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&TINIIIIAL PAIl lS OT DEFINITICN OF A RESIDUAL TRANSCENDENTAL

EXTENS[.O}I CIF A VALUATION

by

V. Alexan<iru' N. Popescuand ai 
fafalseu

In a previous paper (see [2]) we have given a cltaracterization of so-called

residual . transcendental 
(r. t .) extensions of a valuation v on I( to K(X)- In' that

c6aracter izat ion the not ion of  "min imal  pa i r  o f  def in i t ion of  r . t . .extens ion"  (see [2 ]  or

'  f  . t
oerrnrrron n g Lt wa! essential.  in fact. clescribing al l  r. t .  extension of v to K(X) is

equivatent  to  descr ib ing a l i  pa i rs  (a .J l  gK x GO wlr ich are min imal  pa i rs  wi t l i  respect

to  K .

The aim of this work is to give an answer to the fol lowing problem: Let K be a

f ie ld .  v  a va luat ion on I t .  K an a lgebra ic  c losure of  K,  9  an extension of  v  to  F and GO

the va lue.group of  f .  Descr ibe a l l  pa i rs  (a .  5)e i i  x  GO which are min imal  wi t l r  respect

to  K.  TSis  genera l  problem seems to be very d i f icu l t .  but  in  the present  work lve g ive

some seerningly important results anc apptications (Seetions 3 and 4). The results given

in t l r is , ,vork.  are essept ia l  in  the s tu<ly  of  gU extensions of  v  to  I ( (X)-  This  s tudy wi l l  be

given in a fort l ' tcorning PaPer.

The pnesent work has four sections. Tire f irst seetion is concerned to notations

and def in i t ions.

Theorem 2.2 proved in Section 2 permit us to describe al l  cott lmon e.xtensions

to K(X)  of  f ,anc i  w.  wl iere w is  an r . t .  extens ion of  v  to  I ( (X) .  A lso.  in  th is  seet ion t l lere

are given eonsiderations of some numbers ( l ike as index of rarnif ication and inert iai

degree) associate<i with an r.t .  extension w of v to K(x). since these numbers are defined

using V and a nrinimal pair of clef ir i i t ion of lv. we shoe that in fact they are dependent

only  to  w and v (Rernar l< 2.+) .

tn Secticn .3 i t  is consiciered the question of eonstructing minimal pairs' I t  is

shown f t ra t  for  every r . t .  exters ior t  o f  v  to  K(X)  there ex is ts  a min inra l  pa i r  (a '  ) )  where



a is  separable over  K (Theorem 3.1) .

elosely related to conrpletion in t l te

and 3.9) .

In  the last  seet ion some appl icat ions are g iven.  Namely.  Theorent  4 .4 proves

the ex is tence of  some r . t .  extens iors  of  v  to  K(X)  wi th  prescr ibed res idue f ie ld  and

value group. Also, Theorem 4.5 gives a general frame-work under which the

"funclamental inequali ty" of [?] becornes an equali ty" By this theorem.easily result al i

eonjectures s tates in  [7 ] .

. 1. NOTATTON AND DEFINITIONS

Let K be a f ield and let

eal l ing (K.v)  a  va luat ion.pai r .  I f

r ing of v; by Gu the value grouP

wi i l  denote the inrage of  x  in to

general notation and definit ions.

lVe say that a valuation pair ( l( ' .v ') is an extension of the valuation pair (K.v)

(o r  s imp ly  v ' * i s  an  ex tens ion  o f  v )  i f  KC l t ' and  v ' i s  an  ex tens ion  o f  v  t o  K ' ,  i . e .

v,(x) = v(x) for al l  xel(. I f  (K,.v') is an extensiorl of  ̂ (K.v) 
we shail  canonically identify ku

wi t l r  a  subf ie ld  of  k , , , .  and G, ,  wi th  a subgroup of  Gu, '
V ' V

For the rest of this paper we eorsider a fixed valuation pair (K.v). Take ii a

fixed algebraic ciosure of I i and i la f ixed exte.nsion 
"j;;;* ' 

If Gv is the value group

of v gren gre value group of f, is in fact Gt = Q @71={a.el t lre smallest divisibie group

which eontains Cu.

Let  l i (X)  be t l te  f ie ld  of  ra t ional  funct ions of  an indeterminate X. An extension

if k*/ku is a

Bv a common extension of  w andT to I ( (X)

- 2

AIso, i t  is  shown that the not ion of  nr in imal pair  is

sense of  [5,  Cl i .  VI ]  of  I i  re lat ive to v (Theorems 3.8

v be a vaiuation on I(. l fe empt.rurit" this situation by

(K,v)  is  a  va iuat ion pai r .  denote by O. .  the va iuat ion

of  .v .  and bV kv the res idue f ie ld  of  v .  I f  x (Ou,  t l ten x*

k . l V e  r e f e r  t h e  r e a d e r  t o  [ 5 ,  C h .  V I ] .  [ 6 ]  a n d  [ 8 ]  f o r
V

r . t .  ( res idual  t ranscendenta l )  extens ionw of v to I((X) wii l be called

transcendental extension.

Let w be an extension of v to K(X).

we slrall mean a valuaiion fr on Ii(X) which

I

n

o

induces w on K(X) and i on K. lVe shail
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prove later (Proposi t ion 2.1) that  suclr  a eomnrolr  extension always exists.

I f  (a,  )  lef  X C-:  ,  denote bv w, .  ,  the valuat ion on K(x) def ined as fo l lows.

For a polynornial  f (X)CI( tXl  rv i th the Taylor expansion:

we put

( l )  yvr.  .  \ ( f (x))  = inf(v(ai)  + iJ ) .'  
\ i t : d  )  

,

Now wr_ ( \  can be extended in a canonical way to
\4.  d , f

to see i t ,at  w," . r ,  is  in faet  an r . t .  extension of  V.

is the valuat ion def ined by inf .  i l .  a€K and J€ Gn.

In [1]  i t  is  sholvn that i f  w' is an r . t .  extension of  f  to l i (X).  then there exists a

pair  (a.5 )€ K x G; suelr  that  iv  = *(u,r  
r .  

Suclr  a.  pair  is  cal led in t2 l  a pair  o!  def in i t ion

of w. I loreover.  in t l ,  Proposi t ion 3l  i t  is  proved-t l rat  two pairs (a,  J ) .  (a ' ,  J ' )  of  i i  x  C;

define the sanre valuation w if and only if

( a

Q )  ) =  ) ' a n d i ( a - o ' ) Z J .

By  a  min in ra l  pa i r  rv i t l r  respeet  to  i i  we n ' rean a  pa i r  (a .J )€K x  Grsueh tha tv

for every b€K such that i (b -  u)  I  J ,  one has [ l ( (a) ;  t i ]  !  tK(b) :  I i l .

.Let  I f  be a r . t .  ex. tension of  i  to FtXl ,  By a minimal pair  of  def in i t ion of  F

with respect to K v, 'e mean a pair  of  def in i t ion (a.r ,  
" r  

r .  **h O 
" 

r in imal pair  rv i t l i

respect to K. If (a. J) ano (a',J ) are two minirnal pairs of definit ion of G then

!T11) 
t  l i l=[ l i (a ' ) :  t i ] ,  and so this number denoted by

[ K : t r ]  .

depgrds only on F and I(

Since the f ield K is f ixed. we shail  usually write "a mininral pair of definit ion"

instead of  "a  min inra l  pa i r  o f  def in i t ion wi t l t  respect  to  Krr .

Now let w be an r.t .  eit tension of v to K(X), arrcl I f  a cotl ' lnton extension of i l

and vr  to  F(X) .  A pai r  o f  def in i t ion ( respect ive ly  a rn in imal  pa i r  o f  def in i t ion)  of  w wi l l

be usually cal led a pair of definit io| (respectively a mininral pair of definit io_n j l i t l t

It(X) (see [5. Clr. VI. { 10]). It is easy

Somet imes we sha l l  say  thu t  * (u .J  
)
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rgspg-et  to-U of  w. ! \ 'e def ine the numben IK: w] by the equal i ty

(3) [ K : w ]  = [ K : f r J

lVe s l ra l l  see la ter  lT l teorem 2.2 and Remark 2.4]  that  the number [K:  wJ depends only

on w and I i "  anc l  not  on f f .  A lso.  in  T l reorem 2.2 we st ia l l  prove that  i f  wr .  w,  are two

rommon extensions of T and w to iT(X); then w, is clcnely-related to wr. i l loreover.

there ex is ts  on ly  a f in i te  number of  common extensions of  ?and w to i lX)  (Coro l lary

2.il.

The f:ol lowing result wil l  be uscful later:
.

