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fntroduc t ion

'  The mot ivat ion of  th is  work ar ise f rom the

fpl lowing raised by '  B. Gordon ( s"e l , f l  '  F 28 ) t

who asked for  in tegers q4 
r  Qa r . .  r  r  Ag none

o f t h e n . 0  o r  t {  s o t h a t :

e ? -
Q {  { a

qt qt
q * 4

Denoting for anY matrix 4 , bY 42- the

rnatr ix whose components are the squsaes of  the

e lements  o f  4  we sha l l  p rove  tha t  r  more  genera l l y ,

f or each &" E t[J and. r*{ >r } there ex is ts
a

t  such  tha t l

,l

matrices Aq U,1*fZ) with I aii l>,

l q ,  4 a  a i  |  |

l o - q ;  4 s ,  I  = l * l
l * * o o q q  I  t

?-atr

qe
L41

I  r  t  A- .0- r {



n % o

In  the  f i rs t  eec t ion  we dea l  w i th  t 'he  ease ^* ]

and ob ta in  a  so lu t ion  w i th  f 'our  independent  parameter$"

T h e  g e n e r a l  c & s e  i s  t r e a t  i n  t h e  s e c o n d  s e c t i o n  b y

a reduct ion procedure f ' rom i t  to f i -L and by

a separa te  t rea tment  o f  the  ca$e M =  4  .

'Ihe /vt

method have 0 t * " ;  independent  pararne ters ,

In the remaining sect ion we treat the fo l lowing

more general  problern:

"  For what (  nn ,  t  ,  A4 ,  Aa )  there existe

t  I  t  \  r  r -  ,

i =(qii) e t4^^(Z) such that t arit > fc for 4 6 t)f . ^

lr .** =A{ and J"tA, =Ay ? "

V/e sha]} Prove that, for M ?r 3

n e c e s s a r y  c o n d i t i o n  A t = A t  (  n o d  2

su f f i c ien t .

,  the obvious

)  i s  a l so

l .  The unimodular case thz 3

( i )  An  e f fec t i ve  example  to  the  Gordonfs  p rob le rn

\{e etart  wi th a the fol lowing forml

The equat ion

X *  { *  f  L P * o " X b - o ) + q p * b  o t

nnd ol.* At = I, yields:

4

matrix having

a .  b \

F i-r  I

l ,n^  r l
b e c o m e :

=(i
JofA= I

'  ( , t , r )

-kr .,.2 ̂\ -,*r &*ynz*,* ) *zp (*f- n"b')* #*t*f * I (r ' t)



*$ -*

,  l ,  l r t
I ' rom (  {  " ' l  )  and (  ' t  ' ' l -  )  i t  fo } lows:

f t* ftf- "ftU-*f t (ap*b*f + zJ" $-e)(.f **) -i ? ttp - b *)

*r\ [ap*hcXt<-p)Lt*a)]t-frn) - 
f 

(b"-*Xpt--t) + (N. s)

o rf (**- ff) + u'6" 
" Eb" * &

This  equat ion  is  s imp l i f ied  cone iderab ly  i f  we choose

B = o( r  so v/e hsve:
I

z
(m iltq-b)Xrfd t**ttoT) + '*f(q-zp) = I'

Denoting ? aa-b we o_btain the fol lowing equation

in theunknows  1 .  ,  o (  ,  L  and  
P  

:

,f [arptp-r) r b+ (t-ap) *fl* xa [zyl,) + f-t : .' t {'h)

Now we observe  tha t  the  coef f i c ien t  o f  *2  can be

decomposed.  as  the  produc t :

( { .r)(-ap -u) (t, F-') 
- b)

\ l  I

i t toreover denoting $= +p -b ancl B te (p-r) - t

the coeff icient of o( in ( I 'h ) becorne (A-g)t"ftr)

and we obtain an equat ion which is l - inear in A and B :

n
fue rp o{t4-n)qzfrn)*f t >o

tVe must i rave 
"  I  f - {  

and for  th is we choose x =f*{

r t  fo l lows:



{ - =

tt rl-t) * tp*n)

Etg-D * tf-,

* h."*

inf ini tely many integer

in small nurnbers is for

,  d = t o  ,  6 = - 5 8
mat r i x :

{??+ LGL {gk

2 '1 , 2-

L 4 3

t i re  requi red ProPer t ies

from which we

solut ions

example 3

awhich hae

A so lu t ion

I

P = 3
obta in  the

{
I
\

which  has

(  i i )  A  four  paramet r ic  eo lu t ion

Here  we fo l low the  sane procedure  as  above,  th is

t ime keep ing  as  much as  poss ib le  independ^ent  )parameters .

