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1. INTRODUCTION

1.1  Amenab i l i t v  fo r  a  c lass  o f  o rdered groups .  I f 'G  is  a  d isc re te  g roup and p  is
t * -

a subsemigroup of  G, the C"-algebra generated by the compression to l '?(P) of  the lef t
1 . uregular representat ion of  G (or,  equivatrent ly,  of  11(G)) is cal led the C*_algebra of  f l -e

Wiener-Hopf operators on (G, P) and is denoted byl , r (C, p).  In th is paper we stuoy a

class of  pairs (G, P) wi th the property thatV(G, p) is generated by isometr ies.  The
tt

C -algebras generated by one-parameter semigroups of  isometr ies studied by R.Douglas in

[ f ]  anO the Cuntz algebras are obtained as (or at  least  re lated to) part icular examples.

Moreover, the uniqueness properties which are known to hold for these Cts-algebras (see

.: .  cuntz [3] ,  R. Douglas fS])  ar"  interpreted as being related to the amenabi l i ty  of

the corresponding (G, P) 's,  and may in fact  be deduced from amenabit i ty phenomena

combined with an analysis of  . the ideals of  'W(G, p).

!1/e cat l  the (G, P) 's we consider "quasi- lat t ice ordered groups" ( i t  i -s not a

standard not ion ;  the precise def in i t ion and some examples wi l l  be given in the next

sect ion).  This is the context  d iscussed everywhere in the present sect lon,  wi thout any

other mention

In order to make things more explicite, let us consirder the simple example of

(Z,N),  and make the connect ion wi th a wel l*knnwn theorem of L.  Coburn (see [Z]) ,  which

asserts that the C*-algebra generated by a non-unitary isometry on a Hilbert space does

not depend on the part icular choice of  the isometry.  I t  is  convenient to v iew this

theorem as being impl ied by the fol lowing two facts :

10 For any isometry V on a Hilbert space H there exists a unique ,( - representa-

t ion Tf- :  c*(s)+f(H) sucn that lT-(S) = V, where S is the uni lateral  shi f t  on t2(o!)
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and C*(S) is the C*-algebra generated by S.

2o Any non*zero c losed two-sided ideal  of  C*(S) contains the compact operators.

Indeed, assuming 10 and 2o true, consider the non-uni tary isometry V on the Hi lbert

space H, and the c-orfesponding representation T[ gd-ven by 1o . If 1T were not isnmorn.in
u\ (o1^{o t  )  -  

"  
- . '  

-  
" - " -  '  ' e  v  r ru r r ru  u !  ru  t

then its kernelY6frT;in by 20 the compact operator I-SS*, implying I-v\f=&r-SS+; = g.

a contradict ion.

Now the Wiener-Hopf f -afgebra of  (2,  tN) isW(Z,Sl)  = C*(S),  and an isometry on a

Hilbert space means a representation by isometries of [,,] on the corresponding space.

Hence assertion 10 above means exactly that any representation by isometries of [ ' l  can

be uniquely extended to "W(2, 0!) .  This is one of  the possible def in i t ions for  the

amenab i l i t y  o f  a  "quas i - la t t i ce"  o rdered group,  app l ied  to  (2 ,01) .

The use of  the term "amenabi l i ty"  is  just i f ied by several  equivalent reformula-

t ions,  resembl ing the amenabi l i ty  of  (unordered) groups :

1o BesidesWG, P) one can construct  a universal  C*-algebm C#(C, p),  which has a

canonical  , t  -morphism ontoVG, p).  (G, p) is amenable i f  and only i f  th is x _ morphism

is one-to-one.
o * J , ^

2 The universal  C -algebra C (G,

a canonical  condi t ional  expectat ion onto

condi t ional  expectat ion is fa i thful .
o *

3 Among the posi t ive forms on C'(G, p) there are some which are,  in a certain

natural  sense, f in i te ly supported. (G, P) is amenable i f  and only i f  these forms are

weak* dense in the space of  a l l  posi t ive forms on f(C, p).

4o Under a sui table natural  def in i t ion for  a posi t ive def in i te funct ion on pp- l ,

the amenabi l i ty  of  (G, P) is impl ied by the existence of  a net of  f in i te ly supported

posi t ive def in i te funct ions on PP-l  which converge pointwisely to 1 (but we do not

know i f  the converse is t rue).

P) has a remarkable abel ian C#-subalgebra,  and

i t .  (G ,  P )  i s  amenab le  i f  and  on l y  i f  t h i s
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(G, P) is always amenable when G is amenable in the usual  sense; th is comes out

directly from the assertion 40 above. I^/ith a simpler proof we can derive the probably

weaker resul t  that  (G, P) is amenable i f  P is abel ian.  Quite surpr is ingly, .  (Fn, SFn)

is also amenable,  where 
.Fn 

iu the f ree group with n generators,  and SFn the semigroup

generated by a f ree fami ly of  generators.  The amenabi l i ty  of  (F",  SFn) is equivalent' f

to the uniqueness property of  the Cuntz algebra 0n.

A non-amenable example would be given by a (G, P) such that PP-l  = G and P is

non-amenable ( in the usual  sense of  invar iant  means on t t (p)) ;  but  we could not f ind

such a concrete example belonging to our considered class.

1 .2  The"crossed-produc t  tvpe"  s t ruc tu re  o f 'W(G.  P) .  A11 our  resu l ts  depend on

a descr ipt ion of"hf(G, P) which is very much al ike the one given to the crossed,product
( ,  _ i^ ^ *of a C"-algebra by a discrete group. More precisely,  we can def ine for  any x in PP -  a

closed subspace$" of-W(G, P) ,  cal led the diagonal  subspace of  x.  The spaces
( t  1 lstaut isn,  in a weakened sense, a direct  sum decomposi t ion of-W(G, P)t i  I  x  €  P P - ' l
L - X  I  J

and obey the mult ip l icat ion and involut ion rules:

f f .r,  
i f  xY is sti t l  in PP-l,

fqr€ 1
t lo) ,  i f  not ,

,r( , , te
anOf i  =  0 r - l  In  par t i cu la rS =$u { r i tn  e  the  un i t  o f  G)  i s  a  C ' -suba lgebra  o f

rrex4&. 1 f ( G , P ) , c a l } e d t h e d i a g o n a 1 s u b a 1 g e b r a ; i t i s f o u n d t f f i i . a n F o r a n y X i n P P - 1

we have a canonical  Banach space isomorphism between f  and 0*,  g iven by a mult ip l icat ion

operator.  The form of the isomorphismsS e$* suggests a set  of  (not  necessar i ly  uni-

ta l )  x -endomorph isms {<*  . f x  e  e f - l l " t6 .  In  add i t ion ,  there  ex is ts  a  canon ica}  con-

d i t iona l  expec ta t ion  EMG, 'P)* ) f  wh ich  can be  t ranspor ted  w i th  the  a id  o f  the

canonical  isomorphism to give a project ion of  norm one onto f* ,  for  any x in PP-l .
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Hence, informal ly speaking,"h|(G, p) is

{ n *  |  x e  P P - l }  o f  P P - l .

a kind of crossed product at b by the action

Now,T(G, P) is actual ly the analogue of  the reduced crossed product,  the

analogue of  the fu l l  crossed product being the universal  Ctalgebra f l ( r ,  p)  ment ioned

above'  This is seen by consider ing covar iant  representat ions.  One natural ly expects

such an object  to consist  of  a *  - representat ion 
9 of  b and a i ' represen-tat ion, '  U of

PP-l  on the same Hi lbert  space, t ight  together by the covar iance relat ion g(a(x(x))  =

U ( x )  
9 ( x ) U ( * ) r  # x €  P P - l , v x e $ .  I n  o u r  a p p r o a c h ,  b o t h  ! , a n d U a r e  d e t e r m i n e d

by a representat ion by isometr ies of  P enjoying a precise property,  which wi l l  a lso

be cal led "covar iance".  f ,Ct,  p)  is  the universal  object  obtained by enveloping al l

the covar iant  representat ions of  p,  whi Ie-W(G, p) is associated to a remarkable

covar iant  representat ion W:p ->f( l t (p))  which wi l l  be cal led the Wi.ener_Hopf

representat ion.

The remarks on covar j .ance make clear why a necessary and suff ic ient  cr i ter ion of

amenabi l i ty  is  : "Every covar iant  representat ion of  P can be extended toV(G, p)" .  fn

the case of  a total ly ordered group, and in part icular of  (z,0r l ) ,  every represen-

tat ion by isometr ies of  the semigroup is covar iant .  But for  instance in the case of
f r  ^ r  \(Fn, SFn) a representat ion by isometr ies of  the semigroup is determined by n isometr ies

on the same Hi lbert  space ( the values at  the generators) and i t  j -s covar iant  i f  and

only i f  these n isometr ies have mutual ly orthogonal  ranges; th is explains the relat ion

wi th  0n .

We ment ion that in his paper [ fOJ ,  G.Murphy descr ibes the Wiener-Hopf
.r+

C. -algebra of a totally ordered abelian group as a corner of a crossed product
*

C -algebra In this case (which enters our context) his approach and ours have common
points,  but  do not,  coincide.
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1.1 Induced ideals As we saw at 1.1,  the' theorem of L.Coburn can be der ived

from the amenabi l i ty  of  (2,  U\)  combined with a precisat ion concerning the ideal  struc-

ture of"l,rf(2, n). It general{seems useful to have some informat.ion about'the ideals of

"U(G, P).  In th is paper we put into evidence a c lass of  ideals which are obtained from

the invar iant  ideals of  the diagonal  subAlgebra by an induct ion process (" invar iant"

means invar iant  to the , ( -endomorphisms t* ,  I  x e PP-IJof  1.2 ) .

There are several  possible def in i t ions of  Indt(1Gf c losed invar iant  ideal) ,

which coincide under suitable hypothesis-for instance if G i-s amenable

lo 1a1e wri te]  as the kernel  of  a representat ion 9 ot f i , .we induce J to a repre-

sentat ion'Tl-of  
-W(G, P) ( in f f re sense ot  [ r r ]  )  ano def ine IndJ = lGrT[ ' -

c ,
{ 'tlL-x

( x € P

be in

o
3' For any I in"l . l l (G, P) we take

I  x € PP-l)  and transn$ort  them

P- l ) ,  ob ta in ing  thus  a  fami ly  o f

IndJ j - f  and only i f  af l  the Ti

4o Ind] = the c losed two-sided

Coro l la ry  I  2 .6  o t  I fe l ,  Propos i t ion  5 .10  o f  [ t l ]1

) .

the pro3ect ions of  T on the d iagonal  subspaces

A  i ,
rnto p wl tn tne canonical  isomorphisms $**fr

c  ,  - l ?' t n n p f f i r : i c n t s "  \ T  I  x  €  P P  
' |  

.  W e  d e f i n e  T  t ou u u r r  
[ . x  

I  . .  
J

s  are  in j  (compare  w i th  Def in i t ion  4 .15  or  [u ] ) .

ideal  of"hl(G, P) generated byI  (compare with

2e IndJ ={T€W(G, n>f  r t f t )e  1J wi thrE:nI (G,  a  - ) f r  the condi t ional  expectat ion

(compare with Lemma I  2 .2  ot  [ te  I

The map A -i Ind J is one-to-one , with invense l 
-rlnb ' and its range

consists 'of  the c losed two-sided ideals of  f iG, P) which are invar iant  to the

condi t ional  expectat ion.  General ly,  these are not al l  the c losed tu,ro-sided ideals of

1 r (G,  P) .

1.4 Appl icat ions The spectrum of the diagonal  subalgebraf  
" .n 

be canonical ly

ident i f ied to an expl ic i te ly descr ibed space o having as elenlents a c lass of  subsets

of.  p.  Taking ihto account the ind'uct ion process,Ocan be used as ah' intermediate l ink

in f inding conne.ct ions belween-f , r (G, P) and the order. . re lat ion 
'determined 

by Plon G.
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As an application t. l le can prove that-l,r(G, p) contains the compact operators if
and only i f  there exists a f in i te subset of  p \ t  e!  which contains a lower bound for
every element of  Pr le)  ( f l re last  condj . t ion always holds when p is f in i te ly generated)-
The proof is done by passing through the equivalent statement :  ' ,For any t  in p,  the
in te rva l  [e ,  t ]  =  

{  a  €  P  la  *<  t }  i s  an  open po in t  o f  ; } , , .  The imp l ica t ion  , ,  fe , t l
open '  V  t  e  P  +V(G,  P)J3"  was proved by  P.Muh ly  and J .  Renau l t  in  a  more  genera l
case (see corol lary 3 '7 '2 or [ { ) ,  and they conjecture"that i ts converse a]so holds
in general  (see [9J '  3.7.3).  we note that . l tJr(G, p) 2J( is a necessary condi t ion for

v (G,  P)  to  be  type  r ,  becausev(G,  p )  i s  i r reduc ib le  I th is  cond i t ion  is  no t
suff ic ient  f t f (Fn, SFn)2J(,  but  i t  is  not  type r  becauseWrn, SFn) h< = on).

For an other appl icat ion,  let  us consider the Theorem I  of  t5 l ,  wnich can be
s ta ted  as  fo l lows: " I f  the  to ta l l y  o rdered abe l ian  group (G,  p )  i s  a rch imedean,  then
any two non-uni tary representat ions by isometr ies of  P generate canonical ly isomorphic*
c -algebras" '  This is equivalent to the fact  that ,  in the considered sett ing,  of ly
non-uni tary representat ion by isometr ies of  P extends to a fa i thful  representat lon of

- l (G, 
P),  and a proof may be given on this l ine.  r t  is  interest ing that we can also

prove " the convefse";  more precisely, for  a total ly ordered aber ian group (G, p) there
are equivalent ' 10 P is archimedean ,; 2a any two non-unitary representations by
isometries of P generate canonica.l ly isomorphic cx-algebras ; lo the commutator ic,eal
o f  v (c ,  P)  i s  s imp le .  (Remark ,  zo l  Jo  is  p roved in  f l ] ,  too . )

'  1 '5 The wiener-Hopf proupoid r t  is  known that,  in a more general  case than the
one studied here, the ctatgeora of the wiener-Hopf operators can be presented as

)€
C""o(3) ,  w i th f , .  a  loca l l y  compact  g roupo id  (dg f , [ t t J , t fZJ) .  In  the  present  contex t ,

'  r  r Jj ' can  be  go t  by  t ranspos ing  the  ac t ion{x  l x€  o r - t }  cons idered a t  1 .2  on  the  spec t rum
ho ' f  ;  the  ac t ion  o f  PP- l  onJ lob ta t :J ; ;  th is  manner  i s  on ly  par t ia l l y  de f ined,
and gives exact ly a groupoid structure ( th is is$).
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The groupoid interpretation has turned out to be extremely useful during the

preparation of this work. Neverth*frr, *u have decided, for lack of space, to omit in

the f inal  drawing up, arrd discuss i t  separately in a futule paper.

1  /  - . +  
I

I .6 FiJnal ly let  us make a br ief  review of  the sect ions- into which the paper is

sub&ivided. In Sect ion 2 we present the "quasi- lat t ice" ordered. groups, and show that

their Wiener-Hopf C+-algebras are generated by isometries. In Section J we put into

evidence the "crossed-product type" structure of  
'1(C, p).  Amenabi l i ty  is  d iscussed in, . '

Sect ion 4.  In Sect ion 5 we consider two important part icular cosaf, :at  5.1 we show how

the uniqueness property of  the Cuntz algebra impl ies the amenabi l i ty  of  the f ree

ordered group ;  at  5 .2 we consider the total ly ordered abel ian case and we give a

simple proof to a general izat ion of  the Theorem 1 of [ :J,  due to G. Murphy (Theorem

2.9 of  [ tO] ) .  The sixth sect ion,  which is the last  one, deals wi th the induced

ideals ;  i t  a lso contains the two appl icat ions announced at  1.4.  In an apoendix

we prove that the diagonal  subalgebra is maximal abel ian.

2.  QUASI -  LATTICE ORDERED GROUPS

2.1. Def in i t iong By an ordered

a (not necessar i ly  abel ian) discrete

assume that Pf\Qagives the unit e of
- 1

x ty 
€ P is a papt ia l  order relat ion

relat ion induced bv P).

g roup we sha l l  unders tand a  pa i r  (G,  p ) ,  w i th  G

group and P a subsemigroup of  G. We shal l  a lways
t  , ,  4A1G, where Q = P- '  ;  th is impl ies that  x (  VdD

on G ( i t  is  cal led the lef t  invar iant  order
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I t  i s  c lear  tha t  P  = l t  a  G l *  >  e lano Q =  [ re  G lx  s  u f .  An  impor tan t  ro ]e  w i r l
played in  what  fo l lows by the set  PQ =toolpep,  q€0 '*n i r r ,  can be a lso descr ibed
terms of "-(" as fx6 Gl x has upper bounds in p].