.  PROPOSITION 1.1.  Let  w be an r . t .  extens ion of  7 to RX) and ie t  (a ,J)  be a

pair of definit ion of w. Let r = (f(X))/(g(X)) be an element of i i (X) suetr t lrat w(r) = 0 and

such that r* is transcenclental over k-. Then there exists a root b of f(X)g(X) = 0 sueh

that  (b .  J)  is  a  pai r  o f  def in i t ion of  w.
)

n n
Proof. Let f(X) = cJT(X - ui). g(X) = d.lT (X - bi). Assume that

.  i= f  i=1

T ( a -  a , ) <  i  f o r a l i i  =  l , . . . . t t

i ( a -  b , ) < J  f o r  a l l  j =  1 , . . . ' m .
J ) ?

i .e . .  accord ing  to  (2 ) .  fo r  every  0e far . . . . .a , . , .  b r . . , . .0* ! ,  (UrJ l  i s  no t  a  pa i r  o f  de f in i t ion

of w. Norv.  i f  a i€ i i  is  sueh thert  rv(X -  a.)  =V(ai) .  then ((X -  a,) /a,)*  is  a lgebraie over k- .

Also. if bi E R is sucir t lrat w(X - b.) = i(bl), t lren ((X - br)/bl)* is algebraic over k-. But
.r i J J' j - v

then it  fol lows tha't

o _{C cLt . . .  a-"/\
-l--;-f---t1--'

\ eb t ,  
-  ,  D ry ' l -

7r!,fu g/)-

Wi;,/tf)r

{- 4 . . '
W v e l  t '

d b " , '
hypothesis .

r

is also algebraic over k; and t

Aeeording to [5] (see also t6l) a valuation v on K is said to be l{enselian. i f  for

every a lgebra ic  extension L/K.  v  has a unique 'extension to  L.

,e. COntivtON EXTENSIONS OF TAIIID w TO li(X)

In tl i is section we strow tlrat t lre set of al] contmon extensions of v and w to
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E-(X) ir non-empty. ancl this set is f inite. trVe show that the nurnber IK : w] defineci in (3)

is dependent oniy to v and w, and this number is closeiy reiated to the t 'fundanrental

inequal i ty"  def ined in t?1.

Let (l(.v) be a valuation pair. Let us renrind that by f we denote a fixed

algebraic elosure of K and by 7a fixed extension of v to f,,
-  - l

FROPOSITION 2.1. If w is an extension of v to K(X) there always exists a

eommon extension lF of w and f, to i l(X). xloreovel, w is an r.t. extension of v if and

only if i i l is an r.t. extension of i l

. Proof. First'we notiee that ?-/K ano RX)/K(X) are normai.extensions. If O is

an automorphism af.T, l l<,  denote ny f r  t l re autornorphism of F(x)/x(x)  cef ined in the

fol lowing canonieal  way:.  i f  f (X) = uo * u1X *. . . .+ anxn is an elemept of  i< iXt .  t l ten set
= n
o ( f  (X))  = Lr(a^) o0(a. ,  )X + . . .  +O(a-)xn.  and extend i t  canonical ly to r<tx l .  The" o - r ' n

assi gnm ent -x,
tr.v't---> U

is an isom.orplrism of Aut t?lNl onto Aut(i l(X)/l i(x)).

Now iet  w'  be an extension of  w to the algebraie extension F(X) of  K(X),  and

let v' be. the restriction of w' to f,. It is clear that v' is an extension of v to T. Since

T/x i r  a norrnai  extension. t i rere exists (see [5,  Ch. VI.  {a] l  *"  e lement Fe aut( i i / l t )
)

such tha t  v '=Gi l , ' i "e .  v ' (a )= t ( t r -1 (o) ) .  fo ,  a l l  a€ i i .  Le t  us  de f ine  
- *  

uy  f r=Zs lv l ' .

T l ren the restr ict ion of  f i  toE is exact lv ?.  as elaimed.

The last part of t i te proposit ion is obvious"

THEOREI i | .2 .2.  Let  w 
L,  

w 
Z 

be two

statenr ents are equivalent :

r.t. extensions of ? to l l(x). The following

w, ,  i  =  1 ,2  (w i th  respec t

1)  w,  and w,  co inc ide on I ( (X) .

2)  T i tere ex is ts  a n i in imal  pa i r  o f  def in i t ion (a, .  J , )  o f

to K) such that the f.ol lowing condit ions are fulf i i led:

a) 6, J 6r,ancl a' az are eoniugate over K.
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b)  I f  e (X)Gi ( tx l  i s  sueh tha t  deg g(x )  (  [ l ( (a , ) :  K ] .  thenf,(g(ar)) = il(e(az)).

Proof. The proof uses [2. Theorem 2.1]. ltte shall use notation. definit ions and

considerations reiatecl to [2. Theorenr 2.1]. whieh are briefly recalled in i l ie fo]lowing.:

1;=)Z).  Let  w Ue tne comnrdrr  restr ict ion of  w, and w, to I ( (X).  Let  (a, .Jr)  be

a  m in ima i .pa i r  o f  de f i n i t i on  o f  w r .  n ,  =  [K (Qr ) :  K l ,  i =  I , 2 .  A Iso .  deno te  by  f r (X )  t he

(monie) nrinimal polynonrial of a, wit lr  respect to K. and let 
-[  = wr(f,(X)), i  = L,Z.

Denote bv e.  t l te  smal lest  non-zero posi t ive in teger  e,  sueh that  e ,  
I  e  

"u.  
(here v ,  is

,  "  I  .  - ' - - e -  - l  - - - - - -  - - - - -  - l  
" l -  

I

the restr ict ion of  i l  to K(Ai) ,  i  = 1,2).  According to [2,  Theorem 2.1] ,  there exists a

polynorniai  h.(X)e KtXl .  such that

wr(h,(X))  = v( l r , (a,))  = 
" i0 i(4)

detr h,(X) < n,

i  = L,2, .  Then, accorci ing to [2.  Theorem 2.1] ,  l

r,(X) = tr,titxllln,txl

i  =  L,2,  is  the rat ional  f raet ion in  K(X)  of  smal lest  degree such that

t ranseendenta l  over  ku.  As w,  and w,  eo ineide on I ( (X) .  we l rave:

e l n l  =  d e g  r ,  =  d e g  , Z =  u 2 n z

Fi rs t  we s l ta i l  prove that  n l  =-n2.  Indeed.  
' le t  

,us assume t l ra t  n ,  (  nr .  Tt rus s ince

wr(r r )  =  wr( r r )  =  0 and s ince r f  is  t ranscencienta l  over  ku by Proposi t ion 1.1.  i t  fo l lorvs

that t lrere exists a root a of f  ,(X) or of lrr(X) such that (a, Jr) ir  a pair of definit ion of

.wr .  But  th is  is  fa lse s ince deg hr(X)  (n ,  (nr .  Therefore one necessar i lv  has nr ln ,  and

by symtnetry  n l  =  nZ:  as e la in ted.  I \e  have impl ic i t iy  proved that  we n lay assume that

w,  l tas a min imai  pa i r  o f  def in i t ion tu . f ,Z)such t l ra t  a  and a1 'are eonjugate,  i .e .  we may

assume that  a ,  and a,  are conjugate.  and so f ,  -  fZ= f .

'Furtf ' ,ermore. 
eondit ion b) of 2) fol lows by [2, Theorenr 2.1], since for every

polynorniai e(X) € i<(X) suclr that deg g(X) ( n1 = deg f ,  one lras 
.

wr(r,) = 0. and *
r .  l s

l

{

(5 ) w€(x)) = i(g(ar)) ,=i ig(ar)) .

is purely inseparabie over K. let e be the
a r

Final ly,  we shal l  prove that j , .  = $. , .  I f  a '- t  - r ,  r
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t r '

smalest positive integer such that a? = b, belongs to
I

O I A I S

f ( x ) = x P " - b ,

Therefore onc has al = aZ: and so

e e
w r ( f ( x ) )  = w r ( X P  - u ? ) = p e w r ( X - o 1 )  = w r ( f ( X ) )  =

t .e .

K. Then the minimal polynonrial

pewr(X - ar),

we may wri te

t '

degree at  most

i to f,(x), and let (a, 5 )

2.2, there exist at nrost

C ?
wr (X  -  a r )  =  d ,  =  wr (X  -  o t )  =  lZ .

Let us assunle that a, is not purely inseparable over K. Then.

n n
f(X) = 

f,slturXx 
- ar)r = [r,(arXx 

- ar)t
i = l  ^  

i = l

where g, (X)  ( i  =  1, . . . .n)  are polynomia ls .  wi th  eoef f ic ients  in  E of- l

deg f  -  1 .  Then,  accord ing to  [2 ,  Theorem 2.1J one l ras:

(6)
wr(f(X)) = inf (v(S,(ar) +

But since w, and w, coincide on I((X). then,one has .f,, = tr, Finaily, i lre equality
n C

) r 
= )Z follows by (5) and (6). Indeed. assuine tnat fr 

= i(S,(al)) + i1J , and

f , z = V ( s i ^ ( a r ) )  +  t r / , r = " f , .  r t c n c e ? ( r , - ( a r ) ) n i i J r = V ( g , ^ ( a ) ) n i z S r . r r i ,  l i r . t h e n. z  ,  , 1  r  r  r  , 2  t  L

by (s) one sees't l rat v(g,r(ar)) + irJ, ,O1gir(ar)) * i1 5, =7(*,r(r  
r))  

+ irJ2. Uo* since

i(r,o(ar)) = i(g,r(ar)),  (see [2, Theorem 2.1]),  i t  fouows that J r lJz. By symnretry, we

trave J  ts [  z ' l tenee 5 r= 3r -

.  The inrpl icat ion 2) =X) fo l tows immediately by [2,  Theorem 2.1] .