First ly,  inst,ed of the minor lJ-,  f t  I  
we choose

l l

cat ions

choose

one I

et tl

t
o\-

sirnplif i

r€d  i f  we

' iF  I

n g

l
?'r/t

e

in

t I

Y'l

Tr

1
fthe fo l wal

I
as

r f a

ma

1 o

b

c A e + s + e -  |

J,e- .t . \

In this

may be o

with the

sini lar  to those fronr (  i

6 {  =  9 . {3  .  So  we '  s ta r t
I



b

*'s'*

q.

de* u

J,

( l .  o)co{e* Q"+Q

J.e+t

) ,  ( 4,2- ) and f 1,9 ) becorne

K

e p

p

(4.1)

nfta*efn Lade+r[f*-* )) = 4* (r"s]

d.e + t ) + zce rl n lzde*t)t*H-Fl-

L

*2d o u)

+ade +2

f h e  e q u a t i o n o  (  l | , {

respec  t i ve ly  i

X ''" ptec -b) =

, xz(t&e +L&c
jlr, .rft"a._"P ;t""-
- rf (o.e-*u)L,J- e *ade +ade t't) t

* zf..u +e&e +zJ'* =- .'

Here we put  ?=CrC-b

i n  (  { . 5  1  i s :

and observing that

beco tnes :

and the  coef f i c ien t  o f  6 t
I

&**[5 - ? t he  equa t ion  (  { , $

ze [*1ea1d ) + o* qa/e+r) t o"'*l

whic l i  i s  a lso  decomposaUfe"  Denot ing  by :

( 1 "  l " )

A =tlde*r) tea $ * q-4+q

of*e tP[A**il[z&'e tzA* tede+) +
s  _ ^^ ? -  ^ o



" i' 1

, q . a

we nust have F_f e*tt'-+ ed + e"l. and for this

we put  d  =d*  
'  
"  r t  fo l rows:

* f t t * *

4 3
b*F Pdg*t)-d
ef e +ptzJsr {)

w h e r e  q = e A g t € * e -  ' l V e o b s e r v e t h a t  A  c a n
&

be nacle equal to AUJ-lt by chooeing:

where :  f  = fe3+P"s+e

eB = Z*T$ (zJgtt) +3$"='$'(a*3 ld:oo) *S')

and we obta in  an  in teger  ts  i f  we pu t  $=" f  :

In th is way we obtain a sol-ut ion wi th four

independent pararneters €- r g , F , + :
I

K={ *p{ce1"\ff"JZ'
6= 2e{1t \ op 4Tr {c-a ttl%ep * qff,ekff

r * trfg+ k fpf*!l* tfu* f-}dip n. rlfJJ fl*u tnpo#ff-

ol * opr$

2.  Ihe  A d imens iona l  un imodu lar  case

I , ropos i t ion 1 l  J ,or  any &?f  3  there ex is t  &

solution of Jdtqrl\ -&|tqit\ :4- witir Qi.' ' *



= nonconstant pol inornials r iy i t l :  integer
. | , ?. -@tri *  b(q--ru-1+S.(-r)  )narameters 

.

I

Corrolary I  I 'or  any

c o e f f i c i e n t s

Proof  o f

a A A

(1i :  41. '

Q11 = a.

Froposi t ion 1

dirnensional

= Qgf

'  Q 1 2  *  b

lr{"r? there

that

f o r  . 1 E " i . t a r q
' l

3:-* J"-f

{-e N and

suchexisr 4=(rg) , S&H*r tz)
defle,l) *etuii) *o and I er; t?" &"

:  ' l he  idea is  to '  cons t ruc t

solution $*(qif) such that

fo r '  [ * - t rh l  . . . )AA .  Denot ing

r  QroaQ-  ,  Rae*d  ,  431 - -€ . ,  a3ge. f  )

b - f-* f,-t-

A ?

