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S I N G U T A R I T Y  O F  R A D  I A L

A S S O C  I A T E D  W I T H  F R E E

S U B A L G E B R A S  t N  I  l , t  F A C T 0 R S

P R O D U C l T  O F  G R O U P S

F l o r i n  B 0 C A  a n i i  F l o r l n  n X O U L E S C U

A  p o s s i b l e  w a y  t o  a n a l y s e  t h e  s t r u c t u r e  o f  t y p e  l l , t

f a c t o r s  ( f r o m  t h e  p o i n t  o f  v l e w  o f  t h e i  r  e r q o d i c  p r o p e r t i e s )

l s  p r o v i d e d  b y  t h e  s t u d y  o f  t h e l r  m a x i m a l  a b e l  i a n  s u b a l g e b r a s

( U r t e f l y  M . A . S . A .  t s ) .  T h i s  a p p r o a c h  w a s  I n i  t l a t e d  i n  t h e  l a t e r

5 0 ' s  b y  J . D l x r i i i . e r  [ 7 ] ,  L . F u k a n s z t y  [ 4 0 ]  a n d  H , T a k e s a k i  R 6 ]  t

w h o  i n t r o d u c e d  a  n u n b e r  o f  i n v a r i a n t s  r e l a t e d  t o  s u c h  s u b a l g e -

b r a s .

A n  l m p c r t a n t  r e s u l t  i n  t h i s " f  l e l d  l s  t h e  C o n n e s - ^ F e l d m q n - W e i s s

t h e o r e m  [ 6 J ,  w h i c h  a s s e r t s  t h a t  r e g u l a r s  H . A . S . A . .  t s  I n  t h e

h y p e r f  i  n  i  t e  f a c t o r s  € r e  a l  s o  c o n J  u g a t e  ( s e e  a l  s o  U  Z ]  f o r  a n

o p e r a t o r  a l g e b r A i c  a p p r o a c h  o f  t h e  p r o o f ) .

R e c a l l  t h a t ,  f 6 l l o w i n g  D i x m l e r t s  c l a s s l f l c a t i o n ,  a

M , ; A . S . A . . .  A  I n  a  v o n  N e u m a n n  a l g b b r a  H  l s  r e g u l a r  ( o r  C a r t a n )

t f  t h e  v o n  N e u m a n n  s u b a l g e b r a  g e n e r a t e d  I n  M  b y  t h e  -  n o r m a l  i -

.  -  -  ; l  - 1
s e r  N M ( A ) = [ u e M :  u  u n l t a r y  I n  M ,  u A u * = A ]  i s  M  l t s e l f  a n d  A  i s

s l n g u l a r  i f  N M ( A ) " = A .  W h i l e  e x a m p l e s  o f  r e q u l a r  M . A . S . A . ' s

a r e  r a t h e r  e a s y  t o  b e  o b t a i n e d  b y  t h e  c l a s s l c a l  g r o u p  -  m e a s u -

r e  s p a c e  c o n s t r u c t i o n  o f  M u r r a y  a n d  u o l  N e u m a n n ,  d e t e c t i  n g  s i  n -

g u l a r  M . A . S . A . ' s  i s  a  m o r e  d l f  f  i c u l t  t a s k  f  7 ,  4 A ,  4 2 r  4 3 ] .

T h e  p u k a n s z k y  i n v a r i a n t  [ l o 1  ( a l s o  c o n s i d e r e d  I n  a n

u n p u b l  i s h e d  w o r k  o f  A m b r o s e  a n d  S l n g e r )  f o r  a  M . A . S . A .  A  i n  a

t y p e  l l , t  f a c t o r  M  w i t h  c a n o n i c a l  t r a c e  E  q l v e s  a  f  i n e r  c l a s s i -

f l c a t l o n .  T h e  d e s c r t p t i o n  o f  t h l s  l n v a r l a n t  l s  b r i e f l y  a s  f o l -



t l

l o w s :  l e t  t {  a c t l n g  I n  s t a n d a r d  w d y r  b y  m u l t l p l  l c a t l o n  t o  t h e

l e f  t  o n  t - 2  ( n , U )  ( t r , e  H  I  I  b e r t  s p a c e  c o m p l  e t  l o n  o f  f 4  w l  t h  r e s D e c t

t o t h e n o r m l t x l l 2 & = 6 ( * * * ) l / 2 , x e M ) , I e t l : t - 2 ( m , ? I r 2 ( u , e )

l x  = " *  t h e  c a n o n l c a l  c o n j u g a t i o n  ( J N J = l , t l )  r u { = ( n v ; R . . t ) , ,  t h e  a b e -

I  l a n  y o n  N e u m a n n  a l g e b r a  g e n e r a t e d  b y  A  a n d  J r \ J  i n  S ( t - 2 ( m r a )  )

a n d  f o r  a n y  1  i n  L 2 ( u , z  ) ,  d e n o t e  b y  p i  t h e  c o r r e s p o n d i n q  c y -

c l i c  p r o j e c t l o n  o n t o  s p * } T n  
n ' = s p € n * i f A l l  l l z  .  D e n o t e

t
a l s o  b y  o 1 ' t h e  c o m m u t a n t  o f  , /  i n  3 ( r - 2 ( H  , z  ) ) , T h e n  , f i r i e B ( p q t 2 ( l , t ,

A ) )  l s  m a x i m a l  a b e l  i a n  ( t f , e  u n i t  4  o f  M  i s  r e s a r d e d  a s  a n  e l e m e n t
a

l n  L ' ( M r G ) )  a n d  t h e  P u k a n s z k y  I r r v a i i a n t  i ' s  t h e ' v o n  N e u m a n n  a l g e -

b r a  t y p e  o f  t h e  d i s c r e t e  v o n  N e u m a n n  a l q e b  r "  u ( ' ( q - p . l  ) . .  p u k a n s 2 k y

s h o w e d  t h a t  l n  t h e  h y p e r f  l n i t e  f  a c t o r  7  t h e r e  e r e  H . A . s . A .  r ,  A n

s u c h  t h a t  t h e  c o r r e s p o n d i n s  & n  h a v e  t h e  D r o p e r t y  t h a t , r l l U - p r )

a ' i e  o f  h o m o g e n e o u s  t y p u  l n .

then ,z{  i

t y p e  I  n ,

B y  t h e  w o r k  o f  S .  P o p a  I t Z ] ,  l f  A  l s  a  C a r t a n  i l , A , S . A ,

s  m a x l m a l  a b e l  i a n  a n d  l f  , r { . ,  U - p 4 )  t s  o f  t h e  h o m o g e n e o u s

n 7 7 2 ,  t h e n  A  i s  s l n g u l a r .

W e  w i  I  I  b e  c o n c e r n e d  w i t h  t h e  v o n  N e u m a n n  a  I  q e b r a  I ' t -

= t ( g )  o f  a  g r o u p  G  w h i c h  i s  t h e  f  r e e  p r o d u c t  G = G n * . . . : r r G *  o f

g r o u p s  G i ,  a l l  o f  f i n l t e  o r d e r  k  ( o u t  n o t  n e c e s s a r i l y  i s o m o r -

p h l c )  o r  a l l  l s o m o r p h i c  t o  S a n d  w l t h  t h e l r  r a d i a l  s u b a l g e b r a s

A  g e n e r a t e d  U V  / , l e { ( C ) ,  w h e r "  / n l  i s  t h e  l e f t  m u l t i p l i c a t i o n

w l t h  t h e  c h a r a c t e r i s t i c  f u n c t l o n  o f  t h e  w o r d s  o f  l e n g t h  o n e  i n

G ,  T h e s e  a l g e b r a s  w h e r e  c o n s i d e r e d  b y  F i g ) - T a l a m a n c a ,  P i c a r d e l l o ,

C o h e n ,  P y t l i k  i n  c o n n e c t l o n  w i t h  t h e i r  w o r k  o n  h a r m o n i c  a n a l y s i s

a n d  r e p r e s e n t a t i o n  t h e o r y  o n  t h i s  g r o u D s .  t n  p a r t i c u l a ' r  i t  r ^ r a s

p r o v e d  b y  P y t l  l k  I t  t ]  t h a t  t h e  r a d i a l  a l g e b r a  l s  a  H . A . S . A .  i n

X ( c )  f o r  6 = S r u  ( d r o r e o v e r ,  i t  l s  s l n g u l a r  t 4 4 ]  l n  t h i s  c a s e )

a n d  a l  s o  f o r  G = G . l : r . , . * G N  w i t h  N  >  k  U Z ]  .

T h e  a l m  o f  t h e  p r e s e n t  p a p e r  i s  t o  E l v e  a  p r e c i s e



i l l

d e s c r  I  p t  I  o n  o f  a t r u ( , J  a n d

l s  t h e  r a d l a l  a l g e b r a  a s

o f  t h e  h o m o g e n e o u s  t y p e

o f  t h e  l  n c l  u s  I  o n  A , J A J  € , / t ,  w h e n

b e f o r e .  W e  o b t a l n  t h a t  . r 4 r  ( q - g 4 1 ,

l o o  i  f  N ) 2 3  a n d  m a x  l m a  I  a b e l  i a n  i  f

A

i s

G  i s

t h e  a m e n a b l e  g r o u p  G = ? r *  F Z , ,  C o n s e q u e n t l y ,  A  l s  s i n g u l a r  i n

t h e  f i r s t  c a s e  a n d  c a r t a n  i n  t h e  s e c o n d  c a s e .  M o r e o v e r ,  i f  G

l s  b e f  o r e  w i t h  N l 3  o r  i f  G f *  t ' h e n  .  " A  l s  r s o m o r p h i c  t o

A o ( A @ A )  ( c o r r e p p o n d i n g  r o  r h e  d e c o m p o s i t i o n  4 = p l l y 1 - p . y '  w l t h

A r J A J  s i t t l n g  i n s i d e  a s  d i r e c t  t e n s o r  f a c t o r s  l n  t h e  q e c o n d

s u m m a n d  a n d  c o l l a p s r n g  i n t o  t h e  f i r s t .  r f  G = z r x z ,  ( s o y ( c )

l s  t h e  h y p " r f  i n i t e  f a c t o r  [ 5 J ) ,  t h e n  t e  i s  l s o m o r p h i c  r o  p 6 l A ,

w i t h  A r J A J  c o l  l a p s i n g  ( m o d u l o  a  c e r t a i n  a u t o m o r o h i s m )  o n t o .

b o t h  f a c t o r s .

