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JOINT SPNCTRAT ?ROPERTIES

rOR PERMUTABTE 1INEAR TRANSFORHATIONS

by

Er. , , . Ionagcu and 3.-H. Vasi lescu

4..  INTRODUCTION

Let  x  be a conplex Banach space and.  le t  Tr :D(Tr)cx- - -+x ( j= t ,e)

be l inear  t ransfornat ions in  X .Fo l lowing IazTrwe.say that  T1 ,  Tz

are psrxogtabk (or pg-r*lrte) if

Tnlrx = TrTax , x€D(?aT2) n0(T2Tt) . (a.a)
Mul t ip l i ca t ion  (unbounded)  opera tors  by  independent  var iabLes  or

par t ia l  d i f fe ren t ia l  opera tors  w i th  cons tan t  coe f f i c ien ts  on  var ious

func t ion  spaces  prov ide  examples  o f  pernu tab le  t rans format ions ,

.  A  mot iva t ion  to  j -n t roduce a  jo in t  spec t rum fo r  a  permutab le  pa i r

o f  l i n e a r  t r a n s f o r m a t i o n s  i s  g i v e n  i n  [ 1 2 ] . l n  p a r t i c u l a r r i t  i s  s h o w n

that  such a  jo in t  spec tmn can be  used to  charac ter ize  the  comnuta t iv i t y

o f  the  spec t ra l  aeasures  a t tached to  a  pa i r  o f  pernu tab le  se l fad jo in t

, "  opera tors  (  see  Thm.  2 .  5  f  ro rn  [12  ] )  .  '

The a i rn  o f  the  present  paper  i s  to  de f ine  a  jo in t  spec t rum fo r  an

arb i t ra ry  f in i te  fami ly  o f  pernu tab le  parac losed t rans forna t ions  (see

the  de f in i . t ion  be low)  rwh i i i r  i s  d . i f fe ren t  andrperhapsrmore  na tura l  than

the  cor respond. ing  de f in i t ions  f rom [ t "0 ]  o r  t f  l  .The ac tua l  d .e f in i t ion

ex tends  tha t  g iven  by  J .L .Tay lo r  in  the  case o f  comnut ing  l inear

bounded opera tors  [9 ] (another  type  o f  ex tens ion  can be  found in  [14 ] ) .

Unl ike in t lz l rwhere only genuine conplex numbers are used.r the present

J o i n t  s p e c t r u m  i s  a  ( c l o s e o )  s u b s e t  o f  a  C a r t e s i a n  p r o d u c t  o f  c o p i e s

o f  the  R iemann sphere  f  =  0u t - ) .Among o ther  resu l ts rwe prove tha t  the

p r o j e c t i o n  p r o p e r t y  o f  t h e  j o i n t  s p e c t r u m  ( s e e  T h m . J . 2  f r o m  [ 9 ] )

s t i l l  h o l d s
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l n  th is  contex t .As  an  app l ica t ionrwe sha l1  charac ter lze  the

commutat iv i ty of  the strongly cont inuous senigroups of  l inear

opera tors  in  te rms o f  the  jo in t  spec t run  o f  the i r  in f in i tes ina l

genera tors .Some e lements  o f  Fredho lm theory  fo r  permutab le

fa -ml l ies  o f  parac losed t rans format ions  w i l l  a lso  be  nent ioned.

r,et r,at(x) denote the family of all lgtach subsn?cgjr nlJ

o f  x  , i .e .  those l inear  subspaces  z  o f  x  wh ieh  have a  Banach

Bpace s t ruc tu re  o f  the i r  own tha t  makes the  inc lus ion  zcx

c o n t i n u o u s . I f  Z t r ? Z € l a t ( X ) r t h e n  b o t h  Z a *  Z 2  a n d  Z L n Z z

b e l o n g  t o  I ' a t ( X ) . r n  o t h e r  w o r d s ,  I , a t ( x )  i s  a  l a t t i c e , a s  t h e

n o t a t i o n  s u g g e s t s . A  l i n e a r  s u b s p a c e  Z c X  i s  i n  t a t ( X )  i f f  1 t

is the range of  a l inear and cont inuous operator d.ef ined. on a

cer ta in  Banach space.A nember  ZeLat (X)  has  a  un ique ly ,de termined

B a n a c h  s p a e e  t o p o l o g y  a n d , n o r e o v e r ,  r a t (  z ) =  { w e r a t ( x )  ;  w c , z T .

A11 these asser t ionsrwh ich  are  s imp le  consequences  o f  the  c losed.

graph theoreirnrcan be obtained as in Lenma 2.1 f ron [ t1,part  r ] .

I t  was  G.JuL ia  who f i rs t l y  po in ted  ou t  the  impor tanee o f  the

c l a s s  L a t ( x ) r a t  l e a s t . i n  t h e  c a s e  o f  H i l b e r t  s p a c e s  ( s e e  L 2 ]  f o r

a  comple te  l i s t  o f  re fe rences) . f f re  menbers  o f  La t (X)  bear  var ious

na$es ( for  instance,they are cal led paracompre!"  _$!_qge""-  in tG ])

but we prefer the terminology of  l t l } .

Nowr le t  Y  be  another  f i xed  Banach space.A l inear  t rans forma-

t ion  (o r  opera tor )  t :o ( t )cx  - - - - - *y  i s  sa id  to  be  parac l .osed i f

i t s  g r a p h  G ( T )  1 s  a  n e m b e r  o f  l a t ( X > < Y ) .  ( N o t e  t h a t  a  p a r a c l o s : e d

opera tor  i s  ca l led  in  [6 ]  paraconp le te ) ,

Every c losed operator  is  parac losed but  the converse is

t rue . ( rndeed , i f  z€ ra t ( x )  i s  no t  c losed , then  the  inc rus ion

ie  parac losed but  not  c losed.  )

n o t

zc.x
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The fan i ly  o f  aL1 parac losed operators ,def ined on l inear

subspaces of  x  wi th  va lues in  y  o  wi l l  be denoted by S(xry) .

The set  s(x 'x)  wi t l  be br ie f ly  i ies ignated.  uv f l (x )  . r f

TL .Tze9) (x ' y )  , t hen  1L  *  Tz  (de f ined ro f  cou rse ,on  o ( rn  )nn1T2) )

i s  a l so  i n  s (x , y )  .Moreover , i f  Te f r ( x ry )  and  s€s (y ,z )  , t hen

s reO (x ,z )  . r i na l l y ,  i f  Te . f i ( x , y )  i s  i . n jec t i ve ,  t hen  t4e f r ( y , x )

( these asser t ions fo l low as in  Sect ion 2 f roro [a1rpa1tr  I ] ) .

Le t  t eO(Xry )  .  S ince  D(T)  i s  the  p ro  j ec t i on  o f  C (? )  on

the f i rs t  coord inaterwe have D(T)€ Lat (x)  .  rn  par , t icu lar ,  D(r )

has a (uniquely deternined) Banach space topology and the pperator

T :D(T )  - -+y  becomes  con t inuous . rn  pa r t i cu la r r i f  Te f i ( x ry )  and

D ( T ) = x , t h e n  T  i s  b o u n d e d  ( s e e  a l s o  p r o p . z . 1 . 5  f r o m  t 6 l ) . T h i s

s imple remark wi l l  be of ten usedin the sequel .The above d. iscuss ion

a l s o  s h o w s  t h a t  i f  f e O ( X r y )  , t h e n  k e r ( T ) € t a t ( X )  a n d

in(T )e r. ,at (  Y)

The iso la t ion of  the c lass O(xry)  a lso goes back to  G.Ju l j_a

(see  [e ]  o r  [ 6 ] ;  see  a l so  l ! 3 )  ,  h {  ,  t 15 ]  e t c .  f o r  sone  ex tens ions ) .

Let  T€S(xrY)  be b i jec t ive.The above argunents  then ehow

that  T-1 is  bounded. .Therefore in  th is  case T must  be c losed.