6 - Q

e-  -g )  a ' =
;.-

+ l
+ \

w e  h a v e l

"tu,t t&,1)rr,,ir* * s' d'*toti)rri,isAd

supposi*g the case A{ - t -  eotvect  tet  t t t i )3 gdr 
i  

L*
be  such  a  so l - u t i on .  The  componen to  O , i  , 4g {gn r  i * t i t *
&re c lear ly  new inc le l lendent  pe l rameters  so  the  resu l t

eas i l y  fo l lows i f  we ehow ths t  the  eys tem

Jrt- t-li )r*.,gu * = d " d*ts t"i1)uscr[L ^4

tr.e)A * {  * & \



*8*

h.as a t i r ree parenetr ic solut j -on .

D e n o t i n g  { e d * e  ,  S * b * t  ,  Q . : Q - e  ,

b  =d-+ t i re  two equet ions becorue:

\  A \ * B e = L

L Ab GraeXbtzt-) -Bc'(e * *fl)tc tze) =1

i s  equ iva len t  to ;

B e  =  L

This systeur

\  
4\ -

1 +=
(z.r)

elfe- 4S ) - *\ *t

ze +Az$ *BsL

The  seeond 'equa t ion  i n  (  2 .2 *  )  has  the  so lu t i on :

"= 
!tf$ -ac')tB'L **rt-{ +4N *{

** l.I fo -a*-r)

Using for  the f  i rs t  equat ion in  (  e ,9-  )  the so lu t ion:

4 "kpt t ,  B *zrcp$o$*p r  t  =  2x,  I  =e*$+t

we obtain I 'or  Q,,  b 1 C- ,  
"1.  

r  Q- ,  {  nonconstant
r l

p c l i n o m i a t s i n  (  ,  ?  
a n d  )  w h i c h h a v e !

i n t e g e r  c o e f f i c i e n t s .

fo  conc l -ude the  proo f  o f  the  Propos i t ion  I

i t  rena ins  to  g ive  a  four  c l i rnens iona l  so lu t ion  w i th

a t  leas t  two independent  para lne ter$ .



t . f r s l d {

I

In  o rc le r  to  ob ta in  s i lnp l i f i ca t ions  s imi ta r  to

those f r ,o rn  sec t ion  l  v re  beg in  w i th  a  mat r ix  o f  the

follovrj.ng f 'orm I

x . o . b a -

) Ptl Ptt- ri

? f P*l Ptt

? t  P  P + *

t 2 . t  I
* [

t \  -
T1

The equat ion de{-A ?4- becornes x? 4*1tc*b) and

substltuting tlris in .lef Ltr"l) = L we have I

f ttr-o"(rf+rtf*ap+t) -k"l + ff*q*t# 
-l) * (v'\)

. *, *t)fl - ?-5 tb*c)(aflttk f* *f *) +e p'*tt F'+ 6p = o

L e t  4  * b - c -  .  T h e  c o e f f i c i e n t  o f '  \ 2 *  i e :
d

f ftf *t" f +ap) *zbe t'y+,rft 
"q+t) 

f -4*

and vue observe that  for  A =fL decoinposi t ion

s imi lar  wi th  (  {  -5  )  ho lc is '^  l ; 'Denot ing

A = [ p * t ) e t b  ,  $ * y a 1 b  t h e e q u a t i o n  (  2 ' E  )

b e c o m e :

f (1.,)s{5 *?te-b)ttt+t) r'1 =o

w h e r e :

1= ri++f *rf =?t'p+t)tf +3)



* {{tr *'

t t t
*-r=3'. I tIn  o rder  to  have

fol lows :

w e  c h o o s e

4 *

So we

, ?

s =" -t\*r)tq 
f

of  the  pr :opos i t ion  l -  i s

Rernarlcl I"n exanple in

four  d imens ionat r  case

* eoks

2,-

L

L

%o$q)

b

L

L

which equals * 2ktytb)

*BbLr?+t ? *f5(ep+ 0 -t kp+n)lqn3)

ettTrt) -1aXtr)

f o r l

U,f tayt0 *p i.$rr)

g = *t tzy+t)tptf) -L{-Lp*3fa3'tt)

obta in  a  oo lu t ion  w i th  two in< iependent  para lue ters

a n d  f  )  b y  s u b s l i t u t i n g  i n  (  2 . !  )  r

X, = t-ptf+l)tzf*l *a(ryitt))

{ =. ftLf r})t"f *t +2(9r,1))

b =- -tlf tr)["f t4 +z[3tt) + Ft"P 
-{) + a pt a1{

+\t$tt) tF L*Pq) + zp(agtr[

vrl:ere F *tb and 1=ailtXf*rf
now coru; : le Le

small nurnbers

i s l

- ?c$T

q

?