T h e  l d e a  l s  a s  i n  t l E 3  t o  s h o w  a n  o r t h o n o r m a l  i n f  i n i t e
- \  tf  a ' t r l  l  t  

l l n l  n r ro  i n  t - z  (m ,T )  , l o=1  €  t2  (u r  e  )  such  tha t  F i lA t '  "e
a r e  o r t h o g o n a l  a n d  t h e  c o r r e s p o n d i n g  c y c l  l c  p r o J e c t  i r

h a v e  a l  I  t h e  s a m e  c e n t r a l  s u p p o r t  l l - p 4  l n , r l ' ,  f o r  
" r l : t l " o k 0 " , .

t o  d o  t h i s r  w €  p r o v e  t h a t  t h e  i n t e r t w i n r n g  o p e r a t o r s  
"  7 n €

d a  T m ,  a e . . : t  a C  i n v e r t i b l e .

T h e  l a s t  p a r t  o f  t h e  p a p e r  c o n t a  r n s  a  p r e c r s e  d e s c r i p -

t i o n  o f  t h e  s p a t i a l  a c t l o n  o f  x n  a n d  J x 4 J ,  w h i c h  i s  s h o w n . t o

b e  r e l a t e d  t o  t h e  u n l l a t e r a l  s h . l f t  S  o n  l 2 ( f l )  f n  a l l  t h e s e

c a s e s .  I n  p a r t l c u l q r ,  t h e  s p e c t r a l  m e a s u r e  o f  ) t 4  a n d  f , x r l }
o n  e a c h  

7 n  i s  c o m p u t e d . .



4 N  T H d  P U T " A N S Z K Y  I N V A R I A N T  F O R  R A D ' A L  S U B A L G E B R A S

L e t  G 4 r G f t o t .  r G N  b e  f  l n i t e  g r o u D s  w i t h  t h e  s a m e  o r d e r

k ) r z  a n d  I  e t  G = 0 r * G r * .  . . * G *  t h e  i r  f  r e e  p r o d u c t , .  D e n o t e  G T =

= G r -  f t " J  .  E a c h  e l e m e n t  g  i n  G r g J , l c  m a y  b e  w r i t t e n  u n i q u e l y,  o i

l n  t h e  r e d u c e d  f o r m  a s  g = g - 1 g 2 . . . g * ,  w h e r u  g i a G ? . ,  l 4 # . . . 1 i m .
. ,  ,_ i

D e f  l n e  t h e  l e n g t h  o f  s u c h  a  w o r d  q  t o  b e  m  a n d  d e n o t e

l g t =  m ,  f 1  G l  
= 9 ,  o ( g ) = g , 1  ,  t ( g ) = 9 m .  T h i s  l e n g t h  f  u n c t i o n  c o r r e s -

p o n d s  t o  t h e  a c t l o n  o f  G  o n  h i s  a s s o c i a t e d  t r e e ,  D e n o t e

E r = { w e G :  l w l  =  m }  t h e  s e t  o f  w o r d s  o f  l e n q t h  f f i r  w i t h  n a r d i n a -

l l t y  N ( N - 1  ) t - 1  ( t  - 1  ) *  a n d  E o = t t 6 1  .  D e n o t e  a l s b p = t / 6 [ i ) G i T .

T h e  r a d i a l  f u n c t l o n  X ,  o n  G  i s  t h e  c h a r a c t e r i s t l c  f u n c t l o n

o f  t h e  s e t  E - .m -

L e t  u = { I G )  b e  t h e  a s s o c l a t e d  v o n  N e u m a n n  a r , q e b r a  o f  t h e

g r , o u p  G . C l e a r l y  G  h a s  i n f i n i t e  c o n . i u g a c y  c l a s s e s  h e n c e  { ( C )

l s  a  t y p e  l t r t  f a c t o r  a c t i n g  s t a n d a r t l y  o n  t 2 ( C ) ,  i d e n t i f i e d

w l t h  t h e  s p a c e  J ( n r d  o f . t h e  ( i N s  r e p r e s e n r a t i o n  a s s o c i a t e d  t o

t h e  t r a c e  6  o n  M  a n d  l l  l l o ' c o i n c i d e s  w i t h  t h e  u s u a l  n o r m  l l  l i z

o n  t 2 ( { i ) .  D e n o r e  b y  ( ,  )  t h e  s c a ' l  a r  D r o d u c t o n  t 2 ( c ) .

D e n o t e  t h e  g r o u o  r i n g  C [ G l  o f  G  o v e r  C  b y  i l o  a n d

i l  = { x r * = E . \ * . *  f  i n i t e  s u m ,  1 * €  C }  w i t h  a  s u b a l g e b r a

w h i c h  a c t s  b y  l e f t  t r a n s l a t i o n  o n ' t 2 ( e ) .  t t  l s  k n o w n

x ,= / 'n -  (L -  z )xq :N (k -1  ) ,Yo

a n d

i d e n t i f y

o f  f , ( c )

t 4 l  t h a t

('t .'t )

f  n+1=/ ^!4- (  r .  *  z l?( ^- f  Y  ̂- ,  ,  n?2 , ( ' t  , z )



_ Z _

h e n c e  t h e  v o n  N e u m a n n  s u b a l q e b r a  A  o f  t ( e )  g e n e r a t e d  b y

l s  a b ' e l l a n .  l t  h a s  b e e n  s h o w n  i n  [ a 7 ] t h a t  A  l s  m a x l m a l

a n d  o n l y  i f  N l k ,

L e t  v t =  ( R v . ; R j 1 "  b e  t h e  a b e l  i a n  v o n  N e u m a n n  s u b a l  g e b r a

f f r 2 ( c ) )  g e n e r a t e d  b y  A  a n d  J A J  ( . t , 1 2 ( r ; ) - - + t 2 ( c ) ,  J ( v ) = v

f o r  v € G ,  i s  t h e  c a n o n i c a l  c o n . i u g a t i o n ) .  F o r  e a c h  v e c t o r

b y  a 1  a n d  b y

w rly s' l
J  , , ,

t he .trfi

a b e l  i a n

o f

- , ,

7  i n

s

t f

t 2 ( e  ) ,  d e n o t e  b y  ? r e t t e  t h e  c y c l  i c  p r o j e c r i o n  o f  t 2 ( g )  o n t o  A u  " ' =
-n  r -  t

= $ f r - f f i "  " e  a n d  b y  z ( o r )  t h e  c e n t r a l  s u D r r o r t  o f  p ,  i n  d 1 t .
I

0 u r  a i m  i s  t o  s . h o w  t h a t  r 4 l  i s  o f  t h e  h o m o g e n e o u s  t y p e  l o o  o n  l - p 4

( w h e r e  t = / r e M )  a n d  t o  q l v e  a n  e x o l i c i t e l v  d e s c r i o t i o n  o f  t h e- o

o p e r a t o r s  / n  a n d  J X , 4 J  o n  t 2 ( C ) .  I n  o r d e r  t o  d o  t h i s r  w €  c o n s -

t r u c t  a s  i n  C a h T  a  f  a m i  l y  o f  v e c t o r s  { J n } n . S l  i n  t 2  ( e  )  s u c h  t h a t

t h e  c o r r e s p o n d i n g  c y c l  i c  p r o  j e c t i o n s  p r  a r e  o r t h o q o n a l ,  r v i t h' \  
l p

t h e  s a m e  c e n t r a l  s u p r r o r t  l - p , l  i n f t l  a n d  Z p _  =  1 - p , l i
n e N  l n

T h e  l . i n e a r s p a n  o f  w o r d s  r v i t h

t h e  p r o j e c t i o n s  f r o m  t 2 ( e )  o n t o

l s :  t o  c h e c k  t h a t  p l _ { Q l = 9 l p l _ 4

c l s e t v  Y t = S p a n { r 1 ( X , r w )  , e 1  ( w / n  ) :

M : ,  1 7 r 4 ,  w e  d e n o t e

l e n g t h  I  i s  d e n o t e d  b y  M l  a n d
I

M ;  a n d  r e s p e c t i v e l y  o n t o

l .  A n  i m o o r t a n t  s t e p  i n  o u r  p r o o f

n d  t h e  r a n g e  o f , p l _ , l [ q l  i r  p r e -

w l  ( l - 4 ] .  F o r  a n y  v e c t o r  
I  

i n

P

a

I

= { o t + r + s
L o

,  f o r  r r s 7 1 D

,  f o r  r 1 0  o r  s ( 0 .

L e t  u s  c o n s i d e r  i n  S t U l )  t f r e , s e l f - a d j o i n t  o p e r a r o r s  9 1 / a a 1

and ]a  l /$ f  l  I  e  1  J l r . lq ,  .  fo r  each,weF-1-1  , ,1212 'we qe t

q  l ! , tq  |  
(Y4w)  =  (k -2  )  q  1  

( /nw)

a n d



,  - 3

q t? t , i o1  (w  F . )= t r  o1  (a rv ln ) ,

l aw l  =  I  - {

s o  q l X , t o t ( V t ) C V l  f o r  1 7 1 2 .  C l e a r l y  t h i s  l n c l u s l o n  i s  s t l l l  t r u e

a l s o  f o r  l = ' l  a n d  l t  f o l l o w s  t h a t  f o r  a n y  1 2 1 4 ,  B l = g 1 1 4 O , l  rr , , lmjey,
a r e  s e l  f - a d j o l n t  . o o e r a t ' o r s  .  i n

B r ( I  l u . u ) = Z ( I  l " u ) v
l a v l  = l

c , t  i l i l u -u )=E 
( [  ru " )v .
l v a l  =  I

l ' l ) .  Fo r  any  t> , i , Te t l e9 , ,  n )o  one  has

l t l o , n = L r n  +  ( e t f  ) o , n i :

"  and ct=1811=a r l rn lc r  I  * leg,
StHleg, )  aer i  ned by

R e m a r k  a l s o  t h a t  B , l = C , 1  ,  B l C l = C l  B l  f o  r  1 7 ?  a n d  B , = C , = 0  w h e n e -

v e  r  k = 2 .

T h e  f l  r s t  L e g r m a  d e s c r i b e s  t h e  s D e c t r a l  p r o p e r t i e s  o f  B t  a n d

C t  a n d  g i v e s  n i c e  f o r m u l a s , r e l a t i n q  t h e  a c t i o n s  o f  X 4  a n d  ] X 4 J o n
- ( - 1) P a n  t l  r ,  n l  m r  n z o  a

" a

L E M l t l A  4 . 4 .  i )  F o r  a n y  l i ' l  o n e  h a s

,,
B i = ( k - 3 ) B r * ( k - z )  t i

a,

c i = ( k - 3 ) c r + ( t < - ? J I

( t n  t h i s  L e m m a ,  I  d e n o t e s  t h e " f  d e n t i t y  o p - e r a t o r  o n  u l O Y l ) .



