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On certain automorphisms of reduced

. crossed products wi th discrete groups

by

M. Ddddr lat  and C. Pasnicu

,(
For  a.  C--a lgebra A and a d iscrete group G act ing on A by

f,niFd\'
automorphismsr w€ let Auto(a:l c) denote the topblogical group

of all automorphisms I of the reduced crossed prod.uct A x G, such

that  f i (e l  =  A.
t

The analogue grouP in the framework of the von Neumann al-

gebras was studied by l .M;Singer t13]  ,  H.Behncke t1t . ]  and G.

ZeLler-Meyer [tZ]. rnspired by their work we give a description

of AutO(a x C),  under certain assumpLions on the dynamical
6 t E

s y s t e n  ( A ,  G r d ) '  ( s e e  T h m s .  2 . 6 .  a n d  2 . 8 . )  .  T h i s  i s  d o n e  i n  t h e

f i r s t  pa r t  o f .  t he  paper

rn the second. partr w€ analyse the topological group

Auto(a x  c)  f rom the homotopy point  o f  v iew,  in  the case when
d t t

A = C(K) r  where K is a compact connected topological  group and G

is a d.ense subgroup of  K act ing on K by lef t  t ranslat ions.  Using

some facts of cohomology of groups we compute the homotopy groups

i  o f  AutnrK)  (c (K)  x  c )  in  te rms o f  the  homotopy  groups  o f  K ,u \  
6 t , ' .

; .  A t tG(K)  =  l o ,  Au t (X )  :  o r ( c )  =  c )  and  some , ,amenab le , ,  a lgeb ra i c

objects  bui l t  f rom G and K (see Thm. 3. lL1 l ) .  The computat ions are

more prec ise when the abel ian ized.  o f  G is  e i ther  f ree or  a  tors ion

group.  These s i tuat ions inc lud.e the cases of  the i r ra t ional  ro-

ta t ion a lgebras and of  the Bunce-Ded.dens a lgebras (see 3.4.4) .
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AutomorPhi$ns of the above type have been recently consldered

b y  o . B r a t t e l i - ,  G . A . E 1 1 i o t t ,  D . E . E v a n s ,  A . K i s h i r n o t o  t 2 ]  ,  B . B r e n k e n

L3]  and A.Kumj ian  [Z l . {t
Throughout this paper G wil l denote a discrete -group with

neutral  . r"*u

rf  K is a group, then K0 wi l l  denote the opposi te group.

Recall that for a compact connected commutative topological

g roupr i ts  Pont r jag in  dua l  i s  to rs ion  f ree  (  [6J ) .

I f  K is a local ly compact group, there j -s a natural  structure

of topological  group on Aut (X);= the group of  a l l  cont inuous auto-

morph isms o f  K  (see [6 ]  ,  {ZA) .  f f  G j -s  a  subgroup o f  Kr  w€ le t

Autc(K) denote { f ta O,ra (K) :  6r(c)  = c}  .  We endow Autc(K) wi th

the topology given by .  f i+ f  in Aut"(K) i f f  F 
i -  

f i  in

Aut (K) and (di  
I  c)  + (  f r lc)  in eut (c)  .

r f  L is a topological  group we let  Lo denote the path

connected component of  the ident i ty.  The homotopy groups of  L are

denoted by f fn$) t  where the base point  is  the ident i ty of  L.

For a uni ta l  cx-algebra A we let  u(A) d.enote the uni tary

group o f  A  and Z(A)  the  center  o f  A ,  Aut  (a )  :=  the  group o f  a l l

# -automorphisms of  A is considered with the topology of  pointwise

norn  convergence.  G iven an  ac t ion  o l :  G - *  Aut  (a )  r  ZL  (GrU(a) )

i s  by  de f in i t ion  the  space o f  a1 l  maps m:G - ru (A)  sa t is fy ing

the id.entity;

( g ' h )  =

we le t  zL (c ,  u  (A)  )

We denote by k  (c ;A)

f in i te  suppor t .

m ( g ) . o c ^ ( m ( h ) )  i  g r  h e c .
Y

have the product topology induced from TT u (a) .
g € G

A havingthe set  o f  a l l  the maps f rom G to
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Under certaln assumptions we shall give a description of the

topological  group AutO(a x C) .
{ t t

Cons id .e r  an  in jec t i ve  r t ' - representa t ionVzA -+  B(H) .  We

sharl identify A with its image by i7 and A x G with the norm
d t t

P n )

c l o s u r e  o f  ( 1 7 x  u )  ( 1 ' ( c r A ) )  i n  B ( 1 ' ( C r t t 1  1 ,  w h e r e ;

t f re t  f  t  (g )  =V (&s_ta) )  f  G)

(uh/) (s) =f tn-Lt)

'  :  f o r a n y a € A 1  g r  h € G a n d  
f € r ' ( c r H 1  1 s e e f e l r r h m . 7 . ' 1  . s , ) .

We shall need the following :

2.4 LEMMA ,  There is  an unique l inear ,  in ject ive and contrac-

tive map x "+ (xn)gee from A x c to f(cre) which extends the
\  r  a - -  ( { t t

natura l  inc lus ion  I t {c re )  +  l -1GrA1 .  For  any  x ry€  A x  G we havet
& t T

( s t rong  conve rgence  i n  B (H) ) .  Mordove r ,  t he  map  E  :  A  X  G  -+  A ,
d r t

g i ven  by  E (x ) :=  x . r  i s  a  fa i t h fu l  cond i t i ona l  expec ta t i on  and
,(

f o r  a n y  x  € A  x  G  a n d  g  € G ,  * o  =  g ( x U o ) .
& t T  J

Proo f  .  See  (  [ 17 ]  ,  Thm,  4 .L2 )  .