For  an arb i t rary  reO(x)  rue denote by -a(T)  the set

o f  t h o s e  z e 9  s u c h  t h a t  t h e  o p e r a t o r  z  -  t :  O ( T )  - - - * X  i s  n o t

b i jec t i ve . l {e  de f j .ne  the  q lsq ! ryq  6- (T)  o f  T  by  the  equa l i t y

o - ( r ) =  5 ( r )  1 f  D ( T )  =  x  a n d  o . ( r ) = o t ( r ) v { * }  i f  o ( r ) l x

T h e  s e t  ( ( f  )  = 6 t - ( r )  i s  t h e  r e s o l v e n t .  s e t  o f  T  . I t  i s  e a s i l y
_ l -

seen  t ha t  9 ( r l '  i s  open  i a  t  . t "  f ac t , i f  S (T )16  , t hen

q ( T )  A E l f l  a i a , a s  n o t i . c e d  a b o v e r i n  t h i s  c a s e  T '  i s  c l o s e d i
t ,

l e t  us  spec i fy  wha ' t  we nean by  commuta t iv i t y  in  the  c lass  O(X) .

Let  Tt ,TZ. f i l .X)  . r , r le  say that  TarTz comnute i f  g( t i ) / i l
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a n d  f o r  s o n e  z r e J ( t r ) n C  ( j  = t , e )  t h e  b o u n d e d  l i n e a r  o p e r a t o r s
. ) r J

(zr-r1)- t  and ( . r -T2)4 conmute.

r t  ie  known (and eas i ry  seen)  that  th is  proper ty  does not

depend  on  the  pa r t i eu la r  cho ice  o f  t he  po in ts  ,L r r z . Jn  o the r

rordsri f  Ttrt2 eonnute, then (rnr-Tr)4 
"na 

(*r-T2)4 commute

f o r  a l l  w , € ( ( r r ) n C  ( j - 7 r 2 ) .
J  J ' J '  ' , - ' -

I f  TLrT2 conmute ,  then TLr I2  permute . Indeedr t f

x eD(rar)n D(r2r1) =D( ( t l - r t )(zr-r)  )  n o1 kz-rr)(zr-ro)) ,
xr l  = Q1-Tl)  (zr- I  

r )x and *z= Qr-T 2) 
(zo-to)x ,  then an obvious

calculat ion wi th inverees shows that *4-=*z

0n the  o ther  hand, i t  i s  we l l  known tha t  even fo r  se l fad jo in t

opera tors  there  are  pennutab le  pa i rs  wh ich  d .o  no t  cornnute  (seer fo r

ins tance,  [B ]  ) .

To def ine a jo int  spectrun for several  permutable l inear

t rans forna t ions ,  the  nos t  appropr ia te  c lass  seems to  be  tha t  o f

parac losed opera tors .One reason is  tha t  th is  c laes  leads  to

ehaln-eonplexes of  Banach spaces and cont inuous Linear

operators for  which a sui table perturbat ion theory is avai lable

(see [ t ] ) .To  ge t  a  be t te r  unders tand lng  o f  the  genera l  caserwe sha l l

f i rst  perform our construct ion in the case of  two operators.

Le t  T  =(T t ,T2)  e - f i$ )z  be  a  peruutab le  pa i r .Le t  *3  =

=D(T1T2) no(r2rr)  , let  *1 =D(r2)@)D(r1) and ler xfr  = x .

For every z = (z^rzr) =Gz we d.ef ine the napping EO( t(  
"  )  )  fron

. n  4
X; into X: by' the forrnu1a

I I

So( t (  z ) ) x  =T1(  z )x@T r (z )x  ,  xex f  ,

w i t h  T r ( z ) * = ( z r - T r ) x  1 f "  , J * *  a n d  t i ( f ) x = x  i f  
" J = * ,

j  = a t z  .

Let  a lso t l ( r (z ) ) :  x t  - *x i  be g iven by
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; t ( t (  z ) )xr@xa = ?t (z)x t  -  Te(  z)xz ,  xz@xe= *1

w i t h  ? r ( z )  d e f l n e d  a s  a b o v e . S i n c e  l t r T 2  p e r m u t e , i t

Been that  At(r ( r )50(t ( r ) )= o for  every , . i2 .  This

the sequence

o -> xo Srg-U.ft >1(r( "),ixfr -* o
ls  a conplex of  l inear

d iscuss ion  the  spaces

q l ;

I f  P = 0

When

spaces .As  a  na t te r  o f

[  
( k = o r a , Z )  h a v e  a

Banach space topology and the mappings

b e c o n e  c o n t i n u o u s . I n  o t h e r  w o r d s ,  ( 1 . 2 )  i s  a

spaces

By  de f in i t i on ra  po in t  z  = (1L r r r )e i2 i s  i n  t h e  j o i n t

spec t run  c r (T)  o f  ?  i f  the  conp lex  (L .2 )  i s  no t  exac t .

In  sp i te  o f  sone combina tor ia l  (and graph ica l )  d i . f f i cu l t ies ,

we sha1l  see in the next sect ion that the general  case is wel l

ref lected by the above si tuat ion.

2. A JOINT SPECTRU}I FOR PERMUTABI,E O?IRATONS

Let n>2 be an integer and let t$) be the group of

pe ruu ta t i ons  o f  t he  se t  {a r . .  .  rn l . Le t  a l so  { Jo r . . . ,  j n }c  {L ,  .  . .  r r }

{ a r . . . ' r r - p }  - . *  { 1 r . . . , n } t { j r  j n }  .

;w€ de f ine  f r t i l  =  ?6)  .Note  a lso  tha t  {O. . . r r (n )  =  /  .

no confus ion  1s  poss ib le ,  the  se t t ro . .  .  rn (n)  w i l l

be d.enoted by f  ^  i
d l - '  '  ' J D

,

i s  e a s i l y

shows that

( 4 , 2 )

fac t rby  the  preced ing

L

E ^ ( t ( z ) ) ( k = 0 , 1 )

conplex of Banach

be such that n ( je

designate by f ,  .  (r)  the set of
d { -  "  

' J D

4'(  p(  n-1 . lde sha1l

a l l  b iJec t ive  mapp ings

Let  X  be  a  Banach epace. In  th is  sec t ion  we sha l l  work  w i th

f in i te fani . l ies of  paraclosed. l inear t ransformat ions
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1 = (Tr  ,  .  .  .  ,Tn)€t ) (X)n ,  which wi l l  be des ignated,  fo lLowing

I  l t rPar t  r r ]  ,as  nu l t ioperators .  ] t rhen every pa i r  (T j ,Tk)  permute,

then T is  sa id  to  be a perrnutab le nu l t ioperator  (br ie f lVr& p.n.  ) . .

r , e t  t = ( T t r . . . r T r r ) e $ ( x ) "  . w e  a s s o c i a t e  T  w i t h  t h e  f a m i l y

o f  i n d e t e r n i n a t e s  o - = ( n r . . . , - n )  . r f  O ( p g n - t  a n d , t f e f n  i  ,. r t .  .  .  J p
we set T*= Trfqe; ' ' 'Tnr(rr-p) '  r

'  le t  Ap[orx ]  be the space of  a l l  ex ter ior  fs rms in  -Lr . . . rq i1  )

r r i th  coef f ic ients  in  X ,o f  d .egree p (see t9 l  or  [AO]  for  d .e ta i ls ) .

t{e denote by Xl the l inear subspace of Ap[orx] which consists of

_ vectors of  the forn

{ , =  L  x .  i  6 - +  A . . . A  o - . . .  ,
J f  " '< jo  

' r1 "  rP  ' r 'L  'P

x . - - nJ 1 . . . J p  - o r =  
& r u . . r n D(rr) .

Hi th  the  above convent ion ,  *3=nf l ( r " )  ;  !u46)  ]  . * "  a lso

d , e f i n e  * i l = A ' " [ o - , X ] ' a n d  X f l = [ o ]  i r  p ( - 1  o r  p ) n + 4 , .

2 .4 - .  TEMMA.  l , e t  T  =  (T l ,  .  .  . ,  T r )  e5  ( x )n  and , le t  z ,  t z , ,€  0 t r

Then for every p >0 one has *i_r, =Xf_",, .

