
INSTITUTUL
DE

MATEMATICA

INSTITUTUL NATIONAL
PENTRU CREATIE

STIINTIFICA SI TEHNICA

I S S t t l  0250 3638

BROWNIAN OSCILLATION NEAR

riiu eouNDARY oF A HYPEFSURFAcE

trv
. .  

v J

'  
L . S t o i c a

PREPRINT SERIES IN MATHEMATICS

.  No  ' Lg  /  1989  l

BUCURESTI



s

BROWNIAN OSCTLLATION NEAR

THE BOUNDARY OF A HYPERSURFACE

by

L.STOICA

May 1989

Depar- tment  of  Mathemat icsr  INCRESTtBd.P5'c i i  220,

7 9 622 Bucharest, ROMANIA



Brownian oscillations near the

boundary of a hypersurface

by L. Stoica

This paper continues the study begun in [S]. To describe what kind of problems

are treated, let us simplify the hypotheses here, in the introduction, and consider'the

brownian motion in the str ip D = (-so,*) X(-l , l)C.R2. Let us denote by X this Process

endowed with i ts structure of standard Process and set K ={x eD t x2 - 0 },

V 9 = { x G D : d ( x , K )  ( ! } , f o r  
9 e $ , 1 ) . A l s o  d e n o t e  U y  f < ! ( " . r ) = t h e  n u m b e r  o f  t i m e s

the trajectory X.(.- i)  hits K after wisits outside V t, heiore t ime t. The functional

. t t 2 .

Kt= (K€,)  depends only  on the behaviour  of  the comPonen,  Xr '  o f  X,  = (Xt ' ,X i ) .

Tlren, one can easily deduce, via the approximation theorem of the local t ime at 0 for

Brownian mot ion in  ( -  l , l ) ,  that

l im eKf = A,,
t + o  

L  I

exists a.s. The functional A = (At) turns out to be a continuous addit ive functional

unifonmly distr ibuted on K, in the sense that i t  can be represented with the (one

dimensional) Lebesgue measure, p, in K as fol lows

r
E x ( A * ) = ) r c g k , y ) p ( d y ) ,  x € D ,  '

wlrere g(x,y) is the Green f unction in D. Further, let us set

H ={ xe K , *l ( 0} and *i =fo.,ftn(xr)ar<!.,  L U r l

Then we can show the signif icance of Proposit ion 8.1 in the text by the

relation (which is a consequence of Proposit ion 8' l)

. P
€l.iT,2t 

tt," =to, 
rl 

t H(x s)dA s'

, ,

f ollowirig
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c  .  - - 8 ,
N o w  l e t  u s  d e n o t e  b y  F ' -  = { x 6 D :  d ( x , H ) ( g } ,  s 6 ( 0 , 1 )  a n d  s e t  H l ( " u )  =  t h e

of t imes the trajectory X.(t" l) l"r i ts H after visits outside F6, before t ime

consequence of Proposit ion 9.6 we have
' p

l i m  e H : =  J  l . . ( X  ) d A s
t4O t  [Or t ]  H '  s .

c c
Thus we see that sM' and 6H' behaves simi lar ly when€-> 0.

{e
In this paper we preserve the terminology and noE"ion adopted in [S]. Moreover

the seqtions are numbered in continuation and we refere direct to relations and

results proved in [S] just by indicating their number. The first section of this paper is

Section 8. and is devoted to the proof of Proposition 8.1, mentioned above. The main

result of Section g,is"Proposition 9.6. Then, in the final section we use the preceding

results to treat the case of a compact hypersurface with boundary.
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8 .  T h e  f u n c t i o n a l  w i t h  d e n s i t y  i n  a , n i q c e .

9f  hYPelJ? l  aJre

L e t  L  b e  a n  . o p e r a t o  r  o f  t h e  f o r m  ( 1  , Z )  w i  t h  c = 0
a n d  

" i { 9 2 + o t ( R d ) ,  
b L U t * * ( R d ) ,  i , J = r , . . . , d ,  T h e s e  a s s u m p t i o n s  e n -

s u r e  t h e  e x i s t e n c e  o f  t h e  d u a r  L * .  A s  i n  s e c t i o n  3  w e  s e t
-  J '  A ,  -  r  )

D r = f x e * o t l r o l .  l )  a n d  6 = { x € R d , " o = o }  a n d  x  w i l l  b e  a n  L - d i f f u s i o n

I n  D l '  H o r e o v e r  w e  w i l l  a s s u m e  t h a t  L  g o i n c i d e s  w i t h  l / z A  o u t s i d e

.  a  c o m p a c t  s e t  i n c l u d e d  i n  D t  ( i . e .  
" l - i  

= 1  / Z t . ;  a n d  b i = 0 ) ,  s o  t h a tr J
X  b e h a v e s  I  i k e  B r o w n i a n  m o t i o n  o u t s i d e  t h a t  c o m p a c t .  T h e  G r e e n  f u n c -

t i o n  a ' s s o c i a t e d  t o  L . i n  D t  i s  d e n o t e d  b y  g l .  
" n d  

t h e  G r e e n  p o t e n t i a r

l n  D ' ,  o f  a  m e a s u r e  v  i s  d e n o t e d  u v  i j .  t . / e  w i l l  n e e d  a l s o  t h e  m e a -I

s u r e  f ,  i n t r o d u c e d  i n  S e c t i o n  3 ,

l , / e  c o n s i d e r  t h e  n u m e r i c a l  v a l u e s  r L ( , r L t , i  €  f - * , + o J

i = 1  , .  .  .  , d -  I  a n d  d e n o t e  b y  g = { x € r c : x ' e  t r f l r , t r { ] ,

ol ' '= ,J, . fu(X,)ant ,  '

.  such .  tha t4 f  ' r r r l , { ,

i = 1 r . . . , d . . / ] , W i t h  r e s p e c t  t o  K  a n d  t 6 ( 0 , 1 )  w e  c o n s i d e r  t h e  f u n c t i o -
|  . . ^.  n a l  A '  g i v e n  b y  ( Z . t )  a n d  t h e  f u n c t i o n a l  p . H r E  c l  i v e n  b v

T h e  p o t e n t i a l s  o f  t h e , s e  f u n c t i o n a r s  w i l l  b e  d e n o t e d

b y  u  a n d  u , , :' n

u ( x ) = 8 " ( A : ) ,  u n ( x ) = E x ( o Y ) ,  x € D r .

0 u r  f i r s t  a i m  i n  t h i s  s e c t i o n  w i l l  b e  t o  p r o v e  t h e  f o l l o w i n q  r e s u l t .

P r o p o . : i t i g . n  8 . 1 .

T h e r e  e x i s t  t w o  
" o n u ' t a n t s  

C > 0  a n d  € .  > 0  s u c h  t h a to



f  o r  a n y  t  e  ( 0 , t  
o )

a  r e  i  n d e p e n d e n  t

D r e p a r a t l o n s .  W e

- 2

, H - G i r [ < c e t '  / 6  ( t n  t  / r ' ) 7  / 6 ,

r  w h e r e  L H = l H . a L .  l 4 o r e o v e r  t h e  c o n s t a n t s  C  a n d  €

o f  H  ( i . e .  o f  t h e  v a l u e s  r l l r , { )

l h  o r d e r  t o  p r o v e  t h e  a b o v e  e s t i m a t e  w e  n e e d  s o m e

b e g i n  b y  e s t a b l  i s h i n g  t h e - f o l  l o w i n q  n o t a t i o n ,

s u c h  t h a t .t h e r e  e x i s t s  i \ < d - l

* ? nr q{-aIt{+AI ,

, L={,,,, d- lT
t

,  r  .  .  ,  d -  l - r .

H . = f x € n d :  l x d l <  t t ,  - 2 ,  * i e t \ r i * 2 , T , { - a l ,  i = 1 , . . . , d - l } ,

N r = f x € n d : f  x d l S  r / z - 2 ,

E"={xGRd: lxol .  tz 2 +t ,  *  
' 'e 

(utr-vr t i*r l

E = f x e R d :  l * d l <  I  ,  * i 6  ( o L ! - t  , 7 t !  + t )  ,  i = l

T h e  n u m b e r  6  i s .  a r b i t r a r y  i n ' f  o  , l / 4 f ,  s o  t h a t  a l  I  t h e s e  s e t s  a r e

c o n t a i n e d  i n  D l .  S i n c e  w e  m a y  h a v e 0 1 ! =  - a a o r  t y t ! = + e  w e  s h o u l d  m e n -

t l o n  t h a t  i n  t h e  a b o v e  n o t a t i o . n  t h e  u s u a l  c o n v e n t i o n s  o o f  / = a o ,

- o o a ?  = - o -  a r e  i n  f o r c e .  [ I e  a l s o  o b s e r v e  t h a t  t h e  c a s e  H = K  i s  t r i -

v l a l ,  b e c a u s e  t . h e n  e s t i m a t e  ( : .  t l )  p r o d u c e s  a  s h a r r r e r  r e s u l  t .  T h u s

P r o p o s i t i o n  8 .  I  i s  i n t e r e s t i n g  o n l y  w h e n  o n e  o f  t h e  v a l u e s  , ?  {  o r

n  l I  : - r  - .  r  r  r  r .  ,  

t  t

' , L i ,  , - ,  '  o . . .  r d - l  i s  f  i n i t e .  N e x t  w e  w i  l l  e s t a b l  i s h  t w o  l e m m a s .