2 .2 DEFINITION. We say that  G acts  proper ly  outer  on Ar  i f

eacho6^ ,  g  *  e ,  has  the  p rope r t y  :  i f  a€A  and  ao i ( x )  =  xE
Y Y

f o r  a l l  x  i n  A r then  a  =  O .

(x t f )9  =ns,"n- t )  and (x .y)9  = 
f , .  "o*h(yh_os)
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2,3 REMARKS

a)  Le t  G x  X  -+  X ,  (g rx )  - - )  g .x t  be  a  cont inuous  ac t ion  o f

-G on the  compact  space x .  The cor respond ing  ac t ion  G -+Aut (c (x ) )

i s  p roper ly  ou ter  i f f  : . fo r  each g  I  e , fxe  X :  g .x  =  x )  has  no

inter ior  points.

b) Let"  L be a discrete lCC-group and G - t  Aut(L) an act ion

of G on L by outer automorphisms. Then the induced. u"iiort

& z G -+ Aut(C;d(t)  )  is  proper ly outer and
,(

z ( c ; e d ( L )  )  =  a  ( s e e  t L o ] ,  2 2 , 4 . 2 1

2.4.  LEMMA. Suppose that G acts proper ly outer on A or on Z(A)

and that the spectrurn of  Z(A) is connected. Consider v€U(a x C)
* t t

such  tha t  v  A  v *=  A ' .  Then ,  t he re  a re  a€U(A)  and  h  €G,  un ique  w i th

the property that v = a Un.

Proof .  Let  1vn)gec the map associated with v,  by Lenrna 2. t .

F ix  a€A.  Then b :=  vav*€A and va  =  bv .  Hencer  fo r  any

g € c : vn! (a) = bvn€) vnocn (a) = ,rurr*rrne> rfvnn (a) = .*n a:,
x  #  #  t r ,  .  ,  ,  * ,  *  ) (  *

o(n(a )vn- 'v = vnva'( : )  &'n(a" )rn 'Vh = rgrh*h(a )  r  for  any h €G. I lence :

t( ,6
c  r g r h  =  r n r n t n _ ,  ( c ) ,  c  € A 1  9 t  h  € c .  ( 1 )

Since ,rnAr, = Ar by (1) and Lemma 2.L. i t  fol lows that ,
*

u g u {  e Z A ) ,  e € G  ( z l

From (1 i  and (2) r  we d ed uce :

. ,rn,rnt thrh* = rgrf rrrrrix' ---r 
(c) , c €Z(A) rgrh g G. (3)

1 2  h g

By the hypothesis,  (L)  and (3) r  i t  fo l lows that :

, l  *  n  -  J  7 ^  - ^  . ,  I

"g " i rh rh^  
=  o ,  g  I  he  c .  (+ l
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But :

T .r- t i  = [  (strong covergence in B (H) ) (5)
6 e e  s s

s j -nce  w# =  t  (see  Lenrna 2 . I ) .  Us ing  (4 )  we deduce tha t  each

#  -  t ^ \  ^ - r  L ^ - ^ ,
vnvn" is a projectj-on in Z 6) and hence it nrust be trivial ; buf,

by (5) , only one is nonzeror saY 
"fr"ff, 

(=t) , which implies v = vnUn

( s e e  L e m m a  2 , L . ) .

2 .5 .  Assume the  hyPo thes i s  o f  Lenuna  2 .4 .  t e t  B :=  A  x  G
4 t t

and consider ,B € AutO(B).  We shal l  descr ibe al l  such automorphisms.

By Lemma 2 .4 . ,  there  are  bd  €  u (A)  and a  maP 0- :  G-+  G such
Y

t h a r  f  
( u i  =  b g . u o ( g ) r  9 € G .

We shall  need the fol lowing :

L E M M A ,  C  €  E U t ( G ) .

P r o o f .  . 1  d i s  i n j e c t i v e .

Suppose d (g) = ai  (h)  .  Then 
f  

(u
eh-r) 

=f wi/3 (uh)x= unufe a'

Since f  eAutA(B) ,  i t  fo l lows tha t  Unn-naO,  and Lenrna 2 .L ,  imp l ies

tha t  g  =  h .

n )  f i i s  s u r j e c t i v e .

S u p p o s e  € )  g 0 €  G r f f ( G ) .  T h e n ,  f o r  a n y  x  € A  a n d  9  f G ,

n ( f ( x u n , " { )  = E t f t x ) b g u f ( v ) 9 i r  )  =  o  ( f ( x ) b n e  A , o - t v ) s [ l  * e )

hence  EV?b)u ; ,  =  0 '  f o r  any  b€B,  a  con t rad ic t i on .

c )  o  (g 'h )  =o '  (g ) , f r (h )  r  f o r  g '  h  €G.

bsr, uctsrr) = 
1z(vsh) 

=/3 (usf (uh) = bs ur@)'brr ur(n) =

= bg 
"{ ccgr(brr) uc(sy urlrr) = on{o(g) (bh) 'ua(g) 

9.(h) '

using Lenana 2,L,  r  we obtain the desired ident i ty.

trl
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By the above computationsr w€ also obtain :

.gh  =  ug '  &g(a5)  ,  fo r  9 r  h  €  G

w h e r e ,  b y  d e f i n i t i o n ,  u g  =  b o - t ( g )  €  U ( A ) .