\

I  Y  = I  r
I  n  r o r ' 4  l n  1 4

. 4

( c 1 1  ) r , o .

t i t ) For  any  l € i l l eV { ,  n | o  one  has

o , n * , n  +  ( e r f  ) o , D - ( " l o , t ;  + l f  ) o , n - 4

o x 4 = 1 n , 4 * ( c n  |  )  n  j o -  
( . 1  c n ;  + . r |  )  n  _ i ,  o

l q l

l n ,

L e t

t

P r o o f .  |  ) 1 = , E r u . v e n l o 9 , .  r h e n'  
l v l  = l

c 5 - \ -siT= )  . tz_,  z-  l . - . . )v.. rvi;r iiffi lfJ"Tl, 
Dav

L e t t i n g  b a = c ,  o n l y  t w o  c a s e s ,  o c c u r :  b = a - 1  w l t h  l a l = 1  ,

I t u { =  I  o r  l c 1  = 1  ,  w t t h  l c v l = . 1 , l a l  = ' 1  , l a - l c f  =  1 ,  l a v l  = 1 .  T h e r e

a r e  k - 2  c h o i c e s  f o r  a  l n  t h e  f i r s t  c a s e  a n d  k - 3  l n  t h e  s e c o n d

( s l n c e  c * o ( . v ) - 1  ) ,  T h u s

n ? l = ( r . - z )  D 1 . , . v + ( k - 3 )  
+ ,  

(  L  l " u ) v = ( k - 2 r y * ( k - 3 ) B t l .
l v l  =1  lv l  

l cv r  - r

T h l s  f l n i s h e s  t h e  p r o o f  o f  p a r t  l ) ,  s l n c e  C r =  J B I J .

l i )  N o t e  f i r s t  t h a t  / , t l o ; n = l , t

F o r  1 ) 7 1  w e  g e t
,  n * Q  t * n ( / , r  l t ,  n  )  + q  I  + n  - , 1 ( / q f  o  ,  n  )

9 l + n  o ( n l o , n ) = t:"u":n, s
,  L  l ru r ) v rw=

l av f  l  = l
l v l  = l
lw l  =n
lvwl = I +n

L,
la | ='l
l a v w f

( B r I ) o , n .

A l s o r  f o r  l ) 1 2  w e  g e t

= l + n , l w l  = n
l v l w l = l + n



t 5 -

9t+n-,1 ('.1 
7o,n)=

S i n c e

I  o r ,
= l

T
la I ='l
lawf  = l+n-4

s
,lr"u, = L'  

l v l = l
lwf =n
lvwt=l+n

. luo (u)-{ w

lsurvtr^,=[ (

\r
L
lv'l =l
lw l=n
lvwl =l+n

s:a
= .t/

lvl l  =l-, , l
lbl ='l
lbvf l  = l

L
lw l=n
l v fw l= l+n -4

1 r t^ 
buf , f  v-w.

lw l=n
lvt l  =l - ' l

l v lw l= l+n -4

f bt =rl

l bv f  l  = l

I,
f b l  = 4
l b v f 1

7  l s  o r t h o g o n a l

=<l ,Xnv' )=0,  s

o n f t r  o n e  q e t s  f o r  a n y  v l e E l _ l

o  w e  o b t a i n  Q l + n  - r l V , l F o r n ) = 0 .

l y

I t t )  F o r  l = , 1  t h e l a s t .  c a l c u l a t i o n  i s d  I  f f e r e n t .  M o r e  p r e c i  s e -

q n(/,tlo, 
n )'=

r-
l v l = 4
lw1 =31

fvwl =n+' l

p lu"u*=f,] ru,u=.p"(L, )u),
l a v w ;  = 1 l w  l = n

lvwl  =n+' l
l vw l  =n+4

( ' l  . 3 )

a n d

S i n c e  
I  l s o r t h o o o n a l  o n  V n ,  L l , r = 0  a n d  w e  o b t a i n

l v l = l  "  ,

qn (x,r lo,  n)=-p" (  p . l  u)*
l vw l  =n

Yt ' t

t fun^"(t) , -{ '* '

T h e  s t a t e r n e n t

JBrI=LtLr
l l t :r l  lsf=.1

' - '  lab- - '1=1

f o l l o w s  n o t i c i n g  t h a t

\:-\ s.a.
a r r - t ) b  =  L - - , (  z - ,  r . , ) b

l b l = l  w r = t  v

l v b l  = 1

s
Jl= l'r.----)t. -'r b ,-  

l b l - 1  b
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i s  e

VA
e n v a  Ie i g

a n d

g h t  s

-  (J l

b h  B l

e n o  t e

t i -

I  i s

n t,o

2 )J1 .

€ f r t B i l = - I l  a n d  r e s p e c

- 0 1 ,  a n d  o . l z  = l - o - t , t  (

p r o j e c t i o n s  o f  H : e f l  o

r o  t l . m l g f r : c , ] = ( k -
Q l i  c o m m u t e r  i r i = ' 1  1 2 ,

, 2 .  T h e n  ,  f o  r  a n y  1 7 . 2

o n t o  { F n t l
.  T h e n  P  l Z =  

I

f , t )  a r e  t h e

p e c t i v e l y  o n

i o n s  P l  i ,  a n d

t i Q t 3 ,  
i , j = ' t

h e n o e  t h e  f  I  r s  t

- ( l n n y ) o , n _ 4  a n d

B y  t h e  p r e v

- 4  a n d  k * 2  a n d  s

0

l F o r  l = ' t r

t e r m  I n  t h e

t h e  s e c o n d

I  o u s  L e m m a ,

i m i l a r l y  C l .

ld
ov

M

r

. i e

o f

l d e  o f  ( , t . 3 )

) o , , n - 4 '

h a s  t w o

bv P t  r t

t o

u e s ,  n a m e l y

q u a lr l

t o

e a

D r e s p e c t i v e l y  b y

v
f l

ll
:.

e s

c t

P

ns of  f ' t

Y t : c 1 I

a t o r  o n

) I l  a n d

t h e  p r o

Q t , t  t h e  p r o j e c t i o

v e r y  o n t o  { 1  e  m l  e

t h e  i d e n t i t y  o p e r

{ 1 e  m J e Y r , B r I = ( k - 2

S t n c e  B , C , = C , 8 1 ,

D e n o t e  u v  * l  .  t h e'  -  r J
r a n g e

,Pn ,  7 i  t  Inbf,=,

mf e Y4 =4g4, wh "," Vf,= { 7e mlofn : sn} =-} } an d

*F2 t-'t , n
* P 2 l r , n - t

lnvl

" T o , n

2 n = f * , n - l * , n - ' l  '

Lf,= It€ MleYn, enl = (k-2 )Il .
T h e  s i x  s t a n d a r d  r e c u r r e n c e  f o r m u l  a s  I  I  s t e d  b e l o w  c o n s t i  t u t e

t h e  b a s i c  t o o l s . i n  t h e  p r o o f  o f  t h e  m a i n  r e s u l t s  o f  , t ' h e  P a f i e r .

L E H M A  4 . , 2 ,  i )  F o r  a n y  v e c t o r  I  a H : ,  l ) r 4

x r i l  * ,  n = l r + 4 ,  n *  
( k - 2  ) l  m ,  n

| * rnx' t=l*,  n+'t  + ( k-2- )  l r ,  n

I  i  )  F s r  " n y  | e % l  , ,

l i )  F o r  a n yI e  % t t q ,

l V ? ,  i = 4  t 2  o r a n d  m ,  n 7 0

t T- f t ,  
n -  f m - 4  ,  n '

l ) t L ,  l = 1  ; 2  o r

m?' l  t  n ) r0 ;

m)r0 ,  n7r4 .

f * , o

l n { l  a n d  m , n 7 0



I ' , '  , o /n= l * , n *  
( o -? ) l * , n - r  -  ( k - l  ) Im ,n -2  ,

'  v i )  Fo r  any fe  V?  "nd  n )20
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.  I  -  -  - . 1
I  v ) .  F o r  a n y  l € Z i i ,  I Z Z  t  i = 4  t Z  a n d  m ,  n 7 r 0

P r o o f .  T h e  p r o o f .  o f  i )  l s  r o u t i n e ,  t h e s e  r e l a t i o n s  b e f n q

t h e  a n a l o g u e  o f  ( , t , z r .  B y  L e m m a  4 , 4 t  t a k i n q  i n t o  a c c o u n t  t h a t

B 1 J = - I  f o r T r % ) t ,  t V Z i  t = 4 , 2  a n d  c r T = ( r . - z t y  f o r  I r % L r ,  t > , 2
w e  o b t a i n

t  ̂ l  o ,  n =  l r , n +  ( k -  2 ) l  ̂ - , r ,  n - ' ( k - ' l  ) I m -  z , n l

v )  F o r  a n v  l € t l z ,  1 2 1 2 ,  i = 4  r Z  a n d  m , n 2 2 o

l

' r 7 o , n = ? 4 , n  - 7 o , n -  f o r  T e t t l t ,  t . , z ,  i = ' ! t z  ( , t . 4 ) ,

x , t 7 o , n = 7 4 , n * ( n - , ) , J o , n f o r } e V | , , D z , i = 1 l 2 ( . t . 5 )

a n d  , t h e  a n a l o g u o u s  e q u a l i t y  f o r  t h . e  a c t i o n  o f  J X q J .

1 f  1 r € r ,  t h e n  B , f J * l =  0 ,  h e n c e  a c c o r d i n g  t o  p a r t  l t  i )  i n

L e m m a  4 . 4  w e  o b t a  i n

7n lo , ;  =Jn ,n  - l o ,n



rake now ]= p, l  iur{ ,

n l t  l o n  o f  B {  o n e  o b t a l n s  f o r

- 8

T h e n '  B , l I , * ' I  = ( k - 1  ) T  a n d  b y  t h e  d e f  i -

e a c h  v € E ,- l

-
( t< - ' l  ) 1 . .=  ) -  I . . , .v ;i? av

l a l  =4

I n  p a r t l c u l a r  l u = l  - 4  f o r .  a n y  v e E n ,  h e n c e  J f =  I  a n d  b y  L e m m a
v .