L e m m a  B . z.--

L e t  p ( x ) = e x ( t r (
o

} - >  0  i n d e p e n d e n t  o f  H  s u c h  t h a t

rr{  x6 Rd ,  l "dlg r  I  z-c,  xf  uruNr } ,

T )' D . , \  E '  '
t .

p ( x ) ( l - f (  l * d f  -  t / z ) ,  x € E ,  l * d l > r z z

p (x ) . (  l - f (  ^ i  - l ' { ) ,  x6E ,  ̂ i ? r t ' ! , ,  i \ <d -  |

T h e n  t h e r e  e x i  s t s  a  c o n s t a n t



l . < d - 1 .

t h r e e  e s t i m a t e s  a r e  s i m i l j a r ' .

f  a s t  o r € .  A s s u m e  t h  a t , r L  f ) - " o  ,e  I '

t h e  s t r i  p  B = { x € R d : x t g  ( ?  { - l , y l r ) L

B  s u c h  t h a t  h ( x ) = l  i . f  x i = n , .  a n d.  ,  0 l

g e t  a  c o n s t a r F t  f  ( i n a e p e n d e n t  o f

o n  D l \  E  A

H a ,

i n d e o e n d e n t  o f  t r r  a n d  H

.1 ' .  
' ; ' i : " t  :

' l ,  
l  l ,  :  

"i'i.',, , ,!' '
- ' ,.; i j ;, 

,
, , 1,._

:  . i . u

t

'rnrt,

P r o o f  o f  t h e  I e m m a
% . =

T h e  p r o o f s  o f  a l l ,

S o  w e  a r e  g o i n g  t o  c h e c k . o n l y  t h e

f o r  ? o T e  i ( d -  
. |  

" n l  
|  * t  u s  J o o k  a t

L e t  h  b e . a n  L - h a r m o n i c  f u n c t i o n  i n

h ( x ) = 0  t f  * , = , ? f  - 1 .  B y  L e m m a  \ , 3  w e

t h g  s t r t p )  s u c h  t h a t

( 8 . 1 ) h ( x ) (  r - t ( r l t i : " t , ,  x € 8 .

B u t  o n e  e a s i l y  o b s e r v e  t h a t  t h e  f u n c t i o n .  p r  w h i c h  i ' s  a l s o  L - h a r m o n i c

i n . E 0  B ,  i s  d o m i n a t e d  b y  h  o n  t h e  b o u n d a r y  ) ( e n g ) .  B y  t h e  m a x i m u m

p r i n c i p l e  w e  h a v e  p - < h  i n  E n B .  T h u s  ( B . t )  g i v e s  u s  t h e  e s t i m a t e  i n

t h e  
' s t a t e m e n t  

o f  t h e  I  e m m a
'  

I  

t '

' ( t .

l = g m m q -  8 .  3

T h e r e  e x i s t  t w o  f a m i  I  i e s  o f  e x c e s s i v e  f u n c t i o n s

t r e  , E e ( o  , t  / \ ) !  a n d  {  r {  z e  e ( 0 ,  |  / \ ) t  s u c h  t h a t

' t :

r6

r.[

- P r ,  1 6 '
o

- P o r . r

7,  *G

o 'L  > r  e o n

lf r.o li( c , il 't l i < c,

w h e r e  F  a n d  C  a r e  s t r i c t l y  p o s i t i v e  c o n s t a n t s ,

P ' r o o f  o f  t  h e  I  e m m a

L e t )  b e  t h e  m e a s u r e  w h i c h  g i v e s  t h e  r e ! - r r e s e n t a t i o n



4  -  . i ,
' 1  r

'

t r  s  :  ' t  '

p = G i r  f o r  t h e  f u n c t i o n  o f  f h e  p r e c e d i n q  l e m m a .  T h e n  w e  p u t ' q = g l
ts

a n d  c l a l m  t h a t  t h i s " f u n c t i o n  i s  b o u n d e d  b y  a  c o n s t a n t  i n d e p e n d e n t

'  :  , ' t l
.  ' , l  i  1  '  

'  '

:
; .  .  

'  1 : .  '  
"  

'  ' '  " '  i '

( 8 . 2 )  q  -  P D r \ E z 9  > Y C  o o . H o ,  .
1 r

1r 
' '

:
!  . '

i  . .

w i  t h .  : l '  f  u r n  i  s h e d  b y  t h "  p r e c e d  i n g  I  e m m a .  L e t  u s  D r o v e  . t h e s e  f  a c t s .

L e t  f  b e  t h e  L e b e s g u e  m e a s u i e  l n  R d  a n d f ( x , r ) : l n ( x , r \ , , k ,  F r o m  t h e

e s t l m a t l o n s  ( t . t 3 )  a n d  ( 1 . . 1 4 )  * e  9 e t  a  c o n s t a n t  c > 0  s u c h  t h a t

n , ! . * ' ' ) ( Y ) < c r d '

. A
p r o v  i  d e d  t h a t  x ,  y € R "  a r e  s u c h  t h a t  l * - y \ ' r r l  / \ *  r  a n d

2r ,

f o r  a n y  x e R d .  T h e r e f o r e ,  o n  a c c o u n t  o f  r e l  a t  i o n  ( t  . 2 1  )  w e  d e d u c e

?c*, ,.) 
(* ))rc-1

of r " ,  r )  (  i l )  r2c -1  (  t  -c2 'd '2 ) ,

a s  s o o n  a s  r 1 l I 4  a n d X c H - .  T h u s  w e  c a n ' c h o o s e  a  c b n s t a n t  k  s u ' c h
F o

t h a t  n n i i l  o n  H o ,  a n d  h e n c . e  n * > r ,  B y  L e m m a  6 . 1  w e  h a v e  n n i ^ r y ,
1

A s  w e . h a y e  s e e D  i . n  t h e  D r o o f  o f . . L e m m a  5 . l l  t h e  f u n c t l o n  g f  r s  b o u n -

d e d .  T h u s  q  i s  b o u n d e d .  T o  p r o v e  e s t i m a t i o n  ( 8 . 2 )  * e . o b s e r v e  t h a t ,

f o r  x € H  .  w €  h a v eo '

' / x )  
- ,  

o , .  r r i lx )  =o (x . )  - ro . , - r "p  (x)  .

T h e n  b y _ L e m m a  8 , 2  w e  d e d u c e
t



:

t h  i  s  r e l  a t  i  o n  m a y  b e  w r  i  t t e n  a s

f  .  T h u s  w e  h a v e

t o , - r o o 6 ( x ) (  l ' f ,  7 ,  x € E ,

;

w h l c h  p r o v e s  ( B . e ) .

N o w  w e  d e f  i  n e  t E = P D r r  E r q  
+ f  6 .  0 b v  i o u s  I  y  t h e s e

f u n c t i o n s  a r e  u n i f o r m l y  b o u n d e d .  R e l a t i o n  ( 8 , 2 )  s h o w s  t h a t  g A r z =

= r E  o n  H o ,  a n d  h e n c e

PHotsA" r '

0 n  t h e  o t h e r  h a n d  1 5 = o * f , 6 o n  D r \ E 6 ,  w h i c h ' i m o l  i e s

S i n c e  p = l  o n .  H o t

w i t h  a  s u i t a b l

'  t n o 1 6 ( 9  o n  D t r E 6 '  .

W r l t t i n q  q = r - - 1 6 ,  t h i s  i n e q u a l i t ' y  b e c o m e s  t h e

m e n t . .

T o  c o n s t r u c t  t h e  f u n c t i o n t  t {

p r , " )  = E x  1 T H 6 < t o ;  r )  .  T h e  p r o o . f  s  . o f  L e m m a  s  \ ' , 3

P E ( l - r z o n E\Eo r ,

e s  t  i  a m t e  o f  t h e  s  t a t e -

w e  b e g i n  w i  t h

a n d  8 , 2  s h o w "  t h a t

a n d  h e n c e



6

>/Y6 o n  H 6 .

L e t  $ 6  b e . . t h e  m e a s u r e  w h i c h  e x p r e s s  t h e f u n c t i o n D  a s' z

h  - P  r rY G  ' D r \ E , t d
- r o

P" =Glo

T h  e n

c h e c k

t 1
w e  p u  t  r J  = G ;  T h e  p  r e c e d  i  n g' @ ' E r I  n e u a  I  i  t y t h e  s t .  l o

t h e

f u n c t i o -

14.e4<t,
t h e  b o u n d e d n e s s  o f  t h e  f  a m i D T r y

f u n c t i b n .  p  o f  L e m m a  8 . 2  s a t l s f y  p ' y ' 1 "  i n

q > r r {  l n  D ,  w h i c h  c o m p l e t e s  t l r e  p r o o f  .