The ordered group (c, p) is said to be quasi- latt ice ordered i f  the fol lowino
condi t ion is sat isf ied :

F o r  a n y  n  > 1 ,  d f l y  * 1 , . . . ,  x n  i n  G  w h i c h  h a v e  c o m m o n  u p p e r  b o u n d s  ( c . u . b . )

i n  P ,  a l s o  h a v e  a  l e a s t  c . u . b .  i n  p .

(aL)

This condi t ion can arso be expressed in a weaker form, i .e.
(QLl)  Any x in PQ has a least  upper bound in p 

;
( 0 L 2 )  A n y  s ,  t  i n  p  w i t h  c . u . b .  h a v e  a  r e a s t  c . u . b .  ;
( the proof of  "4r= "  is  easi ly done using induct i_on).

I f  (G,  p )  i s  a  quas i - la t t i ce  o rdered group and x . ,  ,  . . . , x
P,  then the i r  leas t  c .u .b .  in  p  w i l l  be  denoted  byd(x t  )
the least  upper bound in P of  an arbi t rary element x of  pQ wi l l
we shar r  a lso  use  the  no ta t ion  z (x )  =  * -16- ( * ) ,vx  e  pQ ;  b (x )

x  g6(x ) .  I t  can  be  seen w i thout  d i f f i cu l ty  tha t  G- (x - l )  =  Z(x )

(aL)49(At1) + (aLZ),  wi th ;

n  i n  G  h a v e  c . u . b .  i n

* n ) .  I n  p a r t i c u l a r ,

be denoted by a-(y; .

i s  in  P ,  because

a n d  E  ( * - 1 )  = F ( x ) ,

V x  €  P Q .

The name "quasi- lat t ice ordered" is just i f ied by the fact  that  lat t ice ordered
abel ian groups are quasi- lat t ice ordered. To be more precise,  an ordered abel ian group
(G,  P)  w i th  the  proper ty  tha t  any  two e lements  o f  p  have a  leas t  c .u .b .  i s
quasi- lat t ice ordered. Indeed, th is hypothesis is exact ly (QLZ) (we take into account
tha t  in  the  abe l ian  case,a f lY  two e lements  o f  P  have c .u .b . - the i r  p roduc t  fo r  ins tan" " ) .
In what concernes (QL1),  i t  suf f ices to note that  for  any x in pQ and for an arbrtrarv
wr i t ing  x  =  s t - r  w i th  s ,  t  in  p ,G" (s ,  t ) t - l  i s  the  leas t  upper  bound o f  x  in  p .
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2.2 Elementarv remarks Let (G, p) be a quasi_lat t ice

10 For any x in pQ, the set :

ordered group.

( 1 ) A *  = { C r ,  t l €  P x  p  I  u t - l  =  * }

wi l l  be  ca l led  the  d iagonar  o f  x .  c rear ly , {o ,  I  x  e  ea} is  a  par t i t ion  o f  px  p i  i t
is  important ' that  each A* is canonical ly put into bi ject ion wi th p by the map :
P t f -+ (o- (x )p ,?e(x )p) t  A"  (we leave the  s imp le  p roo f  to  the  reader ) .  so  an
( s ,  t ) €  P X  P i s  d e t e r m i n e d b y y  = s t - l €  p Q a n d a n e l e m e n t p g p  s u c h t h a t s  = C ( x ) p ,
t  =6(x )p  ;  x  and p  can be  th fought  as  "d iagona l  coord ina tes , ,o f  (s ,  t ) .

f  s ,  t e  p  h a v e  c . u . b .  i n  p  i f  a n d  o n l y  i f  u - 1 t 6  p Q .  I f  t h i s  h a p p e n s ,  t h e n
d ( s - l t )  =  u - 1 6 ( s ,  t ) .

Proof

c-(s-rt) < s

hence s and

" O " u - 1 1  = ( r - l e ( r ,
-16 - ( r , t ) .  , , (=  , ,  t  =  s (s

t  have  c .u .b .  and  d (s ,  t )

t ) ) ( t -16(s ,  t ) ) -1  €  pQ ;  a t  the  same t ime we get
-1 t )  

. .  s6(s ' -1 t )  and obv ious ly  s  {  s6(s -1 t ) ,

<  s6(s -1 t )  (4=9 5-16(s ,  t )  <  d (s - l t ) ) .  QID

Jo Let s,

I f  th is happens,

from 2a . )

t l ,  t r b e  i n  P .  t r a n d  t ,  h a v e  c . u . b .  i f

then 6(st1,  str)  = s S-( t r$2).  (These

and only i f  strand st ,  have.

assert ions immediatelv fo l low

.'o ^1- Anv total lv ordered group is c lear ly quasi- lat t ice ordered. fn part icular,

i f  G is a subgroup of  R and P = Gnf0,co; ,  then (G, p) is quasi_lat t ice ordered. By
a theorem of Hi i lder (seefz] ,  chapter IV,  sect ion 1,  Theorem 1) any total ly ordered
archimedean group can be put into this form.
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" 20 Direct products I f  
t  

(Gj,  t j )  |  1 *.  i  -"  4 are quasi-ratt ice

then  so  i s  (G tx  " ' t  Gn ,  P l t  . . .  xPn) ,  t oo ,  because  the  o rde r  on  i t  i s
order" .  In  par t icu lar ,  i f  [c r l r  .<  j  -<  n ] . r .  subgroups of  rR and i f  we
=  G lx  . . . t  Gn  ,  P  =  Gn [0 ,cp )n  ,  t hen  (G ,  p )  i s  quas i - l a t t i ce  o rde red

Jo semi-direct  products Let (G, P) and ( l -J,  R) be quasi- lat t ice ordered groups
such that G has an act ionF uu automorphisms on H, and such that R is$- invar iant .  r t
is  then easy to see that Pr R gives on G2(pH the product order ;  tn is entai ls that
( G x 5 H ,  P  x  R )  i s  q u a s i - l a t t i c e  o r d e r e d .

Y

In  par t i cu la r ,  we may cons ider  the  ac t ion  o f  ( (0 ,co) , .  )  on  (6 ,  + )  by
mul t ip l i ca t ion ,  wh ich  leaves  f i xed  the  semigroup [0 ,co)gn ,  and ob ta in  a  na tura l
quas i - la t t i ce  o rder ing  on  the  "ax  +  b"  g roup (w i th  pos l t i ve  semigroup I t , r )x  L0 ,so) ) .

o
4 Free groups  Le t  Fn  be  the  f ree  group w i th  n  genera tors .  We f i x  a  f ree  fam. i  I  v

of  generators of  Fn,  say 01,  .  .  .  r  .n  ,  and denote by SFn the semlgroup generated

by i t '  We c la im that  (Fn,  SFn)  is  quas i - la t t ice ordered.  To prove th is ,  we f i rs t  re-
mark that for any t  in sFn the set Ir  e srn I  s < t !  

" .n 
arso be wri t ten as

c
i " . : . .  5 '  a ; a , ,  1 . . . 5 d . d . ^L  F  J l r  J 1 J 2 r  f  J t J Z  J m  )  - - "  -  - J f " j Z  

_ m

of t ,  and is hence total ly ordered. This impl ies that  any s,  t  in SFn which have

c'u.b.  are comparable;  consequent ly,  the greater one of  the two elements is also

the i r  leas t  c .u .b . ,  and (QLZ)  i s  sa t is f ied .  In  what  concernes  (a l l ) ,  i t  i s  easy  to  see

that any x in (SF )(sF )- l  hec 6 unioue redrrcer. r rn / \ : rn /  nas  a  un ique reduced wr i t ing  x  =  s t - l  w i th  s ,  t€  sFn,  and

t h a t ( ( x )  =  s .

.  Using a s l ight  adaptat ion of  th is ar

the more general  fact  that  i f  \  ( t ,  ,  p.  )  |  i

groups, then the free product (  X- G..  X
,  

1 '  '

i€I - i€I

ordered groups,

the "product

P u t G =

gument

. r 1
P r )  i s

,  one can prove without di f f icul ty

is a fami ly of  quasi- lat t ice orcjered

also quasi- lat t ice ordered.
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5 o  r f  G  =  ( ( 0 , t o ; , ' )  a n d  p  = [ N r [ o ] ,  t h e n  a n y  t w o  e l e m e n t s  o f  p  h a v e

c.u.b. ,  which is their  least  common mult ip le,  and any element of  G = pQ has

upper bound in P, which is thb numerator of its unique representation as an

ble f ract ion.Hence (G ,  P) is a quasi- lat t ice ordered group

o
5 Let us also give some counter-examples.  I f  G is

( the Heisenberg group),  and, i f  we def ine p by restr ict ing

regret fu l ly say that (G, p) is not quasi- lat t ice ordered.

groups which are not quasi- lat t ice ordered (see sect ion l

b ,  " ,  U Ir  l r  '  " \  ,
I  l o  t  o l  f  a '

\ 0  0  r /

a ,  b ,  c  t o { N ,  t h e n

Also, there exist

o f  [ eJ  ) .

a least

a least

i.rreduci-

lve must

dimension

2.4 We now prove that the Wiener-Hopf C{-algebra of  a quasi- lat t ice ordered

group is generated bv isometr ies.

For any ordered group (G, p),  the Wiener-Hopf C*-algebraf iG, p) can be def ined
tt

a s  t h e  C ' - s u b a l g e b r a  o f  * ( 1 ' ( P ) )  n o n o n " r o e r  h , ,  S i f C * >  . :  I  x  e  G l w i t n A : G - : 5 3 ( f  ' ( G ) )
t '

the  le f t  regu la r  representa t ion  and J :  l r (p )  *> I2 (G)  the  inc lus ion  opera tor .  For  any

t in P, the operator l t t f t lJ ,  which wi l l  be f rom now on denoted by V, l ( t ) ,  is  an

isomet ry ;  i t  i s  de termined by  the  fac t  tha t  W( t )S .  =  S t r ,  Va  €  p ,  where  (5a)ae p  is

the  canon ica l  bas is  o f  l ' (P) .  We note  tha t  W(s)W( t )  =  U/ (s t ) ,Vs ,  t  e  p ,  and tha t

W(e)  =  f r  z /p r  ,  i .e .  h l :P  jS( l ' (p ) )  i s  a  representa t ion  by  isomet r ies .  W wi l l  ber  \ r , /

cal led the lr j iener-Hopf representation

Let  us remark that  ( in  the case of  any ordered group)  . : *A(*)J  = 0 i f  x  # fq;

indeed, i t  is  immediate that  :

( z )  ( l xA(x )J  )5 .

(5 r .  ,  i f  xa  €  P ,

- t
I
I
I

\ 0  ,  i f  x a + ? ,
JC

s o  t h a t  :  J  A ( x ) J l 0 + l a  €  P  s u c h  t h a t  x a  € P + x €  P Q .  H e n c e  r n l e  c a n  a l s o  w r i t e
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nI(G, P) = cfr( [t lr*)J | *e noJ l.
Assume now that (G, P) is quasi- lat t ice ordered. An easy computat ion shows that

for any x in PQ and a , in p :

G) w(d(x))w(a(x))* S, =

o  ,  i f  6 ( x ) d a  ;)'
butL(x)  -<  af+s-(* - l )  -<  a(*  * -1  < a€xa € P.  so (2)  and ( l )  imply  f iV*) .1  =

{ t  
L r - '  i ( .  r  ' l= v 'J(d(x) )w( t (x) )  ,vx  €  pQ,  and th is  makes cr .ear  that -h(G,  p)  =  c^{  {wct )  |  t  e  p}  l .

HenceVG, P) is indeed generated by isometr ies.

l .  TfE "cR0ssED-pR0D_llET TypE" STRUCTURE 0FvG, p)

I n  t h i s  sec t i on  we  f i x  a  quas i - l a t t i ce  o rde red  g roup  (G ,  p ) .

1.1  The d iagona l  suba lpebra .  we make the  no ta t ion  M( t )  =  w( t )w( t )F  =  the

mult ip l icat ion operator wi th the character ist ic ^ (  ?
f u n c t i o n o f  l a € P  l a >  t f  , V t € p ,

. t c ' )
a n d  d e f i n e 0  =  c l o s  s p t M ( t )  |  t  e  e f .  I t  i s  i m m e d i a t e  t h a t  :

M ( d ( s ,  t )  )  ,  i f  s  a n d  t  h a v e  c .  u .  b .  i

( 4 )  M ( s ) M ( t )  =

0  ,  i f  t h e y  h a v e n ' t .

This  imp l ies  tha t {v f t l  I  t  e  e }u  {o }  i ,  .  oommut ing  and c tosed under  mut t ip l i ca t ion

fami ly of  sel fadjoint  project ions of- t (G, p),  and makes clear that f  is  an abel ian
) / r '

cn-subalgebra of  .1 i l (c,  
,P).  O is also uni ta l ,  because M(e) = i t : (p)  ;  i t  wi ] l .  be cal le i '

the  d i - lagona l  suba lgebra  o{ { (c ,  p ) .  ( :Remark . :  i t  can . .be  shown tha tS is  max imal  abe l ian

- see the appendix.  )
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l .2Jhe ' l ic ture" 
_of {(G" p) The name otp is just i f  ied by the fol lowing

Proposi t i -on :  The operator,  
{w{r) tn/( t )F/  s,  t  € p}are r inear ly indepencient,

and the i r  l inear  span is  a  dense un i ta lX-suba lgebra  o f .h (G,  p ) .

Indeed,  the  propos i t ion  asser ts  tha t ,  in  an  in fo rmal  sense, - ln I (G,  p )  i s ' , the

closed l inear span of  P x P" ;  in t t re same informal sense, S is the c losed l inear

span o f  Au ,  the  pr inc ipa l  d iagona l  o f  p  x  p  (see re la t ion  ( l )  o f  Z .Z) ,

Proof Let
(  F r  )

us suppose.that l i { (s) \ ,J( t )  [s,  t  e ?t  are l inear ly dependent.  ! ,Je can
( .

t h e n  f i n d  t I :  I  I  (  j s  n l  i n c \ { o }  a n o { ( r - , t r ) 1 r  <  j _ .  n J  w i t h  ( s '  t j )  /
n ' i  J

/  (su,  tk )  for  j  I  k ,  such that  
F 

^ ,  w(sr ) ! ,J ( t r )x  = 0.  we have of  course n )  z ,

because | r l (s ) t r l ( t ) *  can never  be zero ( r , / (s)w( t f6 ,  =  5r ) .  The f in i te  set { , r , . . . , ,n \

must contain an element tU which is minimal, in the sense that for any 1 S j  {  n,

, j  {  t to impl ies t j  = tX. But :

n
^ - /  #  xu = \  z - A . w ( s o ) l n t ( t . i ' ) 5 ,  = 1 , 6  . F _  t r , 5 u . t ; I t

j = I  J  J  J  t k  n  = k  
W  J  u j . j - *

t  j<tx

impl ies that  there exists at  least  one j  I  k such that t .  (  t , .  and s. . t l l t ,_ =
J  K  J J  K

f o r s u c h a j w e c l e a n l y o b t a i n t  = i  c  - -t j  =  ak ,  r j  =  sn  -  con t rad i c t i on .

For  the rest  o f  the proof  i t  c learry  suf f ices to  s l row that
\ t ( - r ( r
{ w ( s ) w ( t )  I  s ,  t  €  P J u t o )  i s  c l o s e d  u n d e r  m u l t i p l i c a t i o n  a n d  x - o p e r a t i o n .

fact  is  c lear .  To prove the f iEst  one)we remark that  i f  for  arb i t rary  t  and u

mu l t i p l y  t he  re la t i on  (4 )  o f  j . l ,  w r i t t en  fo r  t  and  u ,  w i th  W( t ) ' t  a t  t he  l e f t

l ^ l I Y ] a t ! h e . ' n n . . ' ' " : o b t a i n : . : ' . :

' '

q '

K

The  las t

i n P w e

.and  w i th
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t,,,(t)ft t,rl(Et, u)) t^ / (6 ' ( t , r ) )#  w(u) ,  i f  t a n d  u  h a v e  c . u . b .  ,

0 ,  i f  they F  a , , ^ ^  |  * ,
r t o v E t  I  L .

f
I

I
I

I

,r-
t l , ( t )  ld(u)

But :

f  
wCrt- lc ' ( t ,  u) )w(vu-k(t ,  u) )

- l

( 0 ,  i f  t h e y  h a v e n , t .

