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ALI, VALUATIONS ON K(X)

by

V. Alexandru, N. Popeseu, A- Zahare,seq

This work is d natural continuation of our previous works [1], [2J' [3] '  \{e

intend here to describe aII types of valuations on K(x). This possibi l i ty is given by our

main result in [2] whieh give a deseript ion of so-ca]led residual transeenciental extension

of a valuation on I{ to K(X). Follorving an ideea of I l lael,ane (see [?']) we define the

notion of "ordered system of valuations on I{(X)" (see 2) and the l imit of sueh a

system. The main resul t  g iven in  sect ion 5 shows that  every r .a . t .  extens ion w to K(X)

of  a  va lut ion v  on K may be def ined as a l imi t  o f  a  su i tab le ordered system of  r ' t '

ex tens ions of  v  to  K(X) .

In the last seetions we are eoneerned with the existence of r.a.t.  extensions of

v to I((X) with a given residue f ield, or with a given value group' or both'

.  Somet imes there ex is t  some s imi lar i ty  bet rveen a lo t  o f  our  resul ts  and rest t l ts

of I i{aclane [?] (and even lvith some results of Ostrowski t9l) '  However, we remark that

al l  our considerations and methods of proof are based on our notion of rrminimal pair of

definit ion of a r.t .  extension of a valuation v on K to K(X)" and on t l te results we

obta ined in  [1 ] ,  t2 l  and I3 l .

1. NOTATION AI{D DEFIMTIONS

1. Let I( be a f ield and v a valuation on K. we emphasize sometirnes this

situation saying that ( l(,v) is a vaiuation pair. Denote by kv t lre resiciue f ielcJ, by Gu"tho

value group and by Ou the valuation r ing of v. I f  x€ Ou, denote by x* the image of x

into ku., w3 refer the reader to [5], [6] or [10] for general notions and definit iotts'

Let I( ' / l (  be an extension of f ietds. A valuation v' on It '  wi l l  be ealled an
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extension of v i f  v '(x) = v(x) for al l  x€K. If  vt is an extension of v, we shall  identify

eanonieally ku with a subfield of kur a.nd Gu with a subgroup of Gur. '

In what fol lows t, 'e shall  eonsider a f ixed valuation pair ( l{ ,v). Let us denote by
s

K a fixed algebraic elosure of K and by f, a fixecl extension of v to I(. It is easy to see

that G; is a div is ib le group, i .e.  for  every f  U aO and n6N, there exists an element-

KeGf sueh that n{ '=tr .  N4oreover,  Gf = QGv, i ,e.  G7 is the smal lest  d iv is ib le group

which eontains G.. .
v

'  
As usual, by K(X) we shall  denote

indeterminate X over I(.

2. Let w be an extension of  v to K(X),  Denote by i l  a eommon extension of  w

andVto R(X),  i .e.  f t  is  a valuat ion of  R(x) *r , i "h extends simultaneously w and V. In [3,

Proposi t ion 3.11 i t  is  proved that al rvays exists a sueh eommon extension. Let us denote

(1) n1F = 
[Wtx 

- a)/  a 6

According to IB]  (see also [1] ,  [2])  rv is cal led a residual  t ranscendental  ( r . t . )

:o.off ir .r ,extension of  v  i f  kw/kv is  a  t ranseendenta l  extens ion,

w is  an r . t .  extens ion of  v  i f  and only  i f :  G? = GW, the set  ( i )  is  upper  bouncjec l  in  G6 and

conta ins ' i ts  upper  bound.  Let  5  be the upper  bouncl  o f  the set  (1) ,  Then there ex is ts
F- \

aCE sueh that l  = f r (x -  a) ,  and thus (see I2l)  f r  is  an r . t .  extension of  V def ined by ?,
C .  r  r

i n f , a a n d d ( s e e [ 2 ] ) . S i n c e F i s d e f i n e d b y a a n d d , w e s h a l l  
. s a y t h a t ( a , d ) i s a p a i r o f

defirri-t ion of ff. Generally w has many pairs of definit ions. In ti l  i t is proved that two

pairs (a, [ ' ) ,  ( " , ,  [ ' )  or  I {  x G;def ine the same r. t .  extension of  7 to i?(x)  i f  and only i f

5 = 5 '  and f , (a -  a ' )  2 E. eccoroing to [2] ,  a pair  of  def in i t ion (a,51 of  i l  is  cal led

minimal relat ive tp I (  i f  the nurnber I l ( (a)  :  I ( ]  is  the s 'nral lest  possible one, i .e.  i f  (b,5)

i s  another  pa i r  o f  def in i t ion of  w,  then I l ( (b) :  I ( ]  >  [ t ( (a) :  K] .  A ( rn in imat)  pa i r  o f

def in i t ion of  f f  (wi th  respect  to  I ( )  is  a lso ca i ied a (nr in imal)  pa i l  o f  def in i t ion of  w,  in

[2,  Theorem 2.1]  i t  is  proved that  an r . t .  extens ion w is  per feet ly  def ined by v  and a

min imal  pa i r  o f  def in i t ion (u, f , ) .  Later ,  we shal l  see that  rn in imal  pa i rs  of  def in i t ion are

the f ie ld  of  ra t ional  funet ions of  an

r ( t 4 . G ;
) -  

r Y
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'also useful to define other extensions of v to t((X).
' , j

3. Let *1, *2 be two r.t. extensions of v to K(X). Aceording to [?J one says

that w, -d-ominate v,,2 (written w1l w2) if w1(f(x))l w2(f(x)) for alt polynomials f€t([X].

This incquality.may be understood in eGv= Gq, sinee G... and G_ are of f inite indexv v ' w I  w z
over tjv (see [1], I2l or [3]), anc so they are eanonicalty imbedded in eGu. if w1 ( w2 and

ttrere exists f€ KtXl sueh that w1(f) < w2(f), then one write w1 ( w2.

PRoPosmolJ 1.1. Let I{ be algebraica}ly closed and let w- r  vv  . "bvur  q rLq 'J  
1 ,  w2 be  two r . t .

txtensions of v to K(XL Let (a1, E;) Uu a pair of definit ion of wir i  = 1,2. The fol lowing

statements are equiva.lent:

,  
1 ) * 1 ( 1 2

2) 5, S [, and v(a1 - ,z) 2 f,r

I\'loreover: w1 ( u,2 if and onl3r if 5 , a 52 unO v(a1 - a2) 2 51.

Proof.  i l *2)  s inee tr , ,5,)  is  a pair  of  def in i t ion of  w1: then w,(X-" i )=51,

If wr s vrr: then w1(X - ar) = 5t s rv2(x - Bt) =.inf(52,v(a1 - a2)) and so
- f

and d1 ( v(a1 - aZ).

2)=}1) If  v(a, - ar) 2 f,r, ,  ,hun (see [1]) ,or, [ ' r ,  is atso a pair of definit ion of

i  = 1r2.

5t: 5.,

w2. I ,et , f (X)6I( tXl  of  the form f(X) =Ibi(X -  a2) i .  Then we have

*:.(f) = 
Tt(v(b;) 

* i E'r)

? -
w2(f) = inf (v(bi) + i dz)

I

r t f f
N o r r , l s i n e e d . z )- - " - : " - - - 1 . . J ! , o n e h a s v ( b i ) + i d f < v ( b 1 )  + i d Z , f o r a l l i , a n d s o n ' 1 ( f ) S w , ( f ) , a s

elaimed.

. FurthermQre' let us assume ttrat w, ( *2. Then there exists an element a€I(

seh that

12) urr(X - a) = inf(51,v(a, -  a)) (  rv2(X - a) = inf($2,v(a z- a) .

Aeeordingio the above equivalence, this inequality is possible only if 5, a trr.



4. Let I( be algebraieally closed and

?
Let  (a ; ,d i )  Ue a  pa i r  o f  de f in i t ion  o f  w i ,  i  =  1 ,2 .

i f  w ,  <  w2 and v (a1  -  u2)  =  51 .