P r o o f .  r t  s u f f i c e s  t o  a s s u n e  t h a t  0 ( p ( n - 1  . r t  i s  a l s o

suff ic ient  to show that

. 1 1 . . . J p

f o r  e v e r y  f a n i l y  o f  i n d i c e s  i t 1  . . .  { i o  . T h i s  c a n  b e  e a s i l y
. 4 y

obta ined f rom the . fo rna l  equa l i t y

:  
Otn*- ' } la)  " ' (Trq: .zr l  ) -= (rr*o-" io) . . .  ( tun-r ln)  + n . ,  ( .2. .3)

w h e r e  g = n - p  ,  . ' R " i r . .  s u r n  o f  - m o n o m i a L s  i n  T k , - " i ,  , . . . r T k . r i'^t "L --q "q.
o f  degree less  than q  and.  k1r . . .  rkq  is  a  fa .u i l y  o f  d is t inc t

l n d l c e s . T h e n  ( 2 . 2 )  c a n  b e  i n f e r r e d .  v i a  ( Z . j )  .

( 2 . 1 " )
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Note  tha t  the  t rans la t ion  invar iance expressed by  (z ,z )

doee no t  requ i re  any  cond i t ion  o f  the  type  (1 .1 ) .

2 . 2 .  r E F l t i i A .  T h e  n u l t i o p e r a t o r  1  = ( T 1  , .  . .  r T r , ) - O ( x ) t  i s

permutab le  i f f  T -z  i s  permutab le  fo r  a  cer ta in  ze .cn

P r o o f '  r n d e e d r f r o m  ( z . z )  w e  h a v e r i n  p a r t i c u l a r ,  f o r  a l l  p a i r s  j r k

n(rj?k)  ̂D(rrfJ ) =o( (r j-" j  )  (rn-zn) ) nn( (rr-"r,)  (rr_2, ) )  ,
f ron r+hich we der ive easi ly the assert ion.

kre shaU def lne 1n what fo l lows a jo int  spectrun for every p. t r . r

fo l low ing  the  j -deas  o f  J .L .Tay lo r  in  the  bounded case t9 ]  . le t

1 = ( T t t . . . r T r r ) e f i ( X ) t  b *  a  p . r n .  a s s o c i a t e d  w l t h  t h e  f a n i l y  o f

i n d e t e r n i n a t e s o _ ( o 1 r . . . t 5 ) . l e t 0 ( p < n - 1 , 1 e t , I < j 1 < . . . <

and le t

x € ^ v(rr)
* n g j t . .  j p

( w h e r e  f i  . i  = ( a = f b )  1 f  p = 0 ) . L e t  a l s o  , L ( k ( n . T h e n  f o r
J a - " . J D  -  Y J

every ,e . tn  
"u  

set

r T  , ( r ) x = o  i f  k € { J L , . . . , J ; } ,
. 1 1 . . .  J p

= ( z n - T n ) x  i f  y { { i t  j n }  a n o  z y /  x  ,  ( 2 . 4 )

= x  i f  u f  { i L , . . . ,  j p  }  a n d  z k =  *

N o t e  t h a t  i f  y F {  j t ,  . . . ,  j n  }  ,  t h e n

'5n .. .  i -(  ")x 
€ 

*Q, i  ,  o(T") ,  (  2. i)
y  . r 1 .  . J p + t

v h e r e  i , i . , . . . , j i + f  i s  o b t a i n e d  b y  o r d e r i n g  { t , j t  j n }  .

Le t  q  €X i l  be  a  vec to r  rep resen ted  by  (2 .a ) .We se t

T k ' P  ( r ) E  = ! - , n k
L r  ^ i  . . ,  ( z ) x n  i  o 1  A . . . / \  o - ;  ( ? . 6 )

j a < . - . < j o  ' r t " " r p  ' r a - " ' J p  r L  ' p

Then we define a l inear mapping ?rom Xl into 4p*1go; X tr  by

the equal i ty
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for  each €=x i l  .Accord. ing to  (a ,L)  and (2.4) ,we may asser t  that

5pt1 ( r ( z ) ) t 
p ( r ( z ) )6-- 

ftt-nn 
-, ( rk, p+1 ( 

" ) rt, 
P 1 z 1 -f , p*1 ( z ) 1k, p ( 

" ) ) 
g

, k ' p+1 ( r )T * ' p . - ) t ,  -  r n , p+1 ( " ) r k , p1z  )E  =o

f o r  a l l  i n d i c e s  k , o  . T h e r e f o r e  5 P + 1 ( r ( z ) ) 5 p ( T ( z ) )  = o  , t h a t  i s

(2 .8)  ls  a  complex of  l inear  spaces.

s lnce  x fe lo t (Ap [o - , x ] )  and  sp ( r ( r ) )  i s  pa rac rosed , i t

follows that ti has a Bahach-pprice topoligy and the r :

ppe ra to r  5p ( r ( " ) )  becomes  con t inuous  (see  the  rn t roduc t ion ) .

Therefore (2 .7)  is  actua l ly  a  complex of  Banach spaces.

2 .4 ,  DEFrNr r rON.  I+e t  T  =  ( r "  , . . .  r r r r )  e  5 (x ) t  be  a  p .m.The

Joint  spect rum o( t )  o f  f  ls  def lned as the set  o f  those ,=tn

such that  the co*prex (2 .8)  is  not  exact .The set  S(r l  - - tn \o- ( r )

ts cal led the reqorygi__qg.! of T . tr le also d.ef ine c-n(T)=o-(?)ncn .

r f  r  = (T t )  i s  s ing le ton , then  *?  =n (To)  ,  x |  i s  i somorph ic

to  x  and  ao ( r ( r )  )  ac rs  as  
"  

- - *4  ( z )x  r  x€ t (T t ) .There fo re

a po int  zo€,8 is  in  
f  

( r l  i f f  ln (zo-Tu)  = x  and ker{  ,L-T1 ' )  =  f  oJ;

tn  o the r  words r i f f  , L -T7 , '  i s  b i Jec t i ve .The  po in t  oo  €g (T )  i f f

D ( T a ) = x . T h i s  s h o w s  t h a t  a ( r ) - o - ( T a )  a n d  o - n ( T ) = r C I ( t t )  ( s e e

the In t rod.uct ion) .

' , "  
.  

.

(2 ,7 )  ' ' t ,

r t  fo l lows f ron (a.5)  that  ap(r(r ) )  takes val-ues actual ly  in t i l *a :

2.3.  I rEMI{A, The sequence

0---,xB a0(r(rtL *$ a1(r(r) ),  . .  .}*1(r(r lLxf _-_-- o (  2 . 8 ) '

1g a conplex of  Banach spaces and cont inuous nappings.

P r o o f .  F r o m  { 2 . 6 )  w e  o b t a i n
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One of  the most  impor tant  and usefu l  proper t ies of  the jo in t

spect run of  a  commut ing (bounded)  mul t ioperator  is  the proJect ion

proper ty  (eee [9 j  ' t r rm.5.2) .we shau t ry  to  g ive ln  the foL lowing

a  ve rs ion  o f  t h i s  resu l t . un fo r tuna te l y rDe f in i t i . on  2 .4  does  no t

suf f ice to  our  purpose.A nore sophis t icated def in i t ion is  needed

to  p resen t  such  an  as$er t i on  ( see  a l so  [ t e1 ; .

r , e t  T f  = ( T 1 r . . . r T r ) € S ( x ) n  a n d  T n = ( T n * 1  ? * * r ) e S ( x ) *

be  sueh  tha t  T  = (T r  rT " )eO (x ) * * *  i s  a  p .m.we  assoc ia te  T  w i th

the  fam i l y  o f  i nde te rn ina tes  r= (q i , . . . , 5 i+ , ) .w i t t  t he  no ta t i on

which prgced,es 'Def in i t ion 
2.4r i f  g  = x f  ,where 0 (  pg n+n ,  there

ex is ts  a  un iquely  determinet l  decomposi t ion €= €,  +  E"  ,where €,

d.oes not  conta in  s i+ t r . . .  r5r+o . lde d.enote by x f  , ;1 ,  the l inear

subspace of  X i  which cons is ts  o f  such g,  .Note that  X l ,

i f  n ( p < n - n  a n a  t h a t  f o r  0 ( p < n  w e  h a v e  g ' - X { , ; , T , ,

has,  the  representa t ion

*in.. .  
in %o'^'  '  'A%p ,

*io 
"' in - *!4r. . jp(n+m)

I n  pa r t i cu la r ,  f o r  p  =  r  ,  x ; , r1 , ,  = { *  -1  , . \ .  . . ^  o i .  ;  x€*3 , ,  }  .