"li

P r b o f  o f  P r o o o s i t i o n  B . l

E .  T h e n L e m m a  5 .  |  . i ' m p l  i e s

t h e  f u n  c t  i o n

p o r t e d  b y  t h e

w i l l

n a l g . i  v  e n  b y

a n d  s e t  u  ( * )  = E *

q u e n t l y

L e t  u s  d e n o t e  b y

u  a s  a  G r e e n  p o t e n t

s e t t x € n d , I r d l < e 3

t  t h e  m e a s u r e  w h i c h -  r e D r e s e n t s
1

i a l  u = G . y  .  W e  k n o w  t h a t  l l  i s  s u p -

c h o o s e  e <  l / \ ,  s o  t h a t  V

f
B * =  - J-  1 0 ,

( * . ) , we

ur=oi.n u=^b, ,

w h e r i -  f  , Y ' ,  a r e  B o r e l  m e a s u r a b l e r n o n n e q a t

9 + ? = 1  .  L e t  u s  p u t l T - = l * ,  , r p . ' V  a n d  l o o k  a t
|  |  

1 1 6  |

, . ,1- - tHG;< uH-PuuH( E

w h e r e  t h e  l a s t  i n e q u a l i t y  i s  g i v e n  b y . L e m m a

c l - p . .  G ' 1 .  < 8 .  T h e n  b y  L e m m a  8 . 3  w e  d e d u c e" 'Tf  '  Ho"T-\-  !

v e  f u n c t i o n s  s u c h  t h a t
. 1

t h e  n o t e n t l a l  C ; .  l J e  h a v e

2 . \ .  S  i n c e  H C H .

b e  a l l w a y s  s u p p o r t e d  b y  t h e  s e t  H e U t 4 e u N r .  L e t  B  b e  t h e

c

. \  
I  

K \ H ( x t ) d A rr J

x € . D r .  S i n c e  A € = A H ' € i g h a v e  u = u H + v  a n d  c o n s e -

w e  o b t a i n



- .' . *.;;'.:- '"' 

"t- 

J*u-;u)^**a*u!-r-,ro*.*;'*;;&i"-,*

." t , ' "
'  I  I  : , i ' .

D . : E -
I ( '

( 8 . 3 )

a n d  s i m i l a r l Y  d e d u c e

o n

i n  D .
IHr '

a n d

w i t h

- t , i l  r , " l [ r {ce'2 ,

y =fr- I  ,z.Y *t ,r(f  
-  t .  1+ I ua

f 
.y =%') -'[f /+T[+ t ,. (T - t, ){t i

a

c{rete / f6}  r .  ,  F  I  na I  Y we may wr  I  tea n d  f  r . o m  L e m m a  6 . 1  w e  g e t  I

- ,  
I

elr< c€ta.

F u r t h e r  w e  p u t  1 1 / = l  H " . P . !
, ; . . '  - .  f i

c ; / ( c t ' / 6 ,
t h i s " i n " q u a l  i  t Y  b e g i n  w i  t h

1 I
oi , -P rreo6' i r r (v1 P K. .Eou" v-  P 6trv (  € '

S f  nce  Por . ,Eoe l r lT r r< . roGi i r  we "qe t  i - -_

*,

orl,
)

1  , -  --  P D r : E o G n z - < t  '

- ro , -eoc l r , .< (€ / f z )  ( r / -eDt \Eo{ )  on  He  '

T h e n ,  u s  I  n g L e m m a  6 .  I  w e  g e t  t h e  e s t i m a t e  ( 8 . 3 / )  '
I

F u r t h e r  w e  c h o o s e  t w o  f a m i  I  i e s  o f  f u n c t i o n s

{ rz,: z € (  o , l  I , { ) } , { h r ,  E e  ( 0 ,  I  / 4 ) }  s u c h  t h a t ,  f c , 1 ' r g ( t O . ,  I  f t r  = l

f r  =0  on  NE,  h6= l  on  f fa ,  hz=0  on  D  i  Hzg '  0< f6 ( l  '  0<ha( l

Il rtl 2scr

c o n s t a n t  C i n d e p e n d e n t  o f G  a n d  H .  T h e n

a n d  h e n c e

( 8 . 3 ' )

T h e  p r o o f  o f

' r ,
w e  m a y  w r  i  t e



+ c. | , *  , l r r r* r \ ,

;  r .  - 8

. 1 . 1 1  l r l

I  urroi ,  F\nt .n 
- ' in, r l  * ' ;

w h e r e  w e  s e t  \  
= 1 M - , 1 .  U s i n g  L e m m a  8 . 4  f r o m  b e l o w  a n d  e s t i m a t e s

i ,  " 7 ,

! 8 . 3 )  a n d  - ( 8 . 3 ' )  w e  s e e  t h a t  t h e  
' r i g h t  

h a n d  s i d e  o f  t h i s  l n e q u a l  i  t y

i  s  d o m  i  n a t e d  b y

- c lr.^l-, ez- l+El n tr- l ) .
r  1  1  |  l n , lI ci.,v, - Gi.'l l* lG r'o,u

T h e n  u s  I n g  L e m m a  8 . 5  f r o m  b e l o w  w e  g e t

I ur_ oirl<

T a k l  n g 7 = ( g l n  6 - l ) l

. \ .\ '\

e s t i m a t e  o f  t h e  s t a t e m e n t .

l l , i ^ t d , r , , $ s t . t n G - 1 ,  y n  ( o , t / 4 )  .

;

c 6  z , l € ( r n  g - l ) 3  / ? + c i n - 1 *  6 l n 6 - l ) .

/ 6  w e  o b t a i n  t h e

!S'*"_9 J.
F o r  a c R ,  ? ) O  a n d  i € { , 1  , . . . , d - l }  s e t  A ( a , Z , i ) =

= { x € R d , * d = o , l r i - " l g e  }  a n d f ( a , ? , i ) = l A ( a , E  , i \ . 1 L ,  
w h e r e  f  i s  L e b e s -

g u e  m e a s u r e  i n  K .  T h e n  t h e r e  e x i S t s a  c o n s t a n t  C > 0  I n d e p e n d e n t  o f  3 t t ,

s u c h  t h a t

P r o o f

l n  o r d e r  t o  D r o v e  t h e  l e m m a  w e  w i  I  I  c o m D a r e  t h e  G r e e n

f u n c t i o n  g l  w i t h  t h a " t  c o r r e s p o n d i n g  t o  t h e  o D e r a t o , .  t = 1 / 2 A .  L e t  G ' t  b e
a\,

t h e  G r e e n  f u n c i t o n  i n ^  D l  
" t s o c i a t e d  

t o  L .  W e  c l ' a i m  t h a t

( 8 . 4 ) s 1 ( * , y ) ( c i l  ( x , y ) ,  x , v € 0 . ,  ,

w l t h  a  c o n s t a n t  C > 0 .  H e r e  u s e  t h e  f a c t  t h a t  L = l / 2 4  o u t s i d e  a  c o m D a c t

s e t  M .  F i  r s t  w e  r e m a r k  t h a t  r e l  a t i o n  ( t .  t 9 )  a l  l o w s  u s  t o ' e s t i m a t e  : :



. :
t h e  f u n c t  I  o n

- 9

t h a t  t o  d e d u c e
I

/ v i \
g ( x r Y / 1

l x -  Y lz  
d ( 'G ' t  ( x  '  Y )

n e i g h b o u r h o o d  o f  l ' 1 .  B y  e s t i m a t ef g t  x r y

( 8 . 5 )

i n  a ( l  .  l 3 )  w e d e d u c e  t h a  t

(x, v)(ct ' l  (x , v) 2
{-

f o r  x r y  i n  a  n e i q h b o u r h o o d  o f  M .  F o r  f  i x e  d  * t b o t h
' 

arrl , \ | . - !a n d ' g " ( x , . )  a r e  h a r m o n i c  i n  D r r 1 4  a n d  v a n i s h  a t  t h e

T h e r e f o r e l b y  t h e  m a . x i m u m  p r i n c i p l e  w e  d e d u c e  t h a t

( 8 . 5 )  h o l d s  f o r  a n y  y 6 D t

A g a i n  b y  r e l a t

e x i s t s  a  c o n s t a n t  C > 0  s u c h  t h a
.  a r t .

\

(  1 : 1  9 )  w e  d e d u c e  t h a t  t h e r e

l r - v l  
2 -d - ( cd l  ( * , y )

.
r  a n y  y C D r  a n d  a n y

I

d e d u c e

g l  ( * , y ) < c T l  ( x , v ) ,

t i
T a k  i n g  t h e  b e - S T  c o n s t a n t  w e  d e d u c e  f  r o m

t h a t

x € V u l ,  w h e r e  V  i  s  a  n e i q h b o u r h o o d  o f  | .  T h u s
d y

I

f u n c t i o n r ' o ' ( * r y )

b o u n d a r y  D  D 1 .

. 1 "  i n e q u a l i t y

y € D t  '  x € V 4 .
. , {

t h i s  i n e o u a l  i  t y  a n d  ( 8 . 5 )

i o n

t

- f o

w e

s l  ( . , y ) ( c 6 ' 1  ( . , v ) o n  m  U V y .