COROLLARY 2.3. Let rv be an r.t. extension of v to K(X). Then there exists

only a ' f in i te number of  common extensions of  ? and w to f (X)

wr( f (x ) )= in f  ( i ( r , (a r ) )  +  i J t l= f t

--
Proof. indeed, let w be a common extension of w and

be a nr in imal  pa i r  o f  def in i t ion of  w.  Accord ing to  Theorem

i 3 2 ) = Y 2
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extensions of V an<l w to f(X).

the number [ l (  :  w] def ined in (3)RE[!AR.K 2.4. At this point we sltow tltat

depends only to v and w.

- For that we Prove:

A) The number [K:  w] does not depend of  a common extension of  Tand w

E-tXl. Indeed, let w be an r.t. extension of v to K(X) and let fr be a eommon extension

T anb w to ? ' (x) .  i ,et  a lso (ar,3),  {ur ,5)  o" two minirnal  pairs of  def in i t ion of

Accorcl ing to (3) and to the def in i t ion of  IK:  w] one has:

to

of

( ? )  [ K :  w ] = [ K : i l ] = [ l i ( a r ) :  K ]  = [ t ( ( a z )  :  K j  .

I t  is  c lear t l rat  the number [ l ( :  w] depends only oni i l  and not on t i re choice of  a minimal

pair of f i. Now. aecording to Theorem 2.2, it follows that if *1, w, ar'e conlmon

extensions of  ? and w to F(X),  so [K :  wr l  = [ l i  :  wr l .  Hence the number [K :  w] in (7)

does not depeird on the ehoiee of a comnron extension of ?and w toii(X).

B) Tlre number [K : w] in (?) does not depends on tlte extension of v to ?.
t -

Indeed. let v'  be another extension of v to K. Tlten, since K/K is a nornral extension, by

[s ,  Ch.  VI .  I8 ]  there ex is ts  6€ eutG/ l i )  suel r  that  v '=  O i l .  Let  w '  be a con ' rmon

extension of  v ,  and w tof (X) .  Then i l  =  d1* '  is  a  eomtnon extension of  ?  and w to

TtXl .  Let  (a ' .  ! ' )  be a nr in inra l  pa i r  o f  def in i t ion 'o f  w ' .  and s i rn i lar ly  le t  (a ,  J)  ue a

minimal pair of definit ion of i l - .  Consider aiso (see [2]):
c | --1

r ! i 1  =  { A t x - u ) f  u € K f  g G - u = c , fW C T J -
c t _ ]

Mw, =  
fw ' (x  

-  b )JbrY gGu,  =  Gw,  . .

Now. since v, = 6il; we may assume tlrat G- = Gu,. Furthernrore, one has that

(o-- l6xx'-  a ' )  =f i (x -  t r1(u ' ) )  5 [  
(oucause'  acconding to [2] .  J is an

upper.bound of  Nl6).  Simi lar ly one sees that J 1[ ' .  anO to J 
= $ ' .  ] Ience t l re equal i ty

C  a \  ^  r  ^ .  . a : , -

w(X-b(a ' ) )=  )  shows tha t  ( f (a ' ) , f )  i s  a  pu i .  o f  de f in i t ion  o f  l i l .  T l te re fo re ,

tK(F(a') :  I ( l  = [K(a') :  Kl  ] tK(a):  [ i ]  beeause (a.  J)  is  a minimal pair  of  def in i t ion of  1[ .

By symnretry.  i t  fo l lows t l rat  IK(a')  :  i i l  !  t l i (a) :  [ ( ] | ,  and l tence

t .

i-
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lK(a) :  Kl  = [ t ( (a ' )  :  K]  ,

t l r is  equal i ty i t  fo l lows t l rat  the nurnber [K:  w] def ined in (3) depends only on v and

and not on v,

!-

IIEhIARK 2"5. At this point we conslder the

[K :  w] def ined in (3) and the numbers oeg (w/v),  f (w/v)

relation witl be used in the proof of Theorem 4.5.

where e is defined as

e(vr/v) depends oniy on

Finaily, in [2'

k*) can be canonically

one lns: :

relalion between the number

and e(w/v) def ineo in [?] .  This

:  Cui  (*? Set:

I

: ) ' I f  r€K(X),  ,+K. set  deg r  = [K(X) :  K(r) ] .  As usual ,  i f  w is an r . t .  extension

of v to t ( (X).  then by deg (w/v) we denote the least  integer n sucl t  that  there exists

r €O* of degree n sueh that r+ is transcendentai over ku.

Let ! f  be a common extension of  i  and w to R(X) and let  (a, . ! )  be a minimal

pair of definit ion of fr" In [2. Theorem 2.1] it is proved that

(8) deg'(w/v) = [K : w]e,

where e is the smal lest  posi t ive integer such that ew(f)CGr,  (here f  is  t l ie monie
rwc ' {  f - 'h4nec , t  "1

minimal polynomiat;m .*at*5 K and v, is the restriction of ? to K(a)). Since tire

rd only on v anci w, bY (8) it foilorvsn u m b e r s d e g ( w / v ) a n d [ K : w ] ( s e e R e m a r k . & a ) , d e p e n d o n l y o n v a n d w

that e depends also only on v anci w. i l ' loreover, it is easy to sltow that f,= w(f(X)) also

depends only on w and v.

Fur thermore.  i t  is  c lear  that  G_.CG-.  and [Gv -  w  w

e ( w / v ) = [ G * : G o 1 '

In  [2 .  Theorent  2 .1]  i t  is  proved t l ta t :

(e) e(w /v )  =e .  b (v r / v )

above, and e(vr/v) = [Go, : Gu3. By (8) and (9) i t  fol lows that

w a n d v a n d n o i o n i l '

Theorem 2.11 it  is shown that k (t lre algebraic closure of ku in

ident i f ied wi th  ku. .  Hence.  i f  we denote f (w/v)  = [k :  ku l .  t l ren
1
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(10) f (w/v) = [k. .  :  k. . ]  = f (v,  /v)
,  u l  v  r

and obviously. t lr is number also depends only to y and v, and not on i l. By [2, Theorem

2.11 and by the alrove considerations it follows that w is determined by v, i l  and a

/  a  \  t , . ,

:. -- -called a minimal pair of definit ion of w:) The set of nrinima-l pairs of definit ion of w

with respect to K is dependent only on w and v, and not on i l

In [?] it is proved (see also [2]) that

(11) deg(w/v) )  e(w/vX(w/v)

holds and the question of f inding eonditions under whieir (11) becomes an equaiity is

ra ised.  S ince .  by  (e ) .  (9 ) ,  (10)  and (11)  we have

(12) [K(a) :  K]  = [ l (  :  rv]  > e(vr lv) f (vr lv) ,  
\

the equal i ty in (11) is equivalent to the equ.al i ty in ( i2) .

in Theorem 4.5 we give a general  condi t ion under whieh the inequal i ty in (12)

becornes an equality.

3. &IINIIilAL PAIRS OF DEFINITION OF' AN r.t. EXTENSION

Let v be a valuation on a f ield K. let F Ue a f ixed algebraic closure of i{ and

let i  be a f ixed extension of v to iL

In this section we are eoneerned with the foi lowing questions:

I )  lVhich pai rs  (a ,  d)€X x Gn are min imal  pa i rs  for  some r . t . -extens ions of  v  to

K(X)?

I I )  Let  (a,  J)€E x Go and let  *(a,J 
)  

bu the vaiuat ion on k(x) oef ined by inf :  T,

aand J.  f  inO a nt in imal pair  of  *(a,J,  wi th respect to K.

Sinee botfi questions I) and II) seem. to be dif f icult in t lre general setting' we

,give a bunclr of results in some particular but important eases. 
\

Denote UV t [ . i l  the conrplet ion of  (K.v)  in t l re sense of  [5,  Ch. VI,  f  5) .  By t5,
^ N < u .

Ch. VI,  f  Sl ,  i t  fo l lows t l rat  ( l ( ,v)  is  an inrmediate extension of  (K,v)  (see [8.  Ch. I I ] ) ,  i .e.

j

k  = k r - ,  G  = G -
v v v v
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. As usual. we slrall say that (K,v) is qomplete if (l(,v) = (t',fi.