For  every z te tn we def ine

b P ( r ' ( z r ) ; 1 r r )  =  J P ( r ( z l i l x f , ; r n ,

w h e r e  z  = ( z t  , 7 r )  - C I n * *  ( r "  n a y  b e  a r b i t r a r y )  a n r l  5 p ( f  ( r )  )  i s

g i v e n  b y  ( 2 . 7 )  . I t  f o l l o w s  f r o m  ( z . i l  t f r a t  5 p ( f ' ( 2 , ) ; 1 r , ;  m a p s

'xfl, 
; r, into t[11r,,

2.5.  LEMMA. The sequenco

. T n
t *

i f f

= {0}

{ '

. r i ^ r * ip( '
( 2 . 9 )

D( Trr)

n  r 0 ( r , ( 2 , ) ; T , , ) _ f
o - - + x i , . t r  '  t '  r '  ' r t ^  / > 1 1  

r
5 t ( t ' ( z ' ) ; 1 " )

(  2 . to )

(a . l , t )

ls  a complex of  Banach spaces and cont inuous nappings.
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The proof  is  s iml lar  to  that  o f  lemna ?.3 and.  is  on i t ted.

2 . 6 .  D E F r N r r r O N .  l e t  T ,  =  ( T a . , . . . , T o ) € o ( x ) n  a n d  l e t

T " = ( T r r * l  , . . . r T o * * ) e O ( x ) m  b e  s u c h  t h a t  r = ( T , , T , , )  i s  a  p . n .

The ls : la t ive jo in t  spect run of  T '  w i th  fespect  to  T ' '  is  the

ee t  o - ( t ' ; t n )  cons is t i ng  o f  t hose  po in t  s  z , -6n  such  tha t  the

c o m p l e x  ( 2 . M )  i e  n o t  e x a e t . f  f  2 , ,  = f i  r w €  s e t  o - ( T ,  ; f r ) = 6 - ( T ' )

I {o te  that  i f  r '  =  (T1)  and T ' f  =  (Tz)  is  such that  r  =(T1rT2)

i s  a  p e r m u t a b l e  p a i r ,  t h e n  a ( T t ; T " )  =  a ( T n ; T 2 )  i s  t h e  s p e c t r u m  o f

the operator  Tt  :  D(Tarr)  n0( TzTt)  - ' -  n(Te) ,where o(Te) is

_ endowed with i ts natural  Balach space topology.

Le t  t  be  a  ncu l t iopera tor . l {e  use  the  sp lbo l  S<T to  spec i fy

that S is an ord.ered subset of  f  (and hence a mult ioperator

trcontained'r  in 1) oT the enpty set .

We are  now in  the  pos i t ion  to  p rove  the  pro jec t ion  proper ty

of  the jo in t  spect r lm.

2 . 7 .  T l t E o R E I , { .  I , e t  T r = ( T l , . . . r T r ) e S ( x ) n  a n d  l e t

T " = ( T n * 1  , . . . r r n * * ) e f r ( x ) t  b e  s u c h  t h a t  T  = ( T ' , T " )  i s  a  p . & .

Then we have the equal i ty

n /
P"o*, o- (T) = 

,H_ 
o-(T' ; S) ,

, c o o r d i n a t e s .  d

Proo f  .  Le t  T l  - / ' t ' t  m  \  rnd  l e t  T l  =  ( t  r  )n - \ t  r ^ n + L l  "  n  , t n + 2 r . . . r . n + x x ,

I  . ' a  , \( i f  m='3-  we put  T l i  = / ) .We shal l  prove that

- ' l * rq-(Tl ; r f i )=.  o: (T.  ;T i ) r - r  o-(T ' ;T: ' )  . .  ,  .  .  (2.73)- y r

Since n  a t iO m are '  a rb i t ra ry rby 'succes ive  pro jec t ions  f ie 'der ive. . :

easi ly  (2 .a-2)  f rom (2.L3) .

( 2 . L 2 )
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l e t  u s  p r o v e  ( 2 . t 5 ) . r i r s t  o f  a l L , l e t  u s  d e s i g n a t e  b y

{ H p t t ' ( z ' ) ; T " ) } p ) 0  t h e  c o h o m o l o g y  o f  t h e  c o r a p l e x  ( 2 . 1 L ) , w h i c h

t t i l l  be  used in  var ious  ins ta ,nces .we need the  fo l low ing .

2 .8 .  LEMIT{A.  Wi th  the  above no ta t ion , there  are  l inear  napp ings

up ' xl , ; ril -*ii|; and vp ' *i;,ril - x{, , r,, such that the
gequence

o .+ xf , ; rJi *', riilr;.1r$11r, -+o (2 .L4 )

l e  an  exac t  complex  o f  Banach spaces . rn  add i t ionr there  ex is ts

a long exact cohomology sequence

.  .  . ;  HP(r,  (z,h r ; ) j*  sp+1(r;(z; l  ; r ;135

- .4 sP+t(T,  (2,  )  ; r , ' l  i } 'nn-o(r ,  (2,  )  ; r ; ; , rP"1
(  2 . 1 5  )

,

w h e r e  z ,  =  ( r 1 - r . . . r " n )  ,  , L = ( z r  r z n + L )  ,  { P  ,  t P  a r e  i n d u c e d  b y

by  up  ,  vP , respec t ive ly ,  and gP 1s  ind .uced by  ( -1 )p  t ines

the act ion of  (2.4) ,conputed for Tn*t  and zn+I

Proof of  lemma 2.8.  The mapping up is gi .ven

oPg '=( -1 )p  {n  LA S 
r  rwh ich  is  ue1 l  de f ined. Indeed.

i s  r e p r e s e n t e d  a s  i n  ( 2 . 9 )  r w e  h a v e

x_ .n D((T"TJi){r)  =
J1 " ' Jp -  

" - g l t . .  j n (n+n - l -  )  
- '  ' -  ' ' r

by

{  f  c t ) - w P
r r  

5  
- A , ? t . T , n

'  l ^ n

f o r  g e x * . . F , f  t h e r e
^ n t ' n

t = € t + c r r * 1 A € "  ,

. I t  i s  c lea r  tha t

- - ! t  r

an exact compLex of

-- (z' , tn*1,) - tt*t ,

To d,ef ine vP we f i rst  observe that

exis ts  the fo l lowing un ique deconposi t ion

where both E, ,  9,,  do not contain rn+t

gt€xf i r ;1r r  r  and therefore we may put  ' t rpE

I t  is  easy to  see that  (2 .a4) .  becomes

Banach spaces. I loreoverr i f  z re . f tn  and z i
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i t a'an be -eas1ly shown that

*P+ t  5P ( r  , ( 2 , ) ; r ; ; )  =  b  P *1 ( r ; ( z ; ) ; r ; 1 , rP  .

Therefore the fani ly {np}p>o induces a morphism of degree one

o f  t h e  c o m p l e x  { x [ , , r , ,  , 5 p ( r ' ( z ' ) ; t i i ) ] p , g  i n t o  t h e  c o n p l e x

{* i , , r , , ,  EP(r ; ( r ; ; , r i i l  nro' t l  t  ' n

We also have

tP+L  : 'P ( t ; t z ; ) ; r ; ; )  =  EP( r '  ( 2 ,  )  ; r , , )  vP

Hence  the  fa .n : '  
r  D r  

i nduces  a  mort fy  Lv ' lp> '  induces a rnorphisrn of  d .egree zero of

the complex {*i,  ,  r, ,  ,  D P( r;( zi) ;  rf i)} 
nr6 

inro the conplex

{x i , , r , , ,  6  PtT ' t " i l , r , , ) }  
nzo

The existence of  the long exact cohonology sequence (2,1j)  is

n o l r  a  c o n s e q u e n c e  o f  a  w e l l - k n o w n  r e s u l t  ( s e e r f o r  i n s t a n c e ,  [ ? ] ) .

