) 5 sl with ::F‘sel

of finite dimension,



... of arbiteery signsture andifor ssimplicity, SE Beeplivz, Als

guppose that by goere invervible and legt %GQ& oo besines feami Ly od

o

peraueters associated in Q{lto o . The connectiong belween 5

a

P
L

and Gn are the saue as in tne positive-deiinite case, bul now

are arbitrary matrices. We have

;7 = A—l, el = =
G‘K.L)(«};eoed,‘}( vv\‘ﬁd”fk"‘)(x;‘*db)"' QQ.J[—“».L)-\:'%\SO\

G ) | “20% D7
= ME =1 ulzl u}"ﬂ i P \Al e

o’ oo ‘i}y)\:l

J! y

wiere

: : N . =
I :sgn(JG ~G Jow G0 deranl, Ja =sgn(d$ —GlJS Gl),
n n=1l " nel - 1 o) e
s = ¥ e 3 = : ¥ e
D, :\u. =G do s G_Q‘ for nxl Py :\Jﬁ =G de GV I =505
G. EE e e = G+ S s ql\ yeq =gl
n n-l1 n-1 . 0 o} o)
A convenient condition is to suppose that X has k negative
squares in the sgense that the block-metrices lu__ have k negative
Ll ;
squares-for w70 ~Then , from g certein renk , Gn becoue contracti-
ons. Hzegd type resulis nold (Kﬁl ) and the sequence
5 X
E){)O‘ ‘*d wo e o LJ #CJ \&.LJ &o ® OJ rR'.IJ( s }SO \ e
LI (V3 <
2 l l m o m e J.L
converges. VWnen its 1limit is invertible, (“;:)oo converges to this
inverse.
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