- 4

Converse ly ,  i f  w,  Swz,"no (  t  <  f ,2 ,  $ , "n

i .e .  w. ,  ( 'w. .
L L

f t
w i ( X  -  a 2 ) =  b f  < ) 2 = w 2 ( X -  a 2 ) ,

w2 two r . t .  extensions x).
-w1

I{(X) we mean a familv

set  wi thout  last  e lement

of v to I((X). For everv

* 1 ,

tr{eshall  say that w2 Well

o f v t o K (

dominates

2. ORDERED SYSTEITS OF VTTLUATIONS

1. By an otdered svstem of r.t. extensions of v to

(w;) ; .1  of

and such

f  € Klxl

(3)

r.t .  extensions of

that  w. ;  dominates
' '  J

t  et  ( f ; ) ;  
61 be an

let us define:

w(f) = suP wi(f)
t

v to K(X),  where I  is a wel l  ordered

1 1 ' . w h e n i ( i .
t -

ordered system of .r.t. extensions

We remark that  s 'lnee w.  is  an r . t .  extens ion of  v ,  then Gr, /Gu is  a f in i te  group and so

GvEG*.6 G7.  Henee (3)  must  be unciers tood in  G,7 FIowever ,  the e lement  in  (3)  may or

may noi  be an e lement  of  Gi .  Therefore we say that  the system (w;) ;g  1 of  r . t .

extens ions of  v  to  I ( (X)  has a l imi t  i f  for  every f€  I ( [XJ,  w( f )  def ined by (3)  is  an e lement

of Gu. Then one easily sees that the assignement:

f n^r w(f)

def ines a valuat ion w on I( tXl

valuation rv is an extension of v to

( * i ) ig1 .  \ \e  wr i te :  w  =  supwi .
I

which may be canonica l ly  extended to I ( (X) .  Tf r is

I ( (X) ,  and wi l l  be eal led the l imi t  o f  t l re  g iven systern

Lbt  I (  be a lgebra ica l ly  c losed and le t  ( * i ) i -1be an ordered system of  r . t .  ex-

tensions of v to I((X). For every i6I <lenote Uy (a.,, f , ,) a pair of definit ion.of w,. Then ae-

cord ing to  Proposi t ion 1.1 t l rc  set  t  [ ; l ;  i ,  
"  

*uu o l r ier ing subset  o f  Gu.  Moreover .  i f  for

every i , j6 l ,  i  (  j ,  wr .wel l  dominates w; ,  t l ien (a; ) ,  is  a  pseudo-convergent .seguence on I (
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(see [10, p.391).  General ly,  (a;) ;  eontains a subset whieh is a pseudo-eonvergent se-

quenee. However, we do not deal with this situation, sinee in our further eonsideration

all dominate valuations wil l be well dominate. One has the following result:

system

K(X).

PR0POSITI0N 2.1. Let K be algebraieally elosed atrd let (*i)i*1 be an ordered

of r.t. extensions of v to I((x), The following statements-are equivalent.

1) Tne ordered system (w1)1 has a l imit w which is an nL extension of v to

exists an element a€K such

pseudo-convergent in I( if it has

2) There

seguence (a i / i  ls

defined in Gu.

Proof. 1)::ry2) Let

that w ) w1 for all i. Henee,

that v(a - a1)2f,1 for alt

a pseudo-iinrit in I(). Also

definition of w. According to (3) one sees

one has:

a be sueh that v(a - ai)
(

and d . Then it  is plain

Proposition 2"1) is valid"

i€r. (a
f

supf t ts
I

( u , f , ) b e a p a i r

bv Proposition

OI

1 1
L I

f r
t 4 )  \ f t i  a n d  v ( a 1  - u ) ) f i ,  i r - r .

Therefore, aecording to (4) it follows that:

( r
d = n,(X - a) = sup \\, i(X _ a) = sup (inf( b1,v(a _ a1))

t l

{Also by (a) it follows that a is a pseudo-limit of (ai)i.

f r /
'  i l - ) )  Let  (a,b) be sueh that I  = sup5. ano tet

1 t
for all i€ I. Let rv be a valuation on K(Xi defined bv inf. v, a

w = Sup wi.
I

Tlre foi lowing result (somewhat complementary 16

= s f e s i .

26i
that

PROPOSITIOII 2.2. Let It be algebraieally elosed and let {w;), be an ordered

slstem of r.t. extensions of v to I((X). The follolving statements are equivalent:

l).The ordered system (wi), has a iimit w which is not a r.t. extension of v to

X(X).

?) For every a d I( there exis ts  i€ I  sueh that
f

w t (X  -  a )  <b  1 .
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Proof. 1):irz) Let w = t:tpwi. Sinee by the hypothesis w is not an r.t. extension
I

of v to I ( (X),  then aecording to [2,  Proposi t ion 1.1] ,  the set  (see (2)) :

n / r  (  r ( x -b ) l  bex ]6c , "" ' * = t * .  J -  
j w

is  unbounded in Gw or i t  is  bounded but does not contain i ts upper bound. Let a( I ( .  In

both eases there exists bd I(  sueh that w(X -  a)  < w(x -  b) .  But w(X -  b)  = sup w,(X: b)

and so there exists i€I  such that w(X -  a)  (  w,(X -  b)S$i .  As w(X -  a)  = rr 'o*, , "  -  
" r ,

we have w i (X  -  a )  (  w(X -  a )  (  w ; (X  -  b )5  51r  as  e ta imed.

2')€7 1) Let a6l(, Then since wi(X - ul < 5i for a suitable j, i t results that

sup wi(X - a) = wi(X - a). Since I( is algebraieally closed, it follows that for every
l -

f  6 l ( [X] ,  sup wi ( f )  ex is ts  and is  in  Gu,  and so tv  = sgpw, is  def ined.  Norv we must  prove
r i

that  w is  not  an r . t .  extens ion of  v .  Indeed,  le t  us € lssume that  w is  an r . t .  extens ion of  v

and  l e t  ( r , f , )  be  a  pa i r  o f  de f i n i t i on  o f  w .  Then  by ' t he  hypo thes i s  the re  ex i s t s  j € l  such

that  r$X -  a)  (  5 i .  R.oord ing to  (3) ,  i t  fo l tows that  w(X -  g)  < d3.  A lso by (3)  one has
cthat  w 2 wi  for  a l l  ie l  In part icular;  ohe has w3(X -  a i )  = )11 w(X -  a5) =

= w ( X - a + a - a i ) = i n f ( w ( X - a ) , v ( a - a 3 ) ) ( w ( X - a ) , B c o n t r a d i e t i o n .  I - l e n e e w i s n o t a n

r. t .  extension of  v,  as elaimed.

. THEORIIII 2.3. Let I{ be a (not necessarily algebraically closed) field, and let

( iFi) i6,  be an orderecl  system of r . t .  extensions of  V to i i lXl .  For every i€ l  denote by
, c(a i '  b;)  a f ixed minimal pair  of  def in i t ion of  q wi th respeet to I { .  Denote by w; the

restriction of i l i  to I((X) and by v, the restriction of i l to I((a;), i€1. Then

a) For al l  i , j€1,  i  (  j  one has wi (  wj ,  i .e.  (vr i )1€l  is  an orderecl  system of r . t .

extensions of  v to l<(X).

b )  For  a l . l  i , j €1 ,  i (  j ,  one  hasku.Gku.  and Gv.g  G\ , . .
I J I J

e)Assume i l ra t f f=  sup{  andf i i sno t  an  r . t .  ex tens ion  o f  T toEtX l .  Le t  w be

the restriction of fr to X(X). Then w = sup w1. l\4oreover one has:
I

k* = V k., .  and G* = l lc
r v i w i w i
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Proof' a) Let us denote by f, ffre monie minimal polynomial of a; relative to I{,

and let  h,  = r tacr: s r r v r v ! r r i  F o e g f 1  = [ l ( ( a i )  ; I ( J , i € 1 , S i n c e G a E , i t f o l l o u , s t h a t w ; a * 3 * L " r e a s i ( j .