S  i  n c e  t h e

g 1 ( . , y )  i

c i p l . e  w e

D tr MUVy,.

n  f t r \ l ' f ,  t h e  f u n c t i o n

B y  t h e  m a x i m u m  P r i n -

a d j o i n t  L ' (  a l s o  c o i n c i d e s  w i t f '  
. t 1 = l '  

i

s  h a r m o n i c  ( a s  w e l l  a s  6 t l  i n
t t

\t,14)
g e t ) G t  i m a t e  ( 8 . 4 )  .
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, ". , '-

' ;

N o w - w e  e s t l m a t e  ! J  u s i n o  r e l a t i o n

2 + t 6 ) - 1  a r / ,

b y  , t h e  l e m m a

. i

( 5 . 4 )  
" n d  

o b t a  i  n

g l  ( . * , v ) s  c i J ' '  ( * , y ) ( c  f  x  t  - y /  f  
t - o  (  l x t ' v r l  +  l 6 )  

- 1

. . .
w h e r e  x , y 6 D ' ,

' )  .  A

a n d  x = ( x / r x " ) ,  y = ( y J , y ' ) ,  T h u s  h r e  f r e t

n , .1  t l . <c ( l u  42 -d l v r ll l "P(d ,T ,1  ) l t \ -  
u  

J  lY t  \  I

0a
whe r "  0 r  = l y leRd-  I  ,  l r o -  

t  
l . o  l  ,

f o l  l o w  b y  d i  r e c t  c o m o u t a t i o n s

l i t y  . a s s e r t e d

L e m m a  8 .  5 .

h l i t h  t h e  n o t a t  i o n

T h e  i  n e q  u a

i  n  t h e  p . o : f  o f  P  r o p o s  i  t  i  o n  8 .  I  w e  h a v e

) Eol,r, -r l ,^| (c ( l l  rIr+r

l"

^ f  , € -  \  
e

^ r .  
" ; t * r f ( x 1 ) d A ;  

' .
L U  r  t J

t / 2 ( l n E - 1 , ) 3 / 2 ,

f o r  e a c h ' f € d ( D 1 )  a n d € e  ( 0 , € J ,  H e r e  C  a n d  6 o  a r e  c o n s t a n t s .

T h e  p r o o f  o f  t h i s  l e m m a  i s  e x a c t l y  t h e  s a m e  a s  t h a t  g i v e n  f o r

t h e  i r i e q u a l i t y  ( Z . f  A ) .  l t . i s  b a s e d  o n  t h e  f a c t  t h a t  t h e  a d . i o i n t

L *  i s  a l s o  o f  t h e  f o r m  ( t . z ) .

N o w  w e  g o  f u r t h e r  a n d  c o n s i d e r  a  f u n c t i o n a l  w i t h  d e n s i t y

,';\
r a l ) t r l  d e f  i n e d  a s  f o l l o w s :  l

D

T h e  e x p r e s s  i  o n  o

C N
t i o n a l  A '  ' c h a .

. t h e  f u n c t i o n a l  A

h a s  t h e  e x P r e s s  i

n  t h e .

Y fies
f  , €  i

r  i  q h t  h a n {  s  i  d e  m a k e  s e n s e  b e c a u s e  t h e  f u n c -

o n l y t h e  t o t e n t s  t  s u c h  t h a t  X t e  K .  l f  f 7 0 ,

s . i  n c r e a s i n g .  T h e .  D o t e n t i a l  o f  t h i s  f u n c t i o n a l

o n

f R  A \ p x ( n l , € ) = € > -  t t , t n f  ( x ) .  x 6 D . , ,



w h e r e  H f  ( x ) = E x ( r ( X ( r t ) ) ) ,  w l t h

o f  t h i  s  f o r m u l  a  i  s  t h e  s a m e  a s

u s  r e c a l l  t h a t r f o r  f € g o ( K ) , ,  t h e

l y t i c a l y  a s  f o l  l o w s :  d e n o t e  b y
: = _

s a t  I  s f y  i  n q  t h e  b o u n d a  r y  c o n d  i  t

-  l l

T . ,  d e f i  n e d  l n  S e c t l o n  2 .  T h e  p r o o f
I

t h a t  g l v e n  f o r  r e l a t i o n  ( 3 . 7 1 ) "  L e t

f u n c t i o n  M f  m a y  b e  d e s c r i b e d  a n a -

h  t h e  L - h a r m o n l c  f u n c t i o n  i n  D , \ K' .  
I

i o n s

h . ( x / , 0 ) = f  ( x / , 0 ) ,  r r ( x { 1 ) = h ( * { - r ) = 0 ,  * / € R d - 1 .

T h e n  d e n o t e  b y  l l  
l e  

L - h a r m o n i c  f u n c t i o n  i n  D €  w h l c h  s a t i s f i e s

t h e  b o u n d a r y  c o n d i t i o n  I  ( x ) = h ( x )  f o r  x e ) D € , .  T h e  f u n c t i o n  M f  t a k e s

t h e  v a l u e s  M f  ( x ) = h ( x )  i f  x 6 D ' r D r a n d  H f ( x ) = l ( x )  i f  x € D {

F u r . t h e r  w e  s h a l l  d e n o t e  N € = t .  H n  a n d ,  a s  i t  w a s  D r o v e d  a t
n = 1

( 3 . 8 1 ,  w e  h a v e  a  c o n s t a n t  t r >  o  s u c h  t h a t  i l  r u s  t i < C f  t ) - 1 .  B e c a u s e

o f  t h e  a b o v e  a n a l y t i c a l  i n t e r p r e t a t i o n  t h e  f o l l o w i n g  p r o p o s i t i o n

a n d  l t s  i o r o l l a r y  m a y  b e  t h r o u q h t  o f  a s  a  r e s u l t  o f  p a r t i a l  d i f f e -

r e n t l a l  e q u a t i o n s .

P. tgpe: . j  t jo - l - j . .5 t

l f  f  i s  c o n t i n u o u s  w i t h  c o m p a c t  s u o p o r t  i n  K ,  t h e n  t h e r e

e x l s t .  C ) 0  a n d € o ) 0  s u c h  t h a t  f o r  e a c h t € ( 0 i 6 o )  a n d t r - € ( O , t ) ' t t r e

f o l  l o w i n g  i n e q u a l  i t ' y  h o l ' d s

f - , l.oll<c l - ( r )  dE-  d  E\  /u . t  t  n  e .  
-  1  ) '  / ' l , l4 l+ct r , (  r ,E) ,i I E N "

W h e r e  f - ( f  )  d e n o t e s  t h e d  i a m e t e

i l -
\cJ:-
r l u s u o o  f

l " -  v l <  ; -  !

a n d  t r . r ( f , F )  t h e  o s c i  l  l a t i o n  i

t r r (  f  , 5  ) = s u p . t  l f  ( x )  -  r  ( v ) l  : x ,  y G K ,

P r o o f
. , t

a n d  k = ( k t , . . . , k d - 1 ) e z d - 1  w e  s e tr o r t r ' >o
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. l -  I
T h e n  t h e  d i a m e t e r  o f  H ( E ' , n )  i s F  a n d  i d e n t i f y i n g  R " - ! K  w e  m a y

w r i t e  K = U  H ( S , B ) .  L e t  { H ( t r , k , ) : . i = 1 , . . . . , n }  b e  t h e  f a m i l y  o f  t h o s e
. . k  J  :

i .  c u b e s  w h i c h  h a v e  n o n - e m p t y  i n t e r s ' e c t i o n  w i t h  s u p p  f .  T h e  n u m b e r  n

- r  1 t ,  A

| s | e s s t h a n ( r ( f ) r . 1 ( d - l ) l / 2 + l ) d . , l . | e P u t .

4

t p  = f  r 6 ' ( o -  t ) - 1 l t o r r . l n ( F , r , )
,  j = t  J  " t '  t l j '

a n d  c o n s e q u e n t t y  d e d u c e  t f  f - y l l < r - ' ( r , F ) , l l  e H E ( r - F ) l l < f  
- 1 , : u ( f  

, F ) ,

l l  ol,^ - ci.rkoi,t r,F) .
F u r t h e r  w e  i n t e n d  t o  a p p l y  P r o o o s i t i o n  8 . 1 . w i t h  r e s D e c t  t o

a  c u b e  g ( F r k ) .  l n  o r d e r  t o  d o  s o  w e  f  i r s t  h a v e  t o  r e m a r k  t h a t  t h e

b o u n d a r y  o f  g ( f , r k )  i s  a  p o l a r  s e t .  T h u s ,  b y  P r o r r o s i  t l o n  8 . 1  w e  9 e t

w h i c h  c o m b i n e d  w i  t h  t h e  o r e c e d i n q  e s t i m a t e s  l e a d s  t o  t h e  i n e o u a l  i  t y

i n  t h e  s t a t e m e n t .

l l r *?  - r , l  . j l cc , i i r t t s t l c0  n t -  1 \7 /6 ,

C o r o l l a r v  8 . 7

l f  f e V ( n d - 1 )  i s  s u c h  t h a t  I  i m  f  ( x ) = 0 ,  t h e n  t h e  f o l  l o w i n q  r e -

r r c 1 " l x t  
- t *

l a t i o n  h o l d s  l i m [ l  t r ' r ' f - G ; . t l l =  0 .
€ - + 0 . .  r . , a . .
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9 .  I h e  c a s e  o f  a  h a l f - h y D e r p l a n
#  .  r r .  I  ! * . r f f

t h e  h y p o t h e s e s  o f  t h e  p r e c e d l n q  s e c t l o n .  l , t e  D r e s e r v e  a l s o  t h e  n o t a -
(e.Xcc,P -i.hclt:
--__

t i o n r l  t h t s  t i m e  H  w i l l  b e  a  f  i x e d  h a l f  o f  h v p e r p l a n  H = [ x 6 K :  * o - &  0 3 .
<-.-
s * * ,  V e  a r e  g o i n g  t o  s t u d y  t h e  o s c i  l a t i o n s  o f  t h e  p r o c e s s  X  n e a r  H .

