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STABIl,TTY 0l"r TilA $TX/rl)Y SEC0IIIARY

])ISPIACEI,{nl{T Oli 0T}

by
* . , ,  (x)

G D I , U  f  u  P A S A ' ' '  a n d
7

v .- (x)
}A1{ }OT,TSIIVS}I I '

A ! .=Jrc : j  We s tudy  the  s tab i l i t y  o f  the  d isp lacement  o f

a  porous  layer rby  a  less  v iscous  f lu ic l  v r i th  a  po l ' l rmer

fo : :e runner .We prove tha t  the  op t ima l  v iscoz : - ty  p re f i le t

o f  a  th j -n  : :eg ion  o f  po l /mer  so lu te r is ' ' thecr :ns tan t  o i l€ r

^  i  
' l  

* ] r x n r r  n l r
\ J - l . J > u r r r w u 6 r r

s o l u t e  a s

in  the  case

].*Jglr"e3g! "I
I t  i s  we l l - -k t ro rvn  tha t  the  rnacr loscop ic  bount la ry  be tv reen the  o i l

a n d .  t h e  d - i s p l a c i n g  f l u i d  b e c o m e s  u n s t a b l e  i f  t h e  c i i s p l a c i n g  f l u j - d

h a s  a  l o v r e r  v i s c o z l t y  t h a n  t h e  o 1 1 ( f o r  i n s t a n c e  a i r o r  w a t e r ) '  I t  v / a s

- t  | .  ̂ 1  \  r r  r  L - -
D r o v e d t s e e  L  - r J  )  I , n a r  y / n e n  s u r f a c e  t e n s j - o n  l s  p r e s e n t ' i t  h a s  a  p o -

s i t i v e  e f - f e c t , l i r n i t i n g  t h e  r a n g e  o f  u n s t a b l e  d i s t u r : b a n c e s o  T h e r e

f 3 r e  i t  s e e n i e d  a  r e a e o n a b l e  p o l i c y  t o  u s e  a  p o l y n r e r , w i t h  a  h i g h  v i s -

cos l . t y  anc l  an  i rnpor tan t  sur : face  tens ion  aga ins t  o i l ras  an  in te rne

d ia te  reg icn  be t r ' ;een  the  d isp l -ac ing  f lu ic1  a t rc l  o i l " . fn  fac i  th is  re -

g i o n  i s  o b t a i n e d  b ; r  t h e  a d d i ' c i o n  o f  p o l $ . m e r s  i n  d i l u t e  q u . a n t i t i e s "

A s  j . n  i h e  i n t e r : n e d i a t e  r e g i o n  t h e  v i s c o s i t y  p r : o f i 1 e  r n i g h t  b e  o b -

v i o u s l y  c o n t r o l f e c l , i i ' i s  a n  i m p o r t a n t  p r o b l e r n  t o  f i n d  t h e  o p t i m u i n

s i t u a t l o n . r i h a t  1 s .  t o  h a v e  t h e  s n i a l l e s t  r a t l g e '  o f  u n s t a b l e  d i s t u r

bances  and ncreover  v ; i thou t  in f in i te  g : :ovr th  cons tan t '

1ye  suppose tha i  the  'uo ta ]  a rnount  o f  ad i l i t i ve  i s  re la t i ve ly

s m a l 1  ;  a s  a  c o n s e  q u e n c e ,  i I ]  n o n - d  i r n e n s i o n a l  v a r i a b ] e s  t v / e  c o n e  i  -

d e r  t  >  O  , t h e  t h i c k n e s s  o f  t h e  l n t e r m e d . i a t e  r e g i - o n r a s  a  s n a l l  p a -

: :a rne ter .Thus  the  growth  cons tan t  d  and the  cor respond. ing  so lu



t lon w|11 be approx imated by asymptot lca l  expanslons wi th  respect

to  €  .  The f i rs t -order  approx imat ion agrees wi th  the formulas g iven

ln t f l  and [ r l  rv ] r ich were obta ined ln  the case wl thout  in te : :ne-
L  J  

e  r  
( ^ 1  .

d i a t e  r e g i o n " T h i s  p r o b l e m  v ' r a s  a l s o  s t u d i e d  i n  L 3  I  ' t ' r h e r e  o n e  c a n