I {e note that in faet w, (  wr. Indeed, i f  w1 = rr, ,  then sirree tni ,  [ ; )  is a minimal pair of wi
by [3, Theorem 2,2J t t  fol ]ows that 6 i  = f , j ,  eontrary to the assumption ir ;  < G, i .e.
( ( u , - r J '-b  

icbr .  (a  shor t  eomputat ion shows that  wr( f ; )  (  w. ( f , ) ,  i f  i  ( j . )
,  J  - - ' l ' - J '  " J ' ^ J

Sinee (a i ,5 ; l  i ,  a  min imat  pa i r  o f  de f in i t ion  o f  w; ,  i6  I ,  by  p ropos i t ion  1"1  we

have:

'  
( 5 )  n i j  n j ,  v ( a ;  -  a ; ) 2 f  i , .  i f  i <  j ,  i , j € 1 .

Therefore (rv;);6, is really an ordered system of r.t. extensions of v to

b) Let cgl<(a1).  Then e = f (a1),  where f (X)et{ tx l  and n -

(4, , [ , )  i ,  u minimal pair  of  def in i t ion of  wi ,  then for every root
o t f
v(ai  -  b)  < di .  Thus by ($) i t  fo l lou's:

(6) T(f(ai)) = v/f(a3)) = i(f(ai)) = ril(f(a;)) = v1(e).

i<(x).

d e g f  ( n ; .  S i n e e

b of f  one has

Now let  us assume that vr(c)  = 0.  Then vr(c)  = 0 and e*,  the image of  e

coineides with the inrage of  e into ku. .  Indeed, let  b1, . . . ,bp be al l  roots of  f (X) in

any t ,  1 S t  Sn, let  da€ t(  be sueh tnrt ,J

i ,

v ( a i  -  b 1 ) = i ( a j  -  u 1 )  = T l o , )  1 (  t  (  n .

Then one hasT((a; - bt)/dt) =T((ai - b,)/0.) = 0 and so

s(ffift -,) =o(H -,)=r(#\ ), o
l lence

((a, - \)/d1)* 
= tia, * b1)ld1)t ,

By thesre equelities it follows that:

f(ar;s f(ar)

ff=hr"5.
(a i  -  b r ) /d r

J  -  "  \ x
(a; - u1)/d1 /

((aj - u.)/cr)* 
_

((a, - bt)/dt)*

i .e . ,  f (a , )n = f (a . )*F k  as e la imed.. r J u j

i n k ,
v i

ii. r'or

1 ( t ( n .

l1=fi
t=1

n= (T1
t=1

1 ,
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The inelusion G..  CG..  fo l lows easi lv by (6).
v i *  u i

e) Since fi = suO{, thln it is easy to see that
I

that n' is not an r.t. extension of v.

w = srf'p w;. [4oreover,
I

is clear

For that ,  let

f  in E. Since

5 t l n ,  B n d  s o

f (x ) *  =  f (a1)* ,

i t

Now we shai l  prove that ku.Gt."  and Gu.cG* for a[  i€r .

f (x)6r( [X]  be sueh that n = deg f  (  n1,  and let  b1, , . . ,bn be al l  roots of
' C f(a i r  b ; )  i s  a  min ima l  pa i r  o f  de f in i t ion  o f  rn , i ,  one  has  T(u i  -  b1)  < [ ; ,  1

i i l ( x  - .b t )  = i r (x  -  a i  +  a i  -  b1)  =T(a1 -  b t ) ,  1J  t  j  n .But  then rve  have:

(?) -wfrtXll  
=W(f(X)) = i l(f(ai) .

l f  T l f (a1))  = vg(f(ai))  = 0,  then w(f(x))  = 0 ancl  as above one obtains that

i .e.  ku.4.k*.  Relat ion (?) impl ies that  Gu; lG*.  I - lence one l ras

(8)  
Vku,€k*  and gcu.  €Gw

' l  I  i  I

For prot , ing that these inelusions are in fact  equal i t ies,  let  r (X) = f (x)Zgtx)€K(x).  Let

b1,. . . ,bn and e1,. . . ,e,n be al l  roots (not neeessani ly dist inet)  of  f ,  respeet ively of  g,  in i i .

Sinee i l i is  not  an r . t .  extension of  7 to F(X),  then by Proposi t ion 2.2,2) there exists an

i6  l  sueh tha t :

t j n

s 5  m

- l ^  . r  rv ( a i  -  b 1 ) =  w ( a ;  -  X +  X  -  b 1 ) = t r ( X  - b t ) ,  1  (  t (  n ,  a n c J
_ \es),  1 (  s S m. Therefore we have: T(f(a1)) = w(f(X)),

(10) V(r(a1))  = v i ( r (a i ) )  = w(r(X)) .

Now i f  w(r)  = 0,  then by (9),  v i ( r (a1))  = 0 and as above we ean easi ly prove that

= (r(x))*,  i .e. '

r(x)*6 t<u.
I

Therefore by (8),  (10) arrd (11) i t  fo l lows that:

( 1 2 )  U  k , , = , .  t t
I6 i  v i  -  Kw '  

| * t "u ,  
=  Cw ,

. r v ( X - b 1 ) < 5 ;  1 S
(e)
.- '  1!(x - .r l  < 6i 1 <

According td' (9) one has:

analogously V(a, - cr) = ii(X -

fig'(at)) = w(g(X)), ancl so:

(r(a,))o

( r  r )
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as e la imed.

3. TYPES OF'VALUATXONS OF K(X)

It is natural to ask for the description of all varuations on I((X). In this work

we try to give an answer to th is quest ion.  In th is sect ion we deser ibe al l  types of

valuat ions on I{(X).

A) Valuat ions on I{(X) whi .eh.are t r iv ia l  on I ( .  These valuat ions are wel l 'knolvn

(see [ t0J):  they are def ined by the i r reducib]e polynomials of .KlXj  and also bv the

valuation at "infinity", defined by 1/X. All these are of ranl< one and discre,", fn".ru

valuat ions play a promirrent part  in algebraic theory of  funct ions of  one var iable and

elsewhere.

B) Valuat ions on K(X)  whieh extend va luat ions

on I{ lrave dist inet extensions to I((X) rrye deal only \^,115

v on I(. i{e classify these extensions as fol lows:

(RT) l tesidual transeendent extensions w of v to

condi t ion:

on I ( .  S ince d is t inct  va luat ions

extensions of  a  f ixed va luat ion

K(X) .  There are def ined by the

. 
deg tr(kw/kv) = t .

R, t .  extens ions of  v  to  l ( (X)  had been deser ibed in  [2 ,  Theorem 2.1] .  Aceord ins to  th is

t 'urr l t ,  to deseribe an r.t .  extension n, of v to I((X) lve have to knolt,  on utg"U.u," .r"rr*

T of  I ( ,  an extension V of  v  to  R,  and a min imal  pa i r  o f  cef in i t ion of  l r , .  NoR,,  a  min imal

pai r  o f  c le f in i t ion (u,  [ )  o f  w is  in  fact  a  min imal  pa i r  o f  def in i t ion of  a  eommon

extension *  
" j  

*  and 3 to  F(x) .  Fur therrnore,  one hasf i=  r r (u , f ,y ,  i .e .  i l . is  def inecr  bv
F

inf, I  a a'nd \ .  Finally, to knol al l  r. t .  extensions of v to I<(X), we lrave to know all
C ' .  *  )

pai rs  (a ,b le i?  *  Gg suct r  that  (a ,61 i ,  a  min imal  pa i r  o f  def in i t ion of  w14, f , ;  w i th
respect to K. This question is discussed in t3l .  Although a eomplete solut iorr is not given

in [3 j ,  the answer is givelr  in some inrportant eases.

the eondii ion:
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i

v tv  i *  an a lgebra ie extension.. l w t r \ \ t ' *  - . ,  q r v  v A L e l r o r v t l .

Furthermorer  r .a . -extensions are d iv ic ied in to t r ryo d is t inct  c lasses accord ing to

the nature of f lre r iait ,eO group G,., relative to G-.:w  
-  - - - - " -  - t -  - v

(RAT) Resic lual  a lgebraie of  tors ion (r .a. t )  extensions w of  v to K(X).  These are

def ined bv the condi t ion that the quot ient  group:

G. . . i c - .w/  "v

is  a tors ion group ( i .e .  every e lement . is  o f  f in i te  order) .  I t

r .a . t .  gxtens ion of  v  to  K(X)  i f  and only  i f  GvCC,r(G7.