Never the lessrwe need.  a  nore  exp l i c i t  express ion  o f  the  connect lng

norph isn  0p  .Fron  the  genera l  theory  (see i? l ) r i t  fo lLows tha t

0p is induced by an addi t ive relat ion g.  -+ 
f ,  ,where g =X{r 

11.,  ,

6 p ( t '  ( z '  )  ; T " ) t  =  0 ,  L =  u D t ,  f - x ! *  . r , ,  a n d  S p t r ; ( z i )  ; T , ' ) { = u p , S^ n t  ^ n  t r

Since *[ ,  
,  r1c Xi; ;  r ;  '  we may take t = g ,  and the relat j .on

gp(r ; (z l ) ;T"  )  t=up1 shows that  Tn+a.  ( rn*a) ! ,=  ( - i - )p  , .p ' l  ,where

T,n*l  (rn L)E= (zn*l-Tn*t)I  when ,n Li 
* and Tn*t (rn*L)€ = E i t

zn*7-= oo (this is precisely an act ion induced by (2,4) for Tn*t

zn+a.) . fn is  completes the proof  o f  the lenma

We go back to  the proof  o f  Theoren 2.?rmore prec ise ly  to  the

proof of (2,13) . let z ,6 prrrnl  s-( T;;  T; l)  and assune that

' L , 4o ' ( 1 ' ; T l i ) r , r  o - (T ' ;T " )  . Then  t he  conp texes  {  *H , , * "  ,  5p ( " ' ) ; TJ } . ,
.  r . . D  - ; , ' ^ - - , ' . . - - ^ . ' ,  

t  ' i r n  n ' P ) o

a n d .  t x i , ; 1 ,  ,  E p ( T ' ( z ' ) ; T " ) l p > o  a r e  e x a c t  a n d  s o  t h e  c o n p l e x

{ t | , , r , ,  ,  b P ( r i ( z i ) ; r r i ) l p ) 0  i s  a l s o  e x a c t , b y  ( 2 , l - 5 ) , f o r  e v e r y'  ^ n t  t n

" r * t€ t  
.Th is  is  equiva lent  to  say ing that  

" ,y 'Vr f ,4  
o- (T ' ;T j i )  r

which cont rad ic ts  our  assumot ion.
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Conversely,let z'e.tn and assune that , ' /vrf,Ao-(T;; T;l) o

lh is  neans  tha t  fo r  every  
" r r * l - t  

one has  , i= (z ,  rzn+L)#n(T i ;T j i ) .

(z ta1

using again (z.Li) ,  the exactness of the conplex {tf; i ,r i i  , ; ,p(T;( z;) ;r} i l

shows that the l inear spaces

t e r  5 P ( T , ( 2 ,  ) ; T , ,  ) / i ^ t P - t ( t ' ( u , ) ; t , , ) ,

t e r  [p ( t '  ( z '  )  ; r i i )  / i n5p -1 ( r '  ( z '  )  ; r i i )

are isonorphicrand. the isoraorphisn is induced by the act ion of

Tn*t  ("o*a-)  .  Looking at  the fornula of  Tn*1 (rn*1) (  Lernna 2.8) ,we

deduce that the canonical  napplng fron the f l rst  space in (2.10)

in to  the  gecond one is  jus t  an  isonorph iem.Wi th  the  te rmino logy  o f

h r l  r t f te  spaces  (2 .a6)  a re  quot ien t  Sanach spacesrand Tn*1  ind .uces

in  each o f  them a  roorph ism whose spec t run  is  enpty .Th is  may happen

onfy  i f  the  spaces  (2 .16)  a re  nu l l  (see  l ' f i ) )  fo r  a l l  p  ,wh ich

is  imposs ib le  by  our  assurnpt ion .Th is  cont rad ic t ion  conp le tes  the

p r o o f  o f  t h e  t h e o r e n .

To make Theorem 2.7 rea11y usefulrwe should observe that i t

remalns  t rue  even i f  the  pro jec t ion  has  no  pr iv i leged fo rm.

2 . 9 .  T H E O R E H .  L e t  T  =  ( T 1 r . . .  r T r ) e O ( x ) "  b e  a  p . n .  a n d  l e t

H  = { * 1 r .  . .  , n p l . { t ,  .  . .  r n }  b e  a  f a . n i l y  o f  d l s b i n c t  i n t e g e r s .  S e t

t t t=  ( r *a . ,  .  .  .  'T rnp)  .  r f  p "M :  0n ' - '+  qP is  the  pro iec t ion

z = ( z a r . . . r " o ) * r M - , 2 n 1  , . . . r r * n )  , t h e n  w e  h a v e  t h e  f o r m u l a

pru c(t) = 
H 

cr (T,,;  S) ,

where  n  =  ( ruo , .  .  . ,  *un_n)  and {uo ,  .  .  . , kn-p}={a ,  . .  . , r r3  \M .

Proof .  We f l rs t  observe  tha t  i f  E f  e . f (n )  , then

t ( ( lr(t ) ' 
. . . ,T,rr(il ) ; s) ={knre) r . . - , ,,n(n)) ; (tt, . . . ' zn) es( r; s ) }

fo r  every  mul t i c lpera tor  S  such tha t  (TrS)  i s  permutab le  (see,

f o r  i n s t a n c e , L e m m a  I I I . 9 . 6  f r o m  [ a O ] , w h i c h  c a . n  b e  e a s i l y  a d a p t e d

to  th is  case) . fh is  remark  a l lows us  to  reduce the  ac tua l  s ta tement
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f ron which rre der ive readi lvto  , that  o f  Theorem 2.7 I

2.1A. THE0REIkI. ],et

\ ( i n  ' . . . , i n )  =

our  asser t ion.

a  p . m . T h e n

s i n c e  X r ( j 1 r . . . r J n ) e t a t ( X )  ' w e  m a y  f i x  a  n o r n

Uit ,  .  .  .  ,  jn)  .Note that  x i  is  isomorphic to

@  X * ( j a r . . . r i - )
1 < i ( . . . { j f n  4  -  v

and therefore Xi can be given the norn

l l ( l lp = 
t^* 

rrv rr i .  . . .  i  '  r=xi ,'  J L 1 " ' z j n  t ' ^ j l " ' j n t t  . r t " ' d p

rhere  E has  the  representa t ion  (2 . 'L ) . I t  i s  a lso

can be given a norn l lx t ;O .

Now, le t  ,o  =  (4 , . . . ,2 f ; )y ' r$ )  and.  le t  a lso

be euch that ,k# * i f  , f ;*-. and znlO if

6 T - . . ,  ( z ) x - - ( z n - r n ) x  i r  " l * *  ,
J l l " J p  * n  

;= x -  , f , tn*  i f  , f ;=  *  . ,

= x  i f  , l = o 9  ,

f o r  a l l  x e x r ( i 1 , . . , , i n )  a n d .  u / { i l ' . . . ' i n }  .
k

:  .ue  se t  t i -  .  .  . . ,  
(z )x=  0  .  C lear ly ,  th is  de f in i t ion  can a lso  be  adapted

L . . d p
'  f o r  P = 0  |

. \ | l h . n A

- I , e t  t ^ ' f  ( f  )  a n d  5 ! ( r ( r )  )  g i v e n  b y  ( 2 . 6  )  a n d  ( 2 . 7  )  , w h e r e
r - .  -  . . z -1 ,

rL .  (z)  '  is  reprace.d by tT i  G)  and.  t lc rP(z)  is  repraced
J t . . . J o ' '  . J t " ' J p

} , s .

by 1 t tn1" i  , respec t i . ve ly . 'Thenrby  us ing '  ,n* '  a rgument  f ro rn  the  proo f

of  Lemma z . i ,one ean eas i l y  show tha t  t * i l  ,5p(6( r ) ) ln  2o  
is  a

complex  o f  Banach spaces .Note  a lso  tha t

T  = ( t 4 , . . .  r T n ) e f l ( x ) n  b e

6(T)  i s  a  c losed and nonenpty  subset  o f  tn  .