By a (general izetgaggfy sequence in ( l( .v) we mean a pair (1. I tr l  ) ,  where I\  ) ,

is  a cof inal  subset of  G.. ,  anO lar]  i ,  o subset of  I i  indexed by I ,  sucir  that  the
v  t  ) )

fo l low ing  cond i t ion  is  fu l f i l ted t fo r  a l l  Je  Cu,  t l ie re  ex is ts  f (J )CI  so  tha t

v ( a ^  - a , n  ) > 5  f o r  a n y  f ,  > g ( J ) .  f Z l f  
( J ) .  e n  e l e m e n t a e K  i s s a i d t o b e a

F r  Y z  
a  "  . , r - r  ) t - J

t imit l r  t i ru Cauclry sequenee ( I ,  
{afJ )  ( i r r  wr i t ing.a = l inr  ar)  i f  for  every J 6 Gv,

there  ex is ts  p (J )  G i  such tha t  v (ao  -  d>  [  .  fo r  any  f  )q t f  l .  Accord ing  to  t l re
P -  J  &

construct ion of  ( l t .v )  g iven in  [5 .  Cl r .  V i ,  f  5 ] ,  i t  fo t lows that  every e lement  of  K is  the

l i rn i t  o f  a  Cauehy sequence in  (K 'v) .  Moreover  ( l ( .v)  is  complete i f  and oply  i f  every

Cauchy sequence in  ( l i .v )  has a I inr i t  in  K.  In  par t icu lar .  every Cauehy sequenee in  &, i )

has a l imi t  in?.

1. TI{EOREIII 3.1. Every r.t .  extension w of v to K(X) has a minintal pair of de-

f in i t ion (b,  J)€[  x  GOsucl r  that  b  is  separable over  K.

Proof. Let, as usual. fr ue a common

(t, 5 ) be a ntinimal pair of definit ion of F wit lr

e h a r K = p ) 0  a n d  t h a t  a  i s  n o t  s e p a r a b l e .  L e t
e _ e

that  aP is  separable over  K,  and ie t  K '= K(aP

over l i '  and its mininral polynomial over I( '  is

non-zero elentent. Then the polynomiai

e ^ e
f ( x ) = X P  - c x - a P

is separable ( i .e. .  i ts  forrnal  der ivat ive is non-zero),  and so i t  has

irueducibie faetor. or equivalently, there exists at least an elentent

separable over K' and

(1 3) f ( b ) = b P t - c b - a P e = 0 .

extension of  I  and w to K(X) ,  and le t

respect to I(.  Obviously we assume that

e be t lre smallest posit ive integer sueh

). I t  is clear that a is purely inseparablc
' ^€ .r€

jus t  Xv -  aH .  Let  c€K be.  a  su i tab ie

at ieast a separable

b 6l i  such that b is

Tlten one ltas:

e e
. D  D
D '  - a '  = ( b -

e
u)P = c b
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Let us assunte t l tat

v(c) I sup(peil(a). peJ * v(a)).

By (13) it results that T(a) = V(b)" lndeed, let us assume that T(a)>f(b)" Then

by (13) we infer that  pe;(b) =V(o) + v(c) ,  or  equivalent ly-v(b) = (pt  -  l )  lv(c) .  But then

one has :  v (e ) ( (pe  -  t )v (a )  wh ieh  cont rad ic ts  (15) .  Henee v (a)< ! (b ) .  I f  V(a) (v (b) ,  t l ren

also by. (13) it results that p",7{u) = i(o) + v(c), i.e. T'(b) = pu,7{u) - v(c). But theri

v(a)< pef{a) -  v(e).  and so v(e) (  (pe -  r )u(a),  whielr  contradicts (15).  Therefore

i(a) = i(u), and by (la) and (15) one has:

p"?{u - a) = v(e) + v(a) > p"J ,

(  1 5 )

i .e.,  T(b - a)1f, ,  and so

is also separable over K

t l ( ( b ) : 1 4 1  = [ K '

(b, J) is also a pair

and one has:

t,, L def in i t ion of  l [and of  w. I t  is  c lear that  b

: KllK'(b) : I( ' l  ( [ l i '  : ] i l lK'(a);I{ ' l  = [K(a) : It],

Final ly,  s ince (a,3) is a 'minimal pair  of  def in i t ion of  ! f ,  i t  fo l lows that lq# (b,5) is

also a min imai  pa i r  o f  def in i t ion of  ! i (and rv) .

2. Now iet us eonsider t lre question II).  Let i l-be a coinmon extension of w and

; to f (X)  and le t  (a ,J  )€? x  GO be a pai r  o f  def in i t ion of  'w (and w) .  I Iow ean we f ind a

min inra l  pa i r  o f  def in i t ion of  f r  (and w)  wi th  respect  to  K?

We shail  consicler this question in the special case. when v is a Henselian

valuation. I{enee. for the rest of t} i is subsection we assume tlrat v is l lenselian.

Consider an element a € K, separable over K. Let us denote

C^J (a) = sup i(a - a')

where t lre suprernum is taken over al l  a'G l( conjugate to a over K and a' l  a. Now since

v is l lenselian- we have'thati(a) = i(a') i f  a'and a are corrjugate oveq K, and so one has:
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on E(x) defined

be an element

by inf, f, a and
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F&OPOSITIO${ 3"?. Let J ne an eiernent of

separable over K. Denote by fr t ite .valuation

" iD 
J<V(a),  (0.  r ) is  a minimal pair  of  def in i t ion of  i [wi th respect to I ( '

b) If J ) a.'(a), (a, J ) is a minirrral pair of definit ion of i l 'witlr respect to K.

Proof. The assertion a) is

Iemnra (see [6.  pag. 1221).

obvious, and the assertion b) follows by Krasner's

What happens rvhen c.,,(a)) 5 > v(a)?

Let aCi i  Ue separable over i (  and let  C = 
Iu 

= u 'ur , . . . .un|  be the set of  a l l

e lements of  i i  conjugated to a over I ( .  I f  I  = 
f" .u1^. . . . ,u,1 , is  a subset of  C, denote by

t  r  
'  ' 2  ^ r

/s,( l )  |  , , , ,_ i l re symnretr ie fundanrentai  polynomials def ined by the elements of  I .
t  J  )  I (J ( r

Denote *Uo tr ,  := I { (sr( l ) . . . . .sr( l ) ) '

PROPOSITION 3.3.  Let  a€ i f  be separable over  I ( .and le t  Je Cf  be sueh that

cu (a))  J  > uta l .  Denote by 'W the va luat ion onT(X)  def ined by in f ,  3 ,  a  and J .  Assume

that  one of  the fo l iovr ing eondi t ions is  fu l f  i l led:

a) ehar ku = 0.

b)  K is  Per fect  and v is  o f  rank one.

r )
Then there ex is ts  a subset  I  -  

Ja.a.  . . . . ,o :  {  o f  C and an e lem€nt  b eKr  such that  I ( (b)  ='  ( - ' - r z - - ' ' - , r )  r

= K, and that (b. J) is a mininral pair of definit ion of 6 with respect to K.
I

proof. Lct (b, J ) be a rnininral pair of definit ion of i l  Denote by

1= [a.a,  . . . . .a;  I  tn* subset of  C consist ing of  aI I  eonjugates of  a over K(b).  t { i th the
(  ' 2  ' r J

. above notation one lus KI€l((b). Also. if a'€.i, then, since v is Henselian. one lras

i(a,-  b)  =i(a -  b)ZJ .  t t rerefore i f  a* 4 ' i t  fo l lows t l tat :

i (a -  a,)  = i (a -  b + b -  u ' ) )J .
T

Accord ing to  [3 ,  Proposi t ion 2.  pag.  425] ,  there ex is ts  b ' 'CKI  such t l ta t

' - -  
l .

v ( a  -  b ' ) l ) .

Therefore. (b': 5) is also a pair of definit ion of f i. Bpt (b,J) is a minimal pair of

which
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and sinee K cl( ,9K(bi ,  i t ' fo l lows
t -

that K(b) = KI = K(b'). Tlte proof is

-\
definit ion of fr

:qmllete.

Since

then one

since T(r

lf clrar ku = 0, ,we maY determine

-\--

a'€ F,u,  . . . . .u,  1L  ' z  t r )

a :  * . . . + B :  - r a ) ) J  a n d s o
t l  t r

* & ;  \t r  
\  f' -  -  a f  z  d
I

e can take

. . + a ,
t r.

e K t .

$Efhr4qK 3.4.
---.\

? ( a .  a ' ) :  ,

has that:-v(a +

/ a + a .  + . . .
- l  r q

" t  '
) = 0. I lenee, w

a + a i n + .

b =  : o

the element b as foliows:

respect to an

tlrat (a, J )

3 . '

3. Now we eonsider the question I). lve reformulate I) with

e lement  a€l i  in  the fo l lowing somewhat  equiva lent ' form:

CONDITION 3.5.  T l rere ex is ts  an e lement  Je QG. '  =  G;  suehv v

minimal pair of definit ion of wro . , ,  with respect to K'
r a r d l

As usua] w,- . ' , is the valuation of r<(X) defined by inf' V, a and
\ a ' d /

One has t l te fol lowing obvious resuit :

l s a

+

e

'REIIIARI( 
3.6. Let (a, J)€ K x Go.