B e s i d e s  t h e  n e i g h b o u r h o o d s  D E  o f  K  w e  c o n s i d e r  a  f a m " '  t e  \r r Y  t h E / € d ( o , l )

o f  o p e n  n e i g h b o u r h o o d s  o f  H  w h i c h  i s  a s s u m e d  t o  n o t  
" r ,  

t h e  f o l  l o w i n o

P r o p e  r t  i  e s :

( g . t ) i ) *  , r c  D t

i  |  )  t  x e R d ' * d - k o ,  I ' d [ < s ] c  F €

i i )  i f  x e ? F g 0  D e  ,  t h e n  t h e  d i s t a n c e  t o  H ,  d ( i , H )  s a t i s f  i e s

t h e  e s t i m a t e s  6 ( (  d ( x , H ) ( E - 1 € ,  w i t h  a  c o n s t a n t  z  e  ( o , t )

i n d e p e n d e n t  o f  t  .

i v )  t h e  b o u n d a r y  ) F € ,  i s  s m o o t h .

A n  e x a m p l e ,  w h i c h  s u o q e s t s  h o w  t h e  s e t s  F t  a r e ,  i s  o b t a i n e d  b v

t a k i n g  F r = { x € R d : d ( x , H ) <  €  }  .  I . / e  n e e d  t h e  f o l  l o w i n q  s t o p p i n g  t i m e s :

T = T K ,  S = T D l \ D € ,  R = T H ,  Q = T D r a F E ,  T o = 0 ,  T r = S + T c * , ,  T n + l = T n + T l " o ( T n ) ,

R o = 0 ,  R r = S + R " S S ,  R n * 1 = R n * R , o 9 ( R n ) ,  0 _ o = 0 ,  Q l = q + R o + q ,  0 . n + 1 =

= Q . n * Q 1 o S ( Q . n ) .  T h e  f u n c t i o n a l  w e  a r e  i n t e r s e c r e d  i n  i s  C g = ( C : )

g  i  v e n  b y

, o a
g  . - -

C - = 2 )  1 . -  . ; ," t - - f i ' { a n ( t } .

I

$cu n J ots.-
0 f  c o u r s e  t h e  n e w  a s p e c t  u p  t h e  o r o b l e m  i s  o r o d u c e d  b y  t f , " \ f f  H .

W e  w i l l  c o m p a r e  t h e  f u n c t i o n a l  C 9  w i t h  t h e  f u n c t i o n a l  A H ' €  i n t r o d u c e d

i n  t h e  p r e c e d i n q  s e c t i o n .  l t  t u r n s  o u t .  t h a t  b o t h  f u n c t i o n a l s  h a v e

t h e  s a m e  I  i m i t .  T o  p r o v e  t h i s  w e  n e e d  a n o t h e r  f u n c t i o n a l  B g  d e f i n e d

b y
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l i .
t l

od
R E  = E F  r- t  

F r ' C R n s t l '

' " ,,:.L : l ;  . . ! r  " .

I r l

w h i c h  w l l l  h e l p  u s  i n  c o m p . a r i n g  A H , 9  w i t h  C € .  T h e  n e x t  l e m m a  i s

a  d e t e r m i n i s t i c  r e s u l t ,  w h i c h  c a n . b . e  p r o v e d  b y  d i r e c t  m a n i p u l a t i o n

-  o f  t h e  s t o p p i n g  t i m e s  u s i n g  t h e  m e t h o d s  o f  S e c t i o n  2 ,  n a r t i c u l a r l y

:  r e l a t l o n  ( 2 . 5 ) .

L e m m . a  9 . 1

L e t w  b e  s u c h  t h a t  t + X a ( c u )  i s  c o n t i n u o u s  a n d  k > 1  s u c h - t h a t

X ,  ( . e r ) e  n .  T h e n  t h e r e  e x i s t s  l | . 1  s u c h  t h a t  n ,  ( c . r ) = t O ( t u ) .
t k

F r o m  t h i s  l e m m a  w e  i m m e d i a t e l y  d e d 0 c e  t h e  f i r s t  i , n e q u a l i t y

o f  ( g . Z )  f r o m  b e l o w .  T h e  s e c o n d  i n e q u a l i t y ' i s  s i m i l a r :

( g . z )

T f , "  r e m i  n d e r  o f  t h  i s  s e c t i o n  i  s  d e v o t e d  t o  t h e  D r o o f  o f  t h e

y m p t o t i c  e q u i v a l e n c e  o f  t h e  t h r e e  f u n c t i o n a l s .

F o r  a € R  a n d  E ) 0  s e t  D .  ^  = { x € R d , f * O l . t , * d - l > a } a n d  T " = i n f { t ) 0 :
E r d  e  I

. . d -  l  1t X ;  ' - a f .  
T h e n  t h e r e  e x i s t s  C , F  a n d  € - > 0  s u c ' h  t h a t' o

P x ( r  < s ) ( c  e x o  ( -  ( l d - 1  - a ) F e ' - l  ) ,

f o r  e a c h  x € D r ,  
" , €  

e 1 O ,  € o )  a n d  a € R .

P  r o o f

t / e  p u t  r  ( x )  = ( 2 -  ( * d t -  t  
)  
t ) " * p t  ( -  ( * d -  1 - . ) t r - E -  I  

)  a n d  c o m o u t e

L  f  ( x  )  =€ -  t  
" *o  

(  -  ( *d  -  I  -  a  ) [ ' e  
-  r  

1 t  e  -  1 f  -2udd*48 ' *d€ -  1  
"d  

' ' d -  I  +



s l n c e  u d d  h a s  a  s t r i c t l y  n o s i t i v e  l o w e r  b o u n d  a n d  l n d t c g ,  i t  f o l  l o w s

t h a t  w e  m a y  c h o o s e  E -  a n d  € . o  s m a l  I  e n o u g h  s o . t h a t  L f - ( O  i n  D e  -  f o r
Lta

e a c h  { . € ( 0 , 9 o ) .  0 n  t h e  b o u n d a r y  o f  D 6 , u  t h e  f u n c t i o n  f  s a t i s f  i e s  t h e

_  c o n d l t i o n s :
- r - 1 = a  

a n d  l ^ d l 6 g ,@  f  G ) | t  I  i f  x .

f  ( x ) 7 0  f o r  a n y  x e l D 6 , a .

T h e  m a x l m u m  p r i n c i p l e  s h o w s  t h a t  t h e  f u n c t i o n  u ( x ) = p x ( f " < S ) ' s a t i s -

f  i e s  t h e  i n b q u a l i t y  u r ( f  i n  0 g , " .  T h i s  i m p l i e s  t h e  e s t i m a t e  s t ' a t e d

b y  t h e  I  e m m a

F u r t h e r  w e  w i l  I  u s e  t h e  n o t a t i o n  n F = { x G K : * O - t - a  
P }  

f o r  p e  R  a n d

' H - * = 9 r ' l f  
1 : = 0  t ' l ' e R . H o = H .  I f  l f  i s  a  s u b s e t  o f  H  t h e n  B H ' I  w i l l  d e n o t e

t h e  f u n c t  i o n a  I

L e m m a  9 .  3

T h e r e  e x i s t  t h e  c o n s t a n t s  C l O , F i 0 ,  P  o > 0 ,  L o  ( 0 , 1 )  s u c h  t h a t

Ex  (BHrH f , , €  ) -<E*  (A5 )  H r -p r€  )+c  exp  ( -Tpe  
-  t  )  r *  t n [ . - (Hp tH r -F ) , €  ) ,

r l ' t  
l r {  O r H ( x , ) o e c  

,

f o r  e a c h  x 6 D '  t c  f - * , a ) , i e ( o , P o ) , e € ( 0 , 1 ) .

P r o o f

F o r  e a c h  k ) r 1  w e  p u t  n k = n ( * , k ) = : s u p { n : T n ( u ) ( n O ( . . l ) } .  B e c a u s e

R f l T l  w e  h a v e  n . l ) r 1 , 3 . s .  A l s o  o n e  e a s i l y  s e e  t h a t  t h e  f o l l o w i n a  i n -

c l u s i o n  h o l d s  a l m o s t  s u r e l y

-

( 9 . 3 )  { _  n * ( * } c { . R k < t n n * l <  R r + r }  .  : , .