A A
' I  t  I  

i

for  I  r '6 l ,n7ro.  ( ' t .7)x,r1o, n= 14,  n +  
( k -  z ) l o ,  n -  

( k - ,  ) l o ,  n _ l

F l n a l

( , t . 7 )  w i t h

I  v i _ .

t h e

t h e  s t a t e m e n t  f . o l  l o v r s  b y  t n d u c t l o n ,  c o m b i n i n q  ( 4 . 4 ) -

r e c u r r e n c e  r e l a t i o n s  o t X !  r ' ( n , n )  a n d  ( 4 . 2 ) .  Wn

4 . 3 .  L e t  ]  b e  a , " v e c t o r  I n  t l e f , ,

0  
=  t o " n [ ] * r n ] m r n j o .  H o r e o v e r '  f o r

o n e  h a s

1 7 1 4 .  T h e n

ln'tl .r,

\
C O F . O L L A R Y

spa n{Xr}x n} ,n , nr,
a

I e  % ;  a  nd  m ,  n ) ro

ntr

o r leutlI  )  F o r ] € { 1 ,

( ? r , n l  ? , r , n ) = t r r , r f

I  I  )  Fo r  f€  { r^ ,  n  ,  mr fotT0 one ha s

tm-mf1.  ,<7,l ' .>.

I r14=]*,  n- ( f  * ,  n- ' !  +h-1 
,  n) *T,n- ' t  

, , r - ' t
m

l r ; n=L

L E H M A  ' I  . 4 . L e t  7 ,  ] t  b e

l I 2  t  |  ,  j = 4  , 2

frr|x',

v e c  t o  r s i n  m l , l > r ' t .

a n d  f i r t r r h f  r h l , o o n "  h a s

/ n , n i p 2 ( m + n ) ( J , T , ) .

l | r 2  o r

(  ] r , n , l r t ,  n )  
= { n * n , m t + n , f J t  ( t * n " -  

#



q -' ! ; r

I | |

( f , ,  d e n o t e s  t h e  K r o n e c k e r  s y m b o l  )  r
l l

4 \

P r o o f  i  s l  n c e  ( 7 * , n ,  ? r f  , n )  
= ( 9 r * n * l  t x r l  X n )  , 9 m r + n r * ,  ( . r r r l r - r ) )

t t  l ' g  e n o u g h  t o  c h e c k  t h e  s t a t e m e n t  w h e n  m + n = m l + n l .  A s s u r n e  t h a t

m l - m = n - n l = r 2 0 .  T h e n

(  I * , n , l , i r , n r )  
= (? *  

, n , r * r l t l n i = ( / ^ r J r , nxn ,  , | ' ) =  , : , 1

tQ r  (x r  r? r ,  n  /n t )  , j '  )  , ( r t . 8 )

N o t e  t h a t  X r r ] ,  , n / n r - 4 , / ^ t - 4 7  r , n  N  n t - z € . U  . r * '  i n  p a r t i -
'  j " l  * 4

c u l a r  q ,  ( l *  , 7 * , n / n l - 4  ) =  e t  W r r - l l r , n .  X n r  - z ) = 0 .  T h u s ,  $ . 4 )  
" 1 d

( n . z ) r y l e l d

a 1  ( / * r ] * , n x n ,  l = a r ( / ^ t 7 r y , n ( a [ n t - 4 1 ,  f o r  n t 7 r 4  ( ' t . 9 )

q l  ( 1 ( m , J r , n x n l ) = g  
t ( t * t - , , / q \ r , n x n f  ) ,  f o r  ^ 1 7 . 4 .

. ,
e  1  

( / r f  
] r ,  n X n  , ) = F t  q  

r  
( l m f T r ,  

n  - q x n f  - , t  )  ,  n , n t 7 r 4  .

A  s i m i l a r  f o r m u l a  i s  s t i l l  t r u e  o n  t h e  l e f t  s l d e .  l t e r a t . i n g

t h e  p r e v l o u s  f o r m u l a s  w e  f i n d

a n d

.  C o m b i n l n g  L e m m a  4 . 2  a n d  ( ' 1  . 9 )

Io, r )  ' r7A '9 t  f i r r ] r , n l n  i = f ' (m+n f  ) 0 ,  t z r l o ,  r ) =F2  
( * *n l ) q r  ( x r - r xn



t '

4 0

w h e r e  w e  h a v e  u s e d  t h e  f a c t  t h a t  q l ( t ( r - l  
I o r  r ) = Q  l ( X r - Z T o .  r ) = 0 .

w h e n  r 7 t 4  a n d ] €  4 l : ,  1 7 1 2 ,  l , J = 1  , 2  o r l e  4 ) ,  L e m m  a  4 1 2  y l e l d s

q r  ( t m r f * ,  n x n t ) = , j ( m + n f  
)  t o . '  t r r - , { J t , r ) + € o  t ( f  , - q T o , r ) ) = 0

( € = - ' 1  r o r l e % ) i ,  l 7 t 4  t  l = 4 ' t z  a n d  f  = k - 2  f o r l e t 6 l l ,  l 7 r ? r  i = 4 , 2 1  ,

When r74  anaTect l ,  w€ ge t  by  Lemma 4 .2

q4  ( r  
rT  o ,  r )  

= {n  ( /  
r - n l n l n ,  r )  

=on  ( x r - , 1h ,  
. ) +  

( t - z )  qq  ( * r - qT ; ,  r )  
-

( t < - l  1 q 4 ( x r _ l l o , . _ 4  ) = -  ( k - l  )  y ( x r - n ? o , . - , r  ) .

C o n s e o u e n t l y

\  o ,  ( , / r  r f r ,  nxn , )  =F '  (m+n f  )  t -  t  k -4  )  )  ton ( l  )  =F2 (m+n ) .  t -  S l  r7

a n d  t h e  s t a t e m e n t  i i )  f o l l o w s  b y ' ( 1 . 8 ) .  W

T h e  f o l  l o w i n g . e l e m e n t a r y  l e m m a  i s  q u l t e  p r o b a b l y  f o l k l o r e

b u t  f o r  t h e  s a k e  o f  c o m p l e t e n e s s  w e  s k e t c h  t h e  p r o o f ,

L E H H A  4 , 5 ,  L e t  a  b e  a  r e a l  n u m b e r  w l  t h  l a l ( 4 .  T h e n ,  f o r  a n y

f n t e g e r  1 7 0  a n d  a n y  c o m p l e x  n u m b e r s  l o r . . .  , 1 1

r ; !rr,r 
2)<,*^,T," r i  - ir<l+*{-, 

* t l i r  2) .

l n  p a r t i c u l a r ,  t h e  v e c t o r s \ ? m r n l r r t r 7 r 0  a r e  I  l n e a r l y  i n d e p e n -

den t  *ne " l& , f ; , l f o  and  NV3 .

P r o o f .  A  d i r e c t  c a l c u l a t i o n  s h o w s  t h a t  t h e  o p e r a t o r  B l  g i v e n

h y  t h e  m a t r i x  w i t h  e n t r l e s  b l J = .  l i - j l ,  i r j = 0 r . , . r 1  l s  l n v e r t i t r l e

a n d



w h e r e  N t  i s  t h e  n l l p o t e n t  o p e r a t o r  w i t h  n i l = t i , 1 * t  a n d  D t  l s  t h e

d t a g o n a l  o p e r a t o r  w i t t r  O r i * 0  o n l y  w h e n  i = j = 0 r i = 1 = 1  a n d  d o o = d l l = { .

T h e  f l r s t  i n e q u a l i t y  f o l l o w s  r e a d l l y  b y  ( 4 . 4 0 ) .  T h e  s e c o n d  i n . e g u a l i -

t y  l s  o b t a i n e d  d l r e c t l y  b y

L E H M A  1  , 5 ,

\  l s ' t h e  r a n g e

any
i  )  Far \>1 ' t , t h e  p r o j e c t i o n s  p , , _ n a n d

( ,1 .4 o)

a  1  c o m m u  t e  A n  d

% l  t h e
I  l '

, 2

l > r Z  a n d  o n e

B , = r + * . r c u l  *  * i ' )

o f  P r - i 9 l '

,  
f  
) ,  t o r  any  o r t hogona  I  vec to  , r l n l f " t lVL ) r , ! /

p r o J  e ' c t  I  o n s  p

\
l i i )  t / h d n

f o r  l = ' l  .  l n  t h e

a n d  p -  a r e  o r t h o g o n a l .
TL

N = k = z i  n ; = d l m t 1 a j e f , )  i ,  z e r o

o t h e r  c a s e s  n t X  f o r  a n y  l ) t 4

!  ,  i = 4

f o r  a n y

a n d

l s

{ l = N  ( N - r r  )  
l - ' ( k - r l  

)  
l -  ( l + l o r , r + ( r  - l  )  4 2 * . . . + 2 o ( , _ {  ) .

q t  F m J x n ) e  9 ,

t h e  r a n g e  o f  p 1  _ 4  A  a 1  ,  i  t

'  
. ' ' r 4 - ( l - 4  r m r n 7 r }

( t .  t  t  )

} J h e n  ( = 0 ,  t h i s  f o l ' l o w s  b y  q l ( / l J = q t O Q l l _ n ) . ' A r q u i n E  b y  i n d u c -

t ' l o n ,  l e t  4 ( < (  l - 1 a n d  a s s u m e ' t h a t  ( 4 , r t r t )  i s  t r u e , l i f o r  o ( , - 4 ,  L e t  T  b "  ;
' v e c t o r  i n  M I .  t f  l ; V *  )  t h e n  X ^ \ / n  i s  i n  t h e  r a n g e  o f  p v - { ,  h e n c eo -

q l C / m l r n ) € 9 1  b y  t h e  p r e v l o u s  a s s u m p t i o n .  i f  T e t i : , i r j = 4 r 2 ,  t h e n

/ m J X n € S p a n { J r , r }  r + s ( m + n  b y  L e m m a  4 . 2 ,  h e n c e  i t  l s  e n o u g h  t o  c h e c k

t h a t  q r  ( T r , s ) = 9 1 9 r + r + o c ( 1 . , r ) e g t .  T h u s  r + s + ( = l  a n d  a c c o r d l n g  t o

P r o o f .  l )  S i r l c e  f , ,  i s

e n o u g h  t o  c h e c k  t h a t  f o r

i n c l u d e d  i n t o
^ d

any  ]e l l o  
. ,
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L e m m a  4 , 2 ,  q r  ( ] r , s ) = 9 r  ( L  
, r - , t L 4 )  

r l t t n  l r , r - 4 € t : ' 4  f o r  s l  a h d

q r  ( l r , s ) = e  
t U n l r - 4 , s )  w i t h  l  r - 4 , r . r l - n  f o r  r > 4 ,