1) The foitowing statements are equivalent:

a) (a.  5)  is  a.  minirnal  pair  of  def in i t ion of  *(u, ,  
,  

wi t l r  respect to K'

b) I f  befr  is  sueh that iK(b) :  Kl  < tK(a) :  Kl  t l ren f (a -  Ul< d.

2) I f  (a.J)  is  a mininral  pair  of  def in i t ion of  w,-  . , , .  t l ten for  every

) 5 r t u . J ' )  i s  a  n r i n i m a l  p a i r  o f  d e f i n i t i o n  o ' * , u . 5 , ) ' .  

t u ' o '

pROpOSIfiON 3.?. Let a e3. Consider the f.ollowing statements:

a) Tlie condition (3.5) is satisfied for a'

5
5 ' € G v '



upper bounded in

f(a)) such tha.t the

n and v(a,) ) )/  ,.  l -

illoreover. if v is

c ,  1
M(a,K)  = iv {a -  b) /b  € i ( .  such that  [K(a) :  K]  )  I t ( (b)  :  K l  It '  

' l  )

is  upper boundedin Ci

e) The set
?

Pk. l ( )  = fV t * tu t l /geKtx l ,  g  mon icand degg<tK(a) :  I {J  I  i s
L l  . /

r1' i '

d ) L e t  n = [ K ( a ) :  I ( J .  T h e r e  e x i s t s  U € G i ,  t S -  _ l l f  . ( j
,  l< j<n- 1

s e t :  P ( a . K . u l = f [ t g t a ) ) /  s ( x )  =  X m  + a t x m - 1  * - . .  *  
" r n €  

I ( [ x ] ,  m (

\ l
15 iSm I  i s  upper  bounded in  GO.

J

Then the implieatio.ns: af=)[)€)c)=) d) are always valid.

Henselian then also d) =)b).

15

b) The set

Proof. The equivalence a)E;b) fol lows by Remark 3.6, 1).

a monic polynornial of

decomposi t ion of  g(X)

Hence T(g(a)) = f-76 -

i

b)=)c) Let 5 be a positive upper bound of Nl(a,l() in GO and let g(X)€ I([X] be

smaller than n = [K(a) : I i ]. Let g(X) = TkX
I

For eac l t  i .  one has [ l i (b t ) : .1( ]  (n  and so

and so P(a.K) is upper boundecl by n5.

degree

in il(x).

b , ) < n $ .

- bt) be the

V(a - br) <J .

over I(,  and since v is

be the nronic  nt in imal

=  g . .  I f  e ( X )  =  X m  +
I

The inrpl ieat ion c)=F) is obvious.

Now let us assume v to be Henselian. If  b and b'are conjugate over K (i .e.,

they have the same min imal  po lynomia l  over  K) .  then 7(a)  =V(a ' ) .  \Ve shal l  show that  the

inrpi ication 61=)b) is also vaiici.  Let us'assume that cl) is val id an,C b) is false, i .e. the

set Nl(a.K) is not upper bounded in GO. Let ?\. Oe a posit ive upper bound of P(a.l i , /  )

such t l ia t  ) .> i (a) .  Let  b( i i  be suc l t  that  tK(b) :  K l ( tK(a) :  i (J  = n,  and that

(ro) ?(a - b) >n).- (n - t) i (a).

Then i(a - b) > [(a) and so T(a) = !(b). lf b' and b are conjug'ate

llenselian, en€ lus ?(b) = i(u') ancl ltenee v(a - b') >i(a)' Let g

poiynonrial of b over I(. Tlren g(X) = 
fr" 

- bi), nt ( n, b
.  i= l
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+ a.Xm 
1 * . . .  *  &-,  then aeeording to $/el l  known relat ions between roots and- I - -  m '

eoeff icients of a polynomial. one gets: v(a,) ) inf (jfr(b))2 inf (jV(a)))y. Tlrerefore
^ - 

i(j(m iljln 
m

-vk(a))€p(a.K.V). 
Nloreover one has: d(g(a)) = V(71'(a - bi)) =V(a - b) + Tr^u - bi) )

>V(a - b) + (m - i) i l(a). By (16) it follows that T(g(a)) > r\ '  which is a contradiction.

Therefore d)9b) as claimed.

THEoREili 3.8. Let &.fi u" tlre completion of (l(,v). Denote uy ? un algebraic

closure of I lvnich contains 
-r- 

ano uy 0 a eommon extension of T and i to ft. For an

element a€ii the follorving statentents are equivalent:
' 

a) The set P(a,l() is upper bounded in GO.
( - t u | !

b) Tlre set  p(a.K) is upper bounded in % 
= Ci,  and [K(a):  I ( ]  = [K(a):  I i ] .

proof. Since the inrplieation 5;=)a) is obvious. we have only to show tltat

a))b). First. we shall show tlrat [ l i(a) : I i ] = [K(a) : K] = n. Let

(1?)  g (X)  =  xm +  unr - lX* - l  + . . -  +  a rx  +  ao

be 6e minimal polynomial of a ou"r 7. Assume that m ( n. Denote by I a well ordered

cof inal  subset of  Gu (see [4.  f  2.  Exercise 40. Since ai€i .  i  = 0, . . . , r r  -  1,  for  each gdl
, P \

and each i ,  Q < i  (  m -  1,  t l iere exists an element ol '  k  K such that

-  ( e \(rB) 3u, -  u l t ' l  Zf  .
(  e \  r  @t 

, (  f )  **- t  + xmc Ktxl .  By hypothesis one l tas:Set Sp (X) -  u: '  ' *  u l '  'X + . . .  + &nr- . l^  '  r \  rs
) "

!k- (a)) <.1., wtrere) is t lre upper bound of P(a.K). But accorcjing io (18) the set
\  

- '

V ( g .  ( a ) )  = t ( g o  ( a )  -  g ( a ) ) ,  9 e Ir I
is unbounded. and this cbntradicts a). Hence [K(a): K] = n'

Now, let g($elitXl be a monic poiynomial wltose degree is smalier than n (see

atso (r7)). As above. w

(18) are fulf i l led. If ),

cording to (18) the set

ials B, (X)€ KIXI, suclt that the conditions

P(a,K), t lren T(g. (a)) I ), for ali f . But' ac-
)-

is unbounded and so 
'v(g^ (a)) = [(9, (a)) =

j r

e define the PolYnom

is an upper bound of

f ?tr. ta) - g(a))}^
L " S
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t4

= ?(g(a))l ) for sufieiently large p . Therefore the set P(a.K) has also Bn upper bound,
)

as clainted.

TIIEOREM 3.9. Let v be Henseiian. Tlten:

a) Condi t ion (3.5) is ver i f ied for  every element aClf ,  separable over K.

b) If K is complete with respect to v (i 'e' (K'v) = t?,i l i  then eondition 3'5

valid for aII elements of fr.

IS

Proof. a) follows by Proposition 3.2. b).

b) Let a6l(; it is clear that we may assume

According to Proposition 3.7, it wil l be enouglt to show

bounded for some J/ ( inf QV(a)).
i ( j<n* 1

Let us assume that for every Y.y < inf (jf(a)). tfre set P(a.l(.)u ) is not upper
l

This means that for  every Y ,Y < inf  ( j f ,a)) .  there exists a t r ip let

r,, = (1. 1g" fi)) . nr )
b l  \ 5

c )
wlrere I  is  a weI l  ordered and cof inai  subset of  Gu (see [4,  f  

Z,  nx.4]  and /S, tXl f  is

the set of  polynont ia ls over K, monic.  and of  t l te same degree nt  (  n.

(20)  ge(X)  =  X f f i  *  u l f  xm- l  +
)

such thaf

u ( u i e ) ) Y ,  i ( i ( m .
(21 )  )

i€t (a)) -) a<t

(fne notation T(f 
, 

(a)) -4 aa means. that for every T e CO tltere exists

P( ' t r )  € t  such that ! (gp (a) )  > ' f , ,  for  a i l  p  such t l ra t  p  >P ( t r ) . )
)  " )  I  )  - I

In the set of al l  tr ipies (19) we ehoose a tr iplet Tyr, eorresponding to a suitable

v ( inf ( i?(a)). such i lrat m is as smali as possible. For this tr ipiet we slrai l  use also the
o -

I
notat ion of  (19)  and (20) .

that a qf K.

t l rat the set

Let  [K(a) :  I { ]  =  n.

P(a,K. )/ ) is upper

bounded.