6  r  : - : - t : ^  ^ ^ + -  l ^ ^ r , . ' ^ a  q { -  + h a  n n n t i n r r n r t q  t r a i e C t O f  i e S



r{,l

o f

.  :1.

t h 9  p r o c e s s  o n e  c a n  d e d u c e  t h e  i n c l u s l o n

c  {  s o o ( T

w h i c h  h o l d s

, \( a .  s .  ,

x  (  R k ) (  H r H r ,  x  ( T

no ) t t n * r f , o *1 rn t )

n k

]

{ R * @ ,  x ( n o ) e

U t  r . f * ,  x ( r

a . l m o s t  s u r e l y .  F r o m  t h i s  i n c l u s i o n  o n e  e a s i l y  d e d u c e

T h e n  t h i s  i n c l u s I o n  a n d  ( 9 . 3 )  i m p l i e s  ( a ' s ' )

oo
r b O F

F, 
lt *n "o, 

x ( no)e Hrtt\-t*,,l l{ rn..-, x (rnn)6 ,pr ,r-p }o

ea;

* i  r r r  <oo ,  x ( r , . , ) €K \ (H r r  H ,  )  -  T . .  . .  o * ( t n ) ' so  + ( rn )3  .
n = l  t ' n  n  -  

P  
" f , - P "  ' H t H f

T a k i n g  t h e  e x P r e c t a t i o n  w e  9 e t

w h e r e

E x ( B l H r : € ) < E * ( n f l o t H r - p ' 1  + X ,

w e  w r i t u E  f o r  t h e  s u m

€ p*  ( t . ,n . " " ,  x  (Tn)e  r r (n* rHr -p) IHrn"o 's (Tn) "  5  o  +(Tn)  $ ,

B y ' t h e  s t r o n g  M a r k o v  P r o P e r t l r

m a y  b e  w r i t t e n  a s

r * (pX (Tn )  ( r n . r r a r ) ;Tn { * ,  x (Tn )e  r r (H r rH r - f  ) )  '

t h e  g e n e r a l  t e r m  o f  t h  i  s  s 0 m

J  ^  )  - -  ^  ^



t ?

f o

b y

r  . e a c h  x € K \ ( H F \

'  -  - 1 .

Px  (TH \Hr<s ) ( c  exp  ( -  Pae  
'  )  '

H -  - ) .  T h e r e f o r e  t h e  g e n e r a l' . r -  u 'r l

t e r m  
1 t E  

i s  a o m i n a t e d

-  - 1 .

c  exo  ( -p5a- t  )  p*  ( t ; i . * ,  x  (Tn)€rs (Hr r  Hr -P)  ) '

T h i s  l e a c J s  t o  t h e  i n e q u a l i t y  s t a t e d  b y  t h e  l e m m a '

L e m m g  9 r  4

T h e r e  e x i s t  t w o  c o n s t a f t t s+€(  0

P* (  n<s )<t '
\ '\

f o r  
" " " h  

x e  F a t l D a a n d  E € ( 0 , t o ) '

l

)  a n d  e a t e ( o , t ) s u c h  t h a t
, 7
-:-

P r o o f

W e  P u t  u r ( x ) = P x

I  I  t y  w e  h a v e  t o  P r o v e

( s < n ) ,  x € D a ,  0 n e  e a s

i s  e a u i v a l e n t  t o

i l y  s e e  t h a t  t h e  i n e a u a -

h a r m o n i c  i n  D i  H  a n d  s a t i s f  i e s  t h e

( g . 4 )  0 < i n f  J u r ( x ) : x € E F t n  D t , L e  ( 0 ' 9 o ) ] '

'  T h "  f u n c t i o n  u t  i s  L  -

b o u n d a r Y  c o n d i  t i o n s

u ,  ( x )  = 1 i r  \ i d l = t  a n d  u r ( x ) = o  i f  x € H '

T o  p r o v e  r e l a t i o n  ( 9 ' 4 )  w e  i n t r o d u c e  t h e  s e t s

e l = t x e R d ,  l * d { <  l ,  l " i l .  2 G - 1 ,  i = l  1 .  . , , d - 1 3 ,



I F

, , , r d ' Z t

t  - , ,  |  ? - ' 1 \
t,\ l.t c, J t

r
A

w h e  r e  6  i  s  t h e  c o n s  t a n  t

d o m a i n  E  w i t h  b o u n d a r y  o f

= [ - f l D l  a n a  / \ c ) r .  T h e n  w e

f G ) r t n D t  w e  s e t  y =  ( 1 "

w e  h a v e , E = t x + y .  C o n d i  t i o n

d u c e  t h e  f u n c t i o n s

o < ^ d - t ,  l * o t s  l , G (  \ * l ( G - 1  1 ,

a p p e a r i n g  i n  ( 9 . l . i i i ) .  T h e n  w e  c h o o s e  a

c l a s  u

have I *  n  )  e=  [ -  0 lo  rc  A .  Now ro  rpJo  i  n  t

, 0 , 0 ) ,  x = ( 0 . , € - t u o - 1 , g - l g d )  a n d  c o n s e o u e n t l y

( g .  r .  i i  i )  i m p l  i e s  x € f  .  F u r t h e r  w e  i n t r o -

= [ x € R d , x l = 0 ,  i = 1 ,

= { x € n d ,  \ n d [ =  t ,

w i t h . y  o f  t h e

m o n i c  w l t h  L Y €

v l  ( x )  =u .  ( e *o t_ )  ,  XGE,

f o r m  y = ( y " r 0 , 0 ) ,  , " 6 R d - 2 .  S u c h  a

g i v e n  b y

f u n c t l o n  i s  L I  -  h a r -
I

d l , -
r f  u  ( * l  = f i '  

" ' ' i  
(g  x+y)  o  i j  u  ( * )  + tE  u*  (e  *+y)  oou (x )  .

E a c h  f u n c t i o n  
" J  

s a t i s f i e s t h e  f o l  l o w i  n q  b o u n d a r v  c o n d  i  t i o n s

t t  o n eE  and  
" l  

= ' l  on .A

N o w r l e t  f  b e  a  f  i x e d  f u n c t i b n  r E t r 6 E )  s u c h  t h a t  f = 1 .  o n  f - f l ) E

a n d  f = 0  o n  ) E \ A .  \ , J e  d e f  i n e  t h e  f u n c t i o n  
" l  

s u c h  t h a t  i t  i s  L I -
t

h a  r m o n  i c  i n .  E  a n d  * f  = f  o n  ' )  E .  s  i n c e  f g  v l  o n  )  E ,  w €  g e t  * l S " l  i n  E  '

T h e r e f o r e  r e l a t i o n  ( g . t + )  r o l  l o w s  o n c e  w e  h a v e  o r o v e d  t h a t

( g .  S )  0 ( i n f { w y ( x )  : x c l - , I e  ( o , t o ) , y = ( y " , 0 ,  0 ) , Y " 6  R d - 2 ] '

I  n  o r d e r  t o

t l o n  w l  b y

i

c h e c k  t h i s  r e l  a t  i o n  w e ' a r e  g o i n o

w
a  f u n c t i o n  w r  w h i c h  i s  c h o o s e n  t o

a D D r o x ' l m a t e  e a c h  f u n c -

t Y - h a r m o n i c  I n  E  w i t f r

t o

b e



I t l
l v

I  t o( w h i c h  h a s  c o n s t a n t  c o e f f i c i e n t s )  a n d  t o  v e r l f y  t h e  b o u n d a r . y  c o n d i -

t i o n  v Y = f  o n l t .  T h e n  w e  a s s e r t  t h a t  t h e r e  e x i s t s a  c o n s t a n t  C  i n d e -

N o w  l e t  u s  p r o v e  i t .  F i r s t  w e  r e m a r k  t h a t  t h e  f a m i l y  o f  o p e - .

r a t o r s  ( L I )  p o s s e s s  t h e  s a m e  c o n s t a n t  f o r  t h e  S c h a u d e r  e s t  i m a t e s

a n d  h e n c e

L Y  J : =  u i i ( y )  D i j
i  ' J = l

T h e n  c o m p u t i n g

Aol
L v  ( * J - " v )  ( * )  = E -  ( "  i  i  ( y )  - a  i  j  ( u * e x )  )  0  i . , * l  

( x )  + t i  u k  ( y + e x )  o o w [ ( x )
i '  i = 1

w e  
' d e d  

u c e

. v ,  ^  d d ,  \
L ' n = - / a a  t y ,  .

C h o o s l n g  a  l a r g e  e n o u g h  w e  o b t a i n  l y i r ( - t  D l .  B v  ! h e  m a x i m u m  p r i n c i -

p l e  o n e  g e r s  l * l - " y l < C g . h ,  w h i c h  i m p l  i e " s  t h e  e s t i m a t e  ( 9 . 6 ) .

N o w  w e  o b s e r v e  t h a t r  o h  a c c o u n t  o f  i n e c u a l l . t y  ( 9 . 6 1  r  r e l a t i o n

( 9 . 5 )  f o l l o w s ,  w i t h  a  s u i t a b l e  t _  ,  f r o m  t h e  n e x t  r e l a t i o n

,, tl *l ll ,( ll,,ll lz**( c .

l r v t * f  -  wY)  ( * ) l -<  c6 .

i  F u r t h e r  w e  t a k e  h  ( x )  = 6  (  1  -  ( * d )  2 )  
q n d  c o m p u t e



?-'a - r ' l

$ , 7 J  0 ( l n f  t r y ( x ) : x e [ ' ,  y = ( y " , 0 , 0 ) , y " € R d - t ] .  :  '  ' '  
,  ,  

'

I

S o  w e  h a v e  t o  p r o v e  t h i s  r e l a t i o n .  L e t  H ( C f f , h "  s e t  o f  a l l
, :

c o n s t a n t  m a t r i c e s  U = ( u l J 1  w i t h  d  c o l u m n s  a n d  d  r o w s  w h i c h  s a t i s f y

t h e  r e l a t i o n

, .