Notice that for any g e G and a€ A :
+ + r ( x

y3 @n{a)) =f3 (ul /e Al/ t  (us) '  = tu(n) urrc)f6) utr(g) aa(g) =

=  a d a d ( 9 )  ( o ( c ( g )  ( f ( a ) ) .

Hence we can define a map .

f 
: Auto(s) --) gczo (", u (A) ) x aut (e) x Aut (c)

w h e r e g :  = { t t " n ) , g , r )  , g r d g  = a d c c ( g ) o d o ( g ) . 9 ,  g e  c }  b y  z

{ r f r . =  ( ( a n ) , f 1 s , c ) .

We have the following : -

216. THEoREM. - f  t "  a homeomorphism,

Proof : By the above computations it is cllear that { t,
,(

we l l  de f i ned  and .  i n jec t j . ve  (B  =  C- (AUu" )c  B  ( r2 (c rH) ) ) .  To  p rove

t h e  s u r j e c t i v i t y  o t . f ,  t a k e  ( ( c n ) , f  t C ) e 9 .  D e f i n e

f  ,  r t t c , e )  +  B  e 2  ( c , H 1 1 ,  o ,  
f (  

( x n ) s € c )  , =  
* " g , * n ) ' c r ( g ) ' u c ' ( g ) .

since 
n[ "ttg 

(xn) cc(gl urtgl l l( Z^ ltS (xn)[ '  l l  .0"(n) uargl l l  =

= 
F" 

l l  *g l l  = l l  (*n)n." l lot** ,  i t  fo l lows that 
f  

, f  (c,a))  c B.

w e  h a v e  
" * r f r t t ( c ' A ) ) )  

=  B .  B y  t [ n - z ] ,  P r o p . 2 . 7 . ) , f 3 i s  a  u n i t a l

r e p r e s e n t a t i o n  o f  l t ( G r a ) .  s i n c e  E  :  B  - ) A ( = 9 ( a ) ) r  g ( b )  =  b e ,

i s  l inearr  Posi t ive and fa i th fu l r  a 'od s ince

n "  f  l r ( c r a )  
=  

f  "  E l t ( g r a ) ,  w e  c a n  a p p l v  t t l z l ,  T h m . 4 . 2 2 ,

equ iva lence  ( i ) (= ) ( i i i )  7  w i th  0  =  E )  t o  deduce  *a t79  i nduces  an

in ject ive x -homcmornhismrB: B -) B. Hence 
f 

e auto(r) and

{  , f ,  =  (  (cn)  r f  t c )
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is obvi-ously continuous and for the continuity of 6 ,

observe thar ll n r7'ru ,) f F sf) [ ={t ,, Fl;r, \tr"ltl
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where 
f  

(resp.r6'1 belongs to AutA(B) and d(resp, dJ is the

associated automorphism of  G.

2, '7. REMARKS. a) Assume the hypothesis of the above

Theorem. If  E : B + A is the condit ional expectation. from Lemma

2 . 1 - .  ,  a n d  t t f  € A u t ( B ) ,  t h e n  :

,6€au t .  (g )1 : ) r t " t  =  go13  .
r H , / /

b)  Assume that  G acts  proper ly  outer  on A and that  z(A)

has connected spectrum. The above theorsn easily implies that

the topological group of the automo.rphisms of $Jr" which leave

A po in tw ise  f i xed  i s  i somorph ic  to  zL (c ,  I JZ (a )  ) .

2 .8,  We have found a more prec ise descr ip t j -on of  the

topo log i ca l  g roup  Au tA (B)  i n  t he  case  when  a  =  C(K) ,  where  K

is  a compact  connected topologica l  group and G is  a dense

subgroup of  K act ing on K by t rans lat ions ( the j -nduced act ion

on C (K)  is  g iven bv oCn (a)  = .  (g-1)  )  .

'  I n  f ac t ,  t h i s  examp le  i s  "gener i c "  (a t  l es t )  f o r  t he  case

when a = C(X)  r  wi th  X compact  metr izable and G countable and

commutat ive,  act ing f ree ly  and min imal ly  on x1 such that  the

ac t i on  i s  equ icon t i nuous  re la t i ve  to  some met r i c  d  ( i . e .  (V )€>  O ,

( 3 )  6 =  5  ( € )  )  0  s u c h  t h a t  d ( x , y ) 4  5  _ )  d ( g - x ,  g ' y ) ( €  ,  g € G ) .

F o r  / 3 € A u t C ( X )  
( C ( K )  x  C )  ,  T h e o r e m  2 . 6 .  g i - v e s  t h a t :

,  d r r

f  
Wn) = ad(g)  Uf(g)  r  9  € Gr where 6-e aut  (G)  and (3)  

f  
€  Homeo (K)

such  tha t  
f  

{ i l  =  u " f  
-n . r  

&€  C(K) .  The  re la t i on  
f . eg  

=  .du f r (g )  o

o &CG)"  
f  ,O,  9€ G,  is  equiva lent  wi th  the cond ' i t ion :



u

d ( g ) f  ( k )  = f  s k ) |  ( V )  e € c ,  ( V )  k € K

which exactly says that :Cqctends to a map (a1so denoted byd)

belonging to Autc (K) and f f  )  -  d (" ) f  (e) .