Proo f .  Le t  t (p (n-1  and.  se t

n
,tfe!; i

. l 1 "  J p

D(r4r)

l l x l l r  . '  i *
.Ja.. .  .J p

the direct  sum

0clear that  X;
I

z  = ( t4 - ,  .  . .  ,  "n )  
€ in

, l= -o  . , , 1e  de f j "ne

' k * *  '

} t 'zuf i  ao ,

z y :  e

l , I h e n  k - { i a . , , . . r j p }
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,f;*"
+ L

,f;=*
< cr.,( max I

l / ^

zil*

where cf

l s  insured  by  the

E*
jd-. <j

I-
j f  " ' (J

,r.-"lf f l  *in... jpll j l .* jn

[ ,n | 
-t 

il "i..-. jell i1... jp

+

cn are constants independ.ent of  z ,whose existence

cont inu i ty  o f  the  mapp ings

( 2 . 7 7 )

i s  exac t  by  the  hypothes is ,
n

. i r .= oo J are suf f ic ient ly

exac tness  o f  the  conp lexes

[ e o ]  ) . , v i a  ( 2 . 1 7 )  ,  t h a t  t h e

T k . t  x 1 ( j 1  , . . . , J n )  - * x T ( j i  j i n " )  ,
wi th  k ' i , i . ' . . .  '  j f *1  ro  i n  ( z . r )  (no te  tha t  the  enbed .d . i ng  xT (  j t ,
Lnto xT( i i  ,  .  -  .  ,  i r l*a ) is also continuous) .

s ince rn :  conplex f * l  ,5p( r ( "0) )1n20
ir *."f1 "n-rl | ; 'f;*".} *o *""{1 ,nii i
sna l l r i t  fo l lows f rom the  s tab i l i t y  o f  the

o f  B a n a c h  s p a c e s  ( s e e r f o r  i n s t a n c e ,  [ g ]  o "

complex  { t f ;  ,Ep(6(  , ) ) Ip )  
0  i s  a lso  exacr .

Ue have only to show that the lat ter  conplex ie exact i f f  the
conp lex  { * i  ,Ep ( t ( " ) ) Jp )0  i s  exac t . r ndeed , l e t  , k=  

" k  
i f  , f l  = , o

and O/zU{ x  ,and le t  rk=1 otherwise.Then we have

t f ,  . -  j  ( " )=  *nf l .  . . . . i  (z )  for  a l l  ind icee.we def ine a t ransformat ion ?Fu e ' -  J p  A  J l  . . .  J p  
-  s v ^ * ^ t v  ( r

of Xi l  in to i tsel f  by set t ing

: n E =j4(. . .  ( jn
* io" 'nrn  * io . . . in  

5o^ " '  ^%n ,

wi th  t  g iven  by  (z - , . )  -we a lso  pu t  Ta  = ident i t y  .The napp ing  1p
ls  c lear ly  b i jec t i ve  fo r  every  p>0 . l fe  a rso  have

5P(r  k ) )  rn  g=1 iP+L g  Pt t rz )  )  E  .

. . . , i p )

vt

l l taP(61"1 I  -  D p(r( ro) )  )gl lp*r

tI.".rn I

cl
J t . - .  Jp

"n-"fl | + :.* l.ul-r) ll gll
,9=*  P

K
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There fo re , the  comprex  { * l  ,Ep ( t ( r ) ) }p )0  i s  exac t  i f f  t he  comp lex

{ * f  , 5p ( r (  d ) }  p7o  i s  exac t .us ing  the  f i r s t  pa r t  o f  t he  p roo f ,we

ob ta in  tha t  t he  comp lex  { * i  , ! p ( r ( r )  ) }p )  0  i s  exac t  fo r  z  i n

a  ne ighbourhood  o f  , 0  , t ha t  l s , the  se t  g (T )  i s  open .

r ,e t  us prove that  the set  a(T)  is  nonempty.By v i r tue of

Theoren  2 .9 r i f  we  p ro jec t  t he  se t  a . (T )  on  the  j - t h  coo rd ina te ,

we  ob ta in  a  un ion  o f  se ts  o f  t he  fo rn  a (T j ;R )  , vhe re

R  < ( T l r  - . .  r T j - ? . r T j r . t r . . .  r T n )  . B u t  t h e  s e t s  o - ( r r ; R )  a r e  n o n e m p t y

fo r  sone j  and R ,and hence q(T)  i s  nonempty .

2.41' .  REI{ARK. Theorem z. 'J-o can be stated for any relat ive

epect run  o f  T  ,by  us ing  s imi la r  a rguments .We omi t  the  de ta11s .

'. AN APPTICATION IO SEMICROUPS OF OPERAIORS

Iu this sect i .on we shal l  character ize the comroutat iv l ty of

several  strongly cont inuous semi.groups of  l inear operabors in

te rns  o f  the  jo i .n t  spec t rum o f  the i r  in f in i tes ina l  genera tors .
' a

L,e t  {S t t ) } r>O be a  s t rong ly  cont inuous  sera ig roup o f  l inear

operators act ing in the Banach space X .We denote by B the

i n f i n i t e s i n o a l  g e n e r a t o r  o f  '  S = t S ( t ) l t > O  . t f e  h a v e
. ,

b c =  I i n  t - ^ ( s ( t ) x - x )  ,
t - + 0

prov id .ed  the  l im i t  ex is ts  in  X  ,and B :  0 (B)  . - - - -+ .X  is  c losed. I f
r t l

o( s) = inf t  t- '  tn l ls( t  ) l l  ;  t>o l  ,

th6n we have the a

s ( t ) x  d t ,  x€x  ,  (3 .a )

d . e t a i l s )  . I n  o t h e r  w o r d s

(z - B)-1*=l
formul
&

-z t
e

0

whenever  Re z )ar ' (S)  (see  [53  fo r

q (B ) . { t& '  ;  Re  z l do (s )  } ;

Z 2 - @  L I  Z , - - e .here and in the sequel  we set Re

i
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3.L.  THEoREIu.  r ,et  sn= fso( t )J t>ci  sn= {sn( t ) } r>o be
stron5ly cont inuous semigroups of  operators act ing i .n x and 1et

B l_ r .  . .  ,B*  be  the i r  ln f in i tes ina l  genera tors ,  respec t ive ly .  The

fol lowing condit ions are equivalent:

( e )  F o r  a l l  j , k e t 1 . - r . . . , n ]  , r , d  t , r t " > A  - r + e  h a v e

s j ( t '  ) s r ( t r , r )  = s k ( t , , ) s j ( . t ,  )  .

( z )  B = ( B { , r . . . r B r )  i s  a  p . m .  a n d

6 ( 8 )  - t r =  ( 2 7 -  , n ) e t n  ;  R e  , j ( - o (  s ,  )  ,  j  = a ,  . ,  . , n  ]  .

l roo f  .  Assune tha t  (a )  ho1d.s  and 1e t  the  ind ices  i rk  be  f i xed

( j * k )  . L e t  a l s o  x s D ( B j ) . S i n c e

. - 1  '  .  \  -  r  \  - 4t  * ( s j ( t ) s u ( s ) x  -  s n ( s ) x )  =  s u ( s ) ( t - ' ( s r ( t ) x  -  x ) )  ,
1 t  fo l lows that  su(s)xeD(sr )  and Bjsk(s)x  =sn(s)nrx  for  each
s > 0  . T h e r e f r j r e , i f  x e D ( % ) n O ( % B ; )  , w e  h a v e

\Bi*  = 
t :B 

t - { tsr , ( t )Brx -  r r* l  = 
t i t  

Bj( t -1(sn{t)x -  x))

Since t j  i s  c losed. ,  th is  imp l ies  tha t  
%* .D(B j  )  and

BjBt *=BnBrx  .As  a  rna t te r  o f  fac t  we have proved tha t

r(3r l  ̂ otuuuj )  -  D(.Bj )  nn(3jBk) = n(B jnn) no(nn3, )  ,
a n d  s o  n = ( B t - r . . . r B n )  j _ s  a  p . m .

For  the second s tatenent  o f  (z)  , le t  z  =( \ t  .  .  .  ,  z* te , tn  be

such that  Re ,  j )^a(sr )  for  some i  .w i th  no ross of  gebera l i ty

ue nay assune j =1 . hre shall show that zy'r(S) .