(RAF) Residual  a lgebra ie extension w of  v  to  K(X)  l th ie l r  are not  o f  tors ion

(r 'a ' f ) '  These are def inecJ by condi t ion that  the quot ient  group G"/Gu is  not ,  tor r ion

groupi .  Later ,  (see 
$a)  we shal l  see that  crn, /Gu is  in  faet  a  f ree abel ian group;  more

prec ise ly ,  i t  is  isomorphic  to  Z,  the ac id i t ive group of  in tegra l  numbers

4:  ITESIDUAL ALGEBRAIC EXTENSIONS. THE CASE K TS

ALGEBRAICALLY CLOSED

Let  I (  be an a lgebra ica l ly  c losed f ie td,  v  a va luat ion on K,  and w an r .a .

extension of  v  to  I ( (X) .

1 ' 'F i rs t ,  vve eonsider  the ease lvhen w is  an res idual  a lgebra ic  tors ion extension

of  v  to  I ( (X) .  Aeeord ing to  the above def in i t ion th is  means that  k* /ku is  an a lgebra ie
. 

extensiott,  and G*/Cu is a torsion group. Now since I( is algebraical ly closed then ku is

a lso a lgcbrn ieal lv  c losed ancl  so kr  = ku.  Nloreoven,  Cu = G* s ince Gu is  a d iv is ib le

group.  But  then,  accold ing to  [ ]6 ,  Ch.  I I l ,  ( l ( (X) , r ,v)  is  an immediate extension of  ( I ( ,v) .

Let  us consider  the.set  I \4*  def ineC in  (1) .  S ince w is  not  an r . t .  exterrs ion of  v ,  then

aeeor .d ing ' to  [2 ,  Proposi t ion 1.1]  i t  fo l lon 's  that  i \1*  has not  an upper  bound,  or  i t  does

not  conta in i ts  upper .bound.  Fur thermore,  s inee I \ { ro ,  is  a  to ta l ly  ordered set ,  then

accord ing to  [4 ,  
!  

Z,  Exerc ise 4]  i t  fo l lows that  i t  conta ins a cof ina l  wel l  ordered subset
, C ;

t  d i l  ta t .  S ince  I \4*  does  no t  con ta in  an  upper  bound,  then I  has  no t  a  las t  c lenren t .  For

every  i6 l ,  u 'e  choose an  e le rnent  a i€K such tha t r

i s  p la i r r  to  see that  w is  an



(13) w(x -  a ')  =f , ; ,

Consider w. =
( I

v ,  a ,  and  | , .

i € l  .

*{ui ,5;

- "  1 1

;, 
i.e. r,rrl is the r.t. extension of v to I{(X) defined by inf,

extensions of  v

THEOREM 4.1.  With above notat ion one has:

a) w, (  n ' ,  i f  i  (  j ,  i .e.  
[* ,J ,a l  is  an orc]erecl  system_ of  r , t .

K(X). I\{oreover, for bvery i < j, wj well dominates wi.

. b) *i S tt for alt i6I and * = 
i lt 

r, .

Proof- a) Let i ( j. I\ 'e shalr prove that'for every b€,K one has:.

(14) n ' ; (X -  b) l  h, j (x _ b)

F i rs t ,  we n .o te  tha t ,  aceord ing  to (13)  and the  inequa l i t y  f ,  a [5 ,  one has :

( f S )  u ( a ;  a ; )  =  v r , ( a ;  -  a ; ) =  w ( a ;  -  X +  X  -  a i )  =  w ( a ;  -  
" ,  

= 5 , .

But then, for  every bdl( ,  one l ras:

w;(X -  b)  = inf  (  [ ; ,  r , (a;  -  U))
(

wr(X - b) = inf ( d5, v(a, - b)) .

A c c o r d i n g  t o  ( 1 S )  h , e  h a v e  t h r  a  ^  L \  \  
(

t t :  v(a,  *  b)  = v(ar.-  a i  + a;  -  b)  > inf(b i , \ , (e i  -  u))  =
= w,(X * b). F]enee:

, ( ?
wr(X -  b)  =  in f (b ; ,v(a;  -  b) ) )  in f (b1,v(a1 -  u) )  =  w;(X _ b) '

i .e.,  n, < wi.  In palt icular:

C (
*j(X - a;) = bj > inf( bi,  \ ,(ai - a3)) = w;(X - ar.)

and so one lras w; ( wi. I \4oreover, by (ts) i t  fol lows that w3 well dolninates wi.

b )  L e t  b € r { .  T h e n  o n e  h a s :  r 1 , ( x - b ) =  r v ( X - a i * a i - b ) )  i n f  ( w ( X  -  a 1 ) , v ( a i  *  u ) )  =f
' =  i n f  (by ,v (a i  -  u ) )  =  w i (X  -  b ) .  I l ence  1 {1 (w  fo r  a l l  i € I .  I n  p rov ing  tha t  w=  s l , pw ;  i t  i s

enough to slrow that for everv b€ I( one has . 
I

(16)  w(X -  b)  = sup w,(x  -  h)
i c

Indeed,  s inee w(x -  b)€ j \4w,  then.  there ex is ts  i€ I  such that  w(X -  b)  <oi .  I rence
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w ( X - b ) = w ( X- ui* a; -  b) > inf (5;,u{"1 - u)),  and so w(X - b) = v(ai -  b) <t i .  Thus
w1(X - b) = v(ai - b). If j ) i, then

l t z )  
w i (X  -  b )=  w i (X  -  b )=v (a ;  -  b )=  w(X  _  b ) .

This shows that  (16)  is  va i id  and so w = supwl .

REMARK 4'2'L' Aeeording to (1s), i t  folrows that 
la,!. ir i  is a pseudo-

-eonvergent sequenee (see [t1, crr. I IJ). By (13), i t  fol lows that X is a pseudo-l imit of
t  ̂ 7

f "i! i 'er in I((x). Moreover, sinee X is transcendental over K, then 
l_",J,61 is a

transeendental pseudo-seguenee. Aceording to (iZ) it follows that for every f(X)€K[X],
one has:

w(f(X), = ,,ro w;(f(X)) = ,f o v(f(a;))

These remarks permit to reobtain (using our eonsiderations) the elassieal results of
ostrowski (see [g, Teil III] and to give a new proof of [10, ch. II, Lemma 11].

2' we consider notv the (r.a.f.)-extensions w of to I{(X). Thus the quotient
group G*/Gu contains at ieast a free element (i.e. an element T ,r"n tnat n3l O tor
all n €2, n# 0). Henee in the group G* there exists at least an element 5 sueh that
ztnGu = 0 ' I t  is  e lear that  we may assume that therej  exists a K such that:

5  = * r ( x - a ) .

We assert that:

( 1 8 )  G w =  G v + Z t .

Indeed, assume that there exists S,gG* sueh that $;q"u * ,  .  Let  rCK(X) be sueh
that w(r)= f,, ' . Writu r= f/g,f,g6KlXl, and f = 

{(X 
- ai), B= ryi" 

_ bi), one sees that
5' = *(r) = v(a) - v(b) +Ew(x - ai) - Ew(x - o,).tsinee ;,;"" 

j 
; , ,n"n foq at reast

o n e  i  o r  o n e  i r  w e  n u i u  * r x  
j q l { c u *  

, t  : ; ( x - b j ) 4 c u * z  .  s u p p o s e  t h a t
C
dt  = * (x  -  a1){Gu+ z Then v(a -  a t )  =  w(a -  X + X -  a l )  =  in f  ( f  ,5r ) ,  a
eontradietion. Henee the equaii ty (tA) is val id.

Finally, the valuation w ean be easily deseribed. Let f(x)cKtxr. write:

f(X) = ao + a1(X - a) + .. .  + an(X - a)n .
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Then aeeording.to ( i0) ,  we have that:

(1e) u,(f(X)) = i.nf (u(ui) * i  5l
t -

TI{EORER4 4.3. Let w be an (r.t.f.)_extension of v to
f . /-  

pa i r (a ,J )dK  x  G*  such  tha t  w (X  -  a )=1 .  n+o i "ouer  G*=  c1
(1e).