Def ine the homomorphism of groups ,l : K0 x Aut^ (K) -)
T \ 7

- ) A u t ( z t ( c r u ( e ) ) )  b y  J ( t < , c 1 ( u n ) n  =  ( " o - r t n i  f r = 1  , , o - 1 ) ) s  ,

where the homomorphi-sm I : Aut"(K) -+ aut(x6) is the inclusion

i  * .p. t t fz Autc (K)

?-

:  
is given AV 

Yf) 
,= ( (an) t fb) ,  f  )  r  we obtain the fol lowing :

THEOREM , PLs an isomorphism of topological groups.

2 .9 .  REMARK.  Note  tha t  s ince ' in  the  above case,  A  is  masa in  B

(see [ tZ l  ,  Prop .  4 .7 ,4 ' ) ,  we have Autc (K)  (c (K)  x  G)  =
,&rt

= t 73e a.rt  (c(x).Jr.,  z {3 K(K) ) c c(K) } .

(c (x) x c) - t  zL (eruc (K) ) x (x0 ,o Aut^ (K) )
& r Y J I \ t
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$3 .

.  In this sect ion we shal l  analyse Autc(r) (c(x)*xrc) from

the homotopy point of view. The hypothesis iS the salne as in

2.8 . ,  namely  G is  a  dense $ubgroup o f  K(  =  compact  connected

topological  group) act ing on K by lef t  t ranslat ions.  As a con-

sequence of Theorern 2. B. we have : '

T(n  (oo . c (n )  ( c (K )  
: - " )  )  = i n ( z t ( e ,  uc (K ) ) )  x  t ( , t x l t o i 6 te " t c (K ) ) )

v  \ - ! ,  

" f t r

The semidirect product structur e of |fn (Ooaa (*) (C (K) x G) )
'  & t T

comes f rom 2.8.  Eox n)14- ,  th is  co inc ides wi t t r  the ord inary d i rect

produc t  ( see  t t4 ]  ,  ch  .L ,  46 ,  co r '  t o )  '

The analysis of ,Lrc, Uc(K)) requires some elements of

cohomology of  groups.  we shal l  recal l  some def in i t ions and

standard notat ions.

Let  M be an abel ian group (wr i t ten addiL ive ly) .  We say

that  M is  a G-rnodule i f  we are g iven a homomorphism G - )aut (M).

We let 9x denote the image of x € M under the aulomorphism given

b y g € G . r f M a n d ' N a r e G - m o d ' u l e s t a m a p f : M + N i s c a l l e d a

G-homomorphisrn i f  i t  is a group .homomorphism which preserves the

act ion ofGor eguiva lent lyr i f  i t  is  a  homomorphism of  G-modules '

For a G-mod.ule M, we denote by l ' tc the submodule consist ing of

the e lements f ixed bY G.

cohomology groups (of }ow dirnension ) are easily described
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using standard n-cocycles Zn{Crl , t )  and standard n-coboundar ies

B n ( G r M ) 1 f o r  w e  h a v e  t l n ( c r m )  = . l . [ ( G r M )  /  g n  ( G r u ) .

n=o ,  zo (GrM) = MG, eo (e , Ia)  = o

n=1 , zL(GrM) consists of all the maps g -) mg from G to M

sat j -sfy ing *gh = *g *  n*n.  At  tCrt t )  consists of  the maps g *  ng

in zt(crt ',t) of the form *g = 9x x for some x € M'

n=Z :  zZ(GrM)  cons is ts  o f  a l t  the  maps (g f  h )  4  *g rh  f rom

G x G t o M s a t i s f Y i n g

g*hrk  -  mghrk  *  *g rhk  -  mgrh  =  o

g21CrM) consists of  a l l  the maps in Z2 lC,t ' t )  having the form

*grh - nan agt * tg

for some maP 9 * ag from G to M.

Note that  i f  G acts  t r iv ia l ly  on M then ut (cru)  = z t (cr t ' , ' t )  =

= Hom (GfM) .  For  every exact  sequence of  G-modules :

0 -)M l+ N -g+ p -+ 0

there  is  a  connect ing  homomorph is in  5 :  zL  (c rP)  - )H21cru)  such

tha t  the  sequence:

o 4 ' "L (G,M)  -Ja*  zL  (e rN)  -g* r  zL  (c rP)  -L  n2  (c ,M)  j x r  u2  (c ,n )

is exact. Moreover the connecting homomorphj-sm depends functorialy

on the g iven exact  sequence.  Let  us br ie f ly  recal l  the def ln i t ion

d

o f  6 .  L e t  g - p g  b e ' a  l - c o c y c l e  i n  Z t ( G r P ) .  S i n c e  q  i s  o n t o  t h e r e

is a map 9 * tg f rom G to N such that '  e(nn) = 
Pg for al l  g in G'

as  g-+ fg  i s  a  l -cocyc le  we must  have 9(nn  *  9*h  -  nn6)  =  0

and so  fo r  any  grh  €G there  is  a  un ique *grh€  M such tha t

j  ( rnnr6)  =  n + 9 n ,  - n , .
g n g n
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I t  i s  e a s y  t o  c h e c k  t h a t  t h e  m a p  ( g r h ) - 9 m g r 5  d e f i n e s  a

2-cocycle and moreover i ts c lass of  cohomoiogy [(*g rh)]  
in

I t2 (Cr l , t )  depends only on the given t-cocycle n + PV' By def i -

ni r ion 5 t tpn l l  =  
[ , *n ,n , ]

Let [cre] be the commutator subgroup of G and 1et

G .b  =  c  / [C rC ]  t he  abe ] i an i zed  o f  G .  Le t

o ---+[e,G]--+ G Z+..o* o

.  be the corresponding exact  sequence.  I t  is  c lear  that  for  any

, 
abelian group M the quotient maP Y induces an isomorphism of

g roups  Hom (G .u rM)  - - *  Hom(GrM) .  I f  g€G we  sha l1  wr i t e  many

t imes  g  i ns tead  o f  y  (S )  .