Let  6 -=  (q . r . . .  ro ' -o )  be  a  sys tem o f  inde terminates  assoc i .a ted

vi th B . l t le have to prove that the conplex

exaet .To  th is  end Le t  us  de f ine  a  napp in6 ;

relation rp E 
-- G{B.)-t E, , where 5 = %-^

represented  w i th

values in XB-t . Ind.eed.,  i f
JJ

{  r l  ,EP(B( ,  )  ) }p>o i .s

zP on xg by the

g '  +  tn  i s  un ique ly

t 4 . T h e n  T P  t a k e s
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i  6 - t  A . . . 2 \ 6 : i l
" 'up_l  dt  up_t

and we nust show that

€, _n D(Br,) .
Tfet ;  {dL.. .  up_1

x t  compu ta t i on ,  v ia  (3 .1 )  z
- z a t

e  S{ ( t )n rx  e t  =

)x) dt : B{zo-Bl 
-t* 

,

)  a ld al l  i  (Bi  conmutes

6.20 f ron t l l ) .

ual i  ty

- t ( t ( z ) ) T n g = g  
,  g - x g .

3 "  j . s  a s  a b o v e ,  t h e n r u s i n g

n
pe+L  Sp i r t  , ) )3=  g "  -  

Xok^Bk 'P -1  Q) (z r - l , " )a  g ,
ke2

and
n

' p - t (B(z ) )  vpE =  r1 , tS ,  +  5  r - , ^ .Bk 'P-1  (z ) (zo-R^) -1  E ,  ,o
k = Z

whence we in fe r  (3 .21

Cer ta in ly ,  t3 ,? )  inap l ies  the  exac tne 'ss  o f  the  conp lex

{nil, 6P ( n( ') )l p>o , end so z / t(B)

Converse ly ,&ssune . tha t  (Z)  ho lds  and 1e t  .us  p rove ( t )

, : . . f t f o 1 1 g w s f r o m T h ' e o : : . e m 2 . 9 t h a t

l

o- (8r . ,%)  -  p r  q (B)c  {k i , "n1etz  i . .Re zn(  a ro(sn)  ,  Q = i , } ,  J

f o r  e v e r y  p a i r  o f  i n c L i c e s  j  r k = 1 ,  . .  .  r n  ,  j l k  , w h e r e

p r  ,  ( r 4 , r . . .  r  r r r )  *  ( ,  j r r k )  . T h e r e f o r e r w i t h  n o  l o s s  o f  g ; e n e r a l i t y ,

t ' =  L  x {
i l< " ' ( ip-1 

d7

then ,t#t i4, .  . .  ,  Jn_r}

1zo-81)-1 *Jo...Jp_1

This fo]1ows fron the ne

(zo-Ba)-L ur* = [-t J o
f* -za t

= 
Jo  

Br (e  4  sa ( t

va l id  fo r  every  xeD(8 ,

integral  by Theorerc I I I .

l le now prove the eq

a,e+t  EP(n(  , ) )g  *  >P

Indeed., i f  t  = a|* l t  +

ln  the present  context ,

w i t h  t h e

( 3 ' 2 1

( 2 . 6 )  a n d  ( 2 . 7 )
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ne nay suppose n=2 .

L e t  z  = ( z 1 , , r z ) = c 2  b e  s u c h  t h a t  R e  z r . ' . " , 0 ( s j  )  ( j = 1 r z )

F ron  the  exae tness  o f  t he  comp lex  { * l  , 6p (e ( " ) ) }p>o  i t  f o l l ows

that
A A

(zo-Ba)n ( t r -ur)-ar  = ( rz-Bz)-a ( r {Bt)4* ( r .3)

for  every xex . rndeed.,  the form t  
= (  zr-B)- t*  r -a *  ( " . .Bl )4* -z

sat is f ies 6t(n(  z)) l= o .Hence there exists . , re,x$ such that

fu,11-$ri t  = ( zr-nr)-ax and (zr-Br) v = (zo-Br)-t* ,which implies (3.3)

From (3 .+ )  and  (3 .3 ) .we  de r i ve  the  equa l i t y
f *  f o o  - ( t n z ,  +  t n z n )

l ^  l ^ e  
+ r  c '  ( s o { t o ) s 2 ( t 2 ) - s 2 ( t 2 ) s t ( t a ) ) x d t o d t r = 0  ( i . q )

r 0  . r 0  4

f o r  a l l  x e x  a n d  ( " " r r r ) e a 2  w i t h  R e  z i  )  @ g (  s ;  )  ( i  = L ; z )  .

Relat ion (7 .4)  impl ies the s ta temenl  (q)  v ia  the fo l lowing.

, .2 .  tEMt ' lA .  Le t  f€ ta . (  (0 , -  )  X  (0 ,  * )  )  be  such tha t

I f " 
Q',.tt * h zt z) r6ro,t r) dtodt, = o

fo r  Re l ,a  r  Re 1 ,  su f f ie ien t ly  la rge .Then r ( t t r t r )  =  0  a lnos t

everywhere.

lenna 3 .2  i s  (a  vers ion  and)  a  consequence o f  Lenma VI I I  .1 .L j

f ronn [r ] ,  by r \ rb in j . 's  theoren .

?he proo f  o f  ?heoren 3 .7"  i s  now conp le te .

3 .3 .  REI IARK.  cond i t ion  (2 )  f rom Theorem 1 .L  i s  obv ious ly

equ iva len t  to  the  cond i t ion

.  ( 2 ' )  B  =  ( B t r .  .  .  r B o )  i s  a  p . m .  a n d

o a ( B ) n { z  = ( z L  z r r ) e c n  ;  R e  z r )  d o ( s 3 )  r  J  = t  , . . . r " J = Q  .

Theorero  1 .a  y ie lds  the  fo l t rowing  ex tens ion  o f  Theorem 2 .S f romH"2 l .

3 .4 .  C0ROLL.ARY.  le t  \ ,  .  .  .  ,  An  be  (unbounded)  se l fad jo in t

opera tors  in  a  cer ta in  H i lber t  space.The fo l - l "owlng  cond i t ions  , , . .
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are equivalent:

( a )  T h e  s p e c t r a l  n e a s u r e s  a t t a c h e d .  t o  &  r . , . rA' mutual ly commute.

( b )  A = ( A 1 , . . . , A n )  i s  a  ? . 8 .  a n d  c r n ( l ) c R n

Proof  .  rndeed,cond i t ion  (b )  i s  equ iva len t  (bv  Theorem 7 .1  and

Renark  5 .3 )  to  the  comnuta t ion  o f  the  groups  o f  (un i ta ry )  opera tors

{ " *p (  j . tA t ) l  
t>O , . . . , { " *n l i tA r r ) }  12q  ,wh ich  i n  tu rn - i s  we l l - known to

equi.valent to the conmutat ion of  the spectraL roeasured at tached

A 4 t , . . t \

3 . 5 .  R $ { A R K .  I f  A  = (  
\ r A )  i s  a  p e r n u t a b l e  p a i r  o f  s e l f a C j o i n t

o p e r a t o r s r t h e n  t h e  f o l l o w i n g  d i c h o t o m y  h o l c s : E i t h e r  c r n ( a )  = 8 2  o r
t

5 ( a ) c n ' ( s e e  C a , 2 7 ) . f n e  d i r e c t  e x t e n s i o n  o f  t h i s  f a c t  i s  n o  l o n g e r

t r u e  f o r  n > 7 . A  s i n i l a r  r e s u l t  f o r  a  p e r m u t a b l e  f a m i l y  o f  s e l f a d j o i n t

o p e r a t o r s  A = ( A 1 , . . . r \ )  ( n ) 5 )  i n v o L v e s  n o t  o n l y  t h e  J o i n t  s p e c t r u m

but  sone re la t i ve  Jo in t  spec t ra  as  ue l -1 .We omi t  the  de ta i l s .