P a r t  i l )  i s  a n  i m m e d i a t e  c o n s e q u e n c e  o f  t )  a n d  o f  L e m m a  4 , 4 .

l n  o r d e r  t o  p r o v e  i  i  i )  r e m a r k  f i r s t  t h a t  f o r  N = k = 2 ,  , : = $ ,

w h e n  l > r 2  ( s i n c e  b o t h  h a v e  d i m e n s i o n  t w o  a n d  s l n c e  d i m  V , t = 4  r ' 4 4 =

=z-4=4 )  .  tn  th  i  s  ca se *1 e  y ,  =4.

l n  t h e  o t h e r  c a s e s r  s i n ' c e  c t l ( X r l l l _ n l = o r ( / r _ l / q )  w e  g e t

d t m  $ , < z  C a r d  E t _ r t - 4  a n d

o ( , = c a r d  E r - d i *  f  l z N ( N - 4 ) t - ' ( o - l l l - 4  ( t N - 4 )  ( k - 4 )  - z ) + 1 > , 4 ,

H o r e o v e r ,  I n  t h l s  c a s e  i t  i s

B y  L e m m a  4  r Z  t h e  p r o j e c t l o n s  p _  a n d
r  \  

' I

l  r J = 4  1 2 ,  r ( l - 4  a n d  d i m ( O J O t ) r l - r + 4

a r e  I  i n e a r l y  i n d e p e n d e n t  t o r  l e l l : ,

4 , 5 ,  T h u s  w e  o b t a  i  n

(  
r = C a  r d  E  t  

- d  i  m  ( p l  _ 4  q ,  )  = H  ( r u - 4

( x n  - v 4  )  * l  
- '  ( * r - v  )  e  4 ) n  t

A" 
*I-'H;'- *)-'f,i" rcxlz

A" 
^ \ - '  (x2-v , ) rL)r .

p o s s  l b l e  t o  c o m p u t e  D r e c i s e l y  o ( ,

g t  c o m m u t e  w h e n e v e ,  T € t i : ,
s  i n c e  t h e  v e c r o . t  1 ? r r n l r * n = l

i  r j = 4  , 2  r r / 4  b y  L e m m a s  4 . 4  a n d

l - 4
- ( l + n ( l - r + ' t  ) * r ) .

r = l
) l - {  ( k - r  )  I

R e m a r k .  t f  k 7 3 ,  t h e n  f o r  a n y  l 2 , 2 r i r i = 4 1 2 , % l ; l { 0 1 .  t n d e e d ,

a s s u m e  t h a t  x 4 , y { e c i  ,  x 4 * y 4 ,  x Z , y Z € c | , , ^ z * y Z  a n a  . x e e f  .  T h e n

rA

L e t  u s  r e m a r k  a l s o

v e c t o r s  x r - X s ,  w h e r e  * , .

s e t  G l ,  n = 4 r . . . 1 N r ' A : 2

m # n  a n d  d l n c f l  - H ( k - 2 ) ,

t h a t  i n  t h i s

a n d  x  a r e  d i
s

i s  s p a n n e d  b y

d in  c {1 " rN : r t  r
2

. A
c a s e  u b )  i  s  s p a n n e d  b y

s  t  i n c t  e  I  e m b n  t s  o f  t h e
t-- -

t h e  v e c t o r s  2 * , 9 - L _
aecfr b€G;

t h e

s a r n e

b ,  w h e r e
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,nT?nl m, nzo

to '

s a

T o e m l z n ) = T o  ( J r ,  n : J m - , t  , n )  
- T o ( f r r n - r - I m - a  

, n - 4  ) '

L e t  u s  r e m a r k  t h a t  b y  L e m m a  4 , 2  a n d  b y  t h e  d e f i n i t l o n  o f  T o

, n - ( k - ' l ) I l - r , n  
*

, n - 4  
( r - l ) 7 , 1 - r , n - 4 ) =

l f  k = 2 ,  t h e n  f o r  a n y  l 7 7 t l  ,  B . , = C r = 0 .  C o n s e q u e n t l y  t : e l r =

= 4 ' f o r  t T t z  a n d  m l e g 4 = % L ,

L E H M A , 4 . 7 .  l f  N ) k > r 3 ,  t h e n  f o r  a n y  v e c t o r s  T r % ) q ,  l 7 t 4  a n d
, l

ye42y ,  l t ? ,2 ,  w i  t h  l t J l l r=  t t J ' l t z  =4  ,  t he  o i re ra to r

To: s o"n {/*1*n} *,  na d- s pan {-/

d e f  I n e d  b y

?  t ' 3  )  = J ; ,  
n +  

( k - ' 1  )  ( I ; . , , n - 4 + l l - n  
, n ) +  

( t <  ' 4 l 2 l l - ,  
, i l - {  ,  n l ,  h ) 2 0 ,t o \ f  m r D ' : f  m r n - \ K -  

|  /  t l m r n - 4 - f  m - 4  r n /  
r  \ ^  '  /  l m - 4  r n

e x t e n d s  t o  a  b o u n d e d '  I n v e r t l b l e ' o p e r a t o  r  t z  E l
,

t h a t . { o r a n y f r o f r 7 t 0 ; - T ( x ^ 7 x n \ = / ^ 1 . t n . | n p a r t | c u l a r

t l o n s  p  a n d  P - ,  h a v e  t h e  s q m e  c e n t r a l  s u p p o r t  l n ' ' z t l  ,
I t '

P r o o f r  A " c o r d l n g  t o  C o r o l  l a r Y  1 . 3

l s  a n  o r t h o n o r m a l  b a l s s  I n  / . J 0 " ' ,  T h u s

t o r  a n d  b y  C o r o l l a r Y  4 , 3  w e  g e t

T o  ( l r ,  n - T m - , r ,  n )  = I i ,  n *  ( k - 2 )  t * - 4

+  ( t< - l  )  ( I l ,  n - { *  ( r< -z ) }  * - l

= / ^ ( l  l , n *  ( r - l  ) ;  l ,  n - l  )

a n d

T io

L e m m a  I  . 4 ,  { 7 r ,  n }  * ,  n > o

w e l  I  - d e f  I  n e d  o P e r a -

a n d



T o ( J r , n - l - f m - , t , n - / tl = / ^ ( 1 3 , n - , 1 + ( k - {  ) t l , n _ z )  f o r  o , n } 0 .

H e n c e ,  f o r  a n y  m r n ) r 0  w e  g e t

r  oW ̂\ / r ,  )  = / ,  ( I j ,  n*  &-z)  I  j ,  n- l

L e t  u s  d e f  i n e  t h G  o p e r a t o r s

(  k- , t  ) t  l ,  n  _z )  =/  ̂ 1 t  /n.

_ ,
S L  r S  R ,  " t l i i '  

ui 
sr- (fr, n ) =Ir_ I

01

, n , s B ( l r , n ) = I r r n - r

f o r  m r n ) 0 ,

LEMI" lA 4

T t  4 ]  r ,  1  t > 2

)Ll, n-,1

u r 4 " ' - , Q '  w ,  u ( f m , n ) = I , l , n ,

B y  L e m m a  1 . \  U  l s  a  u n i t a r y  a n d  l l s r l l ' . l l s O l l = ( i r .  t

T=u (  t , . *  ( r . - ' t  )  s r )  (  r+  ( r -q  )  sn)  and i l ( t< - r  )s r , l t=  l l ( t . r  )  so i l=  $4_F
I t  f o l  l o w s  t h a t  T  i s  b o u n d e d  a n d  i n v e r t l b l e  ,  c l e a r l y

t h e  p o l a r  d e c o m p o s i t i o n  o f  r  y i e l d s  a  p a r t l a l  l s o m e t r y
i R *u - - u = P , ,  v v - ' = p r f  .  I n  p a r t l c u I a r  z ( p r ) = z ( O r , ) .  

W

R e m a r k .  l f  S  l s  t h e  u n l l a t e r a l  s h i f t  o n  1 2 0 { ) ,  t h e n  l + S *  i s

o n e - t o - o n e .  W h e n  N . = k ) 3 ,  t h e  o p e r a t o r s  t +  ( k - 4  )  S l  a n d  l + { k _ 4  )  S n  a r e

u n l t a r y  e q u i v a l e n t  w l t h  ( t + S * ; 6 1  ,  h e n c e  f  e v ( t  l s  t h i s  t i m e  o n e _ t o _

o n e  a n d  w l t h  d e n s e  r a n g e ;  t h e r e f o r e  z ( p . ) o ( p , l ) i n  t h i s  c a s e  a l s o .1  , ' T

. 8 .  l f  N v k > r 3 ,  t h e n  f o r :  a n y  v e c t o r s f € e ] r ,  l 2 r 4  a n d

w i t h  l l J t l a r " i l ] ' H ; l  ,  t h e  o p e r a r o r

To:  sp"n  { t r1xn}  n ' ,  n> ia  span { rn '  T ,  xn} .  
,nD0

d e f  l n e d  b Y  T o ( I r , n ) ' l , l , n * t t - ' r

e x t e n d s  t o  a  b o u n d e d  o D e r a t o r

,  m r n > r 0 ,

i  n c e

=tm
Te*d,

v  € ,41

1 4 ,

h e n c e

w i  t h

-tl Nr , -.- | ll.

" ( l  
+  v e T ' '  s ' u c h  t h a t  f o r  a n y



m,nZO,  T  ( t r l  Xn)  =r^ { , * ,

o n e - t o - o n e  w l t h  d e n s e
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H o r e o v e r ,  T  i s

r a n q e  f o r  N = k .

l n v e r t i b l e  f " o r

I n  p a r t l c u l a r  z

N > k  a n d  i s

( r ,  ) = z ( p . ) .' l  ' r '

P r o o f .  T h e  p r o o f  l s

c a s e  T = u ( l + ( t - , t ) s r ) .

C l e a r l y ,  b y  t h e  s o r n e

a n a  I  o g  u e  t o o f  L e m m a  4 , 7 .  I n  t h i s

w a y  w e  g e t

t h a t

w
t ! r a t z ( P l ) " = r ( p T ,  )  f o r  a n y

,  122 and T 'dy

N e u m a n n  e q u  i  v a  I  e n  t

b l t  m o r e  c o m p l i c a -

t ha t  f o r  ^ny7e9 t l 2

p , l  a  r e  f " l  u  r r a y - v o n
,
c o m p u t a t i o n  i s  a

. 9 ,  l f  N ) k 7 2  T d  N ) 3 ,  t h e n  f o r  a n y  v e c t o r s T e t 6 \ . a n a

f l ] l l a = l l J ' l l . =  4 ,  t h e  o p e r a t o r

{ r*1rnlm, nz 0 
-- - - - r  span {y, l ' rn} ,n 1^) ,0

d e f  I  n e d  b y

T o ( T r ,  n ) = l , i , n *  
( t < - l  ) L f t - l , r - 4 '  m ' n 7 0

i n v e r t i b l e . o p e r a t o r
t

T (/mJln ) =/^\Yn I n

1

T: ,nr, 
f fa* 

E' " ' ,u"n

p a r t l  c u l a  r  z ( o J  ) = t  ( p r ,  )  .