(1 e)

" ' * 8 , . r . r , o  P  €  I
" ' )  )

r  € I

t

a

Since K is assumed to be comPiete,

assume tlrat not al l  sequences:

we note that 
.m 

) 1. We claim that we can
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0 ( i ( m .  B ^ ^ = 1 ,  e G I. o r  )
eonta in a (genera l ized)  Cauchy subsequenee.

Indeed, if ttris were not the case let 
&rr1 

be a Cauchy subsequenee of

I trol  ,  where f ,  belongs to a cof inal subset I ,  of I .  Replacing I  by l ,  we may assume
t  ^ )  )  ' ^ n  

1  r  )
that the sequen*. 

{urr} 
is Cauclry. Furthermore, we pass to tl ie sequen 

"u | "rol 
and

t  . )  )
so on. Finaliy. we may assume that all the sequences (22) are Cauclry and since K is

complete let a, = Iinr a,, . Set g(X) = Xm + ur*t-t + ... + a*. Then one has:

er(a)) =o,,*(a, - a,, )u*-i)

a n d ' s i n c e v ( g o ( a ) ) - + a , t h e n g ( a )  = 0 . T h i s i s a e o n t r a d i c t i o n s i n e e m ( n = [ K ( a )  : l ( ] ,
T

Let i^ be the f irst index suclr that al l  the sequences lu,"I .  0 < i  ( i . . ,  are

, . o  ' )  
-  ( ' Y t  o

Cauehy but {a,  p? does not contain any Cauehy subsequence. This means t l rat  there"  ( , o I )

exists an element I  e O;, f ,  )  0,  sucl t  that  for  *  
f  

e l  there exists an elemen, 
F' l f

sueh that

(23) v(a,  *  ,+t  -  a i  o,)  1 l^.' o )  '  ' o l

Denote by I ' the set of all elemen,t q 
t corstructed as above; it is easy to see

that I '  is well ordered. and a eofinal subset of I, hence of Gi. Consider the set of all

polynonrials:

h 
f 

(x) = 8g +1(X) - sg (x) = orf xm-1

. !Ve write I instead of I '  and g instead of 
f  

' .  Sinee v(f 
,  

(a)) 4*rthen also

T(tr" (a)) -> r. By hypothesis one has
\

(24)  v (b . , . '  )  +  * , . . . . . v (b , ,  _ , r  . ' )  ->  &

Aecording to (23) we have:

Q i )  v ( b ;  o ) S f' o )

Denote

for all 
f ,
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sinceT(t1o(u)) -> ?4 . then by (z+) one checks that ;(kt (a)) ->e and by (25) one sees' r "  I
- 1

that b, 
* I  0 for al l  g ; also by (25) i t  fol lorrys that v(b, 

t" 
l :  - [ .  Therefore one has

,O I  )  'O l

v(ko (a))  -2  4
)

| ,  - 1

where k@ (X)  = (b;  , ,  ) - 'kL(X) .  I t  is  c lear  that  the polynomia ls  k . (X)  are monic  of  the
) ' o I ) )

_same degree. and condit ions QI) are - fulf i l led for 
_ 

the tr iplet T.r- -.T =

F \ Y o v

= (1,  f r .  (X) f ,  nr  -  i " , )  .  .  S ine"Vo-T<y 'oStnt ( jn(a) )  we obta in  a cont rad ic t ion' . r  )  o  , '  J
with the def in i t ion of  the t r ip le t  ( t9)  beeause the eommon degree m -  i . ,  o f  kr  (X)  is

v

smaller t lran m. fienc" tlre set P(a,K. U ) is upper bouncled for sonre J/ ( inf f in(a)),
lJjin-1

as clairned

coRoLLARY 3'10' Let (fr,f i  be the completion of (K'v)' Assume that i i  is

Hensel ian.  Let a€ K. Tnen with the notat ion f rom Proposi t ion 3.?.  one has that NI(a, l ( )

r-
is upper bounded in G; i f  and only i f  [K(a) : I(]  = [K(a) : I i ] .

.  Proof. I f  i \ l (a. l() is upper bouncied in GO then by Theorem 3.8 i t  results t l tat

lK(a) : I( l  = f;Cul ,  [ t .  
' l 'he other inrpl ieation results by Theorerns 3.8, 3.9 and

Proposi t ion 3.?.

In particular. one has:

I  €G:sueh tha t  (a ,  5 )  i s  a  min ima l  pa i r
v

The prcof fcl lows from Corollaly 3.10, since

ch. rrl).

rank one and let a € K. Titere exists an element
. t 3 / e

for  w,^  
"  ,  

i f  and only  i f  [K(a)  :  K]  = [K(a)  :  K] -
t a , ) ,

is in this ease Henselian (see IB,

valuation pair (K.v) be

separable over K, such

1 '

COROLLARY 3.12. Let v be Henselian and let the

r - ' J
.  t r t

complete,  i .e .  ( l ( ,v)  = (X.v) .  I f  a l€K.  then t l tere ex is ts  areK,

f t  =  k  where v ,  is  t l te  un ique extension of  v  to  I ( (a , ) ,  i  =  1,2."V  ,  
' ' v .  "  i  ' -  - - ' -  l '

t / .

I  p"orf .  Aeeording to Theorem 3.9 there exists J €cf t r"h that  tu1.J)  is a mi-

ninral  pair  of  .def in i t ion of  f r  = *(u-. t1.  According to Theorem 3. l  t l iere exists aZeR
\ s 1 t  o /
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such that (a^. )) is also a minimal pair of definit ion of fr- with respeet to K, and ao is

separable over K. If w is the restriction of G to K(X), then aecording to [2, Corollary

2.3] ,  k, ,  = k, ,  ,  and t l i is  is  the algebraic c lcsure of  k. .  in k, . , .u l  u z  v  w

. Moreover.  we ean give a somewhat independent proof.  Let  b€l{(ar)  be sueh

that vr(b) = 0.  Then one has b = g(ar) .  where g(X)C KlXl  and r  = degg(X) < tK(ar) :  I ( l  =

= [K(ar)  :  K]  = n.  Let

r
g ( X ) = c l l ( X - d , )

.  i= l

be the spl i t t ing of  g(X) overT as a produet of  l inear faetors.  Now. s ince (a1,5) and
, c
@r,b) are botlr minimal pairs of definit ion of i l ,  i t  results that for suitable elements

h,  6 l (  one lus
l -

? ( a ,  -  d . ) = i ( a z  - d , ) = t ( h i ) <  J ,  1

and so

r
w(g(X)) = v(c +I w(X - d,) = v(c)

i= l  
I

r
, t -' )_-

i= I
V(a, - dr) =

= v(c) +
r

L- -

i=1
i (ar -  d , )  = f (g(ar ) )  = i (g(ar )  =V(b)

Fina l l y .  s inee v (a ,  -  a r ) /$ .  u ren  , " t - l  
d i ro  

=  i " i . -  
d i ro .  

1<  i  (  r .  and so  g(ar ) *  =  b*  =
l l

= (g(ar) )* .  Therefore k . ,  €  k . ,  ,  and by symmetry  i t  fo l lows that  k , ,  =  k . ,  ,  asc la imed.v l -  , 2  u1  v2 '

REIIIARK 3.13. By Theorem 3.8 i t  fol lows that, in generai. not for al l

n ^
t he re  ex i s t s  J  €  COsue l r  t ha t  (a , J )  i r  u  m in in ra l . pa i r  o f  de f i n i t i on  o f  * ( " , 5 ; .  Th i s

l r u

ease, for  exarnple,  i f  a(K but ae K.

a € K

is the

4. SOIIIE APPLICATIONS

In t lr is section we give some applications of the results proved in previous

sect ions.  T l teorem 4.4 g ives t l te  ex is tenee of  some r . t .  extens ions of  v  to 'K(X)  rv i th

prescribed residue f ield and valued group. Also in Tl ieorenr 4.5 we give a generai frame-
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work in which the f undanrental ineqLrality of [?] beeonres on equality.

1.  In what fo l lows we shal i 'dbnote by ( l ( r .vr)  the t lenseal izat ion of  (K,v)

ineluded in ( i i . i )  (see [6,  fzt l .  r t  is  known t l rat  ( l ( r ,vr)  is  an immediate extension of

(K,v),  i .e.  k, ,  = k, ,  and G..  = G..  .  One has the fol iowing resui t  which wi i l  be usefui  latei 'v  u l  u  u 1

(eonrpare wi th Tlreorem 3.8):

Proof. Since a is also separable over Kr, Theorem 3.9 a) inrplies that there
' ?

exis ts  )  eC- such that  (a ,  J)  is  a  min inra l  pa i r  o f  def in i t ion of  wro 1r  wi t l r  respect  tov  -  
v  \ a . d l

Kr. Now we assert  t t rat  (a.  l )  is  atso a minimal pair  of  def in i t ion of  *(u,  
Jy 

wi t t l  respect

to K. Indeed. if U6t is sueh tlrat [K(b) : I i ] < tK(a) : I(J. then by hypothesisbne ltas:

l K t ( b ) :  I { 1 J 5 [ K ( b ) :  I { ] < [ K ( a )  :  I i ] = [ l i t ( a ) :  I ( 1 1 .