r - t l f  i  k q . , ' j 5 ' y i r . r l y l ' ,  Y 6  R d ,
l l

,,

w i t h  a  c o n s t a n t  C > 1 .  T h e  s e t  l { ( C )  i s  c o m p a c t ,  a s  a  s u b s e t  o f  R '

t l
F o r  e a c h  U € H ( C )  w e  d e n o t e  b y  w ( x , U )  t h e  f u n c t i o n  w h i  c h  i  s  L u - h a r m o n i  c

i n  E  w i  t h  r e s p e c t  t o  t h e  o p e r a t o r

' d

L u  = f -  u  i . i D ,  
,  ,

i '  j = l  l J

a n d s a ' t i s f i e s  t h e  b o u n d a r . y  c o n d i t i o n  w ( x r U ) = f ( x )  f o r  x G ) E .  A  s t a n d a r d

a r g u m e n t  ( a s  a b o v e )  s h o w s  t h a t  w : F  x  u ( C ) - > R  i s  a  . c o n t i n u o u s  f u n c -

t l o n .  A l s o ; w e  h a v e  w ( x , U ) = f  ( x ) = l  f o r  e a c h  U € H ( c )  a n d  x € l ] n a t .  M o r e o -

v e r  w ( x r U ) >  0  p r o v i d e d  t h a t  x € 8 1  b e c a u s e  E  i s  c o n n e x .  1 ' / e  
" o n " l u d e  

t h a t

w  l s  s t r i c t l y  p o s i t i v e  o n [ - x  M ( C ) .  S i n c e  t h i s  s e t  l s  c o m D a c t  w e  d e d u -

c e

0 ( i n f { w ( x , U )  : x e l - ,  u € M ( c ) J ,

w h i c h  i m p l  i e s  $ , 7 ) .  T h e  p r o o f  i s  c o m D l e t e .

.  
L e m m p  9 .  5

T h e r e  e x i s t  t h e  c o n s t a n t s  + € ( 0 , 1 ) , 8 > 0 ,  c ) 0 , t o e ( 0 , 1 )  g n d
a

F  > 0  s u c h  t h a t
t o

Ex ( c.:)r< Ex ( B:) +

+s(  1 -+ )  t  (n  *Ex  (BSt -P  ' t  )nc  exp  ( -Tp r - t  )  t *  t { -P ,e l  I



L {

f o r  e a c h  x € 0 , , 8 € ( 0  r g o ) , [ 3 e ( o , r o ) .

P  r o o f

l n

d u c e  t  h e  s

o,{(w) ="" i

f o r  each  t r l

w i  n g  e c u a  I

o r c t e r  t o  d i s t i n g u i s h  t h e  f u n c t i o n a l s  B €  a n d  C C  w e  i n t r o -

r o p p i n s  t  i m e  O {  d e f  i n e d  b y  r f  
f  

( a * ) = Q ,  ( r r r )  i f  q t  ( s s ) ( s  ( a r )  a n d

r  O ,  (w ) ) s  ( t . l )  .  Then  we  se t  q j * r=A {nOf ' + ta l l  and  asse r t  t ha t

s u c h  t h a t  t h e  t r a j e c t o r y  t - - * X a ( U )  i s  c o n t i n u o u s  t h e  f o l l o -

i t y  h o l  d s

{ on (er) ,n7t13= {. nrr(,^, ) zn71*U[ot nn (w) +q j"+( no) (w) : n2 t]

W e  d o  n o t  i n s i s t  o n  t h e . p r o o f  o f  t h i s  d - e t e r m i n i s t i c  e o u a l i t y '  l { e

r e m a r k  i n s t e a d  t h a t  t h e  s e t s  a p p e a r i n g  i n '  t h e  r i o h t  s i d e  a r e  m u t u a l  I y

d i s j o l n t . .  T h i s  s h o w s  t h a t r a l m o s t  s u r e l v r w e  h a v e

t g .  a l t l f *E E 
tuRr*o i '+ (no)  a* ! '

B e f o r e  g o i n g  f u r t h e r

l d e ,  w e  w i  I  I  p r o v e  t h e

a n d  e s t  i  m a t e  t h e  d o u b  I

f o l l o w i n g  e s t i m a t e s .

e  s u m  i n  t h e  r i q h t

h a n d  s

( 9 . 9 )

( 9 . 1 0 )

n*(a{<€o)<+. , x€D,

px (Q{<"")-<+c exp (-"1lt '  t  ) 
:  "tn.f ,

w h e r e + 6 ( 0 , 1 )  i s  a  c o n s t a n t .  t r l e  m a y  w r i t e

r x ( O { < b ) = P * ( Q  +  n o s * ( s  ; 0 . ( s )  .

0 n  t h e  s e t  I Q < S ]  w e  h a v e  S = Q + S o O 0  a n d  X 0 e ] F t O D t

p x  ( Q / ( o . )  = E x  ( p x  ( Q )  ( n < s )  ;  Q . < s ) (  o p *  ( Q < s )  .

,  w h i c f r  i m p l i e s



tr-

F o r  t h e  l a s t  i n e q u a l  i t y  w e  h l l v e  u s e d  t h e  f r r e c e d i n q  l e m m a .  R e l a t

( g . g )  i s  p r o v e d "  l f  x € H - g  w e  c ; i n  d o m i n a t e  t h e  l a s t  e x p r e s s i o n
j

u s i n g  L e m n i ' a  g , 2  s o  t h a t  w e  g e t  r e l a t i o n  ( 9 . t 0 ) .

N o w  l e t  u s  c a l c u l a t e  t h e  e x o e c t a t i o n  o f  t h e  g e n e r a l  t e r m

b p p e a r l n g  i n  t h e  d o u b l e  s u m  i n  t h e  r i q h t  s i d e  o f  ( 9 . 8 ) ;

r o n

b v

( 9 . 1 1 ) Px( .Rk +  Oj "+ tRn)< . . )  =

= E x ( p x ( n o )  t o j . * , 1  i R k ( * ,  x ( n o ) 6 H \ H - p  ) *

+rx  (px  (Rr )  tod . - )  ;  R ,5"a ,x  (no)e  H-p) ,

F r o m  t h e  i n e q u a l i t y  ( 9 ' 9 )  i t  f o l l o w s

Px (od<c') <en , ,G D I

a n d  f r o m  ( g . t o )

rx(nd<,o) (snd"*p t -Fpa- l  ) ,  i  r  x€H- , ,

T h e _ r e f o r e  t h e  e x p r e s s  i o n ( 9 . 1 1 )  i s  d o m i n a t e d  b y

e !  ( p * (  Ro<e . ,  x  (Rk )e  H rH-p )  * c  exn  ( - I - pa - l  )  p *  ( l k  *  , x  (Rk )e  H -p )  )  .

T h e n ,  t a k i n g  t h e  e x p e c t a t i o n  i n  t h e  e q u . a l  i t y  ( 9 . 8 )  a n d  u s i n g  t h e

a b o v e  e x p r e s s i o n  t o  d o m i n a t e  t h e  g e n e r a l  t e r m  o f  t h e  s u m '  b r e  o b t a i n

t h e  i  n e q u a  I  i  t y  a s s e r t e d  b v  t h e  I  e m m a .

L e m m a  g . 5  a n d  L e m m a  g , 3  t o g e t h e r  w i t h  r e l a t i o n  ( g ' Z )  s h o w  t h a

c t  i s  a s y m p t o t i c  e o u i v a l e n t  t o  A H ' ! .  T h i s  c a n  b e  s e e n  i n  t h e  p r o o f

o f  t h e  f o l  l o w i n g  p r o p o s i t i o n .  W e  d e n o t e  b y  u ( x ) = E x ( C : )  a n d A  r =

= 1 H . r 1  ,  w l t h  l  i n t r o d u c e d  i n  S e c t i o n ' 3 r  . .

\: '



2 3

P - r o p o s i t i o n  g , 6

T h e r e  e x i s t  t w o  c o n s t a n t s  C > 0  a n d  € o ) 0  s u c h  t h a t

\ i -

I E x ( A k € ) - e * ( c . : ) i <  c ;  / 6 ( r n € . - 1 ) 7 / 6 ,  x e D , ,
\\

l l " - * i r l l<  c€J /6 ( tn e , - ' t )7 /6,

f o r  e a c h € e ( o , t q ) .  ,

P  r o o f

0 n  a c c o u n t  o f  P r o p o s i t l o n  8 . 1 ,  t h e  e s t i m a t e  f o l  l o w s  f r o m  t h e

n e x t

T h e n ,  b e c a u s . e  o f  r e l a t i o n  ( 9 . 2 ) ,  t o  p r o v e  t h i s  i n e q u a l  i t y  i t  s u f  f  i c e s

t o  e s t  l m a t e

E x ( B : ) - e * t n ! €  )  a n d  E x ( c : ) - E x ( B : )  .

L e m m a  9 , 3  w i t h  F  = - *  ( H * = 9 )  a n d  a r b i t r a r Y  I ]  y i e l d s
a - t

H . ^ .  F
E x ( B : ) ( e * t n J ' } * )  +  c  e x P ( - E P E - r ) ,

' t . '

i  b e c a u s e  E x ( A s t p ' t K r " t n f , 4 c .  T h i s . l e a d s  t o

E x ( B : ) - e * ( f l t ) ( r * ( o [ *  H ' L ; + c  e x p ( - r p a - 1  )  .