QED

)(
y
I

s =l '

o,( t ) *  w(c( t ,  u) )  =  w( t ) *  (w( t )  t^ l ( t -k ( t ,  u) )  =  w( t - ls ( t , ,u) ) ,

and s imi lar ly  w(a( t ,  u) f  tCr l  =  w(u-b, ( t ,  , ) ) * .Hence for  any t ,  u  in  p  :

( t , r t ( t - rs( t ,  u) )  w(u- lo( t ,  u) )* ,  i f  t  and u have c .u.b.  ,. { l
lv(t)  l l / (u) = 

J

lo ,  t r  t hey  haven , t  ,

and i t  becomes clear that  for  any s,  t ,  u,  v in p :

( 5 ) (r^/(s) r^l(tf )(br(u) wcvf )
,  i f  t  and  u  have  c . ,  .  b  . . ,

l . l  An other just i f icat ion for  the name off  is  g iven by the equivalent

character izat ion :

'' ':

T has diagonal  matr ix relat ively to the canonical

bas is  o f  l ' ? (P)

( ' t ' I(C, n)
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Proqf .  Every  M( t )  ( t6 .  P)  i s  d iagona l  re la t i ve ly  to  the  canon ica l  bas is ,

because :

Since the proper ty  of  be ing d iagonal  can be passed through the c losed l inear  span,

w e  g e t  " e " .

In  o rder  to  p rove  "2  " ,  we denote  by fn  the  C\suba lgebra  o f  E( l t (P) )  cons is t ing

o f  a l l  t he  ope ra to rs  hav ing  d iagona l  ma t r i x  re la t i ve l y ' bo  the  canon ica l  bas i s .  I t  i s

an easy exerc ise,  which we leave to  the reader ; '  to  prove that  there ex is ts  a l inear

and contract ive map E0 :  $ , (1t (P))  - - ->f0 determined by the fo l lowing ru le  :  the matr ix

.  o f  En(T)  ( re la t ivety  to  the canonica l  bas is)  is  obta ined f rom the one of  T by
U

replacing with zero al I  the entr ies which are not s i tuated on the pr incipal  d iagonal .

T f  s  /  t .  then  En(W(s)  w( t f )  =  0 ,  because fo r  any  a  in  P  :" '  ' " "  -u  '  ' - '

, * . ' 1 6 * -(  w(s)  w{t )^5.  |  5 . )  = (wt t f  s .  I  i ' r (s)*sa)  =

0n the other hand E'( lnt(t) t l ( t f)  = r^J(t) l r t( t f  ,vt  € P, because t l l ( t)r ,rJ(t)r  = M(t) is

diagonal.  Hence the closed l inear subspacef f  e-rn(C, el  I  ro(f)  €f i j  ot- i . l l (c,  p)

conta ins W(s)W(t f  for  any s ,  t  in  P,  and therefore must  beVG, P)  i tse l f ,  by

Proposit ion J.2. Final ly,  i f  T in-tnf(C, P) has diagonal matr ix relat ively to the

canonica l  bas is ,  then T = EO(T)  e6.  QED

( 6 ^ ' t f a V t '
I

(6 )  M( t )  6
" /

t  0, otherwise.

( ( 6 r - r "  |  5  r - r . ) ,  i r  s ,  t  {  a ,  )= 1  i  - 0 .
\  0,  otherwise )
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7 .4  A  f ins t  ev idencetnatf iG, P) has a "crossed-product type" structure is

td : "s  on ly  one o f  the  d iagona l  subspaces  o t - t r (G,  p )  tha t

recisely,  for  any x in PQ we can def ine the diagonal

un 
{w<r l t , v ( t ) i (  |  { r ,  t )  €  6x l  (A ,  i s  de f ined a t  2 .2 ,

Su.) The subspaces {O- |  x€ pQ} obey the fol}owing rutes

olution :

i f  xy  i s  s t i l l  i n  PQ,

( v x ,  y €  p Q ) ,

otherwise.

dl = f*-l ( v x  €  P Q ) .

The  fo rmu la  (8 )  i s  c lea r .  To  p rove  (7 ) , l e t  x ,  y  be  in  PQ such  tha t$ r$U l {O} ;

then there ex is t  (s ,  t )6  Ax and (u,  v)  €  Au such that  (W(s)W(t f ) ( t ,a t (u) t^J("v f  )  I  o .

Accord ing  to  the  re la t i on  (5 )  o f  j .Z ) t  and  u  mus t  have  c .u .b . ,  and  the  p roduc t  i s

(w(st - ls - ( t ,  u) )  w(vu- lo( t ,  u) f . t r ,  (s t - ls ( t ,  u) ) (vu- lc( t ,  r ) ) -1  = Xy:  and th is  makes

c lear  that  xy€ PQ andf ,  $ ,  e  b*r .

Moreover,  Proposi t ion 1.2 impl ies that  the set of  f in i te sums of  e lements of

tnef*  s is a dense l inear subspace of- I l | (G, p).  I t  can be shown that every element

o f  th is  subspace has  a  un ique wr i t ing  f  =  I  T r ,  w i th  T*  € f * ,Vx€ pQ(Tx l  0  on ly
xePQ

for  a  f in i te  number  o f  x 's ) .  Hence, in :a  weakened sense,  the  d iagona l  subspaces

establ ish a direct  sum decomposi t ion of  f , r l (G, p).

Using the mbthod of  1.1,  one can descr ibe the operators belonging to a given
.&,'#* rn terms of  their  matr ices relat ively to the canonicar : r '  basis.  This descr ipt ion

offers a better understanding of  the picture ofVC, p) ;  but  however,  s ince we

shall not be using it anyfwnere in the paper, we leave its details to the reader.-  - v

ned by remark ing tha

e considered.  More p

^ Aace of  t ,  0* = c l -os

i o n  ( 1 ) .  C l e a r l y $  =

I t ip l icat ion and inv

ff*, ,4 4 r )
d r x w v :  \'  

i { o } ,

obtai

can b

subsp

relat

of mu

( 7 )

( 8 )
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J.5 A second evidence for the "crossed-product type" structure ofnl(G, p) is

given bv the ract  thaWy x in pQ, the map x->w(a(x))  x w(u(x))x i ,  .n

isometr ic isomorphism (of  Banach spaces) betweenS =fu andS*;  i ts inverse is

d"tY -+ w(((x l fywr eQD e6.The only non-tr iv ia l  point  in the proof of  th is

fac t  i s  tha t  fo r  any  (s ,  t )  €4 .  wc  har re  n r r f f ing  Y= W(s)  W( t )X ,  tha t

w(o'(x)fv ,^,rae)) ;; ;, ;r.;il-,';a;;;;it ,,(a(x)D wr.r*>)* = y. rn order
to  show th is ,  we take  the  d iagona l  coord ina tes  o f  (s ,  t ) ,  i .e .  we wr i te

s  =  ( (x )p ,  t  =  b (x )p  fo r  a  un ique ly  de termined p  in  P  (see z ,z . Ia ) .  and we eas i l v
+

set  :  w(d(x) j 'Vw(z(*))  = M(p) €S, t^ i (o ' (x))M(p) l r t (a(x))r '= t , / (s)  w(t)*  =y.

1.5 A third evidence for the "crose$d-product type" structure of- l , r (c,  p)  is

the existence of  a canonical  condi t ionar expectat ion of  " tn(G, p) onto f  .  uore

precisely,  we have the fol lowing

Proposi t ion :  There exists a unique bounded l inear map E : f f (G, p) -Jf  such

that for  any s,  t  in P :

*  (w (s )  w ( t f  ,  i f  s  =  t ,
E(w(s) l ,r,(t) ) =J

I
( o , i f s l t .

E is a condi t ional  expectat ion.

Proof  '  Eo  ,S( r ' (P) )  * f iO cons idered in  the  p ioo f  o f  1 .3  g ives  by  res t r i c t ion

and corestr ict ion a contract ive l inear map act ing as in the statement of  thc nr.nn-v | | v t J ! v | . J U

s i t ion .  Th is  p roves  the  ex is tence o f  E .  I t s  un iqueness  is  c lear  ( f rom 1 .2) ,  and the

fact  that  i t  is  a condi t ional  expectat ion is immediately impl ied by the theorem

of Tomiyama. QED
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cororlarv For any x in PQ there exists a canonical projection of norm one

E" of V(c, P) onto$*, determined by :

E*(w(s) , , ( t r  ,  = l , , (s)  
w(t f  i r  (s '  t )€ ax '

L o, orn"rwise.
( 0 f c o u r s e , E r = E . )

Proof The map

have the propert ies

the uniqueness of E

T -) hr(s-(x) ) E(w{a(*) f r

requested in the statement

* 
(wi th these propert ies) is

w(6(x) )  wfaC* l )x  i ,  eas i ly  seen to

of  the coro l lary .  0n the other  hand,

o b v i o u s  f r o m  J . 2 .  Q E D

R e m a r k : E i s f a i t h f u lIndeed, taking into account that  E is obta ined f rom

the  fo rmu la :
Eo : f , ( t ' (P) )  -6 ,  de f ined in  the  proo f  o f  l . ) ,  we eas i l y  ob ta in

( e )  ( r c r l d .  l d . )  =  ( r 6  
^  l d ,  )  ,  v  T  € V ( G ,  p ) ,  a €  p .

S o ,  i f  a  p o s i t i v e  T € V ( 0 ,  p )  h a s  E ( T )  =  g ,  t h e n  ,  l l { i 5 r l l 2  =  ( t  6 ^  l d . }

= ( r { r ) 5 "  1 5 . ) =  0 ,  v a  € P ,  h e n c e  V T = =  0  a n d  T  =  0 .

E is always fai thful  because actual lyVc, P) is the analogue of  a reduced

crossed produc t  ( "o f f  by  PQ") .  Rn ana logue o f  the  fu l l  c rossed produc t  w i l l  be

considered in the next sect ion,  in connect ion wi th amenabi l i ty  phenomena.

l '7  The ac t ion  o f  PQ ond The las t  th ree  subsec t ions  ind ica te  tha t .  in  an

informal way, V(G, P) must be the analogue of  a (reduced) crossed procluct  Ctalgenra

"o f .S  by  PQ" .  I t  i s  be l ipvab le  tha t  there  ex is ts  a  na tura l , ,ac t ion , ,o f  pQ onf

connected to th is crQssed product structLire.  Recal l ing the way things lc iok l - ike in
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the theory of crossed products by fl i .screte groups, it is also believable that the
napfi -)S given by an x€ PQ must be tight to the canonical isomorphismf --"$x
of 1.5 .  A natural  candidate is :

;

(10) c(*(x) = (wfec*l) ur(r(x)f) * (wtu.{*)) rn{(a(*)D: ,rxepQ, v xe6,

A which makes sense and is a * _endomorphism ofb, by the followinq

Proposi t ion and Def in i t ion :  For any s,  t  in p,  the map

x -+(wtt l  wrt l*) x (wcs) wrtfJ*ts a (not necessari ly unitat) #-endomorphism
oth ,  denoted  by  - (s , t .  We br ie f l y  wr i te  o / "  ins tead o f  da(x ) ,? (x )  (vx  e  pQ) .

Proof I t  suf f ices to show that for  any t  in p,  X_) W(t)  X tn l ( t f  and
tt

xJ w(t)  x l^ l ( t )  are *  -endomorphisms ot6.r t  is  obvious that these maps are
* -morphisms of f  into 'ur(G, P).  (Let  us check for instance the mult ip l icat iv i ty of
the second. For t  in p and X'  Xr. , inf  we have :

. r k  *(w(t) '  x l  w(t ) )  (w(t  )^  * ,  t . , r l ( t ) )  =
.te

= b l ( t ) '  X r  M( t )  X2  w( t )  =

.  X  + '= w(t)  M(t)  x1x2 b/( t)  = w(t t  x1x2 w(t) ,

where we used the commutativi ty off  and the fact that l {( t)*M(t) = r^/(t f  )  so alr
we need to veri fy is that the two considered maps take values inf.  r t  clearly
suffices to make the verifications on the generator, 

{f,,|Crl I, e * of 6. But simple
computat ions show that for any s, t  in p:

( 1 1  ) W( t )  M(s)  t . l / ( t )x  =  M( ts ) ,

r+ f  
r ' , | { t - l<<t ,  t ) ) ,  i f  s  and t  have c.u.b.

w(t)  M(s)  w(t )  = 
1
\  o , ' "  i f  they  haven ' t .

( 1 2 )

QED
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J'B Remark we can sum up the resul ts of  th is sect ion into the formula
1ftc,  P) = ' r ix"(  PQ" (wi th {  def ined at  3.7).  Now, of  course, pQ is not general ly
a group (see for instance the example 40 of  Z. l ) .  Even i f  i t  is ,  i t  does not , ,act , ,

onf  uy automorphisms, but only by a c lass of  not  necessar i ly  uni ta l r f -endomorphisms,

which is not closed under composition. (Indeed, the semigroup generated by
( , 1 e

t * *  I  xe ea l  is  t *u , ,  I  s ,  t  e  p j  when any two erements of  p  have c .u.b. ,  and
l r ) r '

{nr, ,  l t , t  € PJU {o} in the opposi te case. The only observat ion needed to prove

th is ,  bes ides  a  t r i v ia l  use  o f  re la t ion  (S)  o f  3 .2 ,  i s  tha t  * r , t  =%,er ( " , t  =
=(u'1-1 ,S s,  t  e P.)  Hence even in the s implest  cases, we do not have a crosseo

product structure in the proper sense.

J.9 covar iant  representat iong One natural ly expects

"covar iant  representat ion of  (b,  pQ,o< )"  )  to consist  of  a

3 of f and a "fepresentation" U of pQ on the same Hilbert

by the covariance relation :

( 1 1 )

But let  us

this clearly implies that ( is determined by U .

representat ion,  provided i t  sat isf ies a certain

following lemma :

such an object  (a

uni ta l  F -representat ion

space H, t ight  together

!  t * * rx l )  =  U(x)  $(x)  U ( r ) r  ,v  x  €  pQ,  xaf i .

remark  tha t  i f  we pu t  in  ( f l )  x  =  t€  p  and X =  I ,  we.ge t  :

$cvc t> )  =U( t )U( t ) * ,  v  t  €  p  ;

So U alone gives the covar iant

condition extracted from the
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Lemma Let {Lrt> l t  e e} be a family of selfadjoint project ions of the unitalc  
q i l r r r /  u r  J g I I c l u

c*-a lgebr .0r .There ex is ts  a  4-morphism S,d - -+Qt  such that  g(M(t ) )  =  L( t ) ,
V t  6 P, i f  and only i f  for any s, t  in p :

L (s )  L ( t )  =

L(c(s ,  t )  ,  i f  s  and t  have c .  u .  b .  ,

0 ,  i f  t h e y  h a v e n , t .

( 1 4 )

Proof ' lg 
"  crear ly for lows from (4) of  l . r .  To prove ,F, ,  i t  suf f ices to

show that :

l l  * , , \ ,  r - { t i ) l l  - <  l l * A .  M ( t . r  l l v t  +
j = l  J  J  j = l  ,  i )  l l , v t 1 , " ' , t n € P , ) 1 , . . . , ^ n n a .

Because the operator T = 
*  ) ,  u( t , )  is  d iagonal  re lat ively to the canonical
j = l J J

bas is  o f  t z (p )  ( see  3 .3 ) ,  i t s  no rm 
"o ru ,u  : :F  

l ( rg .  l s . )  |  ,  and  so  we  ge t  :

( 1 5 )  l l * A , u { t r ) l l = s u p  l Z -  A .  l .
J=r r  r  aep l<j<n J

t j * "

' 
0n the other hand we have :

( 1 5 )

The proof  o f  (16)  is  done bv wr i t ing for  every j :L( t . r )  =L( t ,>Tf { r - { tn)* ( I -L( tx) ) ) ,
"  " K l j

and effectively computing the product, which is theref,after substituted in

n

El ,  L ( t i ) .  We leave the  de ta i l s r to  the  reaoer .j = l  J  J  - - r , -

,, F,, rct,)r | =,,0{ A^,,ff,:;,r; 
;, L(tK) ) / o}
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Now, comparing (15) and (15) we see that i t  suff ices, in order to end the proof,

to  take  F /  l g t r , . . . , n )  as  i n  (15 )  and  f i nd  an  e lemen t  t  i n  p  such  tha t

n  = { l  I  I  (  i  (  n ,  t ,  <  t } .  Fo r  such  an  A  we  have  in  pa r t i cu la r  lT l ( t r )  I  0  ,
" u i e A J
-  tak ing ( ra)  in to  account ,  we deduce tnat  { t ,  I  i  €  A l  have c .u .b.  and that  in  fact

Tf r-{ t ,)  = L(t) ,  with t  = a-( t t i  I  i .al  l .  wu f inat ly remark that for any k in the' J  )  J, i € A J
Iomplement  o f  A we have L( t ) ( I -L( tk) )  /  0  +L( t )  *L( tk)  

g tx . { t  <  the last

impl icat ion holds because, as an immediate consequence of (14),.s -?L(s) is

decreas ing) .  tn is  makes c lear  tnat  A = { j  I  r  s  i  s  n ,  t ,  s  t } ,  and the proof  is

over,. QED

Now, it is not very clear to us what is the correct definit ion for the notion

of "representat ion of  PQ" (a hint  is  g iven by the fact  thats(  def ined at  1.7 must be

an "act ion" of  PQ).  We have made the simpl i fy ing assumption that such a representat ion

should be determined by i ts restr ict ion to P, arr iv ing thus to the fo l lowing

Definit ionl Let V be a representation by isometries of P on the Hilbert space f{
t *
(vc t>"V( t )  =  I ,  { t ,  V(s )V( t )  =  V(s t ) ,  v  s ,  t ,  V(e)  =  t .  V  is  sa id  to  be

c o v a r i a n t  i f  ( i 4 )  h o l d s  w i t h  L ( t )  =  V ( t )  V ( t ) t + ,  V t €  p .