We shall  regard the exponentj-al sequence

o  -+  z  4R  
t *9  T - - -+  o  ( exP (x ) :=  uz f r * )

as an exact  sequence of  G-modules (wi th  t r iv ia l  G-act ions) .

Therefore we have an exact sequence

0  4 z , L ( c , z )  - z L ( G f  R )  - + z L ( c ,  T l j L n 2 ( c , 2 1  - t H 2 ( G , R ) .

We want  to  f ind the image of  6L.  This  is  an easy quest ion '

however we record the answer in a lemma for later use.

'  
3 .1 LEMMA. The image of  the connect ing homomorphism 51

in the above sequence is  natura l ly  isomorphic '  to  nxt |  (Gu5rz) '

Proof .  The exponent i -a l  sequence may be seen as an in ject ive

presentat ion of  Z,  hence there is  an exact  sequence
d

- - -  0  - ) H o m ( G u o  , z )  l H o m ( G a b r R )  - ) H o m ( G a b r T )  * * u x t i ( t r o ' z ) - +  0 '

on the other hand we have lhe obvious ident i f icat ions:

zL rc,2,)  --rz l  ("rR) exP$ zt (e ,T)
t (  l (  l (
l )  l )  r ,

Hom ( Gab , ?) -.) Hom (oro , R) -t Hom ( GuU tD
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whence image 5t =

)
Let,  A'Grb denote

n
coker  (expJ = ExL;(Gab'u) .

the second exteri-or Power of

u
Gab '

group considered as c-nrodule

,Ch V,  f  6 ,  Exerc ise  5)  there  is

3.2.  LEMMA There is a natural  isomorphisn

f 
-. H2 (Gab,T ) --+ nom (f cau iT )

which takes the class of the 2-cocycle (m6rir) to the homomor-

phism gn h --+*6rfr - *f irg

Proof.  Let  M be an abel ian

with t r iv ia l  G act ion.  BY (  i4]

an exact sequence
^ ? 1

0 -+ nxt| (G.b ru) -)Hz (c"_u, M) + Hom (t'cab, M) -+ 0

The statement of  the lemma is obtained by taking M to be the

div is ib le grouP. T' .  t r

If L j-s a normal subgroup of G the cohomology groups

of G, L and G/L are connected by the exact sequence of

Hochschi ld-Serre.  We need the fol lowing case :

0 -+Hf- G/r",r ,Pl  I4H[ (c,u1J-rsl(r , ,u) c/&nz rc/" ,sL1-{ 's2 {e ,o ' t )

(see  t12 ]  ,  PP.1- ! -8 ) .  The mapt  
) f , ,  ?nu t "  the  in f la t ion  homomorph isms l

9 i "  the restr ict ion homomorphism and 6 is the t ransgression

homomorphism. For a very concrete def in i t ion of  6 see

(  t t5 l r  pp .2 I -5 )  .  The ac t ion  o f  G/L  on  n t  ( f , rU)  i s  induced by  the
jf 

oIlo*ing action of G on zL (r" rw) :

( g ' m ) . ,  =  9 *  
- tr  g  * rg ,  fo r  every  L -cocycke m=(mr)1  in  z t ( l ' ru ) .

Let us consider the above exact sequence in the case

L  =  [Grc ]  and  l t  =  T  w i th  t r i v i a l  G-ac t i ons .

r r  i s  c lea r  tha t  , { ,  Hom(G* i f )  -+Hom(c iT )  i s  an - i so -

morphism hence we get the exact sequence
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,(

o --+ Hom ( [c,c] ,11G-$, *2 ("uu ;f ) 2+ it2 {c;p)

I {e are interested to descr ibe the image of  the t ransgression

homomorphism f, . This can be better done via the isomorphism

exh ib i ted  in  Lemma 3 ,2 .

3.3. LEMMA Let fe*om([erc]JT)G ana rct fr€Homt42c.rf f )

be the image ot ? under the homomornhismf E . Then 
f 

* given by

the fol lowing formula

^  '  o  - 4  - 1 )  
f o r  a l l  g ,  h € G

f tinn) = 
f Gh s *h -) ror ar'r' sl

proof  .  Us ing  the  fac t  tha t  yG-L tS '1  = f  f t )  fo r  a l l  9€  Gr

t€ [c re ] ,  i t  j - s  eas i l y  seen tha t  the  fo rmula

, .  ?  - 4  - L )

7'Gnnl 
=f Grns 

*h -)

orphisn y'etlo*t42cuoiT) . choose a map

s , G.b-)c such that 
" ir l  

= rf  for each o€ Gab and s(t)  =l l - .  The

d.escription of the transgression homomorphism given in

( f151 r  pp  .21 i l  can  be  used to  see tha t  6 ly )€  Hz(cab;T)  i s  g iven

b y  t h e  2 - c o c y c l e  l , r r r ,  = F ( 5  1 u v ) - 1  s ( u ) s ( v ) ) '  c o n s e q u e n t l y

0 ( r r n r )  = t t . ( p ) ( u , l v )  = ) . , . , - - , - , \  . .  = y ( s ( ' " n r ) ' - ' 1 s ( u ) s ( v ) s ( u ) - t s ( v ) - l s ( v u )
/  t  /  * r y '  " v t t l  I

= / ( s ( u ) s ( v ) s  ( u ) - [ " ( , r ) - t )  = y ' l u n v )  r  f o r  a l l  u r v €  G a b .