P r o o f  .  B y  L e m m a  4 , 5  t h e  v e c t o r s  { J r r n }  r r , t 1 ^ 2 , 0  a r e

d e p e n d e n t  i n  c t l a n d  t h e  o p e r a t o r  R :  
" q r \ , 7 i .  

u " ,

m r n ) o  i s , b o u n d e d  a n d  l n v e r t l b l e .  D e n o t e  o l . - n = D  f - ' l ) j

( t h e  s u m  i s  f  i n i t e  s i n c e  ] -  - = 0  f o r  
" 0  " : " ' 1 ; ; " f o rt F r S

, v l -  - = g  f o r  m < 0  o r  n ( 0 .  B y  t h e  v e r y  d e f  i n l t l o n  o f  T o  I
r r l t ,  I

t h a t

l i n e a . r l y  i n - .

R ( T r , n ) =  I r , n  '

( k - ' 1  )  
j  

T r - ; , r - j '

m r n 7 7 0  a n d

t  l s  c l e a r  "

,1e '6 ]q ,  t7 t4  and 1 'n '0Ln,  1 rv2 ,  v r l th l r f  *a .

A  s i m i l a r  a r g u m e n

l , l t * 0 ,  t h e  p r o j e c t i o n s

t n v l ' .  H o w e v e r ,  i n  t h i s

t e d .

L E M M A  4

t '  'C.r, tt: ,

T o :  S p a n

e x t e n d s  t o  a  b o u n d e d

t h a t  f o r  a n y  m r n > 7 0 ,

t  s  h o w s

o  a n d' t
c a s e  t h e
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M o r e o v e r ,  f o r  a n y  m f n ? 0  w e  g e t

? r ,  o / n = 3 * ,  n *  
( t t - z ) n ? * ,  n - i r  

-  ( t - l  ) { f f i  ,  n - 2 '

t : a " " 1 ,  ? ' , 0 = l m , 0  a n d

T o 0 l r r n ) - l * , n  f o r  a n y  m r n > o  .

l r . ,  g lq= l * ,q -  ( r . - l  ) |m- , r  , ,0+  
(k -2)7r ,  oJ ] l r ,4+  

(k -2 f l ,n ,0 .  (4  .4  4 )

+ ( - 1  ) n ( r . - r  ) n  ( I * - t r , {  ( k - 4  ) I r - n - 4 , o * ( t  - z ) J * - n , o ) =

( 4 , 4 2 l l

( , t . ' l  3 )

N o t e  a l s o  t h a t  f o r ' a n Y  m r n > r 0

n - 4

r a l m ,  n l 4 = r F , - r )  
j  ( k - 1 ) ' T r - j . , n - j * ( t t ) n ( t  - , , t  ) n l r -  n , 6 ) / 4 =

- H ( - t  )  j  ( r < - l  ) '  t l r - j , n - j * 4 *  ( r < - z ) I r - i , n -  : * t 7 m - i , n - j  - , r  ) *
J = o  

J  '  J

n ^ , n + 1  +  ( k - 2  ) l  ̂ , n *  f z l n ,  D - t '
( r  . 1 5 )

T h u s  ( r t . , t ) ,  ( , t . . t 4 )  a n d  ( 4 , , 1 . 5 )  y l e l d

+ ( r< -  z )2 ! ^ ,o

=1r,  z+ (u-z) ' l  r  ,4 
-  (  t<- ' l  ) t tn,  o '

, N o w U . 4 i l f o l l o w s b y i n d u c t l o n o n . n a s b e f o r e c o m b i n I n E

( , 1  . 2 )  ,  ( 4 , , t  5 )  a n d  p a r t  l )  o f  L e m m a  4 , 2 ,

,1T ,  JYn-  ( t< -  z )  ( t * ,4+  (k -z \1  n  o )  -

{ l^ ,2+ (  t  -  2\1  ̂,  n*  f " l ,n ,  o+ (  k-  2) ' l  ̂, , t *

-  ( t -  z \ n l * , 1 -  ( t < -  z ) 2 1 , ^ , o - N  ( k - ' l  ) { * , o =

7^roYl=4^ r ' t+  
(u 'z

- N  (  k - , t  ) ?  * ,  o
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( q  , q 3 )  a n d  L e m m a  4  . 2  o n e  h a s

=i l ,  o ln ' m  r n 2 7 0 ,  h e n c ero (I '  
,J) 

= l , l ,  n

f o r  a n y  m r n 7 1 0  w e  o b t a i n

T oWnlYn )  =To ( f r ,  
ozn )  + (  t<-  z)  r

= (t ; ,o* (  o-z) l  l -n ,o

R e m a r k .  F o r  a n y  I ,
r  t  t '  ,

l e% i  ,  |  ,X l  ,  ] , T '  t o  r
,

a r d  / " l l n  
' s a t  l s f g  t h e

P R O P O S  I  T  I

I n tt=*.(zrxtr) ,

l n  v l  r t u e of  ( r t  , r t z )  ,

* f r . - z l ; ) l , i , n -z

o ( h - 4 , J

-  ( r< -4  ) I ; _

n  )  .  ( t < - , t  )  T o  ( ] r _ z  
r o !  n )  

=

z  ,  o )  
= ) l ^ l ' )d  

n .

F i n a l l y ,  w e  r e m a r k  t h a t  d e n o t i n g  D = S L S * :  4 " r n i T , t '  
t L o n "

o b t a l n s  O ( f  f  r  ' l  - n ) 0  a n d  T = ( l.  . * r n ) = l r n - 4 r n - 4 r m r n ) u 0  a n d  T = ( l - n { .  + ( t - . t ) O ) n .  S i n c e  R
,/tl' '

l s  i n v e r t i b l e  a n d  b y  L e m m a  4 , \  l l ( r < - l ) o l l =  +  
=  

#  a n ,  i t  f o l  l o w s
\ p '

t h a t  T  i s  b o u n d e d  a n d  i n v e r t i b l e .  W

l t ) r 4 ,  i , i = I  , 2  a n d l e Q l  
3 , T ' u 4

t  i s  c l . e a r  t h a t  z ( p r ) = z ( p r ,  )

s a m e ' * - r . c c u r r e n c e  r e l  a t  i  o n s .

l l
i j  o r

s i n c e  t f i X n

0 N  , 1  . ' / 1  0 .  T h e  r a d i a l  a l g e b r a  A  l s  a  C a r t a n  l , l . A . S . A .

P r o o f .  D e n o t e  b y  * 4  a n d  x z t h e  g e n e r a t o r s  o f  Z r x \  a n d

I  n  t h  i  s  c a s e  t h e  s p e c t r u m  o f

s e t

o4x=x{ -x2€ t (4*Z) ,  Then lnx=-*X4.

l s  [ - 2 , 2 7  a n d  t h e  p l a n c h e r e l  m e a s u r e  i s . d f ( t ) =

o ( ( y 4 ) = - X r i  e x t e n d s  r o  a n  a u t o m o r p h  i s m  (  o f  A  a n d

a x = x o ( ( a )  .  N o t e  a  I  s o  t h a t  * * * = * 2 =  r - / z  a n d  l t  I  s

2 , . ) C 2  i s  o n e - t o - o n e ,  h e n c e ' s ( 2 - 1 2 ) = 4 .  N o w ,  t h e

x = v l x l  y i e l d s  a  u n f  t a r y  v e t ( V r x ? r ) .  S i n c e  s ( l x l ) = 4 ,  i t  f o l l o u r s

t h a t  a v = v o t ( a )  f o r  a l  I  a € A ,  h e n c e  v  n o r m a l  i s e  A  a n d  l , t = { x  r / 4 1 , , = N H ( A ) ' ,

.  T h u s

f o r  a n y .  a e A ,

e a s l l y  s q e  t h a t

p o l a r  d e c o m p o s i t i o n

$
. UIur

I
I
I



T H E 0 R E M  4 . ' { i l  .  s u p p o s e  t h a t  G = G r , * . . . i t G N  l s  t h e  f  r e e  p r o d u c t

o f  N  g r o u p s  e a c h  h a v l n g  o r d e r  k ( N .  T h e n :

l )  F o r  f l = k = 2  t h e  r a d l a l  v o n  N e u m a n n  s u b a l g e b n a  A  l s  a  c a r t a n

H . A . s . A .  i n  * , ( 4 x q l  ,  I n  p a r t l c u l a r  t & ( a v l A J ) "  l s  €  M . A . s . A .

t  I  )  l n  a l  I  t h e  o t h e r  c a s e  ,  , / t '  i s  o f  t h e  h o m o g e n e o u s  t . y p e  r o o
. ,

o n  ( 1 - p . l ) t ' ( C ) .  I n  p a r t l c u l a r  A  l s  a  s i n g u l a r  M . A , S . A ,

-  4 B

I t  h a s  b e e n  p r o v e d  i n  t 4 t l t h a t  A  l s  a  M . A . S ; A .  i n

{ ( e ) l

P r o o f .

t t  N 7 k .

t
l ) r t l

4 . 9

I l h e n  N = k = 2 ,  A  l s  a  C a r t ' a n  s u b a l g e b r a  t n t ( Z r x ? . r )  b y  p r o p o s i _

l n  t h l s  c a s e  1 * 7 2  i s  a m e n a b l e ,  h e n c e  t ( t r x L r )

l l , t  h y p e r f  i n i t e  f a c t o r  R  l V  C o n n e s  t h e o r e m  o r

t h e  d i h e d r a l  g r o u p  a s  a  s e m i - d i r e c t  p r o d u c t  V r x \ = Z x E ,  a n d  c o n s t r u c _

t l n g ' u l r e c t l y  r n a t r i x  u n t t s  i n  t ( l ' r x \ ) ,  B y  t i 4  f  r  f o l l o w s  t h a t

, l t = ( e V , l A J ) "  i s  m a x i m a l  a b e l  i a n .  T h e  l a s t  a s s e r t l o n  f o l  l o w s  a l s o  b y

L e m m a  4 . 6  s i h c e  I n  t h i s  c a s e  4 l : = Q = t l l  , t > , 2 ,  t , j = 4 t Z  
" n a 2 l  

i s  s p a n -

n e d  b y  t h e  v e c t o .  J = X 4  - X 2  ( * o  a n d  * z  a r e  t h e  g e n e r a t o r s  
' o f  

Z r x L r l  .

l n  t h e  o t h e r  c a s e s  ( C  n o n a m e n a b l e ) ,  t a k e  f o r  a n y  l > . 4 . a n  o r t h o _

; : L : ? l,' I : :' ; ; ; :,, : : .:i :, : : " : . :' : ",'.i:,1,' :"i, : :' o,*,I,,, : ", "'  
I t J = 4 r Z  ' J

4 , \  a n d  4 . 6  t h a t  t h e  p r o j e c t l o n s  { p r , 1  
O U , a n l r e  

m u t u a l  o r t h o g o n a l

o ( r  r  4 ( l  
I

a n d

a n d

t l o n  ' l  . ' t  0 .

p h l c  t o  t h e

r
foot l  

= t-P, '

y i e l d  f o r  a n y 1 7 1 4  ,  i = 4  , . . ,  r q l  t h a t  . r r 7 l r = , - o n .