By the previous lemma, a covar iant  representat ion V:ptE(H) gives a uni ta l

)€ -representat ion qrr f i ->S(H).  I t  is  not  d i f f icul t  to see that g and U sat isfy

( 1 1 ) ,  w h e r e  U ( x )  =  V ( d ( x ) )  V ( z ( x ) ) * ,  V x  € p Q .
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4.1 The universal  Ctalgebra f iG. p) From the C\algebraic point  of  v iew,

amenabil ity means the canonical coincidence of two C*-algebras, one of them being

universal ,  obtained by enveloping a certain c lass of  representat ions,  .and the other

one being associated to a remarkable representat ion of  that  c lass.  Now let  (G, p) be

a quasi- lat t ice ordered group. We have the class of  covar iant  representat ions of  p,

anb one remarkable covariant representation, namely the Wiener-Hopf one (defined at

2 . 4 ;  w  :  P  + f ( l t ( P ) )  i s  c o v a r i a n t  b e c a u s e  o f  t h e  f o r m u l a  ( a )  o f  l . l ) .  T h e
t(

C -a lgebra  genera ted  by  t r /  i s -h (G,  p )  (see  2 .4 ) ,  so  tha t tn l . (C ,  p )  na tura l l y  p tays  the

role of  "reduced C*-algebra of  (G, p), l .Our next task is to construct  the envelope

of  the  covar ian t  representa t ions  o f  p ,  i .e .  the  " fu l l  c+-a lgebra  o f  (G,  p ) , ,

Let us first remark that any covariant representation v : p--tE(H) can be

ex tended to  the  dense r ( -suba lgebra  =p fw{ r )  W( t f l  s ,  te  p }  pu t  in to  ev idence

at  Propos i t ion  1 .2 .  Indeed,  s ince  by  the  same propos i t ion  [wCr l  w( t ) t€ t  s ,  te  p ]  a re

l inear ly independent,  there exists a unique l inear map Tfy,  spfw(s) W(Jlr , t€ p)+f(H)

such tha t  \  
(w(s )  w( t f  )  =  V(s )V( t f  ,Vs ,  t  €  P .  some s imp le  a lgebra ic  computa t ions ,

s imi lar  to those made in thd proof of  the Proposi t i  on 3.2,  show that TTU is a

t( -representation

The next fact  to be observed is that  sp lwr=l  w(t i  I  s,  t  € nJ nas an obvious

ident i f icat ion wi th C"(P x P),  the space of  f in i te ly supported complex funct ions on

Px P,  such tha t ,  fo r  any  s ,  t  in  P ,  W(s)  W( t f  becomes Lr , ,  =  the  charac ter is t i c

funct ion of{  (s,  t ) }  Carry ing mult ip l icat ion and involut ion through this ident i f i -

cat ion,  we get a {-algebraic structure on C.(px p),  determined by the relat ions:

f  
% r r - t 6 ' ( t , u ) ,  V u - 1  6 ( t , u )  '  i f  t  a n d  u  h a v e  c ' ' ' b ' ,  .

u ,x- ={&sr tLu , v  =J

L0,  i f  they  haven ' t ,
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* I,, = xr,u '
the unit of c.(P x P). The preceding remark and the crear fact that for
i n P :

x  u r r x t , u  = x r t r "

(x-,
l ' - O ( r , t ) , a ( q , t )  

,  i f  s  a n d  t  h a v e  c . u . b .  ,
x  r , # t , f  {

I

t  
0 ,  i f  t h e y  h a v e n ' t ,

show together that there exists a canonical bijection between the unital
j+ -representat ions of  c"(P x P) on a given Hi lbert  space and the covar iant  represen-
tations of P on the same space

The only thing left to be done is the enveroping of c"(p x p). l,r le define for
any f  in C"(P x p) :

l l r l l  = | | | rr unital * -representat ion of C^(p r pi l
' ' )

I t ( s , t ) 1 ,

{--- 
s ' t€P

because f  =  2 -^  f  (s , t )  
4  u  and each X-  *  i s .a  pa

s r t € P  D r  L  s r t r

hand, the canonical  ident i f icat ion of  C"(p x p) wi th

gives an injective unital * -representation, hence

then immediately that I l. | | is a C*-norm on C.(p x p

"o {l In-crr

| | t 1 1 is finite and actually not greater than 2_

r t ia l

rq n a
"r- L

l l + l l
I  l r  I  I

)

isometry. 0n the other

, ( )
W ( s )  W ( t )  I  r ,  t €  P J

> 0 for  f /  0.  I t  fo l lows

Def in i t ion The
te

b y  C  ( G ,  P )  a n d

completion of C

wi l l  be ca l led
"(Px 

P) wi th respect to

the univers.t Ct.lgebra

I  l .  |  |  wi l l  be denoted

o f  ( G ,  P ) .
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RemarK In his paper [ io]  ,  G.Murphy constructs,  for  an ordered abel ian group,
,t

a c -algebra which envelops all the representations by isometries of the positive

semigroup' This c*-algebra is not f it for studying amenabil ity, because it i .s too
large (they generally exist non-covariant representations of the positive senrigroup,
and the relat ion (+) of  J.1 c lear ly shows that these representat ions can not be
factored through the Wiener-Hopf operators).

of P extend to unital * -representations

representa t ion  W :  p+8( i t (p ) )  ex tends

It  is  c lbar that  covar iant  representat ions
t6

of  C (G,  P) .  In  par t i cu la r ,  the  Wiener -Hopf
,e

to Tw : c (6, P) -7YQ'(P) ) .  *

is  amenabl" ,  TW

P) .  I t  i s  a lso  obv ious

covar iant  representat ion

representat ion W, in the

P) -?f(H) such that

Def in i t ion The quasi* lat t ice ordered group (G, p) is said to be amenable i f
(and only if) Tf,, is one-to-one.

I t  i s  obv ious  tha t  the  range o f  T t  i s (C,  p ) .  So ,  i f  (G,  p )

establ ishes a canonical  isomorphism between C*(G, p) andV(G,
t€ne t

that we havM6rlowing equivalent reformulation :

Proposi t ion (G, P) is amenabl-e i f  and only i f  every

V : P -f,G) can be factored through the Wiener-Hopf

sense that there exists a t -representation T[-, f iC,

T f  ( w ( t ) )  =  v ( t ) ,  V t €  p .

0ther less t r iv ia l  reformulat ions of  the amenabi l i ty  concept wi l l  be disscused

in the next two subsect ions.
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4.3  Amenab i l i t

In the same notations

in terms of the condi t ional ectat ion

as above,let us define

E
IF

C (

t t o l  =  c r .os  up lX t , t  l t n r !<cx (c ,  p ) .

Exactly as at l . l  we see that CtS) is a unital

Moreover ,  s ince ' lT*{  f r . t )  =  M(t ) ,  V t  e  p ,  i t

abel ian

is c lear

,(-
C -subalgebra

that\(c\b)

)(
o f  C  ( G ,

=fr.

Lemma 1. Ti-* t ci$l is isometric (hence it is an

rlOl ano f ).
isomorphism between

Proof.

tha t  9 (M( t )  )

By the Lemma 3.9, there exists a unitar f ,  -morphism (:  b -> f(S) ,r"n
= X t . t  ,  V t €  p ,  w h i e h  i s  c l e a r l y  a n inverse for Tt-, t c1Ol. QED

Lemma 2 and Def in i t ion There ex is ts  a unique l inear  bounded map

ffrrl , c#(G, p) -r c*tf l such that :

x
c  (E )x .  r

" t  "

tt
C ( E )  i s a

Proof The

fact  that  in  the d iagram :

T/-1a

( \ * ,

)- \

I
L  o ,  i f

condi t ional

uniqueness o

i f  c  -  t

s / t

expectat ion.
rt

f  C (E) is clear, and i ts existence fol lows from the

K
c (G,  P)  *  

i1 , (G,  P)

b
fi

t
* ,

C  ( E ) '' l

x Vc"(s)
14

{olr"r$)

we can reverse

this diagram i t

the horizontal arrow of the bottom, due to the provious lemma. From

also results that t lU> is a condit ional expectaticrn. QEll
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Proposition (C, e) is amenable if and only

c*(r)  is  fa i thfur.

Proof In the commutative diagram of Lemma
between C*-algebras , and E and{, I ctfl ..,

T[y is fai thful i f  and only i f  C*(f)  i r .  QED

i f  the conditional expectation

2, al l  the arrows are posi t ive maps

fai thful .  I t  is  then easy to see that

or not , the last argument shows that
\4

where C (G, P)* i r  the set  of  posi t ive

Remark .  No 'mat te r  i f

t(er1ljy) A r*(r, p)* = (l(er

elements of  Cx(G, p).

(G,  P)  is  amenable
t(- r(

c  ( E ) )  A  c ( c ,  P ) , ,

As an appl icat ion ,  one can dever-ope the ideas of  R.Dougras [ : ]  to obtain the
fol lowing

CoroLlarv:  I f

Proof  I t  can

characters of  P has a

P is  abe l l_an,  then (G,  p )  i s  amenab le .

be seen without di f f icul ty that  the compact group ? of  the
cont inuous act ion by automorphisms p on Cx{C, p) d-etermined by:

P  
" ( K u , t )  

=  c ( s )  f f i  4 , r ,  \ f  
"  e i ,  s ,  t  e p .

Moreover, we have :

( i 7 )  J r - ' " '  t \L)Fs , t  :  J  P" (  r r ,1 )  d " ,  vs ,  t  €  P

F
( i f  s  =  t ,  t h i s  equa l i t y  i s  c lea r ;  i f  no t ,  i t  amoun ts  to  

J " r r l  x t l

and i t  holds because c -+ c(s)  and c -+ c( t )  are two 
"r , . ruJ.rs 

of  ?,
different .by a theorem of Hewitt and Zuckermann-see chapter v or [1 ]

d c  =  0 ,

which are

) .
x

=  C  ( G ,  P )  ,
us ing  re la t ion  (17)  and the  fac t  tha t  c ros  sp{x^  *  |  s ,  te  p }

(  s t t  )
we easi ly infer that  :

' . t e  f  *
C  . ( E )  f  =  \  p _ < f l  r t n  V  r . _  { r c  p )-  

J ' f C . " ' " "  
i . Y r k t u  \ u t  t / . .

P
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fr
f  e  C (G,  p)  every pr ( f )

d c  =  0 + P c ( f )  =  0 , t l c e  ?

n
un i t  o f  P .  Qf

ordered group (G, p) and make the following

Let us consider a quasi_lat t ice

a posi t ive

(*

J p"crl
p

D

i s  a l so  pos i t i ve ,

= + f  =  B  1 + \  -
i  4 \ L . /  

-

hence

0, with 4 i lre

Defini t ion :  A posit ive form? on

i f  the set  d-supp?= ? x  €  pQ l :
(A"  = the d iagonal  o f  x ,  def ined

is  said to be f in i te ly d_supported

*  such tha t?(?Cr , , )  f  o ]  i s  f in i te

. )

.rf-
C  

. ( G ,  
P )

( s ,  t )  € A

a t  2 . 2 . I o

The signi f icance of  th is def in i t ion!  is  c lear i f  we recal l  that  cr(px p) is a
dense *-subalgebra of  c*(G, P) ,  hence that,  exact ly as in the case of  ' l f (c,  p) ,  l , , le
can imagin" c*(G, P) as " the c losed l inear span of  p x p, , .  The posi t ive form f  on
f (c '  P)  i s  de termined by  the  map (s ,  t ) ->  f  (v r , r ) ,  and i t  i s  f . in i . te ly  d -suppor ted

/f  arad only i f  th is map vanishes outside a f in i te set  of  d iagonals.

Proposi t ion (G, P) is amenable i f  and only i f  the set  of  f in i te ly d-supported
posi t ive forms on c#(G, P) is weakf,  dense in the space of  a l l  posi t ive forrns.
Proof " =7 " since nfnl it isometric, the sums of positive forms of the type

(T , ,  ( ' )? l€ )  w i th {  in  12(P)  a re  weak*  dense in  the  space o f  a r l  pos i t i ve  fo rms
on f(G'  P) A simple approximat ion argument shows that th is is st i l l  t rue i f  we
assume on ly  f ,  €  cc (P) '  Bu t  fo r  'anv  1  in  c " (P) ,  ( r r { ' )  r  l t )  iu  f in i te ly  d -suppor ted .

n
r ndeed '  i f  t =  

F^ r4 ,  
(A r , . . . , I n€c ,  , 1 , . . . , an€  p )  ,  a  s i .mp le  compu ta t i on  shows

tha t  fo r  any  s ,  t  in  p :
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Final ly,  i t  is  c lear that  a f in i te sum of f in i te ly d-supported

st i l l  f in i te ly d-supported.

I  r  <  i ,  k  <
positive forms

I ' a  ' r  We  need  a\--

Lemma :  Le t?be  a  f i n i t e l y  d -suppor ted  pos i t i ve  fo rm on  f t t ,  p ) .  De f i ne

grcr l  -9(c+(r ) f  ) ,v f  e  c*(G,  p) ,  pbta in ing an other  pos i t ive

ff(c, t)  ,  and consider the GNS representat ion of erTI-:  cx(G,

Proof of the Lemma

( 1 8 ) lq <r>12

( r w ( x u , t ) t l ! ) =  
- .1*< j , k_<n

)rI'
t<a ,  ,  s {a1  r  t -1 .  .= r - l . k

and this immediatety impties that d-supp (tr  
r( .)€ l€) e {.r .nl

suf f i ces  to  p rove  (18)  fo r  f  in  Cr (p  x  p ) .

= f* ,  wi th f*  = 
t r :  ,_  f  (s , t )x . ,1,

x e P Q  n  ^  
< i , t ) € a *

7 "n J .

i s

canonical  cycl ic vector €e H. Then there exists a vector {€ H such that
gcr l  =( r ( r ) t  11)  ,  v r  e  cr (G,  p) .

L e t  d - s u p p ?  = t * 1 , . . . , * n \ .  ! , l e  s h a l l  p r o v e  t h a t  :

s n t ( { l l?1( t*r ) ,v f  e.  ,* (0,  p) .

This inequal i ty entai ls the statement of  theLemma. Indeed, i t  can be also wr i t ten

l { r t l l s  r@t f  r r ( f ) t l l  , v f  €  r * (0 ,  p ) ,  and (s ince f  i s  cyc l i c  fo r ' rT - )  i t  imp l is
the  ex is tence o f  a  l inear  bounded func t iona l  on  H such tha tT t r l {  +  ? ( t ) ,v r<  f {c , r ) .

By the theorem of Riesz,  th is funct ional  must be the inner product wi th a certain

"t€ H.
I t  c lear ly

i t a s a s u m ; f -

because{A* I x  e  PQ ]  iu  .  par t i t ion  o f  p  x  p ) .  0n1y  a  f in i te

fact  non-zero'  hence we can f ind a f in i te subset F of  pQ, on

i t  contains d-supp f  ,  such that t  = X-fu.  Since for any x,
xeF  

form I, on

P ) +  f ( H l ,  w i t h

We f ix such an f  and wri te

Vx €  PQ ( tn is  ho lds

number of  the f ls  are in

which we may assume that

f, belongs to
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CtP  tX r , t  I

T(r) = )-
xeF

CBS forg n
(  n  E  l l ? l l g ( r *  f , ,  )  =  n  l l g l l g r

j= l  ^ j  ^ j

We are only left to prove that :

fr 
r{ r-, ( c*rul {r*r),

(s , t )e  a  1 ,  i t  is  c lear  that  ?( f * )  =  0  for  x  in  Fr  (d-suppg) ,  hence
n

( f r )  :  T  ,?( r* .  ) .  V ' /e  major ize :
J = I  " J

. . n ^ C B S n
l ? G ) l '  =  |  f  ? r r .  ) (  l "  n  t ; 9 ( i .  ) 1 2  {

j = l  ^ j  j = l  ^ j

n
S -  o i (
t l
a-  - x .
J - r  J

f ' )- x . r  .