K(X).

r Z S
Then there exists a

ancl w is defined by

Conversely, let G be an

[ *G  be  such  tha t  z t6cu  =  o .

equal i ty (19). Then w is an (r.a.f .)

k* = l.u.

which conta ins Cv ss a subgroup,  and

let rv : I{(X)--IC be defined by the

to K(X) .  i \4oreover ,  G* = Gv + 25,  anO

f--w  BS tn  the  abo r re

def in i t ion has r ry?

.  Let  u '  be a (r .a. f . )  extenr^ion of  v to K(X).  A pair  (a,

theorem is also cal led a pair  of  c lef in i t ion of  lv .  I io*,  ,u,- , r /

One has the fol lowing resul t

t tro'pa irs

(20 )

Proof. indeed, we have that: w(X - ai) = S1, *(X

infer:  \^ , (x -  a2) = w(X.-  a1 .F a1 -  a2) = i r r f  (51,u{r1
^ ( ' r

t  -  ai l  )  bZ. By svmmetry, i t  fol loi ,r ,s that I  f  I  &z

ordered group

Le t  a6 I (  and

extension of v

The' f i rs t  par t  o f  the theorem resul ts  by the above eonsic lerat io l rs .  The proof  o f

the lasf  par t  is  obv ious.

5 , *n *
pairs of

REn{AnK 4"4 .Le t  w be  a  r .a . f .  ex tens ion  o f  v  to  I ( (X)  and { r r , f , r ) ,  (a2 ,  f , r l  O.

w e

v(a

6t

of  def in i t ion of  n , .  Then

$ r = f ,  a n d  v ( a 1  - o 2 ) 2 5 1

= 52 
"no 

v(a1 - uz)2 5r, as claimed.

(
-  a2 )  =  do .  Aeeord ins

- a2)) = 8r. I ,rence 5
C

and  r , (a1  -  a2 )  )01 .

to  ( l  9 ) ,

11s2 ,
Final ly ,

By the above considerat ions one sees that  r .a . f .  extens ions of  v  to  K(X)  are
cs imi lar  to  r . t . -extens ions. ' l 'hev are def inec l  by in f ,  v  and a su i tab le pai r  (a , ) lgn *  Grn, .

Moreover ,  (20)  shows that  t l re  re la t ion between var ious pai rs  of  def in i t ion of  an r .a . f .

va luat ion is  the sa lne as the re la t ion between var ious pai rs  of  def  in i t ion of  an
i

r ' t ' -extension (see t1l) .  The only (but essent ia l )  d i f ference is relat ive to the nature of



- 1 4

f c c
d. For r. t .-extensions, )ecu = eGv whi le for r .a.f .  extensions J belongs to Bn
ordered group G which st l ic i ly  eontains Gu and $* Or.

B. We def ine nov\r  a fami ly of  r .a. f .  extensions of  v to K(X),  namely those
extensions w whose ranl< (see Is,  ctr .  VI ]  or  [10,  ch.  I ] )  is  d i f ferent f rom the rank of  v (of

-  *  *  course, v\ ,e assume f l rat  the rank of  v is f  in i te) .  ,  .
Let  us consider the group G = 9v x Z orclered lexieographicai ly.  Then one has

rg(G)  =  rg (Gu)  +  1 '  Le t  6=  (0 ,1 )€ ,G,  and a€ I { .  Denote  by  w the  va lua t ion  on  I { (x )
de f ined by  in f '  v '  a  and 5  (see ( t9 ) ) .  s ince  54au, ther  w is  an  r .a . f ,  ex tens ion  o f  v .

f  enote by w1 the r . t . -extension of  v to K(X) def ined by the pair  (a,0)Cl< x Gu ( i .e. .  w1
is dcf ined by inf ,  v,  a and 0).  I t  is  easy to see that O-.rn G' " t ' L  vv r ,CUr t r lU I . l ,  =  

" ,  
Gwl  =  Gu.  Le t  I \ l *

and [1* ,  b"  the maxima]  ideal  o f  o1r ,  nno o*r ,  respect ivuty .  rnun o, . ,u* , . , r ,  I \4w4,R, lw
and ouu,  t t  the r ing of  quot ients  of  o*  re la t ive to  the eomplement  of  I \1*

" 1
Conversely ,  le t  a  be an e lement  of  I (  and le t  w,  be the r . t . -extens ion of  v  to

I ( (X)  def ined by the.  pa i r  (a ,O)€ l (  *  Gu.  Let  o*  i l re  varue r i 'g  o f  w1 and I \ { * ,  t i re
maximal  ideal  o f  o  '  Denote t  =  (X -  a)* ;  then t  is  t ranscenclenta l  over  k- .  andw l  

.  ,  . L ,  r E r  r  L  r r  L r  r l i l b u e n u e l l l a l  o v e r  k u

' ' * r ,  -  l<v( t ) ,  i .e .  ' . * ,  is  the f ie lc l  o f  ra t ional  funet ions of  t  over  ku.  Denote v  the
valuat ion on kr , ( t )  ( t r iv ia l  on lcu) 'c ie f ined bv the i r reducib le  polynomia l  t .  one has
ku '  :  kv ,  Gur  = Z.  Let  *p:  O*. - - - *  k( t )  be the canol ica l  homolnopp5ism. Denotc
^ - r l n ' 1or, = 

9'{ou,) M,, = 
f l {ntr, ,) .Then one has I \ , l rrCRtwCowao*r. I t  is easy to see i l rat

o* i t  in fact the value r ing of the valuat ion n'orr I i (X) def inuo uy the pair (r ,5),  where
= (0,1)d Gu *Z (ordei 'ed lex ieographica l ly) .  

I

5. TFIE r.a.-EXTEI{SIONS. TI{E GtrhrfjRAL CASE

Now let I( be a (not neeessari ly 'algebraieall5r closed f ielcl) and v a vaiuation orr
l ( .  I \ ,e  consider  the r .a .  extens ions w of  v  to  I ( (X) .  As usual  we denote bV f  a  f ixed

algebraic closrtre of I( and by ?a f ixed extension of v' to I{.  Let ff  be a f ixecl conrlnon

extension of v and iv to i i(X).

1 '  F i rs t r  we assume that  lv  is  a  r .a . t . -extens ion of  v .  Then i t  is  easy to  see thot
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$t!u also a r ,a, t , -extension of  v,  consider the set I \46 def ined in ( t ) .  As in $ 4,  1. ,  tet
I  , C t  )

t  
d i l  ieI  be a gof inaf  wel l  ordered subset.of  l \4*,  s ince by the hypothesis w is not a

t ' t ' -€xtension'  t l ten I  has not a least  e lement.  For every i4! l  we c5oose an clement
e id f  such tha t

- - 
Qr) fr ' '(x = ui) = fi and [i((ai) : I{] is the smailest por.ibr. onu

F( th is nreans thet  i f  T (x 'b)  =b;  then [ r (u)  ,  r ( ]  > [ r ( (a i )  :  K]) .  Denote uv E the r . t .
extension of V tp iT(x) cerined by the pair tu;,I i).  By (21) ir fouon,s trrat (aj$,) ,,  u
mintmal pair  9f  def in i t ion of  Fi  re lat ive to I { .  According to Theorem 4.1 we infer that :

T q < r ,  i f  i < j
0 2 ) ' r

{ <W for si1 r6t endF ! q

I{  F SUD \\ ' ;  .
i -  |

Fpt el l  i$ l  derrote by wi  the restr ict ion of  E to I { (X),  and by v j  ure restr iet ion
ef  Y te  l t (a i ) '  ! t  i s  eqsy  to  see tha t  (a ; ,5 ,1  t ,  in  fac t  a  min imat  pa i r  o f  de f in i t ion  o f  w; .
s inse (nui) !e1 is an grdered e-y$tem sf  r , ! ,=gxtensions of  v to I { (X) and! i l= sup{,  then,

Iagcotdi t rg to Theorem f , ,1,  one hgs the fol lora, i 'g resul t :

THEQf iE I I  E , l , I re t  w  be  B r ,B , t ,  ex tens ion  o f  v

nstat iOn, i te l ravg that: :
t

1 )  ! \ r .  c  r ^ r .  t ,  s  t t  ^ - r  .= ,  " i  \  w5 ,  ky .C l<y .  and  Gu ,CGu.  $ ,he reas  i  (  j .