3.4 Let  UoC(K) denote the connected component  of  ident i ty  o f

the  g roup  UC(K) .  Each  e lemen t  i n  UOC(K)  has  the  fo rm exp (2 f r i a )  f o r

S o m e a € C ( K ' R ) . L e t u s d e n o t e b y e x p t h e m a p a _ } e x p ( 2 n i a ) . S i n c e

K  i s  connec ted r the  ke rne l  o f  exp  i s  i somorph ic  to  z '  I f  we  l e t  G

ac t  t r i v i a l l y  on  Z  and  by  l e f t  t r ans la t i ons  on  CK 'R)  and  UOC(K)

we get an exact sequence of G-modules :

o a z-)c (K '  R) exP+ uoc (K) + o



L 4

using the Haar integral we can relate this sequence to the expo-

nerrtial sequence as described in the following diagrarn of G-modules:

0 z -) R ----+T ----? 0

Ir {i [; '
0 -+ a ---+ c (K,R)-+u'c (K) ---9 0

i lf J?'
0 ---+ u -t R --) T ---+ 0

r

,  He re  i  and  i ?  a re  the  na tu ra l  i nc lus ions ,  p (a )  = ) -a (x )  d ' x  f o r
K

a € C ( K ' R )  a n d  p t  ( e x p ( a ) )  =  e x P ( p ( a ) ) .  N o t e  t h a t  p i  =  i d ^  a n d

t t"  p ' i ' =  i d r y  .  
, a

We denote by KCUC(K) the (abel ian)  topologica l  group of
/\

a l l  cont inuous homomorphisms K-+T.  Recal l  that  K is  d iscrete
/1

s ince K is  assumed to be cornpact .  (when K is  abel ian ,  K is

exac t l y  t he  Pon t r j ag in  d .ua l  o f  K ) .  I t  i s  a  resu l t  o f  Sche f fe r  f t t l

that each contj-nuous maP K -) Yis homoLopic to a unique homo-

morPhisn ir, ?.

The arguments given inIttl prove that one has the followirtg:

3 . 5 ' P R o P O S T T I o N ' L e t K b e a c o r r . p a c t c o n n e c t e d t o p o l o g i c a l

g r o u P . f h e r e i s a s p l i t e x a c t s e q u e n c e o f t o p o } o g i c a l g r c u p s

o --+ uoc (K)-"-l+ uc (K, 
,# 

? -o

v r h e r e  q ( a ) ( x )  =  p t ( a ( " ) a ( x - 1 1 * 1  f o r  a € U ' C ( K )  a n d  x € K '  ' =

,  The sec t ion  s  i s  g iven  by  the  na tura l  inc lus j -on  KLIUC(K)  '

r f  we re t  c  ac t  t r i v ia l l y  on  i l  ano  uy  le f t  t rans la t ions  on  uoc( I t )

{  and UC(K) then.bhe above Serfu€frC€ is atr  c;<act sequence of  G'- lnoduleS'

t,{ol-.e lrcwever tha't the se':t i-cn s is not G-linear

Tire exact sequence in 3 '5 i r r rJuces an exact seqrrence of  groups

0 -9  zL G,u 'c  (x)  )$zt  (c ,uc (K)  )  q5z[  (e ,? l  5H2 tc ,uoc (K)  )
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of  the discrete group

iuduces fron TT M'
g€G

l 5

group together with a

G we let  zt  te ,u)  have

G-act ion G -)  Aut(M)

the p::oduct t 'oPoIogY

Let. fO, G t= image q a

3 .6 '  LEMMA There  is  an  ex 'ac t

o -+ zL (c ,uoc (K)  )  ' j ' *  )z t  (e  ,uc  (x)  )

wj. th f*ro total ly disconnected' '

Proo f  :  The  con t i nu i t y  o f  q f i . f o l l ows  f rom Prcpos i ' t i on  3 "5 '

,^

f  , ,  ^  is  Lota l ly  d isconnected s j 'nce K is  d iscrete '  51
' r\2 t€

A more prec ise descr ip t ion of  f  KrG 
is  p l :o1 ' - i -c1ed by the

follorvingi

3.7 PROPCSTTIOI{ Let' )t tg ->f 
n 

'u a homomorphism

Then ;  e I ' r rc i f  and only i f  there ts 
f  

e Hom( [G'G] 'T)

y G-Lt- i l  = 
f  

&) for  a l l  g €Gr t (  [G'G] '  such that I

tn t r t t  
-  /n (s )  

= ;4  ( r r - l s  h  g -L)  fo r  a l l  9 t  h€  G '

fn part icula: : ,  i f  G is abel iau therr  i

I  n ,c ={  1 let to i lc ,?t  :3 in( i r )  =[n(s) ]

Proof  .  Fot  {€21(c, f r )  
=  Hont to '? l  }eb us ccmi?ute

6 X - e H 2 ( c , u ^ c ( K ) ) .  r f  w e  r e g a r d '  t r  u '  a  m a P  G  - )  u c ( K )
u - \ r

sect ion s in 3.5) then q{l"d = fg and so

t ly l  n,h 
= [n( ' )  