J

(  ie )

because, assuming this t rue,  we can cont inue our major izat ion wi th

nl lq l lg rc" t r l  ( r * r ) )  =  n f iqRg,  { r t r r ) ,
t ,

obtaining thus (18)

.  Final ly,  in order to get ( ly)  we wri te :

' l t * . 1 6 , { a
c ' (E) ( r^ r )  =  &E) ( (  =  f . ) *  ( f  f_ ) )  =

xeF ^ xeF A

= >- c*rr, rr*t r
x r y e  F  

\ L ' l  t t x t y / '

An argument similar to the one which proved the relation ( 7 )  o t  3 . a

- 1- y  €  P Q ,

shows that :

{r f  
'o[^=,, l (u,t) €A *- lv ]  ,  i r  x

t*tu € 1
\to3 ir x-1y + Pa,

and this y ie lds :

.|t ;R
c (E) (r*ru)

r+
frfy ' i f X = Y t

0 ,  i f  x  I  y  .
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Hence cx(r) ( tnt) = f  r f t .  ? *_t j t ,  ,  and the proof of the Lemma is over.
x€F 

  A  j= l  " j  " j

Now let  us f ix  a posi t ive f  in C*-(G, p) such that\( f )  = 0.  h/e shal l  prove

that f  = 0 (obtaining thus the fai thfulness of \ ) .  Taking into account the l r lpothesis

i t  suf f ices to prove that ?(f )  
,= 

0 for  every f in i te ly d-supported posi t ive form ? on
C*(g ,  p ) .  We a lso  f i x  such a  Q,  and de f in ,  ? r  andJ l  as  in  the  s ta tement  o f  the  Lemma.
we have,T l * (g* tg )  =  0 , { fg  €  c* (c ,  p )  +  c* (e )  (d fg )  =  g , fg  e  c* (G,  p )  (by  the  remark

fo l low ing  the  Propos i t ion  4 .1 )  +? ,  (o* fg )  =  0 ,  *1  g  e  Cr (G,  p )  (Uy  tne  de f in i t ion  o f
q t ) + l R f )  =  0  ( b y  t h e  d e f i n i t i o n  o f  t h e  G N S  r e p r e s e n t a t i o n ) + ? ( f )  =  0  ( b v  t h e

Lemma) .  q fD

4.5 Strong amelabi l i ty  Recal l ing the development of  the theory for  unordered

groups'  i t  is  natural  to t ry to f ind,  at  th is moment,  a fourth descr ipt ion of  the

amenabi l i ty  concept,  made in terms of  posi t ive def in i te funct ions.  The not ion of  a

pos i ' t i ve  de f in i te  func t ion  on  a  g roup (see fo r  ins tanr "  [ f l ] ,  l . I l9 )  can  be  adapted

to wor[< in our s i ' tuatr lon ,  wi th the fo l ]owing remark :  i t  is  not  general ly t rue that
1

x ,  y € P Q  9 x - ' y € P Q ,  b u t  t h i s  i s  t h e  c a s e  i f  x  a n i i y  h a v e  c . u . b  i n  P ,  b e c a u s e  f o r

any common upper  bound t  we can wr i te  * -1y = ( " -1t ) (U- ta)- t .  l {e  can thus make 1-re

fo l lowing def in i t ion:

Def in i t ion  1

O:  PQ . - )C  i s  sa id

a  pos i t i ve  de f i n i t e

x n  h a v e  c . u . O  i n  p .

L e t  ( G ,  P )  b e  a  q u a s i - l a t t i c e  o r d e r e d  g r o u p .  A  f u n c t i o n

f n  h e ,  n n c i  l i ' o  r { s f i p j t e  i f  f o r  a  p Q  t h e r e  e x i s t su u  u u  p u J r L r v s  u U l l - t 1 1  L e  l I  I O f  a n y  t 1  , . . .  r X , . , ! f n

matr ix (oi ,q)L.3,k<n such that * j ,u =+(xJxn) whenever x. .  and

Now, s tudy ing the rerat ions between amenabi l i tv

on PQ, we could prove onl 'y  one impl icat ion,  and that

and posi ' t ive def in i te '  funct ions

is why we make the



- 3 2 -

-  
Def in i t ion_3 :  The quasi- lat t ice ordered group (G, p) is said to be strongly
amenable i f  there exists a net (or) ,  of  posi t ive def in i te funct ions wigr
f in i te support  on pQ such that S..  (x)  ___)1,  Vx € pQ.

f -  
i

r t  is  known that a necessary condi t ion for  the amenabi l i ty  of  G(discrete group)
is the existence of  a net of  posi t ive def in i te funct ions on G, wi th f in i te supp.r t ,
wh ich  converge to  I  po in tw ise ly  (see 1 .3 .8  o r  [ r rJ  ) .  0n  the  o ther  hand,  i t  i s  c lear
that i f  (G, P) is a quasi- lat t ice ordered group, then the restr ict ion to pQ of a
posi t ive def in i te funct ion on G is posi t ive def in i te in the sense of  Def in i t ion l .
Hence we obviously have :

Proposi t ion 1 I f  G is amenable,  then (G, p) is strongly amenable.

As the terminology indicates,  we have :

Proposi t ion 2 A st rongly  amenable

The proof  o f  th is  resul t  leans uoon

on PQ natura l ly  "per turbate ' ,  the posi t ive

quasi - la t t ice ordered group is  amenable.

the fact  that  pos i t ive def in i te  funct ions
Jtr

f o r m s  o n  C  ( G ,  p ) :

Propos i t ion  I  Le t  (G,  p )  be  a  quas i_ la t t i ce

posi t ive def in i te funct ion and e a posi t i -ve

un ique pos i t i ve  fo rmYon c* (c ,  p )  such tha t

a n y  s ,  t  i n  P .

g r o u p , ' & :  P Q - * C  a
tY^  / ^u  ( r - r :  y  ) .  l h e r e  e x i s t s  a

,l

= O(s t - ' )P  ( f ^  - )  fo r
J t  u

ordered

form on

t ( \  * )
J r  t ,

By proposi t ion

to show that an arbi t rary posi t ive form cp on C*(G, p) is the weaff l imi t

f in i te ly d-supported posi t ive. forms. rn order to do this,  we just  have

net"  (o-) ,  as in the Def in i t ion-2,  and take for any i  the posi t ive form

d e t e r m i n e d  b y  9 r 6 r , t )  = g . ( s t - r ) g ( I r , t )  , t '  s ,  t  €  p .  ( T n e n  d - s u p p (

4 . 4  i t  s u f f i c e s

of  a  net  o f

to  consider  a
*-

A  n n  I ' ' l f l  P \
, r i  " ,  I  v  \ u t  r  - /

. ,  C  supp6 .  ,r t
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* i ,  a n d  q r S ? ,

t lgi t l  = Qr(xu,r) -f"

suff ic ient ly large i .  )

s ince  c lear ly  q i (X

P ( \  - )  = l tgt r  ,  so
G I E

QED

, , t )  ??&s ,1 ) , vs ,  t  €  P ,  and  s i nce

that t t? i t t  is  uni formly bounded for

Proof of proposition J We break the argument in

Step 1 I t  c lear ly exists a unique l inear map 
%

Yo(r r , t )  =  o  (s t - l )?  (xs . t ) ,+ r r ,  t  €  p .  we shat t  p rove

;q -algebra C"(p x p).

In order to do this,  let  us f ix a n  f  i n  C " ( p  r  p ) .

two steps.

: C" (P x P) -* C such that

tha t \  i s  pos i t i ve  on  the

lVe can write f =

and we clear ly ha
f o r  s o m e  t r r , . . . ,  A n  i n C ,  u l , . . . , s n ,  t l , . . . ,  t n  i n  p  ,

t ( n -
r r =;;; ^3 \x?.t 'uf'u''n '

hence
v | . r

\ J  l+*+ \  -  r| 0\r r,, - 
+.,--j , k = 1

n
- t . \ 1
I  4 r r -^  +
i = l  J  r i r L i

v U J

\ / p

A,  )k  % ,^ . r , r j  x ru , t , . ) .

Now let  us put * j  = t j t j t  ,v l  r< j  -< n,  and let  us consider a posi t ive def in i te
matrix (frn)r-.3,nan such that ojio = o(*j l *ro) whenever rff iH.u.b. in p. we

claim that f  or  any j  and k we have 9"C Au , j  , r j  un,  tn)  
= n 

, ,uT a  ̂ , ,  , r j  =0,  tn)  .

Indeed,  i f  s ,  and sn  have no  c .u .b . ,  then bo th  s ides  o f  th isequa l i t y  a re  zero ,  because

' O t r , t J X r k , t k  i s  s o .  I f  s ,  a n d  s u  h a v e  c . u . b ,  . t h e n  x ,  a n d  x u ' h a v e  c . u . b .  i n  p  ,

because * j  r t  t j  and xU (  sU ;  in th is case the mult ip l icat ion rule of  C"(p x p) and

the definit ion ot vo immediatelv vield *%(Ktj,r j  )cru,tn) =o(*j '**r*i^t l , .rxrp,tp)

Hence we can wr i te :

\cr*rl = * , l , lr*, , .grx *, x
i " k = l  

" J " k  J ' k T t t r , t i X ' k , t k  ) '
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But  the  mat r ix  (O i " *?{Xr . l * .  f  )  )  i s  pos i t i ve  de f in i te ,  because- J , K , '  s j , t j ,  r k , t k  ,  , I < j ,  k _ ( r . t

i t  is  the pointwise product of  the posi t ive def in i te matr ices 
%,U)t_. j ,  k_.n ord

( c? (x "o r  x .  ) )- j , - j  -k , tk  ) )L . i ,  k .< f l  
(see  fo r  ins tance [ r :1 ,  the  proo f  o f  7 .1 .10) ,  and

this makes clear that  %(f* f )  > 0.

Step 2

extended to a

Taking

The posi t ive form Y6 on the>K-algebra

pos i t i ve  fo rmfon C*(G,  p ) .

into account the def in i t ion of  Ct(C, p)

C"(P x P) can be uniquely

i t  suf f ices to show that there

exist a unital # -representation T[-, C.(e x P) *l ;f 'Cu> and a vector{ in H such that

Pocr l  =(n( r ) I  l€)  ,  V f  €  c  c(P x  P)  ( then we can extend ' l f  to  c*(G,  p) ,  and def ine

fC t l  = ( I f ( f )1 l t )  , v f  €  c * (G ,  p )  ;  t he  un iqueness  o f f  i s  c lea r , s ince  any  pos i . t i ve
form on a C*-algebra is bounded).

Thus we only need to prove that the GNS construction can be performed on

Cc(P x P).  I t  is  known that a suf f ic ient  condi t ion for  th is to happen is the

ful f i lment of  the Combes'  axiom :  for  any f  j ;1 C. (p X p) there exists a constant

k ( f )  >  0  such tha t  fx  1  '<  k ( f ) /e ,e .But ,  as  one can immedia te ly  check ,  the  se t  o f
those f  enjoying the last  property is a r inear subspace of  cr(p x p) ;  th is set

c o n t a i n s  e v e r y  K r , r ,  b e c a u s e  n t ,  X . , *  = x t , t  . . x e , u  ( X u , u  -  X  
t , 1  b e i n g  a

sel fadjoint  project ion),  and the proof is over.  QED

5. TWO PARIICULAR CASES

5' l  The case of  the f ree group With the except ion of  the ordered free grolrp,

al l  the examples of  quasi- lat t ice ordered groups given at  Z.J are amenable (and even

s t rong ly  amenab le) ,  by  the  propos i t ion  I  o f  4 .5 .  Qu i te  surpr ins ing ly ,  (Fn ,SFn)  i . s
amenable too,  and this faot  is  equivalent to the uniqueness property of  the Cuntz
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algebra 0n. Lacking a direct  proof for  the amenabi l i ty  of  (Fn, SFn),  which would
provide a new proof of the uniqueness property of 0n, we contend ourselves to pfove
the converse implication The links between 0n and (Fn, SFn) can be very u,rell observed
in the statements of the first two lemmas to the next proposition. we mention that
Lemma 1 can also be derived by using considerations on free products of c*-algebras
in  the  sense o f  D.Vo icu lescu (see 2 .5  o f  [ fe ] )

proposi t ion (Fn, SFn) is amenable.

Proof We denote by al an the free generators of

( b e c a u s e a n y t  l e i n

( ,  I lu)st  = w(t)  ( r

i = 1
is greater then exact ly one of  th;

n.-:-l- x
)  M(a*),)  w(s)" e t f tr  sF" ) \
j = l  . ,  

=  * \ t n ' b l - n / ' V s '

Lemma 1 f i tn ,  sFn))  3( r r (sFn)) ,  and the i r  quot ient  is
Proof of Lemma-l One can immediately see that i  _ *

Fn  and  SFn .

n
n

M(ar)=(. i te)Se

3, 's)  ,  and hence that-t

t  € P. Conseguent ly,

+f ,CHl is covar iant  i f  and only

are mutual ly orthogonal .

t€  SFn.  I f  V  i s  covar ian t ,  then

and the fact  that  a,  and aU

a r

n

3 ( l ' ( s F n ) )  =  c t o s  r p { ( , l 6 s ) d t  I  u ,  * .  S F n } e  V r n ,  S F n )

Sinct {r j  l r<i-rn} generates sFn , the isometr ie, {  wc.r) |  l . . j . .n} generate

the same f -atgeor" t= lw{t) |  t  e sFn } ,  whic,h isv(Fn, sFn) $y z.t t) .  r t  forrows
thatV(Fn, SF)/X is generated by the isometr r

n 
/y rb surrerateo o1. tn" lsometr ies l l l / (ar) *3 |  l<j . .nJ. But

(t  *31 
F(w(ar) 

*J<)(w(ar) .Ff =(l  s")r,  *3 =3, and i t  is ctear that

{ o n , s F ) / y  = o n .

Lemma 2 A representation

i f  the subspaces{nan v(ar)

by isometries V

l r s j s n J

Proof  o f  Lemma 2  We put  L ( t )  =  V( t )  V( t f  ,
L ( a o )  L ( a r )  =  0 , V  j  /  X ,  b y  t h e  r e l a t i o n  ( l a )  o fJ K

h a v e  n o .  c . u . b . !  h e n c e  R a n  V ( a r )  r  R a n  V ( a n )  f o r  j

a

SF
n

H

V

3 q

OI

l x .
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Conversely,  let  us assume tnat I  Ran V(a_) |  "  
' l

L J I  I  r< J - .  nJ are mutual ly orthogonal ,
and take two arbi t rary elements s and t  of  sFn As we saw at 2.1,  [xampi l_e 40.,  only
th ree  poss ib i l i t i es  can occur  :  (a )  s  S  t  ;  (b )  s .7 ,  t  ;  (c )  s  and t  have no  c .u .b .  I f
i t  i s  (a ) ,  then Ran v ( t )  =  Ran V(s)  v (s - t r )  e  RanV(s) ,  and we obv ious ly  have
t - (s )  t - ( t )  =  L ( t )  =  L (d(s , t ) ) .  s i tua t ion  (u )  i . s  t rea ted  in  the  same manner .  F ina l l y .
i f  ( c )  t a k e s  p l a c e ,  w e  e a s i l y  i n f e r  t h a t  t h e r e  e x i s t  p ,  s , ,  t , i n  s F n  a n d  j  /  k
s u c h  t h a t  s  =  P . j t ' ,  t  =  p  a n t '  W e  h a v e  R a n  V ( s ) g  R a n  V ( p  a j )  =  V ( p ) ( R a n  V ( a , ) ) ,
a n d  s i m i l a r l v  R a n  v ( t ) g  V ( p ) ( R a n  v ( a n ) ) .  s i n c e  R a n  V ( a - ) J -  R a n  v ( a u )  a n o  v ( p )  i l

J
an isomet ry ,  i t  fo l lows tha t  Ran V(s)J_Ran V( t ) ,  i .e  L (s )  L ( t )  =  0 .  t rn  conc lus ion
( f+ ;  o1  1 .9  takes  p lace ,  and V is  covar ian t .