- f lnc l  a  numer ica f  so lu t ion  cor respond ing  to  tn .  most  un favourab le

grovrth constantrval icLated blr  an asymptot ical  analys1s performud i t t

caivJ

: - ,  t , I re  cases  o f  smal l  a f f la rge  quant i 'uy  o f  so lu le ' "

H e r e v J e p r o v e t h a t i n o r d . e r t o a v o i d . a n i n f i n i t e v a l u e o f 0 - '

the  v iscos i ty  p ro f i le  in  the  in te r rned ia te  reg ion  wou ld  be  cons tan t '

A  pos ter io r i r th is  resu l t  ag lees  w i th  our  assumpt ion  o f  s rna l ]  ouan-

t l t Y  o f  a c l d i t i v e '

2 ,  T h e  n o n : r l i , . n e n s i o n a l  e o u a t i o n s

I_ ,e t  0  be  the  or ig in  o f  the  coord ina te  sys tern  oxyz  so  tha t  ne-

g a t i v e o z r ] i r e c t i o n i s t h e d i r e c t i o n i n v l h i c h t h e g r a v i t a t i o n a l f o r _

ce  ac ts . \ r le  cons ider  a  b id i rnens ioner l  f low in  the  p1a 'e  0 ty ,  so  tha t

p o s i t i v e  0 x  c l i r e c t i o n  1 s  t h e  d i r e c t i o n  o f  t h e  v e l o c i t y  a t '  i n f i n i t y :

- U . o o .  =  (  U ,  0 )  t ; h e r e  U >  0 ( c o n s t a n t ) ' T h e  p o r o u s  r n e d  j - u m  i s  e n c l o s e c l  i n

the l i : "yer y € (  0 ? L ) .  \ ' le stucly the f l .orv of  tvro f lu ic ls of  d i f fe-

ren t  v iscos i t ies  
f  r  and l *z  

(  
t  r<  t ,  

)  separa ted  by  an  -1n-

te r rned ia te  reg ion  o f  in te r faces  "=  ?  (  t , y )  and *=  Y 
( -b  ' y )  '

T h e  c l a s s i c a l  e q u a t i - o n s  g o v e r n i g g  s u c l i  p h e n o n e n a  ( s e e  [ : l  ) a r e :

( e . r )

( z . z )

( 2 . 3 )

( 2 . 4 )

( 2 . 5 )

Q . e )

u

' v

r
r

v  = 0
v
_ t

q

t
q

lL-
/ r
lt'

l 2

u  l * +
/ r r

f o r  x  6 .  R  r  Y € (  o '  T '  )

for  x

for  x

r r . t  <  Q ( t , v )
u . t  >  Y ( t , Y )

f n + =  o  f o r  t f ( t , v ) ( x  -  r r . t  <  r f  ( t ; y )



where  (u rv )  e  p  and  q  deno te  respec t l ve l y  the  ve loc i t y r  s  compo

n e n t s , t h e p r e s s u r e a n d . t h e p e r m e a b i l l t y . T h e i n d l c e s x , y , a n d t d e

note the corresponding par t ia l  de: : ivat lon '

0n the matcr ia l  i 'n ter faces v i te  have. :

r '  u l - J . u  = o  )  .( 2 " " 1 )  L ( u ' u f ' " .  )  
'

( 2 . 8 )  c / t * ' f r = u - u  f  " "  x - u t = ? ( t ' Y )
t'  r  

I  =  S .  Q , , , ,  \( 2 , 9 )  L o .  l  , u '  )

( z . t o )  [ ( , r , u ; ] v  = o  )
I

( 2 . n )  Y t * r y v = '  
u  i  o n  x  u t , = Y ( t ' Y )

t
( z . t z t  - [ p l  = t Y o r J

w h e r e  f  . l  d e n o t e s  t h e  i u n t p ' !  i s  t h e  u n i t  n o : : m a l  o f  t h e  c o r r e s
" - - - - -  L  I

p o n c i i n g i n t e r f a c e , r v h i l e S a n d T a r e t h e c o r r e s D o n d i n g s u r f a c e t e n -

s i o n s .