*  fn(s- l )  
-  ]gh ( '  I  = 

{n(g-L )  '

This  computa .L ion ,a lso  shows tha t  the  2-cocyc le  (g ,h )  -+ fn (g-1)

:

, r z 1 . \ , ^
=  k e r  f ,  c ' z t ( c r i i )  =  I { o m ( G r K )  =  H o m ( G a b t K )

sequence of  toPological  grouPs

Y n r I ' * , ,  +  0

/1

f rom G to K.

s at is fYing

(v ia  the

takes values in Tlcu.c(K) '

morphisn 5 factors through

Consequently the connecting hono-'

tlre natural rnap H2 (crT) -+lt7 (c 'u0c (K) ) .
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lloreorrer sj-nce ? i" al:elian we have tto:m(Cr?l = IlomtC^Orf,) and'

so 6 can be factor ized as in the fo l lowing (conmutat:-ve) diagram;

6 . -  '  H 2 t c , u o c( K )  )

oir:g it : T"-) uoc (K) , Y

nd t6'y16,i  =6n tv- l1 .

hence i ' r4  i s  in jec t i ve .

 
H o m  ( G r K )

l "
I  c '
l o
rt

- -2  t ^  , ,n"  (c*OrT)

uere L'x is indu

ind.uced. b1' the

a consequence o

t !  -- ,  H2 (c, ' r . )

ced by  the  na tura l 'embe

quot:Lent rnaP yt:G-+ e u, a

f  3 .4  p_1 i .1  =  tu " ,  
(c ,T)

th is  \^ /ay we f inr i  that  ker :5 consis ts  of  those e lenents/& in

riorn (G,?) for which 6'tr, uer y 
x or equivalent'ly f 

E'f tnase (76)

(see  Lemma 3 .2  and the  d iscuss ion  be fore  Lemma 3 .3)

F ina l l y ,  us ing  Lemma 3 .3 ,  we deduce tha t  
t ' f *G 

=  tcer  f

.  - 4
i f f  f6(s-"1 

-  
f r - {n l  

=f  Gh g- l r , - t )  for  some 
; /  

€ Hom([G,G] 'T

Hav ing  Lemma 3 .6  and  P ropos i t i on  3 .7  we  sha l l  concenLra te  ou rse l f

on  zL  (c ruoc  (K )  )  .

l,r

The commutative diagram from 3'4 j-nd'uces the

3 . 8  P R O P O S I T I O N  . There is an exact sequence of grouPs

) f .
r i )

AS

I N

, 2 )

0 -+  Hom (c ,z14zL(Grc  (K ,R)  )  " * ! f  zL  (c ru 'c  tx l  I  6 l rx t |  (Guu,  z )  - - *

Proo f  I

fol lowing commutative diagram :

o ----+ zL (c ,z) zl (c rR)

l l  l in
o  *+ zL (c  ,z )  4  zL (e , l  ,n ,n ,

o-+r r , j f  z )1 r .1 : : ^ ,
s ince  n l ' i  =  i d  i t  f o l l ows  tha t

zL (c,T) J- u2 (e

I ' l  l l
) ---+rn t"luoc (x) ) 4 'r u2 (c

l n i  s  ^ l
---) zt (c,T ) "! + nt (e

image 50 = image 6n .

z )

, E )
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By Lemra 3. !- image 6 t *  * *?(cab,u)

3.9  LEMMA "

i )  6  0  i s  cons tan t  on the path components of  zL (cru 'c(K) )  .

n

i i  )  Hom (G , a) -+zL (c, c (K ra) )  
exp# zL Gf u'c (K) ) is a (Hurewicz )

f i b ra t i on .

p r o o f  :  i )  L e t  [ 0 r i l ] t  - - t a ( t )  =  ( a n ( t )  ) n Q z L  ( G ' u O c ( K ) )  b e

a cont inuous path.  S ince the sequence

z - - )  C IK 'R)  - ]  u0c (K)  i s  a  cove r ing  space , fo r  each  g€  G

we can t i f t  the path t  I  an( t )  €  u0c(K)  to  a cont inuous path

t - t  
{ n ( a )  €  c ( K f R )  s u c h  t h a t  e x e  f n ( t )  

=  a n ( t )  '  F o r  e a c h  t  w e  h a v e

(  f , ' . 1 g )  ) v , h  =  { n t . l  +  s l n t t )  -  f g h , ( t )  €  n '

Since the above express ion depends cont inuously  on t '  we must  have

56a  (01  =  f , oa  ( I )  .

i i )  Le t  X  be  a  topo log i ca l  space  and  l e t

F : X x I O , f ]  - + z L ( G , U ' C ( K )  )  ,  f  : X r I O J + z t  ( c r C ( K . r R )  )  b e  c o n t i n u o u s  m a p s

s a t i s f y i n g  e x p # f  ( x , 0 )  =  F ( x r 0 )  f o r  a l t  x  i n  x '  o u r  a i m  i s  t o

p rod .uce  a  con t i nuous  map  H :Xx [0 r1 ]  *  ZL  (CrC(K f  R )  )  wh ich  ex tends

{  and  l i f t s  F .  Now s ince  the  sequence  Z , - )C (K 'R)  " xP lU 'C(K)  i s

a cover ing space,  for  each g€ G there is  a  cont inuous map

n j  :  XxL0 ,1 ]  - -+  C(K ,R)  wh ich  ex tends  
fn  

and  l i f t "  ug '  Le t  us  check

t h a t  f o r  e a c h  x ,  t f  t h e  m a p  g  - + H l t x r t ) b e l o n g s  t o  Z L ( C t C ( K t R ) )  '