Lemma l

such that

Any covariant representat ion v:sF;s(H) .Sg*it ten as a direct sum
one of  the summands,  say Vo,  has 

*  
uo, .  )  vo(ar f= i ,and any other

one is uni tar i ly  equivalent to tne Wiener*Hopf representat ion W. (Remark

n n  i *  ^ ^ ^
t  u r  r u  u d t l

.  , 0

can be missing

Proof of Lemma3_ The proof

t ion for  semigroups of  isometr ies (see Chapter IX of  [ fZJ ) .  We only indicate the mainn
idea.  I f  f  V f . , )  V(ar ) *  =  f  , , then  we take  V0 =  V,  the  on ly  te rm o f  the  d i rec t  sum.j = l  J  J  

' U  u " u  u I  ' r Y  u

I f  no f ,  we cons ider  an  or thonormal  bas is  (?  
i ) i .  o f  the  space H e(3  Ran V(a_, ) ) ,  -ano

i = l  J

d e f i n e  H ,  =  c t o s  u p  [ v < t l f  ,  I  t  e  u o n  ] ,  * i .  T h e n  ( H i ) i

reducing spacesfor V, and for each i  the restr ict ion of  V

to W. Vn is taken to be the restr ict ion of  V to H O (  @u  
-  - -  v r u r r  u l  v  u u  

, . L

I U I  U .

f inal ly prove the statement of  the proposi t ion, .  We

consider a covariant representation V : Sfn_+E(U)

Let us

4 . 2 ,  i . e .  w e

be extended

be the only term of the direct  sum. )

is carr ied over in the spir i t  of  the r{ord decomposi-

are mutual ly orthogonal

to H, is uni tar i ly  equivalent

H i ) ,  i f  t h i s  l a s t  s p a c e  i s n ' t

use the Proposi t ion,

and show that i t  can

to a representat ion ofWFn, sFn).  Using Lemma I  and a direct  sum oecompo-
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s i t ion argument ,  we

equ tva len t  t o  W,  o r

the second, tnte use

reduce ourselves to
. f l -  + F
) . -  V ( a o )  V ( a * )  =
i = l J J

the uniqueness of  0

the si tuat ion when ei ther V is uni tar i ly

I .  The f i rs t  a l te rna t ive  is  t r i v ia l .  For

n t  there ex is ts  a ' t  - representat ion

can natural ly ask i f  there do indeed exist  any

groups. We can not answer th is quest ion ;

remark,  which might possibly furnish a non_amenable

be a quasi- lat t ice ordered group such that any two elements of  p

I f  (G, P) is amenable,  then p is amenable ( in the sense of  inva-
-see Chapter  I  o f  [e ] ) .

ident ical ly one representat ion of  p ono is c lear ly invar iant .  hence
i t  can  be  ex tended  toVC,  P ) .  t r / e  ob ta in  the  i nequa l i t y  t \ *  I  i l ( ^  r  r , , r -  $  t r

n , " " u U 1 | \ U l | / . v v E U U L d l . | | L | | U l . l | t ' j = 1 j * ( ' j ) W ( t j ) . i \ >

>  l f  )  i  l ,  V / r . , . . . , ) n e  c ,  , 1 , . . . , s n ,  t l , . . . , t n €  p .  r n  p a r t i c u l a r ,  f o r  a n yi = 1  J

* r , l " , t n  i n  P  and  A1 , . . . ,  An  i n  b , * )  we  ge t  t f  *  ) ,  w { t . ,  ) l l  } * , 1 ,  ,  and  we
J = I U J J = l J

obviously must have equal i ty .By a cr i ter ion of  M. Day[+l  ,  the semigroup p must
be amenable . QfD

L e t  ( G ,  P )

h a v e  c . u . b .

r iant  means

Proof The

Hence a quasi - la t t ice ordered group (G,

and any two e lements of  p  have c.u.b.  ;  but  we

P) is  non-amenable i f  p  is  non-amenable

don I  t  know any such example.

Tt- ' " r ( rn,  sF)/ jK-*KtH) such thatnlw(a3) *J< )  = v(ar) ,  r*1< j  (  n,  and we only
have to composeTl-  wi th the canonicar sur ject ionv(rn,  sFn)-->v(Fn, sr) /y.  QED

Remark 1 we do not know whe'bher (Fn, sFn) is strongly amenable or not.

Remark 2 At this moment one

non-amenable quasi - la t t ice ordered

however ,  le t  us make the fo l lowing

example i
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In th is case, every represen*
tat ion by isometr ies of  the semigroup is covar iant  ( t r iv ia l  ver i f icat ion).  Since
amenabi l i ty  is  ensured by the proposi t ions I  and Z of  4.5 (or by the Corol lary 4"3),
we have that any such representation can be uniquely extended to the cnalgebra of
Wiener-Hopf operators.

Let us make at  th is point  the connect ion wi th

Theorem 1) i  using the character izat ion of  total lv

at  2,3,  Exampl€ 1o ,  we can state i t  as fo l lows :
f r *  r "  D \

(D) {  "  
(b,  l ' )  is  abel ian,  total ly ordered and archimedean, then any two non-uni tary\ v /  

I
( ' representat ions by isometr ies of  P generate canonical ly isomorphic c*-algebras.

I t  is  c lear that  (D) can be restated by saying that for  any non-uni tary repfe-
sentat ion by isometr ies of  p,  the corresponding representat ion of-h(G, p) is isometr ic.

Now, i t  is  an easy exercise to see that i f  the abel ian total ly ordered group
(G, P) is archimedean, then for any representat ion by isometr ies v:p-- : f , . (H) ei ther
v ( t )  i s  un i ta ry  fo r  every  t  in  P ,  o r  V( t )  i s  non-un i ta ry  fo r  every  t  in  p .  Hence the
fol lowing resul t  of  G. Murphy (Theorem 2.9 of  t ro l  I  is  a generat izat ion of  (D) :/

f  Let  (G, P) be an aber ian totalLy ordered group and ret  V :  p_+f,(u) be aI
(M)J  representa t ion  by  isomet r ies ,  such tha t  every  V( t )  ( te  p )  i s  non_un i ta ry .  ThenI

( - the corresponding representat ion Tv : -1,(e,  p)  _+f,CH> is isometr ic.

'  we give here a new proof of  (M),  which is sensibly s impler than the or ig inal
one '  The proo f  i s  ob ta ined by  adapt ing  the  techn iques  o f  R.Doug las . f : l  to  y , i ,

s i tuat ion,  when a universal  object  at tached to (G, p) has been put into evidence
Proof  o f  (M)  The raw o f  'G ,  w i l l  be  wr i t ten  add i t i ve ly

we f i rs t  remark  tha t  Tru  is  i somet r ic  on$.  For  any  I r , . . . , , \n  inc  and
t r ' , ' . , tn  in  o  

l :  
n tu t  I I ' (F  ) i  M( t i ) )  =  

F^ ,  
L ( t i ) ,  where  we use the  no ta t ion

t ( t )  = v ( t )  v ( t f  v " t  € p .  T h e  f i y p o t h e s i s : i m p t i e s  t h a t  L ( s )  /  L ( t )  f o r  s . /  t  ( i t

a  theorem o f  R.Doug]as  (  t : J  ,

ordered archimedean groups ci ted

' * -

wi th  V(s )  a tf o r  i n s t a n c e  L { s )  =  L ( t ) . f o r  s  <  t .  t h p n  m r r l r . i q
,  u ,  u , , u , ,  , , r u r " , p l y i t l g  t h i s  e q u a l i t y

t
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the lef t  and with V(s) at  the r ight ,  we obtain

formula€ (15) and ( te)  OeUuced in the proof of

n n
t 1 , . . . , t n )  b o t h  [ l [  ) i  M ( t i )  [ l  a n d  I f  A .

j = l J J j = l J

Lemma :  There exists a l inear bounded map E'  :

.  ( , , / ' r . . . .  . t t l  )c los sp tv tu l 'V(s)  
'Js  

e  eJ such that  for  any

L( t -s )  =  I ,con t rad ic t ion) .  But  then the

L e m m a  3 . 9  i m p l y  t h a t  ( f o r  
. a n y  A 1 , . . . , | n

L ( t j ) t l  e q u a l  m a x  ( l A r l ,  l ) r  *

*  \  z l  , . . . ,  l A t  *  l ,  * . . . * ) n l ) .  H e n c e  . r u l f  i s  i s o m e t r i c .
The fai thfulness of  1T-y l$ wir t  be l i f ted to the whole orV(c,  p)  wi th the aid

of the fo l lowing

clos

^ !

up t(ulvctf f  , ,

i n P :

t€ P] -->

f  v rs )  v ( t f  ,  i f  s  =  t ,
I

E ' ( V ( s )  v ( t ) ' )  = {
I

[ 0 ,  i f  s  I  t .

Indeed, assuming this lemma true, we have the commutative diaqram
't(c, P)- nv 

? RanlT'y
- t rE J  

h , ,  f  
E '

o4w,Or
and the impl icat ion6 , t ru (T)  = 0+\(T*T) = 0 +E,(Tr, , { i r ) )  = 0 g

(T vl 6) (r(r"

fa i r thful  -  3.5 )

(
t n d  t i , x  1 1  <  i '

n
t \ fA .

j i ' : ' :

ho1ds. As remarked

t ) )  =

- A r-1 |

t(
0 =? E( I  T )

=  [ .

= 0 (by the Lemma ) =)
f

T T = 0 ( b e c a u s et r  ; ^
L  - L J also

t n i n PProof of  the Lemma I t  suf f ices to prove t h a t  f o r  a n v  t . <  f -_ 1 ;  " 2
/ tk(  

" ]  
in  C,  the  inequa l i t y

v(tj) vctrt* il

ear l ier ,  the lef t  s ide of  th is inequal i ty is
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m a x  ( l A 1 l , l ) r * A z l  
l / ,  *  A z *  . . .  *  A n l ) ,  h e n c e  w e  o n l y  h a v e  t o  p r o v e  t h a t

in the same notat ions and for an arbi t rary 1 d m {  n :

1 ! , . n( 2 0 )  l { 1 , . ,  l s  f i  - . . A , . u  ' v ( t i l  v r t n l * \ l
j = l  ! " J  j , k = 1  J ' x  J

This is done as fo l lows :  1et  t  be the reast of  the erements tz- t t  ,  : .  .  ,  tn -  tn_l .

v( t )  is  non-uni tary because t  /  e and by the hypothesis ;  hence we can consider a .

vector of  norm one{ in H gRan V(t)  = l {er  v( t f  .  r t  is  immed,Late that  for  any s 2 t
i n  P  w e  h a v e  V ( s f !  =  0  a n d  ( v ( s ) !  l E )  =  o . u s i n g  t h e s e  f a c t s ,  a  s i m p l e  c o m p u t a t i o n
shows that :

(  c  : i l r . r  v( t i )  v( tk f  ) t  m I ' r  * )  = *  I  j ,  j
j r k = l  J t ^  J  ^  - l l l  - t t t /  

F

wheren,  = v( tm) f  .  s ince t t " l r t l  =  1 ,  we obta in  (20)  ano the proof  is  over .  QED

6. INDUCED IDEALS AND APPLICATIONS

In  th is  sec t ion  (G,  p )  i s  a  f i xed  quas i - la t t i ce  o rdered group "Tdea l , ,  means

everywhere " two-sided closed ideal"

6 '1  Equ iva len t  de f in i t ions  fo r  rndJ  The process  o f  induc t ion  is  na turar ry

def ined as fo l lows :  letT be an ideal  ofd ;  we take a uni tar  x -representat ion g ot

.$ 
such that ker 9 =J,  we induce !  to a representat ionTi .  of  V(6,  p)  ( in the sense of

M . R i e f f e l . [ t l ] ) ,  a n d  d e f i n e  I n d T  =  k e r T t .  I n d J  d e p e n d s  o n l y  o n T ,  a n d  n o t  o n  t h e
part icular choice of  I  ,  because the process of  induct ion respects weak containment.

Qoris ider ing the detai ls bt ' tne Gonstruct i .on of  M. Rief fer  U5l  ,  the reader may easi ly
check that we have :

( 2 r )  -  - '  (  :
I ndJ '= l r  € -h (G ,  p )  l . , <_  *  C rc f r l ) €J ,  v  s  j e  p )

S r I  v '  "  - ' "  -  
J ,
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:  V(C, P) -+S the condi t ional  expectat ion of  1.5 and
endomorphisms of  f  Oet ineO at j .7 .

t o r , ,  l r ,  t . +  t h e

Let  us ca l l  the ideal t  o f  $  " invar iant , ,  i f  o(* (X)e 1,  #  x  e  pQ,  V Xe l I ,  w i th
{ * *  1  t  e  nO }  the  "ac t i on , ,  o f  pQ on$  ( r ru  aga in  3 .1 ) .  S ince ,  as  shown a t  } .8 ,

the  semig roup  genera ted  ov  {< *  I  x  €  PQJcon ta ins  t * r , ,  l s , l .  p } ,  we  have  in  fac t
for  the invar iant  idealT :  s , t  e  p '  x€ 39 <r . t (X)  €J i . .  r t  is  crear  that  for  such.
an ' i dea l  (21 )  becomes  :

(zz)  rnof  = [ r  € l r (G,  p)  |  r ( r * r )€J]  .
what forrows ' 'e shalr consider invariant idears

an arb i t rary  idealT of  $ ,  the setJ0 = jJ , "  <  ; l r ( t )s.  t€1,

IndTg =  IndT ( immedia te  ver i f i ca t ion)  ;  hence any  induced idea l  o rW(G,  p )  can  oe
obtained from an invar iant  ideal  ofS. Moreover,  for  any invar iant  ideal t lg f i  *"
have ( Ind I )nS =T,  because Xe ( IndT)n$g+ Xe$ anO > lXe t<+X€T ;  th is
impl ies that  the mapJ -_> IndJ is one-to-one on the set of  invar iant  ideals of  $.

The range o fT- - ; rnd j  ( i .e .  the  se t  o f  induced idea ls )  can  be  charac ter tzed
a s  t t u - v ' r ( G ,  P ) ,  i d e a l  I  r e $ +  E ( T ) € T J  ( s e e  t h e  c o r o l l a r y  b e t o w ) .  G e n e r a l t y ,
th ls is not the set of  a l l  the ideals of  " l r (G, P).  For instance in the case of  (2,  s l )
there exists exact ly one non-tr i -v ia l  invar iant  ideal  of  S,  which induces the cornpact
operators ;  in spi te of  that ,  -1, \ f (2,0\)  (= the C*_algebra of  the shi f t )  has a r ich
fami ly  o f  idea ls ,  indexed by  the  c losed subsets  o f  the  un i t  c i rc re  (see t2 ] ) .  A
suff ic ient  condi t ion ensur ing that any ideal  of .W(G, p) is induced from$ can be
given by using the groupoid interpretat ion ofW(G, p) and a resul t  of  J.Renaul t
(  U4]  ,  Chapter  I I I ,  Propos i t ion  4 .6 ) ;  th is  cond i t ion  ho lds  fo r  ins tance fo r  the
ordered free group with af t  reast  two generators (2,3,  Exampre 4" ) .

The main resurt  of  th is subsect ion is the fo l lowing :

wi th E

set of

only ;  the reason is that  for

is an invar iant  ideal  wi th
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Proposi t ion Assume (G, p) strongly amenable (4.5,

invar iant  idealT of$,  IndT can also be descr ibed
A C

f  t r .  uc,  p) f  .wcor" l )"Ex (r)  w(6(x))  €f , ,  vr  €
2o The ideal  of  V(G, p) generated by$.

Def in i t ion

a c

,)
P n v

2).  Then for any

Before passing to the proof,  1et  us make some
E* : 'KG, P)-*  $" iu the canonical  projec_bion onto

explanatory remarks.  In  10 above

the diagonal subspace of x € pQ

the

l i e

(see  l '6 )  ;  so  10  says  tha t  T  i s  in  Ind l : . r  and on ly  i f  a l l  i t s  p ro jec t ions  on
diagonals,  when canonical ly t ransported on the pr incipal  d iagonal  (see also 1.5)
1nT'  This is exact ly the analofgue of  the def in i t ion used by G.Zel ler-Meier for
induced idears in the theory of  crossef l , ,products by discrete groups (see 4.15 of  l ry l l
The analogy with the theory of  crossed.products is not a surpr ise,  i f  we take into
account the resul ts of  sect ion l .  r t  is  more surpr is ing the pregnant resemblance with
the theory of  induced ideals developed in [ reJ ov s.strdt i ld and D.Voiculescu ,  who
use exact ly the formura (22) to induce an invar iant  ideal  of  a maximal abel ian
suba lgebra  o f  an  AF-a lgebra  (see Lemma r  2 .2  o f f ie ]> .  Both  s .s t rb t i ld  and D.  Vo icu-
Iescu  I te ]  and G 'Ze l le r -Me ier  119]  p rove  the  ana logue o f  the  charac ter iza t i  an  z ,

' Prdof of the Proposition we denote by 3a and $othe sets appearing at lo and 2o
respec t ive ly '  we sha l l  p rove  tha t  IndT {  Lna hc  rndJ .  The tas t  inc rus ion  i . s  c lear
because IndJ is an ideal  of  *KC, p) and contalnsl l .