4. ETEMENTS OF FREDHOI,M THEORY

In  th is  sec t ion  we in tend to  de f ine  the  essent ia l  jo in t  spec t rum

o f  a  p . n .  a n d  t o  g i v e  s o m e  o f  i t s  p r o p e r t i e s , I t  i s  b e y o n d  o u r  s c o p e

to  present  th is  sub jec t  in  a  nore  conprehens ive  way,A nore  de ta i led"

l i s t  o f  the  proper t ies  o f  the  essent ia l  jo in t  spec t run  w i l " l  be

publ i  shed.  e lset*here.

r , e t  T  = ( T a r . . . , T . ) € g l ( x ) n  b e  a  p . m .  a n d

be  a  sys ten  o f  i nde te rm ina tes  assoc ia ted  w i th

p  )0 .  we  de f ine  the  napp ing  tp (T )  ,  X l  - - * l *

a P ( r ) = E P ( - T ( o )  )  ( i . e ;  t k ' P ( z ) i s  r e p l a c e d  i n

.  As .  no t iced  in  the  proo f ,  o f Theqrem 2..a0rwe can

Xn which 'nakes th 'e  mapping.  5p( t )  cont i .nuous.
L

1 e t  o =  t o - 1 r . . . , \ )

T  . F o r  e v e r y  i n t e g e r

by  the  equa l i - t y

( 2 . 7 )  b y  - r k ' p ( o ) ) .

a lways f ix.  a norm in

4 . 7 - .  D E F I N I T I 0 N .  A  p . m . T = (Trr ,  .  .  .  rTrr)e.o (x)n i s  s a i d  t o  b e

(  sen i - )  F redho lm(semi - )  F redho ln  i f  lhe  conp lex  { * f  ,bP( t ) }p>O 1 s



-21"-

( ln  the sense of  f t ] ) . In  th is  case we may def ine the index ind (T)

of  T  to  be  equa l  to  the  index  ( i .e .  the  ex tended.  Bu le r  charac ter is t i c

6ee t r l )  o f  the conptex {  * i  , [p( r ) lp>o .

The essent ia l  jo in t ,  spec t run  o- *uu( f )  o f  f  cons ls ts rby

def in i t ion ,o f  those po in ts  ,e f in  such tha t  the  conp lex

{ 4 , 5 p ( T (  i l ) t p r . C I  i s  n o t  F r e d h o l m . o b v i o u s l y  o " . r ( T ) c < r ( T )  .

4 .2 .  REI {ARK,  r f  1=  (T1)  i s  s ing le ton '  then T  is  (  semi_)

Fredho ln  i f f  T t  :  D( rn )cx  - ' ->x  i s  (semi - )  F redho ln , tha t  ig ,

in  (Tt )  is  c losed in  x  and e i ther  ker  ( ta)  or  x / in  ( ro)  is

f in i te  d imens iona l .Note  tha t  in  th is  case T t  i s  necessar i l y  a

c l o s e d  o p e r a t o r  i n  X  .  f n d e e d , l e t  { * f r l  k C D ( T f  )  b e  a  s e q u e n c e

euch that *k - * and. ?L*k -..-,y {k-+oo) in X .gince im (T1)

i s  c losed,we nay f ind a sequence f  x l lncn(Tt )  such that  * i  *  * '

(k -+ oo; 1n the topology of  O(Tt)  
'  

and xf -xneker  (Tt )  .Therefore

TL*t  = Tax and so xf  -xe.ker (Ta) ,  shoving that xeD(T1) aad rox =y .

4 , 7 .  T H E 0 R E M .  l e t  T  = (  T 4 _ r . . .  r T r )  e . f r ( x ) r  b e  &  p . m . T h e n  t h e

set o.-es' (T) is c losed. in tn .

Proof.  We can give the same argunent as in the f i rst  part  of  the

proof  o f  Theoren 2 . 'L1 ,us ing  the  s tab i l i t y  o f  F redho lm complexes

under  snna l l  per tu rba t ions  (see [ { .01  or  [ t ] ) .

4 . 4 .  T H E O R H I I .  L e t  T  =  ( T 1 r . . . , ? r r ) € O ( x ) "  b e  a  ( s e n i - )  F r e d h o l m

P.o.Assume that X{ is given a Banach space norn which nakes the

napping Dp(t) ,  Xi --4*n conti .nuous.Then there exj.sts an g;>o

such that  j . f  t  - -  t fo,  .  .  .  , f r , )  €S (X)n is  a p.ur .  wi th the propert ies

o( t i )  =  D(T j )  fo r  a l l  i  ,  bp t i l  r  x {  ' * * i *  i s  con t inuous  and
f\ ,^t - n . art

[ t o ( T )  - b P ( r ) l l < € r  f o r a l l  p ) 0 , t h e n  T  i s ( s e n i - ) F r e d h o l m ,

d im ker  tp t i l / im bp- l ( i )  <  a i r  re r  bP( r ) / im a  
p4( r )

for  a l l  p> 0 and. ind (- f  ;  = ina (T)
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Proof  .  the  asser t ion  ie  a  d j " rec t  consequence o f  Theorem lL .4

f r o m  [ t ] .

4,5.  EXAI{PLE. Let J)-cC2 be a strong}y pseudoconvex domain

and let  L2(f f )  be the space of  a l l  square integrable funct ions

on f)-  . l , Ie denote by l ! to)  t r re space of  (O,p)- forns on -O. ,whose

coef f i c ien ts  a re  func t ions  f ron  L2$L) .Wi th  our  no ta t ion ,  t ! (J2)

equale the space Ap[aZ,t2(fr) ]  ,vhere dZ= (  M.",gA) is regarded

as a  sys ten  o f  ind .e te rmina tes . '

Le t  tJ  be  the  c losed opera tor  tha t  i s  induced in  f2 (12)

b y  t h e  d i f f e r e n t i a l  o p e r a t o r  
" / A \  

( i = 1 1 2 ) . I t  i s  e a s i l y  s e e n  t h a t

t  = ( ta rTr )  i s  a  permutab le  pa i r  in  L2( - ( } )  and tha t  D(T .T2)=  D(T2T1) . '

l i to reover , the operator  Ep( t )  is  induced tV 2 =(2/?El )dZ"  + QhT)dEZ,

We want to prove that T = (T1'TZ) f  s seni-Fredholn.

I f  N , t" l t$ - r,!(n-) ls the Neunann operator, i t  is known

that L--7in1 ror each L€.LzzVL) ,where & is the fornal adjoint

o f  1  ,ex tended in  the  sense o f  the  theory  o f  d is t r ibu t ions  (see t4 ]
tl

f o r  d e t a i l s ) . t , e t  5 = i l I { 1 e L ; ( l L )  . I f  l l x l l p  d e s i g n a t e s  t h e  n o r n  o f

the Hilbert space LpZ|J>) , then we have the estimate

ltlfrlfr * [-an!l = tn'N' , (  4 . 1 )

B i n c e  t g = a  , w h e r e  g =  f +  d Z , o  +  t z  d z z . r n  f a e t ,  ( 4 . 1 )  i s  e a s i l y

ob ta ined fo r  fo rns  tha t  a re  snooth  1n  a  ne ighbourhood.  o f  E  (  see  lqJ ,

Sec t ion  I I .4 ) . t t re  genera l  asser t ion  then fo ] lows by  a  s tandard

procedurerus ing  s ta r -shaped ne ighbourhoods o f  the  boundary  po in ts

and a  par t i t ion  o f  un i ty . .We omi t  the  de ta i l s .

I t  f o l l o w s  f r o m  ( 4 . 1 )  t h a t  f j € , D ( T l ) n D ( T 2 )  ( i  = t ' Z )  , a n 6  s o

t h e  m a p p i n g  t t ( f )  i s  s u r j e c t i v e .

tllHl|l. !,

51(r )( .1 / = e . i
7 l

I

I

4
Next,let 

{ 
= rn aZa + 82 dTre. (t2(J)) )i bp such that
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Frgn the general theory i t  also resul"ts that there exists

h€t2(Ja) subtr that 5r,  = (;hence EL=ai/?7" and. Ez=2h/}Ez ,

showins that he.D(TrT2) = (r,e(o) )i .

. a

In  th is  way the complex { ( t2( f l . ) i l  ,  6P(T)}p >o 
is  semi-Fredholn,

that is,  T is eeni-Fred.ho1m.

I t  vould be in terest ing to  prove a s imi la"  n"onur ty  for  a

strongly pseud.oconvex d.onain of dimension >3 .
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