L

.  The Proof

for the

* l t { {o

V

q

3



^ , 4 4 ;

and  one  f o r  t  2 . 4  )  i s  :

Tak ing  in to  aocount  the  example  6 iven in  seet ion  1  ( i )

we can g ive  fo r  any  6 t rz r?  an  e f fec t i ve  so lu t ion .

,
, .  The problem for a general  quadruple (  A4 ,  t

6

r

L
( ;

"tsbe 
=Al ,

,  A t ,  A a )

For  & \2 - ,  L r r o  ,  A r t  e r l d  6ZQ7-

l e t  S  t  r " \ ,  & ,  A l ,  aa ,  = . Ln= (q i i 1e t4^Lz ) ;

M&r= At, and taiil z & ror i Eiri t r' l.. 
} 

.

In t i r is sect ion we shal l  study the fol lowing problern:

Being given a quadrul:le ( f\ , ,t , A' Aa ) how

ean we decide i f  € ( at ,  , ta ,  At ,  Aa ) is empty

o r n o t ?  A n f  i f  S  ( A {  r ' & - r A r , A a ) i s n o n - e n p t 3 r

how vre can f ind &n elernent of i t  ?

I" irst of al l  we note that i f  aO t 4" ( mod 2 )

t l r e n  q  ( r u \  , k , A r , A a _ ) s - f  . r n t h e

fo l lowing we shal l  a lvrays suppose A1 * A2_ (  mod 2 )

The reduction step from /! \  to n{*Z-

ueed in  proposi t ion 1 show that  for  any &-V o the

fo l low ing  imp l ica t ion  is  t rue  I



5( ,q ,  &,  *r ,  Aa) *  d q 6[  nn+a,{ ,  Ar r  aa) *  d

Moreover '

3  ( a r

e lenent

i f  we have an elenent

, & - , 1 ! {  , A e )  w e

S f r o m 6 (

can cons t ruc t  an
h

ta+Z., t4 , Aol , Ae ) .

*  {L *

from

? ' l

i f  and

is  so lvab le  in  in tegers  a .  ,
i

absolute value )r{*  .  Jf

The case fn = 9-. . Vle have

only i f  the sYsteot:

\  
q . d - b e  - - A 1

{ &f-f} =Az-

€  (  r v r  , L '  ,  a r ' , A a  ) f  {

$ . t )

t
b r C , o d  o f

then

5  ( 2 - ,
I f  A r * c >

equ iva len t

e - ,  a r ,  A a  )  +  +  i f  a n d  o n l v  i f '  A r a  < >

the so lvabi l i ty  o f  the system (  3 '4  )  is

to the fot lowing concl i t ion: fhe nr:mbers

I az+at Ia,=|f t : I  ano. l '=
and i rave div isors dr  I  On

l a . -o?  I
|  ' _ l

| & o r I
are .  in tegers

such ' that ;

|  ,  |  ,  Q l  4z  \L  C m a i " ' t d r i d r l  4 )  E  )

t h u s i f  A q t o  t h e n  5  ( 2 * , L , $ t  ' A e )  i s )

f i n i t e a n d t h e a b o v e c o n c l i t i o n g i v e s a n a l g o r i t h n t o

f ind  a l l  i t s  e len ten ts .

5 ,2 .  The  case  I ' f  ; 5  t

SuPPose An *

A1 ; 'o

dilq.-

o '  AzFo
I

.  Then for  each 4 ?ra



* t 3 * '

? a ^

%  ( %  , b  , A {  , 6 a * )  i s " n o t  e r n p t y  (  t h u s  i t  i s

inf in i te )  .  i {ere we do not have a paranetr ic eo}ut ion

but we shal l  g ive an elgor i thrn to f ind (  inf in i te ly rnany)

eo lu t ions  v ia  the  theorem o f  D i r i ch le ts  on  pr inee

in an ar i t f i rnet ic progresion .  i 'dore exact ly given

A 1 *  o  ' let  us conpute t ,he nurnber

;

g =A1*{a}+aa.*} and find a prirue 
A } max

i n  the  a r i t hmc t i c  p rog res ion  {g *A^^  +  L  ;  A^^  g

Le t  j t  be  as  i n  (  4 'b  ) '  t he  equa t io r r s

(  d ,$  )  and  (  l . ?  )  ,  (  4 * to  )  f ' r ' o rn  sec t i on  I

b e c o i n e :

X*  F (q * -b )  
=  A , t

Kt(zutt) of n =Aa

d [t"* 
*bftz,rot) + vl * *1routq.c-bxzu+{) * & (2u*0 * ar :-s

, v =Lef e r tedetr)(*z***)

K

a-F4b * Fnot4-eB)[ru+n) 
+ uq t k' = o

w h e r e :

u= d*e  +Ae*Ae

,d r*+tde* t ) teq.  ,  B

I t  f o l l o w s :

l ?