?) (rvr),t1 iu Jn n.jeruo systtem ol ,, t .-e*tensions of
Mereever, vrie have

k r u ' 9 k v . i  
" * l Y . u ,

efOItOtIrAIiY S"Z, If w is a r.d,t. extension of v

to I((X). ' l 'hen n' i th above

v to  K(X)  and w = sup wi .
l '

to K(X) then:

a) !c*,lko is an algebraie extension eountabl5, generated (i.e. k* is obtained by
edjoinlnr to kv at msut eountably msr)y alg.ebraie elements).

b) The gi'oup Gw/Gv is cqup1ri5i..

llhe pr.oof rerrults by T.lieonem S,1 since
:

$et$.
{"'t",\ ,  and (Gy.) ;  ane total ly ordered
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2. Nou'  we eonsider the r .a. f .  extensions of  v to I ( (X).

Let w be a r .a. f .  extension of  v to I { (X).  Denote by Wa eommon extension of  w

ancl  f , to F(x).  I t  is  easi  to see t l rat  f f is  a lso a r ,a"f .  extension ofr  to Kxl .  AccordinE

to Theorenr 4.3,  f f  is  ctef ined by a pair  of  def in i t ion (a,51, ,u* shal l  say that (a,5) , ,  n

i< if IK(a) : I( l is smallest possible one.
e

Flenee i f  tK(b) :  i ( l  < [ l ( (a)  :  I ( ] ,  then according to Renrark 4.4 one has: v(b -  
")  

< [ .

r .a. f .  extension of  v to K(X) and (r ,5 )  a minirnal

Denote by f  the minimal monic pol5inomial  of  a

then g = So * g"1f  + . . .  + gnfn,  where deg'gi  (  degf,

w(g')  = i l f  (u(gi(a))  + i t )  .
I

l \ ' lo reover . i f  v ,  is  the rest ie t in  of  v  to  I ( (a)  then

t t ru  = ku-  anc l  Cru = Gv €Zt' 1  ' r  v l  -

Pt 'oof .  L ,  ^ r r  -^^+. .  ̂ r  r ' : -  ?3t B = 41,... ,a* be al l  roots of f in?. rr,un,t= w(f(x)l =;(frfx - a;)) =
= 

Tfr* 
- ui). I . lut aeeorci ing to (tt) we nave: w(X - 

"r) 
=51r w(X - 

",) 
initt{,ut" - u,) l

i  =  1 , . . . ,m .  Th i s  means  tha t  S {Gu  and  so  Z {  A  Gu  =  0 .  , f he  p roo f  f o l l o l vs  non  i n  a

canonica l  manner .

6. EXLSTENCE OF EXTEI\TSIONS OF. V TO Ii(>I) I{ITII A CTVEN RESIDTJE

FTELD.

TI{EOREftI S"J. Let w be a

pair  of  def in i t ion of  w relat ive to I { .

over  K  and te tS= w( f ) .  I f  g€ 'X [X] ,

0 < i < n . O n e h a s :

1.  Lct  us assume that ( l { ,v)  is  sueh that k
V

Corollary .5.2 it foliows that if w is a r.a.t. extension

extenlion countably generated. There exists a sonrewhat

is not algebraically closed.

of v to Ii(X) then k*/ku is

convefse resuit:

B y

an

TI-IEOREtr, l  6.1" Let l</ l<". be an inf inite
V

generated. Tlren tlrere exists a r.a.t. extension w

IVloreover w ertn be choosen such that G* = Gu.

, _

alg 'ebra ic  extension eountably

of v to I((X) such that kwgk.
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Proof'  Sinee k7 is in fact an algebraie elosure of l<u we ean assume grat

kuCk€k7

sinee l</l<u is countable generated, there exists a- tower ku6 kt gkze... of

extensions of k such that(Jl<',., = l<. !Ve shali prove that for every natural number n
n "

exists an element b;6f  such that:

1) bn is separable over I( and [I{(bn) : I{] = [l<n : k ].

2)  i f  vn is the restr iet ion of  7to l ( (bn),  then kun = l<n.

3)  I ( (bn)d t ( (bpa1) ,  n )  1 .

The proof resul ts by induet ion over n.  Indeed, accorcl ing to [J,  Lemma 4.2]

there ex is ts  bt 'sueh that  1)  anc i  2)  are ver i f ied.  Let  us t lssume that  n  )  1  anc j  b1, . . . ,b ,1

a re  de f i ned  sueh  tha t  a l l  eond i t i on  1 )  -  3 )  a re  ve r i f i ed .  Aga in  aeeorc l i ng  to  [3 ,  Lemma

4.2)  there ex is ts  Bn e lement  c  e.E sueh that  e .  is  separable over  l i (bn) ,

[ l { ( bn ,e ) :  I { (b ' , ) J  =  [ l <p+ l  :  kn l  and  uun* ,  =kn*1 . ,  where  vn+1  i s  t he  res t r i c t i on  o f  v  t o

K(bn,e). Since X(bn)/ l( and l((bn,c)/ l((bn) are separ&ble extensions, then I((b,., ,c)/K is

separable ancl so l((bn,e) = i((bnr_1), for a suitnble element bp+1 of iL

Fur thernrore,  le t  ( l ( ' ,v ' )  be the I lensel isat ion of  ( l { ,v)  inc luc led in  ( i l , i )  (see [0 ,

p a g .  l S t i ) .  f t r i s  m e a n s  t l r a t  I ( C I ( ' 6 K ,  v r i s  t h e  | e s t r i e t i o n  o f  v  t o  I i , ,  v ' i s  I . l c n s e l i a n  a n d

( l ( ' ,v ' )  is  an inrmediate extension of  ( l ( ,v) ,  i .e .  I<u = kur  and Cu = Cur  (see I t0 ,  Ch.  I I ] ) .

.  IVe asser t  that  [ l ( ' (bn)  :  I ( ' ]  =  [ [ ( ( [n)  :  I ( ] .  Indeed,  one has^ K(bn)d, l ( , (bn)  and

ltu-^$!.u: ,  lvhcre v'n is the restr ict ion of f  to l{,(bn). Sin"u ky = ku, thus }<u = lr 'r  and so' n -  ' I )  - - ' - -  " v  " v ' - " - -  
n  n

aceord ing to  1)  i t  fo l lows that :  IK(bn) :  I { ]  =  [K ' (bn) :  I ( ] ,  as eta imed.  h loreover ,  bv 3)  i t

fol lows that for al l  n one has:

(23) I ( t (bn;41qr(bp+1)

Now, for  every pos i t ive in teger  n we shal l  def ine a pai r x G7 suelr

that :

clenote bV 4., the r.t. extension of 7 to j i(x) , i"f inect by inf, V, an and

s a nr in imal pair  of  c lef in i t ion of  (  re lat ive to I { .

ton,f n)€?

G (  ) I f  w e

f,,",, ,n.n {an, f,n) i



Plopos i t i on  1 .1 ) .

S) x(an) = I{(bn) for an n.
' l 'he c le f in t ion of  thc pai r

o1  =  b l .  S inee  aeco rd ing  to  t )  a ,  i s
f

there  ex is ts  &r€cu such tha t  (a1 ,

to I(.