The bound 'a rY cond i t ions  are :  ,

t Z . t i  1 4 , , = v = O  ' f o r  Y = O a n d Y = f 1
1 Y

( 2 , r 4 )  ( u , v )  - > (  u '  o  )  f o r

In the sequel  \ \ 'e

t i c a l  r e a s o n s  w e  a l s o

i n t r o c l u c e  a  m o v i n g  r e f e r e n c e

w r i t e  t h e  s Y s t e m  ( 2 ' 1 ) ' ( z  ' 1 4 ' )

f rame.T 'or  Prac

in  C imens ion less

f o r m ' d e f i n i n g  
- 1  - 1 ,  - . \  

- l t

.  "n 
= n" r '11e-1("-ut) '  y* =7rl-1y '  f  = ulTJ", '

(qn  ,P*  )  =  r l - ' l  { ! ( q ,  i  I

..rf = -1 + u-'1" ' t* = u*lt' ' ?* = qJrL-\ 
f)':-rv

-  ;  d  
- f t r f ,  d * =  

f i f  r ,  ( s ' , d )  =  q r T 2 t ' - ? y ) u ' r ( s ' r )

* Y / h e r e t 2 O i s a s m a l ] p a r a m e t e r ' T h u s , o m i t t i n g t h e a s t e r i s k s , t h e

sys tenn  (2 ' l ) - (2  ' 14  )  t a l ces  the  fo rm :

( 2 ' 1 5 )  t " *  
+ t Y  = o  

II
-  1  - F ( r + u ) l  f o r x 6 I t ' Y 6 ( o ' J f )( 2 . t 6 )  a ' n *  

=  
|  \

(2 .1?)  P. , ,  =  
f 'v  

)



x  <  ? ( t , y )

"  )  9 ( t ' Y )

?  ( r ,Y ) (  " (  Y (  t , v )

. / t

for
' f o r

for

f
rt

fg ["'f *n u fry= 
o

oL

l_

( e , r s )
(e , ro )
(z ,zo )

(z .z t )
(z .zz)

12.23)

( z  " 2 4 )
( 2 , 2 5 )

( z , z e )

x  = f ( t ,v )

x  = f (  t , v )

and Y =Jf

o )

e "  \ r " " '
€ . s . ? n r )

0 )

t "  ? ' " "e . r l v v J

0  f o r Y = 0

( O , o )  f o r  x - >

[ ( " , " i l I  =

9 r * ' 9 v =
[ p l  =

[ (",")J.! =

Y ** '. Yy=
tnl =

f ,= " =
( u ' t )  *>

i ' I

DO+
12.27)

(z .ze)

exp( o'. t)

Y, , and if

f o )-lorvlng

of  the  in te r -

( z , t 5 ) - ( z . 2 8 )

v/e neglect  the c l j 's ; -

s t a b i l i t Y  s Y s t e m r

3. The stabi- l  i tL a:ral"Ysig

Assuming that  (  € '  l ' / t  )  represents  the th ic l tness

m e d i a t e r e g i o n , w e h a v e . a s b a s i c s o l - u t i o n o f t h e s y s t e m

the  f  o l lov r ing

( 3 . r ;
( 3 . 2 )

. n  T l / . .  - . \  , -  n
g B t t , v )  =  - 1  '  Y " ( t ' Y )  

=  o
'  

a r 3  = , r B  =  o  
I

f " r f o r x ( - 1 { - c * . € . ( x + 1 ) f o l X < . 1I  
n ,  - . \  r ^ .^  - ' r  r '  " ( * )  =  I  -  € ' r ' r (x )  fo r  -1 (x (0

u t ( * )  =  l r ( x )  f o r  - r (  
" (  

o  P

I  l " : ' ' n u ^ ' _  _ - r ; -  
|

L l - f o r x

M(*) = 
Ir-rs)'is 

'

I f  \ rye  superpof le  ln f in i tes ima l  c l i s tu rbances  o11 the  bas ic  so lu

t h a t  i s  l f  w e  t a l c e  i n  ( 2 ' : - : 5 ) - ( 2  ' 2 8 )  s o l u t i o n s ' o f  t h e  f o r n t

o  " 3 )

where

t i o n  t

( 3 . 4  )

where w

turban.ce

*  ? ( x , y ) ,

,9 alrc l

b ta ln  the

* (  * , Y  ,  t )  =  * B  (  
" , Y )

r e p r e s e n t s  u r v r P t  f

prod.uc 'bs,  then we 
'o



.  e x p ( f  t )  +

x=-1

c lenotes the ium

f rom (z  "23 )  .