{ r  t )  =  H;  (x r t )  *  nn i  (x ,  t )  H ; ln  (x ,  t )  .  r t  i s  c lear

t h a t  * n r n ( x r t )  €  z  s i n c e  e x p  H ; ( x r t )  =  t g ( x r t ) .  A l s % o b r h ( x ' 0 )  =  Q

since ul  (x,  0 )  = 
fg 

(x,  0 )  .  As og 
rh 

(x,  t )  depend's cont inuousry on t
9

w e  m u s t  h a v e * n r n ( x r t )  =  0  f o r  a l l  x r t .  T h e  m a p  ( x r t )  - t  ( H ; ( x ' t ) ) n . a

is a solut j -on of  the given l i f t ing problem with in i t ia l  data '

t51r(/\"d-
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3. I .0  PROPOSITION

f fntro (c'uoc (K) ) i

f ibration and" we have seen that i ; ls total

and the f iber  is  to ta l ly  d isconnecled '  The

rhe f ibrat ion gives us z-n(2fr)  {  
Hom(c'z)

- L

nxr| (Gab, u )

nom (G.o  13)

0 "

proof :  Let  zf ,  ne the path component of  t  in ZL (C'U0C (K) )  '

s ince the group zLrcrc(KrR)) is contract ib le at  the zexo cocycre

(use the  obv ious  homotopy  n( (an)got )  =  ( tan)n  )  t t  
fo l rows tha t

in  the  sequence 3 .g ,ker  60  =  image(exnn)  .  z \ .  on  the  o ther  handr

by  Lemma 3 .9( i )  r  z f  c  ker  6  g"  Thus  z \  =  image(exp l )  and

JTo tzt  (c,u 'c (K) )  )  = zL (c,u 'c (K) )  /  'no= I , .LL(G.5r?) '  As a

consequence of  Lenma 3 '9 ( i i )  the sequence

0  ->uom(G ,E ) - - )  zL ( c ' c (K fR ) )  g r y ' t +  0  de f i nes  a

space is contract ib le

homotoPY sequence of

for n =1-
fox nlr 2 

E

I
t

f o r r r = 0

for fI .= 
a

for n7l  2

T h e r e s u l t s o f t h i s s e c t i o n c a n b e c o l l e e t e d ' i n t h e f o l l o w i n g :

3.L1- .  THEOREM' Let  K be a compact  connected topologica l  group

a n d l e t G b e a d e n s e s u b g r o u p o f K a c t i n g o n K b y l e f t t r a n s l a t i o n s .

Then :

(  ITolzL(c,uc (K) )  x t f r  t r l  xI{  (autc (K) )  )  for n=0 '

I
# , r tap t . (K ) (c ( * ) ; rG) )  

=1  Hom(G 'z )  *  [ t r< l  * { tao tc (K) )  fo r  n= t '

L / / * n ( K )  
* f f n ( a u t " ( K ) )  f o t n ) ' 2 '

trotzL(c ruc (K) ) ) f its into the f ollowing exact sequence z

0 i  * t l (G.b ,u l t r iFolzL,(G'uc(K) )  )  qst f  
K,G 4 0

where f  f  re  
j -s  descr ibed by  Propos i t ion  3 '7  '



r lil'r f rT:5'{:Tri,r''ffi 1

a,
:

Froof :  The theorem fol lows from Lemma 3'6 '  and Proposi t ion 3 '10'

3 . 1 ' 2 R E M A R K . I f G i s a b e l i a n o r c o u n t a b l e , t h e n A u t G ( K ) i s

toLatry path",wise-disconnected , hencern(aut"(K) ) Jeutt(K) 
f:; l; l:

There are explicitely for:ntulae for the maps i6 and q1 from above :

^ | | ( G a b ' u ) i s r e p r e s e n t e d b y X , € H o m ( G ' r ) t h e n i a [ K ] i s
i f  [X] e Exti

the componenr of the t-cocycle g --t T-G) r i f  a = (un)n €zLrctuc(K))

then gx[a] is the homcrnorphisn f e ttom(G'?) given by

t ,  - 1  t (  
t ^ n a  ?  q ' l

f g ( x )  
= 1 t t a n ( ' ) a n ( x - r '  ) " )  ( s e e  3 ' 5 ) '

3.{13 coRoLLARy. under the hypothesis of the above theorem we have:

q

t 9

i s  f ree ,  then :

( c (K )  x  G ) ;  =  [ " x ,G  I  ( t r , $ )  x
d r t

is  a tors ion grouP, then :

( c (K)  x  c ) )  =  Hom(c ; r l  x  t f i t x l  nnO(eu t " (K ) ) )
& r T

For the case of

i n f i n i t e  t o rs ion

fi nllrutc Fr) 
(c (r) * ")

where E, acts Hom(Git ' )  bY conjugat ion'

a)  i f  Gub

7fo (auts (r)

b)  i f  Gab

fo taot",*,

3.1"4 REMARK.

K  = T  a n d  G  i s  a n

coro l la rY g ives :

the Bunce

subgrouP

'  
I nom() = 1
L

r, ( a u t n ( K )  )  ) .

-Deddens a lgebras ,  i '  e '

o f T ,  t h e  a b o v e

GrT ' )  x  2Z fo r  n  =  0

n  f o r n - | -

0  f o r  n ) r  2 '

on
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