IndAg7,n Let us f ix  a T in IndS and make the nota t ion  W(o- (x ) ) *  f * { f )  tV(Z(x ) )  =

= . T x , v  x e  P Q .  3 . 5  i m p l i e s  t h a t  e v e r y  T ,  i s  i n f i  a n d  t h a t  w e  h a v e  E " ( T )  =
=  w ( r ( x ) )  T -  l d ( t ( x ) ) * .  I t  f o r r o w s  t h a t  E  ( T f  F  r r )  -  t t r o - l . , \ \ / r x  \  , , , - , . ] *

X

_ , *  , (  r { _  
- " - -  - x ' ' '  ' x (  l )  =  W ( 6 ( x ) ) ( T *  T r )  W ( 6 ( x ) )  a n d  l r e n c e

that  T*  T"  = W(6(x) . )  (E, (T) ' 'E_(T))  1 t1(6(x) )  = (  ie, - x ^ , r .  - x . ,  -

o u r ' g o a l



h ' z- + ) -

x
T,  T*€T,  v  x€ PQ'  Due' to  the last  equal i ty  and the fact  that t  is  invar iant  ,  i t
suf f ices to  show that  r r { r f r * {T)€ T,  v"x€.  pQ (Remarr< ,  E*(Tf  tx ( r )  be longs in  a 'y
case toS,  because of  (7)  and (B)  o f  1 .4 . )  An argument  s imi lar  to  the one u;h lch
proved relat ion (19) ( i r r  the proof of  proposi t ion 4.4) shows tha- r  z-r t -  ,_r(r t  r * (  t )  E x ( T ) (  [ ( T  T ) ,
v  x 6  P Q  ; b u t  r ( r { r )  i s  i n 3  ( b e c a u s e  T €  I n d J ) ,  a n d J  i s  h e r e d i t a r y ,  h e n c e  a l t  t h e,t
E x ( I )  E x ( T ) ' s  a r e  i n c l e e d  i n T .

4  r n t  n - f '
) . 9  A_  ue r lne
u,! \) \

is  c lear that  for  T

\  -  / T \

xeF  

T +
I U

T _

=lr  e ;+ l l  n c pQ f in i te such that  T e cros spf(  )  i r  ] IL \''1- L i* 
P*)l'

I

)o  and F taken as in  the above def in i t ion we have

ng the same notat ions and invoklng the same arguments as in

w e g e t f  = f  l ^ / / r r - l . . \ \ r  t , t / , /  \ ' (
x€F  

(u  ( x )  )  l x  l v (6 (x )  )  e  
v  

Hence  i t  su f  f  i ces

The point  is  in  prov ing the fo l lowinq

4

i n

u s i

- H

net  
Q) ,  o f  f in i te ly  suppor ted  pos i t i ve

tha t  € .  (x )  
;+  1 ,  q t '  x  €  pQ,and v , re  see

l ' , ! ^ -  ( T ) 6 > - " , t  i .  ( I n d e e d ,  ( U * . ) i
*i t't4 

I
converges  s t rong ly  to  the  ident i t y  because ( t tw* r r ) ,  i s  bounded and { * (S) j l }S  fo r

( * .  1 1 -

s€ sp l ld (s )  h / ( t )  |  s , t€  PJ  wh ich  is  dense 0n  the  o f l re r  hand i t  i s  immedia te . [ha t
E - ( M o  ( s ) )  = € . . ( x )  r r ( s ) ,  r f  x €  P Q ,  v  s e ' 1 , r f ( c ,  p ) ,  s  i ,  a n d  t h i s  s h o w s  t h a t  l l  i s^  * i  l .  X  

. ' \ - ,  /  )  "  - )  u r r r .  
v 4

M

1
I

i nva r ian t  t o  eve rv--  . I

{ r f  i  ) '/

. .  I t  is  a lso immediate that  Rarr  M-€:
. l

( c l o s s p (  O  S . . ) ,
xesuppor  A  t

t he  p roo f  o f  " fndJg  
e ' ,

to show that cJ_os )f

Assuming th is  lemma t rue,  we consider  a

def in i te  funct ions r :n  pQ having the proper ty

that  for  any T n >.we have Mo_ (T)  ] !9  T and
v 4 " i a

Lemma :  For  any  pos i t i ve  de f in i te  func t ion .O:  pQ*_2CI  (Def in i t ion  1  o f  4 .5 )
there exists a Lrounded l inear operator M* on"1,(G, p) such that M (h/(s)  W(t j )  =
= O ( s t - l )  W ( s )  r l l ( t f  ,  v  s , t e  p  ;  l , r e  h a v e  t t M e l l  . <  2 € " ( e ) .
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\

In the statement of  the lemma i t  impl ic i te ly appears that  s(e) )
pos i t i ve  de f in i te  func t ion  6 :  pQ*pC.  In  fac t ,  exac t ly  as  in  the  case
def in i te funct ions on groups, i t  can be checked that 6(e) = [ le l lco.  The
the assert ion ,"6r(x- l )  =fr*) ,  t r .  *  € pQ , ,  .

0 for any

of posi t ive

same holcs for

Proof of tfre Lemmq since (G, P) is amenable, we may very well construct M* on)a
c" (G,  P)  ins tea-  

: t * : ,  : ]  
r t  obv ious ly  ex is ts  a  r inear  map L* :  c " (p  x  p )  -+ ' " (px

t h a t L ( 7 -  . ) = 6 / . + - l r r ,  ) . t - ^ + z  n , . ,  , :  
c '

" " " -  b r , " s , t ,  
-  u \ s r  , * r , t ,  l r s , t €  p .  W e  w i l l  s h o w  t h a t f t  L ^ ( f ) l l  . - . O ( e ) t \ f  { l

D \

for any selfadjoint f  in c"(p x p) ;  this wir l  immediatety imply ln.*
l l  t -  ( t )  t l  - '  20(e)  t l  r i l ,  v  f  €  cc(P x  P) ,  and hence the fact  that  L*  can be extended
*n  l r , l  .  . o ro *nro M€-€ P(u (G, P)) with l it l"tt r< 2&(€),

So le t  us  cons ider  the  se l fad jo in t  e lement  
|  

6  Cc(p  x  p ) .  Le( f )  i s  se l fad ;o in t ,
* t :  

! t  
is  easv to see tnat  ! {xf t )  = (L€(rs, t ) f  + r l  t  e e,  and th is impl ies

|  ( n " )  =  / t  r - \
! - \ u , , -  \ L o \ g / ) ' ,  \ |  g e  C " ( p n  p r ; h e n c e  w e  c a n  w r i t e  l l f  f f l f i  =  s u p  l g ( L ^ ( f ) )  l ,
with the supremum taken after all the states of c#(G, p). iornl to, .rfl rurn frnuru
e x i s t s  a  p o s i t i v e  f o r m Y  o n  f r t ,  P )  s u c h  t h a t  v ( x s , t )  =  o ( s t - l  ) q  G = . t ) , 1 /  s , t €  p

" t  "(Propos i t ion  I  o f  4 .5 )  ;  th is  re la t ion  can a tso  be  wr i t tenyC{ ,1 )  =?(Lr ( . [ , t ) ) ,
#  s ,  t €  P ,  a n d  i t  o b v i o u s l y  e n t a i t s t ( r )  = y ( t - * ( f ) ) .  H e n c e  l c f ( L e ( f ) ) I S U V ! f i f  t l  ;
b u t t l Y l t  = Y ( r e , e )  = o ( e ) 9 { x " , u )  = o ( e ) ,  s o  w h a t  w e  h a v e  i s  l c 1 r i * < t l ) l - . o ( e ) t r  r t r
( fo r  any  s ta tec f  o f  c ' t (G,  p ) ) .  Th is  c lear ry  ends  the  proo f .  QED.

co$rol lary rn the same condi t ions as in the last  proposi t ion,  an ideal  
] .  of

1(c '  P) is induced fromB i f  and onry l#s c losed under the condi t ional  expac-

such

10 of

ta t ion .

Proof  r l
+ "  I f  p=  ind5 ,  then  T  e t+  E ( I )€  J€T  due  to  the  cha rac te r i za t i on

the  las t  p ropos i t ion  (E(T)  =  W(o- (e) f  E . ( f  )  h r (a (e) ) ) .
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"e  "  Le t  us  denote  
? f r f i  by f  .T  c lear ly  i s  an  idear  o f  S ,  and i t  i s  invar ian t

because the  * -endomorph isms{or ,a  I  s , t€  {u r "  de f ined by  mul t ip l - i ca t ion  opera tors .

F o r  a n v  T  i n [  w e  h a v e  ,  f  t . 7 +  r ( r * r )  €  7 n $  = s 4 T e  ] n d r ,  s o  t h a t S - g  r n c l 3 .
0n the other hand )- i .s an ideal  of  : t r t ' (G, p) which contai .ns$, so i t  a lso contains
IndJ by assert ion 20 of  the last  proposi t ion.  QED

6 '  2 The spectrum of f  s ince the ideals of  f  are given Lry.  the crosed subse.ts of
the spectrum of $,  i t  is  useful  ( i f  we want to know :  what are we inducing ?) to have
an expl ic i te descr ipt ion of  the spectrum..This i .s the goal  of  the present subsect ion.

D e f i n i t i o n s  A  s u b s e t  A  o f  P  w i l l  b e  c a l l e d  h e r e d i t a r y  i f  , ' s , t € p ,  s r (  t , t €  A ,
=)s  €  A"  ,  and w i l l  be  ca l led  d i rec ted  i f  any  two e lements  o f  A  have c .u .b .  in  A .  we
shal ]  denote by-fL the set of  a l l  non-void heredi tary and directed subsets of  p (remark
tha t  fo r  A  e- f )_  we have A D e  and "s , t  €  A  : )  d (s ,  t )  ex is ts  and is  in  A , , ) .
Ident i fy ing every subset of  P wi th i ts character ist ic funct ion and consider ing the
product topology on {0, l}P we get a canonical compact Haqsdorff topology on the
space of  subsets of  P.  I t  is  easy to show that0is c losed into th is topology (we
leave i t  to the reader)  ;  hencej l  is  a compact Hausdorf f  space.

F o r  a n y t  i n  p  t h e  " i n t e r v a r  " { a e  p  f  a <  t } w i r r  b e  d e n o t e d b y [ e ,  t ] .
c l rearry 

{ [e,  t ]  l t  e rJgO ;  th is is a dense subset,  because for any A inJl the net
( [e '  tJ)1E4 directed by (A, - ' )  converges to A ( immediate ver i f icat ion).  Moreover,

[* ,  t l  = {-4,  t i * t  *< t  and t  -< s =}s = t ,  so that- fL is a compact i f icat ion of  p.

Froposit ion 10 Let

Ar = lt €p lr(M(t))
^ oz  to r  any  t  in  p ,

T be a character  o f  S.  Tnenr f (M(t ) )  €  {0 ,  1}  ,  v  t  €  p ,  and
= lJ belongs tof| .

the vector  s ta te ( .6r f  5 , )  on$ i ,  a  character  and
t J .a  - r ^"  ( ' 5 t  l  6 t )  

-  LUr
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- o'---..-._ l" -r --? Ao is a homeomorphism of the spectrum of f ontoj?. .
Prbg i .  ro t r ( l4 ( t ) )  €  io ,  1 !  b " " . r re  M( t ) ,  =  M( t ) .  T (M(e) )  =T( r )  =  1 ,  hence e€A

(and henc"  A t r  lo ) '  Us ing  (a )  o f  1 .1  and the  pos i t i v i {y  o f  T  we immedia te}y  in fe r  tha t
s  <  t  9d(V(s) )  :  f ( t ' 4 ( t ) ) ,  and th is  imp l ies  tha t  Ar  i s  hered i ta ry .  Le t  us  a lso  prove
tha t  Ao is  d i rec ted ' .  r f  s ,  t  a re  any  two erements  o f  Ao ,  f rom I  = ts (M(s) ) r t (M( t ) )  =
=-6(M(s)  M( t ) )  rn le  see tha t  s  and t  have c .u .b .  (o therw ise  we wou ld  ob ta in

r{r '4(s) M(t))=t ' (o) = o) ;  we can ,rrr f f iu (+) or r . r  :  I  =f(ucccu,t))} ,so that
S-(s,  t )  € A-6.  .

20  The fac t  tha t  ( '5 t15* )  i s  a  charac ter  o f$  to t to*s  f rom l .J  ;  the  equa l i t y
A  -  r ,ua , t t [  

5 r )  
=  [e ,  t ]  i s  a  consequence o f  the  re la t ion  (5 )  o f  the  same subsec t io r i .

l o  I f  f - : 5 ' d  i n  t h e  s p e c t r u m  o f  $ ,  t h e n  r f . ( M ( t ) ) r - o ( M ( t ) ) ,  V  t  e  p ,  w h i c h1

means exactly that the characteristic functions of (Ao., ) ., 
converge pointwisely to the

one of  Ao" This makes clear t l iat  the map 6 + At is cont inuous. I t  is  a lso c lear
from 10 that th is map is one-to-one, and from

range is c lear ly compact,  hence closed infL,

are deal ing wi th compact Hausdorf f  spaces" the

homeomorph j.sm QED

\
Remark on invar iance Due to the last  proposi t ion,  S can be canonical ly

ident i f ied wi th c(JD and consequent ly the ideals of  0 can be canonical ly ident i f ied
with the c losed subsets of f t .  There exists an appropr iate not ion of  invar iance for
closed subsets of f I ,  such that the invar iant  ideals of$ correspond to c losed inva-
r iant  subsets.  I ts precise def in i t ion is given as fo l lows :  10 i t  can be shown that
fo r  any  A inn ,  there  are  s t i l l  i n f l the  se ts  :  A ,  = {a  €  p  I  a  has  upper  bounds in- ) .
tA  f ,  fo r  every  t  in  P ,  and At - l  =  t - lA  n  P ,  fo r  every  t  in  A  ;  2o  the  c losed subset

t a  ^ n. L 0  o r J l r s  r n v a r i a n t  i f  f o r  a n y  A  i n J ? o  w e . h a v e  A t e  n g ,  *  t  e  p ,  a n d
A'- l  €O^'  v t  € A. (These facts wi l l  not  be used in the sequel ,  and that is why weL  -  

U '

do not enter into detai ls.  )

2o that i 'b has dense range ;  but  i ts

and so we obtain sur ject iv i ty.  Since we

cont inuous bi ject ion d - i  Ao is a
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5..] f irgl applicatlq!:. when does 1(G,-.p) contain l!@

Proposi t ion The fol lowing are equi .valent :

1  -KC,  
P)  )  7 . (J '  (P) ) .

2o  For  any  t  in  p ,  [e ,  t ]  i s  an  open po in t  o f f t .
- Q -  -  nI  te ,  e ]  i s  an  open po in t  o f0 .

4o There exists a f in i te subset F of  p \ {e}  sucn that every t  in f r {e}  nas

lower bounds in F.

Remarks 10 The corrdit ion 20 can be rephrased :',-cL is a regular compactif ication
of  P"  ( i ' e .  P3  t  + [e ,  tJEO has  open dense range and is  a  homemorph ism onto  the
range) .  The imp l ica t ion  2o  4 f  was  proved by  P.  Muh ly  and J .  Renau l t  in  a  more
genera l  con tex t  (  t9 l ,  Coro l la ry  3 .7 .2 ) ;  they  con jec ture  tha t  ro4  z 'a rso  ho lds  in
genera l  (see  [  9 ]  ,  3  .1  . j )  .

20 Condition 40 depends only on the order relation on p We note that
i t  is  a lways ful f i0ed when P is f in i te ly generated, because in th is case any f in i te

set of  generators of  p\{e} can be taken as F.

lo I t  can be shourn that"W(G, p) is i r reducible ( t r r is  is done in

Proposi t ion 10.4 of  the f i rst  version of  th is paper) .  Consequent ly,  the equivale ' t

condi t ions which appear in the proposi t ion are necessary for-w(G, p) to be type r .

These condi t ions are not general ly suf f ic ient  ;  for  instance we saw at 5.1 that

v (Fn,  SFn)?  I ( i ' , ( sFn) ) ,  bu t  i t  has  0n  as  a  quot ien t  (hence i t  cannot  be  type  r  ) .