Let  us assume that  n  )  1  and that  there are def ined a l l .pa i r

sueh that  the eondi t ions c{ )  -  $  r r *  aeeompl ished.  s inee I l< , (b, . , ) :  I { ,1

i t  fo l lon,s  that  K, (an)  = K,(bn)  anc i  so by (23)  rve have

(2 / t )  I ( ' ( b  )  =  r { r / o  \ , . t ( t ( t ^  -  \.  n ,  , { ' ( an )4 ,K ' (bp+1)

Let a 6,K be such that

(25) ,v(a) )  sup ( f ,n, ar(un)) -  v(bn+1)

H'hcre aXan) = sup (v(an - ai.,)/ai.., over all elernents

dist inct to a,. ,) .  Let us cJenote:

a n + 1  = a b p + 1  + a 1 1

obviorrs lv by (zs) one has u(unn1 -  Bn) )  e)(a, . , ) ,  and so accorci ing to Krasner,s Lenrma
(see [6,  pag. 2.2])  i t  resul ts that  I { ' (an) 6r{ ' (ap-r-1).  According to (24) ana the induct ive

hypc-rtlresis S) it roiton,s that I( '(t>,..,1) = Ii '(an+-1) and I{(a,.,+1) = I((bn*1).

i 'et f,p+r $Gq be strcn that
C r
dnnt  )  sup(*n,a) (n, . ,+1))  .

Thus,  l ry  [3 ,  Proposi t ion 3.2] ,  i t  fo l lows that  {an-p1,  $n*1)  is  a  min imal  pa i r  o f  def in t ion

of  q  wi th  respeet  to  I ( r .  I \ {oreou. . ,  , ,n"u. [ l ( ' (an*r ) :  I ( ' ]  -  [ l { (an*1)  .  I (J ,  and anal  is

separable over  both I { '  and I { ,  by [3 ,  Proposi t ion 4.1] , .  i t  fo l lon 's  that  (uno1,  ]p+1)  is  a

min imal  pa i r  o f  def in i t ion of  f fp+1 wi th  respect  to  both I ( rand I ( .  Therefore i t  is  p la in

that  condi f ions o{)  -  h  o.e vcr i f ied by a l l  pa i rs  (a , ,$1) ,  i  =  1, . . . ,n  *  1 .
'  

Finally, let us denote by wn t lre rcstr ict ion of i i i . ,  Uo I((X). nV p) i t  fol lows

-  1 B

F e

P) [,. ,  < $n*r and i lan+l - on))$,n, or equivalently 4., < ,*f (see

n) ir 
done by irrduetion oV€r l . l ;  Let us denote

ble over  I { r ,  by [3 ,  Theorem 3.9]  i t  fo l lows that

a nr in imal  pa i r  o f  def in t ion of  f f1  wi th  respect

' C(8, ' , ,  d

sepBra

(
S 1 )  t s

T -  1r  -  J _ t . . . r t , ,

:  l<l  Uv S)

of  I (  conjugated u ' i th  an over  I (  and

, (u;, $i),

= [ l i (bn)

(26 )
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,

that  wn (  tvn + 1 for  a l l  n  and so {* r }  n  is  an ordered system of  r . t .  extens ions of  v  to
K(X) .  \Ve asser t  that  th is  system has a l imi t .  For  that  we show that  the ordered system
,b(*n)n has a l imi t .  To do i l r is  wc sha[ prove that the condi t ion 2) of  proposi t ion 2.2 is
ver i f ied.  Indeed, let  c€I(  and assume that for  every n one tras ?l ; (x -  e)2$n. 

"n, ,means that TTun -  e)  =Q(a,. ,  *  X + X -  c)  =5n. Aecording to (26) i t  fo l lorvs that

f r"n -  c)  >a](an) i f  n l  z.  I - lence by l { rasnerrs Lemma, i t  fo l lorvs that  K,(an)3[ I ( (c)  for  a i t
n )  2 '  But th is is a eontradict ion s inee the sequenee [1q'(an):  I ( , ]  = [kn:  ku) tends to

inf in i t5r  beeause [k:  kuJ is not f in i te by hypof l resis.  Therefore b] ,  proposi t ion 2.2 i t

resu l ts . tha t  (Fn)n  t tu t  a  t im i t f fn ' l r ieh  is  no t  an  r . t .  ex tens ion  o f  V .  Then,  accord ing  to

Theorem 2 .4 ,  i t  res t t l t s  tha t  w,  the  res t r ie t ion  o f  f r to  K(x ) ,  i s  a  l im i t  o f  C*n ln  anc l

k*,= = 
?l .u-  

= 
VUu 

= l<.  IUoreover,  &eeording to [3,  Lemma 4.2] ,  r , re ean choos" 5 nn n n
such that Gn,n Gu for al l  n.  Then by Theorem 5,1 one has Gh,,= Gu, &s elaimed.

'Now, iet  us consider a f in i te extension k/ l<v (assume also that k. '4 k6,kf l .  The

existenee of  a r .a. t .  extension w of  v to K(X) such that k* = l .  is  provecl  under acldi t ional

assu nrpt iorrs.

-\_

( t{ ,v) (see Is, ch.

extension w of v

Gu  =  G* '

S inee

well ordered se

such that:

VI ,  6  5 l ) .  Assume tha t

to I{(X) such tf lat k*

Proof. Sinee l</l<v is fin'ite aecording
a

a 6 l i  sueh t l ra t  a  is  separable over .  K,  [ l { (a) :

rest r ic t ion of  f ,  to  i { (a) .  n toreover ,  i f  ( l ( ' ,v ' )

( l ( ,O (see [6 ,  pag.  131])  th 'en as above

(2'I) [l{'(a) ; I('] = [K(a) : Ii] = [k : kuJ .

er Ii

{,'i}

there ex

tJ '1

TrIEoREnry 6'2" Let k/ku be a finite e>;tension. Let &,fr nu the compretion of

t r .deg I i lX > 0.  Then lhere exists an r .a. t .

= ft. l \ loreorrerr we ean elroose tv such that

to  [3 ,  I ,enrnna 4.?]  there ex is ts  bn e iement

K] = 11, : kul and t,u., = l<, tr^,,here v, is the
I

i s  the F lensei isat ion of  ( l ( ,v)  inc luded in

ists an elenrent G'6ff transcendental ov

i€I of elenients of Gu and a sSzstem

, then there ex is ts  a

. of e].ements of I(
I
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f

1) b ;  is  a eof inal  subset of  Gu
P

2)  v (a .  -  o . )  =  b ;  rvhereas  i  (  j ,  i , j € I ,' r * J ,

r
3)  v (a ;  -€1  =$ ,  fo t  a i l  i&1"

/ r  \  I n \
Let  a = B\r / , . . . ,&\ r r / ,  be a i l  conjugates of  a  over  I { .

/ r \

D e n o t e 4 ( a )  =  s u p ( v ( a  -  s \ t / ) ,  t  =  2 , . . . , n ) .  A c c o r d i n g  t o  ( 2 8 )  1 )  t h e r e  e x i s t s  i o € l

t
that  ) i  >C,J(a).  By a sui table modif ieat ion of  the set  I ,  we ean assun.re that- o  

. (
ed(a) < $.  fo.  a l l  i  #.

such

(2e)

a . (

Le t  
{  be  the  r . t .  ex tens ion  o f  V to  AX)  c le f i ned  by  i n f , ? ,  a i  *  a  and  d ; .  S ine t :

a l l  conjug, .a tes of  & i  + a re la t ive to  I (  are oby ious ly  u i  *  n( l ) , . . . r r : l1  + o(11 i t  resul ts  that

e0(a.  + a)  = d(a) .  I lence,  accord ing to  (29)  and [3 ,  Proposi t ion 3.2. ] ,  i t  fo i ion,s  that
(

(a ,  +  o ,6 . ,  i s  a  rn in ima l  pa i r  o f  de f i n i t i on  o f  q  re la t i ve  to  I { r .  Now s i i r ce

I i (s)  = I ( (a j  +  a) ,  by (2?)  and [3 ,  Propcs i t ion 4.1] ,  i t  fo l iov ' ,s  that  (a1 *  o ,  f i )  is  a lso a

min inr ,a l  pa i r  o f  def in i t ion of  q  wi th  lespect  to  I ( .

I \ 'e  asser t  that  in  faet  (q  )  i  id  an orderec l  s5rstem of  r . t .  extens ions of  ?  to

i l tX l .  indeed,  one has:  V(a,  *  a  -  (a i  +  a))  = i lo i  -  a i )  = ,b i  i f  i (  j  (see (28) '  2) ) .  S inee

C C
b  i  ab :  whereas  i (  j ,  by  P ropos i t i on  1 .1  i t  f o l l o t r ys  tha tq  <q .