Now since (u,  J)  is  a minirnal  pair  of  def in i t iot t .of  *(u,  j  ;  
rv i t l r  respect

that T(a - b) <J . But t lr is nreans tlrat (a. J ) is also a nrinimal pair

*(u,  J)  
wi t l r  respeet. to I ( .

Thr t ro

to k(t),

PROPOSITION 4.1. Let a€R be separable over K and suppose that [ l{(a) : I( i =

is a minimal pair bf definit ion

a).

to Ii, i t follows

of def in i t ion of

,LEf\tMA 4.2. (see also [?, Theorem 4.6]). l,et k/ku be a finite extension.

exist  ( inf in i te ly nrany) r . t .  extensions w of  v to I ( (X) such that k* is isornorpl t ic

with t transcendental over k. Nloreover we ean find w sueh that:

deg [w/v1 = f(rvlv) = [k : kul

Proof. Let k = ku(xr,...,xn). We slrall prove tlut there exists an element a6 t<.

separable over K such that [ l ( (a) :  Kl  = [k:  kul  and that nu, = U'  where uZ is the

restrietion of v to l i(a). For that we shall procced by ittduction over n. Now since k7 is

an alg'ebraic closure of ku. we ean assume that ku€ kgkt. Let us assume tltat n ) 1'

[ k u ( x r ) : k u l  = s ) l a n d i e t { , ( V )  = " o * " l Y * . . . + c r Y S b e t i r e m i n i m a l p o l y n o n r i a l o f

xl over ku. Let Ai €Ov be suelr that AI = ei, 0 S i S s, and such that A, I 0. Then the
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polynomial:

.b  ur lnermcre.

eouivalentlv G = f iu u 2

Itasl .
n

f(x) = ['r,txltx \ l- a )

where f , (x)  Ct i (a) [x] .  Ttrus:

one l ras (see (8).  (9) .  (10)) :

(26) deg[w/vJ = [ l {  :  w]e = t l ( (a} :  I ( le = i (vr /v)e(vr/v)e = f (w/v)e(w/v).

s ince [ l ( (a)  :  K]  = [k . ;  :  k , , ]  i t  fo l loqrs t l ia t  e(vo lv)  = 1,  or
uz  -  L

Let  f  be the monic  min inra l  po lvnomia l  o f  a  over  K.  T l ien one

' f  = *(t) = inf (vr(f,(a)) + iJ).
I

By this equaii ty and t lre condit ion J e Gu, i f  fol lows t lrat N=

the equali t ies (26) one lras e = 1. Therefore by (26) i t .  fol lows

=  [ k :  k  ] .  as  e la in red .-  v - '

LEilIvlA 4.3. Let C be a subgroup of CTsueh that GulC and G/Cv is f inite.

w( f )€G. ,  =  G . ,  and  so  i n
t 2  Y

that deg(w/v) = f(w/v) =

$ t v l = A o * A r Y + . . . + A s Y s

is irreducible and separabie over K. Let br,...,b, be all roots of f(V) in i i . It is easy to

s e e t h a t ? ( b i ) : 0 ,  1 ( i ( s . a n d t h a t t l r e r e e x i s t s a n i s u c h t i r a t b f = x r . D e n o t e b r = a r .

-Now, by .induetion hypothesis. there exists ar€8, separable over K(ar), suclt

t l { (ar)(ar) :  K(ar)J =[k:  k(xr)J.  Let  a€i i  be such t l rat  I ( (a)  = K(a'ar) .  This a is the

desired element.

Let v, be restriction of v to I((a) and let v', be the restriction of v.to Iir ia). lt

is  c lear that  U = Uu, and [K(a):  K]  = [k:  kul .  Now sinee ( l i 'vr)  is  an immediate

extension of  ( l i ,v) ,  then one lus:  tKr(a) :  KrJ> tUu, oul  = [nu,  :  kuJ = tK(a):  I ( ]>

> [Kr(a) :  I (11.  Tirerefore [ l i (a) :  I i l  = [1 i r1") :  K] ,  and sinee a is separable over I ( .  accor-

d ing  to  Propos i t ion  4 .1 t l re re  ex is ts  an  e lement  J6Ggsuch tha t  (a ,J )  i s  a  min i rna l  pa i r

of  c lef in i t ion of  - ,*L*f f# l ( .  Now sinee Gu is cof inai  in Gg.,  we can choose

5 € Gu (see I lemark 3.6.  2)) .  Finatty,  let  w be the restr ict ion of  *(u,  j  )  
,o K(X).  By [2,

Theorem 2.11 i t  fo l lows t l rat  l<* = k( t ) ,  where t  is  t ranscendental  over ku.  Nloreover.



Tlren there exists an r . t .  extension w

choose w such that deg(w/v) = e(w/v)

of  the f in i te group G/Gv).

Proof. Let n = [G : Gul. By induction. over n we shall prove that t lrere exists an

element ae K, separable over K, such that [K(a) :  I ( ]  = [G: Gul = e(vr lv) ,  and Guo; G

where v, is t lre restriction of i l to t<(a).

Let us assume the assertion valid for ail n'( n. In fact, we assunte that for

every ' f ie ld  I i ' sueh tha t  I (S :K 'g lF  and fo r  every  G 'cGO such tha t  Gu, lG ' ,  w i th

[G, : Cu,J ( n, there exists a"€f, a" separabie over K', such that [K'(a") : K'] =

= [G' :  Gu,J = e(v"/v ' )  and Cyrr  = G".  (Here vt  is  the resir ict ion of  7 to '  K'  and vf i  the

restr ict ion of  ?to l ( ' (a") . )

Let  G, be a subgroup of  G suclr  that  Gi lcu is cycl ic and [G, :  Gu] -  p is pr ime.

Let )  be a posi t ive element of  G such t tu i f , .  t i re coset of  t r  re lat ive to Gu, generates

G/Gv. It is clear tlrat p is the snrallest non-zero positive integer esuclt tt.,at e)C Cu.

Let b be an element of I( sucfi t irat v(b) = pX . Let e€:t{ be sueh that

- 2 3

of v to I{(X) suclt t l tat G

= [G :  G ] .  (As usual  [G :
v

= G. I\ loreover, we e&n

uJ denotes the eardirrai

w

G

v(c)

h i n

(27)

> (p - 1)[-. Consider the polynonrial h(X) = XP + cX + b of KIX]. Let a' be a root of

K. Then one has:

. a ' P + g g r + $ = $

Aceording to general propert ies of a valuation it  results that in (27) two terms

has the same valutat ion and th is  va luat ion is  smal ler  than the th i rd .  S inee

v(c)  )  tp  -  1) ) , .  the only  pos ib i l i ty  is l (a 'P)  = v(b)  = ph.HenceT(a ' )  = f .  f r t i t  show that  l r

is irreducible. Sinee h is a separable polynomial then a' is separable over K.

Let K'= I i(a') and let v'  the restr ict ion of i l  to I{ ' .  I t  is easy to see t l tat

G v , = C ,  a n d  [ K ' : K 1  = [ G v , : G u J = p .  I f  p l n  t h e n  w e  a p p l y  t h e  i n d u c t i o n  h y p o t h e s i s

re lat ive to  K,  and G,  s ince [G:  Gu,1 = n/p (  n .  ] {enee there ex is ts  s"e 
-K,  

a"  separable

over  K ' ,  and such that  [ l ( ' (a" )  :  I ( ' ]  =  [G:  Gv, ]  =  e(v" /v ' ) ;  here v"  is  rest r ie t ion of  V to

K'(a"). Alsoione iras Gu,, = G,

Let a €t( be suetr that I i(a) = I((a',a"). Then a is separable over K and by the
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.above assumptions one has:

the restr ict ion of  7 to K(a).