T l l  ua r  t

* q"{ *e.

j

, ,  A l  * A -
1( =- d*F

z

, Atr €TJ

( ,&" ;toa\;,$
$-t 1 .
(  { .?  } ,

F.e)



A r -

Pl  car

* [k-

. \ t

\Zt^tt, - J-

9

eB Aqlzr^r l )  W

e$Tf + At [t'u+t)
I

r f ;

(q,q)

then we obtain for A

e6l2ut t )  - t

P
i f w e p u t  C = L  a n d

From ( ' l - . '2 - )  and ( i . t

'  9 a e

N o w f e t  
P = &

Then (  3.1 )  and (

.sat isfy the fo l lowing

Z . \
d'f' * d 61

the  ln teger  va lue :

( 3 . t n )= a r

which ver i fY (  t .6 i

val id i f  J '

(  a,  *o.)  *& A*

B = ( ",s| teo*f- aot"'r,tr) * ua! *")/ F
)  i t  f o l l o w s :

[nu"A P)

an<l choose e.

3 . j  )  w i l l  be

congruence !

E o 1n^^o& g)

This  congruence (  o f  degree 2  )  has  so lu t ions  because
7

the d iser i ru inant  is  A i 'A which is  a  square (  mod e )

from our choice of g- ( rr A =! 1T'. ..  gX"

then tt) = t[*)*, ; but ror 3r. odd we have

t4+\ =lL) =d-'*' 
'tdo also f h) =(a) = u .'t A/ 

- tSt*fo* 
it, is crear tlrat for g 

' 
ancl 'd- large

e n o u g h  ( w h i c h v e r i f y  ( ? . 2 - ) a n d  ( 3 . 3 ) )  t h e

absolute value of any elenent of A wi l l  be Z, l*



* 1 )  *

&nd

or

$up

th is  co

0bse

Aa* "D

pose novJ

rnplete th

rve that

so we mu

L, ,

E:  0 . t

c a $ g ,

not work i f

te ly these two

vre  choose:

a t  *  o ' -

c a $ e  s .

b l l o b  \ 1 " * l
a t [ t &  [ ' l  "  d  I
a t  a A - b e - * 1 *

w e  o b t a i n

rhen ,i#& =o

If 4r

t i ren for

&,L 42 = 41

suppose now

t h e  e a s e  A {

f ron  sec t ion

the form ;

A = [ :

a"
- r )

I  ( i )

and Ju.{-4r = t'[ -
Q* , A are choosen so th

$  . e  ,  { . = b + { . 4 .

.  I t  i s  suJ ' f i c ien t  to  cons ider

The proo f  i s  based on  the  idea

we beg in  w i th  a  n€r t r i x  A  in

From

and

e proof  in  th is

th is  proof  does

sL  t rea t  separa

, In this case

l r r
v q"+b \

-t- ct*{ \0 l
+ e*t- /

a*:o

\

)

x- x ( o*b)
P s  W e

d r l A  = L

?
o

nd

q*

r
Ptll:

f [f f-p)*obt-'f-') r*tfrfil * 2-xte{xf"lte(t{)"*o

Denoting {  = Of - t f  *b '  B = ap*!p - t  
u 

*" obtain I

t

r*t
P

have

# A *
* [

obta in  :

we

in

&*

subst i tu t ing th is

'*Ag +zK tA"-s)t f *) + zlzf*r ) *- o
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'4* 24r
we have !

for ( for wlrich
ancl.  bY Puting

2{-t = oc?

d,S * u{( Nr4}) o t -- o

An integer solut ion f 'or this equation

4 t=  d * t  
)  

15  =L*L -? -<+A

so we obtain :  q.-b = -L*3+LN-L , Y*ott*#t2x-O*4

observins that a* b $ 0 tt&) and' g X Otx) it

results that S+)P s O \.*) ' But $h +* O tx)

a n d B n , O t * 3 )  s o t h a t a ' t 3 O ( . < 3 )  a n d ' b t l , O ( * )