s t e r n  ( 3  " 5  ) - ( 3  ' r t

y  6  ( o ,n )

o o )

o )

X  = ' - f

x =  O

Y =J f

! @

.  exp( S'- t)

i n te r face  x  =?  "Thus

- 5 -

1
I
I

: I f o r  x e R ,

I
)

( - o a ,  - 1 ) U  ( o  ,

f o r  x €  ( - 1 ,

\
I

." . , . . (  lsv
f

^ r t
=  t ' S ' @  a ' \ r  I

I  J J  . /

\
I
t  ro"

, 4 (- t . r . f l v v  
)

f o r Y = 0 a n r i

for x ----+

:

/\/ n
+ V . t = V

n n,t t\''
= - u . D u - / / . +

t
l t

R /^/
=  -  I '  V

f.\.
I

n  f a r  v A
L , '  - L V !  ' L  U

1 t v .  B
+ . l  u . F - -  =  0- t r l v

I  ' "

J u *
€ / r

] t '
t

Py

P =
vr

( 3 , 5 )

( 3 . 6 )

( 3 . ? )

( 3 . e ;

( 3 . 9 )

( :  . 1 0  )

( s . 1 1 )

( 3 , r 2 )

( 3 ' r : )

( 3 . 1 4 )

( 3 , 1 5 )

( : t r e ;

( 3 ' 1 ? )

[ ; l  =  0
(\./ 'l fv

$  9  =  t  u  - '

t ; l  +  Tr , ' l l
[ t ]  =  o

t Ns-.v = e ''
t i l  + E t ' l l

r y r e' l * V = ' +  =  0

1T,?l -)  (o,o)

f ie rnar l t -2- .1 ,  l ,  f  =  -1  *Q 
"* ' ( f i t  

)  and neglect ing the d is 'Lur-

Q e*pc. t ) . r l( ivater,t=-,

. l
(  s '  t ) p ( r v a t e r ) [ = _ ,  +

. l
e r / l  r' x = - I

produc ts  r /e  have

pR(*ot""{  = PB(rvater) l * - - . ,  +,*=? X=_ _L

!  (*oter) l  = ? t*atu') l
lx=? 'x=-1

vrhich vre obtain \

r  , . ^ - \ l  =  pR(nu" . tu " l  -  +expp( v/ater  ) l  *=b x=_1
I
t r * r r , - .

+ !  e x p ( u ' E  )  n l ( r v a t

consec luen 'b1Y

[ o ]  =  [ ! l,  ,x=y r

r 1re  L '  )  x= ( f

1 2  )  i s  o b t a i n e d

Since the  s ; r

whe

( 3 .

/ ! r

Y L
rr tr nY'
v  e v +

o
) i s

bance

from

and

,l l=-,
o s s  t h e

l inear rs -11$ rea l  so lu t io l l  can



* 6 -

be decomposer l  ln to  l t s  Four ie r  components  an tL  ana lyzed separa te ly '

T a k i n g  l n  a c c o u n t  ( 3 ' t 6 ) , ( l ' 5 ) ,  ( 3 ' t i l  a n d ( 3 " t ? )  r r y e  a r r e  l e a d  t o  t h e

f o l l o v i l n g  f o r n r  o f  t h e  c l i s t u r b a n c e  v e l o c i t y :
2

( 3 " t g )  u  =  - €  k l g ( x ) . c o s  k y  r  . v  
=  k . f , i t ( x ) .  s i '  k y

r v h e r e  8 1 s  c o n t i n o u s  a n d  s a t i s f i e s  a l s o

(3.r9) e(x)- , )  O ,  8 '  ( r r )*-2 a as x ' - - - ' rP : !  oo,

_  I , : : o m  n o '  o p r  a s  i n  ( 3 , f 4 1 * ( 3 . f g )  r / e  o l n i t  t h e  n o b a t i o n  :

Us ing  (3  "6 ) - ( :  " f  )  we ob ta ln  j -n  a  s t ra igh t fo rv rard  manneT

( 3 . 2 0 )  p  =  c t d  l c f  e x p (  €  x ( x + l )  )  +  c a  
)
I  f o r  x (  - 1

(3 .2 t )  s  =  c f  exp (€  k ( x+ l )  )  )