Fur thermofe \ { 'e  asser t  that  the orderec l  system (q )  i6 , l  
hr t  a  l inr i t .  For  that

u 'e  shal l  prove that  the cor id i t ion 2)  o f  Pro i ros i t ion 2.2 is  ver i f ied.  Indeed,  le t  b  €8.

Assume that for anv i gl one has tr i t" - u) 2 [ i .  Then f iu - (a1 + s1; =

?
=i [ , (U *  X + X -  (a ;  + a))  = b, .  Hun. .  the e lemerr t  b  -  a6R is  a lso a l imi t  o f  the Cauch5r

system (" i  )  ig f  ,  or  ec lu iva lent ly  f  is  a lgebra ie over  K,  a  eorr t l 'ad ic t ion.  ' f l ierefore t l re

eoncl i t ion 2)  o f  Proposi t ion 2,2 isvcr i f ied for  a l l  b6 i ,  anc l  so t t r i  ) .  
has a t imi t  f f i

Let  us denote by wi  the rest r ie t ion of  G to K(X)  for  a i l  ig i ,  anc i  ie t  w be the

rest r ic t ion of  f f  to  I ( (X) .  Aeeord ing to  T l reorem 2.3 h,e have that :  w = sup wi  and

kw =LJkr , .  =  k .  As usual  v i  is  the rest r ic t ion of  T to  I { (a ;  + a)  = I ( (a)  = Ki .  E inarry

Gr ,  = , J " ; .  =  Gv ,  s ince  by  the  equa l i t y  [ l ( ( a )  :  I ( ]  =  [ k :  ku )  one  l i as  Gu .  =  Gv ,  and  s ince

A  l  r  
t 1

b; 6Cu one l tas Gu- = Gu = Cv. for  a l l  i .
l l

Z.  I f  w is  an r .a . f .  extens ion of  v  to  I ( (X)  t l ren by Theorem 5.3 i t  fo l lows that
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l<* /ko is  a  f in i te  extension.  Now a someh,hat  converse resul t  is  va l i rJ :

PRoPoSIT:ioI"{ 6"3" Let k/ku be a finite extensiorr. Then there exists an r.a.f.
'extension 

w of  v to I ( (X) sueh that l ,*  = k,

Prcof '  s ince I</kv is f in i te,  aecordirrg to [3r  Lemnra 4.2] ,  there exists an

element B €i i  suclr  that  a is separable over I { ,  [K(a) :  K]  = [k :  kuJ and kv,  = k,  where v

is the rest ict ion of  T to l<(a).  \

'  Let  c = Z *  GV ordered lexieographicai lS,  anO f ,= (1,0)6iG. Let i i l  be the
extension of  f , to iT(x) ouf ined by inf ,  f ,  a and 5,r ,  , ,  e lear that  iF is an r .a. f .  extension

of T to I ( (X) and so \{ '  the restr iet ion of  ! i l  to I { (X),  is  a}so an r .a. f .  extension of  r , .

Furtherrrore s inee 5 t  tdfor al l  $ecu (rve remarl< that  Gu is ident i f ied to o x Gu) then
//

(a , ) )  is  a  min i lna l  pa i r  o f  def in i t ion of  w r r i th  respcet  to  I ( .  Therefore,  accord ing to

Tl tcorcrn 5.3,  v , 'e  h&r ,e:  k . . .  =  k  = k ,  as c la i r r red.w  . v l

?. EXISTENCE OF EXTENSIONS OF V TO Ii(Xi Il'ITtrI GIVEN VA,,UE

GROUP

Let t rs assume that ( l { , r ' )  is  such that cu is not div is ib le.  By corol larr ,5.2 i t

fo l lows that l r  i f  r .a. t .  extension of  v to I ( (X) then the group G /G is eountable.  Tlrerew v

ex is ts  &  somer tha t  eonverse  resu l t :

TI ' IEOREM 7-1"  l ,e t  (K,v)  be a va luec i  f ie lc ] .  tu l  auccgecv-  Gybe such that

G/Cv is  an in f in i te  but  cot rntable group.  Then there ex is ts  a r .a . t .  extens ion of  v  to  I ( (X)

steh tha-t G* = G. I\{oreover one ean ehoose w sueh that k* = ku.

Proof" Since C/Gv is a eountable torsion group, we may define a sequence of

subgroups

c u c G i  C C z {  . . .  G n d . . .  G

such that Gn I Gn+1, Gn/Gy is f jnite for al l  n, ancl that LlCn = 6.
n

Now rve shall  clef ine for al l  posit ive integer n an element an6fr, separable

over I{,  suclr that:
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a) [ l { (an) :  I ( ]  = [Gn :  Gu) =

b) I ( (an)Cr((ap+1)

c )  I f  we  deno te  by  vn  the  l es t r i c t i on  o f  T to  I ( (an )  t hen  Gu*  =  Gn .

The e iement  an wi l l  be def inec l  by induct ion over  n.  tnOleO, aecord ing to  [3 ,

Lemma 4.31,  the ie ex is ts  an e lement  a,  such that  a)  and c)  are ver i f ied.  Let  us assume

that  n  )  1  and that  the e lements 41, . . . ,ap are def ined sueh that  a) ,  b)  and e)  are

sat is f  ied.  Again,  aceord ing to  [3 ,  i ,em ma 4.3] ,  thqre ex is ts  &n e lement  bn*16t

separable over  K(an)  sueh that  I t ( (anXb6+1)  :  I ( [an l  = [cp+1 :  Gpl  and 
"un*r .  

=  Gp+1,

t t ' l rgre vn+1 is  the rest r ic t ion of  v  to  I ( (an,bn+1) .  Nolv ,  s ince bpsl  is  separa[ le  over  I { ( r r , . , )

und 
1n 

is  separable over  I {  by hypotheses,  there ex is ts  an e lement  ap+1dl (  sueh that

I ( (an,bn+1)  = I t (an*1) .  I t  is  c lear  that  the e lements ar , . . . ,&nr&p* l  a fe sueh that  the

eond i t i ons  a ) ,  b ) ,  c )  a re  sa t i s f i ed .

T l te  rest  the proof  is  made in  the same r (ay as the proof  o f  T l reorem 6.1 and i t

i s  l c f  t  t o  t he  reader .

In  the same manner  as i t 'e  have proved Theorem 6.2,  tve ean pfove the

fo l lowing resul t :  ,

T I IEOREh1 ?.2.  Let  ( l ( ,v)  be a va luec l  pa i r  and le t  G be an ordercd group such

14

that 'GuCG and c/Gv is f in i te.  Assurre that  t r .ceg( i i l ( )  > 0,  nhere f iO is the

cornp le t ion  o f  ( l ( , v )  (sce  [4 ,  Ch.  V ,  $SJ) .  f f ,en  there  ex is ts  an  r .a . t .  ex tens ion  lv  o f  v  to

I((X) such t l rat  G*,  = G. i t loreover t r \ re ean ehoose w sueh that k* = l iu.

cnlcu I

Bv Theorem 6.1 and 7.1 one may der ive in  a canonica l  n 'ay the fo l lov, ' ing

result:

'  COITOLLARY ?.3.  Let  ( l ( ,v)  be a va lued pai r .  Assume that  there ex is ts  an

inf in i te  a lgebra ic  extension l< / l<u eountable genenatec l  anc i  an ordc led group G such that

uuCC and G/Gu is  an in f in i te  countable tors ion group.  Then there ex is ts  an r .a . t .

extension-u' o.f v to I{(X) such that k*Cfk and G6HG

rr lso by ' l 'heorems 6.2 and 7.2 i t  fo l lowsl
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cotr?oLLARY ?.4' Let (l(,v)'be a valued pair. Let l</l<u be a finite extension

and let  G be an ordered group such that Gv*G and 6/Cv is f in i te.  Assume that

tr.deg fftxl ) 0 where (Kfl iu the completion of (t{,v) (see [4, ctr. v, $ sf). T'hen there

exists an r .a. t .  extension of  w to I { (X) sueh that k**k and G**G.
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