Note ing that  the equat ion 2f -4  =o lL

nany integers solut ions we conclude that

f ,or (  suff ic ient lY. large

From the reduction step i t  fol l -ow's

case Atr  odd ,  f l r r f ,  is  a lso set t led '

{s rhe ease /n=k '

we shall prove that 5 ( 4 
"Nc 

- '  
Al '  Az ) ' f  #

and we wi l l  show how to f inci  e lements of  i t ;

I ' o r a  4 r i  i n a t r i x  l - o { t r 1 ' )  c t d g ' Q ' 4 6 i i 3

\ l  , l * r  , , , ? q  t h e  h x ! .  m a t r i x
c lenote  bY Tr te ; )  4€ t r ;

r \ ,  , L  
' i ,  

, l t i E +  a n d  4 6 . ; € 3
g i v e n b y  t t f : f ; i  

; r r r ' - r  L l i , , e o n s i d e r. f v
a n d . 6 , i q = 4 i r . * r i  f o r l t i t l i  ' l v e c o n s i d

now the fol lovring unimodular matr ixl

has in f in i te lY

\ q i i \ z  L

now that the
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the f i rst  wi th the th i rd )  then

are non-nu]1 Pol inornial-s in

Fix now n\A and 
?

f

P*t

d.u*t' and d"lt *

c \ . r L a n d f o

( large enough ) such that:
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[ $ *

P t I

r
f*r *t
2-

{' 
-P -t

t f  - t

I t  has

a forth

matr ix

ry+l T-r

the  fo l low ing  in te res t ing  proper ty l  f f  we ad jo in t

row (  a .  ,  b  ,  b  )  to  obta in  a  4r3

then ,tdt' =&?f ' oo ir

a+ b{i -- 1z*'[i)N then t is  uninodular.  Denot ing

bv e\ and gt l  the rnatr iees obtained from C-

by changing t t re f i rst two cofumns ( and respectively

We

t n

arrL ) brr lo ,  Y>rL"t

adjo in t  now to  C

obta in  a nat r ix  \

fourth colunn

such tha t ;

( Xo , ?" 
, *.' , t' )

uniurodul&r.

f i rs t  three

\\g.

J&t \ = a,t

This clearlY rnaY be done because b

Adding to tlre fourth cohlnn of N

columns rnul'tiPlied bY o( , 
T5

respect ive lY we obta in  a matr ix

the

and

t
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TI
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which  ver i f ies ;
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q.

P*l

r
2r* l

b

P
r*1
2Y'l

la

K

1
b

+

,tof + - \r

\{e want to  choose b( ' P and $

,1,* 42 = Ae

a n d :

\ x l , l 1 l  , t + l

The equat ion (  j . f  )  is

z<p er { r-.$ ea t "p$ 
a3 * ex b ,r *'P b, +z$ bs +

+ J"ots ba = Aa

T=
* erxp*  b ,K  *Fk -  + 2-

p + x a " + b t

an in teger  $  i f  we choose

det-\=&Jr\ =araa r

sueh tha t :

r \

\ j ' t  )

( g . n )n
.  t + l  7 t L
f  

t  ! r

of tire forn :

du*tnt+ o , %* '!uft * 1
w h e r e  ' 0 .  =  -

I t  fo l lov is ;

wh ich  g ives

(  no te  tha t

p:--(Qf I ta
(  r n o d  2  ) )
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r  we obtain 8n eletnent 4 of '

5  ( + , l o , A t , A e )  ( F r o m  Q u P o  , Q " f o  i t

fol lows that {  ,  V '  }  ,  t '  &re pol inomial.s in t>(

o f d e g r e e e x a c t t v l o s o v J e c a n c h o o s e b ( l a r g e e n o u g h

such  tha t  (  3 .8  )  ho lds  ) .

This conclude the case An*lt  and frorn the

reduc t ion  s tep  the  case f t \  even ,  A{ " rG '

! ' ' /e  ean now s ta te  t i re  fo l low ing  propos i t ion :

,.rc1.

lr.qp.qgtl.io.n ,?: For any fu,t r % , 4 e N
At?  A2  

(  mod  2  )  i t  can  be  f i nd  a  ma t r i x

s u e h  t h a t !
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