( 3 . 2 2 )  p  -  c z e ' k ' e x p ( - € k ' x ) + c 4  ? . ^ ^ -
) f o r  x

( 3 . 2 3 )  g  =  , Z . e x p ( - t k ' x  )  J

F o : :  t h e  i n i ; e r m e c l  j . a t e  r e g i o n , r v i t h  ( 3  " 3 ) a n d  
( 3  ' t A ) ,  f " o *  ( 3  ' 9 )  '

( l ' l t )  a n d  ( 3 . t 4 )  ' * r e  o b t a l n :

! c  =  S  
- l r 2 f ' ( x ) . g ( x ) .  c o s  k Y

t -
9  =  -$ ' - t l c t  C r . cos  kY

Y =  -S -  - l ' t  2  c r . cos  kY

a g a i n  ( 3 . 6 ) - ( 1 . ? )  w e  g e t

p  =  f ( * )  g ' ( x )  c o s  k Y  +  C 5

s a t i s f i  e s

( f  g '  ) t  = 6 2 \ ' ? - '  f ' g  - S

j u n p  c o n d , i t i o n s  ( 3 . f 2 )

C j  =  C 4 : C 5

x  4  (  - t ,  o  )

f o : :  x €  (  - 1 , 0  )

- 1 - U 2 e f ' .  g  f o r  x € ( - 1 , 0 )

anc l  ( l  '  15 )  Y ie ld :

l 
f.r0 . 2 + )

0 . 2 5 )

0 . 2 a 1

U s i n g

O "z l )
rvhere I

Q.za )

The

Q ; 2 9 )

( 3 . 3 0 )

( 3  " 3 r )

vlher:e

t i v e s .

- l o

f  ( - 1 ) e ' ( - r )  =  c l ( 0 ,  
- ' k ' € -  ( o (  - f  ( - 1 )

r
r / n \  , . , r  ( n \  -  c  ( n *  - l t  2  

€  ( 1 -  f  ( 0 )  )r \ u /  t i g \ w /  -  
" 2 . -

the  subscr ip ts  r  and ? '  lnc l i ca te  the

)+  . rk€ + r r - l t  4 .s '  s )

k€ * o--1r.4e. r)

r ight  and l -ef t  d 'er j -va-

r t  l s  o b v j - o u s  t h a t  w e  g e t  t h e  s o l u t i o n  o f  ( 3 " 5 ) - ( : " 1 ? )  ' c o l r l ? e s -

pond ing  to  the  wa\ re  n l rn tber  k ras  soon as  we so lve  the  e igenva lue  pr :o -

bLem cons j i s t i .ng  o f  the  d" j . f fe r :en t ia f  equat i .on  ( ) .p -g)  sub iec te t l  t .  t l te



c'l

con t lnu l t y  o f  g  and  the  boundary  con r l l t i ons  (3 .30 ) - ( : . 31 )  'Fo r  th j " s

we use an asymptot ic  expansion wi th  respect  to  the smal l  parame'ber

€ > o :
(3 " iz)  t r  =I^tE n" s- .  n S-t= F ^ t 'o ' r )^

* ) rO 
t  ' * t rn  

m) . 'o  ( *

r n t r o d u c i n g  ( 3  , 3 2 )  i t t  ( 3  " ? - B )  ,  (  3  " 3 o )  a n c l  ( 3  ' 3 t )  '  a n d  e q u a t l n g

t h e  c o e f f i c i e n t s  o f  t h . e  s a m e  p o w e r s  o f  t  r v e  g e t . a  s e q u e n c e  o f  p : r o -

b l e m s  f r o m  w h i c h  g n  a n c l  
? r  

a r e  s u c c e s i v e l y  o b t a i n e c l ' T h e  f i r s t

p r o b l e m (  € o  o r c l e r ) Y i e l c L s

( 3 " 3 3 )  s o ( * )  =  c o  ,  f o r  x e (  - 1  '  o  )  '

Ta l i i ng  i n  accoun t  tha t  g  i s  con t inous  on  R  ,  t hen  (3 '3 t )  ' ( l ' 23 )  and

(3 ,33 )  i rnp lY

( 3 . t 4 )  C o  =  C 1  =  C 2

The second Prob le rn(  t  
1 -

( 3 . 3 5 )  r t " ) e l ( x ) + r ' ( x ) c i ( x )