C 0 R 0 L L A R Y  4 . 4 2 .  E a c h  v e c t o r T e " t l V Z l V  U
l  r J = 1
1 7 2

.  S i n c e  p 4 € , t t ( s e e  e . g . t 1 1 1 ) ,  L e m m a s  4 , 7 t

, f , "  i ,  I

4 . 8

W

i s  i s o m o r -

w r  i  t  t  i n g

c e n t r a l  s u p p o r t  z ( p r ) = l - p 4 in  , r t ' ,

* 0  h a s  t h e
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2 .  H O R E  A B O U T  T H E  S T R U C T U R E  0 F  T H E  A L G E B R A  " e  
'  I

I
I

I
l n  t h i s  s e c t l o n  w e  u s e  t h e  l ' e c u r r e n c e  f o r m u l a s  i n  o r d e r  t o  

I
J

g l v e  a n  e x p l  i c i t  d e s c r i p t i o n  f o r  t h e  s D a t i a l  s t r u c t u r e  o f  t h e  a l - '  
,  I

geb rau f= (Rv . lAJ ) "  on  each  cyc l i c  p ro j ec t i on  p - .  Fo r  7e  "8 ] .V rbF i .V f  ,P r ' : , i. t
g e D f a \ r L = \ r 1 V r r f { \ r , f  u t t  E c r e l r  e y e l r i ,  P r v J = " ' ' . : : , r n ! .  ' v '  ) - l a 4 , " " . , V . \ r r l f r r ; j ' j

T * g , r n 1 D > , 0  d e n o . "  ] ; , n = l l ? * , n l l - 1 ' T r , n = p - ( * * n ' ; r , n .  
D e n o t e  a l s o ' 6 !  

i

l u n l n r r ' . t h e  c a n o n i c a l  o r t h o n o r m a l  b a s i s  i n  l 2 ( A )  b y  S  t h e  u n i f  a -  j

t e r a l  s h i f  t  o n  l 2 ( H )  ,  S " n = " n + , '  ,  n ) 7 A .  T h e  p r o j e c t i o n  o n t o  G " o  i s  P o =  j

= f s x r s ] .  B y  L e m m a  1 . 4  
J ] r r n l r r n r r 0  

i s  a n  o r t h o n o r m a l  b a s i s  i n  
I

' {T^ 'b=ffi i7Jtln,j] l ,o'*n"n";;. 
Fzlv LJ 41,,,1*o and u : 

.
lii="' 

' r 
i

, 4 " 1 - 1 2 ( x ) * t 2 ( n ) ,  r ' ( 1 i , n ) = e * E e n  i .  a n  u n l t a r y  o p e r a t o r '  A c c o r d i n q

t o  L e m m a  4 . 2 ,  w e  o b t a i n  f o r  e a c h  1 7 t 2 ,  i = t l t 2

, 
rrnrii=(( 

t<- z ) i+ P( s+si) )or

u  lYr ,  or  r i= ' t (  ( r<-z)  )  r+P(s+s*)  )

ur rnof  r i=  (  ( r . -z  )  r  -  ( t -1  )  Po+ p(s+s*)  )E l

u ly4 lo ru l=  r@(  ( r<  -2 )  r -  ( k -1  )eo+p(s+s* )  )

f o r

f o r

f o r

f o r

Fa) r
F t lz
* % ] r
lu%l , l

( z . q )

( 2 . 2 J

( z  . 3 )

( 2 , l {  )

T h e  f o r m u l a s  ( 2 . 3 )  a n d  ( e . t r )  a r e  s t i  I  I  v a l i d

I t  r e m a i n d s  t o  f i n d  e x p l  t c i t  f o r m u l a s  f o r  / a P ,  a n d
' l

. 4
c a s e  7 r 4 ' ; .  L e t  u s  r e c a  I  I  t h a t  a c c o r d  i n g  t o  L e m m a  4

a  I  s o  f  o r  7 1 4 1 .

J l n J p ,  i n  t h e
' ,

. 4  o n e  h a s

( I i ,  n ,l ; , ,  n  )  = 4 * t r  
r f f i f  * n  r ' "  

1 m - m t l w h e r e  a = -  ( r u - l  )  
- . {

l n  o r d e r  t o  o r t h o n o r m a l i s e  t h e  v e c t o t u { I l r n } *  
1 n . ' 7 0 ,  

d e n o t e  a s  i n

L e m m a  4 , 5  B t = L "  l i - i l ] ' < l r j S l .  l t  i s  w e l l - k n o w n  t h a t  t h e  p o s i t i l v e  d e -

f l n  l t e  m a t r i *  B l  h " s  t h e  C h o l e t s k y  f a c t o r i z a t i o n  U t = r f r i l  w h e r e  C t

l s  t h e  t r i a n g u l a r  m a t r i x  w i t h  e n t r i e s  , o J . = " j ,  c i J = f i ' : 7 . " j - : ' i ,

, 1 . ( t { j < t .  M o r e o v e r ,  C t  i s  i n v e . t i i t e  a n d  C " l = D l ,  w i t h  t h e  o n l y  n o n -

z e r o  e n t r i e s  d o o = l  , d  j  j =  V - a 2 ) - 4  
/ 2 ,  d j - 4  

,  j = - "  i 4 - ^ 2 ) - 1  
/ 2 ,  4 < j < l  .



I t  f o l

' , 1 ' t t '

l o w s  t h a t  t h e

o l o r n

vecto rs l ,n  l- ' - r t m r n t m r n T r 0g l v e n  b y

=3o
) o r n ( 2 ; 5 1

( 2 . 6 )
1^,n= (4 -a2)-4 /2  ( t ; , " - " t ;  -4 ,nAl  '  n>/ ,  n) .0

d e f l n e  a n  o r t h o n o r m a r  b a s r s  i n  , t v T n  
n L  

,  .  M o r e o v e r

I  i ,  n =anro, 
m+n+ o - a2 )n " 'Y"jol ^-. i  ,  n+J .

j = 0

R e w r l t t i n g  t h e  f l r s t  t w o  r e r a t i o n s  i n  L e m m a  4 , 2  v i )  a s

/ , ,72, n=FTi, n* ( k-z)T:,.  -{F 
T l ,  n -r (2. B )

13,o/ , t=pl ;  , ,4*(k-z ' )T; ,0-m Tl-o ,o '  e.s)

, b c c b u n t  ( 2 , 5 ) - ( 2 , 7 ) ,  o n e  m a y  r e a d l l y  v e r i f y  t h e

r e l a t i o n s

' l ^ rnx , t=F ' l ^ ,  
n+4*  

( k -z ) t ^ rn *Fo l ^ ,n .4  f  o r  mrn>70  (2 .4  0 )

lqnlo ,n= ftol,r, n* ( v'z)"1 o, " 
-lF ( ru -r -

-m (1o 
,n*,1+1o ,n -i )

l,t l ln ,n=Folz, ": 
, k-2)qt4 ,n*fiIo, n -[/S(*t -

/ onl^rnl=P1*l rn+(k-z)?m rn*fiT^-,t,n 
fo, ml 2, n?,0,

Thus ,  deno t  i  n  s  u ,  z ,T lu  
t ' 1 -o .12  

( l )  * t  2  ( ru ) ,  uT  (n l r ,  
n  )=e r6en ,

. a
f o r  any  7 .2 ) ,  7  *0

I

vrJ) /4,  
t  

r i= lO( (k-2 )  l+ p(  s+s ' ( )  )

- t "

( 2 , 7 )

a n d  t a k  i  n g  l n  t o

f b l  l o w i n g  f o u r

a n d

,ii

t

I

I
I"(2.'lz)

(2 ,43 )

)"14 ,n-

{ii'(fr:l )1o n

w e  o b t a i n

(2 , , t ' t l r

( 2  , ' l  \ ' )



,Itnof r?= ( (L-z )

o p e r a t o r l -  / , t  a n d  J Y 4 J  o n  f f i '

d e n o t l n g  b y  U q  t h e  u . n l t a r y  U , l

wheret l /nt t  !=H (r<- , r  )  F2( ' -4 
) ,  n7t4

2 4 :

r+ p(s+s*t -{f;=fitN-4 - / i  tr 'r.71 ) (eosss*po) )6r

-l l# P"6(s+s*).

T h e  r e c u r r e n c e  r e l a t i o n  o f  * ' ' r s  d e s c r i b e- n
, a n "  

a c t i o n  o f  t h e

M o r e  p r e c i s e l y . ,

u 4 ( Y n ) = [ Y n i l  z , e n ,  i l > 0 ,

n. --n i la+  = S p a n  { / n }  n > , 0 .