T h e n  w e  u s e  a g a i n  P r o p o s i t i o n  8 . 1  t o  e s t i m a t e

F * t o k " ' t  ) - a . l ( f )  +  c L l  / 6 ( t  n  L - 1  ) 7  / 6 ,



T-tf

( g , t z )  E x ( B ; , ) - E * ( n H ' t  ) : < c  ( p ,  n f - 1 +  € 1 ' u  ( t n r -  1  f  / 6 o e x p  ( - f p . - t  )  .

' .  :. : .

F u r t h e r  w e  u s e  L e m m a  9 . 5  a n d  o b t a  i  n
. *,.1 ,

, i  
- *

E " ( c : ) - r x t e l X c  ( E  + E ' ( 8 5 * t p ,  ) + e x p  ( - r p r - 1  )  e * ( B } p ' €  )  )*

T h e n  w e  a p p l  y  L e m m a  9 . 3  t o  e v a l  u a t e  t h e  I  a s t  t e r m

.  a n d  a l s o
t a "

r " ( r $ ' - l r : t ) ( e * ( o } t t - r F , E )  n  c  e x p ( - T p E - 1 )  e

. T h e  r f g h t  s i d e  o f  t h i s  l n e q u a l i t y .  i s  e v a l u a t e d  b y  P r o p o s i t i o n  8 . 1

a n d  L e m m a  8 . 4 ,  a n d  h e n c e  w e  o b t a  i  n

e * t a [ \ ' - P  ' e  ) - < c (  L l  / 6 (  r n s -  1 ) 7 / 6 + p r n l u - l * u " p ( - F p i - 1 ) ) .

. : .

w h e r e  ) u ( p ) = , r p .  1 . s . 1  .  T h e  p o t e n t l a l  n l f p i  r r v  b e  e s r l m a t e d  b y  L e m m a

8 . 4  s o  t h a t  w e  g e t

F r o m  t h . l e s e  e s t i m a t e s  w e  c o n c l u d e

e * t c f ; ) - r * ( r l l < r  ( t 1  / 6  ( ,  n * -  1  ) 7  / 6 + p r  n p - 1 * u ' p  ( - T . p € - 1  )  )  .

T a k i n r p = 1 "  i n  t h i s  e ' s t i m a t e  a n d  i n  ( g , 1 2 )  w e  g e t

E * ( c ; ) - r * ( n H ' 1 ) 5 c 1 1  
"  

( t n : l  1  y 7 / 6 .

T h i s  c o m p l e t e S  t h e  p r o o f .



q t
.1. .)

10. rfre-case. of" j r- l lJggl-s"ur[gse- wi !h b9.9lt{91-Y-

T h e  e s t  i m a t e  o b t a  i  n e d  i  n

a  h y p e r s u r f a c e  w i  t h  b o u n d a r Y  b Y

r e m  7 . ? .  T h e  d e t a i l s  a r e  o m i t e d '

T h e o r e m  1 0 . 1

L e t  L  b e  a n  o P e r a t o r

" i  
j e  

E  
2o *  (Rd  )  ,  bLv t  * * (  Rd  )  ,

h y p e r s u r f a c e  w i  t h  b o u n d a r Y

w h e r e ' n t ( x ) ,  i = 1 , . . .

t o  t h e  h Y P e r s u r f a c e

1 = a . A .  A s s u m e  t h a t  X
t

n a l  d e f i n e d  b Y  ( 2 . 1 )

a d d i t i v e  f u n c t i o n a l ,

( t  o .  t  )

( r o . z )

( 1 0 . 3 )

P r o p o s i t i o n  9 , 6  a l l o w s  u s  t o  t r e a t

t h e  m e t h o d  u s e d  i  n  e s t a b l  i  s h i  n g  T h e o *

H e r e  i s  t h e  r e s u l t .

)
o f  t h e  f o r m  ( 1 . 2 )  i n  R " ( d 7 . 3 \ , .  s u c h  t h a t

i r j = 1 , . . . , d  a n d  c = 0 .  L e t  K  b e  a  c o m P a c t

w  3 + no f  c l a s s  e  
'  

a n d  l e t  u s  d e n o t e

A
f t - J -  i '  ?  |

a  ( x )  = z Y  u ' J  ( * )  n '  ( * )  n r  ( x )  ,  x €  K  \ )  K ,
i , i = l

, d  a r e  t h e  c o m P o n e n t s  o f  a  u n i  t  v e c t o r  n o r m a l

a t ,  x .  L e t  l t  b e  t h e  s u r f a c e  a r e a  i n  K \ J K  a n d
' ^ c

i s  a n  L - d i f f u s i o n  i n  R o  a n d  A E  . i s  t h e  f u n c t i o -

f o r  e a c h  L >  0 .  T h e n  t h e r e  e x i  s t s  a  c o n t i  n u o u s

A ,  a n d  t w o  c o n s t a n t s ,  C > 0 ,  t o ) 0 '  s u c h  t h a t

' t (

l i m  s u p l A - . - A t l  = 0 ,  o ' s ' r
c+0  t  -

E x ( s r p l  A : - o , l  2 )  1  / 2 <  c  E l  
/ 1 '  (  r  n e -  1  

)  
1  3  /  1 2 , x e R d r e c - ( 0 , € o ) ,

v '

t

O  .  * ^ d
r x  ( A * ) =  )  g  ( x ,  v ) r ( . a v )  '  x € R

K

o f

.  T h e  p r o o f

t h e  f u n  c t  i  o n

o f  t h i s  t h e o r e m  f o l l o w 3

u  ( x )  = E x  ( d l  ,  x 6 R d ,

f r o m  t h e  n e x t  e s t i m a t e

( r o . r r )  l r - c J s c n l / 0  l l n e - 1  ) 1 3 / 5 ,  E €

T h  t  q  c a n  b e  o b  t a  i  n e d  b Y  r e P e a  t  i  n q

( 0 , € o ) .

s t e p  w i t h  s t e P  t h e r e a s o n  i  n q  w h  i  c



a.6

l e a d s  t o  t h e  e s t i m a t e  o f  L e m m a  7  ' 6 '  I n s t e a d  o f  e s t l m a t e  ( 3 ' t 3 )  u s e d

i n  t h e  p r o o  f  a f  L e m m  a  7 . 4  c ' n e  s h o u l d  u s e  P r o p o s i t l o n  9 ' 6 '  0 f  c o u r s e '

d i f f e o m o r p h i s m s  r  i k e  t h o s e  d e f i n e d  a b o v e  L e m m a  7 . 3  a r e  n e e d e d  a q a i n .

H o w e v e r , i n t h e c a s e w h e n t h e d o m a i n o f a d i f f e o m o r p h i s m c o n t a i n s a

p i e c e o f t h e b o u n d a r y 6 K , t h e n o n e s h o u l d t a k e c d u r e t o t r a n s p o r t

t h a i  p i e c e  o n t o  a  p i e c e  o f  t h e  b o u n d a r y  o f  t h e  s e m i - h y P u r p l a n '  T h e

tfls"t . -
r e l  a t  i o n  t 7  . 1 3 1 )  d o  n o t  h o l  d  n e a r  t h e  b o u n d a r y  '  l n s t e a d ' F c o n d  i  t  r o n s

( 9 . 1 )  a r e  f u l f i ' l l e d

F I n a l l y w e m e n t i o n t h e f o l l o w i n q t h e o r e m w h l c h c a n b e s t a t e d

a s a P u r e l y a n a l y t i c r e s u l t . . I t c a n b e p r o v e d b y t h e s a m e m e t h o d a s

t h e p r e c e d i n g . U n d e r t h e a s s u m p t i o n s o f t h e P r e c e d i n g t h e o r e m w e

s e t  y g = t x e n d : d ( x , r c ) < e ]  a n d  f o r  f € f ( K )  d e f i n e  h  t o  b e  L - h a r m o n i c

i n  R d r . K  s a t i s f y i n g  t h e  b o u n d a r y  c o n d i  t i o n s  k = f  o n  K  a n d

l i m  h ( x ) = 0 t  a l s o  w e  d e f i n e  I  t o  b e  L - h a r m o n i c  i n  v s  w i t h  b o u n d a r y

l x l - > -  ,  - -  r . , f  T h o n  u , p  d e f  i n e  H f  ; g d - - t R  a s  f o l l o w s :  l 4 f  ( * ) =
c o n d  i . t  i o n  I  = h  o n  )  V  f  T h e n  w e  d e f  i n e  H f  :  R "  - - t R  a s  f

= h ( x )  i t  x e  R d r V €  a n d  H f  ( x 1 = t  ( x )  i f  x e V € .  T h u s  l ' t '  V 1 6 1 = + f  ( n d )  i s  a

I  l n e a r  o p e r a r o r  a n d ,  a s  o n e  c a n  e a s i  l y  s e e T l l M l l <  l  '  T h e n  t h e  o p e r a -

t o r  N g = E , M n  i s  w e l l  d e f  i n e d '

n = 1

T-h eo Le-m -. l0 . 2

F o r  e a c h  f € V ( K )  '  o n e  h a s

r  i m  l f  E N c r
€->0

-  G l . l l l  =  o

! g f e r e i l : e s

L . S t o i c a .  T h e

s u r f a c e .  S t u d

o s c i l  l a t i o n s  o f

. C e r c . M a t . T o m  l { l

B r o w n i a n  m o t i o n  n e a r  a  h Y P e r -

N o . 2 ( 1 9 8 9 ) .
t sJ