( 3 . 3 e ;  s t ( - l )  =  s r ( o )  =  o

o r d e r )  i u  t h e  f o l l o v r i n g :

+ g u z c  f ' ( x )  = o  f o r  x e ( - 1 , 0 )
( o  o

( 3 . 1 t )  f ( - 1 ) s i ( - ] )  = . o ( f o u ' ( ( -  f ( - 1 ) )  + c ( k  + ? z o k 4 s )

( 3 . 3 s )  f ( o )  s l ( o )  =  c ^ ( 4 ^ t 2  (  ] -  f ( o ) )  -  k  -  
1 o r ; r t ).  . - 1 '  o  [ o

l . I o w , 1 e t  u s  n o t i c e  t h a t  ( ) . 3 5 )  i "  e q u l ' ' ' r a l e n t  t o

( 3 .3 i l  r ( " )  e i ( x )  =  
\ o t ' co ' f  

( x )  +  c i  ,  (  c7  co r l s ; t a ' n t  )  '

Nex t ,  t k re  : :e la t ion  (3  '3 i l  '  toge ther  v ; i th  (3  '37  ) - (?  '38)  ' y i -e ld

( 1 " 4 0 ,  
? o  

t t - l ' ( " ( n 1 ) n ; t
L

v r h e r : e  E g  =  (  1 - c ( )  (  f  4 ' S  )  i l 2  
" F i n a l 1 y  

w e  o b t a i n :

1

.  x n  
f _ t ( s ) a s

i  w h e r e  l { ( x )  =  
J  

f - ' ( s ) d s
- t

\ye  have to  remar :k  here  tha t  (3 .4o)  ag , rees  v r i th  the  e igenva lue

obta inec l  in  [ t ]  ana  IZ ]  ,v rh ich  co l r responds to  the  case v r i ' t ' hou t  in -

t e r n r e d i a t e  : : e g i o n .  '

\ t r n  r o *  o t  ' l ' h o  r r c ' : : t  o r : ' d e r o D r o c e e c l i n g  a s  l l e f o r e ' t h e  f o 1 1 ' o r v i n 5 4
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k  c lose  to  V( r *c r ) / (T+s)

to  avo id  th is  s i tua t ion

t o  i n p o s e  t h e  c o n d i

lov r ing  wayt

-21 , r (o )+" l r {  (o )2 /  f  (x )  )ax  =

*!tw:,,

-B-

resu l t :  :

) u2-+x ) ir ;3m(o) +( 3 , 4 2 )  l r  =  ( ( T + s ) 2 u 4 - z ( 1 - c ( ) ( t + s
t

+ (o (  +  r )2n13n(o ) -1  i

A t b h e s e c o n d . - o r d e r a p p r o x i r n a , t i o n $ - i s g i v e n b y | :

Q "4, s =1;t - 
l;q lrs 

+ o(e2)

arr<l  using (  3 .40 )  and (3 '  42-)  i t  f  o l lo ivs

(3.44)  0-  = (o(+r1-}r .no +(d+1) :2u2tr ;1(4+r)? (m(o)-n(o)-1)- l lk l , { (o)  ) ' t  n

rs  that  for

- ,  I n  o r d e r

reasonab le
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1 a

I

b e

+  0 (  € 2 )

r f  M ( o ) t l ( o ) ; r  :

we have h igh  Pos i t i ve  v i

anrL  because n(o)  lT (O)  >

t i o n  l , : ( o ) ' N ( O )  =  l . T h i s

Q . 4 5 )  f ( x ) = c o r s t o

The above re la t ion can ta

=  M ( o ) '  ( r ' l ( o ) ' t ' t ( o )  1 )  =  o '

t h a t  i s ,  f ( x )  =  l l ( o ) '

H e n c e , t h e  f i n a l  e x p r e s s i o n  o f  S i s

S- = (o< *  r ) - . l t  .nk  - (c{  +  1)  '2k  'oo u(o) 'g  +  o(  €2)

a n d t h e  l i r n i t i n g  e f f e c t  o f  t h e  i n t e r t r e d i a t e  r e g i o n  u p o n  t h e  r a n g e  o f

uns tab le  -d is tu rbances  is  c lear '
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