, fr" "L-r 2 (Nf) ,
o n e  o b t a  i  n s

u 4J )\.r p,r u l= u,i/ f ,rrT= ( k - 2 ) ( | - p o ) + p ( s+ s * ) +

+f[:i ( /N'-fNZ)( e o s** s p 
o ) ( 2 , 1 s )

P u t t i n g  q l  I  t h e s e  f a c t s  t o g e t h e r  a n d  a c c o r d i n q  t o  L e m m a  q . 7 -

4 . 9  o n e  o b t a i n s

\

T H E 0 R E M  2 . 4 .  L e t  G = G n t . . . * G N ,  e a c h  G i  h a v l n g  o r d e r  k ( l l  ,  k ) 2 2 ,

N ? t 3 .  T h e n

t )  T h e r e  e x i s t s  a n  u n l t a r y

u :  r 2 ( e ) - - a r 2  ( i l ) o (  ( r 2 ( x ) e r 2  ( n )  ) € ) 1 2 ( i l )  )  s u c h  t h a t

u/nu*=s4O( (sr+ s3XDt  ) w i  t h

( / f r -61-n )  (nos i+sPo)s4 ;  (k-2 )  (  t  -eo )  *  {3(  s+sl)  + rF?

s 2 =  ( k - z )  l + p ( s + s i )

s3=  (  k - z )  |  -  ( k - i  )  %*  f ( s+s ry

l l )  r o r  e a c h

g e b r a s v t p -  a n d  A 0 A
I

t o  A ' O  ( n 6 a ) .

l€,tTu"tlu tJ 4_ I , i fJt '
a  r e  i  s o m o r p h  i  c .  I  n

I

i ' . i t l ,  * 0 ,  t h e  v o n  N e u m a n n  a l -

p a r t l c u l a  r  u (  i s  l s o m o r p h i c

f i i )  F o r  e a c h t 1 ' l U |  1 , 1 * a , 4 0 ,  
a n dA O A  a r e  s p a t i a lLJ 'f'

|  ,  i = 1
l > 2

, 2

l s o m o r p h i c  ( a  a c t s  o r , . ' L 2 ( R r Z ) ,7  i d e n t l f  l e d  w i t h  4 6 1,  4€12 (A,6 )  )  .
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L e t  u s  c o n s l d e r  n o w  t h e  c a s e

f a c t s  f r o m  [ 4 * ] ,  r e f o r m u l a t e d  i n  t h e

7 0  = ( 2 N - 1 ) - ( m + n ) / 2 t  ' 1
, m r n  l t r n "

G = F . ,  a n d  I  e t  u s  r e c a  I  I  s o m e
N

f o l l o w l n g  l e m m a s  ( i n  t h l s  c a s e

L E H M A  l i  l )  F o r  ] € n : -  ,  1 7 , 2 ,  o n e  h a s

( I f i * r ,n * l l - r ,n )

(T i , n*,r i?;, n -,r )

*ilo =
f l r D

73,nx'r=

I  i  )  F o r

rffi]

fiIl,t

f o r  m ) r 1  t

f  o r  m ) r O  r

( z  " t 6 )

( z  , ' t 7  )

. n 7 0

nv1 .

t r u e  f o r  a l l  0 r o 7 z 0 .

f  i  i  )  Fo  ,  Te t l eyn  such  t ha t  J I=€T ,  €€  { - 1  , {  }

J - l n v a r i a i r t . a n d  J 2 = 4 ,  N f e f n  = { n @ t - n ,  w h e r e

, t r= l le l r fe$ t t7=€I  )  one has

F.To = f f f i i 7o' - 4 1  
o r n  

r b ' r  ' ) o r n + 4

m l O Y l  1  1 7 t 2 ,  t h . e  p r e v l o u s  t w o  r e l a t i o n s  a r e  s t i l l

(s ince  u leg l s

€  , o

? Z [ T , l - l o , n - 4

e ' 6- - l

z N - 4  ' n - l  , o

;
,  l ) t Z r  B ,  f r  t r n r n t 7 0

f o r  m r n 7 t 0

(z  . , t  B)

.  ( 2 , 4 9 )

L E M H A  I  I

73 ,oxa' 1ff i111*r , o

i ) Fo r 1e llle_Y,

( t ; , n , T l ,  ,  n  )  = { o , r , . 4 ,  n ,  .

i l )  r o r l e L t r ,  € € t - 4 1 4 1 ,  m r f f i ' r h r n ' 7 t 0  o n e  h a s

( t ; , n , 1 f i  , ,  n  )  = 4 , * n , m ' + n

T h e r e f o , r e ,  f o r  e a c h  t € l 4 l e y l  ;  l l 2  w e  g e t

ut/nol rl= trtffi? ( s+ sr )@t

o n e  h a s

, - ( -  € ( z H - 1  ) ) -  l m - m 1 l

\ l)t4, oT ui= ry . 'E!s+sr) ,



Y r h e r €  U .  l s  d e f i n e d  a s  l n
t

F o r  f € { e ' * "  r e P e a t e

w t t h  ( z . , t B )  
" n d  

( 2 , 4 9 )  I n

( Z ; 5 ) - ( 2 . 7 )  a r e  s t i l l  t r u e

y t e l d  l n  t h l s  c a s e

w h e  r e  u  n : f r '  " " -  o  |  2  ( x )  ,

n / ,  T h u s  w e  o b t a i n  t h e

t h e  c a s e  G = G , * , .- l

t h e  c a l c u l a t l o n

p l a c e  o f  ( 2 . 8 )

w  i  t h  a = _  ( z u _ f

; . t G N

o f  ( z , t o l  -  ( z ; q l \  b u t

a n d  ( 2 , 9 ) ,  N o t i c i n g  t l t a t

\ ' 1  
/ 2  w e  f  i n d  i n  t h l s

T h e  r e c u r r e n c e  r e l a t i o n s  o f l n i ,  t e l

Xf,=Xr+znx o
X4ln=/n/4=/n*4+ (zu - ' l ) /  

n-4,  
n772

" '

( P o s * + s P o )  ) O t -

a n d  l l  X n \ l = 2 w ( 2 N - 1  ) n - 1

uI J X4 J of ul= /tN-? . 16(s+ s*)

,tr rrrrl: ( im=l (s+s* ) - 3!f,ry.
-t-.e,16( st sr )
v2N-4

u,tl,tpauf;=unJX4p4u;='1ffi (s+sr) + (l7I- y2N-4 ) (eos*+sPo) Q 'zo)

U ( ln )  =l lYn i l  2.  "n ,  
n710

f o l  l o w i n g  s t a t e m e n t

T h e n

f  f f  e  O n g } , |  2 , 2 .  L e t  G = F * ,  b e  t h e  f  r e e  g r o u p  o n  N 7 2  g e n e r a t o r s .
N

t )  T h e r e  e x i s t s  a n  u n l t a r Y

u:  l2  (c ) -+r  2  (x )e( t  2  ( r r )E t  2  (n )  )  such tha t
\

u / ,1u*=soe(t / f i 'A (s+s*)El  )  ,  where

sn=VZGT (s+s*)+ ( VZT .m:i ). (e"sl*sPu) .



r r ) For each 7eutnU"6-tv t$tuleY, I , |#a, the

g e b r a s  u ( p -  a n d  A € n  a r e  l s o m o r p h l c . .  I n  p a r t i c u l a r
I

t o  ' A l  
@  ( n 6 n ) .

t e  dh  fo r 4

v o n  N e u m a n n  a l -

d i s  i s o m o r p h i c

l i i )  F o r  e a c h  1 . , ? ^ t m l O 9 , ) , 1 * o , u t a T  a n d  M ) A  a r e  s p a t i a l  i s o -
^  172

m o r p h l c  ( a  a c t s  o n  t z  ( i - , i )  ,  y  i d e n t i f  i e d  w i  t h  ' l O 1  ,  4 € L 2  { n , a  )  ) ,

D e n o t e  t h e  v e c t o r  s t a t e  a s s o c i a t e  t o  e a c h  7 " 1 2 ( e ) r l | l t t  
= ' t  b y

? t  .  r hen  t he  runc t i on  u l  t l : l l [X ]+ { t ,  f y ( xn )=u r ( f \ )  
= ( y \7  , t >  i s  a  D ro -

b a b  t  I  i  t y  m e a s u  r e  o n  R  w l  t h c o m p a c t  s u p D o r t .  F i n a l  l y ,  w e  s h a l  I  c o m p u -

- l

^  % i ,  w h e n  G = G n * . . . * G N  a n d  f  o r
, 2  

t J

'  for rf,f(F^,).

l n  f a c t ,  a c c o r d i n g  t o  ( 2 . 1 5 )  a n d  ( 2 . 2 0 ) ,  t h e  P l a n c h e r e l  m e a s u r e  i s

t h e  m e a s u  r u  l S : C [ X ] - + C ,  k ( f n  ) = T r ( 5 n e o )  a s s o c l a t e d  t o  s o m e  f  i n i  t e -

d l m e n s i o n a l  p e r t u r b a t l o n  3  o f  S + S * .  0 u r  a p o r o a c h  h e r e  i n  t h e  c a s e

G = G n * . . . * G N  i s  t o  a p p l y  T h e o r e m  3  i n  L 4 7  I n  o r d e . r  t o  f  i n d  e x p l i c i -

t e l y  t h e  p r o b a b i l i t y  m e a s u r e  
f g  

a s s o c i a t e d  t o  t h e  o n e - d i m e n s i o n a l

s e l f - a d j o i n t  p u r t u r b a t i o n  3 = a ( l - P o ) + a p o * F ( S + S * )  o f  a l + p I S + S * ) , a ,

^,f e R'

L E H H A  2 . 3 ,  T h e  c o n t  i n u o u s  p a r t  o f  O / * f

r (  ( a - ' ( )

v4rv u
i r i = ' l
17?

\ e 4 , y , e _ n U . V " ( H : e f l  )  w h e n  , = F N .  F o , l = n  t h e s e  a r e  t h e  P l a n c h e r e l  m e a -
'  

1 7 r L
s u r e s  

" o r p u . . d  
i n  [ 4 ]  f o r  t h e  f  l r s t  c a s e  a n d  l n  [ ' 1 ] , I f  ] , U ' t l  f o r

t h e  s e c o n d :

\
t t

d f r r ( x 1 =  6 s  f  o r  X , f t ( G 4 : t . . . n G N ) , H z t '

dl,r(.1=N4!?}4fi o.

i s

af t t t l=
( t - a ) + ( a - q )

d t
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T h e  d l s c r e t e  P a r t ' o f  d t g  i s

o f t ( t )=2 ( r -
1r-4 z '  +

b 2

( H e r e  a * = ( a +  l a l ) / 2  a n d  8 ( x )  d e n o t e s  t h e  D l r a c  m e a s u r e  o f  m a s s  o n e

c o n c e n t  r a t e d  i  n  x )  .

P r o o f .  C o n s  i  d e r  t h e  s e q u e n c e

e o ( t ) = ' 1 ,  n q  ( t ) = t - q ( r  p n + 4  ( t ) = ( t - a ) p n  k ) - p z o n - n  ( t )  f o r  n 7 r 4 .
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