'  THEOREIII 4.4. Let ( l i .v) be

be such t l ra t  [k  :  kuJ (a and [G :  Gui

K(X) suelr that k is isomorphic tow

il loreover we can choose w sueh that

24

[ l ( ( a )  : K ]  = n = [ C : G ] a n d a l s o G ,  = G .
v -  , 2 wltere V^ = vrf is

L

Furthermore.  as above,  le t  v ,  be i l re  rest r ic t ion

al t  inrmediate extension of  ( l ( .v) .  then one has:  [G_.  :- v o

-  =  [K r (a )  :  K '  J .  I { ence  G , ,  =  C ,  andr  r  ' z

( 2 8 )  e ( v n l v ' ) =  c ( v . , / v )  =  p  =  [ G :  G . . ]  =  [ K ( a )  :  I { ] .
L L L v . -

Now, aeeording to Proposi t ion 4.1.  there exists d€G;sueh t i rat  (a,  J)  is  a

minimal pair  of  c lef in i t ion of  *(u,5 ywith respect to K. As usual ,  s ince Gu is eof inal  in

Gg we may ehoos. J6Gu (see I temark g.6,  2)) .  As in the proof of . the previous lemma

*L *uy c l ieck t l iat  i f  f  is  the minirnal  (monic) polynornial  of  a.  wi t l r  respect to K, i l ren

w(f)€ G, wlrere w is the restr iet ioq ?l  * tu.  
S) 

to K(X).  Final ly by (28) i t  fo l tows i l rat

f(w/v) ="1; fro,n (26) and ,in.. ' i{ ' f,{{6*.-; l;;. deg(w/v) = e(w/v) = n = [G : GuJ. Flence

G* = G, as c la imed.

of  T to  Kr(a) .  S ince (K 'vr )  is

Our ,  =  t "u ,  r  Gul  =  [K(a)  :  K]  =

a valued f ie ld and tet  kuC kf  kv and C;f  CgGv

G,r. Tlren there exists. an r.t. extension w of v to

k(t) . 'wi th t  t ranscendental  over k and Gr,  = G.

:

and that

f(w/v) = [k : kuJ,, e(w/v) = [C : GuJ ,

deg(w/v) = [k :  kv] [G :  GuJ.

Proof .  The proof  is  based main ly  on the prev ious lenrmas.  Accord ing to  Lenrma

4.2 we ean f ind a separabie e lement  a ' (R sueh that  IK(a ' )  :  K]  = [k :  ku]  and t ] ra t ,  i f  v t  is

the rest r ic t ion of  T to  K(a ' ) ,  uren ku,  = k . .  By Ldmrna 4.3 we can f ind a separable

elentent  a ' '€ [  suel r  that  [ l ( (a") :  I ( ]  =  [G:  GuJ and that  i f  v , ,  is  t l te  rest r ic t ion of  f  to

K(a")  t l ten Gu, ,  =  G.  Let  ae i f  be suc l t  that  K(a)  = i ( (a ' ,a" )  and le t  v ,  be the rest r ie t ion of

7 to K(a). Then, since k,, i  Ckr, ,  one sees i lrat [k, :  k.,J ) [ l i (a') :  I(] .  Also. since*  v Z  
" Z  

y  -

Gr , ,CG, , . .  one  l us  t l r a t  [Gu ,  t  Gu ]  ) [Gu , , :  Gu ]  =  [ l { (a " ) :  I { ] .  F ina l l y ,  one  ge ts  tha tY  E  
" z  

o z
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tK(a) :  I ( l  =  [K(a ' ) :  K ] [ l ( (a " )  :  K ]  and

(2e) orr= ku, = k'  ou, = Gu,, = G '

Furthermore,  s inee (K, .v , )  is  an inrmediate.extension of  ( l ( ,v) ,  one easi iy  sees i l ra t
-----\ r r

' \ \  
r r r l  r \- - - - - \ i l i ( a ' )  : K l = l l t , ( a ' )  : K , 1 ,  [ K ( a " ) : K ]  = [ K , ( a " )  : K , ]  a n d  s o  [ N ( a )  : K ]  = [ l ( . ( a ) : t ( . ] .---.----t-..------ 

i 
r r r I. l-

: __. _ 
l lence, by Proptsi-t ior14.1, there exists J eCO such that {a, J) is a minirna} pair of

l z ^def in i t ion ot  *(u.  
J;  

wi t t i  respect to I ( .  Since Gu is eof inai  in GO we can clroose d € Cu

(see Remark 3.6.  2)) .  l ,et  w be the restr iet ion of  wr^ . , ,  to K(X).  Sinee JeC.. ,  then bv
\ a . J l  v '  r

(29) i t  fol lows that t lre algebraic eiosure of ku in k* is just Uuo = k and so k*.= k(t),
L

with t transcendental over k. i l {oreover, G* = G and e(w/v) = [C. : GuJ. Finaliy, one has

(see (8) .  (9) ,  ( ro) ) :

deg(rv lv)  = f (w/v)e(w/v)  = [k  :  k . . ] lC :  G. . l  ,v - -  v -  '

as claimed

2. At this point we shall give

f  undanr ental  inequal i ty

somewhat general  f ranrework in which the

l-

every f inite simple ext 'ension L/K.

a

deg(w/v) > e(w/v)f(w/v)

becomes an equality. The notation are as usual. Remind tirat (Kfi is the completion of

(K,v) (see Is.  ctr .  VI .  f  5])  and t l rat  ( i i , f r  i r  an i rnmediate extension of  ( t<.v) .

T'HEOREIVI 4.5. Let (l{,v) be a valuation pair. The foliowing statements are

equivalent:

1) For every r. i .  extension w of v to I{(X) one has:

deg(w/v) = e(rvlvX(w/v)

2) The valuation ? is Henselian and for
(J

L = K(a), one has:

tJ

[L : K] = e(vrlvXfu r/fr

where v, is the only extension of ?'to L.
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Proof. 1)=)2) Let w be suelt that e(w/v) = f(w/v) = 1. Then by 1) it follows that

w has  a  min ima l  pa i r  o f  de f in i t ion  ( r ,J )€ t (  xCu,  i .e .  w  is  de f ined by  in f .  v ,  a ( .K  anc l

f  € Cu.But t l ren.  according to [2,  Theorem 3.3]  i t  fo l iows that l i is  a lgebraical ]y elosed

in a maximally conrpiete extension (i i ' ,v,) of Er,r\. First. lve lrave i lrat (l<,Tl is

Henselian. lndeed, let K 1frV" an algebraic extension. Then t{ 'Kt/K'is also an algebraic

extension. Now, s ince ( l ( ' .v ' )  is  Hensel ian (see [8,  Ch. I I ,  Theorems 6 and ?]) ,  i t  fo l lows

tltat vr has a unique extension to It 'Kr. But then it follows that necessariiy 7 tlur u

unique'extension to I i r r  i .u.  &,7) is i lensel ian.

Furthermore. let ? Ou an algebraic closure of ? which contains also E. To
i

complete the proof  o f  the impl ieat ion 1)=)2)  i t  w i l l  be enough to show t t ra t  for  every
4 rv t\J

a € K one tras; i*(a) : I(l = 
"t?lillrt?fi. 

wlrere ? is tire unique extension of f, to f,. ro,
' 

/^ zA.

that ,  le t  X be an indeternr inate over  K and aC. I<.  Aceord ing to  Theorem 3.9 a) .  there
t ^

ekists d €Ci suclr  that  (a,  J)  is  the minimal pair  of  *(u,  
J,  

wi th respect to I (  ( l rere

wr^ r ' , is t l ie valuation on f(*) defined by inf, t a ano 5 ). t,"t w' be the restriction of( 4 , ) /

w(o . r to ft-(x) anO w restriction of w' to K(X). Since w' is an r.t. extension of t ano
. * r  d ,

(K.v) is an inrmediate extension of  (K,v) ,  i t  fo l lows that w is also an r . t .  extension of  v,

and one lps:

I{

(30)  .deg[w' lv ]  =  deglw/v] ,

l ience the equali ty

:

IK(a) :  KJ = e(vr/v)f(vr l
f l < F ^{

v)

fo l iows f ronr  (8) ,  (9) ,  (10) ,  (30)  and assumpt ion 1) .

Z)=) t )  Let  w bc an r . t .  extens ion of  v  to  I ( (X)  and (a,  J)€t<x

pair of definit ion of vr rvith respect to I(.  Sin.. (a, $ ) is a mininral pair of

w,  t l ten a ver i f ies the eondi t ion 3.5 and so, 'accord ing to  Proposi t ion 3.?,

is upper bounded in G;. Norv, according to Theorem 3.8, one has

(3i) [K(a) : N] = it(a), f l  .
' € e t

Furthermore, s ince ( l i .v)  is  an inrmediate extension of  (K,v) ,  we have:

G- a min i ina i
V

definit ion for

the set  P(a, [ ( )
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(3?) e(v' lv) = e(vr/v), ' f (v ' lv) = f(vr/v) !

wlrere v, is restrietion of v to I{(a) and v, the restrietion of ? to ?'ttl. Finally, since by

hypothesis one has

a-/ l\t /v

lK(a)  :  K l  = e(v t lv) f (vr lv)  ,

re la t ions (8) ,  (9) ,  ( i0) ,  (31)  and (32)  imply

degfw/vJ = e(w/v)f(w/v) ,

as claimed.

COROLLARY 4.6. Condit ion 2) of Theorem 4.5 is fr: l f i l led i f :

'  
a) v is of rank one and discrete;

b) v is of rank one and char(ku) = 0;

c) v is Henselian and char(ku) = 0.

The proof is straightforward. The statements a), b), c) in Corol lary 4.6 are

respeet ive iy  t l re  eonjectures (0.1) .  (0 .3)  ano (0.a)  o f  [? ] -
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