4o A simple argument based on the minimari ty orJ<(02(p))  can be

invoked to  p rove tha t  i f  i (G,  p ) )  y ( l ' (p ) ) ,  then th is  idea l  i s  induced f rom$.
(However,  the proof given here does not expl ic i te ly use this fact . )

Proo f  1o+ 2"  we cons ider  the  space cg(p)  =  { . f ,  p -+c  I  i f  €>  0 ,  J  Fg  p

f in i te  such tha t  lqCt l  |  .  t  fo r  t  e  p .FJ .  we f i x  fo r  the  moment  a  c f  in  co(p)  and
rror ino v / ' -p(1-2(P))  to be the diagonal  operator (relat ively to the canonical  basis)u v r r r r u  , . f  =  d . a ,

which  has  the  ( t , . t ) -en t ry  o f  i t s  mat r ix  equa l  tog( t ) ,  fo r  any  t  in  p .  C lear ly  X*
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is compact, hence i t  is

X* must belong to $ Uy

I tnl = T(x.), rr A€fL
Y

canonical homeomorphism

= ? ( t ) ,  v t € p .  T a k i n g

i nv (G,  P)  (by  the  hypothes is )  ;  bu t  then,  be ing  d iagona l - ,

3.3.  We can therefore def ine a cont inuous map E,f l* l  C by

,  wi thT the character of  $ corresponding to A tnrough the

of 5.2.  We have,  in part icular  ,4 <f" ,  t ]  )  =(dt l6}  (b)  =

into account that  5fc t ' l  |  +er u  
l L c r  u 1  |  u q  f ]  i s  d e n s e  i n f t ,  a n d  t h a t

Q e  CO{n) ,  we  immed ia te l y  ob ta in {COl  =  0 ,  f  A€O\ { t . ,  t ;  l t  e  p } .

The conclusion of  the rast  paragraph is that  for  any f

: IL-?C def ined by :

1 n

q
C0(P)  the  func t ion

N f. f  
r t r ,  i f  A = fe,  tJ with t  € p,

f  {nl  =1

i *  o ,  i r  A d{ [e ,  t ]  |  te  p ]  ,

is  cont inuous. Part icular iz ing9 to be the character ist j -c funct ion or [ t ]  we obtain

tha t  fe ,  t l  i s  an  open po in t  o fJ \ .

2" =+Jo is c l -ear.

3o4 4" Let us suppose that for  any f in i te iubset F of  pr{e} there exisbs
to in p"{e} which does not have lower bounds in F.  We claim that the net ( [e,  t f3) f

converges to fe,  e]  inJl( tne net is indexed by the fami ly of  f in i te subsets of

P t le ) ,  d i rec ted  w i th  inc lus ion) .  S inceJ ; is  compact ,  i t  su f f i ces  to  p rove  thar  any

A /  [e,  e l  inJl  is  not a c]usterpoint  of  the considered net.  And indeed, for  any

such A, we take a t  /  e belonging to A and u,e see tnat 
laefLla a t ]  is  an open

ne ighbourhood o f  A  ino  wh ich  doesn ' t  con ta in  fe ,  tF l  i f  F ;  { t i .

But fe,  t r l? ie,  e]  a l tough t ,  /  e,  v-  F,  contradicts the hypothesis that

fu ,  eJ  i s  an  open po in t  o fn .
o b c r

4  91  Le t  F  =  L  u l , . . . , . n !  be  as  i n  the  hypo thes is  We sha l l  say  abou t  the
n o n - v o i d  s u b s e t r r  o r { r  n } t n . t  i t  i s  , , m a r k e d , , i f  

{ a ,  l : e s }  h a v e  c . u . b .  ,
for such a.f  we make the notat ion Atr = A({. . :  l :e*l
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We claim that the operator :

X  =  I  * : - - 6 - t ;card f r  M(ar )
J marked

i t  ( "1  5e)5e I t  i s  c lear  f i rs t l y ,  f rom the  fo rmula  (6 )  o f  3 .3 ,  tha t  X  tu  =  6  
* .

Let  us fur ther f ix  a t  I  e in p and denote tne set l j  |  l . . j {n,  , j  _.  t } ,  which is
non-void by the hypothesis,  by 50. For any 5c {r  n}  rve obviously have : , , i r  marked
a n d  a r <  t + t  Q / S  € .  S 0 " .  B u t  t h e n ,  a g a i n  b y  ( e )  o f  3 . 3 :

z  " r C 3 f d l l \ r
*  

t - ' )  j  t t  =
T

X S t  =  ( t  * F *
.I marked, 3,._.

Hence ( l  S";S"€ ln(c, P). But then for any s, t  in p ,  <. 1

w(t )  (  ( ,  l6* )d ,  )  w(s fev(o,  p) ,  and f inat lvS(r ' (p) )  =
c ros  sp { ( '  |  6s )6 t  |  , ,  t  a  p }gv (c ,  p ) .  QED

= ( r * -  l 1 1 c s r d T \ . '

6 l r c r .  
( - 1 ' j - - - -  ' / b t  =  o '

5 .4  Secqnd  app l i ca t i on  :  a convefse

Proposi t ion The fo l lowing are equiva lent  :
o

1 P is archimedean.

2' Every non-unitary representation by isometries of p extends

representat ion of  "W(G, p).

Jo The commutator ideal (. at.l,r l.(G, p) is simple.

Remarks ro The impl icat ion ro 1 z '  is  a reformurat ion of

R . D o u g l a s  d i s c u s s e d  a t  5 . 2 . 2 " = $ ) " w a s  a l s o  p r o v e d  b y  R . D o u g l a s

the corol lary to the Theorem 1 of  t : l  l .  we shart  prove here onlv

5r)  5*  =

l -hrt l  f lv ,  , q  u  \  u  
,

to a the

P ) i s a

m o f R. Dou las  In

total ly orderedabel ian

th is subsec-

g foup,
t ion we part icular ize and assume

wri t ten addi t ively

to an isometr ic

the resul t  of

in the paper f : l  (see

lo=? 1" .
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20 The proposi t ion shows that the general izat ion (M) discussed at  5.2 imposes an
'ef fect ive restr ict ion on the representat ion,  s ince in general  for  a given represen-
tat ion by isometr ies of  the semigroup, V, some of the V(t) ,s are uni tary and sone are
not.  A typical  example is furnished by v,  wi th lexicographic order ( i .e.  G = vz and
P =  (  {o i  

"0 ! )u  
( (N ' io } )x  b ) ,  wh ich  c lear ly  i s  to ta l l y  o rdered bu t  no t  a rch imedean.

N(v ' ,&* ' )  con ta ins f i ,  the  idea l  o f  compact  opera tors ,  by  6 .J  and the  s imp le  remark
tha t  (0 ,  1 )  i s  the  smat tes t  e lement  o f  p \ { (0 ,  0 t .  we have I  _  M( t )€  }€ r r  _  M( t )
has f in i te rank(F? t  e {o}xrry ;  hence consider ing an isometr ic representat ionTF of

W(V' ,Ut) /J< and def in ing V(t)  =Tl-( t rJ( t )  +3),  f  t6 p,  we obtain a representat ion
by isometr ies V of  P such that V(t)  is  uni tary i f  and only i f  t  e \Olrn.

we ment ion that using the groupoid interpretat ion,  i t  can be shown that

TeQ-€W(7t ,  lex )  i s  a  decompos i t ion  ser ies  o t -VKF,  lex ) ,  wh ich  is  hence type I .
3o I t  can be shown that the ideal  ? is induced from the diagonal  subalgebra ;

the ( invar iant)  inducing ideal  of  f  can be precisely descr ibed as cros spf  -M(t)  l t .  * .

Proof of  Jo =+ 1" We f ix an arbi t rary u /  O in f  ;

" {a  e  n  I  o  - (  n  u  fo r  some n  inN}  =  p .  For  any  v  in  p  we
. C
Au = 

ta € P I  a - .  n u + v for  some n in Orf  ] ,  which c lear ly

denote by ?fv the character of  $ canonicalry correspondrng

. Let us pfove flrat for any t, v in p :

i f  t € A v  ,
(23) d  o c ( ,

V t

with ke0! such that t_<ku+v ,  i f  te Au,

our task is to prove flrat

de f ine

belongs tof l ,  and ure

to  Au (see Propos i t ion  6 .2 )  .

fo,=l*,
. . ,  !

f V -  L

where d. =&.
L X

side of  th is

A  - A^v '- ^v+fu t

s  i n  P . :

l x  e  P 0 ?'  , J

equa l i t y ,

V  v  € . P ,

.

i s  the  ac t ion  o f  pQ on$ Oet ined a t  1 .7 .  (Note . tha t  on  the  r igh t
)- .{^^^ ^0 kr*u-1 ooes not depend on k,  s ince i t  is  general ly t rue urat

lq0 \ ) .  rndeed,  f i x ing  fo r  the  moment  t  and v  we see tha t  fo r  any
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T t ,  +  v  -  t  co inc id"  on l r ' l { t )  I  s  e  nJ and are hence
In a simiLar manner i t  can be shown that :

(24)
,  V  v ,  t €  p .

1 .  A . H . C 1 i f f o r d ,  G . B . p r e s t o n  :

M a t h .  S u r v e y s  n o .  7 ,  A m e r .  M a t h . S o c . ,

? . L . A . C o b u r n  :  T h e  C l a l g e o r a

7 3 ( 1 9 6 1 ) ,  7 2 2 - 1 2 6 .

e n r  r r l

The a lgebra ic  theory  o f  semigroups ,  vo l .1 ,

P r o v i d e n c e  R . I . ,  I 9 6 L .

genera ted  by  an  isomet ry ,  Bu l l .Amer .Math .Soc . ,

( f  u ,  dr )  (M(s) )  
(g 'Tu(M(t+s, ,  

= l '  
i r  t+s  G Au '

I
t0', if t+s € Ou.

I f  t d A v ,  t h e n t + s € A v ,  t f  s € p ,  h e n c e  T u o r t  v a n i s h e s  o n { v r t r )  f  s e  r }
therefore identicalry zeto. rf t € Au, let us consider a k in (N such that t $
We have t + s € Avet ln ) k such ilrat t + s .( nu + v4r{ n ) ksuch that
s { ( n - k ) u + ( k  u  +  v  -  t ) € ) s € A U  

u  +  v  _  t ,  w h i c h  i m p l i e s t h a t  t r o d ,  a n d

and  i s

k u  +  y .

^ f  o { , - r  - 7 f
V  I '  " V + t

The re la t ions  (21) , ,  (24)  and the  fac t  tha t  * r , ,  =  ( ro* t_ l  ,  v  s ,  t€  p
(see l .B) immediately imply that  the i .dealT = 

e ker ^f , ,  of  f  i= invar iant .  0bserve

t h a t  f o r  a n y  t  i n  p : I  -  M ( t )  €  I n d 1 € g r  -  M ( t ; ] :  f u r . . r s e  ( r n d f ) n  b  = J ,  b y  6 . 1 )
€tTv(M( t ) )  =  t ,  v r  €  p€+ ,  a ,n  ou  =  Ao (w i th  0  the  un i t  o f  G) .

Now ( rndJ)nc{  i s  an  idea}  o tQ. ,  wh ich  is  non-zero  ( i t  con ta ins  fo r  ins tance,t
I  -  M(u)  = [ / (u)  ld(u)  -  w(u)  w(u l ) ,  hence i t  must  be ?,  because ? is  s impre.  r t
r e s u l t s  t h a t  I n d f  ? q  ;  b u t  I  -  M ( t ) €  r n d j € + t €  A 0 ,  w h i l e  I  -  M ( t )  =
= w( t fw( t )  -  w( t )  wct fe  €  ,  f , t  e  p ,  and i t  is  thus c lear  that  Ao = p.  QED

R E F E R E N C E S



- 5 2 -

,r
3 . ,J .Cuntz  :  S imp le  C -a lgebras  genera ted  by  isomet r ies ,  Comm.Math i  phys . ,

51(1977), n3-L85

4 .  M . M . D a y :  C o n v o l u t i o n s ,  m e a n s  a n d  s p e c t r a ,  I 1 l .  J .  M a t h . ,  g ( 1 9 6 4 ) , 1 0 0 _ 1 1 1 .

5.  R.G.Douglas :  0n the Cx-algebra of  a one-parameter semigroup of  isometpies,

Acta Math., I28(I912), I43-I5I.

6.  [ .G.Effros :  Dimension groups and C*-algebras,  CBMS Regional  Conf.Ser.  Math.

n o . 4 6 ,  A m e r  M a t h . S o c . ,  P r o v i d e n c e  R . I . ,  1 9 8 1 .

1,  L.Fuchs :  Part ia l ly  ordered algebraic systems, Addison-Wesley,Reading Mass,1961

B.  F .P.Green lea f  :  Invar ian t  means on  topo log ica l  g roups ,  Math .Stud ies  no .  16 ,

van Nostrand -  Reinhold ,  1959. 
. .

9 .  P .  Muh1y,  J .  Renau l t  :Cx-a lgebras  o f  mu l t i var iab le  Wiener -Hopf  opera tors ,

Trans .Amer .Math .  Soc . ,  214(L982) ,  L -44 .

10 .  G.J .Murphy  :0 rdered groups  and Toep l i t z  a lgebr :as  ,  Journa l  o f  Opera tor

Theory ,  fB(1987) ,  303-326

11.  A .N ica  :  Some remarks  on  the  groupo id  approach to  Wiener -Hopf  opera tors ,

Journa l  o f .Opera tor  Theory  ,  18(1987) ,  163-198.

12. A.Nica :Wiener-Hopf operators on the posi t ive semigroup of  a Heisenberg group,

Proc.of  the 12-th Conference on 0perator Theory,  Timigoara,  198F.

13. G.K. Pedersen ,  Ctalgebras and their  automorphism groups, Academic Press, I9 l9.

14 .  J .Renau l t . :  A  g roupo id  approach to  Cr -a lgebras ,  Lec ture  Notes  in  Math .  no .793,

Spr inger -Ver lag ,  1980.

.  15 .  M.A.R ie f fe l  :  Induced representa t ions  o f  Cta lgebras ,  Advances  in  Math .

13(7914) ,  r16-257.

15 .  $ .S t rd t i l6 ,  D .Vo icu lescu :  Representa t ions  o f  AF-a lgebras  and o f  the  group

U (co) ,  Lec ture  Notes  in  Math .no .4B6,  Spr inger  Ver lag ,  1915.

n .  I .Suc iu  :  Func t ion  a lgebras ,  Noordhof f  In te rna t iona l  PubI ish ing ,Leyden, Ig l5 .



- 5 3 -

lB.  D.Voiculescu :  Symmetr ies of  some reduced free product f la lgebras,  Proc.of  
*

the  0ATt  Conference,  Bugten i ,  LgBi  (Lec ture  Notes  in  Math .no . I I3LSpr inger  Ver lag ,19B5) .

19. G.Zel ler-Meier :  Produi ts crois6s d 'une cx-algEbre par un groupe

d'automorphismes, J.Math.Pures et  Appl . ,  2I7(Ig68),  ILI-Z.J| .

APPINDIX Let (G, p) be a quasi- lat t ice ordered group,.  and letr t  be the

d iagona l  suba lgebra  o fV(G,  p ) .  Ihend is  max imal  abe l ian .

In order to prove this fact ,  we consider T in l r (G, P) such that TX = XT,

+xaf i  ;  we w i l l  show tha t  T  i s  in f .  r t  su f f i ces  to  show tha t  ( t  S^  lS5)  =  0 ,

for  any a I  b in P ( th is means that T is diagonal  re lat ively to the canonical  basis

or  r2 (P) ,  and ure  can app ly  j . j ) .

.  So  le t  us  f i x  a  I  U  in  P .  We take  a  se l fad jo in t  X  in f  such tna t (X6"  15  ) /
( ^Eo l5u) .  (Suc l ' r  an  X a lways  ex is ts .  Indeed,  the  inequa l i t ies  a  )  b  and b  >  a

cannot hold s imultaneously ;  i f  a { .  b,  we may take X = M(b),  and i f  b * ,  a,  we may

take X = .M(a)  -  see  a lso  re la t ion  (6 )  o f  l . l . )  Because X is  d iagona l  re la t i ve ly

t o  t h e  c a n o n i c a l  b a s i s ,  w e  c l e a r l y  h a v e  ,  X b a  =  ( X 6 a  l i a >  S a ,  X 5 U  =

=  ( * 6  b  1 6 ) 5 0 .  B u t  t h e n  :

( * i 5 ^ 1 6 o ) = ( r 5 "  l x S u )  = < T 5 .  l ( x 6 o  l s o ) 5 0 ) =

= ( x S o  1 6 b ) ( T 6 a  1 6 o ) ,

a n d  s i m i l a r t y ( t x $ .  1 6  o )  
= ( x 5 .  1 5 . ) (  r s "  I t u ) .  F r o m  T X  =  X T  a n d  t h e

assumpt ion  made  on  X  we  c lea r l y  ob ta in  ( tS "  16O7 =  O.


